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Abstract. In this paper, we explore motion interpolation in the group SIM(3), the group of
affine transformations which are the composition of a rotation, a translation, and a uniform
rescaling. The group SIM(n) is a Lie group with Lie algebra sim(n), and we give a formula
for the exponential map exp: sim(n) — SIM(n). We prove the surjectivity of the exponential
map for any n > 1, and for n = 3, we give an explicit formula and show how to compute
logarithms. We use these algorithms for computing logarithms and exponentials to perform
motion interpolation in SIM(3). Given a sequence Ag, Ay,..., A, of transformations in
SIM(3), we compute a sequence of logs Xo, X1, ..., X, in sim(3) ~ R7, then fit a cubic spline
c(t) that interpolates the X;, and then compute the curve e¢® in SIM(3). However, the fact
that the logarithm is multivalued causes problems. Whenever a rotation “crosses through
m,” the principal logarithm (the one associated with an angle in [0,7]) is not the correct
choice and the motion goes “the long way.” To correct this problem, we choose the next log
so that the length of the interpolating arc from A; to A;,; is minimized. Unfortunately, we
now obtain sequences of cubic splines with discontinuous junctions. To repair this problem,
we introduce a class of sequences of cubic splines with discontinuous junctions but with
continuity of the first and second derivatives at junction points. Since the exponential map
removes the discontinuities (because for two distinct logs X and Y of A € SIM(3), we
have e = e¥), we obtain C?-continuous motions in SIM(3). We give several examples
illustrating our implementation of the above methods.



1 Introduction

In this paper, we investigate methods for interpolating various deformations of a body (rigid
or not). The paradigm that we use to define a deformation is the one used in elasticity
theory. According to this method, the motion and deformation of a body (rigid or not) can
be described by a curve in a group G of transformations of a space E (say R", n = 2,3).
Given an initial shape B € E, a deformation of B is a (smooth enough) curve

D:[0,T] = G.

The element D(t) of the group G specifies how B is moved and deformed at time ¢, and the
(moved and) deformed body B, at time ¢ is given by

If G = SO(3), then we are modeling rotations of a rigid body (in R?). If G = SE(3), then
we are modeling the motion of a rigid body (in R?). This means that the rigid body B
rotates and translates in space. In this paper, we consider the slightly more general group
G = SIM(3), which means that we are modeling a simple deformation of a (nonrigid) body
(in R?). In addition to rotating and translating, the body B can grow and shrink in a uniform
fashion (by a homothety).

The group SIM(n) consists of all affine maps p of R™ defined such that
p(x) = aRx +u

for all z € R", where R € SO(n) is a rotation matrix (an orthogonal matrix of determinant
+1), u is some vector in R" (the translation part of p), and @ € R with « > 0 (the scale
factor). Such a map can be represented by the (n 4+ 1) x (n + 1) matrix

v
() (2 )6)

p(x) = aRzx + u.

in the sense that

iff

The group SIM(n) is called the group of direct affine similitudes of R™.

The main reason for considering the Lie group SIM(3) is that, as far as we know, it is the
largest group of affine transformations for which the exponential map exp: sim(3) — SIM(3)
is surjective and easily computable. In fact, we give an explicit formula for the exponential.
Furthermore, we also show that the (multivalued) logarithm function log: SIM(3 — sim(3)
is easily computable.



The interpolation problem is the following: given a sequence gy, ..., g, of deformations
g; € SIM(3), with go = id, find a (reasonably smooth) curve ¢: [0, m] — SIM(3) such that

c(i)=g;, 1=0,...,m.
Unfortunately, the naive solution which consists in performing an interpolation
(1—=t)gi+tgir1 (0<t<1)

between g; and g;11 does not work, because (1 — t)g; + tg;11 does not belong to SIM(3) (in
general).

A way around this difficulty is to interpolate in the linear space sim(3) (the Lie algebra of
SIM(3)) and then use the exponential map to go back to SIM(3). The Lie algebra sim(n)
of SIM(n) consists of all (n+ 1) x (n 4 1) matrices of the form

<)\[n +Q u

0 ()) Qeso(n), ueR", NeR,

where so(n) consists of the vector space of all n x n skew symmetric matrices. Fortunately,
the exponential map exp: sim(3) — SIM(3) is surjective (this holds not just for n = 3 but
also for all n > 1; see Theorem 3.2). This means that we have a logarithm function (actually,
a multivalued function) log: SIM(3) — sim(3), such that

e84t = A A c SIM(3).

We can use the maps log: SIM(3) — sim(3) and exp: sim(3) — SIM(3) to interpolate in
SIM(3) as follows: Given the sequence of “snapshots”

90, G1s- -5 Gm, in SIM(3)
1. Compute logs
XO :1Ogg(]7 Xl :1Oggl)"'7 Xm :loggma n ﬁlm(?)),
2. Find an interpolating curve X : [0, m] — sim(3), in sim(3);
3. Exponentiate, to get the curve

c(t) = X0 in SIM(3).

Since sim(3) is a vector space (with an inner product), interpolating in sim(3) can be done
easily using spline curves. Two problems remain:

1. Computing the logarithm of a matrix in SIM(3).

2. Computing the exponential of a matrix in sim(3).
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In this paper, we give a formula for the exponential map exp: sim(n) — SIM(n), and we
prove its surjectivity for any n > 1. For n = 3, we give an explicit formula and show how to
compute logarithms. We use these algorithms for computing logarithms and exponentials to
perform motion interpolation in SIM(3). Given a sequence Ay, A1, ..., A, of transformations
in STM(3), we compute a sequence of logs Xy, X1,..., X, in sim(3) ~ R7, then fit a cubic
spline c(t) that interpolates the X;, and then compute the curve e“® in SIM(3). However,
the fact that the logarithm is multivalued causes problems. Whenever a rotation “crosses
through 7,” the principal logarithm (the one associated with an angle in [0, 7]) is not the
correct choice and the motion goes “the long way.”

