


Learning with

Classification Noise



The Model
=

• Same as PAC but
now

we see Lx, x -P and :

j= { CCD
with prob. I-z

>C Ix) with prob . 22

CEH ta-get Fn .

Me [0,44 noise
rate

• G±e : still want
Eth)=P[hlxttdx5.EE



Say e CN learn
able by H

if PAC criteria met

by algo using noisy J
's
.

=

•What e are CN-learn
able ?

• How much harder
is CN?

• Are there
"general

principles
" for CN?

Note : Can 't use
=

Consistency any more . . .



An Observation

-Pr[hastyI. EICH)

= ( I-72) Eth )tall- ah))

= 22+11-272>Eth)

Tried 7kg
with Eth)

/



• : ordering by Eth ) =

ordering by Sch)

: . I (h) minimization I

{ (h) minimization

#

Note Ichi - Ilha> =

(I-27271Wh .) - Elm))
-w --

shrinks need resolution

E

⇒e'T\ sizes
I ¥)E
-



CN learning (monotone)conjunctions
=

•Original o :
- start with h

-

- X,Xz . - - Xn

- txt>⇒ delete any
Xi-O&

won't work on Tf
Algo too brittle 1sensitive .
=

Define tfxi :

polxi) = PEX;
-

- o]

(E) poi ki)
-
- PTXi --o, y

-

- I]
A

true label eCx)



Say Xi is

significant : polxi)348a

harmful : Po , (Xi) ? 48N

Let h contain all x; th et

are Sig . but not harmful .

-PrEhlx)-- I
, y
-

-
o] : must be

⇒ Xi c- C
,Xi 4h ,Xi-- O

na: Fit.⇒¥xix%
.

I. Prfh 1×3=1,y -- o] ' n(En) -- 48



Pr[hChao, y=D : must be

some Xie C ,xieh ,Xi= O
←

poilxi ) t 48N
:
. Pr[hk)-- o,g-Den(En)

-
- Eg

¢ Eth) E 48+48--44 .

#

The pocxi) are easy
to

estimate from xn P.

How can we estimate

the poi ki) from Tx,57 ?



The Statistical Query
(SQ) Learning Model
=

'

ht't

SI :

¥: ÷÷÷ tithe.
-
statistical"

queries
"



Queries are predicates X
over (x, y> (no noise) :

X (x,y) C- { o, 13
-_

E.g . Xcx,y)
-
- I ⇐

Xs -- I,
y = o

(Po ,Ks))

XIX
,g)= I ⇒ X , E 1.7,

X222 -9 ,
y= I

Assume X
"

reasonable
"Komputable



View Xlx, y) as
a

request for

PXE PrixIX.g)=D
But SQ won 't answ e -

exactly , but with

tolerance I :

Bx E Px + E-TFI
Full query : X,I

Get back : Fx



Say C is SQ-tea-noble byH
if# algo L

F- cee, #P, tf e> o :

• L makes poly (Ye,n, sizeKD

queries , each
of tolerance

K Z poets (e.g.%)

* L runs in poly fame

• L outputs heH s- t.

Elmes .



Theorem
-

E SQ learnable by H⇒

E PAC learn
able by 7C.
#

Pio. Let L be SQ algo .

On each query
X
,
T of L,

sample on Lx, y> pairs
to

gut estimate By . If
ma log(f) men

up. 21-Ge the Pattie] .

No u let l =# queries of L

E runtime of
L
.



More Interesting Theorem
-

C SQ le .-noble by FL⇒

E CN tea-nable by 7C.
#

How can we
simulate S Q

from Lx,J7 ?



Decomposing Px
-

• Py -- Pr [Xcx.g) =D
• Ex -- Pr [Xlxiy) -- II
8Can estimate directly
Now define disjoint X , ,X.

XinXi- lo , X. uXa
-

-X :

X.E'qxex : xlx.os-txlx.is}

Xi- X- X ,

can test x for
membership



Let p.
-
- P[xD

,pepExit
p.
-
- I -p ,

Induced distributions :
P, ore-Xi : Pfx I --

P Ip,
Pa over Xz : Pdx]

-
- PEDIpa

Ag :

Py
'
-
- P
,
[Xlx,y) - I]

PI -- Pzcxlx.g) =D



Note The following can
be-esh.meted from 4,57 :

Fx , Pj, p. ,Pa
Goal :
←

formula where

Py= song e
function

of Px,PI, p,,Pam



E,=i⇒hPxt
ghlp.BG/lxiy7=D--YtpaPaExlxiy7-- D )
I



E- itnl④
gh (p,Rfxlxiy)=D=
.

up -- D )

=p , Px't path



pii.iEihPxtghlp.Rfxlxiy7@iytpakCXlxiyt-D7.e
=P,[Xcx,y)=o]
= I- Px

'



pi i'EthPat

ftp.RFxlxiy)=D=

•

=P fxlx,y)=D
2

= Pj



E,=i⇒hPxt
ftp.P.fxlxiyt-D-iytpakfxlxiyt-D )
I

=4-Nlp,Px'tp.PE)
+Np.LI-Pi)tpaPx)



E- it'mPat

ftp.l?fxlxiy7=D--YtpaPaExlxiy7--D)
I

=4-Nlp, Px'tp.PE)
+Nlp.LI-Px7tpaPx)
-
-Chap, Px

'

+ pnpnxtnp.
Now solve for Pj



Pi -- Fx -path - zip,
-

(I -2N)p,

Plug into Py --p,Px'tPaPj:

Py -- PI
-PAPE-np, tp.PE

= 15
It(I- Fm)path
I-29

-n
⇒P.



