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Preface

This manuscript is based on lectures given by Steve Shatz for the course Math 624/625-
Algebraic Geometry, during Fall 2001 and Spring 2002. The process for producing this
manuscript was the following: I (Jean Gallier) took notes and transcribed them in IKTEX at
the end of every week. A week later or so, Steve reviewed these notes and made changes and
corrections. After the course was over, Steve wrote up additional material that I transcribed
into TEX. We also met numerous times from 2002 until 2005 to make corrections and
additions.

The following manuscript is thus unfinished and should be considered as work in progress.
Nevertherless, given that the EGA’s (Elements de Géométrie Algébrique) of Grothendieck
and Dieudonné are a formidable and rather inpenetrable source, we feel that the material
presented in this manuscript will be of some value. Indeed, some material from the FGA’s
is presented here in a more accessible form. We also hope that the exposition of spectral
sequences given in this manuscript will be somewhat illuminating. In particular, Steve
worked out a presentation of Serre duality which sheds some new light on its connection to
spectral sequences.

We apologize for the typos and mistakes that surely occur in the manuscript (as well as
unfinished sections and even unfinished proofs!). Still, our hope is that by its “freshness,”
this work will be of value to algebraic geometry lovers.

Please, report typos, mistakes, etc. (to Jean). We intend to improve and perhaps even
complete this manuscript.

Philadelphia, February 2011 Jean Gallier
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Chapter 1

Elementary Algebraic Geometry

1.1 History and Problems

Diophantus (second century A.D.) looked at simultaneous polynomial equations with Z-
coefficients, asking for Z-solutions. For example, he looked at equations (1.1)—(1.4) among
the following equations:

Py = 2
Py 2 =0
ar® +by® +cz® = 0

ar’ +bx+c = 7
37° + 4y +52° = 0

" 4+y" = z

ar” +by" = c2"(n>4).

o~ o~ o~ o~ o~ o~ —~
—_ = = = = =
~N O Ot = W N =
~— — N~ N

Diophantus found all solutions for the first equation, and some answers for some special
a, b, ¢ for the third equation. Faltings proved that the last equation has only finitely many
solutions in algebraic numbers (in 1983).

Cardano and Tartaglia (fifteenth century) found methods (and formulae) to solve cubic
and quartic equations in one variable.

The marriage of algebra and geometry comes with Descartes (sixteenth century).
Gauss solved the linear case completely (linear equations).

After that, there were Riemann, Halphen, Max Noether, Picard and Simart (function
theory), Castelnuovo, Enriques, and Severi (beginning the twentieth century), among others.

Given a field k, the standard elementary problem is the following:

7
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Given p polynomials fi, ..., f, € k[x1, ..., x,], consider the system of simultaneous equa-
tions
fl(l'l,...,l'q) = 0,
fp(l'l,...,l'q) = 0,

and say “something” about the solutions.

If the f;’s are linear, by Gauss-Jordan elimination, we get existence, or nonexistence,
and an algorithm to solve the system. We also get a geometric description of the set of the
solutions: it is the translate of some linear space.

What about existence?

Stated this way, the question is vague. For example, over Q, the equation
P+ +1=0
has no solutions. It also has no solutions over R, but it has plenty of solutions over C.

The equation
3r+6y =1

has no integer solutions, but it has plenty of rational solutions.

Thus, for this problem, we should ask for solutions in some algebraically closed field (at
least the algebraic closure, k, of k).

We observed that the problem is fully solved when the f;’s are linear. Is it easier to solve
the problem when the f;’s are at most quadratic, rather than solving the general problem?
The answer is No. If we had a method for solving Problem (1.8) in the quadratic case, then
we could solve the general problem.

The proof consists in introducing new variables and new equations to lower the degree
of terms to at most 2. For instance, consider the cubic terms

3 2y, ayz.
In the first case, let u be a new variable, and add the new equation

u=x .

Occurrences of 23 are then replaced by zu.

In the second case, let u be a new variable, and add the new equation
u=2xy.

Occurrences of zy are then replaced by zu.
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In the third case, let u be a new variable, and add the new equation
u=yz.

Occurrences of xyz are also replaced by zu.

Observe that the new equations have degree 2, which is the desired goal. The general-
ization to terms of higher degree is straightforward.

Going back to existence, note that (1.8) clearly has no solutions if we can find some
gj € k[xq, ..., x4 such that

Gt tgpf=1 (1.9)

Indeed, a simultaneous solution of (1.8) would yield 0 = 1. A famous theorem of Hilbert,
the Nullstellensatz (1893), tells us that if (1.8) is not “obviously inconsistent” (in the sense
that equation 1.9 holds), then it has a solution in the algebraic closure & of k.

Given the system (1.8), assume that we have m polynomials Fi, ..., F,, and some poly-
nomials g;; and h;; such that

p m
F; = Zgijfj and f; = Z hi
j=1

j=1
then the system

Fl(l’l,...,l'q) = O,
(1.10)
Fm(Il,...,SL’q> = O,

has the same set of solutions as the system (1.8). This means that if the ideals (fi, ..., f,) and
(F1,..., Fy) (in k[zq,...,2,)) are identical, then (1.8) and (1.10) have the same solutions.

Thus, the solution set of a system of polynomial equations only depends on the ideal
generated by the equations. Now recall Hilbert’s basis theorem (1890, see Atiyah and Mac-
donald [2], Theorem 7.5, Chapter 7, or Zariski and Samuel [60], Theorem 1, Chapter IV,
Section 1): Every ideal

2 - k’[l’l,...,l'q]

is finitely generated by some polynomials fi,..., f,. Thus, we can talk about the “zeros”
of the ideal 2, i.e., the simultaneous solutions of (1.8) for some finite set of generators,

Fiveros f of 2.

What do we mean by describing the solutions geometrically?

The above statement is vague. We mean, make some kind of picture of the solutions.
Some relevant questions are:

1. Is the picture connected?
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2. Is it compact?
3. Are there holes?
4. What are the functions on the space of solutions?

We seek to describe as well as possible some nontrivial invariants of the geometric picture.

Example 1.1 Consider the equation
22+ =1

Over R, a good picture of the solutions is a circle.

Over C, it is a 2-sphere without two points. This can be seen as follows. By stereographic
projection from the North pole onto an equatorial plane, the complex plane C is in bijection
with the sphere S? with the North pole N removed. The equation

2 +y* =1

can be written as
(z +1iy)(z —iy) =1,

and by letting w = x + iy and 2z = x — iy, we see that it is equivalent to
wz = 1.
Clearly, every w # 0 determines a unique z, and thus, the solution set is indeed S? — {N, S}.