To the best of our knowledge, this problem has not been investigated by anybody else.
To correct this problem, we choose the next log so that the length of the interpolating arc
from A; to A;;1 is minimized. Unfortunately, we now obtain sequences of cubic splines with
discontinuous junctions. To repair this problem, we introduce a class of sequences of cubic
splines with discontinuous junctions but with continuity of the first and second derivatives
at junction points. Since the exponential map removes the discontinuities (because for two
distinct logs X and Y of A € SIM(3), we have eX = ¢¥), we obtain C2-continuous motions
in SIM(3). We give several examples illustrating our implementation of the above methods.

2 A Formula for the Exponential in STM(3)

We begin with some preliminary propositions.

Proposition 2.1. Given any (n+ 1) X (n+ 1) matriz B of the form

' u
5= (5 o).

where I' s any real n X n matrix and v € R™, we have
r
B (e Vu ’
0 1

Fk
V:In+zm.

k>1

1
V:/ eldt.
0

Proof. Using induction on n > 1, it is easy to prove that

n n—1
B”:(F r W)‘

with

Furthermore,

0 0



This proves the first part of the proposition.

Since the power series for e'* converges uniformly on [0, 1], we have

[ (5 >

This proves the second part of the proposition.
We now specialize Proposition 2.1 to the case where I' is of the form I' = \I + Q.

Proposition 2.2. Given any (n+ 1) X (n+ 1) matriz B of the form

(M +Q
=0 5).

where 2 1s a n X n matriz, A € R, and v € R", we have
B e Vu
-\ 0 1)’

(A + Q)" /1 AT _tQ
V:[n+2—: e™edt.
= (k+1)! 0

with

Proof. The diagonal matrix Al commutes with any matrix, so
(A = Q(N),

and by a well-known property of the matrix exponential, we deduce that

MY = Ml — (] = e,

Similarly,

Pt ATHQ) _ A 10

Then, Proposition 2.2 follows immediately from Proposition 2.1 with I' = A\ + €.



Q

If Q) is a skew symmetric matrix, then e* is a rotation matrix, so we have shown that for

any matrix B € sim(n) given by
(M +Q
o= (M0

we have e? € SIM(n), with

and .
)‘I+Q MI_iQ
=1, = dt.
py Gl CEm /0 e

Since the exponential map exp: so(n) — SO(n) is surjective, the surjectivity of the expo-
nential map exp: sim(n) — SIM(n) depends on the invertibility of V. We prove that this
exponential map is indeed surjective in Section 3.

Returning to the formula for the exponential in SIM(n), note that if we have an explicit
formula for €, then we may have a chance to compute the integral

1
/ eAtletQ dt,
0

and obtain an explicit formula for e®. For n = 3, thanks to the Rodrigues formula, we can
carry out this plan.

For any matrix € € so(3) of the form

0 —c b
Q=1c 0 —al,
b a O

if we let 0 = v/a? 4 b + 2, then Rodrigues formula states that

°_p . 81299"‘ (1 00036’)

eV =13, iff=0.

0% ifO£0

Then, we have the following theorem.

Theorem 2.3. for any matriz B € sim(3) given by

we have



and if

0 —c b
Q= ¢ 0 —al,
b a 0

and 0 = v a? + b% + 2, then
sin 0 (1 —cosb)

Q 2 .
et =13+ QQ+ 02 Q°, if0#£0
60 = 13, Zf@ = 0,
and V is determined as follows:
1. If 0 =0 and A =0, then
V = I3
2. If0 =0 and A # 0, then
(e*—1)
V= 1.
\ 3

3. If0#0 and A =0, then

(1 —cosQ)Q+ (0 — sin 0)

2
02 03 Q-

4. If 0 #0 and X\ # 0, then

et —1) (0(1 — e*cos ) + e*sin )
A 60\ 1 62)
((e’\ - 1) et sin 6 et cos ) — 1)> 02

V:( Q

Is +

Nz (N2 +02) 2\ +6?)

With the convention that eAT_l = 1if A = 0, the third clause for V' is subsumed by the
fourth clause.

Proof. f A=0=0,then ' =Q=0,s0V =1. If § =0 and X\ # 0, we need to compute

1
/ Mt gt
0
But in this case, 2 =0, so

1
V= / Mt =
0

0=

(BA — 1)]3

> =
N



If 6 # 0 and X\ # 0, using the Rodrigues formula, we have

ot (1 — cosOt)
v [ e+ 3000 U850 g2
/0 ( Ty T T e

1 1 /\t 1 Xt
:/ e”dtlg+/ Smetder/ —dt§22 / e costl 12,
0 0 0 0 92

Thus, we need to compute the integrals

1 1
/ eMeosOtdt and / e sin Ot dt.
0 0

Observe that
M0 — A eog(0t) + e sin(61),

At-+i0t

so we simply have to compute the primitive of e and take its real and imaginary parts.

This is easy: we have
1 ) €>\+i9 -1
At+i6t _
= S
0 A +if

and from this, we get
! 1
/0 eMsin Ot dt = /\2—+02(8(1 —e*cosf) + e*sinb)
1
1
/0 e cos Ot dt = )\2—4_92(}\(6’\ cosf — 1) + e*dsin6).

Then, we have

1 J—
V= / A < sm Qt Ot 4+ (1 — cos6t) taQ) it
0

622
1 Y 1 M 1 M
/ Atdur?,+/ %ﬁdm+/ St Q? - /%;’Setdm?
0 0 0
_(er - )] (0(1 — e*cos ) + 6)‘)\8111(9)9
o 7 0(\2 + 62)

(er—1) B et sin 0 B et cosf — 1) 0?2
AO? O(\2 + 02) 62(\2 + 02) ’

as claimed. O

The next step is to figure out when the matrix V' is invertible.



