


Consistency,
Uniform Convergence,

and Learning :

The VC Dimension



Finite H :Quick Review
#

• Any consistent h has
as✓

{meogk
: In:¥h
uniform convergence :

1EslhS-ECnya
¥O



What happens when

1711 is infinite ?

what quantity should

replacel?



What's wrong with
this :
-

was

÷
error

If E (h ) ZE, then
it

⇐ ( I-ET ES



• Let ④
be an ordered set

( note : relabels)

K.eydefinition.tl#

T④
Ekn⇒:he

C- { 0,13M

Set of all labeling s of

S induced by 7C .



keydekni-r.nl#2 :

say that
⑤ is shattered

by Ed if fDO40,13£
us

k¥on#e3 :
The ICdigf
⑦D is the size of the
largest set shattered

by H.

Denote by V4



Quantification
#

To show Van> Zd,

we must find some
#shattered S of sized.
To show VC ( H) Ed ,

we must show that

⑦ no set of size dtl
is shattered.



Roadmap

-÷÷÷::i:i::Oproving consistency
⇒ PAC

• Warm - up
with ex's

of KD

• Main result has both

combinationsand

probabilistic
components



E.xikectung.ee#R
-

can shatter these. . Is :
-

t.tt#Itt
I¥t

etc .



Can shatter- no 5 points :

T
•

f..
'

I
•

+

1=-1
.

.
.
VC drm = 4



Exitlalfspace.sn/R2#te3poIts.-f:EE.-:--
etc .
I



Can shake- no 4 points :

E. g .
•
t

•- • -

• +

and
•t

B. -

•
+

• t

VC dim =3

In Rd : VC dim = dtl



Exid-gonsinlR-C.amshatter 2It I pts :



Can shatter no Zdtl pts :

worst case :

+

-

-

-

•

+.÷:+
• •
-

•
-

t

VC dim =2dt I



Ex : Conjunctions over {0,13
"

I

can shatter these n pts :

0111 - r . -
-

I 0111 - - - ' t § X.Xzxy . - -I 1011 - . .
- - -

all -

11101 - - - -
-

indices

l l l 101 . - -
- t



Note For any finite FL,

Vadim 's .logzlHl
since shattering

d pts
requires Zd functions.

So VC dim conjulii b'on s

I log 3h

:. Vc dim = ⑦ Cn)



Rec are

Toy (s) = set of labelings
of S induced by 7C

Let 's define

Tonk) --
s?, ;ImElTalk}

"

growth function
"

Then for me Vc (H) :

Tgc (m)
-

- 2
"

Imax)

what about m> UcCH)?



Amazing fact :
I

Let D=Vc th) . Then

for m >d, ITG, (m)
-md.

M Ed : exponential
growth

m >d : polynomial
growth

"

Sauer 's Lemma
"



Visually :

-9

¥'t:÷.÷÷Es
- d'

im-0
Overall, IT# (

m) -O(md)

( in e- mm)



Proof outline

-1
.

Define a function

d (m), show that

ITH Im> 4- Old cm)

2. Show that

Old Cm) -- O(md
)



Define :
=

Old (m) = old (m-D told- ,
(m- D
,

⑨o (m) = old (o)
- I

.

Lemma : If Vel 7L) -- d,
then f-m

ITg.im) Gold (
m)

Let's prove by

double induction

on d 4 m .



Assume true for any

drinks:c't'T,

¥##¥*÷
.



S :

X

O O l - - - O l

( l l l - - - l l

( O O l - - - o l

this

'q :
E

l l O - - - O O

--

How many la belongs
here ?

Etty (m-D sold (m- t )

(induction )



labeling, on
extension (s)
on Xm :

Xi , -- Xm- I
:

--- e : -

-- e : x

-IT x

-- fo u
•

l

:

-- f.
°

x

x

Need to add

count of Us .



But labeling s of

X
'
= X

,,X - . . . . Xm - I

with a ✓ is just a fu .

class (over X
')

of VC dim s d- I .

Why?



•

.

. #Us 2- Old
. ,
(m- t)

( induction again )

& Ty (s) E old cm -D
+
d- ,
(m-D

= old (m)

as de si-ed.



Linna old lmk ⇐
o

(7) -

Ef old cm> =

d-,
(m) t d- , (on

-D=

⇐ in + ÷:c
(induction)T

D

'

±:c
⇒⇒

*is
= ÷'t H in.

⇒o

-er. ti)



OK
,
that's it for

combinatorial
analysis of Toy (m) .

Now for the

probabilistic
part .



• Let 's fix all of these :

target CEH, P, E , 8

• Define error regions
of FL wrt c :

Hac E { hose : heh}
we

viewed as

sets of t ex 's

As functions

(hac)G) = { I if
h late Cx)

0 else

= hcxstoccx)



Note : VC IMac) -- VC(H):
←

• If h , Cx) # ha Cx) ,

h
,

④ c (x) tha ⑤Ctx)

• labelings h , (s)# h-Cs)

⇒ (h ,⑦c)G) f-Chatoe)(s)

: . # s Mals) f- ftp.dsY
-

⇒ Vc G-D= Vc (Hac)



OK. Suppose some h EFI
has ECL )> E .

We want to

make sure s hits

hisCE Flac at least once .

And we want this to happen
for every h st . E th)> E .

Call such s an E-net
and define

Als)-- 41
if s notan E-net

0 else

Goals : bound Prs Cats
) -- if



Problem: Hard to tell if
Als) - l by looking at

S
.