Later on, we will show the following important fact: Systems of the form (1.8) never
have a compact set of solutions in C, unless the solution set is finite.

Example 1.2 Note that k is the solution set corresponding to the empty ideal in k[z].
Similarly, k" is the solution set corresponding to the empty ideal in klxy,...,z,]. We also
denote k" by A™(k), and call it the points of affine n-space over k.

Can we view A!(k) — {0} as the solution set of some set of equations? Yes indeed. Let
2 be the ideal, (zw — 1), generated by the polynomial zw — 1 € k[z,w]. The solutions of

2w —1=0
are in bijection with the set of all z € A'(k) — {0}.

Example 1.3 We will prove later on that A%(k) — {0} is not the solution set of any set
of equations. On the other hand, A*(k) — {0} is “locally” an algebraic solution set. It is
possible to cover A%(k) — {0} with two “affine patches.” Indeed,
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(a) Consider k[z,y, 2] and the equation

(b) Consider k[x,y,t] and the equation

yt = 1.

The solution set, t,, of zz = 1 is in bijection with

{(z,y) € A*(R) | = # 0}

and the solution set, T, of yt = 1 is in bijection with

{(x,y) € A*(k) | y # 0},

and thus,
ta Uty = A% (k) — {0},

This suggests that we define algebraic “things” (i.e., our varieties) as topological spaces
that are locally solution sets of equations of the form (1.8).

Generally speaking, to “do geometry,” we need
(1) A topological space.

(2) A notion of locally standard objects. For example, in the case of real manifolds, a
ball in R™. In the case of a complex manifold, a ball in C". In the case of algebraic
varieties, something defined by a system of the form (1.8).

(3) Some set of functions on the space (perhaps locally defined). For example, in the real
case, C*-functions, or smooth functions, or analytic functions. In the complex case,
holomorphic functions.

(4) Maps between the objects defined by (1), (2), (3).

Another theme in algebraic geometry is that of a classifying space (or moduli space).
Assume that we have some geometric algebraic object X. This object X is at least a
topological space.

Question: Given X, with some topological structure, “classify” all the algebraic struc-
tures it carries, compatible with the underlying topological structure.
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Example 1.4 Consider the ellipic curve of equation
y? = az® + bx + ¢, (a,b,c € C).
where the righthand side has distinct roots. Geometrically, this is a one-hole torus with one

point missing. If we compactify, we obtain a usual torus.

Problem 1. What are the algebraic structures (up to some suitable notion of isomorphism)
carried by a torus?

The collection of algebraic structures turns out to be in one-to-one correspondence with
the affine line A}, which is again an algebraic variety.

Problem 2. Given X (an algebraic variety), classify all the subobjects of X.

This problem can only be handled if we fix some discrete invariants. Then, it might
be possible to classify the subobjects, and the classifying space might also be an algebraic
variety.

Consider the special case where £ = C and X = A”. We would like to classify all the
subvarieties of A" of the form (1.8). This is a very difficult problem. Let us consider the
easier problem which is to classify the linear (affine) subvarieties of A™. Using translation,
we may assume wlog! that they pass through the origin (that is, we have a point in A?
as one of the pieces of classifying data). The discrete invariant is the dimension d, where
0 < d < n. The cases d = 0, n are trivial. Let G(n,d) denote the space of all linear subspaces
of dimension d in A" through 0.

Observe that there is an isomorphism
G(n,d) = G(n,n —d)

given by duality. We will treat the case d = 1, since it is simpler. We need to classify all the
lines through the origin 0 in A™. Let X be the unit sphere in A", that is,

Z:{z ‘Z|z,~|2:1,z:(zl,...,zn)}:{(z,y) ‘fojtyiz:l}:SQ"_l.

The sphere S?"~! is compact in the complex topology. Given any line L € G(n, 1), consider
LN3. We can define L parametrically by

L= {(Zj) ‘ Zj = Oéjt, t e (C, some o % O}
Then,

Loz ={r ‘Z|aj|2\t|2:1}:{t ‘ \t|2:ﬁ}.

'We use the abbreviation “wlog” for “without loss of generality.”
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Thus, L N Y is a circle St of radius \/Z;T\Q Since a line through 0 is determined by just

another point, observe that for any two lines L, L’ € G(n, 1),

L=L if (LNY)N(L'NX)+#0.

Thus, the lines through 0 are in bijection with the quotient space S?"~!/S'. The quotient
space is thereby compact. Therefore, G(n,1) is not globally of the form (1.8). However,
G(n, 1) is locally of the form (1.8). To see this, it is easier to consider G(n,n — 1), which is
isomorphic to G(n, 1) (by duality).

Let H € G(n,n — 1) be a hyperplane with equation
a1y + -+ o, =0,
where o # 0 for some j. If we define an equivalence relation ~ on A" so that
(a1, ...,00) ~ (Pr,...,0,) it B = Aa; for some A #0, 1 <i <n,

then the map

Hw (a1, 00)]~,
where [(aq,...,a,)]~ denotes the equivalence class of (a,...,q,), is a bijection between
G(n,n —1) and A"/ ~. Now consider

Uj =A{l(ar, ..., an)] | a; # 0},
In each equivalence classes, there is a unique representative with o; = 1, and so,
U, = A1
] — 9
via
(Oél, R 1, R Oén) — (Oél, cey G, Oy, Oén).

As a consequence,

Gn,n—1)= UUj,

1

n

J

where each U; is isomorphic to A"~!, and thus, G(n,n — 1) is locally of the form (1.8).

1.2 Affine Geometry (first level of abstraction), Zariski
Topology

In this section, we set up the basic correspondence between ideals in k[Xq,...,X,] and
subsets of A?. Let k be a fixed field, and let €2 be a field such that £ C 2 and the following
properties hold:
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(1) Q is algebraically closed.

(2) The transcendence degree of ) over k is Ng:

tl".dk 0= No.

For any ¢ > 0, we consider ideals 2 such that 2 C k[X;,..., X,] or % C k[Xy,..., X,], and
write

A=Al = Q1.
Definition 1.1 Given any ideal 2 C k[X1, ..., X,], define Vi () by

Vi(R) = {(§) € AT [ (Vf € 0)(f(§) = 0)}.