3 Surjectivity of the Exponential for SIM(n)

To determine when V' is invertible, it is sufficient to find the eigenvalues of V. Using the
Schur decomposition, the matrix I' can be written as

I =UTU",

for some unitary matrix U and some upper triangular matrix 7. By induction, it follows
that I'* = UT*U*, and thus

k

V=I+) :U(I+Z—)U*-
—~ (k+1)! —~ (k+1)!

The diagonal entries of T" are the eigenvalues of I', and it is easy to see that the diagonal
entries of the matrix between U and U* are of the form

]_ -
+}; k+ 1)

where z is an eigenvalue of I'. If z = 0, then 1 is an eigenvalue of V. Otherwise, since

we see that the eigenvalues of V' are of the form (e* —1)/z, with z # 0 an eigenvalue of I'.
An eigenvalue of the form (e* — 1)/z (with z # 0) is zero iff

e =1,

which holds iff z = k27, with k£ € Z — {0} (since we are assuming z # 0).

In our situation,

T =\ +Q,

with © an n xn skew symmetric matrix. It is well known that the eigenvalues of a (real) skew
symmetric matrix are either 0 or £46; with 6; # 0 for j = 1,...,m (2m < n). Therefore, the
eigenvalues of I" are A and A £1460;, for j = 1,..., m. Consequently, V' has 0 as an eigenvalue
iff A =0 and 6; = k27 for some j, with k£ € Z — {0}. In summary, we obtained the following
proposition.

Proposition 3.1. Given any n X n skew symmetric matrix ) and any number A € R,
if £i0; with 8; # 0 for j = 1,...,m (2m < n) are the nonzero eigenvalues of 2, then
V= fol eM et is invertible if either X # 0, or for j = 1,...,m, we have 0; # k27 for all
keZ—{0}.

Note that if 2 =0 and A = 0, then V is invertible, since in this case V = I. We can now
prove that the exponential exp: sim(n) — SIM(n) is surjective.
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Theorem 3.2. The exponential map exp: sim(n) — SIM(n) is surjective for all n > 1.

aR w
= (1),

we must show that there is some matrix

I' u
5= (5 o)

with I' = A\l + Q and () skew-symmetric, so that

r
(e Vu
A=c¢ —(0 1).

Proof. Given any matrix

From Proposition 2.3, we have

Case 1. R=1.

Since a > 0, we let A = log a, and we pick €2 = 0. In this case, § =0, s0 V = i(e’\ — 1)1
(V =1 when A = 0) is invertible, and u = V" 1w.

Case 2. R# 1.

Since o > 0, we let A = loga. Since R # I, it is known (for example, see Gallier [4]
Theorem 18.1) that the exponential map exp: so(n) — SO(n) is surjective, and by the
reasoning in the proof of Proposition 18.3 in Gallier [4], we may assume that the nonzero
eigenvalues i0; of the skew symmetric matrix Q such that e = R are such that 6; # k2r
for all k € Z. In fact, we may assume that 0 < 0; < m. By Proposition 3.1, the matrix V is
invertible, so u = V" tw.

Since all cases have been covered, we proved that the map exp: sim(n) — SIM(n) is
surjective. n

For n = 3, since we have an explicit formula for V" and for e, we can compute logarithms
explicitly, as we now explain.
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4

Computing Logarithms in SIM(3)

From Section 2, given any matrix

aR w
= (1),

in SIM(3), in order to compute logarithms of A, we need to compute logarithms of rotation
matrices R € SO(3) and to invert the matrix V', which is given by the formulae of Theorem
2.3. Computing logarithms of 3 x 3 rotation matrices is well-known (for example, see Gallier
[4]). For the sake of completeness, we review the procedure.

(1)
(2)

The case R = [ is trivial.
If R# I and tr(R) # —1, then

0
2sin 6

exp '(R) = { (R—R") | 14 2cos = tr(R)} :

In particular, there is a unique skew-symmetric

B 0
~ 2sinf

(R—R")

with corresponding @ satisfying 0 < # < 7 such that e? = R, called the principal
logarithm of R (and with 6 called the principal angle). All other determinations of the
logarithm of R are of the form

B
(9"‘]627'(’)5, ke Z.
If R # I and tr(R) = —1, then R is symmetric and there exists a skew symmetric
matrix
0 —d c
U=\|d 0 —b
—c b 0
so that ]
U?=8= 5(R —1)
Furthermore, b? 4+ ¢? + d? = 1, and
0 —d c
exp '(R)=<¢(2k+1)r | d 0 -b|,keZ
—c b 0
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To find a skew symmetric matrix U so that U2 = S = (R —I), we can solve the system

-2
2 —1 be bd
be -1 «od = 8.
bd cd d?—1

We immediately get b2, ¢, d?, and then, since one of b, ¢, d is nonzero, say b, if we choose the
positive square root of b?, we can determine ¢ and d from bc and bd.

This procedure is easily implemented in Matlab, but tolerance factors are needed to
handle the cases where R is very close to the identity or when the angle 6 is small. Because
we typically compute the principal logarithm, 0 < # < 7, the matrix V is invertible and we
never encountered numerical problems computing the inverse of V. However, we will see in
the next section that problems arise when computing interpolating splines, because in this
case, we may need to consider angles whose value is close to a multiple of 27.

5 Finding Interpolating Splines in sim(3)

Having an algorithm to compute logarithms of transformations in SIM(3) and a formula for
computing the exponential map exp: sim(3) — SIM(3), in principle, we can find interpolat-
ing splines in SIM(3) by computing logarithms and finding interpolating splines in sim(3).
However, there are unexpected problems due to the fact that the logarithm is multivalued.

Given two transformations A, Ay € SIM(3), since the logs X; and X, in sim(3) such
that A, = Xt and Ay, = %2 are not uniquely determined, there are several interpolating
curves between A; and A, arising from the various affine interpolants t — (1 — t)X; + t X,
in sim(3), so we need to decide which curve is the intended motion. It seems reasonable to
assume that the intended motion is the one that minimizes the length of the curve segment
t = 00X H+X2 iy SIM(3). To make this precise, we need to introduce a Riemannian
metric. We will return to this point shortly, but right now let us proceed more intuitively.

