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1. Let S be the schema
(Vz)(Yy)(Lxy D Lyx) A (Vx)-Lax.

(a) (10 points) How long a list of distinct structures with universe of discourse
{1,2,3,4} satsify the schema S7 64

(b) (10 points) How long a list of pairwise nonisomorphic structures with universe of
discourse {1, 2, 3,4} satsify the schema S7 11

(c¢) (10 points) Give an example of a structure A with the following properties:
e A S;
o U4 =1{1,2,3,4};
e A has exactly two automorphisms;

exactly eight subsets of {1,2,3,4} are definable in A.

L = {<172>7 <27 1>7 <27 3>7 <372>}



2. (70 pts.) For each of the following pairs consisting of a set of schemata X and a
schema S determine whether X implies S. If so, provide a deduction to establish the
implication. If not, specify a structure which makes S false and all the schemata in X
true.

(a) X : {(3z)Px A (F2)Qx}
S (3x)(Px A Q)

A:UA={1,2}
P4 = {1}
Q= {2}

Deduction



{1}
{1}
{1}
{1}
{1}
{1}
{1}

Deduction

(Vz)(Pzx A Q)
Px A\ Qx



()

{(V2)((Jy) Lzy O (Vz)Lzx), (J7)(Jy) Ly}

St (VYu)(Vz)Lzu

C:U° =
L¢ =

{1}
{1,2}
{3}

{3}

{1,2,3}
{1,2,3}
{1, 2,3}
{3}
{1,3}
{1,3}

Deduction



(d ) :{(32)(vy) Ry}
S (Vo) (3y) Ry

D:UP ={1,2}
RP = {<1> 1>a <1’2>}

Deduction



(e) X

(Vo)=Law, (Vo) (Vy)(Ley O Lyz),

)(32)(Lyz A (Yw)(Lzw = (w =y V w = 2))),
)(Vx)(Vy)(Vz)((Rvwz A Reyz) D (v=2 Aw =y)),
y)(V2)(Rayz O (Px A Py)), (V2)(32)(Jy) Rryz,
y)(Pz A Py) 5 (32)(Vw)(Rryw = w = z))}
x)(3y)(Pz A Py A Lzy)

{
x)(Jy
)(Vw

\%

Yv
VY
\

(
(
(V) (¥
(V) (¥

(3

S

:UP =1{1,2,3,4,5,6,7,8,9}

E
LP ={(1,2),(2,1),(1,3),(3,1),(2,3),(3,2),(4,5), (5,4), (4,6), (6,4), (5,6), (6,5),
(7,8),(8,7),(7,9),(9,7),(8,9),(9,8)}

PP ={1,4,7}
RP = {(1,1,1),(1,4,2),(1,7,3), (4,1,4), (4,4,5), (4,7,6), (7, 1,7),(7,4,8), (7,7,9)}

Deduction



() X {B2)(Vy)(Fy=2=y)}
S (3x)Fz A (Vr)(Vy)((Fx A Fy) Dz =y)

F.UF =
FF =

Deduction
{1} (1) Co)(Vy)(Fy=z=y) p
{12} (2) (W) (Fy=u=y) (L)u EII
{1,2} 3) (Fu=u=u) (2) UI
{} (4) u=u I
{1,2} (5) Fu (3)(4) TF
{1,2} (6) (3z)Fx (5) EG
{1.2} () Fy=u=y) (2) UI
{1,2} (8) (Fr=u=u1x) (2) UI
{} Nu=zdu=y=z=y) I
{1,2} (10) (FxAFy) Dz =y (7)(8)(9) TF
{1.2} (11) (vy)(Fz A Fy) Dz =y) (10) UG
{1,2} (12) (‘v’x))(Vy)((Fx N Fy (11) UG
o=y
{1, 2} (13) (Fz)FzA (6)(12) TF;
(Vx)(Vy)((Fx A Fy) Dx=y) {2} EIE



(g ) A{(Vz)(32)(Vw)(Rrw = w = 2), (Vz)(3x)Rxz}
S (Va)(vy)(V2)((Rez A Ryz) Dy = x)

G:U%=1{0,1,2,3,...}
RE = {(0,0)} U{(n,n—1) | 0 < n}

Deduction



