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ABSTRACT
SHAPE DETECTION BY PACKING CONTOURS
Qihui Zhu
Jianbo Shi

Humans have an amazing ability to localize and recognizeablghapes from nat-
ural images with various complexities, such as low contragtrwhelming background
clutter, large shape deformation and signicant occlusida. typically recognize object
shape as a whole the entire geometric conguration of imdgmsoand the context they
are in. Detecting shape as a global pattern involves two &syes: model representa-
tion and bottom-up grouping. A proper model captures lomgeageometric constraints
among image tokens. Contours or regions that are groupedbaitom-up capture cor-
relations of individual image tokens, and often appear disdoanplete shapes that are
easily recognizable. The main challenge of incorporatioigdm-up grouping arises from
the representation gap between image and model. Fragmiemage structures usually
do not correspond to semantically meaningful model parts.

This thesis presentontour Packinga novel framework that detects shapes in a global
and integral way, effectively bridging this representatgap. We rst develop a grouping
mechanism that organizes individual edges into long castday encoding Gestalt factors
of proximity, continuity, collinearity, and closure in aggh. The contours are character-
ized by their topologically ordered 1D structures, agaotsierwise chaotic 2D image
clutter. Used as integral shape matching units, they aregaifor preventing accidental
alignment to isolated edges, dramatically reducing fahsge detections in clutter.

We then propose a set-to-set shape matching paradigm tlzsunes and compares
holistic shape congurations. Representing both the moaktlee image as a set of con-
tours, we seek packing a subset of image contours into a e@egthape formed by model
contours. The holistic conguration is captured by shapefeawith a large spatial extent,
and the long-range contextual relationships among costdure unique feature of this ap-

proach is the ability to overcome unpredictable contougrfrantations. Computationally,
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set-to-set matching is a hard combinatorial problem. We@se a linear programming
(LP) formulation for efciently searching over exponenyiahany contour congurations.
We also develop a primal-dual packing algorithm to quickbubd and prune solutions
without actually running the LPs.

Finally, we generalize set-to-set shape matching on m@histicated structures aris
ing from both the model and the image. On the model side, weletire representation by
compactly encoding part conguration selection in a treés iffakes it applicable to holis-
tic matching of articulated objects with wild poses. On tmage side, we extend contour
packing to regions, which has a fundamentally differenbtogy. Bipartite graph packing
is designed to cope with this change. A formulation by semigeprogram ming (SDP)
provides an efcient computational solution to this NP-hamablem, and the exibility of

expressing various bottom-up grouping cues.
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Chapter 1

Introduction

Humans have an amazing ability to localize and recognizeablsihapes from an image
with various complexities, such as low contrast, overwhednibackground clutter, large
shape deformation, and signi cant occlusion (see Fig..1Shape is not only a useful cue
for object recognition, but also an important problem bglitbecause it leads to further
understanding of the geometric arrangement of the scemkfuactional properties of

objects.

(a) Low contrast  (b) Background clutter (c) Deformation Q@bclusion

Figure 1.1: Complexities in real images. In (a), part of thegnis covered by shadow.
The contour of the star sh in (b) is surrounded by both cluttethe background, and
texture in the foreground. The baseball player in (c) hasrg dédferent pose than the
canonical model. Part of the bottle in (d) is occluded by apes hand. Despite all these
complexities, a human has no dif culty in locating and manchobjects to the target
shape models shown at the top left corner.
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(a) Model (b) Matching locally (c) Matching inisolation  (@cclusion

Figure 1.2: The global percept of shapes. (a) presents desishppe with a silhouette.
Image tokens that ts to the target locally could compose mpletely different shape as
shown in (b). The local neighborhoods of (a) and (b) markegt@en have identical junc-
tions, with the curvature of the smooth silhouettes similanost of the places. Matching
shapes by aligning edges independently could contrive taypotheses as shown in (c).
Most of the silhouette in (a) can be aligned to some indiviédges in (c). They group
with the horizontal lines as integral contours, and thasedido not have matches to the
target. In (d), although part of the object silhouette i®atgssing, most likely the object
has the same shape as the target, and missing silhouetiy tuerto occlusion.

1.1 Motivation

Shape is fundamentallyglobal percept- we typically recognize object shape as a whole.

By “global” we mean the following two concepts:

1. Non-locality. Shapes are measured by #mire geometric con guration of image
tokens, rather than their local properties. Unlike othgedbproperties such as

texture, a shape hardly has small distinctive parts thaticaguely identify it.

2. Non-isolation. Shapes are formed by orderly structures thrd¢ image tokens to-
gether, instead of independent image tokens. Groupinge&settokens provides a

context where the shape could be extended, and what coute lo¢tter alternatives.

Fig. 1.2 illustrates false shape matching examples iggagither one of these two aspects.
An image hypothesis can locally t the shape prototype in tredghe places, but overall
does not resemble the target at all. On the other hand, atafliedividual edges can be

aligned to the prototype perfectly, but edges connecteddamtdo not have matches, and
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cause errors faraway from the matched edges.

In light of the above observationsjodel representatioandbottom-up groupingre
key issues to consider in order to detect shapes robustly fntages. A proper model
representation handles the non-locality problem by capuong range geometric con-
straints. During the search process, image tokens thaaewgphrt can be bound by the
model, interpreted and checked via their con gurationstt@o-up image structures such
as contours identify the underlying correlation of indivad edges, which can be extracted
from the image independent of the shape model. Matching tivéke integral shape to-

kens avoids many accidental alignments to isolated edgégidutter.

Previous shape detection and matching approaches candseetlainto two groups

by model representation: shape primitive based methodseamplate-based methods.

Shape primitive based methods.These approaches assume that shapes are composed
of some high level generic primitives, or volumetric pahattconstitute objects via cer-
tain basic rules. These components include generalizeddeyk (Brooks, 1983), su-
perquadratics (Pentland, 1986), geons (Biederman, 1888l ribbons (Nevatia & Bin-
ford, 1977). Although perceptually these primitives makeper abstraction of the shape
models, they are hard to detect from images reliably. Theesgmtation gap between the
model and the image poses a big challenge: a shape recogsytibem has to connect
raw image edges or pixels into contours or surfaces, anddksemble them into these
high level primitives. This results in two typical problembich eclipses the application
of these methods in real images. First, previous searchegures such as Interpretation
Tree (Grimson & Lozano-Perez, 1987) are insuf cient to explthe huge, usually expo-
nential, solution space. Second, many premature hardidesibave to be made before

reaching the nal output since the primitives are severatle above the image pixels.

Medial axis based representations (Blum, 1967; Peleg & ek 1981; Leymarie &
Levine, 1992; Baet al., 2007) continue on the path of these attempts to developéngh
primitives. Several shape descriptions such as Shock Grggitdigiet al., 1999) and

Poisson equation based features (Goredithl., 2006) effectively capture global shapes
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as well as semantical parts. Because medial axes are gensitiegion boundaries, all
these approaches assume that object regions and theirdrastiave been segmented
from the background. However, segmenting foreground ¢bjearrectly is a hard prob-
lem to solve on its own in shape detection. Medial axis is dulisepresentation for
describing and matching holistic shapes given the foregtaegions, but does not pro-
vide insights on how to search the target shape from imagenswith over-segmentation

or under-segmentation.

Template-based methods.A separate path of research has been focusing on building
shape templates by low level, and detectable tokens. Tk&ngally brings the model
representation all the way down to the image, such that ttterpa of model representa-
tion are repeatable in images. For example, the tokens cas banple as edge points.
Chamfer matching (Barrowt al., 1977; Shottoret al., 2008) and Hausdorff matching
(Huttenlochetret al., 1993) are representatives of when the model is merely af sgt-0
ordered points with xed locations. The tokens can also bgpk@ts along with local
shape or appearance descriptors. Shapes are represettiedspatial con gurations of
these keypointse.g.geometric hashing (Lamdaet al., 1990), decision tree (Amit &
Wilder, 1997) and Active Shape Models (ASM) (Cootdsal., 1995). However, key-
points alone are insuf cient to distinguish objects shapesluttered images (Belongie
et al., 2002). Recent attempts such as Shape Contexts (SC) (Bektra)., 2002), His-
togram of Gradients (HOG) (Dalal & Triggs, 2005) and Scakalrant Features (SIFT)
(Lowe, 2004) construct tokens from spatial histograms Wwieiecode local shape informa-
tion centered at keypoints or the object center. The modgdllysemploys a graph on the
tokens, either a pair-wise connected graph (SC) or a stahdtOG, SIFT), to capture

the long-range geometric constraints of the entire shaperfleantet al., 2007).

Template-based methods have achieved certain successgingrthe model closer
to image signals, but sacri cing the generalizability. Base the tokens only contain very
local information, the templates made of these tokens des gpeci ¢ to some instances

rather than generic for the whole object category. Theegfobject models result in either
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a large number of exemplars (Torralbaal., 2009), with each one of them sensitive
to shape deformation, or composites from complicated gramead rules €.g.AND/OR

graphs) (Zhu & Mumford, 2006; Han & Zhu, 2009).

Although many model representations have addressed théonahshape con gu-
ration, bottom-up grouping has been missing in most of tleipus works. Contour
grouping or region segmentation naturally pops out mangaghapes. Starting with
half complete shapes appearing in grouped contours orrreggigments greatly reduces
the search space of shape matching (Grimson, 1986). Inasintnost template-based
methods resort to matching the shape model with individdges or pixels. Shapes are
not perceived by randomly linking edges or pixels, but byaoiging them in a simple,
regular and orderly form calledragnanz(Palmer, 1999). The principle of Pragnanz, ad-
vocated by Gestalt psychologists in the early 20th centkiohler, 1929; Koffka, 1935;
Wertheimer, 1938), involves grouping elements by the laiygroximity, similarity, con-
tinuity, closure, symmetry and common fate. Contour grogpr region segmentation
organizes the image by integrating several of these faciidre resulting contours or re-
gions are semi- nished products towards forming the erghrape, which save construct-

ing shapes from scratch with edges or pixels.

A deeper consequence of incorporating bottom-up groupsntyining the overall
shape matching cost into a non-additive function. This isapld by the Gestalt prin-
ciple “the whole is greater than the sum of the par@Vertheimer, 1938). The additivity
of the shape matching cost function has been recognized asragause of accidental
alignments to clutter (Amir & Lindenbaum, 1998). For exampmhamfer matching sums
up errors on many edges to a total cost. The additive costotatistinguish a simi-
lar shape with gaps versus a different shape partially atigmith the model (see Fig. 1.2
(c),(d)). Additivity of local errors implicitly assumesetstatistical independence of edges.
However, image edges do not occur in isolation, and erroderby the edges tend to be
correlated. Bottom-up grouping identi es intermediateustures such as contours and

regions that constitute an image and capture the dependérdges on them. Utilizing
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these bottom-up image structures can greatly improve thestoess of shape detection

against the background clutter.

The main challenge of incorporating bottom-up groupingesifrom thaepresenta-
tion gapbetween image structures and the shape model. Bottom-upuwsror regions
do not necessarily correspond to semantically meaningbdehparts, and the fragmen-
tations of contours and regions can vary from image to im&gea junction formed by
occlusion, a contour could continue to complete the gutepdor further reasoning, or
leak to the background. A contour could also span multipjedtparts when edges con-
tinue smoothly, with little distraction around. These attans break the one-to-one corre-
spondences between contours and model parts, and hencéaaienihe shape matching
process. This results in either sophisticated constmatiothe model (Latecket al. ,

2008), or expensive search on bottom-up fragmentationsglidean & Dickinson, 2005).

1.2 Outline and Contributions

This thesis presentSontour Packing a novel framework that detects shapes in a non-
local, non-isolated way, addressing the issues of both hmegeesentation and bottom-up
grouping.

We exploit long and salient contours extracted by bottongnapiping as shape primi-
tives, instead of using short edges or local patches. Thesenr-up contours have a large
spatial extent allowing the recognition of global geomgeairyd capture the correlation of
individual edges forming the shape. With both the model &edimage represented by
contours, we seek a packing of a subset of image contouraintonplete global shape
similar to the one composed by model contours. The uniquieifeaf contour pack-
ing is the ability to describe and match the holistic shapegurations of two contour
sets, but neglecting the difference of their fragmentatidn this way, the representation
gap between the bottom-up image structures and the top-dbape model is effectively

bridged.

In contour packing, the model representation addressemtiocality aspect of shape
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in two levels. In the level of shape tokens, these contowgmtelves encode useful geo-
metric constraints on faraway edges, especially when costre long and curved. More
importantly, the assembly of the contours in the structexell takes into account the
global geometric context — contours are packed if all theirainding contours have the

right placement. This work has made the following contiidno$ on shape detection:

1. We develop a grouping mechanism that organizes indiViddges into ordered
topologically 1D structures, against otherwise chaotici@iage clutter. Gestalt
factors of proximity, continuity, collinearity, and clasuon edges are integrated via
a directed graph. Our formulation achieves simultaneogssatation and param-
eterization of image contours as 1D cycles in this graph. nké&ning contours as

integral units for matching can drastically reduce falssgpghdetections in clutter.

2. We propose a set-to-set shape matching paradigm thatinresasd compares holis-
tic shape con gurations formed by two sets of contours. Tbkskic con guration
is captured by shape features with a large spatial extedtttenlong-range con-
textual relationship among contours. Unlike traditioreaddl features that are pre-
computed before shape matching, our approach adjusts $bafoees according
to gure/ground selection. As a result, it provides an efifex way to overcome

unpredictable fragmentations on bottom-up contours aoney

The above principles are achieved by the following comparal tools:
1. A complex eigenvector solution for extracting multipntours as graph cycles;

2. Aformulation that searches for a holistic shape matcbeldd target over combina-

torially many subsets of contours;
3. An ef cient primal-dual algorithm to search and bound wur packing solutions;

4. Extensions of contour packing to accommodate additistmattures including de-

formable model composition and gure/ground region setect
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We describe the key components to develop in the next fewtersgs follows:

First, Chapter 2 translates grouping topologically 1D oan$ into nding persistent
random walks in a weighted directed graph. Representingpoosas random walk cy-
cles in the graph captures ordering, the essential propé&geyopologically 1D structure.
We derive the mathematical connection from cycle perst&dn complex eigenvalues
of the random walk matrix. This connection leads to the sofubf computing complex

eigenvectors, and tracing cycles in the corresponding tangmbedding space.

In Chapter 3, we formulate the maximal, holistic set-torsatching of shapes as nd-
ing the correct gure/ground contour selection, and thempt correspondences of control
points on or around contours. This task is simpli ed by ennogdhe feature descriptor
algebraically in a linear form of contour gure/ground setien variables. This allows us
to formulate set-to-set matching as an instance of lineagnamming (LP), which enables

the ef cient search over exponentially many gure/grour@htour selections.

The LP arising in the set-to-set matching is reduced to difmaal packing problem in
Chapter 4, where contours and feature descriptor binssqoorel to items and knapsacks,
respectively. We derive a primal-dual combinatorial aition for contour packing which
exploits the duality of packing and covering. The primakdalgorithm gives a deeper
algorithmic understanding of the search process, and stef bounding and pruning

suboptimal solutions without running LP to convergence.

In Chapter 5, we enrich the model representation by incatpay part con gura-
tion selection, making it applicable to deformation andcatation of object shapes. The
model encodes exponentially many con gurations througbragact set of selection vari-
ables. We extend the LP based set-to-set matching methbdsteepresentation, which

ef ciently searches the combinatorial space formed by ienagntours and model poses.

In Chapter 6, we extend contour packing further to regiortgcivhave a fundamen-
tally different topology than contours. We propose bigargjraph packing to cope with
this variation. Regions are represented by graph nodes@mbdary fragments between

regions are represented by edges whose weights indicatectivdributions to shape.
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Packing bipartite edges can be casted as semide nite progmag (SDP) for ef cient
computation. Several grouping constraints from the gragtitpning setting naturally t
into the formulation, increasing the expressive power giae packing. We demonstrate
promising results that simultaneously detect object shamel their foreground region
support.

On the theoretical side, contour packing provides an eWfesblution that can extract
and assemble intermediate image structures into shapgsosewh of high level semantic
parts. The set-to-set matching opens up shape detectioretdent that it does not rely on
locally distinctive features (and hence the matching do¢bave to be one-to-one). It also
provides a search mechanism on the combinatorial space dhape composition. On the
practical side, our approach resists background clutteataral images, and generalizes
well to object shape deformations even with few trainingregkes. The approach shows
promising results on detecting objects like mugs, botdasd,swans and estimating human
poses in cluttered images. We believe that the packing lrasedutational paradigm shall

have many more applications in computer vision.



Chapter 2

Contour Grouping

Objects with salient contours tend to stand out from an inmrateey are nice to look at.
Aside from their esthetics, salient contours help invokernamory on object shapes, and
speed up visual perception (Koffka, 1935). A stable bottgansalient contour group-
ing mechanism is extremely helpful to shape detection. Lomgfours provide global
structural information on shapes, which is not capturedidywidual short edges or local
patches (Ullman & Shashua, 1988). Contours also simplifgalvecognition by aligning
model shapes to a few salient structures instead of tremusneldge points in the image

(Uliman, 1996).

In this chapter we study contour grouping from a novel passpe of topology. The
fundamental distinction between a curve-like contour andlkection of random edges is
that a contour must biepologically 1D(see Fig. 2.2). By topologically 1D, we mean a set
of edge points that have one well de ned order, and the cdiorexamong them strictly
follow that order. To detect contours from images, we neeabtoa harder question: does
the image contain any 1D curve-like structure, and if so,warshow that it is topologi-
cally 1D? Looking at the topology explicitly excludes 2D ttér, i.e. region-like structures
from our contour search. Regions of 2D clutter can contaimtsddges with high contrast
locally, but does not form a long, contiguous 1D sequence foMaulate contour detec-
tion as extracting persistent cycles in a directed weiglgtaghh. These cyclic structures

generate periodic random walks, which we found closelyteeléo complex eigenvalues
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(a) Gaps (b) Distractions (c) 2D clutter

Figure 2.1: Challenges for contour grouping. (a) Contoargetgaps to bridge. (b) Spo-
radic distractions mislead contour tracing. (c) 2D cluttnfuses grouping when topology
is not considered.

of the graph weight matrix. This observation leads to theieht computational solution
of nding the top complex eigenvectors, and tracing cyclethie corresponding complex

embedding space.

2.1 Overview

Detecting salient contours without reporting many falsgestremains a challenge for in-
corporating this bottom-up information into object recitigm. Contour grouping meth-
ods often start with edge detection, and followed by linkedigels to optimize a saliency
measure (Ullman & Shashua, 1988). Finding salient contsuediable when images are
clean, and contours are well separated. Gestalt factorsoofpqng, such as proximity
collinearity, and continuity, de ne the local likelihood oonnecting two nearby edgels.
A local greedy search, such as shortest path, guided by dlpigng measure can compute
an optimal contour ef ciently. However, existing contouogping algorithms often fail
on natural images where image clutter is mixed with gaps owocos. Fundamentally it
is dif cult to distinguish gaps versus background cluttecdlly (see Fig. 2.1), resulting in
many false contours in cluttered regions with texture.
A key notion we introduce for this topological curve detentitask isentanglement

Intuitively, a set of edgels is entangled if these edges @aaba organized following an

LIn the rest of this chapter, we call an image edge pamedgelko avoid the confusion witan edgein
the contour graph which connects two edgels.
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order without breaking many strongly linked edgel pairs. pavide a graph embedding
formulation with a topological curve grouping score whishable to evaluate both sepa-
ration from the background and entanglement within theeu@omputationally, nding
such curves requiresmultaneouslgegmenting a subset of edgels and determining their
order in the graph. The general task of searching for sulbgrajth a speci ed topology is

a much harder combinatorial problem. We translate it into@tar embedding problem

in thecomplexdomain, where entanglement can be easily encoded and chabkeseek
the desired circular embedding by computing complex eigetors of the graph weight

matrix.

The use of graph formulation for contour grouping has a loistphy, and we have
drawn ideas from many of them (Mahamedt al. , 2003; Ullman & Shashua, 1988;
Medioni & Guy, 1993; Amir & Lindenbaum, 1998; Alter & Basri,996; Sarkar &
Soundararajan, 2000; Yu & Shi, 2003; Rehal., 2005b). The most related work is
(Mahamudet al., 2003) which uses a similar directed graph for salient conttetec-
tion. However, they compute the togal eigenvectors of than-normalizedyraph weight
matrix. As we will show, the relevant topological informatiis encoded in theomplex
eigenvectors/eigenvalues of thermalizedrandom walk matrix. This is an important
distinction because the real eigenvectors contain no egpedl information of the graph.
The works of (Elder & Zucker, 1996; Jacobs, 1996; Maharaudl. , 2003; Wangget al.

, 2005) seek salient closed contours. In contrast, we sesledltopological cycles that
can include open contours, and are more robust to clutterard/@lso motivated by the
work of (Fischer & Buhmann, 2003) which showed classicahpwigie grouping is insuf-

cient for contour detection. However, their solution ugimin-max distance is sensitive
to outlier and clutter. Our approach computes not only tharpaterization, but also the

segmentation of contours simultaneously.

The rest of this chapter is organized as follows. In Secti@) ®e de ne a directed

contour grouping graph and outline the three untanglindecgiteria. A novel circular
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(a) Clique (b) Chain (c) Cycle

Figure 2.2: Distinction of 1D vs 2D topology. (a) The 2D topgy (e.g.regions) assumes
a clique model. In (b), (c) The 1D topology assumes a chainoycke model. A ring has
a 1D topology but is geometrically embedded in 2D.

embedding is introduced to encode these untangling cytkrier We show how a con-
tinuous relaxation of the circular embedding leads to caimguhe complex eigenvectors
of the graph weight matrix in Section 2.3. An alternativeeipretation using random
walk is presented in Section 2.4, with explanations on is&lconnection to the complex
eigenvalues. We summarize our computational solution tti@e 2.5 and demonstrate

experimental results in Section 2.6. The chapter is comdlny Section 2.7.