The main problem has to do with “crossing 7.” For example, consider
cos(2w/3) —sin(27/3) 0
Ry = | sin(27/3) cos(27/3) 0
0 0 1
corresponding to a rotation by 27 /3 around the z-axis, and

cos(4r/3) —sin(4w/3) 0

Ry = | sin(47/3) cos(4w/3) 0],
0 0 1

corresponding to a rotation by 47 /3, also around the z-axis. The principal logarithms of R,
and Ry are

0 —27/3 0
By = |2n/3 0 0
0 0 0
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and

0  21/3 0
Bo=|-2r/3 0 0
0 0 0

Observe that By = —B;. Now, the problem is that if we interpolate in so(3) using affine
interpolation,

we see that the corresponding rotation

R — B — o(1-20B:
goes through the identity rotation for ¢ = 1/2, and the motion goes the long way from R; to
Ry through I, instead of going through the rotation of angle 7 around the z-axis, which is
the intented motion. If we use the other determination of the logarithm of Ry corresponding
to 2w — 2w /3 = 47 /3, namely

0 —4w/3 0
By = | 47/3 0 0],
0 0 0
this time we have the interpolant
0 —(1+¢t)2w/3 0
(1—t)By+tBy= [ (1+1t)27/3 0 0],
0 0 0

and for t = 1/2, we get the rotation of angle m around the z-axis, as desired.

The above example shows that if we want to have an interpolation which corresponds to
the intended motion, then we can’t systematically use the principal logarithm. This leads
to another problem. Suppose the next rotation to be interpolated is

cos(hm/3) —sin(bm/3) 0O
Rs = | sin(57/3) cos(57/3) 0],
0 0 1

corresponding to a rotation by 5m/3, also around the z-axis, and whose principal logarithm
is

0 /3 0
By=|(-n/3 0 0
0 0 0

If we interpolate between Bj and Bj, we obtain

0 —(4m/3 —thm/3) 0O
B=(1—-t)B)+tBs= | 4r/3 — t5m/3 0 0],
0 0 0
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and for t = 1/5, the interpolated rotation R = e goes through the rotation of angle 7
around the z-axis, and through the identity for ¢ = 4/5. Thus, the interpolation goes the
long way, which is not the intended motion. However, if we interpolate between By and Bj,
then we have

0 T/3(2—1t) 0
B:(l_t)B2+tB3: —7T/3(2—t) 0 O s
0 0 0

and this is the correct (intended) interpolant.

If instead of Bs, we use the determination Bj of the logarithm corresponding to the angle
27 — 5w /3 = w/3 given by

0 —7/3 0
By=|=x/3 0 o],
0 0 0

then the interpolant between Bj and Bj is given by

0 —(4r/3—tr) 0
B=(1—-tBy+tBy= |4n/3 —tx 0 0],
0 0 0

and this is also the intended interpolant.

Let us now make precise what we mean when we say that the resulting interpolated
motion is the intended one; that is, does not “go the long way.” The problem really has
to do with computing the logarithm of the rotation part R; of the transformation A;. In
order to define the length of a curve in SO(3), we equip SO(3) with a Riemannian metric.
Because SO(3) is a Lie group, it suffices to define the inner product

1 1
<Bl,BQ> = EtT(BIBQ> = —EtI'(BlBQ)
on s0(3), and since this inner product is Ad-invariant, it induces a bi-invariant Riemannian

metric on SO(3) (see Gallot, Hullin, Lafontaine [5] or O'Neill [13]). If we write a skew
symmetric matrix B € s0(3) as

0 —c b
B=|c¢ 0 —al,
b a 0

then we check immediately that the inner product (By, By) corresponds to the inner product
of the vectors (ay, by, ¢1) and (az, b, c2) associated with B; and By. Now, for any two rotations
Ry, Ry € SO(3) and any two skew symmetric matrices By, Bo € 50(3) such that R, = e
and R, = €52, consider the curve v in SO(3) given by

y(t) = eI VBIHB g e o 1.
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We have v(0) = Ry and y(1) = Ry, and it is shown in Section 10 that the length L(~) of the

curve vy is
1
L) = [ ey @y
0
1 2

= (—5t((B: = B)Y)

= /(B — B1,By — By) = | B, — By]|.
Therefore, given By, in order to minimize the length L(v) = ||B, — By || of the curve segment

7, it suffices to pick By so that ||By — By|| = (—%tr((Bg - Bl)2)> * is minimized.

Then, there appears to be two strategies to compute logarithms of transformations A; in
SIM(3) so that the resulting interpolated motion is the intended one; that is, does not “go
the long way.”

The two strategies to compute logarithms of rotations (associated with transformations
in SIM(3)) are as follows:

(1)

Compute the principal logs B; and B;, of R; and R, (with corresponding principal
angles 0; and 0;1,), as well as the determination B/, of the log of R, corresponding
to 2 — 0,41 if 6,11 # 0, namely

Bi

B;-i—l = —(271' — 9i+1) 9
i+1

Then, pick for the log of R;;; the matrix B;;, among B; , and B, which minimizes
—%tr((BiH — B;)?). It 0;41 = 0, then R;;; = I, and we set B;,; = 0.

For the second strategy, we keep track of the angle 0. = 0; + k;2m that was used in
determining the logarithm B; of R;, where B; is the principal logarithm of R; and 6; is
the principal angle, so that

B;
Then, we choose the angle 0; | = 0;11 + k; 1127 in such a way that the integer k; 4
minimizes

1 Bii1\’
——tr (Bz — (9i+1 —+ ki+127T) +1>
2 Oi1
if 6,11 #0. If ;.1 =0, then R;;; = I, but we want to avoid a lot of “winding,” so we
replace B;y1 = 0 by B;/0;, and find k;; as above (in this case, §;1; = 0). This case
can cause trouble regarding the invertibility of V.