We call Vi (2() the set of Q-points of the affine k-variety determined by 2A. With a slight
abuse of language, we call Vi.(2() the affine k-variety determined by 1. Similarly, given any
ideal A C k[X1,..., X,], define VE(A) by

Vi) = {(&) € AT [ (Vf € A)(f(§) = 0)}

We call V(21) the set of Q-points of the (geometric) affine k-variety determined by 2A, or for
short, the (geometric) affine variety determined by 2.

To ease the notation, we usually drop the subscript & or k and simply write V for V, or
V4. Generally, V' means Vj, unless specified otherwise.

If Ais a (commutative) ring (with unit 1), recall that the radical, v/, of an ideal, 2 C A,
is defined by
VA={aeA |In>1,a" U}

A radical ideal is an ideal, 2, such that A = /.

The following properties are easily verified. Following our conventions, they are stated
for V=V, but they hold as well for V.

V((0) = A", V(1) =0 (1.11)
VENB) = V(AB) = V(A)UV(B) (1.12)
20 C B implies that V(B) C V() (1.13)
V(Za) = [V(2) (1.14)
VVA) = V(). (1.15)

From (1.11), (1.12), (1.14), it follows that the sets V() = V4 () can be taken as closed
subsets of A7, and we obtain a topology on A?. This is the k-topology on A?. If we consider
ideals in k[X;,...,X,] (i-e., sets of the form V;(2)), we obtain the Zariski topology on AI.

Remark: Each set of the form V' (2l) inherits a topology, and so, each set of the form (1.8)
is topologized.
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@ The Zariski topology is not Hausdorff (except when V(2() consists of a finite set of
points).

Let us see that A? is not Hausdorff in the Zariski topology. Let P, Q) € A?, with P # Q.
The line PQ is isomorphic to A'. Thus, it is enough to show that A' is not Hausdorff.
Consider any ideal 20 C k[X]. Then, 2 is a principal ideal, and thus

A=(f)

for some polynomial f, which shows that V(1) = V((f)) is a finite set. As a consequence,
the closed sets of A! (other than A') are finite. Then, the union of two closed sets (distinct
from A') is also finite, and thus distinct from A®.

@ The topology on A? is not the product topology on A []---J] A

For example, when n = 2, the closed sets in A' ] A! are those sets consisting of finitely
many horizontal and vertical lines, and intersections of such sets. However

X24+Y%2-1=0

defines a closed set in A? not of the previous form.

To go backwards from subsets of A? to ideals, we make the following definition.
Definition 1.2 Given any subset S C A%, define J;(S) and J;(S) by
Je(S) ={f € k[Xq,..., X ] | (Vs € S)(f(s) = 0)}

and

I5(S) ={f € k[Xy,.... X,] | (Vs € S)(f(s) =0)}.

The following properties are easily shown (following our conventions, they are stated for
J, i.e., Ji, but they also hold for Jy).

T implies that J(T") C J(5) (1.16)

C
c I(V() (1.17)

S
A
What about V(3(V(2)))? By (1.17), we have
V(3(V())) € V().
If € € V() and f € 3(V(A)), so that £(€) =0, then, £ € V(I(V(2))). Thus,

V(E(VE))) =V (). (1.18)

Given a set S C A7 we get the closed set V(J(S9)).
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Claim. The Zariski closure (resp. k-closure) of S in A7 is simply V(J(S)) (resp.
V(35(9)))-
Proof. 1t is clear that
5 < V(3(S)).

Pick any Zariski-closed set V' (2() such that S C V(). Then, we have
I(V(A) € 3(9),

and so,
V(3(5)) SV (I(V(A))) = V(A),

proving that V(J3(5)) is indeed the smallest closed Zariski set containing S. O

In summary
SCV(I(S) and V(3(9)) is the Zariski closure (resp. k-closure) of S. (1.19)
In analogy with (1.18), we also have
J(V(3(S))) = 3(9). (1.20)

Now, V(2() = V(B) implies that

Conversely, given V() and V(B), if J(V ()

I
a
=
52
S~—
:_/
-+
=
@D
=

V(@) =V(EWV(ER)) =V(@E(V(B)) = V(B).

Thus
JVERY)=3(V(B)) iff V(A)=V(B). (1.21)

In other words, closed sets are determined by the ideals associated with them. Since ideals
in k[X1, ..., X,] have the ascending chain condition (ACC), we find that affine varieties in A9
have the descending chain condition (DCC). From this, it follows that affine varieties satisfy
the Heine-Borel property (every open cover has a finite subcover). Hence, they are quasi-
compact (reserving the term compact for quasi-compact and Hausdorff). Unfortunately,
quasi-compactness is a very weak property.

A notion aligned to connectedness for non-Hausdorff topologies is the notion of irreducible
set. Here is the definition for our topologies.

Definition 1.3 An affine variety V' C AY is k-irreducible (resp. geometrically irreducible) if
V' is not the union of two properly contained k-closed (resp. Zariski-closed) subsets of V.
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A variety V may be k-irreducible but not geometrically irreducible. Consider the case
where k = Q and Q C C, let f(X,Y) = X2+ Y?, and let

V={¢e@|&+& =0}
Clearly, V' is Q-irreducible. However, if we adjoin ¢ to Q, then
X2 4+Y? = (X +iY)(X —iY).

Let
Wi={{|&+i& =0}, We={{]|& —i& =0}
Then, V' = W; UWs, but the W,’s are Q-closed, but not Q-closed.

Proposition 1.1 An affine variety V- C A? is k-irreducible iff 3x(V') is a prime ideal in
kX1 ..., X,

Proof . First, assume that J; (V) =B is not prime and that V' is irreducible. If so, there are
some polynomials f, g € k[X1,...,X,] such that f,¢g ¢ P and fg € B. Consider the ideals
A= (P, f) and B = (P, g), and let V; = V(A), Vo = V(B). Since

PCA=(P,f) and PCB=(P,9),

we have
V,CV

fori = 1,2. Furthermore, V; # V| because f vanishes on V7, since V; = V() and A = (B, f),
but f does not vanish on V| since f ¢ B and B = T (V). Similarly, Vo # V. However, we

claim that
V=Vuls.

Indeed, observe that
AB C P,

since every element of A% is of the form > f;g; where f; € 20 and ¢; € B, and thus,
V=V(@) SVEB)=V)UV(B)CV.

But then, V is reducible, a contradiction.