Sensitivity Analysis
(informal)
#

If we esh mate By
within Ip , error
n

in ,¥n is ±¥n
So better make

#n a T , path-227



Sensitivity Analysis
(informal)
#

Iferror in pz is Ia ,

PI is Ib, error in

path E atb t ab ,
make a,b L T(I-2N)

etc .



Guessing N
(informal)
I

• Suppose we are
only given an

upper squad
:

MEN E.
'la

. Divide (o, -2) into

values 0
,
D,2D. . . . .A-
I



•Run simulation fo-

each guess N= i.A

• Verify hypothec has
Eth ) EE

• One guess will
be

± b of true N

• Make A small

writ T.si#zn
• Poly .

o re-head



"s:S:: cant:po.%on
harmful :i)%n
Let h contain all x; th et

are Sig . but not harmful .

-PrEhlx)-- I
, y
-

-
o] : must be÷÷÷÷÷¥÷÷÷÷..

I. Prfhlx) --by -- o] ' n(En) -- 48
° estimate all these

(non-adaptive)



Claim
e-

•

"Almost
" all e

in PAC are also

in SQ (with
a

different algo), and
thus in CN.

• conjunctions ,
rectangles,
decision lists,
linear class .

etc .



Claim
=

• Virtually e-e-y
"practical

" ML algo

has an SQ variant.

• backprop , dee.
tree

algos, gradient des,
boosting, etc .



So what's

hard in SQ ?



Parity Functions
-
-

• X-- { 0,13
"

• tf set SE {1,2, . . - n } define:

Fs (x) E EXi mod 2
its

= ⑤Xi
its

• So fslx) -- I ⇒ # bits =L

in XIs is
odd .

•Let PARITY denote the

class of all 12 ") Fs .



PARITY is PAC - learnable
I

•Note : Fs Ix) = §Li Xi mod 2

where 2,X t { 0,13
"
and

ai
-
- I ⇐ ie S

.

• Inner product a.X in Gfncz)

• Given 4×1,y ,>. . . . sxm ,you>
:

I
-

,

Solve Sys. of linear eqns !



Why is PARITY hard
for SQ?

=
• Let P-- uniform on 90,13

"

• Look at X's of form :

Xlx,g) = I⇐ HT = Z
and y = I

• Draw SE { Is . . . n} randomly

• If T is small (ITI E Mz)
then whp over draw of S,

S-Tt 4
and thus

Prxfixlxsfslx)
-
- if -- Yz

•

"
no information

"

conveyed



Theorem For E -- 'la , and
=

any polynomial pin
)
,

the number
of queries

of tolerance 1=4play

required to learn

PARITY is exponential
in n .



So PARITY C- PAC

but PARITY # SQ .

Is PARITY E CN
?

Open problem,
but believed ha-d .

•

"

Nearby
"

NP- hardness

• Crypto proposals



Query Complexity in SQ
-_

• target class e,dis t P

• view fee as I l - valued

• tf fi
,FjEC , inner product :

{fi,fj7pEt.gl?lx)fICx7fjlx)--Pffi=fjI-Pffit-fj]
• For every f.f't PARITY ,

f-tf'⇒Gf,f
'>
p
= 0

Where p= uniform .



•Define
sale,P) -- max d sit.

#f.. . . .fate , # IE itjkd
:

{fi,fi>p E
'Id ?

• Largest # of
"almost

orthogonal
" Fns/vectors

in e w .
r
.
t. P

• SQLPARITY, uniform
)--I



theorem Let SQLe,P)
-
- d

.

Then at least
of '13/2

queries with
T Z

' Id '13

are needed toteare wrt P in SQ model . o
(even "weakly

")
I

- d superpoly in n ⇒

superpoly # queries



An Application
=

• Consider
"small " parities,

i.e. Fs where Isle log Cn)

* E.g . parity of first logCa) :

X , Xa
- - -- X

logIn) FS
--

O O O - - - O O

too::÷÷÷l :§
only 2h09

↳
= n rows



Encode as decision tree :

④

* '④
g
:

I

Xeo . . . -Xeog
l l l l
O l - . . .

Size = n nodes



Encode as DNF :

>XiXiu-
'

*
e.gin,#

n u

"""

geom
.im }a7:3

.

f-5- I

size In terms
#

But there are
n(↳c.) uneogcns

such small fs .



So decision trees &DNF

are not learn
able

in the SQ
model .

=

For informational,
not

computational, reasons .

No assumptions .
=

Status in PAC : open .



The PAC Solar system
-
• status known

• (partially) open •neural
nets*

all
• boolean

poly . formulae#

eval .

i÷÷÷÷÷÷:*
PAC
--

•finite automata
#

SQ E CN E PACE poly
.
eval

*



What about the * ?
I

•There are functions

that are easy
to

compute but hard

to invert.

• Example : multiplication .

ftp.q) = pig
over domain psq prime,

f-
'
is factorization .



In fact, there are

large families
of

such functions .
I

f-primes p,q define

ftp.glx7-xmodp.q
Inventing for unknown

p,q E factor in p
-

q .

=

Encode as PAC learning
neural nets, finite

automata , boolean

formulae . . .



NOITE Hardness
holds even for weak

PAC learning, where

{ = Yz -
'

lpoegln)

Does
weak PAC⇒ PAC ?



One final twist. . .
=

• Let's make PAC

more powerful by
adding membership
queries

• In addition to

Lay>, Xu P, algo
can get old for

any chosen
X

.

• Goal remains same



The PAC Solar system
-
• status known

• (partially) open •neural
nets*

all
• boolean
formulae#e:

T÷i÷i÷÷÷PAC

a.

•finite automata
#

hfACtMQ_/
SQ E CN E PACE poly

.
eval

*



Next
Boosting
and

Beyond