Each transformation A € SIM(3) is specified by a triple (R, a,u), where R € SO(3) is
a rotation, a > 0 is a scale factor, and u € R? is the translation part. Similarly, each log
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X € sim(3) is a triple (B, a, v), where B € s50(3), @ € R, and v € R3. We call B the rotation
part of X. Following the first strategy, given a sequence of transformations

Ag, Aq, .o A
in SIM(3), first we compute the sequence of principal logs
Xo, X1, .0, X

Actually, we compute the principal log of the rotation part R; of A; as well as \; = log(«;),
and then we compute the sequence of pairs

(X07Y1)7 (X17}/2)7 (X27Y3)7 SR (Xm—laym>7

where the rotation part of Y, is computed from the rotation part of X; according to strategy
1fori=0,...,m— 1. Next, we form the longest subsequence

(X07 }/17 L ,le)
such that Y; = X, for : = 1,...,my; then the longest subsequence

(Xmla Ym1+17 cee 7Ym1+m2)

such that Y; = X, for i = mq,...,m; + mo; and so on. At the end of this process, we have
K sequences of logs

(Xm1+'“+mk7 Ym1+~~~+mk+1a s 7Ym1+"'+mk+1>7

which we use for interpolation.

The main drawback of stategy 1 is that we have discontinuities. For example, Y,,,, # X,,,,
Yini4ms 7 Xmi+ms, etc. However, we found a way to construct interpolating splines with
discontinuities but such that first and second derivatives agree at discontinuity points (see
Section 8 and its subsections). Since we apply the exponential map to all these logs and

since
Y: _ X Yon: 4o — o Xem: 4

in the end, we obtain C? continuous interpolating splines in SIM(3). A small technical
detail should be noted. If a sequence (X;,Y;; 1) consist of just two elements, then in order
to be able to do spline interpolation, we insert the average of X; and Y;,; as a third data
point.

Regarding strategy 2, because

1 1)
——tr BZ - (9i+1 + ki+127r)&
2 9'L’+1
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is a quadratic function in k;;1, we can determine when it achieves a minimum. Let f(k) be
the function given by

2
f(k) = —tr (BZ- — (B0 + kzw)Bi“) .
9i+1

To find where f(k) is minimum, let’s compute the derivative of f(k). Since

(9i+1 + k’27’[‘)

2
J(k) = —tr(B7) + 2tr(BiBis) ~ (B + k27t (l;”l) ,

0;1 G|
and since 5
i+l
—tr (02 > =2,
i+1
we get
/ dm 2
f (k) = tr<BiBi+1)9_ + 91'+187T + k16m~.
i+1

It is adantageous to make the inner product of the unit vectors associated with B; and B,
appear, so if we write
1 B; Bii1 1 B; Bi i1
c=——tr| — =——tr{ — ,
2 0 01 2 0; 011

f'(k) = —8mct] + 0,118 + k1672,

then,

and f'(k) = 0 for
k= (C@; — 92'4_1)/271'.

Since 0, = 0; + k;27, we get
k= Ck’i + (c@l — 91‘_:,_1)/271'.

The above formula can be used to predict what k;,; is and avoid searching for it. It also
shows that if ¢ is small, which means that the axes of the rotations corresponding to B; and
B, are close to being perpendicular, then k;,; can be a lot smaller than k;, and this causes
of lot of winding in the interpolation. Therefore, when using strategy 2, we have to make sure
that the axes of the rotations associated with our transformations don’t change too much
from one transformation to the next. However there is a worse problem, which has to do
with “crossing I.” Indeed, if some ¢ is a nonzero multiple of 27, then V' is singular if some
A = 0. Even if \; # 0, we observed that the inverse of V' tends to have large coefficients,
and as a consequence this yields interpolations that wind a lot.

Strategy 1 does not suffer from these problems because the angles are in the range [0, 7].
We found that the splines discussed in Section 8 handle the situation very well.
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6 Some Implementation Details

The programs implementing motion interpolation in SIM(3) perform essentially two tasks:
1. Compute logs and exponentials.
2. Handle the splines needed for interpolation.

The first task is to compute the list of sequences of log’s that constitutes the list of K
sequences of data points to be interpolated in sim(3) ~ R, according to strategy 1 (using
the methods of Sections and 2 and 4). A little bit of care has to be exercised with rotation
angles close to 0 or close to 7 (we use tolerance factors). However, because we only deal with
angles in [0, 7], the matrix V is always invertible, without any problem. Next, we insert a
third data point (the midpoint) if a sequence has only two elements. We also implemented
strategy 2, but as we said before, it does not work well when crossing angles that are multiple
of 27. In this case, we observed that the matrix V' is often singular.

The second stage is to compute a list of sequence of de Boor control points, as explained
in Section 8. For this, we solve a tridiagonal linear system using a fast elimination method.
This is the most complicated program of the whole project. Next, we compute a list of
sequences of Bézier control polygons from the de Boor control points.

The third stage is to compute the list of interpolated transformations. For this we use
the exponential formula of Section 2. We subdivide a Bézier control polygon using either the
Bernstein polynomials, or using the de Casteljau algorithm in R?. The second method can
use the intermediate control points (which are close to the curve,) and appears to be faster.

The last step is to display the motion. In Matlab, we can either use the hold on, hold
off method which produces a “lava flow” rendering of the motion, or create a movie.