Conversely, assume that V' is reducible and that J(V') is prime. Then,
V=Vul
where V; £V for i =1,2. So,

JVi) D 3(V) and 3(Va) D I(V).
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Let f € 3(Vi) —3(V) and g € J3(V,) — J(V). Then fg vanishes on V = V(3(V)), since
f € 3(V1) implies that f vanishes on Vj, g € J(V5) implies that g vanishes on V5, and
V =V, U Vs, Therefore, fg € 3(V), which contradicts the fact that J(V') is prime. O

Corresponding to the decomposition into connected components, we obtain the decompo-
sition of an affine variety into k-irreducible varieties. First, define the notion of an irredundant
decomposition.

Definition 1.4 Given an affine variety V' C A9, a decomposition of V is a finite family of
k-irreducible varieties Vi, ..., V; such that

V=Wu---uV,.
Such a decomposition is irredundant if for no distinct 7, j do we have V; C V}.
Theorem 1.2 FEvery affine variety V-C A? has a decomposition

V=WVu.---uV,
into k-irreducible varieties. The decomposition of V' is unique provided it is irredundant.

Proof. Let S be the set of all varieties V' C A% such that V is not the finite union of some
k-irreducible varieties. We want to show that S = (. If not, by the (DCC), S has a minimal
element V{). By definition of S, V; is not irreducible. Thus,

Vo=ViUVs,

where V; # Vg, for j = 1,2. Since V; is minimal, V;,V, ¢ S, which implies that both V}
and V5 can be expressed as finite unions of k-irreducible varieties, and thus, Vj can also be
expressed as a finite union of k-irreducible varieties, a contradiction.

Let us now assume that
V=Wu---uV,=Wu---uw,
are two irredundant decompositions of V. Then,
t
W, =vVnw;=JV,nW.
j=1
Since W; is irreducible, there is some j = j(7) such that
W; =V,NW,;

which implies that
Wi € V).
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If we repeat the argument starting with V; # W;, we have some k = k(j) such that
Vi © Wii)-
But then,

contradicting the fact that the decompositions are irredundant. Thus, we must have k = i,
and the Vj’s are in bijection with the W;’s. O

The structure of irreducible k-varieties can be better understood using the concept of a
k-generic point. First, recall that a k-specialization of () is a ring homomorphism ¢: R — €2
(the identity on k) defined on a subring R of € which contains k£ (k C R C Q).

Definition 1.5 For an affine k-variety V' C A% a k-generic point for V is a point & € A?
such that:

(1) £eV.

(2) If f € k[Xy,...,X,] and f(§) = 0, then f € J,(V), ie., the restriction of f to V is
identically zero.

Proposition 1.3 IfV C A? is an affine variety, then the variety, V, is k-irreducible iff V'
has a k-generic point.

Proof. Assume that V' is k-irreducible. Then, J(V') is a prime ideal and k[X1, ..., X ]/3(V)
is a finitely generated k-algebra which is an integral domain. Let x1, ..., x, be the images of
Xi,..., X, under the residue map. Then k[X;,..., X ]/I(V) is isomorphic to k[z1, ..., z4].
However, the transcendence degree, r, of the fraction field, k(x1,...,x,), is finite and r < ¢.
We may reorder the x;’s so that zy, ..., z, are algebraically independent and k[z1, ..., z,] is
algebraic over k[xy,...,z,|. Since {2 has transcendence degree Ny, there exist &;,..., &, in Q
which are algebraically independent. Thus, there is a k-isomorphism

]{Z[l’l, ce ,ZL’T] = ]{3[51, ce 7£r]-

Since k[z1, ..., z,] is algebraic over k[xy,...,x,] and k[zy, ..., z,] is embedded in 2, the fact
that € is algebraically closed implies that there is an extension

0: klxy,...,xq = Q

which is a k-monomorphism. Let
gr-i-j = Q(IT+j)>

where 1 < 7 < ¢ —r, and let

52 (§1a~~~>§r>§r+1,---,fq) e 09
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Clearly, the map
0: k‘[Xl,...,Xq] — k‘[l'l,...,[lfq] — Q,
which is given by X; — &;, has kernel J(V). We have
H(f(le . "7XII)) = f(&, . --754)

for every f € 3(V) and
0(f)=0 iff F()=0.
Therefore, ¢ is k-generic for V.
Conversely, assume that £ is k-generic for V. For any £ € A9, let

B =A{f € k[X1,..., X ] | f(§) =0}
Clearly, B(&) is a prime ideal. If € is a k-generic point, then (1) & (2) say that
Te(V) =B(8),
and thus, J,(V) is prime and V is k-irreducible. [J

Example 1.5 Let f(X,Y) = X2 +Y? -1 € Q[X,Y]. Then, V(f) is geometrically irre-
ducible. Pick m € C (the circumference of the unit circle), and consider the map

X — .

Then, we get
QX Y] = QX][T]/(T* =1 — ).

We can find a root, 6, of 1 — 72 in C. Then, ¢ = (r, ) is Q-generic.

Remark: Given &, 1 € A9 we say that n is a k-specialization of € if there is a k-specialization
p: R — Q, of €, denoted by

&
so that
1. k[&1,...,&) CR.
2. p(&) =mi 1<i<q.
Then, the following properties are equivalent (DX).2

(1) nis a k-specialization of &.

2Here and in what follows, the symbol (DX) denotes an unsupported statement whose proof should be
easily suppliable by the reader. If the reader cannot supply the proof, then he or she, should turn back a
few pages and reread the material.
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(2) For every f € k[Xy,...,X,],if f(§) =0 then f(n) =0.
(3) B(&) S P(n).

Remark: Given &,n € V, one should think of a specialization
3 -

as “representing a sequence in V' whose limit is .” In this representation, ¢ stands for the
whole sequence.

Proposition 1.4 If V C AY is a k-irreducible affine variety and & is a k-generic point of
V', then V' consists exactly of the k-specializations of £&. Conversely, if £ is any point of A4,
then the collection of all its k-specializations is a k-irreducible variety in AY. Indeed, this
variety is exactly V(P(£)) and £ is a k-generic point of it. We have

k-closure{&} = V (P(&)).
Proof. Say & is a k-generic point for V', where V' is a k-irreducible variety. Then,

jk(v) = ‘3(5)-

Let 1 be a k-specialization of £, then, we have the isomorphisms

k[le cee 7XQ]/jk(v> = k[le - 7XQ]/(‘B(£> = k[gla cee 754]7

and the surjection
P k[glw .- 7&1] — k[nla .- ->77q]
given by the specialization ¢. We also have the isomorphism
]f[Tha s 7UII] = k[le cet 7XQ]/(‘]3(77)7
and thus, if f € J(V), then f € PB(£) C P(n), which implies f(n) =0, so
neV(@V))=V.
Pick (z1,...,24) € V. If f € P(&), then f € J(V), which implies f(z) = 0. Consequently,

there is a well-defined map
é-] = Zj,

which means that (z) is a k-specialization of £. Since

IVERE)) ={g | 9(&) =0} =B()

and P(&) is prime, we see that V (P(€)) is k-irreducible and & is k-generic. The rest is trivial.
U

Remark: Observe that £ is a k-closed (regp. Zariski-closed) point iff the coordinates of £
are in k, (resp. the coordinates of £ are in k).
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@ Note that the closure of a point is not necessarily a point. The Zariski topology is not
Ti.