2.2 Untangling Cycle Formulation

In this section, we formulate the topological requirementd structures as/ntangling

Cycle Cut Scorele ned on adirectedcontour grouping graph.

2.2.1 Directed Graph and Contour Grouping

We start by introducing the construction of the graph. Famtcor grouping, we rst
threshold the output of an edge detectg(Probability of Boundary (Pb) (Martiet al.
, 2001) or (Maireet al., 2008)) to obtain a discrete set of edgels. We de ne a ditecte

graph on these edge®® = (V; E; W) as follows.

The set of graph nodeg corresponds to all edgels. Since the edge orientation is
ambiguous up to, we duplicate every edgel into two copieandi with opposite
directions and +

The set of graph edgds includes all the pairs of edgels within some distance
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(b) Edge map extracted from Pb
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(c) Wj at non-terminal nodes (WY at terminal nodes

Figure 2.3: Directed graph for contour grouping. Zoom-iews of graph weightgV;; in
windows A and B are shown in (c) and (d) respectively. Eacheaugle is duplicated in
two opposite orientations. Oriented nodes are connecteal@diag to elastic energy and
their orientation consistency. Hew; W, . Salient contours form 1D topological
chain or cycle in this graph. (d) In window B, addik¢?* to duplicated nodes i turns
a topological chain into a cycle.

E=1(0;j):kXi;yi) (X;;y)k reg. Since every edgel is directed, we connect

each edgel only to the neighbors in its direction.

Graph weightdV measurealirectedcollinearity using the elastic energy between
neighboring edgels, which describes how much bending isdeté complete a

curve betweemn and;j :
Wy = e & oSt iii=* if i1 j (2.1)

Herei ! j means tha is in forward direction of. W;; > Oimplies thatw;; = 0.
i and ; denote the turning angles ofandj w.r.t. the line connecting them (see

Fig. 2.3(c)).
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In this graph, an ideal closed contour forms two directedesjoone for each dupli-
cated direction. Similarly, an ideal open contour leadsmo ¢hains. On the other hand,
random clutter produces fragmented clusters in the graphta3k is to detect such topo-
logical differences, and extract 1D topological strucsuvaly.

To simplify the topological classi cation task and redudes tsearch to only cyclic
structures, we transform two duplicated chains into a cpgladding a small amount of
connectionw "2k petween the duplicated nodeandi. For open contoursyV ®2 con-
nects the termination points back to the opposite diredbareate a cycle (see Fig. 2.3).

Image clutter presents a challenge by creating leakages dreontour to the back-
ground. This is a classical problem in 2D segmentation ak ielprevent leakages, we
borrow the concept from the random walk interpretation offiNalized Cut (Meila & Shi,

2000). We de ne the random walk matrix:
P=D1!w (2.2)

whereD is diagonal withD;; = P j Wi . This amounts to normalizing a connection from
each node by its total outward connections. Such normadizéts two good side-effects:
it boostsW P2k connection at termination points of a chain, making therreétg links

there as strong as the interior of the contours; it also et#soonnections for jagged

salient contours which do not t our curvilinear model.

2.2.2 Criteria for 1D Topological Grouping

Graph topology highlights the key difference between sali® curves and 2D clusters.
The ideal model of a 2D cluster is a graplque In contrast, the ideal model for a 1D
curve is a graplkycleor chain— it requires that the intra-group connections must betbtric
ordered (see Fig. 2.2).

Order plays an important role in distinguishing 1D topotagigrouping. We de ne
entanglementasconnection of nodes violating a given ordémy 1D topological struc-

ture can be put into a speci c order, such that each graph codaeects to exactly one
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successor and is connected to exactly one predecessorigs&2Hb)(c)). In 2D topo-
logical structures, it is impossible to nd a good order vaith entanglement (see Fig. 2.2
(a)). Entanglement is a tell-tail sign of 2D topologicalstiure.

It is important to generalize the notion of strictly topoicej 1D to a coarser level.
In real images, most image curves have missing edgesgiaps. In order to bridge gaps
without including clutter, each node needs to connect ipleltieighboring nodes. These
neighbors will contaimultiple (k) nodes in the forward direction of order. As a result, its
underlying graph topology is no longer strictly 1D. We needdiax the topologically 1D
to a coarser levet — allowing up tok forward connections for each node (see Table 2.1).
One can think thak de nes a “thickness” factor on the 1D topology. As the numker
increases, the topological structure gradually changes tD to 2D. Wherk equals the
length of the contour, the group becomes 2D.

Given the directed grapB = (V; E; W), we seek a group of verticé&s V and an

order on it such that they maximize the following score:

Untangling Cycle Cut Score (Max overS;O; k)

1 Ecw(S) leu(S;05k)
T(k)

Cu(S;0;k) = (2.3)

S: Subset of graph nodas,i.e.S V.
O: Cycle order ort.

k: Cycle thickness.

External Cut (E.y). First, we need to measure how stron@yis separated from its
surrounding background. We de ne a cut on the random walkim& that separateS

fromV:
1 X
Ecut(s) = ? I:)ij (2-4)
J jizs;jz(v S)

We call it external cutre ecting that we are cutting off external background n®d®m
vertex setV. This cost is closely related tﬂ% which is a “1-sided” Normalized
Cut. This cut criterion is resistant to accidental leakdga® background clutter to fore-

ground. In contrast to the standard Normalized Cut cost&¥alik, 2000), our contour
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Criterion Graph Topology Graph Weight Matrix|

~

External Cut g-i/: weos Eeu
V2
o 02
Ecut(S) N AV v
Ecut

Internal Cut

Icut(S;O; k)

Tube Size
T(k)

Table 2.1: lllustration of 1D topological grouping criteriThe middle column visualizes a
graph containing a contour (marked in green) and other lvackgl clutter edges (marked
in red). The graph nodes are sorted in a way that contour ramaee rst and background
nodes come last, with contour nodes following the right oi@dee the color bar in the
right column). Note that we do not know the partition and thdeo in advance. External
cut measures the strength of connections leaking from contades to background nodes
shown inthe rstrow. Internal cut measures the strengthoofiections within the contour
that violates the order, shown in the second row. Tube sieesr¢o how many forward
step on the cycle are considered, as shown in the last row. cbinfesponds to the width
of the band formed by contour connections in the weight matri

grouping does not care about the cut from background cltgtésreground; hence it is

“1-sided”.

Internal Cut (1). A key distinguishing factor of a 1D structure is that it hasemacnode

order. It requires minimal entanglement between nodeswayan the order. We de ne
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the node order as a one-to-one mapping:
O:S7'S=11;2::]Si9 (2.5)

whereO introduces a permutation of the nodesSin

The “thickness” factok measures thmaximal step sizée ning how much each link
can violate the orde®. Edge(i;j ) isforwardif 0 < O(j) O (i) k; backwardif
] Sj=2 O (j) O (i) 0 fast forwardotherwise. A perfect 1D cycle requires all the
links to be forward (see Table 2.1) up kosteps ahead. No backward and fast forward
links should exist. Backward and fast forward links ardanglemensince they make the
group tangle into a 2D structure. Untangling 1D cycles ant®tmreducing such links.

Given a subse®, O andk, we de neinternal cutas the total entangled random walk

transition probability:

1 X
leu(S;03K) = = Pj (2.6)
J J(O(i)O (i)_(O()>0(i)+ k)

HereO(i) O (j) counts for backward links ar@d(j ) > O(i) + k for fast forward links.

For simplicity, we assume th&is circular, i.e. the successor jdj wraps back td.

Tube Size ). The maximal step sizk is a crucial factor involved with internal cut. In
the ideal case of 1D cycle, we only allow connection Witk 1 step forward. As stated
before, we need to measure 1D topology at a coarser scalsigh ckutter and tolerate
gaps. Therefore we wart to be as small as possible while keeping the internal and
external cut low.

A physical analogy is very useful for understanding our taskagine we are asked
to pull out string-like (1D) and ball-like (2D) interconrted particles through a tube. As
long as the tube is narrow, we have to pull things out littldittke, and we must untangle
the strings to prevent jamming up in the tube. In contrass itnpossible to pull out
ball-like structures through the narrow tube.

We de ne tube size to measure how much entanglement is atlemveopological 1D

structures as:

T(k) = k5S] (2.7)
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Note that tube siz& (k) is independent of cycle length. Intuitively, the tube siesctibes
how “thick’ the cycle is: the thinner the cycle is, the eastepull it out through the tube.
T (k) reaches minimum df5Sj whenk = 1. Finally, we combine minimization of all the
above three criteria into maximization of score (2.3).

One way to visualize the three criteria is to observe thesiras of matrix? (Fig. 2.4(c)).
SelectingS amounts to choosing a sub-blockf®f External cut removes all the links out-
side the sub-block. After permutati@ internal cut removes all the links outside the sub-
band ofP's diagonals.k is exactly the width of this sub-band. Therefore, eq. (2d)sb
down to nding a sub-block oP, a permutation and a bandwidkh such that the fewest
links are left outside the sub-band. Note that standardrgcap algorithms€.9.(Shi &
Malik, 2000)) only consider external cut, but do not takeeintl cut and cycle thickness

into account.

2.2.3 Circular Embedding

Optimizing eqg. (2.3) essentially performs segmentatiah@arameterization on the graph
simultaneouslyWe only cut out a subset of nodes with a good parameteriza@oorder.
This is a hard combinatorial task. Our strategy is to embedjthph into a circular space,

such that the three criteria in (2.3) can be encoded and edesfkectively.

De nition of circular embedding. Circular embedding is a mapping from the vertex set

V of the original graph to a circle plus the origin:
Ocirc V7! (r; ) : Ocirc(i) = Xi = (ri; i) (2-8)

Herer; is the circle radius which can only take a positive xed vatger 0. ; is the angle
associated with each node. Circular embedding can easilydenboth thecut and the
order of graph nodesS = fv; : r; = rog speci es the nodes being cut out, as in eq. (2.4).
Angle ; speci es the order. We simplify the embedding by restrigtin= 2 i= |Sj (see
Fig. 2.4),i.e.x; is distributed uniformly on the circle. It is important torée x; to spread
out in the circular embedding. When all »fs are mapped to the same point, no order

information can be obtained. We also de ne the maximal jumgmngle nax on how far
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(a) Image (b) Graph (c) Weight matrix (d) Circular embedding

Figure 2.4: Finding 1D topological cycles in circular embed). Three canonical cases
are shown: a perfect cycle (green) shown in row 1, a cycle gptivadic distracting edges
(red) in row 2, and with 2D clutter (red) in row 3. (a) Canonicaage cases. (b) Di-
rected graph constructed from edgels. (c) Random walkitransnatrix P (white for
strong links). (d) The optimal circular embedding. Disthag edges and 2D clutter are
embedded into the origin.

it can jump from one node to another on the circle.

We seek a circular embedding such that 1D topological straés mapped to the cir-
cle while background is mapped to the origin. The optimaludar embedding maximizes

the following score:
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Circular Embedding Score (Max over r; ; max )
X - -
Ce(r; 5 max) = I:)ij Sh)|

i< it max
ri>0;rj>0

(2.9)

max

r: Circle indicator withr; 2 f rq; Og.

Angles on the circle specifying an order.

max - Maximal jumping angle.

With the above de nition, Circular Embedding Score (eq9j2is equivalent to Un-
tangling Cycle Cut Score (eq. (2.3)). We interpret the thuetangling cycle criteria in the

new embedding space as follows.

1. External Cutrequires that there are minimal links from the circle to thgia.
Becauses = fv; : rj = rog speci es foreground nodesand S = fv; :r; =0g
speci es background nodes, all links involvedkf,; are those from the circle to

the origin.

2. Internal Cutrequires angles spanned by links on the circle to be smatje&th the
original graph are mapped to chords on the circle. The angarsed by the chord
is i = J%J.(i j). Therefore, links involved ih.,; are those with either negative

angle (backward links) or large positive angle (fast fomanks).

3. Tube sizas given by the maximal jumping anglg,.x . Recall thak gives the upper
bound determining which links are forward. In circular emimg, it means the

angle difference of forward links does not excdxed%.

max =2 k=S=2 T(k) (2.10)

Now we can rewrite the score function (2.3) in circular enthed, expressed by
(r; ) and the maximal jumping angle..x. BecauseP; is row normalized (eq. (2.2)),

; P 5Sj = 1. Since non-forward links are either includedBg,:(S) or I cu(S;O; k),
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1 E(S) 1.t(S;0;K) is essentially counting how many forward links are left. The

numerator of eq. (2.3) can be expressed in terms ofand ax :

X P.
1 EBew(r) Tow(r s max)= - (2.11)
i<j it max
ri>0;r;>0

The forward links are chords with spanning angles no mone thg, . Combining eq. (2.10),

(2.11), maximizing eq. (2.3) reduces to maximizing eq. thZircular embedding.

2.3 Complex Eigenvectors: A Continuous Relaxation

Now we are ready to derive a computational solution. We gaizerthe discrete circular
embedding (2.8) by mapping the graph into the complex pldie optimal continuous
circular embedding turns out to be given by the complex aigetors of the random walk
matrix.

First we relax botlr and in eq. (2.9) to continuous values. Our goal is to nd the
optimal mappingempi : V 7! C, Ocmpi(Vj) = X; = r;€ i, which approximates the
optimalr and ineq. (2.9). Here; = kx;k and ; are magnitude and phase angle of the
complex numbek; .

In order to capture the dominant mode of phase angle chawgdsfroduce thaver-

age jumping anglef the links as:

= i (212)

Note that the average only courfisj ) where there is an eddg& | ) in the original con-
tour grouping graph. Since angleencodes the order, describes how far one node is
expected to jump through the links.
In the desired embedding with a xed , the term
X X .
Pj cos(j i )= PjRe;x; e' )=rj

i5j i

is a good approximation of the sum of forward links (numeratoeq. (2.11)). When

the angle difference, i equals the average jumping angle, the weight reaches the
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maximum of 1. When; i deviates from , the weight gradually dies off. Then the
score function (2.11) becomes:

P .
i PUR%QQXj e' )t

— 2.13
Xij2 ( )
where the denominator is exac}l§j in the discrete case. Hetg= 1= .
Expressed in a matrix form, eq. (2.13) becomes
H i
max Re(x"Px toe ' ) (2.14)

2R;x2Cn xHx
HereXH = (X )T denotes the conjugate transpose of matrix/veXtor
Solving eq. (2.14) is not an easy task. Moreover, we are ngtinterested in the best
solution of eq. (2.14), but all local optima. These localimat will generate all the 1D

structures in the graph. Our rst step to tackle this problsrio x to be a constant.

Re(x"Px e
E( )=max ( v )
x2Cn XX

(2.15)

The local optima of the orginal problem must also be the logima ofE( ). The
restricted problem can be solved by computing the eigeaveof a matrix parameterized

by  as shown by the following theorem:

Theorem 2.1. The necessary condition for the critical points (local nmaa) of the fol-

lowing optimization problem

Rex"Px e ' )
ax

x2Cn xHx (2.16)
is thatx is an eigenvector of
1 [ T
M( )= E(P e +P € ) (2.17)
Moreoever, the corresponding local maximal value is theewglue (M(  )).
Proof. See Appendix. ]

One possibility of nding all the local optima of the orginstore function eq. (2.14) is

to compute the local maxima of eigenvalug®! ( )) with respect to average jumping
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(a) 1D contours (b) Returning probability of persistentlegc

B | T 2T 3r t
(c) 2D clutter (d) Returning probability of non-persistegtles

Figure 2.5: Persistent cycles. (a) 1D contours corresporgbod cycles. (b) Returning
probability Pr(i;t) on 1D contours has period peaks since random walk on it temds t
return in a xed time. (c) 2D clutter corresponds to bad cgcl@) Returning probability
Pr(i; t) of random walk on 2D clutter is at.

angle . However, this approach is computationally intensive. #eo alternative is
to examine the eigenvectors Bf directly as a proxy to the local maxima of the orginal
problem. Notice that since is asymmetric, the left and right eigenvectors (eigenwscto
of PT) are in general different. If botR andPT permitx as a (left) eigenvectéyrx is

also an eigenvector ®fl () simply because

%(Pei +PTe )x= %(Px e' +P'x é )= %[ (P)e' + (PN Ix
(2.18)

Thereforex is indeed a local maximum by Theorem 2.1. In the subsequetibes, we
will be focusing on computational solution from embeddipaee given by eigenvectors

of P.
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2.4 Random Walk Interpretation

A random walk provides an alternative view to see why complgenvectors are useful
for untangling cycles. Random walks have been shown to leetafé in analyzing region
segmentation (Meila & Shi, 2000). Unlike traditional randevalk analysis, we are in-
terested in periodicity of the states rather than the cgarere behavior. Periodicity is a

good indication that there exist persistent cycles in tlaglgr

2.4.1 Periodicity

Following traditional random walk analysis, the transitimatrixP = D W (eq. (2.2))
encodes the probability of switching states. In other woRjs is the probability that
a particle starts from node and randomly walks to nodein one step. Note tha® is
asymmetric because the random walk is directional.

According to our graph setup in Section 2.2, both open angsedamage contours be-
come directed cycles in the contour graph. Finding imagéotoe amounts to searching
cycles in this directed graph. However, there are numeroaishgcycles and not all cy-
cles correspond to 1D image contours. Now the key questioVisat is the appropriate
saliency measure for good cycles (1D contour) and bad cy@le<lutter)?

We rst notice an obvious necessary condition. If the randeatk starting at a node
comes back to itself with high probability, then it is likellyat there is a cycle passing

through it. We denote the returning probability by
X
Pr(i;t) = Pr(i;tjjj=1) (2.19)

Here  is a random walk cycle with lengthpassing through. However, this condition
alone is not enough to identify 1D cycles. Consider the cdsr@there are many distract-
ing branches of the main cycle. In this case, paths througlbtanches will still return to
the same node but with different path lengths. Therefolig,ribt suf cient to require the

paths to return only, but return in tlsame period

’Note: this does not mean th& has to be a normal matrix, as only part of its subspaces are
diagonalizable.
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Figure 2.6: Peakness measuréi; T ) measures the '‘peakness’ of the returning probabil-
ity Pr(i; T) of random walk in the graph. It can be shown tR4t; T) is dominated by
complex eigenvalues of the random walk matix

2.4.2 Persistent Cycles

We have found that 1D cycles have a special pattern of retgnmiobabilityPr(i; t) (see
Fig. 2.5). From analysis of Section 2.2, one step of randoifk waa 1D cycle tends to
stay in the cycle (external cut to be small), and move a xeaant forward in the cyclic
order (internal cut to be small). If one starts a random wedkifa node in a 1D cycle, it
is very likely to return at multiple times of a certain peridffe call such cyclepersistent
cycles Our task is to separate persistent cycles from other rarvdalkncycles.

To quantify the above observation, we introduce the follaypeakness' measure of
the random walk probability pattern (see Fig. 2.6):

P, _
pk=1 Pr(i; kT)
+ o Pr(i; k)

R(i;T) = (2.20)

Here we compute the probability that the random walk retatrsteps of multiples of .
R(i; T) being high indicates there are 1D cycles passing througk nod
The key observation is th&(i; T ) closely relates to complex eigenvalue$qfinstead

of real eigenvalues.

Theorem 2.2. (Peakness of Random Walk CyclBg); T ) can be computed by the eigen-

values of transition matri® :

P T
(T DjRe(]_JJT Ui Vi) -
i = .

Proof. See Appendix. ]
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Figure 2.7: lllustration of computational solution.(a) Alephant with a detected contour
grouping (green) and endpoints (yellow) on its tusk. (b) Tdpen. eigenvalues sorted by

their real components. Their phase angles relate to the itknibss of cycles. We look

for complex ones with large magnitudes but small phase amgticating the existence of
thin 1D structures. (c) The complex eigenvector correspantb the selected eigenvalue
in (b) (red circle) is plotted. The detected tusk contoundedded into a geometric cycle
plotted in red. We nd discretization in this embedding spdy seeking the maximum

circular cover shown in (d).
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Theorem 2.2 shows thR(i; T ) is the “average” of ( ;; T) = Re( Ui Vi ):Re(ﬁ
Uj Vi ). Forreal j,f( ;;T) 1=T. Forcomplex ;,f ( j;T) canbelarge. For example,
when j=s €257 ,s! L U; =V, =a2R,f(;;T)!1 .Henceitisthe complex
eigenvalue with proper phase angle and magnitude that teadpeated peaks. Complex
eigenvalues and eigenvectorsPfindeed carry important information on persistent 1D

cycles.

Because the random walk will eventually converge to thedstestate Pr(i; T) con-
verges to a constant. This meanstR&; T) ! 1=T no matter what the graph structure
is. We can alleviate this technical issue by multiplying aalefactor . Namely, we use

KPr(i; k) to replacePr(i; k). Responses with longer time are weighted lower because the
peaks become more and more blurred. This amounts to regl&cioy P and all the

above analysis.
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2.5 Tracing Contours

The complex eigenvector is an approximation of the optinraltar embedding and will
not produce exact 1D cycles. Therefore, we still need tackefar 1D cycles in this space.
We will introduce a discretization method and give the ollermatangling cycle procedure

in this section.

2.5.1 Discretization

For each of the top complex eigenvectors, we seek discrptédgical cycles separated
from the background. First, we can read off the tube sizectliré&rom the phase angle of
its corresponding eigenvalue. This determines the “theskik of our cycle. Since we
prefer thin 1D cycles, we will only examine top eigenvectort small phase angles.
Once knowing the existence of a 1D cycle, we search for itsncamplex eigen-
vector whose components avél); :::v(2n). The topological graph cycles are mapped
to the geometric cycles in this embedding space. The lalgecycle is geometrically,
the better the 1D graph cycle is topologically. Therefore, stould search for a se-
quences(1);s(2); ::;;s(h);s(h + 1) = s(1) such that the re-ordered embedding points
u(l) = v(s(1));u(2) = v(s(2));:::;;u(h) = v(s(h)) satisfy two criteria: 1) the magni-
tudesju(l)j; ::;;ju(h)j are large and; 2) the phase anglés(1));:::; (u(h)) are in an
increasing order. This can be tackled by nding the sequemmbosing the largest area in

the complex plane:

X
max A(u(j)iu@ +1)) (2.22)

1
HereA(u(j);u(j +1)) = %Im(u(j ) u(j +1)) isthe signed area of the triangle spanned
by u(j);u(j +1) andO.

To accelerate the search, we patk) into binsBq;:::; By, according to their phase
angles. Suppose there is an edg¢) in the original graph. Ifu(i) is in a properly
ordered cycle, the phase angle differente(j )) (u(i)) will, on average, be equal to

. Hence, we can safely assume that all its neighb@rsare at most one bin apart from
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u(i) if the bin size is chosen properlg.g.2 ). Furthermore, we group nodes within the
same bin by their spatial connectivity. This greatly reduitee computational cost.