7 Examples of Simulations of Deformations

[ R
wn ® > A M o N & o

! | L I
& & A b o v & o ®
i ! 1 L i 1 i

18



The next example is a motion interpolation involving the four transformations

Ay = (uy,2m/3,1,wy)

Ay = (u1,4m/3,3/2,ws)
Az = (u2,0,1,w;3)

Ay = (us, —m/3,3/2,wy),

where the rotation component is defined by a pair (u, 8), where u is nonzero vector specifying
the axis of rotation and 6 is the angle of rotation, with

u; = (1,0,0) uy = (0,1,0) ug = (0,0,1)
wy = (_3a 07 _3> Wy = (3a 37 2) Wz = (_3a 37 3) Wy = (47 07 _3)

Observe that the rotation part of As is the identity rotation. The successive angles of rotation
are 27/3,4m/3,0, —m/3, so there is a passage through 7 which causes a discontinuity. Indeed,
we obtain two splines, the first one from A; to As, and the second one through Ay, Az, Ay.
The transformations A; are applied to an ellipsoid, and Figure 4 shows the bodies to be
interpolated.

Figure 5 shows the trajectory of a point on the original ellipsoid, using the C*-continuous
spline computed from the correct logs.

Figure 6 shows the trajectory of a point on the original ellipsoid, using the two splines
joined with C°-continuity, computed from the correct logs. The second red point on the
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Figure 4: Four initial bodies.

Figure 5: C%-continous trajectory of a point during the motion.

Figure 6: C%-continuous trajectory of a point during the motion.
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Figure 7: Wrong trajectory (obtained from wrong logs) of a point during the motion.

green arc (which corresponds to the spline interpolating A; and As) is a place where the
curve is not even C?.

Figure 7 shows the trajectory of a point on the original ellipsoid, using the single C*-
continuous spline computed from the (incorrect) logs of Aj, A, A3, Ay. The first arc from
A to Ay curves the wrong way and overturns because the log at A, is wrong.

Figure 8: Interpolating motion (coarse).

Figure 9: Interpolating motion (fine).
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The motion interpolation is shown in Figure 8, using a coarse interpolation step, and in
Figure Figure 9, using a finer interpolation step.

The last example shows a simulation of a screw motion. The input consists of 10 bodies
obtained by successsive rotations by 27 /3 and translation along the z-axis by (0,0,2); see
Figure 10. Except for the fourth and the fifth transformations where the scale factor is 1.2,
the scale factor is 1.5. The trajectory of a point is shown in Figure 11.

Figure 10: Initial position of the bodies (screw motion).

Figure 11: Trajectory of a point (screw motion).
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Figure 12: Interpolated screw motion.

The interpolated screw motion is shown in Figure 12. The trajectory of a point using
the single C?-continuous spline computed from the incorrect logs is shown in Figure 13.

Figure 13: Wrong trajectory of a point (screw motion).
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8 Splicing Interpolating Splines with First and Second
Derivatives Agreement

8.1 K Splines, Each With at Least Four Data Points

Let us begin with the case K = 2. Let (xq,..., 2y ) and (yo,...,yn) be two sequences of
M + 1 and N + 1 data points, and assume that M, N > 3. In order to find a cubic spline
S1 interpolating the data points z;, and a cubic spline Sy interpolating the data points y;,
we can solve for M + 1 (resp. N + 1) de Boor control points dy, ..., dy (resp. fo,..., fn),
which are solutions of the system

% 1 d1 61’1 - %do
1 4 1 0 do 62
O 1 4 1 dez 6$M72
1 1) \du- 62a—1 — S
and similarly for fo,..., fn.

The derivation of the above system assumes that M > 4. If M = 3, this system reduces

g 1 d1 - 63(31 - %do
1 dg N 61’2 - %dg .

Actually, dy and dj; are free parameters (as well as fy and fy) and we are really solving for
dy,...,dy—1 in terms of dy,dp (resp. fi, ..., fn_1 in terms of fy, fi). The control points
dy and dj; can be determined by prescribing end conditions (and similarly for fo and fy).

N~

In our situation, in general, x); # yo, yet we would like to find dy; and fy so that the
first and second derivatives at x,; and y agree. This can indeed be done.

dyr—1
S
dM Yo
e Jo

Figure 14: Splicing splines with first and second derivatives agreement.
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Recall (refer to Figure 14) that the first derivatives at z; and y, are

Si(xar) = 3(wn — dur)
Sé(yo) = 3(fo — %),

and the second derivatives are given by
, 1 1
9 1 1
S5 (Yo) = 6{ yo — 2fo + §f0 + §f1 ;
that is,
, 1 3
Sl(IM) =6 §dM_1 — §dM + xp
3 1
Sy (yo) = 6(y0 - §fo + éfl)-

Thus, the conditions

S1(zar) = 53(y0)
St (zar) = S5 (%)

yield
xy —dy = fo— Yo
and 1 3 3. 1
“dv — 2d =y — = —fi.
5du-1— gdw +an =y — 5o+ 5h
The first equation can be written in a way that has geometric meaning, namely

1

S+ o) = Sl + )

2

which says that the midpoints of the line segments (dy/, fo) and (7, yo) coincide. We can
also use this equation to express dj; in terms of fy to obtain an equation for f; in terms of

f1 and fyr_1. By substituting dy; = xp + yo — fo in the equation

1 3 3 1
EdM—l - §dM + Ty = Yo — §f0 + éfla
we get
dyr—1 — 3(xp + Yo — fo) + 220 = 290 — 3fo + f1;
that is,
1 5) 1 1
fo= 6331\4 + gyo — édel + 6f1-
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Using dy; = xp + yo — fo, we obtain

) 1 1 1
dy = gim + gYo + édM—l - gfl- (%)
Observe that equations (*) and (#x*) also hold if M =2 or N = 2.