Recall that in discussing the question of existence of solutions to equation (1.8), we
asserted that the criterion of “non-obvious inconsistency” was a criterion for existence
(Hilbert’s Nullstellensatz). The following theorem is a weak version of this theorem and
is called the weak Nullstellensatz.

Remember that an ideal 2l in a ring A is a primary ideal if A # A and whenever xy € 2,
either z € A or y™ € A for some m > 1 (see Atiyah and Macdonald [2], Chapter 4, or Zariski
and Samuel [60], Chapter III, Section 9). This is equivalent to saying that A/l is not the
trivial ring {0} and that every zero-divisor in A/2l is nilpotent. Of course, if 2 is a primary
ideal, then its radical v/2 is the smallest prime ideal containing .

Theorem 1.5 (Weak Nullstellensatz) Let B be a prime ideal in k[ X1, ..., X,]. Then, V(B)
is k-irreducible and I(V (P)) =B. If A is any ideal in k[ X, ..., X,], then

IV () = VAL
Proof. 1f 3 is prime then
k[Xla---an]/‘B: k’[l’l,...,l’q]

is a finitely generated algebra which is an integral domain. By the usual argument, there
are some &1, ..., &, € {1 such that

klxy,...,zq) = k[&, ..., &
e, P =P(£). By Proposition 1.4,

is a k-irreducible variety and

IVB(E))) = B(E).
Let 2 be any ideal of k[ X, ..., X,]. By the Lasker-Noether intersection theorem (see Zariski
and Samuel [60], Theorem 4, Chapter IV, Section 4, or Atiyah and Macdonald [2], Theorem
7.13, Chapter 7),

Q’[ = ﬂ in
i=1
where the ; are primary ideals, and thus, the ideals B; = /8, are prime ideals. The ideals
P, are called associated primes of A (they are uniquely determined by 2, see Zariski and
Samuel [60], Theorem 6, Chapter IV, Section 5). We have

n n

vy =UJva) =Jves).
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We can eliminate the terms V' (*3;) which are already contained in some other variety V (3;)
and keep only the minimal primes (called isolated primes, see Zariski and Samuel [60],
Chapter IV, Section 5); so, we have

ww:mex

where the V(3;)’s are isolated primes. Then, we get

JVE)) = ﬂ{J(V(‘BZ)) | P, is an isolated prime} = ﬂ{‘B, | P, is an isolated prime}.

i

However, by commutative ring theory (see Zariski and Samuel [60], Theorem 10, Chapter
IV, Section 6),

VL = ﬂ{‘B, | P; is an isolated prime}. O

From now on, we will omit 2 in V/(2), and just write V' (if reference to 2 is clear).
Definition 1.6 If VV C A? is an affine k-variety, we define the k-algebra k[V] by
KV) = KXo, X9 (V),
and call k[V] the affine coordinate ring of V.
The k-algebras k[V] satisfy the following properties.
(1) Each k[V] is a finitely generated k-algebra.

(2) Each k[V] possesses no nonzero nilpotent elements.

(3) Given A, a finitely generated k-algebra which is reduced (i.e., it has no nonzero nilpotent
elements), there exists an affine k-variety V' C A7 so that A = k[V].

(4) Given A, a reduced, finitely generated algebra over k, A is an integral domain iff any
variety V' such that A = k[V] is k-irreducible.

These properties are all easy to prove, and we only prove (4).
Proof. By definition, since A is a finitely generated k-algebra, we have

A= kX, .., X /A
for some ideal 2. Since A is reduced, we have

A= Aq = A/W(A)
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where 91(A) is the nilradical ideal of A, and so,
VAl =L

Letting V = V() C A9, we get
V)= VA =1,
and thus,

A X E[V]. O

Let us agree to write, given a subfield L of the layer Q/k (i.e., K C L CQ), V(L) for the
set of points of V' (= V(€2)) whose coordinates all lie in L. In referring to V' (L), we will use
the locutions

V(L) = L-valued points of V' = points of V' with values in L = L-rational points of V.
If V C A7 is an affine k-variety, let

Homk_alg(k;[V], L)
denote the set of all ring homomorphisms 6: k[V]| — L that are the identity on k.

Proposition 1.6 Let V C A7 be an affine k-variety, then, there is a bijection between V(L)
and the set Homy_n4(k[V], L). Moreover, there is a bijection between k-closed subvarieties
of V' and radical ideals, B, of k[V]|. The k-irreducible varieties of V' correspond to prime
ideals of k[V] (under the above correspondence).

Proof. We have V = V() and we can assume that 2 = v/2L, by choosing 2 = J;(V). Then,
EV] =k[X1,..., X/,

and if § € Homy,_n,(k[V], L), we have the diagram

O: k[X1,..., X, — k[X1,..., X,/ -5 L,

and the composite map © determines (and is determined by) a point n = (n, ..., 7,), where
n = O(X;). If f € J,(V), then f € Ker©. However, O(f) = f(n), and therefore, if
f€Tk(V), then f(n) =0and ne V(L).

Conversely, assume that n € V(L). We have a k-algebra homomorphism
O: k[X1,...,X,] — L

given by ©(X;) = n;. Since n € V(L), whenever f € J,(V), we have f(n) = 0. Since
A = TJ,(V) and since k[V] = k[Xy,..., X,]/, every element of k[V] is a coset of the form
f+ 2 for some f € k[X,...,X,] and we can define the function 0: k[V'] — L by setting

0(f +2) = 6(f).
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Since Ker © C 2, this function is well defined, and 6: k[V] — L is a ring homomorphism.

