


Boosting



The Weak PAC Model
=

• Exactly the same
as PAC , but no E

• Ask that f-cee , P, s

algo outputs he 7C

s -t . Eth) ' Ya- LE Eo

• Here 2 is a fixed

constant (e -g. 4=0.01 ) on

even 2 -- phyla)
• Algo runs in time

polyCn,size less)



Once upon a
time . . .

=

• Every e
known to be

weakly he a -na
ble was

known to be strongly
hee-nable

• Every e known
to be

hard fo- strong learning
was also ha-d from

weak learning
•Oz : Could weak learning
= strong tea

-ning ?



Note : If so, needs
distribution- free

property of PAC .

#

#classes E and

specific P s . t.

• E weakly Lea-arable

w . r. t . P

. e not strongly
learnable w .rt . P



Boosting
=

• Let L be an algo
fo- weakly learning
e by FL

• Idea : Use L as a
=

subroutine in an

algo L
' for strongly

learning e by H
'



Attempt #I
=

• Run weak L l times

on c,P→ get hi, has . . . he

• Let

hlx)hAJlh, Ix). . . - held)
↳majority vote

• Good idea ?



Attempt #2
=

• Run L on c ,P→get h,

• Run L again ,
but

force it to do something
different :

1/2
Pip t¥Eµ¥¥

I

k¥551441
shrinks grows



More formally, if
{(hi) = E.• L

'Iz

then define Pz :

F-XEX :

If h , Cx)- c Cx)

Pdx) = 2¥13
If h , Ix) # CCD

Pa (x ) = #op, Cx)



• By design ,
Each . ) = Yz

• We can simulate

Pz from Pi
,
h
.
(how ?)

• Run L on Pa⇒

get ha # h ,

• Now what?



Breaking ties
I

• Define B :

If h ,exit ha
Cx)

B Cx)=P. Cx)(Z
Z=P, Ch ,G)thatxD

If h . Cx) = hix)

B (x) = 0 .



• We can simulate

Pz from R, h , ,h, Chow?)

• Run L on B
⇒ get ↳

• Now let

hlx> =MAJ(h, Ix), hold,hzlx))

• Now what?



Lemma
=

Ep
,

Ch) E3e5 - 2e?

* i.Convex
t
.-

E o
'12

So now have a

better weak learner !



So now let's re curse :

* i.Convex
t
.-

E o
'12



•Need u loglog(
'le)

levels to go from

Eo→ E

• Final hypothesis :

Tm'mT
!" "?

'!
'

OO - -
-
- - .
O

h!Who - - - leaves E H



A More Practical

Formulation :

Ada boost
=



Setup=
• Given data

5=4×1,97. . . . 4Xm,yn7

Yi C- Etl,-13

• Goal : drive error on
-

S → 0 using

weak learner

• Initial distribution

P, : uniform
on S

• Subsequent Pt will be

reweightings on S



Adaboost
=

For t= 1,2. . . .T:

• run weak algo on Pt

⇒get ht EH

• choose Lt >O

• define f-i :

Ptt , Ci)= Petite
-dtyihtlxi)
-

Zt
-

Zt =
normalization
for Ptt I



Final classifier :
=

HG) -- sign(II.Lt httxD

So Ff
'
= linear combos

Ove- 7L .



Some Notation
I

• Define
Et
-
- Pt[htlxi)tyiT

• Allowing Et to vary
(including Et. -

'la)
• Can easily measure

• Define NE-
'hi Et

• Advantage over
'In



Adaboost :Analysis
-4itHlxi ) -- sign(sathttxi))

t

⇒ yi Eathttxi) so
t

⇒ e- yisetthtlxi
)
z ,

So
p error

1- { ICHKitty;]
of H ons

m

E Im .ge
-Yi ftthtki)

-
focus on bounding this (*)



For any fixed i , recall :

Ptt, Ci) =P, Ci) e-
at Yi ht lxi)

#
Rewrite :

2-E-
Pt Li ) e

-dtyihtlxi)
-

Ptt , Ci)
-_

Let 's define Fi :

Ppt , Li)
=
'Im=P, Li)

(not used anyway)
=

Next : show that

1*3 -- II. Et



ITZt -- Zi - Zai - - Z
,
=

P
,
fi) e

-d '
- Yi ht("'Ypa

,
Ci)

+⇐fi>e-
4- ' Yi ht-Iki)/p

,
Ci,

xp
,

e
-dt-ZYiht-kiypt.fi)
:
•

xp
,
Ci) e

- di Yih,Hi)/pz (i)

= e
-Yi Etdthtcxi)



This holds Hi, so get
same if we average :

tIZt-_In {e-
YiEathtlxi)

= (tx ) from before !

Z error on
S

=

Next : choose Lt 's

to make Zt 's as

small as possible .



Adaboost
=

For t= 1,2. . . .T:

• run weak algo on Pt

⇒get ht EH

• choose Lt >O

• define f-i :

Ptt , Ci)= Petite
-dtyihtlxi)
-

Zt
-

Zt =
normalization
for Ptt I



2-E- ?Poli) e
- atYihthis

= normalization for Ptt,

= { Pt Ci> e
-at

iihtlxi) --Yi

+ E Pt Ci>eat
i:htki) # Yi

-Lt

= (I- Et)e

+ Et eat



If we ch o ose

at -- Een (
'II)

then

ZE ll
- Et) VIET

+ et HII
= 24¥55
=

So error o n S S

TIZt = II2Ft
)

¥



114¥ =

1141¥65) =

114¥27 = a

4742- e e
-22

#

'

÷÷:



So II. Zte IIe
-WE

f-e-ZE.NET-
• exponential
decay in ETI

t

• adaptive in Vt 's



• If ale At ZZ > o :

error on S s e-
2522

• Set < Ym (consistency ):

T> ztyzlnlm)

• VCD= UCDCH)
. T -- DT

• So T>¥lnld#\ suffices .

I
-



Weak = Strong via Ada
boost
=
• Suppose E weakly

PAC

by H with Eo
-
- Ya-A

• If we make
-2TV

"

L
'Im

e
we get a consistent

Hlx)=sign(§dtht
• If VCD1717=49 then
VCD of these E Td



So :
=

• Chonorsen Tdylog(Ys)
• Then s o l ve

-2Tt
c

'/m
e

- 2Tr
- c ln l Ym)

T 3 ztyz en lm)

T >#enfTedin l
'k))



With these choices for
M and T

,

with

prob . z t - 8
,
E CH) EE .

.

.

.

Weak PAC⇒ PAC.

=


