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Imagine that . . .
=

• On each day t, we must

predict an outcome g.+ C-{0,13
• We have a vector ✗+

C- {0,1 }
"

of features/advisors /experts

we can use to help

• But now we assume

nothing about {✗tiff

• No ✗+ up, no yt=clX±)

• An arbitrary,even

adversarial sequence



Detailed protocol
-

For 1- = 1
, . . .
T :

• Nature chooses {✗tift>

• We are shown ✗t only

• We make prediction it
• We are shown

yt-x-F.ae
on
all previous

{ ×,y>,

our previous J , current
state our algo



What could we

possibly hope to
do/say?

A= : when there's no link
between past and

future, say something
about the past.



• Let ✗ it = ith bit
of ✗t

• lI=I[✗ it -1-9+7
• Li,_=Éei

t= ,
t
= total
loss of i

=

lde On any sequence,

let's try to compete

with min {
Li} in

hindsight .



Mu.lk/oli#UeightsAfgo
• Initialize Wi, = I,p ; = Yn F-i

• For t = 1, . . .T :

- receive ✗t

- draw jnpt ,predicty^t=¥
- receive yt ,compute

the lit
- Yi: Wii

,

-will-Zeit )
-Yi:p ← win /-2++1 ,where

Zt+F & with



• Let l¥=Ep+[I[It-+yt]]

1-? = §eE
=

ldeaoan-y.si#
small

• LAT large⇒ 2-1-+1
①

• But 2-
++ ,

>_ largest weight
at T ②
(best xi)



A

For any t :

2-
++i E. uÉ+ ,
= §will

-ZLÉ )

= quit - g.wine it
= 2-+ - NZ+41¥ . it
= 2-+11-nEpi) eat
= 2=+11-711 )
-

÷ ZT+ i-ZIII.li-311 )
= A -11+-11-711 )



lntt,-+D=
lnln> + Elna-91¥ )

2- bins -REEF (1^1-1)
= lnln) -zLF ① /

f.



Now for any i :

②2-
Ttl
? ✓¥+1

lnlZt+D>_ lnlufj , )
=L.lt#=.1i-rei-D--E+lnl1-zeI)

t.nl/-x)2zqtzeit-lreit5X-#i::;.)---ZElit-z~EeI)=-zLi,--
NQ



SI: In (2-1-+1)

-y hit -ÑQÉ
!
I lnln) -2LF

P
for any i

LF ± lz¥ + LÉ + zQit
± lnq + Lit +RT
: LF a- min { Lit} +

l
+qt
2-
"regret

"



Now set lzY)_ = ZT

Ñ=l^¥z-1T¥
: . both terms =ZT

=|F¥T=V¥



Then_ For any sequence
<✗+, Yt> ,

LF ± mi in {Lit}
+24¥

.

=

Or :L¥-±m;n{¥}+24T¥
¥

"
no regret

"



Di
• Sanity check : n=zT,
all possible binary

sequences
• If my.n{ Lit }

is bad,

we are too

• Compare to building
a model on top of ✗

i

•

"

Bookkeeping
"

vs .

"

learning
" ?



CPAC
• Suppose that each day
there is <2-+, 9+7up

and ✗É= 1712-+7
• Here he 71,71 finite
• Recall uniform convergence :

m-HY-ore.HTII.MU
regret, n= 1711 :

1but must

enumerate)



MGework
• Before : it__I[✗ it =/ Ye]
• But MW analysis
only looked at lie

• So get rid of ✗+>Yt
• Abstract actions

it { 1, - . . n }

• Arbitrary lit
-
- loss of

i on dayHnil t



• MW just chooses an

action i each day t,

then learns all lit,
pays lie .

• Identical analysis/result
• l can also be

real - valued



No -Regret Learning
and

Game Theory
-



Ées
• Two players with

loss functions lili,;), lali,;)
• Player 1 chooses i,2 chooses j

• One -shot
,
simultaneous move

• Players may randomize

"



Safety
• Imagine your opponent
plays adversarially

Fact:Must exist values vi. v2
→

&distributions P, , Pz sit .

• f-Q E [l.li,;)] E v,
i-P,
j n Q

• f-Q E [l~li.jp c-Vince
jnpz



Now imagine the game
is played repeatedly
for T rounds ,with 7-

playing no - regret
and 2 arbitrarily .

=

What happens ?



theorem Suppose player 1
uses an aego A

with

cumulative regret RLT)
in T steps, and player 2

plays arbitrarily . Then
the total loss Lf obeys :

L¥ E V. + R¥ .

=

Similarly

¥.± vi. + R¥ .



Prooif Let AI be action of 2
at step t , and define :

Ñzlj)= f-§I[aI=j ]
(empirical dist. of 2)

Then by 1 's safety
level

,

# P, sit . E [lili,;)] EV,
i-P

,

j - F
,

:# fixed it sit .

E [licit,j)]±v,
jnpz
←

per-step
loss of it

in
hindsight



•
: total loss of

it in hindsight

2- vi.T

⇒
v.+12¥



Znes
• F-i,j lili,j >=

-lzli,j)

• Define :

vii.n E Max min E
[t.li,j )]

i jrpzPre
11 moves last)

✓in
-+ D= min Max E-[lili,j )]

P, J inP,

( 1 moves first)
=

Have vi.nevin
-×

,
vina v5

-×

Vin
"
= -vivax

v5
"
= - ✓in

-×



É2orem :

vi.^=v,
-•×

,
v5'n= v5

"

.

Pf= . Suppose for ⇒⇐ :

✓in
-+=Vf"+N , 2>+0 .

Let both players use
a

no - regret algo with R=RlT
)
.

Let É,Ñ be empirical
distributions of algos .

Note Li = - LI always .



• É a possible choice to-

Pz in VT
"

⇒

total loss ETV.mn possible
for 1

(total 2- Tvi" possible)
for 2
=

L 't a-Turn+ R ①

LF a- Tri
-

+ R



LF 4- Tvi
"

+ R

- L 't 2- Thin + R

L 't =
-Trim - R

L 't = Tv,
-"
- R ②
-

Tvr
"
-RE LIE Tv?

"

+R

vi.
•×
- Ry ± v5

"

+ 1%

v.
""

+N - RG e v5
"

+ RIT

For 14+-72 , ⇒⇐ .

F-(e. g. MW a ego)



Furthermore :

Against Fz , no P, can
beat best i. but É,
almost as good

Against É, , no Pz can
beat best j , but p~
almost as good
=

:( E.E) is within
R/1- of minimax solution

= Nash equilibrium



|mpt_ Approximation
quality depends only

logarithmically on
# of actions !