Let p: k[X1,...,X,] = k[V] be the residue map, where k[V] = k[Xy,..., X ]/ As-
sume that W is a closed variety in V', this means that W corresponds to some ideal B of
k[Xi,...,X,] such that B = /B, and

A=73(V)CIW) =2

Then, B corresponds to the radical ideal p(8) = B/ in k[V]. Conversely, every radical
ideal, Q, of k[V] = k[X1,..., X ]/ corresponds to the radical ideal B = p~(Q) which
contains 2. Hence, V(B) is a closed variety in V. [0

Remarks:
(1) Given any n € V(L), the unique k-algebra homomorphism
O: k[Xi,....X,] — L
given by O(X;) = n; has the property that
O(f) = fn)

for every f € k[X,...,X,|. In other words, © is the “evaluation homomorphism at n
(on k[X1,...,X,]).” The unique k-algebra homomorphism 6: k[V] — L induced by ©
leads us to define F'(n) for every F' € k[V] by setting

F(n) = 0(F).
Again, n € V(L) corresponds to the evaluation homomorphism at 1 (on k[V]).
(2) The k-topology (resp. Zariski-topology) on A7 has as a basis the sets
Vi={S€A? | f(§) # 0} =V((/)),

(where X denotes the set-theoretic complement of X) with f € k[X, ..., X,] (resp.
f € k[Xy,...,X,]). Indeed, if U is any k-open set, then U¢ = V() for some ideal A,
and if 2 is generated by the family of polynomials (f,), then

V) =[V(fa):

So,
U=JV(fa)" = Vs

(3) In other references, such as Hartshorne [33], Grothendieck and Dieudonné (EGA I)
[30], or Dieudonné [13], the basic open sets V; are also denoted by D(f).
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Proposition 1.7 If f is any polynomial in k[Xy,...,X,] (resp. f € k[X1,...,X,]), the
restriction, f [V, of f toV is a continuous function on the affine variety V- C A9, when
we give Q) the k-topology (resp. the Zariski topology). Furthermore, the k-topology (resp. the
Zariski topology) is the weakest topology for which all such functions are continuous.

Proof . First, consider the Zariski topology. If £ is a closed point in AY(Q), then ¢ € k. Given
the polynomial f € k[X;,...,X,], the polynomial

9( X1, Xg) = f(Xq,. 0, Xg) =€

has coefficients in k, and its zero locus is exactly the inverse image under f of the closed
point £. As Zariski-closed sets in A'(Q) are merely finite sets of such &, we see that f~! of
any Zariski-closed set in 2 is Zariski-closed in V.

When £ is arbitrary, Galois theory shows that an irreducible k-closed set in 2 is a finite
set of k-conjugate Zariski-closed points in €2 (with p-powers multiplicities if necessary in
characteristic p > 0). Hence, we obtain the continuity of f. O

Remark: Consider the image of X; in k[V] viewed as a continuous function. This is the
jth coordinate function on V, and these functions generate k[V]. Therefore, k[V] merits its
name of “coordinate ring.” Suppose V C A9 is a k-irreducible variety, let £ be a k-generic
point; we may assume that

52 (517---7£r7£r+17---7£q)

where &;,...,& are algebraically independent over k and &.44,...,&, are algebraic over
k[&1,...,&], then, to get any point, n € V, we apply a k-specialization, ¢, to £. We can
map &1, ..., & anywhere. Intuitively, we have r degrees of freedom on V. This leads to the

definition of dimension.

Definition 1.7 Let V' C A? be any k-irreducible variety. The dimension, dim;V, of V is
defined by
dimkV = trdk(k[V])

If V is reducible, then there is a unique irredundant decomposition
V — ‘/1 U PP U ‘/2
into k-irreducible components, and we let

dim,V = mlax{tr.dk (k[ViD)}.

Here are some of the desirable properties of the notion of dimension; all turn out to be
true, but we will not prove all of them right now.

(1) dimy A =gq.
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(2) If V C A9, then dim;V < ¢
(3) If VC W, where V and W are k-irreducible varieties, then
dim;V < dim, W,
and, if dimV = dim,W, then V = W.
(4) If W is a k-irreducible variety and V' is a maximal k-irreducible subvariety of W, then
dim;V = dim, W — 1.

Remarks:

(1) Property (3) is false if we drop the assumption of k-irreducibility. For a counter-
example, consider the case where V' consists of one line and W consists of two lines.

(2) Property (4) does not make sense if we drop the assumption of k-irreducibility. Con-
sider countably many distinct parallel lines in A%, Label them [y, [, ..., and write

The W;’s form an infinite ascending chain of irreducible subvarieties of A2, and there
is no maximal proper subvariety of the variety

j=1

“There is no maximality without irreducibility.”
Properties (1) and (2) are clear; we will now prove (3). (Clearly, (3) implies (2)).
Proposition 1.8 Let V.W C AY be two k-irreducible varieties. If V. C W, then
dim,V < dim,W,
and if dimpV = dim,W, then V =W.
Proof. Let £ be a k-generic point of W and 1 be a k-generic point of V. Then,
{&}=W and {n}=V

There is a surjective k-specialization

R | ST s S 1L/ TR T A
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and we can arrange 7;,...,7, so that n,...,n, form a transcendence base, where r =
dim; V. We claim that &, ..., &, are algebraically independent. If not, there is some nonzero
polynomial F' € k[X, ..., X,] such that

F(glv"wg?“) :Ov

and by applying ¢, we get
F(ny,...,n) =0.

Since 7y, ..., n, form a transcendence base, we have F' = 0, and so &1, .. ., &, are algebraically
independent. As a consequence

Let us now assume that &, ..., &, also form a transcendence base for W. We have a surjection
kW] 2 k[&r, ..., & =2 K, ... mg) =2 K[V].

We claim that the map ¢ is also injective. If y € k[IW] is in the kernel of ¢, then y is algebraic
over &1,...,&,, and y satisfies a polynomial equation

bl(gla cee 7€T’)yl + bl—l(gla s 7€T’)yl_1 + -+ 60(51, . 'a&“) = 0. (122)

Applylng P, since Yy c Ker ©, wWe have
So(bo(glv s 757")) = 0.

However, the restriction of ¢ to k[&1, ..., &, is an isomorphism onto k[ny, ..., n,], and there-
fore,

50(517 s 75?) = 0.

If we choose the polynomial in (1.22) to have minimal degree, we get a contradiction. There-
fore, k[V] = k[W] and V = W. O

We know that there is a one-to-one correspondence among the following three entities:

1. k-irreducible k-varieties V' C AY.
2. Prime ideals in k[X5,..., X,].

3. k-equivalence classes of points & € A?: k-specialization.