The maximal enclosed area problem can be solved by the shpeth algorithm (see
Fig. 2.7). Notice that the sequengél); :::;; u(h); u(h+ 1) = u(1) produces a closed loop
around the origin. Suppose it only wraps around the origiteorFor each pair df, j in
neighboring bins, set; = %[ (v(j)) (v(i)] R%Z A(v(i);v(j)). The numbeR is

chosen suf ciently large to guaranteg > Ofor alli,j. Then eq. (2.22) can be reduced to

R? n s 2.23
min s(j )s(j +1) (2.23)

This shortest cycle problem can be broken into two parts:riteshortest path from

s(1) in bin B, to a nodes(a) in bin B,, and the second one frosfa) back tos(1). Hence,

. P N _
the second terming);...sn+1) jh=1 s()s(+1) Ineq. (2.23) becomes
X1 xh
min Y riveri oy F NP 224
s(l)ZBl;s(a)ZBz[, s(i)s(i +1) ' ()G +) ] ( )
s@);s(h+1) 171 j=a

where each summation itself is a shortest path.

2.5.2 Untangling Cycle Algorithm

In summary, our untangled cycle algorithm has three steps:

Algorithm 1 (Untangling Cycle Algorithm)
1: GRAPH SETUPR. Construct the directed graghand compute transition matriX by

ed. (2.1) and (2.2).

2: CoMPLEX EMBEDDING. Compute the rstn, complex eigenvectors d®. Each
complex eigenvector produces a complex circular embeddihy v(2); :::v(2n) 2
C.

3: CYCLE TRACING. Forv(1);v(2);:::v(2n), use shortest path to nd a cycle

f1;:::;2ng minimizing (eq. (2.23)).
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Figure 2.8: Precision recall curve on the Berkeley benchmaith comparison to Pb,

CRF and min cover. We use probability boundary with low thodg to produce graph

nodes, and seek untangling 1D topological cycles for cargoauping. The same set of
parameters are used to generate all the results.

2.6 Experiments

We tested our untangling cycle algorithm on a variety of lgmajing real images. The
test datasets includes Berkeley Segmentation DatasetifMal., 2001) (see Fig. 2.9),
Weizmann horse database (Borenstein & Ullman, 2002) (see2Hi0), Berkeley baseball
player dataset (Moet al., 2004a) (see Fig. 2.11), and ETHZ Shape Classes (Fetralri,
2007b) in which we will utilize contours for shape detectinitChapter 3. Our untangling
cycle algorithm is capable of extracting contours even winamy of the images have
signi cant clutter (see Fig. 2.9). We output all contouratthre open or closed, straight or
bent. These experiments are performed using the same satashpters and we show all
the detected contours without any post-processing. Extetests show that our algorithm
is effective in discovering one-dimensional topologidalistures in real images.

The implementation details of the algorithm are explainetbdows.

1. Graph Setup. The edgel graph is constructed by threstgoRb at a low valueX03)

to ensure high recall. Other edge detectors can be applled@as they output edge
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tangents/normals. Graph weights are computed witlith a 21 neighborhood for
each edgell0%of the weights is added to the reverse edges as backwardatamme
Whack tg close the open contours in topology. The graph matrix isnatized by

column to generate a random walk matrix.

. Complex Embedding. We compu2€0to 400 eigenvectors of the graph random
walk matrix. The real eigenvectors are pruned because th&gin no information
on the contour ordering, as shown in Section 2.4. EigengalMi®se phase angle is
too large or whose magnitude is too small are also discardiedse indicates bad
cycles with untangling cycle cut score. After eliminatingeoof the eigenvalue in

each conjugate pair, typically less than 100 eigenvaligesigectors survive.

. Cycle Tracing. We run the shortest cycle algorithm ecZPon the embedding
space generated by the remaining eigenvectors. Each coepleedding space is
divided uniformly into8 bins by phase angle. A cycle is broken into two shortest
paths as in eq. (2.24). one from binto bin 2, and the other from bi2 to bin

8 back to binl. We choose the top 5 cycles in each eigenvector, and combine
the redundant ones. The nal output contains partially @mping contours due
to multiple possibilities at junctions, instead of disjpaontours. These additional

hypotheses are very important for constructing shapesindit chapter.

The current unoptimized Matlab implementation takes aBouoinutes on 800 400im-

age. The bottleneck of the computation is solving the corpigenvectors. Similar to the

eigenvalue problem in NCut, techniques of multi-scale gr@pouret al., 2005) or GPU

implementation (Catanzaset al., 2009) can be explored to accelerate the computation in

the future.

Our results are signi cantly better than those of statehaf-art, particularly on clut-

tered images. To quantify our performance, we compare agigon-recall curve on

the Berkeley benchmark with two top contour grouping afdpns: CRF (Reret al. ,

2005b) and Min Cover (Felzenszwalb & McAllester, 2006). @esults are well above
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these approaches by ab@gbin the medium to high precision part (see Fig. 2.8). Visually
our results produce much cleaner contours as shown in RegR.21. Many of the false
positives are shading edges, which are not labelled by hemidowever, once they are
grouped, they could be easily to pruned in later recognpi@tess. These are the advan-
tages not re ected by the metric in the Berkeley benchmatk¢ctvcounts matched pixels

independently.

2.7 Summary

To our knowledge, this is the rst major attack on contourupimg using a topological
formulation. Our grouping criterion of untangling cyclegpits the inherent topological
1D structure of salient contours to extract them from theentiise 2D image clutter.
We made this precise by de ning a directed graph linking laxdgels. We encode the
untangling cycle criterion by circular embedding. Compiotaally, this reduces to nding
the top complex eigenvectors of the random walk matrix. Wealestrate signi cant

improvements over state-of-the-art approaches on clyafigmeal images.

32



Figure 2.9: Contour grouping results on real images. Ouhoteprunes clutter edges
(dark), and groups salient contours (bright). We focus aaplgrtopology, and detect

contours that are either open or closed, straight or bended.
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Figure 2.10: Contour grouping results on Weizmann horsaldete. All detected binary
edges are shown (right). Our method prune clutter edgeg)(dard groups salient con-
tours (bright). We use no edge magnitude information fougnoeg, and can detect faint
but salient contours under signi cant clutter. We focus aapl topology, and detect
contours that are both open or closed, straight or bent.
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Figure 2.11: Contour grouping results on Berkeley basgitajler dataset.
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Chapter 3

Contour Packing

Visual objects can be represented in a variety of levelsmftbe signal level of lter

responses to the symbolic level of object parts (Ullman,6l9%e focus on the repre-
sentation based on shape that is closer to the symbolic kl@lving abstract geometric
reasoning of objects. Shape-based object descriptiorvasiant to color, texture, and
brightness changes, and dramatically reduces the numheioing examples required,

without sacri cing the detection accuracy.

This chapter presents the contour packing framework thastlually detects and
matches a model shape by packing a set of image contours teamediate level of
object representation. We build this framework on top of @umtour grouping approach
in Chapter 2, which suppresses 2D clutter and produces tgpajdgically 1D contours.
We develop a set-to-set contour matching formulation tdd®ithe representation gap
between the image and the model due to unpredictable fragtars of bottom-up con-
tours. The global shape con guration of a contour set is ati@rized bycontext selective
shape featuresonstructed from contours within a large spatial contextlike traditional
shape features such as (Belongial., 2002) which are precomputed regardless of con-
text changes, context selective shape features anljugte y depending on which set of
image contours participate in matching. The generatedestegpures can be encoded in a
linear form of gure/ground contour selection. This enabilee combinatorial search aris-

ing in set-to-set contour matching to be approximated ahetdef ciently by an instance
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(a) Accidental alignment (b) Missing critical parts

Figure 3.1: Typical false positives can be traced to two esuél) Accidental alignment
shown in (a). Our algorithm prunes it by exploiting contonitegrity, i.e. requiring con-
tours to be whole-in/whole-out. Contours violating thisistraint is marked in white on
the image. (2) Missing critical object parts indicates ttiet matching is a false posi-
tive. In (b), after removing the accidental alignment to épple logo outline (marked in
white), only the body can nd possible matches and the nedhefswan is completely
missing shown at the top-right corner of (b). Our approagécts this type of detection
by checking missing critical model contours after joint wur selection.

of Linear Programming (LP).

3.1 Overview

Detecting objects using shape alone is not an easy task. Mape matching algorithms
are susceptible taccidental alignmenthallucinating objects in the clutter by matching
random edges (Amir & Lindenbaum, 1998). To avoid foregrochdter (e.g. surface
marking on objects) and background clutter, shape descsipire often computed within
a window of a limited spatial extent. Local window features discriminative enough for
detecting objects such as faces, cars and bicycles. Howewenany objects with simple
shapes, such as swans, mugs or bottles, local featuressafeient.

To overcome the accidental alignment, our contour packargists of the following

three key ingredients:

1. Contour integrity. We detect salient contours using bottom-up contour graupin
Long contours themselves are more distinctive, and maimigcontours as integral
tokens for matching eliminates many false positives duetidantal alignment to

unrelated edges.
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2. Holistic shape matching. We measure shape features from a large spatial extent,
as well as long-range contextual relationships among opgats. Accidental align-

ment of holistic shape descriptors between image and msdsllikely.

3. Model con guration checking. We break the model shape into its informative
semantic parts, and explicitly check which subset of modeisgs matched. Miss-
ing critical model parts can signal an accidental alignnietiveen the image and

model.

We start with salient contours extracted by bottom-up congmouping in Chapter 2.
Shape matching with contours composed of orderly, groupleg® instead of isolated
edges has several advantages. Long salient contours haeedimtinctive shapes, which
leads to ef ciency of the search as well as the accuracy gbsmaatching. Furthermore,
by requiring the entire contour to be matched as a whole, waredte accidental align-
ment causing false positive detections shown in Fig. 3.1 (&jng contour grouping as
the starting point of shape matching carries risk as welht@ars could be mis-detected,
or accidentally leaking to background. Therefore, a goattaar grouping algorithm is
essential for shape matching. We have demonstrated the ggrémrmance of our con-
tour grouping algorithm in cluttered images. These corg@ue not disjoint, providing
multiple hypotheses at junctions where contours can palgnlieak to other objects.

The main technical challenge is that image and model costdomot have one-to-
one correspondence. Contours detected from bottom-upo@@and segmentation are
different from the semantically meaningful contours in thedel. However, as a whole
they will have a match (see Fig. 3.2). The holistic matchioguss only by considering a
set of “ gure” contours together. To formulate this setget matching task, we introduce
control points sampled on and around image and model catdiMe compute shape
features on the control points from the “ gure” contours it a large neighborhood (see
Fig. 3.2). The task boils down to nding the correct guredgmd contour selection, such
that there is an optimal one-to-one matching of the conwoits. The set-to-set matching

potentially requires searching over exponentially maryia#s of gure/ground selection
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on contours. We simplify this task by encoding the shapergasc algebraically in a
linear form of contour selection variables, allowing theieint optimization technique of
LP.

To evaluate shape matching, one needs to measure the gcetiaiignment, and more
importantly, determingvhichmodel parts have actually been aligned. For simple shapes,
missing a small but critical object part can indicate a catemismatch (see Fig. 3.1 (b)).
We manually divide the model into contours which corresoinddistinctive parts. Just
as image contours, we require model contours to be wholewhole-out.

The rest of the chapter is organized as follows. Section @@duces the contour
packing formulation and the key concept of context serestivape features. We present
the computational solution for this framework using Lin€@apogramming (LP) in Sec-
tion 3.3. Section 3.4 describes related works and comp@isBection 3.5 demonstrates
our approach on the challenging task of detecting non-ngctiar and wiry shaped ob-

jects, followed by the conclusion in Section 3.6.

3.2 Set-to-Set Contour Matching

In this section we develop the set-to-set contour matchiethod. The computational
task of set-to-set contour matching consists of parallatcdees over image contours and
model contours to obtain the maximal match of the image andeirghapes.

3.2.1 Problem Formulation

We start with formulating the shape detection as the folhgyproblem:

De nition of set-to-set contour matching. Given animagé and a modeM represented

by two sets of contours:
Image:l = fCy;Cy;:::Cj; g, Cy is thek™ contour;
Model:M = fC}';CY';:::; Cy 9, CM is thel™ contour.

we would like to select the maximal contour subde® | andM ¢ M |, such that

object shapes composed b§f' andM ¢ match (see Fig. 3.2 for an image example).
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Figure 3.2: Using a single line drawing object model showicin we detect object in-
stances in images with background clutter in (a) using shBpgom-up contour grouping
provides tokens of shape matching. Long salient contoufl)isan generate distinctive
shape descriptions, allowing both ef cient and accuratécmag. Image and model con-
tours, shown by different colors in (b) and (c), do not have-tmone correspondences.
We formulate shape detection as a set-to-set matchingrigshk consisting of: (1) corre-
spondences between control points, and (2) selection edamthat contribute contextual
shape features to those control points, within a disk neagtndod.

Matching constraint: contour integrity. The above formulation implies that each con-
tour is restricted to be an integral unitin matching. FoihezantourC, = f p(lk); p(zk); o pék)g
wherepi(k) 's are edge points, there are only two choices: either aktige pointspi(k) par-
ticipate in the matching, or none of them are included. Bilytmatched contours are not
allowed. The same constraint applies to model contouks ias well. We introduce con-

tour selection indicators®®' 2 f 0; 1g'"1 *in the entire test image and® 2 f 0; 1gMJ *
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in the model de ned as

8
< 1: ifcontourC! is selected
(IMAGE CONTOUR SELECTOR) xe = 7
0; otherwise.
. (3.1)
< 1: if contourCM is selected
(MoDEL CONTOUR SELECTOR) ys'= 7
" 0; otherwise.
(3.2)

Control point correspondence. While contours themselves do not correspond one-to-

one, their overall shape con guration can be evaluated athyecontrol points, and those

the correspondence matiid"),, , from the image to the model as:

8

< 1, if p matchesy
uper = | (3.3)
0; otherwise

Note that these control points can be located anywhere imtage, not limited to contour
points. Computing dense point correspondences is unragessstead, rough matching

of a few control points is suf cient to select and match cantsets ¢ andM s¢'.

Feature representation: holistic shape featuresThe important question is, what will

be the appropriate shape feature for matching these cqgranots, and how to compute
shape dissimilarity/distand®;; . In order to be matched, the shape feature has to share a
common description between the image and the model. Simece to not exist one-to-
one correspondences between contours, the feature destirgpmore appropriate on the
contour set or global shape level rather than on the indalidantour level. We propose

a holistic shape representation at the control points cogerot only nearby contours but
also faraway contours (see Fig. 3.3).

The holistic shape representation immediately poses thie@lgm of gure/ground se-

lection since gure/ground segmentation is unknown and the shaatirfe is likely to
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include both foreground and background contours. Withbatdorrect segmentation,
background clutter and contours from other objects carupbthe shape feature. This
poses great dif culties to any shape features with a xedteah A xed context fea-

ture cannot adapt to the combinatorial possibilities ofrgfiground selection, with each
generating a different feature. Our strategy is to adjwesttntext of the holistic shape fea-
tures during matching depending on the gure/ground s&lactTherefore, we are able to

compute the right features and determine the gure/growgreentation simultaneously.

3.2.2 Context Selective Shape Features

We are ready to introduce the holistic shape representesitbed context selective shape
features determined by the gure/ground selection of the@orsx®®' andy®®'. We choose
Shape Contexts (SC) (Belongg¢ al., 2002) as the basic shape feature descriptor. Mea-
suring global shape requires the scope of SC to be large artouver the entire object.
De ne sg =[sd (1);sd (2);::;sq (b)]" to be the vector of SC histogram centered at con-
trol pointp;, i.e.sq (k) = # of points in bink. We introduce a contribution matrix/'

with size (#bin) (#contour) to encode the contribution of each contour td e of sd :
V' (k;1) = # of points in bin k from contour C, (3.4)

Similar notationsg” andVi™ are de ned for SC at control poir in the model.

The key observation is that shape featwsgswill be differentdepending on context
x%¢ i.e.they are not xed. Since each contour can have 2 choicessresilected or not
selected, there exis® possible contexts — exponential in the number of contau@ne
advantage of histogram features such as SC is that the exjhemany combinations
of contexts can be written in a simple linear form:

sd (k) = * V! (k1) xPe = (v xse), (3.5)
|
This allows us to cast the complex search as an optimizatigisigm later.
Our goal is to ndx%®" andy®® such that they produce similar shape featungs:

xsel \/j'\’I ys¢l. We evaluate and compare these two features by the contesitige
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Image Contour Selection

Model Contour Selection

Figure 3.3: lllustration of our computational solution fet-to-set contour matching on
shape detection example from Fig. 3.2. The top and the batb@nshows the image and
model contour candidate sets marked in gray. Each contaurilotes its shape informa-
tion to nearbycontrol pointsin the form of Shape Context histogram, shown on the right.
By selecting different contours{®', y*¢'), each control point can take on a set of possible
Shape Context descriptionsd(; sc"). With the correct contour selection in the image
and model (marked by colors), there is a one-to-one correfgpwdJ;" between (a sub-
set of) image and model control points (marked by symbol$)s T a computationally
dif cult search problem. The ef cient algorithm we develeg is based on an encoding
of Shape Context description (which could take on expoa#ntmany possible values)
using linear algebraic formulation on the contour selectimlicator:s¢ = V' x%¢. This
leads to the LP optimization solution.
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dissimilarity:

(SHAPE DISSIMILARITY) Dj (sq;sd") = Dy (V' x*hyM yee) (3.6)

The shape dissimilaritlp; not only depends on the local attributeppfindg , but more
importantly, on the context given by*®' andys®'. Matching object shapes boils down to

minimizing D;; , which is a combinatorial search problemxi' andyse'.

3.2.3 Contour Packing Cost

Finding the set-to-set contour matching nally becomes iatjsearch over correspon-

dencedJ®" and contour selectiox®'; y*¢' by minimizing the following cost:

(Contour Packing Cost)

. 1 X
min Cpacking (Ucor; Xsel; ysel) - = Uijcor Dij (VI Xsel; VM ysel) (3_7)
yecor :xsel ;ysel m i
st: U“2G

wherem = P i Ui is the number of control point correspondences. Corresgrores
ucr from different object parts should have geometric consisteWe use a star model
graph for checking global geometric consistency. Eachespondencép;; g ) can predict
an object centet;; . For the correct set of correspondences, all the predietetics should
form a cluster,i.e. close to their average centec{U") = P Gi Uij°°fwi,- :P Uiforwij ,
wherew; 's are the weights on correspondences. Thus corresporsleli€esatisfying

the geometric consistency constraint can be expressed as:

(GEOMETRIC CONSISTENCY) G = fkc(U™) ¢ Uik dmax if Ui =19
(3.8)

wherednax is the maximum distance allowed for deviation from the cente
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(d) Correspondences

=

Figure 3.4: lllustration of contour packing for shape détet From input image (a),
we detect long salient contours shown in (b). For each cbptimt correspondence in
(c), we select foreground contours whose global shape i$ simodar to the model, with
selectionx®® shown in gray scale (the brighter, the largé?). Voting maps in (c) prune
geometrically inconsistent correspondences. (d) shoetimsistent correspondences
marked by different colors. The optimal joint contour sél&atis shown in (e). Note in
the last example, model selection allows us to detect fakemon the face.
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3.3 Computational Solution via Linear Programming

Direct optimization of contour packing cost function eq.7(3is a hard combinatorial
search problem. The shape dissimilaiity (V' x%¢; VM ys¢) can only be evaluated
given correspondencé$™©’. However, nding the correct correspondend#¥" requires
xs¢ andys®. Therefore, the inference problem becomes circular. Wecapate this
joint optimization by breaking the loop into two stepsngle point gure/ground selec-
tion andjoint contour selectior{see Fig. 3.4). The rst step focuses on nding reliable
correspondenced®’ (maybe sparse) by matching image contours to the whole model
Note that even this subroutine is a combinatorial searcth @iponentially many combi-
nations of gure/ground selection. The second step selzmsours simultaneously from
both image contours labelled as gure and all the model carstdbeing matched, based
on the correspondences computed in the rst step. This@eptiesents the relaxation of

both steps as an instance of Linear Programming (LP).

3.3.1 Single Point Figure/Ground Selection

Our rst step discovers all potential control point correspgencedJ; and computes the
corresponding gure/ground selectioi® for them. We x y*¢' = 1 to encourage match-
ing to the full model as much as possible. In this step, darte&ches are undesired since
the correspondences they produce are much less reliableis¥e simpld. ;-norm as
the dissimilarityD;; . Accordingly, the contour packing cost eq. (3.16) redutesthe
following problem:

min kv' x% vM yselk: xs® 21 0; 19" (3.9)

x sel

A brute force approach of the above problem is formidableéoemid-size problems
with 20to 30 contours. We compute an approximate solution by relaxiedthary vari-

ablesxs® to continuous valued x%¢ 1. Since the norm in the cost functionlis?.