Now, if M, N > 3, we also have the equations

7 3
dy—2 + §dM—1 = 06xp—1 — §dM

7 3
§f1 + fo = 6y — §f0-

From the first equation and (xx) , we get

5 1 1 1

7
dy—2 + §dM—1 = 6xp—1 — 15 — Y — ZdM—l + th

which yields
Adpr_o 4+ 15dpr—1 — fr = 24xp-1 — Dxar — Yo

From the second equation and (x), we get

7 1 5 1 1
! — 6 — -y — = Zdvr s — =
2f1+f2 Y1 41‘M 43/0+4 M-1 4f17

which yields
—dy—1 +15f1 +4fy = —xpn — dyo + 24y

In summary, we obtain the equations

ddp—o +15dy—2  —fi = 24xp-1 —5%Tm — Yo
—dy-1  +15f1 +4fs = —xy — Sy + 24y,

and dyy, fo are given by

5 1 1

d = — — _d___
M 6$M+6y0+6M1 6f1

1 5 1 1
= - —yo — =dp—1 + = f1.
fo 693M+6?/0 6M1‘|’6f1

If we use the natural end conditions for dy (resp. fx), then the first equation of our
system is
4dy + dy = 621 — w0,

and the last equation is
In2+4fn-1=0yn_1—yn.
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The matrix of the full system is of the form

4 1 0
1 4 1
1 4 1
4 15 -1
-1 15 4 ’
1 4 1

1 4 1
1 4

where the first submatrix has M — 1 rows (the last one containing 4 15 — 1) and the second

submatrix has N — 1 rows (the first one containing —1 154), and when M = N = 3, it is

4 1 0 0

4 15 -1 0

0 —1 15 4

0 0 1 4
In the general case where K > 2, we have K sequences of data points (25, ... ,x?wk),
with M}, > 3. For each sequence of data points, we can compute de Boor points d, . . . ,d’fwk

determining an interpolating spline S;. Again, for each k, the points di and df; are free,
but we would like to enforce the conditions

Sk(#in) = St (6™
(8

Sp(@hy,) = I/c/+1(37§+1)a
fork=1,..., K — 1.

Our previous work in the case K = 2 yields an interpolating spline with two free de Boor
points dy and fy, so we may use an inductive method and construct a system of equations
for an interpolating spline S¥~! for K —1 sequences, and then use our method for two splines
on S¥~!and Sk. Finally, dj and df;,_ are determined using the natural end condition. We
obtain a tridiagonal matrix of dimension M; +---+ K,, — K. For k=2,... K — 1, the row
of index My +---+ M;_1 — k+ 2 contains the nonzero entries —1, 15, 4, and the row of index
M+ - -+ My —k contains the nonzero entries 4, 15, —1; these rows correspond to the first and
the last ((My—1)th) equations associated with the kth sequence of data points. For k = 1 the
first row contains the nonzero entries 4,1 and row M; — 1 contains 4, 15, —1, and for &k = K,
the last row contains the nonzero entries 1,4, and row M; + --- + Mg_1 — K + 2 contains
—1,15,4. Such matrices are row diagonally dominant, so they are invertible. Once we have
computed the de Boor points (d, ... ,d’j/[k_l) for k =1,..., K by solving the linear system
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dy

do Z1 'fl

d2 Yo

Zo

L2 fo

Figure 15: Splicing splines; the first spline has 3 data points.

that we just defined, we compute the de Boor points d’j{/[k and di™ for k =1,..., K — 1,
using formula (x) and (*x); that is,

5) 1 1 1
dﬁ/[k = gl’%k + éwngl + éd]]c\/[kfl — éd’f+1

1 5 1 1
do™ = Sy gy = adig oy i

Finally, dj and d};, are determined by using the natural end conditions.

If K = 4 and if the sequences of data points consists of 4,4,4,5 points, we obtain the
following 9 x 9 matrix:

41 0 0 O 0O O 0 O
4 15 -1 0 0 O O O O
0 -1 15 4 0 0O O 0 O
0o 0 4 15 -1 0 0 0 O
o 0o 0 -1 15 4 0 0 O
o 0o o0 o0 1 4 1 0 O
o 0o 0 0 0 4 15 -1 0
o 0 0 0 0 0 -1 15 4
o 0o 0 0 0 0 0 1 4

8.2 The First or the Last Spline Has 3 Data Points

If a cubic spline interpolates three data points, say xg, 1, r2, then we have an equation
relating dy, dq, ds, namely
do + 2d; + dy = 4x4;

Suppose first that the first sequence has 3 data points; see Figure 15. Then, equation
(x) from the previous section still holds, so

d 1 1 1
dy = g2 + R + 6d1 - gfb
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dprr—1

fo Y1

Yo
dm Y2

Figure 16: Splicing splines; the last spline has 3 data points.

so we get
1 1

5 1
do+2dy = 4wy —dy = 4wy — =19 — Yo — =dy + =
0t 2d; T = Gy = AT — wla = g0 — o 1+6f1’
which yields
6d0 + 13d1 — f1 == 245[]1 - 5[)’22 — Yo-
If we prescribe that dy is given by the natural end condition, then

2 1
do = §§C0 + gdl,

so we obtain
15d1 — fl = —4]7(] + 24%1 — 5]72 — Yo-

Next, if we assume that the last sequence has 3 data points (see Figure 16), then we may
assume without loss of generality that K = 2, so

fo+2fi+ fo =4y

Equation (x) from the previous section still holds, so

1 5 1 1
—— o — =dyq + =
fo 6$M+6y0 6 M 1+6f1’
so we get
2fi+ fo=4 fo=4 ! o +1d 1f
= —_ = ——x —_— - f— 11— —
1 2 n 0 n 6M 6y0 6M1 61’

which yields
—dpy—1 +13f1 +6fo = —xpr — Syo + 24y

If we prescribe that fs is given by the natural end condition, then

2

1
fo = §f1 + §y27
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Jo Y1

Yo
dy Yo 9o

Figure 17: Splicing splines; some intermediate spline has 3 data points.

and we obtain
—dp—1 + 15f1 = —xy — dyo + 24y; — 4ys.

In conclusion, when the first (resp. the last) sequence of data points has 3 points, the
first row 4 1 (resp. the last row 1 4) is replaced by 15 — 1 (resp. —1 15), and the right
hand side is also updated. These matrices are still row diagonally dominant, so they are
invertible.