To each such object, we can assign an integer r, (dimy V'), 0 < r < ¢, and this integer
behaves much like vector space dimension, in that:

(a) It is monotone:
VCW implies dimV < dimIV.
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(b) If V. C W and dimV = dimW, then V = W.

Remark: Let f € k[Xy,...,X,] and assume that U is k-dense in V. If f | U = 0, then

érro});f .:”19He point 0 is k-closed in A, and f(U) C {0}. By continuity,
() € J(U),
and therefore
F(vV)=f(0) < {0} = {0}, O

Finally, we are in a position to prove Hilbert’s Nullstellensatz. First, we give various
equivalent statements of the Nullstellensatz.

Proposition 1.9 Let V =V (2() C A? be an affine k-variety, then the following statements
are equivalent.

() If A # (1) then V (k) # (.

(B) The point set V (k) is k-dense in V(= V(Q)). (Note: V (k) consists of the k-closed
points of V).

() If f € k[X1,...,X,) and f [ V(k) =0, then f | V = 0.

(v2) If f € k[Xy,...,X,] and f [ V(k) =0, then ff € A for some power p > 1.
(6) Every mazimal ideal of the ring k[X1, ..., X,] has the form
M = (Xl—Oél,...,Xq—Oéq),
for some ay, ..., a, € k.

Proof . First, we prove that (8) implies («). If assuming (3), we prove that V' # ), we are
done. But if V' = (), then by the weak Nullstellensatz (Theorem 1.5), we have J(V) = (1) =
V2. As a consequence, 2 = (1), a contradiction.

(71) = (B). Assume that if f [ V(k) =0, then f [V =0. If so, f # 0 on V implies that

f#0on V(k). Thus, A5 NV # () implies that A NV (k) # (. Since the sets A% form a base

of the k-topology in A, V(k) is k-dense in V.
(72) = (71). This is trivial.

(a) = (72) (Rabinowitch trick). Given f € k[Xy,...,X,], assume that f = 0 on V (k).
We have V' = V(2), and since 2 is finitely generated, A = (fi,..., f,) for some f; €
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k[Xi,...,X,]. Pick a new transcendental 7" independent of Xj,...,X,, and consider the
system of equations
fi=0,...,/,=01-Tf=0

in the variables Xy,..., X, T. These equations define a variety IV in A9l Observe that
W(k) =0, since if f;(§) =0fori=1,...,q, and £ € V(k), then the equation 1 = 0 would
hold. By («) applied to W, the ideal

(fio s fp 1 =T)

is equal to (1). Thus, there is some equation
p
1= g Xy, ... X, D) fi(Xa, .., Xg) + (X, X, T)(1 = Tf).
i=1
If we specialize T to be 1/f, we get

1= g Xy, ..., Xp, /) fi( X1, Xy).
i=1

By clearing denominators, we find some p > 0 so that

o= g(Xa, o Xy (XL X,
=1

but each ¢;(X1, ..., X, f) is equal to some polynomial G;(Xj, ..., X,), and so

o= ZGZ-(XI, X)X LX),

which means that f? € 2.
(a) = (6). Given a maximal ideal 9 of k[X, ..., X,], since M # (1), using (), we have
V(OM)(E) # 0. Assume that € = (&,...,&,) € k" is in V(IM)(k). Now, £ € V(IM), so
m < I{<H.

But {&} is k-closed, thus
J{EH) = (X1 =&, Xy — &)

However, 9 is maximal, so we must have

M= (X, — &, Xy — &)

(6) = (). Let V = V() for some ideal 2 in k[X, ..., X,], and assume A # (1). Then,
it is easily shown that 21 in k[Xy,..., X,] is also different from (1) (DX). There is some
maximal ideal 9t of k[X1, ..., X,] such that A C 9. By (9), we have

m:(Xl—Sla---an_gq)
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for some &;,...,& € k, and thus,
AC (X —&,..., X, — &),
which implies that
{&G=V({(X1—& ... X, = &) S V) =V (),
and ¢ € V(k). O
Here is Hilbert’s Nullstellensatz.

Theorem 1.10 (Hilbert’s Nullstellensatz (1893)) Given any affine k-variety V- C A%, all
the statements of Proposition 1.9 hold.

Proof. Assume that V = V(2) and that 2 # (1). There is a maximal ideal 9t such that
2 C M. Since V(M) C V(A), we may assume that 2 is maximal. But then, 2 is prime,
so V is k-irreducible, and there is some k-generic point £ € V(= V(Q2)). Let r = dim,V,

0 < r < g, and, as usual, arrange the notation so that &, ..., &, form a transcendence base
for k[&y,. .., &, over k. Then, &.11,...,§, are algebraic over k[, ..., &,], and we have some
minimal equations for the &;’s (r+1 < j < ¢q) of the form

g’frjlg(£17 s 7£T>£;'71j +t g((]])(glv s 757‘) = 0. (*)

Since k is algebraically closed, it is infinite; so, by elementary algebra, there are some
M, ..., N €k so that

for all j, where r+1 < j < ¢. By mapping &;,...,&. ton,...,n,, we have a homomorphism

@: E[fl,---,&r] —)E,

so by the place-extension theorem, ¢ extends to a k-valued place of the field k(&;, ..., &,),
which we also denote by ¢. The domain of ¢ is a subring of k(&,...,&,) and ¢ is not
extendable further with values in k. It is known that if z € k(&,...,&,) and = ¢ dom(yp),
then 1/2 € dom(y) and ¢(1/2) = 0 (see Zariski and Samuel [61], Theorem 5, Chapter VI,
Section 4). I claim that ¢ is finite on &.41,...,&,, i.e., that &.,q,...,§, belong to dom(y).

Otherwise, there is some &; such that ; ¢ dom(y), where r +1 < j < ¢. But then,
1/¢; € dom(p) and ¢(1/€;) = 0. Consider the j-th equation of (x) and divide each term by
;. We get

. . 1 : 1\™
9D (& &)+ 99 (&6 (—) E A (STT (_) -0
fj 5]'
Applying ¢, we get _
97(7%)(771’"'7777“) :()7

J
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which contradicts (1.23).

Therefore, p(§;) € k, where r + 1 < j < q. Letting 9,11 = ¢(&41),---,1 = ©(&,), We
obtain a k-point

(pi%[fl,...,gq]—)E. O

Remark: The key part of the argument involving the existence of ny,...,n, € k so that
equation (1.23) holds is Hilbert’s original argument. The rest of the argument follows Cheval-
ley. Other proofs of Hilbert’s Nullstellensatz can be found in Zariski and Samuel [61] (The-
orem 14, Chapter VII, Section 3), or Mumford [43], Fulton [17], Eisenbud [14], Bourbaki [7],
Atiyah and Macdonald [2], Matsumura [40].