1Besided. 1, other distance functions suchlas and 2 for shape context can also be used. However,
the relaxations will be computationally much more inteesiWe will see discussion o, in later this
section and Appendix.
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By introducing slack variables ;b Osuch thaty' x%¢ VM ysel=p b K we

can reduce the problem to a standard LP:

(CONTOUR PACKING LP) min 10" +17b (3.10)

x sel :b* b
st: V| Xsel V|\/| ysel — b+ b
O XSE| 1
b';b 0

This LP problem can be solved ef ciently by off-the-self LBIgers such as Mosek (An-
dersen & Andersen, 2000). We will see even more ef cient sohs using primal-dual
algorithms in the next chapter.
L ,-norm Dissimilarity: A MaxCut Approach

The choice of shape dissimilarip; has a signi cant impact on solving the com-
binatorial problem of contour packing. One alternativehtelt ;-norm used in eq. (3.9)
is to havelL ,-norm: kV' xs¢ vM yselk2 We have discovered that this can be re-
duced to MaxCut, with a proved bound on approximation via ilemite Programming
(SDP) (Goemans & Williamson, 1995). The derivation of thesgection is summarized

in following theorem:

Theorem 3.1. Construct a graphGpacking = (V;E; W) withV = I [M[A and

w; = a a, where

8
%v({;i) if nodei 21
E if nodei 2 M (3.11)

(05505 P Vi P V0, 050)T if nodei 2 A
Here V' (k;i) is the feature contribution of contolirto the histogram birk de ned in
eq. (3.4). Vectory/ ;) andV/}, represents thé" columns of/' andVvM.

The optimal subs&' andSM with the best matching cokv' x%¢' VM yselk? s
given by the maximum cut of the gra@acking - If (C1; C2) is the cut withVy 2 C,, the

optimal subsets are given I8/ = I\ C;andS™ = M\ C,.
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Proof. Please see Appendix. ]

Although the relaxation of SDP provides a tighter approstiorain theory,L ,-norm
is not as good.;-norm as a distance function for feature descriptibi-norm is sus-
ceptible to large values in the histogram bins, and henertdsist to image outliers and
noises. Therefore, tHe;-norm dissimilarity and the LP relaxation is adopted in thiese-
guent sections. We will revisit the SDP relaxation in Chaptevhich provides additional

expressive power for region packing.

Correspondences found from single point gure/ground cteéd@ might not satisfy
geometric consistency eq. (3.8). Therefore, we enforcengéic consistency by pruning
hypotheses of control point correspondences via a votiaggaiure (Wangt al., 2007).
Each image control point can predict an object center usggast match to model con-
trol points computed by eq. (3.9). These predictions geeex@es weighted by the shape
dissimilarity, and accumulates to a voting map. We extréageat centers from the local
maxima and further back-trace the voters to identify geoicadty consistent correspon-

dences.

3.3.2 Joint Contour Selection

Once obtaining a group of geometrically consistent comadpnces, we seek a subset
of contours that match well consistently across all comwesiences in eq. (3.7). In single
point gure/ground selection, the selected contours dedsnt control points are not guar-
anteed to be the same. The shape feature centered at eaa pomit essentially covers
the whole object. However, the sensitivity of shape desorpdiffers: close-by shape
descriptions are more precise to be discriminative, anddtsvay ones are more blurry
to tolerate deformations. A uni cation of these descripgsdrom different control points
can generate an overview of the shape without losing thdlslet@iven a list of con-
trol point correspondences(1);j (1)); (i(2);j (2)); :::; (i(k);j (k)) whereU{g). ) = 1,

we can stack the all the contribution matrices for image @orgt into one matrix, and
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similarly for the model side:

0 1 0 1
Vil(l) VJ'I(l)
Vi A
vi=E @, vM=§ 7@ (3.12)
Vi \A

i(k) j (k)

The contour packing cost in eq. (3.7) can be written in thisbahg matrix form:

X
kViI(s) Xsel Vj'}/ls) yselk1 - kVI XSel VM yselk1 (313)
s=1
Note that this is an optimization problem with exactly thenegform as eq. (3.9). There-

fore the previous LP-based computational solution appliestly.

Maximal matching cost. Recall that our problem is to search for the maximal common
subsets from the image and model contours such that thgieslaae similanWhat is the
right matching cosDj; (V' x5¢; \/j'\’I y*¢) that can enforce the maximal conditian®
straightforward cost function, such as the-norm used previouslyD;; (V! xse';\/j"/I
y*) = k' xs¢t VM yselk, will simply result in the trivial solution which chooses
empty sets from both sidesd. x*¢ = 0, y*¢' = 0). In fact all the norms as well as

2 distance will suffer from the same problem. We introducessrttaximal matching
costfor D which balances the maximal requirement on the contour sefeand the
quality of the match. We seek to match as many model contaioasible while the
difference between image and model contours is small. Befescribing the details, we

rst introduce a few variables. Set

sq'® = VMy™l to be the shape context centered at model pgiiselecting the

full model, wherey™ = 1, means selecting all model contours;
sd = V/'x*® to be the shape context with selectioii' on image ap;;
sq" = VMy*¢ to be the shape context with selectii¥ on model afj .

We usesd'F (k), sd (k), sG" (k) to denote th&™ bin in the shape context.
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Our maximal matching cost consists of two termassandmismatch(see Fig. 3.3).
To match as many model contours as possible, the followifigrdnce between the num-

ber of matched points and that of full model points should lr@mized:

misg’) = sd (k) min(sq (k); s@" (k) (3.14)

Heremin(sg (k); sq"' (k)) counts the number of matched contour points between the im-
age and model in shape context kin

The above terrmisiij ) alone does not measure how well the selected image contours
match to the selected model contours. To ensure the matcjuality, the amount of
difference between the number of image and model contountgai all shape context

bins needs to be minimized:
mismatch{ ’ = jsd (k) sd” (k)j (3.15)

By combining eq. (3.14) and eq. (3.15), we have the follovdisgimilarity:

[miss!) +  mismatch"’]
«Sq" (K)

P
where > 1lisafactor balancing the two types of costs. We qusq-“"F (k) to normalize

Dij =

(3.16)

the costDj; such that it is invariant to the number of contour points.
LP can also be used to solve eq. (3.7) for contour contextteteby relaxingxs®

andy®® to real value vectors. eq. (3.16) and eq. (3.7) translategddlowing problem:

X X
f% [sc'F (k) min(sq (k); s¢" (k)] + N_ide sq" kig

uer=1 Tk

xsel ;ysel
st: Sd - Vil Xsel; Sq\/\ — VjM ysel

whereN; = P « SG'F (k) is a normalization constant anain(x; y) computes the element-
wise min of vectors andy. The two terms in the summation ar@ssandmismatchin
eg. (3.16) respectively. The above problem can be relaxad tostance of LP by adding
slack variablesy,  sq (k) andsyc  s@” (k) for min(sg (k); sg" (k)).

We have obtained the rough correspondend®s from the previous step. We opti-

mize the contour selection cost eq. (AaZjit. x3¢'; y*¢ to prune false positives and detect
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objects. The outcome includes both the matching €gsking and model contours actu-
ally matched, indicated by®®'. Both of them can be used to prune false positives. Note
that it is not required to have a complete correspondendd®esince the cost eq. (3.16)

has been normalized by the number of correspondences.

Model con guration checking. The selected model contours from joint contour selec-
tion form a shape con guration that are actually matchedriage contours. Because the
number of object model contours is typically very limited@ally 6 to 8), we can specify

a dictionary of all possible con gurations of true positsveDetection of model contours
with bad con gurations, e.g. missing critical parts, argoted. This con guration check-
ing together with the matching co€hacking Can prune most of the false positives while

preserving true positives. The last row in Fig. 3.4 show$sucase.

3.4 Related Work and Discussion

Salient contours and their con gurations are more disivecthan individual edge points
for shape matching. The works (Ferratial., 2007b; Ferraret al., 2007a) represent
objects by learning a codebook of Pairs of Adjacent Segmaeviigch are consecutive
roughly straight contour fragments. They achieve detactising a bag-of-words ap-
proach. In (Shottoret al., 2005), boosted contour-based shape features are leamned f
object detection. These efforts utilize mostly short canfeagments, and therefore have
to rely on many training examples to boost the discrimireatiower of shape features. In
contrast, our work takes the advantage of contour groupicy as (Zhuet al., 2007)
to detect long salient contours, capturing more global ggdminformation of objects.
More importantly, we constrain these long contours to ac asole unit,i.e. they can
either be entirely matched to an object, or entirely belanthe background. This char-
acteristic makes shape matching more immune to accidelgalngent to background
clutter. Similar properties are exploited by groupingdzhseri cation approaches (Amir

& Lindenbaum, 1998), and the recent work (Felzenszwalb &&ete, 2007).

From a broader perspective, our recognition framework getiaon shape matching,
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Applelogos

Bottles

Giraffes

Mugs

Swans

Contour Packin

349.3%/86.4%

65.4%/92.7%

69.3%/70.3%

25.7%/83.4%

31.3%/93.9%

Ferrariet al., 07

32.6%/86.4%

33.3%/92.7%

43.9%/70.3%

40.9%/83.4%

23.3%/93.9%

Table 3.1: Comparison of Precision/Recall (P/R). We comfle precision of our ap-
proach to the precision in (Ferragti al.., 2007) at the same recall (lower recall in (Ferrari
et al., 2007)). We convert the result of (Ferraiti al.., 2007) reported in DR/FPPI into
P/R since the number of images in each class is known. Ouprpegihce is signi cantly
better than (Ferraet al.., 2007) in four out of ve classes. The other class "Mugs” dav
some instances that are too small to be detected by contoupigg. Note that we did not
use magnitude information which plays an important rold=er(ariet al.., 2007).

which has a long history in vision. A large amount of resedrat been done on different
levels of shape information. Early works (Zahn & Roskies72;9Gdalyahu & Wein-
shall, 1999) focused on silhouettes which are relativetypde for representing shape.
Silhouette-based approaches are limited to objects wiihglesclosed contour without
any interior edges with occlusions. Objects in real imagesnaore complex, and may
be embedded in heavy clutter. Efforts on dense matchingeoétlye points often focus
on spatial con gurations of key points, such as geometrghiteg (Lamdaret al., 1990),
decision tree (Amit & Wilder, 1997) and Active Shape ModeRoéteset al., 1995).
However, key-points alone are insuf cient to distinguidhjects shapes in cluttered im-

ages (Belongiet al., 2002).

Feature representation and shape similarity measuremeetiteakey issues for match-
ing. Shape Context (Belongat al., 2002) uses spatial distribution of edges points relative
to a given point to describe shape. Inner Distance ShapeeofiDSC) re nes it to ac-
count for articulated objects (Ling & Jacobs, 2005). We dwilr basic shape feature
representation on Shape Context, with contour as the umituéh larger context window
covering the whole object enables our approach to captat@agshape con gurations.
We introduce a novel contour selection mechanism to exgfiabal shape features against

background clutter.
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3.5 Experiments

We demonstrate our detection approach using only one heavdrdnodel without nega-
tive training images, To evaluate our performance, we chttwschallenging ETHZ Shape
Classes (Ferrast al., 2007a) containing ve diverse object categories with 28ages in
total. Each image has one or more object instances. All oagsghave signi cant scale
variances, illumination changes and intra-class vamatioMoreover, many objects are
surrounded by extensive background clutter and have antsurface markings. We have
the same experimental setup as (Ferearal., 2007a), using only a single hand-drawn
model for each class and all 255 images as test set. To adpgeoscale variance, we
resize the model in 5 to 8 scales with a ratio steft:8ffor each class.

We rst use contour grouping developed in Chapter 2 to gaedomg salient contours
from images. Contours can have overlaps due to multiplelplesgroupings at junctions.
The Shape Context (SC) used for contour selection coversritiee model shape with a
large spatial extent. The SC histogram has 12 polar bingjialrains and 4 edge orien-
tation bins. To tolerate shape deformation and eliminagebtbrder artifact of histogram
binning, bin counts are blurred as in (Wagigal., 2007). This re nement can be encoded
into contribution matrice¥', VM as well.

We sample control point hypotheses on image contours umijowith an interval
equal to1=10 of the model bounding box diagonal. The number of image cbpwints
sampled in each scale ranges fréito 400 The numbers of model control points vary
from 15to 30 depending on the complexity of the target shape. LPs arfsorg single
point gure/ground selection as well as joint contour sél@t are solved by the interior
point method. The computation time for each hypothesizespondence in single point
gure/ground selection is within 0.1 sec.

After selecting gure contours, each correspondence viaiethe object center with
the weight inversely proportional to the shape matchind.c@¢e collect the votes into
a voting map and extract its local maxima above certain buigsto generate object hy-

potheses. Since the correct object scale is unknown befodgivoting is performed in a

53



Apple Logos Bottles Giraffes

H
ecision

Precision
-

o
©

SPDI'eCISIOI']
©
I

a0.8

o
o

0.6

o
o

0.4 0.4 0.4 n\n
0.2 0.2 0.2
0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Recall Reecall Recall
Mugs Swans
51 §1
] @
70.8 00.8
——Shape Context Voting w/o Selection
0.6 0.6 ——Single Point Figure/Ground Labeling
——Contour Selection
0.4 Y 0.4 ~&-Ferrari CVPRO7
0.2 0.2 %
0 0
0 0.2 0.8 1 0 0.2 0.8 1

Rerall Rerall

Figure 3.5: Precision vs. recall curves on ve classes of ETshape Classes. Our
precisions on "Applelogos”, "Bottles”, "Giraffes” and "Sams” are considerably better
than results in (Ferragt al.., 2007): 49.3%/32.6% (Applelogos), 65.4%/33.3% (Bojtles
69.3%/43.9% (Giraffes) and 31.3%/23.3% (Swans). Alsocedtiat we boost the perfor-
mance by large amount compared to local shape context weithgut contour selection.

multi-scale fashion, with non-maximum suppression on Ipaisition and scale.

Currently the model shape is manually decomposedanéd8 contours at high curva-
ture places. The contour partition respects the semanjgcparts e.g.two sides of the
swan neck and the dent of the applelogo are kept as singlelmaat®urs. As described
in Section 3.3, con gurations of matched model contourstesed to reject false positives
in addition to the packing score. In principle, the dictipnaf valid con gurations can be
automatically learned from detections in training imad&sce the shape models usually
have very few contours, we manually construct a dictiondgceeptable con guratiorts

Precision vs. recall (P/R) curve is used for quantitativa@ation. To compare with
the resultsin (Ferraet al., 2007a) which is evaluated by detection rate (DR) vs. fatse p

itive per image (FPPI), we translate their results into PARigs. We choose P/R instead

2We further bind some model contours, reducing the contooryer to a maximum d, so thai2® = 64
dictionary entries can be numerated by hand.
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of DR/FPPI because DR/FPPI depends on the ratio of the nuofipesitive and negative
test images and hence is biased. Our nal results on thissdatan be seen in Fig. 3.5.
Results of the two steps of our framework are both evalugéewle point gure/ground
labeling only uses matching cost as the nal evaluation fetedtion, while joint con-
tour selection uses both matching cost and the detectee sloapguration. Compared to
the latest result in (Ferraet al., 2007a), our performance is considerably better on four
classes out of ve. We also compare voting using simple Isbalpe context with our rst
step of contour selection. Contour selection greatly impsaletection performances (see
Fig. 3.5).

Our shape matching algorithm can reliably extract and seectours of object in-
stances in test images, robust to background clutter ansimgisontours. Image results

of detection with selected object and model contours areotdisirated in Fig. 3.6.

3.6 Summary

We have introduced a novel shape-based recognition frankevatled Contour Packing
We construct context sensitive shape features dependisglected contours and propose
a method to search for the best match. Joint selection onitvaitpe and model contours
ensures detection to be robust to background clutter andeatel alignment. We are able
to detect object in cluttered images using only one traiexgmple. Experiments on hard

object detection task demonstrate promising results.

55



False positives pruned by model contour selection Failases

Figure 3.6: Examples of contour context selection on modelismage contours in ETHZ
Shape Classes. The rst ve rows show detected objects frorage with signi cant
background clutter. In the last row, the rst four cases aisd positives successfully
pruned by our algorithm by checking the con gurations ofes¢ééd model contours. The
last two are failure cases. Each image only displays one@et®bject instance.

56



Chapter 4

The Primal-Dual Packing Algorithm

In the previous chapter, we developed the set-to-set contatching framework and de-
rived a computational solution based on LP. The core of thetisa is to encode the
overall shapes at several control points in a linear formguire/ground contour selec-
tion, which do have one-to-one correspondences. Sinceptiteot point correspondences
are unknown, searching for the correct ones results in m&sy &ne for each correspon-
dence hypothesis. A natural question arises: do we rea#y ne solve all LPs for the

gure/ground contour selection precisely?

This chapter will show that this is unnecessary for most eftime. We introduce
primal-dual combinatorial algorithms which have genatdtest algorithms for a large
class of packing and covering problems. The contour padkihgan be reduced to a bin
covering LP, where these primal-dual ideas can be readgiiexp By exploiting the dual-
ity between contours and feature bins, the algorithm is abéther nd an approximate
solution, or declare a lower bound on the optimum of the amsttion. Therefore, most
suboptimal solutions can be knocked out without runningLtReo the end. Each itera-
tion of the primal-dual algorithm only involves a simple og@igon of sorting the contours,

making it very fast to generate approximate solutions.
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4.1 Primal-Dual Combinatorial Algorithms

Linear programming (LP) has been widely used for analyziognlginatorial problems
and designing fast approximation algorithms. The LP foatiah leads to principled ap-
proaches for a large class of packing and covering probl&agkin et al., 1995; Young,
1995), multi-commodity ow (Plotkinet al., 1995; Leightonet al., 1991), Travelling
Salesman Problem (TSP) (Khandekar, 2004), faculty longMazirani, 2004), etc. The
power of LP-based algorithms is largely attributed to thuality which simultaneously
considers two different but coupled problems: the primal #re dual. Each one of them
serves as a guidance and bound on solving its counterpavidprg a different perspec-
tive to the original problem.

In a seminal work (Plotkiret al., 1995), Plotkiret al. proposed grimal-dual combi-
natorial algorithmfor fractional packing and covering, which greatly outpenfied previ-
ous approaches on a large set of problems such as minimahatistommodity ow, the
Held-Karp bound for TSP, and cutting stock. The key idea igéal the current estimate
of the dual to improve the primal during iterations, and weesa. On the primal side, one
solves an oracle with partial constraints and a simpli edtdoinction induced by dual
variables. This provides the freedom of designing oractigpeed to different problems
and can employ existing ef cient combinatorial algorithn@n the dual side, dual vari-
ables are adjusted by a multiplicative update rule accgrtbnthe "feedback” from the
oracle. The updated dual variables thus give a tighter bautite next iteration.

The primal-dual formulation provides more insights to thelgpem than just treating
LP as a black-box. Computationally, while solving LP usirengral purpose solutions
(Vaidya, 1996; Nesterov, Y. E. & Nemirovsky, A. S., 1993; ght, 1997) €.g.interior
point methods) has shown some degree of successhinatorialalgorithms built on the
primal-dual formulation can exploit speci ¢ structuregrgerate much more ef cient ap-
proximation solutions, and provide explicit manipulattorthe computational routine.

The LP formulation has been extensively used in generalmma@roblems. In (Jiang

et al., 2007; Jiang & Martin, 2008), an LP relaxation was propos®drietric labeling
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with L;-norm regularization in image matching. A simplex-baselditsan and an ef -
cient successive convexi cation implementation were digved. Alternatively, interior
point method was applied in a related formulation in imaggsteation (Taylor & Bhus-
nurmath, 2008). The structure of the problem was exploitedeneffectively in solving
the linear systems using speci ¢ matrix structures. LP wias ased in the inner loop
of iterative algorithms of Integer Quadratic Programmil@H) arising in matching (Ren
et al., 2005a; Berget al., 2005). Although also formulated as an LP, our problem dif-
fers from previous ones in that set-to-set matching instéaxhe-to-one correspondence
on feature points is performed. The selection variablestrisset matching are more

densely related to each other, resulting in a fundamenti#figrent matrix structure.

The rest of this chapter is organized as follows. SectionwdllZreview primal-dual
algorithms for general fractional packing and coverindatems, and lay down the founda-
tion for applying these ideas subsequently in the contodkipg problem. In Section 4.3
we reduce the single point gure/ground selection LP to aetimg problem, and pro-
pose a primal-dual algorithm that enables pruning sub@tsolutions early. Section 4.4

describes details of how to apply the algorithm to contowkpay.

4.2 Primal-Dual Algorithms for Packing and Covering

The packing problem studies how to optimally Il a knapsagkdnoosing the most valu-
able objects from a list. Suppose there arebjects whose prices ag (i = 1;:::;n).
One would like to choose a subset of these items maximizieig total price, subject to
m capacity constraints such as weight, dimension, etc. [Reti@ maximum value of
each capacity constraint gsand the contribution from itemasWi;; . Finding the optimal
packing can be written as the following integer programnprzplem:

X

(PACKING IP) max Pi Xi
x2f 0;1g"

XI
sit: Wiixi  ¢; J=1;u5m (4.2)
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whereX; is the 0=1 indicator of whether objedt is selected. By relaxing the integer
constrainx 2 f 0;1g"to0 x 1, we obtain a linear program callédctional packing

which provides a lower bound to eq. (4.2):

(PACKING LP) max p’ X (4.2)
X n

st: A x ¢ x O

HereA = [W:l]andc = [c; 5 cn: Lo 4]". Hence the constraint 1 has been
{Z

n

folded into the matrix constrai®t x c.

The covering problem is to nd sets with minimal total costtaver elements. Let the
G 's be the costs of tha sets. Each sgtcovers elementfor W; times. The multiplicity
of each elemeritto be covered is required to be at lepstLety; be the number of copies
of setj that are selected (choosing multiple copies are allowad)il&ly to packing, the

covering problem can be written as an integer program, dagled tofractional covering

X

(COVERING IP) I‘T;II\IFI GV (4.3)
y2N" .
J

X .
Sit: Wiy, pi; 1=1;:25n
J
(COVERING LP) yn;ianl c'y (4.4)
st: ATy pby O
The fractional packing problem eq. (4.2) and fractionalesow eq. (4.4) are actu-
ally Lagrangian duals. By introducing nonnegative Lagrangnultipliers(y; ) to the
constraintsA X c and x 0 respectively, the Lagrangian functidn(x;y; ) =
p'x+ yT(c Ax)+ Txalways serves as an upper bound of the fractional packirtg cos
functionp’x, wheneverx is feasible or not. Thereforenax, L(x;y; ) bounds the op-
timum of eq. (4.2). By strong duality of linear program, thatimum of eq. (4.2) and
eq. (4.4) coincides (Boyd & Vandenberghe, 2004). Therefaeking and covering are
essentially ipped sides of the same coin: solving one implhe other.