For example, if K = 4, and if the sequences of data points consist of 3,5, 5,3 points, we
get the following 8 x 8 matrix:

5 -10 0 0 0 0 O
-1 15 4 0 0 0 0 O
0o 1 4 1 0 0 0 O
0 0 4 15 -1 0 0 O
0 0 0 -1 15 4 0 O
0O 0 0 0 1 4 1 0
0o 0 0 0 0 4 15 -1
o 0 0 0 0 0 -1 15

Last, we consider the case where K > 3 and the kth sequence of data points has 3 points,
with2 <k < K —1.

8.3 Some Intermediate Spline Has 3 Data Points

In this case, we are considering three consecutive sequences of data points and we may assume
that the first sequence is (xo, ..., xys), the second is (yo, Y1, y2), and the third is (2o, ..., 2x);
see Figure 17. The corresponding de Boor control points are (dy, ...,dy), (fo, f1, f2), and
(go,---,9n). Here M, N > 2. Since equations (*) and (x*) hold in all cases, applying them
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to the mid sequence (for fo and f3) , we get

1 5 1 1
fo= éxM + gyo - ng—1 + gfl
5 1 1 1

fo= 6y2 + 620 + gfl — 691-

Since the mid sequence has 3 data points, we have

fo+2f1+ fo =4y,

and by substituting the expressions for f; and f5 in the above, we obtain

—dy-1+14f1 — g1 = =2 — dyo + 24y — dy2 — 2.

Therefore, every sequence (zf, 2%, 2%) consisting of three data points, except the first and

the last, yields a row of index M; 4 --- 4+ K;_1 + 2 — k of the matrix containing the nonzero
entries —1, 14, —1. Other than that, the matrix of the system has the structure as in Section
8.2. Such matrices are row diagonally dominant, so they are invertible.

For example, if K = 4, and if the sequences of data points have, 5, 3, 3,4 elements, we
obtain the following 7 x 7 matrix:

o 0 0 O
10 0 0
15 -1 0 0
-1 14 -1 0

0o -1 14 -1
0 0 -1 15
0O 0 0 1

CoO 0o O~
OO OO
I N e Bl e Tl e Wl e Wl

Figure 18 shows two splines with a discontinuity. The first spline interpolates 5 points and
the second interpolates 6 points. Figure 19 shows three splines with two discontinuities. The
first spline interpolates 3 points, the second interpolates 4 points, and the third interpolates
5 points. Figure 20 shows four splines with three discontinuities. The first spline interpolates
4 points, the second interpolates 3 points, the third interpolates 5 points, and the fourth
interpolates 3 points.

9 Related Work

The problem of motion interpolation has been studied quite extensively both in the robotics
and computer graphics communities. Since rotations in SO(3) can be represented by quater-
nions, the problem of quaternion interpolation has been investigated, an approach apparently
initiated by Shoemake [17, 18], who extended the de Casteljau algorithm to the 3-sphere.
Related work was done by Barr, Currin, Gabriel, and Hughes [2]. Kim, M.-J., Kim, M.-S.
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Figure 18: Examples of two splines with a discontinuity.

Figure 19: Examples of three splines with discontinuities.
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Figure 20: Example of four splines with discontinuities.

and Shin [11, 12] corrected bugs in Shoemake and introduced various kinds of splines on
53, using the exponential map. Motion interpolation and rational motions have been in-
vestigated by Jittler [7, 8], Jittler and Wagner [9, 10], Horsch and Jiittler [6], and Roschel
[16]. Park and Ravani [14, 15] also investigated Bézier curves on Riemannian manifolds and
Lie groups, SO(3) in particular. Zefran, Kumar and Croke [19] formulated the problem
interpolating between two given positions of a rigid body as a variational problem on the
group of rigid body motions SE(3). The functional under consideration was a measure of
smoothness of the three dimensional trajectory of the rigid body. Further work in this di-
rection is presented in Belta and Kumar [3], and Altafini [1] gives a version of de Casteljau’s
algorithm for SE(3). None of these papers deal with the problem caused by the fact that
the logarithm is multi-valued.

10 Computing the Length of Curves in SO(n)
Assume that so(n) is equipped with the inner product
(By, By) = %tr(BlTBg) = —%tr(BlBg),
for any two elements B, By € so(n) in the Lie algebra of SO(n). This inner product

is Ad(SO(n))-invariant, so we obtain a bi-invariant metric on SO(n) (see Gallot, Hullin,
Lafontaine [5] or O’Neill [13]). Let us consider the curve v in SO(n) given by

y(t) = ITIBTB g e [0, 1],
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with Ry = eP' and Ry = €8
curve -y is

so we have

2

1
2

. We have 7(0) = R; and ~(1)

/0 (7 ()7 (1))

<(€(1—t)B1+tB2)/’ (e(l—t)BlthBQ)/ﬁdt
B ) (l—t)Bl—l-lfBg7 (BQ o Bl)e(l—t)Bl-i-th))%dt
)6(1_t)Bl+tB2)T(BQ . Bl)e(l—t)Bl—i—th)) dt

(1tr ((1- tB1+tB2)T<B B1) (32_Bl)e(l—t)B1+tB2)) dt

= Ry. The length L() of the

N

[SIE

1

“tr((Bs — By) " (By — Bl)eﬂt)Bthae(<1t>Bl+th>)) i

N

= (5B — BT (B, BY))” = (5(~(B:— B

Thus, we obtain
1
2

L) = (~5t((Ba — ).

Unless B; and B; commute, in which case
R Ry = (eP1)TeP2 = 7 B1eh2 = BB

the curve ~ is generallly not a geodesic between R; and R;. A geodesic from R; to Rs is
given by the curve
Y,(t) = R, teo,1],

where B € s0(n) is any log of R] Ry; that is, e = R| Ry (see Gallot, Hullin, Lafontaine [5]
or O’Neill [13]). Essentially the same computation as above yields

L) = (—2u(B)
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