Soliton :
"

two-sample trick
"

BCS, S
') - I iff#refuse

2-mptss.t.PEr]> e
and :

① rn 5=0 (⇒ AG)=D

⑦ Inns 't z egg

Otherwise BCS,sD=o .



Claim : Pr[B) Z PrCAT . Yz

Bls,s
') -- I⇒ Als) - I , so

just need to lower bound

Prs
,s

.

Isis 'Hilal]
can fix missed r

s .t. Pcr]> E

Z Png , [ Inns 't > smh)

Z Yz (e.g . Chebyshev)



So Pr[A) 12Pr EB]
Uppnd

Draw S, s
'
in 2 steps :e-

• draw 2. on pts T- sus
'

At most old 12in) label
.-gs!

• split T-os.si randomly
(random permutation)

same as i. c:D.

S
,
s' by

exchanging



BCS, S
') =/ only if HEreHae

sit
.
r is hit lzcnyz

times in T but are e

hits fall in S
'

=

Prob. of above happening
justwrit

rpm! ration
(me)

←

Fe,



(me)
Feng
-
-

7h17,
-

(Zm) ! l !
-

(2in -e) !

=Mt (Zm-e) !
(m - es !

= Mlm -1) (m-2) u. - (m-l ti)
-

(2m)(2m- l) - - - - (Zm-etc )

-
- Fm -nI÷z.

- - innit,
-I 2-
l
z 2-Ente



Wrapping up :
=

Prs.s.CBls.si)--DE
0dam) . 2-

smh

1- -
#labeling, pr[B] Wrt
of T permutation
Eco (2mHz

- earth

(Sauer)

= CC ,
[dlogm - em]

PRCA]E2x→, set 184
Solve . . .



Theorem Let d-- ve CH) .
=

Then for

m2 CzftzlogsttdzlogE)
with prob . I l

- 8

any
consistent htFL

has ECh) E E .



More generally,
if Lester

,

have uniform
convergence :

with prob . ? I-8, #ht'll :

( Esch) -4h31 E e .
(slightly different Bls,

s ')

Q prob . analysis)



Lower Bound #I
#

• Let D= Ucla )

• Let X,, . .. xD be shattered
-←p uniform

•
f- Te Eo,Bd let -

hi (Xi) -- Vi tf I kited

• Now choose target c --ht

for J random

• For EE Yy , need -n- (d)

examples - are just

predicting coin flips !



Better lower
bound ?

E.g . -n- (%)

for any
E ?



Lower Bound #2
=

• Same set- up as
#I
,

but now we'll

"give away
"

C(xD
E total , Eld- I each

P: I- E --
•

× . In :.
- - - -

Id

• Still choose c =

random ht

• Now only see coin flip

every r ya samples ⇒

-
scale) .



A Prescriptive

Application of VC :

structural Risk

Minimization



• Suppose we have not a

single 7L but a

nested hierarchy :

Ft
,
C Hae Hz - - - C Hd C - - -

• E. g. new
-al networks of

increasing depthI
width

• For simplicity assume

✓CCHd)=D

• Let 5- {Lxi,yi73 be of

Size m



VC theory says
that that in Hd,

Kochs-UNEVEN
A

(ignoring bog factors,

fixing 8, spreading
8 over the H

's)



Classic over fitting cartoon :

-1
"

E
-

d-a

- : optimal Isch) in Hd
- : true ECh) If



Classic over fitting cartoon :
I

←always z
-

÷
- : optimal Isch) in Hd
- : true Hh) If

- : Esch)t 47dm



So choose :
=

d*= a-gym{ Esther ) +HIM }
Is

h*d = a-gmin
he Hd

{ Esth)}

Then our true error

£ main {
same}



Distribution - Dependent

Im provents to

ve Theo
-

y



• Replace IT, cm) by
Ep[IITs, Cs> I] VC Entropy

• Related : Rademacher
complexity

• Replace 17411
-ET by

§!Hilli
-sit

connections to

stat mech



Data - Dependent

Improvements to

VC Theory



•M aX - m arg in

general I 2 aH o~
(e.g, lonear,

S VM s,

boosting)

•

"

pA C - Bayes
''

• small
-noron

generaliz a lion



Generalizations

to other

learning settings
=



• Models h in class H

• Observations 2-up i. i. d .

• Loss function tch ,z) EIR

E-g . regression :
also i. c:D

-

z-- ex,y > , ydhlx) ER

l(h,say>) -- Chex)-y5
(squared error)

or tch
, ix. y>) = 1h Cx) - yl
(absolute err.)

or tch, Lx,y7) =

(hix) -y)'t 2/4×31



Distribution learning
#

• Models are distributions

PEH
•Observations 2- = X-p

*

• loss ftp.XT-logptx)
log-loss⇒MLE
=

Pretty much any model

type, observations of
loss function . . .



Now let S={Z ,,Zz . . ..Zd}

and look at

{ tech,zD. . . . > llhitd)> : hen}
--

C- Ird

= generalization of
IT# (s) , now possibly

in fan ik !

Say 94 shatters S if

THIS) is
"

space filling
"
. . .



E. g. Ty, Is) intersects
all Zd or ith ants of IRD:

• 8¥.

If* a •
•

9
• I

"fractal dimension
"

"combinatorial dimension
"



Morale: Uniform
convergence

is

the norm,
not

the exception .