Primal and dual formulations provide different perspezgivon the problem: for the

feasibility version, primal solution serves as “yes” cegdte while the dual solution serves
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as “no” certi cate. Just as the divide-and-conquer stratege would like to generate a
series of yes and no certi cates to narrow down the searcbespBherefore, primal and
dual need to communicate, and use one to update the other.

We start with a feasibility version of the fractional padiproblem:

(Feasibility Problem) Given a convex sé€®  R", anm n constraint matrixA

and amn 1 vectorc, determine whether there exist® P such that

ax g 0 j=1;m5m (4.5)

Herea/ is thej th row of matrixA.

For the packing problem (4.2), the convex Beis a simple polytope:
P=fx:p'x ; 0 x Ig (4.6)

where is a constant. If eq. (4.5) is feasible, then the optimal @aly of eq. (4.2) is
at least . Otherwise it is less than. By a binary search on, one can nd a(1 + )
approximation to the optimization problem with@(log ). Our discussion will focus on

eg. (4.5) in the subsequent sections.

4.2.1 Multiplicative Weight Update: From Primal to Dual

Suppose we are given a primal estimate and its correspordsigas feedback, how can
we update the current dual estimate? We start with consigl@n online prediction prob-

lem.

Online Prediction. There arem experts who make predictions on uncertain events in
the world. Our goal is to construct the best strategy ovee tirom these experts. At
timet (t = 0;1;2;::), if the prediction from thg th expert is taken, the event (possibly
adversarial) incurs a positiveward R} and a negativéoss L } Hence the nevalue
gained isV{ = R} L |. One can construct a mixed strategy from these experts by
linearly combining their predictions. A mixed strategy sipes positives weights/' =

P
(y1;::5¥m)T on all the experts. The total net value of the strategy wilvbe= | yjVf
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wherey' = yt:P ; y; are the normalized weights. Consider the event sequentetiinze
t=0toT. Attimet, the strategy chooses weiglytson the experts based on all previous
observationR* andLk with0 k t 1, and gains a valu¥'. One would like to
maximize the cumulative value over tinve= P tho VE,

Intuitively, experts making correct predictions previlyshould be up-weighted while
experts predicting incorrectly should be down-weighted. other words, the weights
should be updated according to the “feedback” of the exdesta the world\/j‘. We

introduce a multiplicative weight update scheme to guidestinategy from the feedback:

(Multiplicative Weight Update) Initialize weightsy® = (1;::;1)". At time
t, prediction from exper produces a value dﬁ'jt 2 [ 1;1]. Given a constant

2 (0;1), update the weightg** at timet + 1 by

yi™ = yiexp( V) (4.7)

Theorem 4.1. (Littlestone & Warmuth, 1989) (Perturbed Value of the Sgg) LetR =
PP P P

¢ jYJRjandL = | ;ViL] be the cumulative reward and loss of the strategy
using eg. (4.7). The perturbed value of the strategy giveady4.7) is worse than the

performance of best pure strategy only'#8#f" | as stated in the following inequality:

logm

mjax\/j exp()R exp( )L+ (4.8)

Proof. Please see Appendix. ]

Theorem 4.1 is essential in the complexity analysis in tHesequent sections. It
proves the quality of the multiplicative update rule (4.3ince the average strategy given
by the update rule cannot exceed the best strategy in theightdwe would like the gap
between their valuemax i M andP . V! to be small. This value is calleggretof the
strategy. The theorem proves the fact that the regret is ak aslogm= . We can bound

the regret over time by the following corollary:
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Corollary 4.2. (Regret Over Time) N/jt 2 [ ; ]forallj,thenwe have a bound on the

average valu&/=T:

Vv V+ logm
T T T

+  exp() (4.9)
Proof. Please see Appendix ]

The above bound shows that the regret over time consistsodiEnms: the term"}ﬂ
which can be “washed out” by time and the other ternexp( ) which cannot. If we
would like to diminish the regret over time, for example psdmnal to a small number,
wecanset = andT 2= 2_However, ifV only contains reward or loss, the result

can be strengthened as:
Corollary 4.3. (Regret for Reward Only) N/jt 2 [0; Jforallj,i.e. th =0 forall t and
| , then we have a bound on the average valad':

\% \ logm
T PO

max (4.10)
i

The corollary is a direct consequence of eq. (4.8). It maksganger claims than
Corollary 4.2 since we only need to st = to make the regret over time small,
instead ofT = . This is the fundamental difference between packing/éogeand

general LP, in which the latter has higher complexity.

4.2.2 The Oracle: From Dual to Primal

From the dual formulation, we would like to improve the cutrprimal solution by mini-

N
mizing ; y;f; (x).

(Oracle) Given a convexconstraint setP R", a dual variabley 2 R™ and a
set of functions/; (x) (j = 1;:::; m). Optimize the linear combination & (x) in

the constraint sd®: X
min Vi (x) (4.11)

x2P
J
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The constraints in the original problem have been sepanatetvo parts. Constraints
easy to check and optimize are pushed inmNGTRAINT SET P, making the oracle ef-
cient to compute. Hard constraints are left outside and @y approximated by the
Lagrangian as in eq. (4.11). It is a design choice how to diti two.

In the case of packing? is given by eq. (4.6). De nev;(x) = a]-Tx ¢ forj =

P
1;::;m. Notice that ; y;V;(x) = (ATy)"x  cTy, giveny*®, the oracle becomes
min (ATy)Tx (4.12)
st:c'x=; 0 x 1
If c OandA 0, one can solve eq. (4.12) by simply sorti(d"y); =g in ascending

order, and choosing; = 1 according to the order untd’ x = is satis ed. The oracle

(4.11) simply reduces to sorting, whose complexit@{s logn).

4.2.3 Complexity Analysis

So far we have all the ingredients of primal dual combinala&igorithms. We summarize

the primal-dual algorithm for packing as follows:

Algorithm 2 (Primal Dual Algorithm)

1: Initializey® = (1;::;1)7,t=0,S=0, = =3 .Denefj(x)=a'x g.
2: repeat

3: Run oracle (4.11) and obtain the optimurfand optimal poink!.

4 if > Othen

5: return infeasible

6 end if

7: Computew' := 1=max; jf; ().

8: Run multiplicative weight update (4.79;"* := y! exp(w'f; (x"))

9: S=S+w, t:=t+1.

10: until S 9 logm= 2 =)

tyt
) ) wtx
11: return feasible solutiox = P—— o
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Theorem 4.4.(Complexity of the Primal Dual Algorithm) Algorithm 2 eittaeclares that
the fractional packing eq. (4.2) is infeasible, or outputsagpproximate feasible solution

X satisfying

ax g (4.13)

forall j = 1;::;m. The total number of calls to the oracle® 2 2logm) with =

max; maxgzp jf;j (X)].
Proof. Please see Appendix. ]

Variant 1. If A;c 0, we can improve the running time of Algorithm 2@&(  *logm)
by changing the termination condition $ Y 'logm and sef;(x) = a' x=g.
Variant 2. If f;(x) Oforx 2 P, we can improve the running time of Algorithm 2 to
O( 'logm) by changing the termination condition $ L Llogm.

In both cases, we can apply Corollary 4.3. Eq. (A.33) hastadigooundnax; [a]-Tx

G] 4™, the rest of the analysis falls through.

4.3 Primal-Dual Formulation for Contour Packing

This section presents an alternative formulation of conpacking as oppose to the direct
LP relaxation in Chapter 3. Applying the primal-dual ideasdeneral packing/covering
in the previous section leads to an ef cient, and incremiestide search algorithm.
Consider the single point gure/ground selection eq. (3.Wh full model st =
VM 1. We introduce normalized slacks, s 0 such that the surplus and de cit of the
bins areb® = Diag(scd")s" andb = Diag(sc")s respectively. The main constraint in

eg. (3.10) can be written as:
Vv'xse s = Diag(sd")s" Diag(sc')s (4.14)

The termDiag(sc)s* represents the amount of over-packed edge points in theréeat
bins andDiag(sc")s represents the amount of the under-packed. Ssates 0,

we have a covering constrailt x*¢ + Diag(sc¥)s = sc" + Diag(sc")s*  sd".
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By substitutingDiag(sc¥ )s* = V'x%®' sc" +Diag(sc¥)s , the contour gure/ground

selection cost eq. (3.10) becomes

kv' x%¢ sd"k, = 1T[Diag(sc")s’ + Diag(sc*)s ]
=1"[2 Diag(scd")s + V'x*® sd']

=2 (sc)Ts +1Tv'x% 1TscM

The last ternl" sc" is a constant and hence can be dropped. Moreover, the uadkeg
slack variables is bounded byl. Notice that at most one of’ ands, needs to be
strictly positive. Otherwise subtract the minimumsjf ands; will drive one of them
down to0, but with a lower cost. I§; > 0O, thens” = 0. and the constraint eq. (4.14)
impliessds, = sd!  (V'x®); sd",whichmeans, 1foreachi. By putting the
cost function and the constraints together, we simplify(8dL0) to a standard covering

problem on the bins:

(BIN COVERING) min 1'Vv'xs® +2 (sd)Ts (4.15)
X

S
s:t: V'x*® + Diag(sc")s  sc

0 x*:s 1

The primal-dual method iterates between 1) the oracle taés the packing oracle,
which boils down to sorting the contours and bins in this caéhe multiplicative update
that changes dual variablgdy multiplication.

Oracle

The oracle for contour packing has the following form:

(ORACLE: PACKING) max y'[V'x% + Diag(sd”)s ] (4.16)

x sel 'S
sit: 1TV'x*® +2 (sd)Ts  f,
0 x*®:'s 1

Letx = (x%¢;s ), c = (V'1;2 sc") andA = (V';Diag(sc")). This problem can

be written asmax, y"Ax subjecttoc’x foand0 x 1. A greedy algorithm
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that packs according to the sorted value/capacity réﬁéﬂ can ef ciently acheive the
global optimum.
Multiplicative Update

The update is similar to the general packing/covering pnwbl
(UPDATE) y y exp(); =(s" Ax) (4.17)

with representing how much violation is incurred for each cawgedonstraint.
By combining Algorithm 2, eq. (4.15) and eq. (4.16), we sumingathe primal-dual

contour packing algorithm as follows:

Algorithm 3 (Primal Dual Contour Packing)

1: Initializex = (0;::;;0)7,y°=(1;:::;1)",t=0,S = 0.
2: fort=1;2;:: Thax doO
3: u:= ATy, xt:=(0;:;07,f := f,.

4 Sortu;j=g in descending order, with indica$l); s(2); :::; s(n).
5: fori =1;2;::;;nandf > 0do

6 k= s(i), x} = x} +min(f=cy;1),f = f cX}.

7: end for

8: if yT(Ax! sdM) < Othen

9: return infeasible

10: end if

11: wt:=1=max j j(X)j.

12: Run multiplicative weight updates ™ := y/ exp(w'f; (x")).
13: X =x+wx!,S:=S+wht:=t+1.

14: if c"x=S < f, then

15: return feasiblewith the solutiorx=S.

16: end if

17: end for

18: return thebest primal solutiorx=S.

In line 3-7, the algorithm uses sorting to solve the oracle(éd5). Note that each
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iteration involves only one matrix vector multiplicatiom (ine 3) and one sorting oper-
ation (in line 4). This is faster by orders of magnitude coregato one iteration of the
standard interior point LP solvers, which involves solvanlinear system (Wright, 1997).
Additionally, the sorting can be updated from the previdagation, which provides more
speed-up to algorithm. The rest of the algorithm is similfgokithm 2, except for early

stopping via checking the current solution in line 13.

4.4 Implementation

We apply the primal-dual packing algorithm to the singlenpogure/ground selection in
Section 3.3. This is the most time-consuming step becalwsmgaamount of LP instances
need to be solved in our original formulation. In each scalenage control points and
m model control points will generate m correspondence hypotheses, with each one
as an LP. An important observation is that many of these thgsas are competing with
each other. Notice that the correspondebk® in eq. (3.7) has to be one-to-one. If
correspondencg;j ) has the best cost (3.9), then all other corresponde(itcessharing
the same image control poinwill be suboptimal and should be discarded from eq. (3.7).
In other words, the current estimation @nj ) provides an upper bound on the optimum,
making it possible to prune corresponden@gs) early. Algorithm 3 we developed in the
previous section computes a coarse bound ef ciently, amt&és a perfect candidate for
this purpose. The above intuitions are summarized in Algori4.

In this template, we leave several steps open for probleri spgptimizations.

1. The order enumerating control point pdirg ) in line 2 can be arbitrary. The sooner
to encounter a good solution, the more correspondences nvproae early. One
way is to sort their current best estimation by running Aitjon 3 for just a small
xed number of steps. We found this a good heuristic in p@gtbecause the most

important contours tend to be packed rst.

2. The bound8; in line 1 can be extended to enable more pruning. For exarapée,

could introduceB; for all the correspondencgs; j) that votes for the same object
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Algorithm 4 (Single Point Figure/Ground Selection — A Faster Version)

1: Initialize B; =inf ,i =1;::;n.

2. for (i;j),1 i nandl j mdo

3: Run Algorithm 3 forf = B;.

4 if infeasiblethen

5: break

6 else

7 Compute optimal value in eq. (3.10).
8: B; :=min(Bj; ).

9: end if
10: end for

center, ensuring unique matching on the model side. Aditlg, it can be used to

encode non-maximal suppression.

3. The nal step of computing an optimal primal solution indi 7 can be any algo-
rithm, include the standard LP solutions. Although in pitethe same primal-dual
algorithm can be continued, it might requires many morettens to converge to a
nal accurate. In practice we adopt a path following integmint method (Wright,
1997). The Newton's iterations in interior point methode particularly suited for
this purpose since it is closer to the optimum, and hencerfasinvergence can be
expected. This results in a hybrid implementation thatsaavantages from both

sides.

The complexity of Algorithm 4 depends on the portion of cependences pruned in
line 5. How much overall speed up can we gain from this prichadt packing algorithm?
We test it on ETHZ images used in Section 3.5. We plot the nummhiéerations and time
used by primal-dual pruning in line 3 and the interior poirgthod in line 7, varying the
number of model control points. As shown in Fig. 4.1, the ijporof solutions pruned by
the primal-dual packing algorithm increases with more nhadatrol points, leading to

bigger speed-up. Thanks to the ef cient combinatorial teathe primal-dual iteration is
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Figure 4.1: Performance of primal-dual packing algorith8ingle point gure/ground
selection is run ir6 scales to detect the swan shape in (a). The number of modebton
points ranges froms to 35. (b) shows the number of hypotheses to search in all thescale
when the number of model control point2i8 with scale4 marked in diamond (the scale

in which the swan is detected). (c) shows the proportion ofespondences handled by
primal-dual iterations (line 3) and interior point itei@ts (line 7) in Algorithm 4. In (d),
the running time of the entire algorithm is shown and comgrémehe one without primal-
dual pruning. Note that the rejection by primal-dual itemas consumes very little time

in the algorithm.

at least two orders of magnitude faster than the interiontpgeration on average. This

makes it suitable for fast pruning suboptimal solutions.
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4.5 Summary

We have shown that the LPs arising from contour packing daeet to be solved ex-
actly for most of the time. The contour packing LP is rst regd to a fractional cover-
ing problem. We borrow the idea of primal-dual combinatioailgorithms that are able
to prune and bound packing and covering problems throughtyl@nd ef cient ora-

cles. We develop an algorithm applying these ideas to spmle gure/ground selection
which involves massive LP instances. Most of these LPs caaf biently pruned by the

primal-dual combinatorial algorithm, without resorting golve the original LPs explic-
itly. Preliminary results con rm that the primal-dual algihms can greatly relieve the
computational burden from standard LP solvers. We plan ptoeg more applications of

the algorithm in set-to-set matching.
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Chapter 5

Contour Packing with Model Selection

So far we have developed a framework that detects a subsetagfei contours matched
to a model shape in a holistic manner. Shape models involvétei previous chapter are
simply exemplars composed of a few contours. Although tivosset matching method
endows the model the ability to accommodate different aamftagmentations, a xed
target shape cannot handle large object deformations igasméDeformations often gen-
erate a combinatorial con guration space with exponelytimlany poses. This makes
brute-force search for the best exemplar prohibitive ircfica. Moreover, it deepens
the discrepancy between the model and image shape descsijecause both side have

exponentially many con gurations now.

In this chapter we push contour packing further to relatednotup contours to top-
down deformable parts beyond exemplars, addressing arbiggeesentation gap. We
study the challenging problem of articulated human posenesbn from unsegmented
images. A compact model representation is developed taere@onentially many poses
via a few con guration selection variables on a tree. Thetsetet matching method ex-
tended for this new model representation can search andarerhplistic shape features
of both image contours and model parts on the y. This all®sgahe reliance on local
shape features of parts, which often causes many falsetidetem clutter. The parallel
search over holistic shape features can be ef ciently agprated by an LP-based com-

putational solution. We demonstrate results of human pstseation on baseball player
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images with wild pose variations.

5.1 Overview

Estimating poses for deformable or articulated objectsahalenging problem for two

reasons. The rst reason is the large number of degrees eddéma to be estimated. Due
to the extreme pose variations, prior knowledge is of lichitsse in guiding the search.
Second, images are often cluttered and bottom-up deteafiparts is usually prone to
error. Again this is due to the fact that shape is a globalggre a part is seldom salient

without the whole shape.

For articulated objects, contour is a compact and effestiape representation. How-
ever, nding the foreground contours and estimating theeobposes or articulations is a
circular problem. One individual bottom-up contour candtyacover the entire object by
itself. If we know the right set of contours composing theefinround object, then we can
recognize the object by matching against a set of candidatiels or exemplars. On the
other hand, this becomes circular because grouping caniimiaran object shape requires
the correct model. We can think of this problem as a puzzlevofgarallel searches, one
for nding the right foreground contour grouping and one f@nerating the correct object

model. A naive approach to this would result in an exponéséarch.

We propose an active search method that nds the correctbbpatour grouping and
model con guration in one step. To encode this search, werekthe selection variables
which can be turned ON and OFF in Chapter 3. On the image sadf, @ntour acts as
an integral unit that can either be selected or discardedvesote. On the model side,
we deform a decomposable articulated model. Recognitianhgeved if the model pose
matches the image foreground. We have developed a methagef@arating a holistic
shape descriptor based on these ON/OFF selection variabtesputationally this leads
to solving an integer program and a subsequent linear prograg relaxation. A discrete
solution can be recovered using dynamic programming (DE)dcretize the continuous

solution of linear programming relaxation.
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(a) Originalimage  (b) Contours on Pb edge map (c) Estimatsé p

Figure 5.1: Given an image (a), salient contours are exda(t) from the edge map of
Pb Having contours as our unit, we use a coupled optimizgtionedure of foreground
contour selection and model deformation to recover the pbsa articulated baseball

player (c).

The key contribution of our approach is uni cation @holistic shape scoring scheme
and a compositional modelMVe take advantage of the compositional power of a simple
tree structured model while scoring shape similarity in Astic way during our search.
This is in contrast to a typical part-based model, which angasures shape similarity as
sum of its local part matches. Matching global shape requogrect foreground contour
selection to remove the effect of clutter. Furthermore, global shape descriptors vary
depending on each composition of foreground contours. cBewy for the correct seg-
mentation/grouping is a hard combinatorial problem. Asagmwe are aware, this is the
rst approach that extracts global shape features withowatng the correct segmenta-
tion and modi es the shape descriptors according to thegianend selection at each step

of the estimation process, making them robust to backgraumddnterior clutter.

The rest of the chapter is organized as follows. Section &s2ribes related work and
comparisons. Section 5.3 and 5.4 present the problem ofgstgeation combining fore-
ground search and model deformation and an ef cient LP-¢basenputational solution.
Section 5.5 demonstrates our approach on the problem ofgsbigeation on the baseball

dataset (Moret al., 2004b), followed by conclusion in Section 5.6.
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5.2 Related Work

Pose estimation of articulated objects remains an impbuasolved problem in vision.
There has been a large amount of previous work on this topiere kve review only
some of the most representative examples. (Felzenszwallit&Rocher, 2005) devel-
oped the well-known pictorial structures (PS) and applieéd human pose estimation. In
the original formulation, PS performs probabilistic irdace in a tree-structured graphical
model. In this model, the overall cost function for a poseoepgoses across the edges
and nodes of the tree, usually with the torso as the root. odigihh our method exhibits
the compositional power of a similar tree-structured gregdhmodel, our score function
measures shape holisticalnd not as the sum of local similarities as (Felzenszwalb &
Huttenlocher, 2005; Ramanan, 2007). Many approaches @fati, 2004b; Cour & Shi,
2007; Mori, 2005; Lee & Cohen, 2004; Zhaeg al., 2006; Ronfarcet al., 2002) are
based on part detection and search. Due to the fact that @i@ttdrs are prone to error,
some authors have used additional cues like skin color,iwimevever limits the general-
ity of the approach. Search approaches need to use hesitstieal ef ciently with the
combinatorial nature of the problem. In our method, we areb@ased on local decision
to guide the search. Instead, the model is compared as a afaiest the image at each
step, and this is done ef ciently using an LP formulationrig®asan & Shi, 2007) uses
hand written compositional rules for augmenting partialypmasks which are compared
against exemplars at each stage and correspondencesarptged. Although the body
is measured as a whole, the method suffers from the explosiire number of hypothe-
ses as in usual search-based parsing approaches, due tusdmsa of a good heuristic
function. (Renet al., 2005a) used bottom-up detection of parallel lines in thagenas
part hypotheses, and then combined these hypotheses udtdbadly con guration via an
integer quadratic program.

