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No- Regret
''

Learning
=



Imagine that . . .
=

* On each day t, we must

predict an outcome yetEo, B
• We have a vector *

C- 10,13
"

of features/advisors /experts

we can use to help

• But now we assume

nothing about Ext ,Yt)

• NO Xt up, no yt
-
- c txt)

• An arbitrary,even

adversarial sequence



Detailed protocol
=

For t = I, . . . T :

• Nature chooses txt,Yt)

• We are shown Xt only

• We make prediction Tft
• We are shown yet
I

{Xt,yt7 may depend

on
all previous

Lx,y7,

our previous g , current
state ou- algo



What could we

possibly hope to
doIsay?

A= : when there's no link
between past and

future, say something
about the past.



• Let x it = ith bit
of Xt

• lie Icxittyt?

• LIFE
.

fit -- totalloss of i

-1dOn any sequence,

let's try to compete

with min {
hi} in

hindsight .
=



Multiplicative Weights Algo
#

• Initialize Wii -- I,pi - Yn Fi
• For t -- I, . . .T :

- receive Xt

- draw j -Pt ,predictJEX't
- receive yt ,compute

the lit
- Fi: wi will-ni)
-Fi:pin win /-2++1 ,where

Zt+F % with



• Let l 't-- Ep!IET# TED

1- At - Zet
=

Idea of analysis
=

• LF large⇒ Za ,
small

①

• But Zt+ is largest weight
at T ②
(best Xi)



Analysis
=

For any t :

Ztt.
-
- E. wit ,
= ?will

-Zl't )
i

= §wit
- E wt Rl it

i

= Zt - NZt ? Et . lie
= Zt ( I-nqpi) It
= Et l l - neat )
#

" Ztt ,
-

- ZiII! I-Meat )
-

- n. -IIll-ME)



Inftp.J-lnlnstflnll-ztat )
← encns-nzeni-K.nl'

= lncn) -zLF ① /

t.



Now for any i :

2-
Tt i
Z wit , ②

in (Ztt ,) Z en(ut't . )
-

- in III. in -re:D
= Et en CI-Zeit )

' Etzioni ⇐÷÷÷;)
= -METI - n'Exit
=
-pit -n'Q



SI. ln LZth)
¥

-q hit -NQ • E en in) -nLE
P

for any i

LE tenge + Li t zQ't
E ln Cn )

g-
t Litt RT

:. LF a- min { Lit} they tat
-
"regret

"



Now set lzy =NT
A-¥.z=IF
: . both terms = RT

-
- y .T --Utena



theorem For any sequence
(Xt, yt) ,

LEE miin EL 3+24¥ .

=

Or :Litemine 3+41.FI
¥0

"
no regret

"



Discussion
=

• Sanity check : n
-
-2T
,

all possible binary

sequences
• If my.n{ Lit }

is bad,

we are too

• Compare to building
a model on top of Xi

•

"

Bookkeeping
"

vs .

"

learning
" 2



Connection to PAC
-_

• Suppose that each day
there is <2-t,yt7-P

and Xi - httt)
• Here he 71,7L finite
• Recall uniform convergence :

mu log1711 e
g-

or
m

• MW regret, n-- IHI :

-

( but must

enumerate)



More General Framework
#

• Before : it --ICXie 't ye]
• But MW analysis
only looked at lie

• So get rid of Xt,yt
• Abstract actions

it El. . . . n }

• Arbitrary lie
-
- loss of

i on dayAnil t



• MW just chooses an

action i each day t,

then learns all lit,
pays lit .

• Identical analysis(result
• lie can also be
real - valued



Lower Bounds on Regret
=

• Let A be any aego
• At t-- I

, randomly choose
(A) n/z actions to have loss

-
- O
,

(B) o the- Yz have loss = I

• E[toss of A @ t -- D= Yu
. At t=2 , randomly choose
1/2 of (A) to have loss =

0
,

all others boss = I
• E[loss of A @ t--23242
• etc

.

t-

÷
.

i
O O O O O I→ I

I-→ I

÷



• Can continue fo- dog(n)
steps with a O - loss

action

• But E-floss of A]Z
'zlogln)

. :
.
total regret ? Ilogin>



Love- Bound #2
-
-

• n-- 2
,
losses will

be (o,D or ( 1,0)

• Choose randomly
for each step t

• Fo- any
distribution

Ip, I-p) , Efloss] =

Ill-p) + Ip = Ya

• E(total loss of A]=T/z



* Also L't +67 = T

t
They they

• But Elly D - ITT
-

E[regret of A]



No -Regret Learning
and

Game Theory
=



Game Theory Basics=
• Two players with

loss functions l, lis;), lali,j)

• Player 1 chooses i,2 chooses j

• One -shot
,
simultaneous move

• Players may randomize

÷r÷i÷÷.



Safety Levels#
• Imagine your opponent
plays adversarially

Facet:Must exist values vi. vz
& distributions 13 , Pz set .

• HQ E [l, lis;D E v,
i-P,
j n Q

• f-Q E (latish] t Va
inQ
jnpz



Now imagine the game
is played repeatedly
for T rounds ,with 1

playing no - regret
and 2 arbitrarily .

=

What happens ?



theorem Suppose player I
uses an algo A

with

cumulative regret RCT)
in T steps, and player 2

plays arbitrarily . Then
the total loss L 't obeys :

E V, t RCTI .

T

=

Similarly

YI ± vs + RCTIT '



Proofs Let AI be action of 2
at step t , and define :

Fdj> =#IIIa't-- j ]
(empirical dist. of 2)

Then by l's safety
level

,

# P, sit . Ep
,

Ce ,Cissy EV.

j - I
,

:# fixed it sit .

each CitiDev,
T

per-step
loss of it

in
hindsight



•

•

.
total loss of

it in hindsight

← v
.
-T

⇒ L't
It

v.tR



Zero - Sum Games
=

• His loci,j )= -Laci,j)

• Define :

v.mine mpqxmi.nqpfe.li.is]
(I moves last)

vi
"E mpi.nm.gs E-pillion)

( 1 mores first)
I

Have vi.nevin
"

,
Vi
"

evi
"

Vin
"
= - vine

x

✓T
"
= - Vin

-x



Minimax Theorem :
=

VT
"
-
- Virat

,
VT
"
-

- Vin
"

.

PI . Suppose for ⇒⇐ :

Virat-- V,mntN , 87+0 .

Let both players use
a

no - regret algo with R
-
- BLT)

.

Let I. Fa be empirical
distributions of algos .

Note L't = - LI always .



• Fa a possible choice fo-

Pa in VT
"

⇒

total loss E Tv.mn possible
for 1

(total Ktvi" possible)
=

L't '-Turnt R ①

LF a- TVE't R



LF I Tvi
"

t R

- L 't k TVT
"

t R

L 't z
-TVT
"
- R

L 't Z Tv,
-at
- R ②
I

TVT
"
-RE L't E Tvin

"

tR

✓in
-x
- Ry E VT

"

t MT
T

V,
-"

tN - RA E
v,
-"

t RIT

For Rts% ,
⇒⇐

.

[(e.g . Mw a ego)



Furthermore :
=

Against Fz , no P, can
beat best i. but F,
almost as good

Against F, , no Pr can
beat best j , but Pz
almost as good
-

:. lp)iwithin
RIT of minimax solution

= Nash equilibrium



import Approximation
quality depends only

logarithmically on
# of actions !