Many of the above approaches ignore the representation g@peén parts in the
model and bottom-up extraction results, and treat the re$a bottom-up process, like

segmentation or parallel line detector, as exactly comedmg to body parts. This is far
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Figure 5.2: Holistic shape matching. Our search has twalphpaocess, each encoded
by a selection variable. On the image side (left), contolecs®n variables turn image
contours ON and OFF assigning them to foreground or backgreespectively. This
results in all feasible shapes on the image side. On the nsidiel selection variables
assign con gurations to each model part in the tree strectlihe two shapes, one derived
from the image and one from the model, are compared to eaeh wsing a holistic shape
feature. When the two match, recognition and pose estimatie achieved. Therefore
the recognition task amounts to nding the optimal selettom both the image and the
model side.

from being true in many cases. For example, in a straight d&egoannot expect to obtain
the upper and lower part of the leg separately. Our holisga\of shape surpasses this

dif culty,

5.3 Holistic Shape Matching

In this section, we rst present the pose estimation forrtiatain terms of image contours
and model parts. Then we introduce our articulated modeésgmtation, with an active
shape description built in. The design of the active modapshdescriptor is the key to

holistic shape matching.

5.3.1 Formulation of Pose Estimation Problem

Starting with contours as our basic units in the image, weldgvthe following formula-

tion.
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Pose Estimation Problem.Given imagd represented by a set of contours and mddiel

represented by a set of parts:
Image:l = fCy;Cy;:::Cj; g, Cy is thek™ contour;

Model:M = fP, P, ;::: Py, gwhereP, is thek™ part of the model and is a

family of global parameters controlling model deformation

We would like to select the best sub$éf' | and such that the shapes composed
by | *¢' and model part®, are most similar as scored by global shape descriptors (see
Fig. 5.2). Note that this is anotheet-to-setmatching since there might not exist a one-
to-one mapping between selected image contours and cgmibunodel con gurations,
even though they have similar overall shapes. For examjaegated contours might
span multiple parts. We introduce the contour selectioicatdrxs®' 2 f 0; 1g'/ * over

all contours in theentiretest image de ned as

8

. < 1 ContourC! is selected
(IMAGE CONTOUR SELECTION) X% = (5.1)

0 otherwise

Accordingly we introduce a set of con guration selectiodicatorsy?®* = fyk g over all

partsP, inthe model as
8

5 1 Part P selectscong 2

(MODEL CONFIGURATION SELECTION) yX =

-B 0 otherwise

(5.2)

Notice that since there is an in nite number of poses de ngd b resulting in an in nite
number of choices for our selection variables. We will shatei that the selectioyl on
model articulation can be decomposed and simpli ed to kaithoices by borrowing the
compositional power of a tree structure model. This probé¢atement is similar to the
one in Section 3.2. Parts with different con guration$X') replace contoursyf®) as

tokens in model representation to handle articulation. Siieges generated from the two
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(@) The articulated model (b) Sample points of joints (c)ePsleetch

Figure 5.3: Object model and articulation. The model defdiom is controlled by
joint positions. Once positions of two adjacent joiatandb are determined, shown in
andj in (b), the part can deform accordingly. This type of defaioracan be encoded
by the selection variablxaj?‘b on the model side. Continuous relaxation using LP produces
sketch-like rough pose estimations of parts, marked bywdfit colors in (c). Note that
for most parts, the values gﬁ‘b are very small. (b) also shows the sumyg)‘l’ at all the
sample locations for one joint, with red for large values bha for small values. These
values give the con dence of the joint locations. In thisesascorrectly locates the knee.

independent selection processes are then compared uslrag ghape descriptors (see the

middle part of Fig. 5.2).

Unknown segmentation/grouping presents a great challengey xed image shape
descriptors€.g.shape context). Fixed shape descriptors cannot adapt tothieinatorial
possibilities of grouping, each generating a differenttegth Without the correct group-
ing, background clutter and contours from other objectseeasily corrupt the useful shape

information and prevent global shape reasoning.

5.3.2 Generation of Model Active Descriptors

We rst construct a model representation to handle the gnoldf object articulations.

Model representation. We introduce a tree structured part based model anchored by
a collection of joint points. For the articulated human botihe set of joint positions
J controls the articulation of the model while the rectanigte-parts remain rigid. An

example of this model is shown in Fig. 5.3.
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Each model part includes two joint poingsb and a set of contours whose relative
positions to these joints are xed. Therefore each model gpears to be a rigid shape
template, described by, = f CK(a; g whereCX(a; b's are contours as a function of
a;h The image positiong(a);j (b) of the two joint points uniquely determine a rigid
transformation (translation, rotation, and scaling) & thodel part. In practice, we found
it suf cient to describe object deformation, though morenjgooints could be added in
general.

The collection of joint points; b; c; :::of all model parts uniquely de nes a legal pose
if the resulting template isonnectedat joint points. For example, the lower joint point
of a thigh has to be hooked with the upper joint point of a legi{a knee). The model
participates in the matching process as a set of contoursahgpose the parts, which are
a function of the compatible con guration of the joint panas shown in Fig. 5.3. We
need to clarify that it is not important in which way the camt® are fragmented on the
model side, as long as all together it composes a legal caatgn of joint points. Hence
the shape is measured as a whole and all the contours on thed sidel participate in the
matching process.

With the exact model representation, we re ne our part camaion selection variable

y¥ in eq. (5.2) to encode the selection of a model part con daraas follows:

8

b < 1 Jointais mapped to image sample poirdandb mapped tqg (5.3)
Vi = . .

0 otherwise
The model can also be de ned as a set of part con guratidns= fPa(i;j) : a;b2
J; i;) 2 Sgwith J andS being the set of joint points and the set of sample points. The
sample points are the possible placement of the model joimtg The set could be
as simple as rectangular grid locations. We would like teceh set of legal one-to-
one correspondences betwekandS, such that the shape of the model resulting from
these con gurations is as close as possible to the shapeassdpby the selected image
contours.

Now we are ready to express the holistic shapes by these madeton gurations.
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Shape Contexts (SC) centered at sample points are chosen laasic shape descriptors,
which is ideal for capturing the bending and rotation of bpdyts such as limbs. A model
contribution matrixV\M at sample point is de ned similar to the image contribution
matrix ;' in eq. (3.4):

VM (k;1) =# of points in bink from partP, (5.4)
Recall that the image SC is written as follows in eq. (3.5):

sd (k)= (V' x%®), (5.5)

It is straightforward to see that SC on model' can be generated similar to eq. (3.5),

depending on exponentially many combinations of model gamtgurations:

sa (k) = (V" yP)y (5.6)

We treatyP®" as a selection vector by concatenating all the joint poiletcsi®n indicators

yiineq. (5.3).

5.4 Computational Solution for Matching Holistic Fea-

tures

Our goal is to nd x%®" andyP®' such that they produce similar global shape context
features at the view points considered. For the model wéé structure de ned above,
we present an ef cient computational solution. The hatistiatching of selected image
contours and model deformation amounts to minimize theedifice betweesd and

sg”. This can be summarized by putting eq. (3.5) and eq. (5.@they:

(CONTOUR PACKING LP WITH MODEL SELECTION)

X X
min Di(sd;sd") = kv!' & xselyM o ypartg (5.7)
xsel ;ypart ) ]
X X |
st: z’= z}% 8j 2 J (Connectivity between parts) (5.8)
i k
X

zﬁ‘b =1; 8a;b (Uniqueness of part assignment) (5.9)
j
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The rst constraint ensures the connectivity between thghteoring parts of the model.
The second constraint ensures that each model part is pr&¥g¢ean relax this constraint
to account for possibly occluding or missing parts, esaéipintroducing selection on the

model side. We omit this extension for simplicity.

Direct optimization of the integer programming eq. (5.9 lsard combinatorial search
problem. Basically at each step of the search we need to @ pdatshape descriptors ac-
cording to the current image contour selection and moda@rd&ition and compare them
using eg. (5.7). To deal with the combinatorial nature ofgheblem we relax and solve
it using linear programming (LP). Essentially we exploitdar form of shape context
descriptors to formulate the holistic matching with comtand part selection. This tech-
nique enables us to generate the space of all the combialdaiures via precomputing

contribution matricey' andvM.

Discretization via Dynamic Programming (DP).Holistic search using the above com-
putational solution produces sketch-style rough estonadf the poses and locations of
joints (see Fig. 5.3). Rounding the linear programming smiuof yPa" directly does not
guarantee the selected model parts to be connected. Trere®search for assignments
of joints to image locations with the largest sum of conrawti/®2" while maintaining the
model structure. We optimizFe) (@:b)23 yﬁ-‘b wherey;’flb is the linear programming solution.

Since the model has a tree structure, the optimum can be fopadimple DP.

Our treatment is different from performing pictorial sttwe directly in two aspects.
First, searching for the optimgP?" has taken into account the global context beyond
pairwise part connections. In contrast, the pairwise costains much less information
and hence has limited discriminative power. Second we deetahlutilize salient image
structures such as long contours and large regions debpisemantic gap between them
and the model parts. Hence we do not need to design part detduich itself could be a

much harder problem than recognizing the whole shape.

Bottom-up driven sampling of joint points. The holistic search of pose should not

start purely in a top-down sense, and bottom-up groupingldhze exploited as much as
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possible. Contours and regions are grouped into symmeéthoms. Therefore, we detect
termination points on medial axis of these ribbons as catdglof the protrusion points
(e.g. foot). We start sampling all possible locations ofeofjoint points w.r.t these points
under part rotation and stretching (see Fig. 5.3). Thesethgses suggest possible model

part deformations and they are further veri ed by the hadisearch.

5.5 Experiments

Our approach is tested on a challenging dataset of basdagdrgmages collected from
the web as well as the one used in (Metial., 2004b). The dataset contains a wide
range of pose variations and severe background clutteiHjge®&.1 for an example). The

combination of these two factors makes pose estimationareitenging.

We start with contour grouping described in Chapter 2. Idpiees 100 contours for
each image on average. Since arms are often missing in tteboip contour detection
due to occlusion and confusion with background, we use thaetrantaining only head,
torso, and lower body with 7 joint points. For this experimeme take rough bounding
boxes as inputs since our focus is pose estimation ratheriyyothesis generation. We
sample candidates of joints in head, torso and upper leg godpoints in the image.
Additional sample joint points are extracted from termiofpoint of medial axis. Each
joints have roughly 50 sample points, which will geneis@e 100 = 7:8'2 hypotheses if
brute force search was done. Our linear programming searefcient: typically 20-30

seconds per images by itself.

We run our method using global shape context without imageoeo selection and
the results are much worse due to overwhelming backgrouwntecl We also test our
method using a smaller shape context window without s@lectirhe results are better
than the global one without selection but worse than largevath selection. This veri es
the importance of holistic matching. Active shape featwesntroduce are robust against
clutter and can accurately recover the correct poses. Quitseoutperform (Ramanan,

2007) which uses iterative PS, as shown in Fig. 5.4 (d), (e).
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5.6 Summary and Future Work

We have presented a holistic shape matching technique wddégfamable template for
pose estimation and segmentation of articulated objectsintkbduce the concept of ac-
tive context features and present an ef cient computatitnaanework for their compar-
ison. We demonstrate results in the baseball dataset butppuoach is general enough
for any other category of articulated objects. Future woid{udes the incorporation of
additional constraints on model deformation to furthetrresthe search space and the in-
troduction of part selection on the model side to deal witBsimg parts due to occlusion.
Future work also includes the incorporation of further bottup cues like segments to

help guide the model deformation.
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(@) (b) (€) (d) (e)
Figure 5.4: Comparison on baseball dataset. Joints withaheges are displayed on

top of the image. Subplots from left to right are: (a) Oridimaage; (b) Results of our
approach using large shape context window but without strgelection; (c) Results

of our approach using a small window again without contel¢ct®n; (d) Results in
(Ramanan, 2007); (e) Results of our approach. Our apprsadiie to discover the correct
rough poses in spite of large pose variations.
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Figure 5.5: More results on baseball dataset. Joints wittiahexes are displayed on
top of the image. Subplots from left to right are: (a) Oridimaage; (b) Results of our
approach using large shape context window but without strgelection; (c) Results
of our approach using a small window again without contelcmn; (d) Results in
(Ramanan, 2007); (e) Results of our approach. Our apprsadiie to discover the correct
rough poses in spite of large pose variations.
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Chapter 6

Region Packing

Salient objects tend to pop out as contiguoegions— a group of pixels that delineate
themselves from the rest of the image. As a complement tcooosit regions play an
important role in object detection. First of all, regionsweey global shape information
which is not available from local image features. Boundaakregions often contain half
complete object silhouettes whose shapes are clearly mezadge. Secondly, unlike con-
tours that could be open ended, regions are closed anddhegiecify the gure/ground
labeling of the image. The gure/ground segmentation eesuhe right spatial support
of objects, and blocks irrelevant features from clutterirdllg, segmenting the image into
regions helps to arouse visual attention to certain ohj&othaustive search such as scan-

ning the entire image could be avoided by reasoning sakgmbns and their surroundings.

In this chapter, we develop a packing framework that dethotsstic shapes from
bottom-up regions, extending contour packing in the prneviohapters. Starting from
region segments with bags of shape features, we try to paagegrand model features
into histograms. A subset of regions are matched to the mbthedy can pack the same
set of features as the model. Due to the different topologgegions, the underlying
combinatorial problem is relaxed to Semi-De nite Progra8®P) instead of LPs. This
formulation not only tackles the problem of region fragnaiuins, but is also able to

incorporate bottom-up grouping saliency into a uni ed fasork.
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6.1 Overview

The importance of regions to object recognition has longlveiced by many researchers
(Basri & Jacobs, 1997). Regions along with their boundaresused extensively to build
shape descriptions in medial axis (Blum, 1967), and itssssurs such as shock graphs
(Siddigiet al., 1999), conformal mapping (Sharon & Mumford, 2006), ancsBon equa-
tion based descriptors (Gorelig al., 2006). Regions provide a global account for ob-
ject shapes since they are large enough to capture the émygigeometric dependency.
They are also shown to be useful for searching and parsingra&al parts (Srinivasan &
Shi, 2007), as well as handling object deformation (Ling &alas, 2005). However, all
these methods assume that the segmentation of the enteet cbhjn be obtainea priori,
which is rarely the case in detection. The global regioredagescriptors change drasti-
cally when fragmentations and leakages occur in real imagiesnot clear how a shape
descriptor can guide the search over exponentially marigrdiit segmentations for the

desired shape.

Many works based on Bag-of-Features (BoF) exploit regiosomfbottom-up seg-
mentation as the spatial support of local featureseflal., 2009; Gupta & Davis, 2008;
Galleguilloset al., 2008; Malisiewicz & Efros, 2008). However, geometry as |vesl
object part information is completely missing in BoF. Sphtistogram on local features,
e.g.HOG (Dalal & Triggs, 2005) has put geometry back to the regmtion. However,
the extraction of these local features is independent of threlerlying spatial support.
Selecting the right features associated with the foregtaahes on discriminative classi-
ers, which usually requires a large number of training exées. The xed, rectangular
spatial histogram also poses the problem of object alignni®egions have been used in
verifying hypotheses from top-down classi ers in (Waegal., 2007; Ramanan, 2007),

showing the potential of reasoning the spatial support téatmon.

Inspired by all the previous approaches, we propegesn packinga shape matching

method that reasons the holistic shape composed by a sgiof iegments, and provides
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an ef cient search over their combinations. Region pacliegrs the same spirit as ear-
lier works that the overall rather than the individual shapeegion boundaries should be
measured. It incorporates a different shape descriptiam thedial axisetc using spatial
histograms with a large spatial extent developed in Ch&pt&his representation enables
exploiting the composition and closure of regions, such tdoabinatorially many seg-
mentations can be encoded compactly, and an ef cient seanctbe performed without

enumerating all the hypotheses.

The main technical challenge is the unpredictable fragatemts of region segments.
Boundaries between two segments can be either real or fglendang on which segment
is foreground. Removing these fake boundaries (and hencgimgehe regions) is com-
plicated by different fragmentations of images. To overedhis challenge, two recent
works (Guet al., 2009) and (Todorovic & Ahuja, 2008) are most related to quoraach.

In (Guetal., 2009), discriminative shape features are learned fromestypical” object
segments, and combined in a BoF way. In (Todorovic & Ahuj@80subgraphs in the
segmentation hierarchy are explicitly compared duringpshmaatching, which amounts to
memorizing all possible different fragmentations. Howesé&uctures of these subgraphs
might not be repeatable with limited training images. Ragiacking adjusts shape fea-
tures according to the set of regions that are merged to foenforeground, and therefore
unaffected by fragmentations. Unlike (@ual., 2009), we do not assume that individ-
ual region segments are simultaneously distinctive andatable. We also noticed that
regions are not fragmented randomly, hence they shouldenotdyged blindly. The pref-

erences from various bottom-up grouping cues can natutafjo the framework.

The rest of this chapter is organized as follows. We starith wie basic holistic re-
gion matching in Section 6.2. This problem is formulated dspartite graph packing
due to the topology of region. Then we develop an SDP-basg=imnation which can
compactly express bipartite graph packing. In Sectionv@e3show that various grouping
cues such as gure/ground, boundary saliency and junctamngurations can be read-

ily incorporated into the framework. The proposed appraadhsted on the challenging
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ETHZ Shape Classes in Section 6.4, producing comparahkisds the state-of-the-art

region-based methods.

6.2 Holistic Region Matching

The main problem to solve is to match object shapes composeegions in a holistic
way, without knowing which regions belong to foreground. S¥art by formalizing this

problem as follows.

De nition of holistic region matching. Given an imageé and a modeM decomposed

into two sets of disjoint regions:

Image:l = R} [ Ry[ :::[ Ry, with Rj being thek™ region andR{ \ R| = ;

for any two regions 6 j ;

Model:M = RY[ RY[ :::[ Ry , withR} being thd™ regionandR}\ RM = ;

for any two regions 6 |,

we would like to nd region subsets®®® f RlgandM s f RMg, such that their
boundary shapeB(l *¢') andB(M 5¢') match. Each regioR} andRM contains a con-
nected set of pixels. The opera®( ) is de ned as the boundary generated by the mask
of a region set. This can be written formally as:
B(R)=fx: N(x)\ | Ri6;; N(xX)\In ([ Ri) 6 ;g (6.1)
Ri2R Ri 2R

Herex is a pixel andN (x) represents the set of its neighboring pix&ls 8 neighborhood).
Since bottom-up region segmentation could also have uigadde fragmentations that
are different from the model (see Fig. 6.1), we adapt thacsset matching paradigm
developed in Chapter 3 to overcome this representatiorigoroim the following sections.

Before diving into the solutions to the problem, we woulcklito highlight two key
conceptual differences between region packing and comp@acking. First, using regions
as the basic units in packing explo@®sure a stronger constraint than its contour peer:

the object boundaries have to be closed. In contrast, a sgperf contours could be
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Figure 6.1: Overview of region packing. The rst row shows tmput image and
model with different boundary fragmentations. In the setoow, we construct bipar-
tite subgraphs whose nodes are foreground and backgrogiuhsaespectively. The g-
ure/ground partitioning generates bipartite subgraphese edges correspond to bound-
ary fragments (marked with color in the graph). Our goal ipdok these bipartite edges
such that the overall shapes from image and model are a gowmthma

disconnected due to gaps, and susceptible to accidergahatint. Regions rule out this
possibility by completing contours into a closed object taary. Second, regions bind
far-away contours that are not linked by bottom-up contaouging. For example, the
contours on the left and the right side of the mug handle cacobpaected by a region
in Fig. 6.1. With these combined contours, ribbon-like ss®pecome much easier to

recognize.

6.2.1 Bipartite Graph Packing

Our goal is to detect a set of object regions whose boundfmiesa shape similar to the
model. Fundamentally the overall shape of the region segtisrchined by both of the
foreground and background regions. A boundary fragmerggmts in the shape if and
only if exactly one of its two adjacent regions belongs toftireground. It is this unique
topology that brings us to the bipartite graph packing repnéation.

We consider the following combinatorial problem for hatigiegion matching:
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De nition. Given a graplG = (V; E) where
Graph node¥ = fRy;Ry; ::i; Rng represent image regions.

Graph edgek = fBj : Bj = B(R;)\B (R;)gcorrespond to boundary fragments

shared by adjacent regions.

Given any partition of regiony = F [ F with F as foreground an& as background,
we evaluate a shape cost functiGp(F; F) to measure the shape similarity of boundaries
formed byF andF compared to the object model. For holistic shape matchiegpese
the question: can we nd an optimal bipartite subgr&hh,(F; F) minimizing shape cost
Co(F;F)? We refer to this general problem bipartite graph packingsince the cost
Cp(F; F) is determined over a biparitite subgraph.

An appropriate shape cost functi@g(F; F) plays an important role conceptually and
computationally. If there exists one-to-one correspordsrbetween image and model
boundaries, one can de r@(F; F) as a linear combination of cost¢; on the edgeg;; .
Minimizing a linear cost results in standard graph-cut pgois (MinCut or MaxCut).
Because of the unpredictable fragmentations of image melgoandaries (see Fig. 6.1),
set-to-set matching on region boundaries arises. A simmal cost on bipartite graph is
insuf cient to match the holistic shapes of two set of bounea We adopt the Context

Selective Shape Features in Chapter 3 as:
Co(F;F)=kV' x sdk;; x2f0;1gF! (6.2)

with x = 1 if and only if edgeE, is a bipartite edgd,e.E, 2 E(F;F).
The bipartite graph packing with cost eq. (6.2) can be reduoecardinality con-
strained and multicriteria cut problems (Bruglieti al., 2004; Bentzet al., 2009), as

stated by the following theorem:

Theorem 6.1. The bipartite region graph packing problem consists in mglian optimal
bipartite subgraphGsun(F; F) of the region graptG, which minimizes co€,(F; F) de-
nedin eg. (6.2). It can be reduced to a cardinality consiragl and multicriteria cut prob-

lem on a graplGlassociated witlR positive edge weight functioms? ... w(R) according
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to R criteria. The cardinality constrained and multicriteriatproblem seeks a c@ with
P P
. : . < ad- )k
cardinality atleasd: ¢ ,c1 d andallR criteria are satis ed: ¢ ,c W &

fork=1;2;:::;R.
Proof. Please see Appendix for details of the reduction. O

The cardinality constrained and multicriteria multicubplems are in general NP-
hard, as shown in (Bentet al., 2009). Therefore, nding a computationally feasible

approximation is the key to solve the original problem.

6.2.2 Approximation via Semide nite Program (SDP)

We seek a relaxation to the above bipartite graph packingdtation via Semide nite

Program (SDP), which has provided polynomial time appr@tions to many NP-hard
problems such as MaxCut (Goemans & Williamson, 1995). IfdHewing sections, we

will also demonstrate various constraints such as junatmngurations can be conve-
niently encoded in the SDP formulation.

First we de ne the region selection indicato? R" as:

8

< +1; ifregionR; 2 foreground
(REGION SELECTION INDICATOR) I = (6.3)

1; otherwise.

Note that the de nition of is different from theD=1 contour selection indicator in Chap-
ter 3 for simplicity in the subsequent formulation.
Next we introduce a graph indicator mat#@x2 R" " to be the Gram matrix of the

region selection indicatar.
(GRAPH INDICATOR) Z=rr" (6.4)

Each entryZ; is also a+1= 1 indicator, with the diagonal to be onegj = 1. The
graph indicatoZ fully characterizes a bipartite subgraph with noéles fi : r; = 1g,

F =fi:ri= 1g, andbipartite edges(F;F) = f(i;j): Z; = 1g. MoreoverZ isa

However, MinCut which represents a single criteriawithoutany cardinality contraints, can be solved
in polynomial time.
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positive semide nite matrixZ  0because for any vector, we haveu™Zu = u'rr Tu =
(r"u)> 0. a counterpart of the contour selector, we uskhselection indicatoxs®

to specify gure/ground labels on boundary fragments that shared by two adjacent
regions. These boundary fragments serve as the basicribthcks of the object shapes
just as contours in Chapter 3. Boundary fragments behafereiitly than contours in that
they can only be packed if exactly one of its two adjacentaegiappears as foreground,

i.e.
Xf=1, (n=17r= 1_(n= 171 =1) (6.5)

This constraint can be rephrased in term&of{l Z; )=2 = xﬁe' sinceZj = rir;j.

The overall shape composed by selected regions needs tdibtchtly matched to
the model shape. We adopt the contour packing cost eq. (8.#)eapacking function
C,o(F; F) on bipartite edges, measuring the shape dissimilarity et afsboundary frag-
ments generated by the selected regidns For each control point correspondence, the
shape dissimilaritkv' x%¢' sc" k; depends on which boundary fragments are selected
by x%¢', with the contribution matrix of boundary fragments precomputed. We sum-

marize all the above components into the following SDP:

(REGION SELECTION SDP)

max kv' x%¢  sd'k, (6.6)
st: 1 4 x;¥; 8R;;R; separated by fragmeht (6.7)
diag(z) = 1 (6.8)

Zz 0 (6.9)

If the rank of matrixZ is 1, the optimal SDP solution is exactly the optimum of bipartit
graph packing. The non-convex constraiabk(Z) = 1 is dropped to obtain an SDP
problem, which is solvable by off-the-shelf SDP packagedterAsolving the optimal
graph matrixZ , we recover by computing its largest eigenvector. A binary selection on

regions can be obtained by thresholding the continuouseagtor.
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(a) Object boundary (b) True boundary 1 (c) True boundary PFéise boundary

Figure 6.2: Figure/ground labeling on boundaries. The damwhof a swan along with
its foreground region is shown in (a). In the circled areffiedent gure/ground con gu-
rations exist and need to be distinguished. Two true boueslarth opposite directions
in (b) and (c) appear due to the parallelism. (d) shows a fatgendary with incorrect
gure/ground labeling.

For the convenience of further discussion, we introducecéovization operatosvec :

S" 71 R"("*1) =2 on the symmetric matri¥ 2 S" as:

pP_ P_
svec) = [Z11; 2Z12;Z22;%%5 2Z(n 1yni Znn]" (6.10)

An important property of the operatsrecis that it translates matrix inner product into
vector inner producttr(Y Z) = svec(Y)Tsvecg). This allows us to de ne a transfor-

n(n+1)

mation matrixT 2 R™ ~ =z  to represent all the linear constraints in eq. (6.7) such tha

T svecg) = x*¢. Note that sinc&; = 1, every entryx$® = % in eq. (6.7) can be
written as a linear form isvecg). With the above notations, region selection eq. (6.6)

can be expressed more compactly as:

max kv!' T svecg) sc'k; (6.11)

st: diag(Z)=1; Z O

6.3 Representing Grouping Constraints

Expressing bipartite graph packing in a SDP form enablesrakimportant extensions to

bottom-up grouping constraints.
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6.3.1 Figure/Ground

Up to this point we have not taken into account the gure/griabeling of boundary
fragments. Selection of a boundary fragment does not gpetiich side of the fragment
belongs to the foreground object. In eq. (6.6), ipping tlegion indicator fronr to r
produces the sani®, and hence does not change the packing cost. This meansdoneg
and background are exchangeable for region packing. Todygthés problem, we add a
ctitious nodery = 1 to represent the foreground. Any regions partitioned tosthme
side as the ctitious node will be labeled as foreground. sTiinendment adds one row
and one columntd with Z;o = r;. Accordingly, boundary fragments become directional:
the foreground region is always located on the right siddefltoundary. The boundary

selection indicators are split into two copiel' = x§¢ + x$¢' de ned as follows:

rh+1 1 r _ Zio Zjo Zij +1

@ =(rn=n"= 1= 5= 4 (6.12)
1 r r +1 Zio+ Z: Zi +1
X = (1= 1)A(r =1)= 2“ i —= oo (6.13)

Indicesi, j, k+, k are organized in the following way. When traveling along thie
rection ofk+, the positive one of;, r; (foreground region) lies on the right side of the
boundary; it lies on the left side when traveling aldng (see Fig. 6.3).

The shape features also need changes to be compatible fgutieédground speci -
cation. We split each edge orientation bin of shape contégttivo bins, encoding edges
pointing opposite directions. Now the contributions«f andx®' to the shape descrip-

tors are separated, and therefore a mismatch of gure/grouithbe penalized.

6.3.2 Boundary Saliency

True objects not only match model well, but pop out from thekigaound. Saliency of
segmentation can reduce many false positives by penaliaimdgomly packed segments,
and favoring segments that can be easily cut out of the baakgr(see Fig. 6.3.2). There-

fore, we introduce region grouping edgesg whose weights encode how well the regions
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(a) Original Image (b) Segmentation with 60 regions  (c) Biany saliency

Figure 6.3: Binary region boundaries alone are insuf ciempop up object shapes. (a)
shows an image containing mugs and bowls clearly discextriibim background. Re-
stricted to binary region boundaries in (b), objects areaurded by fake boundaries in
the background (lower part of the image), and hence becassesldient. In (c), boundary
saliency helps to re-group over-fragmentations of objeSegmentation boundaries are
colored by strengths from low (blue) to high (red).

can be grouped together. We denote the bipartite edgeopsdyide ned for packing as
E = E,. The two different types of edges, packing edggsand region grouping edges
Eg, encode independent information: one for the global shap#esity to the top-down

model, and one for the saliency from bottom-up grouping.

Our goal is to minimize the co&,(F; F) over the packing edges aij(F; F) over
the region grouping edges simultaneously, with both de oedthe bipartite subgraph
(F; F). The costCy(F; F) is represented as the cut betwderandF in the graph as in
the graph partitioning framework such as NCut (Shi & Malik0R). In terms of graph
indicator matrixZ, the cut cosCy(F; F) can be written asr(Wy Z) whereWj is the
weight matrix of the region grouping edges. As well known magh partitioning, the
cut cost alone biases on “shorter” boundaries (Shi & MalQ@ and smaller regions.
We introduce a normalization fact®,(F;F) = 17 V' T svecg) analogous to the
degree in the graph partitioning setting. The normalizefid@tor measures the total length
of selected boundaries, and hence approathiéso foreground regions are selected.

In summary, we would like to optimize the following cost whicombines packing and
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grouping:

Co(F; F) + Cy(F; F)
Dy(F; F)
kv! T svecg) sc'ki+  sveciV,)'svec@)

- 1T V! T svec@) (6.15)

Cp+g(F;F) =

(6.14)

In spite of the normalization, the optimization problem €15) can still be formu-
lated as SDP by introducing a normalized matfix= Z=[1"V'T svec)]. Because
the normalization factot™ V' T svec@) > 0, the matrixY is also positive semide nite,

resulting in the following SDP:

max kv! T svecly) sc” Yuki+  sveciVy) svec(y) (6.16)
st: 1"V'T svecy)=1 (6.17)
diag(Y) = Y1 (6.18)
Y 0 (6.19)

Since we construct the graphs on the region segments ratreimage pixels, group-
ing weightsWy directly include global grouping saliency. The weidhy(i;j ) between
region segment; andr; are computed by:

o2

Wq(ij) = exp( 5'5)iCut(ri; ;)] (6.20)
wherejCut(r;;rj)j is de ned as the boundary length between the two segmentg& Th
termd; is the geodesic distance in the eigenvector embedding sadd¢€uts between
cluster centers of; andrj. The geodesic distance computes the shortest path distance
on weights de ned as the point density in the embedding sfaeed by eigenvectors.
This measures how well the two regions can be separated. Weédike to pointed
out the advantage of de nin@/y on the output of segmentation rather than original edge
magnitude, which makes the overall cost insensitive to er@mtrast changes. Moreover,

because entries W, are normalized by the corresponding boundary lengths,hieet

termsCp (F; F), Co(F; F), andDp (F; F) in eq. (6.14) are balanced.
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6.3.3 Junction Con gurations

Over-segmentation of regions can cause many false pasitivéhe case of over-segmentation,
the selection on region boundary fragments has too muchdree- the selected bound-
aries can easily hallucinate a model shape by making anpitnans. Boundary saliency

cost avoids fake boundaries to some extent, but the adgiémalty in eq. (6.20) loses its
power when the fake boundaries are short. Fig. 6.4(a) shoypsaal example. The short-

cut at the boundary fragment on the mug handle enables adatsetion. The selection

on the boundary fragment only pays a small penalty, yet hagraant effect on the

overall shape structure.

Junctions formed by several adjacent regions are goodgtadaspect. We have no-
ticed that the undesired shortcut usually occurs at junstiormed by two salient bound-
aries and one weak boundary (see Fig. 6.4(b)), This indidate the two regions sepa-
rated by the weak boundary tend to merge in the coarser légebmentation. Restricting

the region selection not to segment the two regions may eechany false positives. This

1 r = 1
! rg =+1
I
I ri =+1
|
(a) Image | (b) Invalid junction (c) Image 1l (d) Valid junotn

Figure 6.4: lllustration of the junction con guration andfase positive. (a) shows an
accidental alignment of the swan, where the region bouadganake a wrong turn without
paying large penalties (marked in yellow rectangles). Tovenolary strengths computed
by eq. (6.20) are also displayed on the gure, increasingftdue to red. A schematic
diagram of regions is shown in (b). Region packing only cleso®gionr; (+1= 1
means foreground/background). This creates an incormotdary fragment and makes
the strong boundary leak to the background. Note that agtonndary leaking to the
foreground is very likely due to a salient object part (topt pathe mug in (c), (d)), and a
weak object boundary.
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grouping cue is asymmetric for gure and ground. The stroagrimlaries are more likely
to extend to the foreground when it surrounds a salient olpjadt (see Fig. 6.4(c)), than
leak to the background. Leakage to the background couldrataisalient object in the
background is occluded by another object with a weak boyndBut in practice this
scenario is very rare.

This gure/ground constraint can be written as a logic stegat on the neighboring
regions. Letri;rj;re 2 f 19 be the selection indicators on the incident regions at the
junction, with regionsR;, R¢ separated by a weak boundary fragment. Then a valid

con guration satis es:

(ri= 1) (r=ry (6.21)

The above logic statement rules out cases wherel and exactly one of; andry be-
longs to the background;(& r\), implying the strong boundary leaks to the background.

Expressed by the graph indicator this becomes a simple linear constraint:
Zoi + ij 0 (622)

An alternative to the above constraint is to utilize the quéhie cost function. This can
be done by adding slack variables to eq. (6.22) and minimittie sum of these slacks in
addition to the original cost.

Generally, other types checking on junction con guratianspossible. Any cost func-
tion involving a 2-CNF (conjunctive normal form) logic statent over the regions can be
tightly encoded in SDP (Goemans & Williamson, 1995), sidgeandl Z;, represent
XOR and NOT logic respectively. Higher order CNFs can alwdgsomposed into 2-CNF

via auxiliary variables, but with weaker relaxations andenexpensive computations.

6.4 Experiments

Region packing is demonstrated by detection using onlyeslfiegtures on ETHZ Shape
Classes (Ferraet al., 2007a). A similar experimental setup as Chapter 3 is addpte

this task.
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6.4.1 Implementation

We start with region segmentation from multi-scale Normedi Cuts (Couet al., 2005).
Boundary saliency of regions de ned in Section 6.3 is usedddition to binary region
boundaries. For the nest scale of detection, 60 segmeetsised for region packing to
capture small objects. The number of segments are invepseportional to the detec-
tion scale, down to 30 segments for the coarsest scale. Tie Window shape context
descriptor consists of 12 polar angles, 5 radial bins andgg extientations. Note that
edge orientations different by encode the same boundary fragments with opposite g-
ure/ground labels. Hence the number of edge orientatiashsubled compared to the one
in contour packing.

We generate object hypotheses by a voting process. Cowirds@are uniformly sam-
pled on image region boundaries as well as the model shapedbou The correspon-
dences of these control points give alignment of the modgbsio the image. The spatial
extent of regions gives great advantages on the searchtmeotrespondences. Regions
which have a signi cation portion of boundary outside thgeaib bounding box can be
pruned. Selection on the leftover segments can be evaleatexuistively if their number
is small ( 12). This enables reduction of correspondence hypothesigai@n from
around 4000 down to under 500 on average per scale. For eadiniag correspon-
dence, we use the publicly available solver SeDuMi (Sturg99) to compute the SDP
solution in eq. (6.6). To adapt to scale variance, votinglgéat centers is performed in 5
to 7 scales for each category. After identifying object eetypotheses from the voting
map, regions are selected jointly across all corresporesath@t agree on the object center,
similar to eq. (3.12). The nal region packing cost is comguitising these consistently
selected foreground regions.

Region boundaries do not contribute equally to the holsiect shape — some parts
are more salient than the others. For example, the handheahtig is critical for recog-
nizing its shape. The region packing cost from differenttaarpoints and shape context

bins should re ect this distinction. We borrow the idea fréatent SVM (Felzenszwalb
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et al., 2008) to learn shape feature weights that are most distaime for classifying
positives and negatives. The feature weights are de nechdemupacked and over-packed
valuesb™, b at each bin. Note thdl", b depend on the region selection. We learn the
weights in a coordinate descent way which optimizes featgights and region selections
alternatively. The feature weights are optimized by:

. 1, o, X
min ékwk +C i (6.23)

w=(w*;w ) j

sty [(w)'™g +(w)'h] 1

w'w 0

The iterations converge in 3 to 5 steps. We split the datagetiaining and test set in the
following way. For each category, half of the positive imagee used for training, with
the other half for testing. The same number of negative image added to the training

set, sampled uniformly from the other 4 negative categories

6.4.2 Quantitative Comparison

We quantitatively evaluate the performance of region pagkind compare with state-of-
the-art via Precision vs. Recall (P/R) curie Region packing achieves overall results
superior or on par with the previous state-of-the-art w@Maji & Malik, 2009; Guet al.

, 2009; Felzenszwalbt al., 2008; Luet al., 2009). Table 6.1 summarizes the Average
Precision (AP) on each category and the whole dataset. Artwsg works, (Gt al.

, 2009) is most related to our approach since it is also rebased. Unlike (Guet al. ,
2009) which has texture and color features in addition tpeheegion packing only uses
shape feature. This shows that our framework does captergltibal shape of region
segments despite different fragmentations, because sthape on individual segments is
not distinctive. If necessary, other features such as textnd color can be incorporated

to region packing in the same way. Also we would like to paimt that our training set

2We choose Precision vs. Recall (P/R) instead of Detectida ®Ra False Positive Per Image (DR/FPPI)
because DR/FPPI depends on the ratio of the number of positid negative test images and hence could
introduce bias to the measure.
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Applelogos| Bottles | Giraffes | Mugs | Swans|| Average

Region Packing 0.866 0.902 | 0.715 | 0.786| 0.730 0.800

Region Packing (50% split) 0.878 0.908 | 0.772 | 0.829| 0.890 0.855

(Srinivasaret al., 2010) 0.845 0.916 | 0.787 | 0.888| 0.922 | 0.872
(Toshevet al., 2010) 0.983 0.936 | 0.713 | 0.718| 0.973 | 0.865
(Maji & Malik, 2009) 0.869 0.724 | 0.742 | 0.806| 0.716 | 0.771

(Guetal., 2009) 0.772 0.906 | 0.742 | 0.760| 0.606 | 0.757
(Lu et al., 2009) 0.844 0.641 | 0.617 | 0.643| 0.798 | 0.709

(Felzenszwalket al., 2008) 0.891 0.950 | 0.608 | 0.721| 0.391 | 0.712

Table 6.1: Comparison of region packing and the latest stiafeetion works on average
precision (AP)y: Same train/test split as (Srinivasatral.2010),i.e. taking 50% positives
as training examples, with the same number of negativesoralydsampled from other
categories.x: Same region packing algorithm gsbut split train/test as (Toshest al.
2010), which includes 50% images as training set (larger (Bainivasaret al. 2010)).

is smaller than (Get al., 2009) (but the same as (Maji & Malik, 2009)), containing é&w
negative and the same number of positives. This means tfiatneacking will have better
P/R if the train/test split follows (Get al., 2009). The recent work of (Srinivasanal. ,
2010) uses contour packing presented in Chapter 3, but wathichinative SVM training.
Contours give a strong boost to objects with elongated &tres such as Swans and hence
outperform its region counterpart (see Table 6.1). Alsmdudes an extra re nement
stage on control point correspondences to better handje tbject deformations, such as

aspect changes (Mugs) and articulations (Swans and Giyaffe

Region packing presented in this chapter is conceptuatijiai to boundary structure
segmentation in (Toshest al., 2010), but developed independently. Both approaches
leverage regions as integral tokens for object shape rémgand match region bound-
aries using holistic shape features. Computationally 8emite Programs (SDP) provide
an approximated solution to the combinatorial matchindpfenm. Also both uses SVM on

top of holistic shape matching to boost the discriminatigev@r of the shape descriptor.
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The major differences between the two methods are: 1) thedasy feature in (Toshev
et al., 2010) is a correspondence-less spatial histogram, whépescontexts in region
packing depend on the correspondence of the center poimip&ed to shape contexts,
the boundary feature in (Toshetal., 2010) imposes a coarser binning to the spatial re-
lationship of contour points. Hence it has the advantagé cket detection without the
burden of an explicit correspondence search. On the otht, lits discriminative power
on shape can be limited because unrelated pairwise spattibns can fall into the same
bin. 2) our region packing feature does not include locakettintrast as in (Tosheat al.

, 2010), which is sensitive to speci ¢ datasets. Note thatembedding distance in Sec-
tion 6.3.2 is a global boundary measure rather than a loaal and immune to image
contrast change. Due to the common philosophy and algousign, the two methods
achieve comparable results on ETHZ dataset with the sanmétést split, as shown in

Table 6.1.

Region packing successfully identi es the correct gunefgnd selection in most im-
ages (see Fig. 6.6, Fig. 6.7, Fig. 6.8, Fig. 6.9, Fig. 6.1Qdprdetections). The selected
foreground regions generate a boundary shape that is isialilar to the target shape,
and follows the grouping preference as well. In severalxaseh as bottles and mugs,
regions break into many segments with complicated shapegalinterior marking of
the objects. Local shapes are insuf cient to choose thet figieground, and reasoning
boundary continuity is easily confused by numerous jumstio Typical false positives
have similar global shape to the model, but lacking the ragtailed shapes, or violating
region connectivity. We expect a signi cant improvememntafnement on the correspon-
dence search and detailed shape matching is employed. Mestsroccur due to large

shape deformations as shown in Fig. 6.11.

We also tested in uences of different components in regiacking in Table 6.2 and
Fig. 6.5. Latent SVM learning signi cantly improves the aage AP from 0.665 (voting
only) and 0.659 (with grouping cue) to 0.800 (with both). &l¢hat the gure/ground

group cue could hurt the precision for deformable objecthsas Giraffes. However,
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(a) Applelogos (b) Bottles (c) Giraffes (d) Mugs (e) Swans

Figure 6.5: Precision vs. Recall curves (PR).

w/o SVM | w/o grouping| Full system

Overall AP 0.665 0.659 0.800

Table 6.2: The effect of different factors in region packing

since the constraint regularizes the region selection,akes learning feature weights

easier and hence gain signi cant boost after training.

6.5 Summary

In this chapter, we have proposed a novel feature packingeingork using bottom-up
regions to recognize shapes. Starting from fragmentedmsgwe try to assemble a subset
of them into the model shape such that their overall bounslaapes are similar. A subset
of regions are holistically matched to the model if they cackpthe same set of shape
boundary features as the model. Due to the topologicaloelstip between regions and
their boundaries, the holistic shape matching is formdla® a bipartite graph packing
problem. The combinatorial search of bipartite graph pagkian be approximated and
solved ef ciently via SDP. We extend the formulation to imporate various grouping
cues, and unify all these components in the graph partitgpsetting. The framework
has shown results on ETHZ Shape Classes comparable withatteeas-the-art region-
based methods, with less reliance on features other thgreshBhe promising results
are largely attributed to the ability to overcome arbitreggion fragmentation and utilize

region-based grouping cues.
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Figure 6.6: Top 20 detections on Applelogos. Detectionsareed by scores from high to
low. The continuous values of region selection indicater@ored on the corresponding
regions from white ( 1) to red ().
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Figure 6.7: Top 20 detections for Bottles. Detections argesoby scores from high to
low. The continuous values of region selection indicater@lored on the corresponding

regions from white ( 1) to red ().
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Figure 6.8: Top 20 detections for Giraffes. Detections antesl by scores from high to
low. The continuous values of region selection indicater@ilored on the corresponding

regions from white (1) to red ().
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Figure 6.9: Top 20 detections for Mugs. Detections are ddoiescores from high to
low. The continuous values of region selection indicater@ored on the corresponding
regions from white ( 1) to red ().
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Figure 6.10: Top 20 detections for Swans. Detections areddry scores from high to
low. The continuous values of region selection indicater@ored on the corresponding
regions from white ( 1) to red ().
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(a) Applelogos (b) Bottles  (c) Giraffes  (d) Mugs (e) Swans
Figure 6.11: Typical misses for all ve categories. Trueifiges with the lowest scores.
The gures are sorted by score in ascending order from topttom.
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Chapter 7

Conclusion

Exploiting global contexts to detect and recognize complatterns while keeping the
search computationally tractable has been a fundamesta isot only in computer vi-

sion, but also in the broad area of arti cial intelligencen this thesis, we consider this
problem in the setting of detecting shapes from natural esagth various complexities.

Unlike other patterns such as textures which may be loceltpgnizable, shape is typi-
cally perceived as a whole — it is fundamentally about thégllgeometric arrangement of
a set of entities. With few distinctive local shape featureasoning on individual entities

without examining their surroundings is bound to be unkdéa

Traditional contextual models such as Markov Random FigWIRF) face two dif -
culties on this problem. First, only short range contextakdtions are usually considered
in these models. Pixels are connected within a small neidiidmal, and model parts have
constraints only if they are nearbg.§.pictorial structures). This limited scope is caused
by either the fact that background can corrupt the long raatgions, or lacking cues to
generate such constraints. Second, the contextual rededi@ often restricted to pairwise
constraints to ensure computational tractability. Howewvmst shape con gurations can-
not be decomposed into the summation of pairwise checkssifif@est case is a straight
line whose valid veri cation involves at least three poirdsy pair of two points can form
a line and therefore does not give any information on the thgsis. In general, robustly

matching a shape requires simultaneous reasoning over emitigs. In this thesis, we
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have developed a principled approach that addresses thext@sue from the following

aspects:

1. We identi es the underlying generic structures that oegpthe inherent correlations
of a long sequence of points, independent of the model. Sjpdlg] Chapter 2
introduces a novel topological formulation for groupingitmurs. The mechanism
is able to extract topologically 1D image contours robustitter and broken edges,
and generally applicable to grouping and segmenting dataihg a parameterized
structure (.e. a manifold). Part of the work in Chapter 2 was published in&tal.

, 2007).

2. The set-to-set matching method we developed in Chapt@eBsa path towards
utilizing the context arising from a set, going beyond trelitional pairwise con-
straints on tokens. This was made feasible by a holisticeslfegiture that can be
adjusted on-the- y according to the context from gure/gra selection. The re-
sulting combinatorial problem of matching can be optimiaed bounded by LP-
based primal-dual algorithms presented in Chapter 4. Péneovork in Chapter 3
was published in (Zhet al., 2008; Srinivasaet al., 2010). The review on primal

dual algorithms in Chapter 4 is based on (Zhu, 2009).

3. Additionally, we are able to incorporate more sophisédastructures into the con-
textual shape reasoning. Chapter 5 extends the holistimapip to match image
contours with an articulation model represented liyea In Chapter 6, the basic
shape tokeng,e. regions, do not generate shape features by themselvesthl is
differenceof a region and its neighbors in terms of gure/ground setetproduce

boundaries forming object shapes. This property bringsgartite graph packing.

We have noticed several future directions worthy of furiésguloration:

1. Interaction between grouping and shape matching. Aghdhe holistic shape rea-

soning requires extraction of discrete, big structuresifbmttom-up grouping, this
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does not mean that grouping and shape matching have to lwerped in a sequen-
tial, feed-forward way. The feedback from top-down shap&hiag can potentially
resolve ambiguities in bottom-up grouping. For example,edl matched incom-
plete shape can guide the search for missing segments damtddundaries and

leakages. The integration of the decisions on the two pseseis preferred.

. Integration of regions and contours into the packing taark. We have devel-
oped and demonstrated contour packing and region packipagagely in Chapter 3
and Chapter 6. Contours express elongated boundary seaattnile regions cap-
ture boundary closure and gure/ground segregation. Theptementary role of
contours and regions suggests that combining the two intoghescomputational

framework would further reduce false shape detections.

. Designing better deformable model representation. fédeliased model we used
in Chapter 5 is a special case of AND/OR graph (Zhu & Mumfo@D®&), which is
more suitable for representing models with multiple prgpets and occlusions. Itis
also important to consider how to exploit features gendratan the intermediate

level of AND/OR graph.

. Finding common shapes in multiple images. In all the caiatjponal paradigms, we
dealt with holistic matching between only two shapes. Discimg common shapes
from multiple images would be interesting from both praait@nd theoretical point
of views. In addition to spatial context contained withirclkeandividual image,

context across all the images needs to be investigatedifoptbblem.

. Extension of primal-dual algorithms to model selectio @#egion packing. We
have merely scratched the surface of employing these idesssatch and bound the
resulting general packing problem. Additional structusesh as bipartite graph on
the image side and tree or AND/OR graph on the model side drexpioited. We
believe that more ef cient combinatorial algorithms andgedures can be designed

by incorporating these new structures into the oracle.
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Appendix

A.1 Proof of Theorem 2.1

Theorem 2.1 The necessary condition for the critical points (local nmaa) of the fol-

lowing optimization problem

Rex"Px e ' )

A1
D xiix (A1)
is thatx is an eigenvector of
1 [ T 4
M( )= E(P e +P € ) (A.2)

Moreover, the corresponding local maximal value is the eigdue (M (  )).

Proof. Letx = X, + i X, wherex, andx. are the real and imaginary partsxf The

original problem can be rewritten as

max (X; Px; + X PXx;)cos  +(x/Px. X Px)sin (A.3)
sttt XX + XX =1 (A.4)
Xr;Xe 2 R” (A.5)

Hence, the Lagrangian has the following form witlas the multiplier on the constraint:
L=(X/PX + X PxJ)cos +(X/Pxc X.Px/)sin + (X/X +Xx.x. 1)
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By taking derivatives of the Lagrangian, we have

L .
%:(PT+P)COS X, +(P  PT)sin Xc+2Xx,=0 (A.6)
%‘:(PT + P)cos  xc+(PT  P)sin X, +2%X.=0 (A.7)

Setting the above derivatives @ogives all the local maxima of the original problem
(2.1). Notice thatP is a real matrix, we obtain the following equation by combai
eg. (A.6) and eq. (A.7):

P+P! cos +1i PT_P
2 2

[

sin ] (Xp+i X¢)= Xr+i %) (A8)

Thereforex = x, + i X is a real eigenvector of matrix:

P+PT . PT P
M( )= cos +i sin (A.9)
2 2
1 . .
= E(P e' +PT € ) (A.10)

with eigenvalue . Notice thatM () is a Hermitian matrix and hence all its eigenval-

ues are real. By substituting eq. (A.6) and eq. (A.7) backeoariginal cost function we

have
(X, PX; + X{PX)cos +(X/Pxc X Px)sin = (XX + X.Xc)=
(A.12)
The local optimal values are exactly the correspondingreigiees oM ().
O

A.2 Proof of Theorem 2.2

First we prove the following lemma:
Lemma 1P r(i; m) can be expressed in terms of eigenvalues and eigenvectoassition

matrix P 1:
X X
Pr(i;m) = MUV + Re( ["Uj Vi) (A.12)

j real j complex

To simplify the analysis, we assume tRats diagonalizable inC" " and achieve this by perturbing
P. Forany 2 R, there exists diagonalizabf@ such thakP Qk < .
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where | is thej ™ eigenvalues oP andUj is thei™ entry of thej™ right eigenvector

andV; is thei™ entry of thgj ™ left eigenvector.
Proof. By simple induction one can prove that
Pr(iym)=(P™); (A.13)

Here(P™); represents the entry at ravand columrj .

Consider the eigenvalue decompositioriPof
P=U U1 (A.14)

Here = diag( 1;:::; ») andU is a nonsingular complex matrix whose columns are
corresponding eigenvectous; :::; u,. Since eigenvectors are not necessarily orthogonal,
U ! is not equal taU" in general. However, rows df ! are left eigenvectors d®,

i.e.(U )T = V. The power ofP can be easily computed by

P"=U MU ! (A.15)
We can write(P™);; as
(P™i = (U ™U Y (A.16)
X
="y My (A.17)
j
X X
= MUV o+ Re( ["U; Vi) (A.18)
j real j complex

Eq (A.18) comes from the fact that; andV; are all real if ; is real and all complex

eigenvalues appear in pairs. O

With Lemma 1we can easily prov&éheorem 2

Theorem 2.2(Peakness of Random Walk CyclBg); T ) can be computed by the eigen-
values of transition matrife
,- Re(ﬁ Ui Vi)

R(:T)= P
jRe(ﬁ Ui Vi)

(A.19)
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t T kW k Uk t+m
Image C1
Wij = &g
Model C, Cut(Cy; Co)
m m t+m
(a) Packing one bin (b) The corresponding graph cut

Figure A.1: Reduction from packing to MaxCut. (a) is a simg@se where there is only
one bin. The red blocks represent image contours nbdekhe green blocks are nodes
for model partsM and the yellow nodes is the ctitious nodé/,g. Image or model
background nodes are shaded. (b) shows the corresponeiply gut of the packing.

Proof. FromLemma 1it is straight forward to get

hS X
Pri;kT)= Re([=1 ) UjVy) (A.20)
k=1 i
pS X
Priik)=  Re(=1 ) UjVy) (A.21)
k=1 i
Finally we have
RG:T)= P Re(+ Ui Vj) 8.22)
i T)= 1 :
jRe(ﬁ Ui Vi)
L

A.3 Proof of Theorem 3.1

In this section we show that the contour packing problem cameauced to MaxCut
when the dissimilarity functio®; () in eq. (3.7) isL,. This reformulation leads to a
computational solution via SDP, with a proved bound on théwgd cost.
A simple example with one bin

First we start with the simpli ed case containing one binyonin this case the bin

contains one single value of feature counts. For converieme denote:

P
t= ,q Vi to be the total contribution of selected image contdlrso the bin;

117



__P

t= .. Vi to be the contribution fromnselected¢ontours n S';
P I

m= ,,su U to be the total contribution of selected model p&*5;

P
M= ,q Ui to be the contribution frominselectednodel partgn SM.

With the above notations, optimizing e@4 can be reduced to minimizing:

X X
(v u;)? (A.23)
i2s! i2SM

(t m)y?=

We balance the total contributions of the image and modeltsidhe bin by adding a
P P
dummy nodev,. Without loss of generality, we assume, u; ; vi and the contribu-

P P
tion of \; to the binis . u; i Vi. Vp can be regarded as a virtual contour which can

i
neverbe packed. By including this special node, we are ready abésh the connection

between the packing and MaxCut:

Lemma A.1. Set graphGpacking = (V;E; W) withV = I [M[f  Vpgandw; = ag,

where

U ifVi2M

%vi if V21
2

P :
k Uk Kk Vk IfVi:Vo

The optimal subsed' andSM with the best matching coft m)? in eq. (A.23) is given
by the maximum cut of the packing graBpacking - If (C1; Cy) is the cut withvp 2 C,, the
optimal subsets are given I8/ = I\ C; andSM = M\ C, (see Fig. A.3).

Proof. Since the total contributions off f Vpg andM are the same to the bin, we can
simply includeVy into | . Any cut(Cy; Cy) of the graphGpacking With Vo 2 C, uniquely
de nes the selection oh andM asS' = I\ C, andSM = M\ C,. Also notice that
C:=S'[ Mn SM)andC, = SM[ (In S'). Recall that, t, m andm represent the
total contributions fron', In S', SM andMn SM respectively. Becausé, contributes

tot,wecanset=t+t=m+ m.
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The cut valueCut(C4; C,) can be computed by

X X
Cut(Cy; Cp) = Wi = aigy
i2C1;j2C2 i2C1;j2C2
X _
= a)(  a)=(t+m(t+m) (A.24)
i2Cy j2Ca
P - N | " P
i2c, & = t+ m comes from equalite€; = S'[ (Mn S¥),t = ,,5 & and
P P _
m= " ;qu &. Similarly we can prove ;,., g =t+ m.
Finally, a simple calculation shows that the cut value ardnfatching cost sum up to
a constant?:

t+m)(i+m)=¢c (t m)?

Therefore, minimizingt m)? is equivalent to nding the maximum cut 08 packing ;

whose cut value is given by + m)(t + m). O

Note that without any constraint, the system can choosalrsolution of packing
nothing from image and model. This corresponds to the cwdrtl andM . This
can be alleviated by xing the model nodes since we know wbabdck on the model
side. We also have the freedom of multiple choices on modaésiowhich is essential
for articulation model in Section 4.2. These modi catiorencall be encoded as hard
constraints on the MaxCut.

Reduction of the full problem

Lemma A.1 can be naturally generalized to multiple knapsaElach bin irH; intro-
duces an extra node. Sktto be the set of all these nodes. Now we would like to consider
the cut on the graph with nodésM andA. This is captured by Theorem 3.1:

Construct a grapfGpacking = (V;E; W) withV = I [M[A andw; = ala,

where
8
%v(ﬁ;i) if nodei 2 |
M if nodei 2 M (A.25)

: P : : :
“ (05505 Vi VR0, 550)Tif nodei 2 A
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HereV, (k; i) is the feature contribution of image segmetat the histogram bik. VM (k; i)
is de ned similarly.V,, andV/,, are thei™ columns o' andV".

The optimal subs&' andSM with the best matching colgt [t me)?ineq. (A.23)
is given by the maximum cut of the gra@hacking - If (C1; C2) is the cut withVy 2 C,, the

optimal subsets are given I8/ = I\ C;andS™ = M\ C,.

Proof. Let Gpacking = G1[ ::i[ Gi whereGy's are graphs induced by binde ned in
Lemma A.1. Applying Lemma A.1 to all these subgraphs. O

A.4 Proof of Theorem 4.1

Theorem A.2. (Littlestone & Warmuth, 1989) (Perturbed Value of the Sigg) LetR =
PP

PP
¢ jYjRjandL = | ;ViL] be the cumulative reward and loss of the strategy

using eg. (4.7). The perturbed value of the strategy giveady4.7) is worse than the

performance of best pure strategy only'8" | as stated in the following inequality:

logm

maxV;, exp()R exp( )L+ (A.26)
j

P
Proof. Consider the potential function' = j Y-

On the one hand, we can compute it using the update rule:

t X t
j
Yt
= y9  exp[ V] (Update rule (4.7))
j k=1
X X k ©)
= exp[ V] y;” =1)
j k=1
Xt
exp[ A (A.27)
k=1

Note the above inequality holds for apyTherefore, ' is bounded below by

b oexp[ maxVi] (A.28)
j
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On the other hand, we have

yitt oy = yiexp( V) 1]
y' (V) exp( Vi)
= y' [ exp( V)R] exp(V)Lj]
y'[ exp()R;  exp( )Lj]
- yt ﬁq

Here @ = exp( )R] exp( )L| is the “perturbed” version of valu¥/. The rst
inequality holds becaussxp(x) 1 x exp(x) for anyx. The second inequality is due
to the fact thav/ 2 [ 1;1]

By summing up the above inequality oyemwe have

t+1 t+1

X
(i
]

yj)+ f

t t t
i ¥+
j

t )( tat )( t t
%=y +
j j
fa+ ¢

b oexp( ¢ (L+x exp(x))

Using induction ovet and ° = m, we bound ! above by

X
Y om oexp( 99 (A.29)

k
Finally combining eq. (A.28), (A.29) yields
X
maxV, logm + A (A.30)
J
k

which is equivalent to eq. (4.8).
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A.5 Proof of Corollary 4.2

Corollary A.3. (Regret Over Time) I\‘/jt 2[ ; ]forallj,thenwe have a bound on the

average valu&/=T:

max— L4 logm
i T T T

+  exp() (A.31)

Proof. SinceV| 2 [ ; 1, we can substitute/ by V= and prove the following inequal-

ity for Vi 2 [ 1;1].

logm

maxV, V + + T exp()
i

We setR| = max(0;V/) andL} = max(0; V {), which satisesV] = R} L |.
Under these simpli cations, we can apply Theorem 4.Mon

logm

maxV, ¥+
j

VS logm

+(exp( ) 1R (exp( ) 1)L

vV o+ logm

+ exp()jV]

vV o+ logm

+ exp()T

The rstinequality usesthefactthplj = R+L,exp() 1 exp()andl exp( )
< exp(). O

A.6 Proof of Theorem 4.4

Theorem A.4. (Complexity of the Primal Dual Algorithm) Algorithm 2 eithéeclares
that the fractional packing eq. (4.2) is infeasible, or autipan approximate feasible solu-

tion x satisfying

T

ax g (A.32)

forall j = 1;::;m. The total number of calls to the oracle® > ?logm) with =

max; maxyzp jf;j (X)].
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Proof. We build our proof based on Corollary 4.2. First notice tHat'i > 0 at some
time t, then the eq. (4.2) is indeed infeasible. Otherwise suppiose existsx! such
thatf;(x') = a'x' g Oforallj. Becausg/ 0 throughout the algorithm,’
; yifi(x') 0, acontradiction.
Suppose the algorithm runs to the end and outputset V] = w'f; (x') be the value

incurred by the update. Notice tmg't 2 [ 1;1]. By applying Corollary 4.2, we have

P tWtéaiTXt G)

Wt

T 1 =
mjax[a]- X G]= max

AVA

— t )

= max b
j Wi

1 logm
PV ==+ T exp()]

logm

pl |

tWt
1 logm
S

+ T exp()]

+ T exp()]

(A.33)

The rst inequality uses the fact that' = (Wt=P i) i BATCO A =" Y
0 for everyt since the oracle never fails. The last inequality is due ®tdrmination
conditonS 9 logm= 2, T=S= T:P W and =3 = .

Thereforex returned by the algorithm satis es the approximate feéigiteq. (4.13).
Finally, each time the algorithm colleat8 1= and it terminates whe8 = P ¢ W

S 9 logm= 2, so the total number of iterations is at maxt > 2logm). O

A.7 Proof of Theorem 6.1

Theorem A.5. The bipartite region graph packing problem consists in mglian optimal
bipartite subgraphGs.»(F; F) of the region graptG, which minimizes cosE,(F; F) de-
nedin eq. (6.2). It can be reduced to a cardinality consiragl and multicriteria cut prob-
lem on a graplGPassociated withR positive edge weight functioms? ,... w(R) according

to R criteria. The cardinality constrained and multicriteriatproblem seeks a c@ with
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cardinality at least: P 1 d, and allR criteria are satis ed: P wi gl
' Ej 2C ’ ' Ej 2C ™1

fork=1;2;::;;R.

Proof. We rst transform bipartite region graph packing problentoira simpler linear
form, and notice that the main hurdle is the bipartite grapbking costC,(F; F) is an
Li-norm. Using a similar technique which converts contourkpag into primal-dual

packing in eq. (4.15), we have:

min kv' x sc"k, = 17[Diag(sc")s" + Diag(sc")s ] (A.34)
st: V'x sd =Diag(sc")s" Diag(sd")s (A.35)
x 20, 1gE©): s*:s 2 [0;1]" (A.36)

Heres" ands are normalized slack variables on the feature bins. Furthee, this can

be rewritten as:

max V' +2 1'Diag(sc")(1 s") (A.37)
st: V!'x+Diag(sc")(1 s") sc¥ (A.38)
x 2 f0;1gE©): st 2 [0;1]" (A.39)

by substituting the constraint in eq. (A.35) and using the faats is nonnegative. We
can further make the continuous slack variglile s*) 2 [0; 1]™ a binary one by splitting
it into units of 1,2,4,...2 pixels for each bin. Since ultimately the cost is measured as
multiples of a pixel, the binary representation is suf di¢ém reproduce any integer slack.
We group these slack variables into a single vestor

If one would like to bound the objective function eq. (A.38)feasibility problem
arises by changing the objective function into a constiint2 1" Diag(sc")(1 s*)

¢ for a constant:

Feasibility(x;s): V'+2 p's ¢ (A.40)
V'x+ p's sc" (A.41)
x 2f0;1gE©): s2 [0 1" (A.42)
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wherep; is the number of pixels included in slask. Now the feasibility problem appears
to be the same as a cardinality constrained and multiaitrt problem except that the
binary indicatorsx ands have to be de ned on graph edges &mxgs) must represent a
cut to the graph.

Construct a grap&°with additional node¥ (G% = fV; ; Vug[ V(G)[ S with follow-
ing speci cations: 1) Twd/ ,V, are the source and sink terminals of the graph representing
foreground and background respectivelyVA)G) are the nodes from the region gra@h
and a node belongs to foreground if on the same sidé asthe cut; 3)S denotes the bin
slack variables and the slack is applied if on the same sid&/a# the cut. De ne edge
weight functionsw( to beV,. for edgeE, in G2, andp; for edge betwees, andVy. The
left side of each constraint ireasibility(x; s) is the sum of weights in a cut d®°

The above problem is exactly a cardinality constrained aoticniteria cut problem

with cardinality de ned by the cost function and criteriaed by the feature bins. [J

2Unary terms used in Section 6.3 can be represented as edgesh¥ (G) andf \; ; Vhg
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