1.3 Functions and Morphisms
We begin with some remarks about k-density. Let V' C A% be an affine k-variety.

(1) If V' is k-irreducible, then any nonempty k-open subset U of V' is k-dense.

(2) If V' is k-irreducible, then any two nonempty k-open subsets of V' have a nonempty
(and thus, k-dense) intersection.

(3) If U is k-dense in V and U is k-irreducible in the relative topology, then V' is k-
irreducible (DX).

(4) If U is k-dense in V, f, g are any two polynomials in k[X;,..., X, ],and f [ U =g | U,
then f =g on V.

Statement (3) being a diagnostic exercise, we prove (1), (2), and (4).
Proofs. (1) Let U be nonempty and open in V, where V' is k-irreducible. Then, Z = U* is
closed and Z # V. Let W = U be the k-closure of U, then

V=UUU=ZUUCZUW CV.

So, V. =ZUW. Since V is k-irreducible, we must have V =W and U is k-dense in V.

(2) Let Uy, Uy be two nonempty open subsets of V. Then, U and US are closed subsets
distinct from V. Since V' is k-irreducible, we must have

U UUs £V,

and thus, U; N Uy # 0.
(4) Consider the map (f,g): U — A? defined by

(f;9)(&) = (F(£), 9(€)),
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and give A? = Q x Q the Zariski topology (resp. k-topology). It is easily checked that (f, g)
is continuous (DX). If

A={(nn) | neq},
the hypothesis f [ U = g | U is expressed by

(f,9)(U) € A.

However, A is k-closed (resp. Zariski-closed) in A2, since it is given by the equation
r—y= Oa
and thus, by continuity,

and f=gon V. O

Remark: Property (4) can also be proven by considering the function f — g which vanishes
on U. By the remark just before Proposition 1.9, f — g vanishes on V' ie., f = g. The
reason we gave the longer proof above is because it is the archtype of the proof we must use
in the more general situation where subtraction is not available.

Recall that to do geometry, we need a topological space and, locally defined, functions.
Here is our definition of the functions on an affine variety V. Given an affine variety V' C A9,
a function p: V. — Q on V is a set-theoretic function that is locally defined by rational
functions. This is analogous to the definition of a complex holomorphic function which is
locally defined by convergent power series.

Definition 1.8 Let V C A? be an affine k-variety. A locally defined holomorphic function
on V' is a triple (f, g,U) where f,g € k[V] and U is a k-open subset of V' such that ¢g does
not vanish on U. (That is, U CV, ={£ €V | g(§) #0}).

Given such a triple, we get a set-theoretic function on U with values in €2 also denoted
by (f,g,U), namely, the function such that

/)

£ —5

9(§)

for every £ € U. By Proposition 1.7 the function (f,g,U) is Zariski-continuous (resp. k-
continuous).

To actually define functions on V', we need to introduce an equivalence relation on triples

(f,9,0):



34 CHAPTER 1. ELEMENTARY ALGEBRAIC GEOMETRY

Two locally defined holomorphic functions (f, g, U) and (]7, .U ) are equivalent, denoted
by
(f7g7 U) ~ (f7§7U)
if

U=U and [(€)3(&) =g(&)f (),
for all € € U.

Finally, the class of “good” functions on an affine variety can be defined.
Definition 1.9 Let V' C A? be an affine k-variety. A (global) holomorphic function on V is
a set-theoretic function ¢: V' — ) satisfying the following condition: For every £ € V', there

is some k-open subset Ug of V' with { € Ug and some locally defined holomorphic function
(f,9. Ue) so that

for all n € Uk.

Informally, ¢ looks like the rational function f(£)/g(§) on Ue. Holomorphic functions on
V' are continuous, since they are defined locally by continuous functions.

Remarks:

(1) Every f € k[V] gives rise to a (global) holomorphic function on V. Indeed, we can
cover V by itself and take g = 1. Then, f corresponds to the function (f,1,V).

(2) The map from k[V] to the set of (global) holomorphic functions on V' defined by the

assignment
f=(f,1LV)

is an injection. This follows because from (f,1,V) ~ (g,1,V), we find
(f—9)(§) =0

for all £ € V. Thus, (f —g) € 3x(V), and f —g=0on k[V] = k[X1,..., X,]/T(V).

Now that we have a class of good functions on the set of points of an affine variety, we
can give the definition of an affine variety that implicitly incorporates the important concept
of a sheaf.

Definition 1.10 An affine k-variety is a pair consisting of

(1) The set V =V (Q) viewed as a topological space (where V is of the form Vj(2l), as in
Definition 1.1), and

(2) The collection of all (equivalence classes of) locally defined holomorphic functions on
V.
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Now that we have the basic objects of affine algebraic geometry (at the first level of
abstraction), we can define morphisms between them.

Definition 1.11 If V. W are two affine k-varieties, a k-morphism @: V — W is a set-
theoretic map ¢: V(Q) — W(Q) so that for every locally defined holomorphic function
(f,9,U) on W, the pull-back ¢*(f,g,U) (that is, the composition (f,g,U) o ¢) is again a
locally defined holomorphic function on V.

Even though Definition 1.11 is nice and clean, it does not say what a k-morphism really
is. This is the object of the next proposition.

Proposition 1.11 (Ezxplicit form of k-morphisms) Let V' and W be affine k-varieties with
W C A% A set-theoretic map ¢: V(2) — W(Q) is a k-morphism iff for every £ € V', there
is some k-open subset U of V' with & € U and there are some fi,..., fq, G1,...,94 € E[V]
so that the following properties hold:

q q
(a) Hgi Z0 on U, e, U:C m Vg, and
i=1 j=1

fi(n) fa(n)
g’ gqn)

(0) »(n) = < > . for all ) € Uk.

Proof. Assume that (a) and (b) hold. Let (F, G, O) be a locally defined holomorphic function
on W. By (b), the function ¢ is k-continuous (or Zariski-continuous). Therefore, U = ¢~1(O)
is k-open (Zariski-open) in V. For any n € U, we have

fi(n) fq(n))
\ _\am) Tg4m))  h(n)
¢“““MW‘G<mm 00y 10
g’ gqn)

for some h,l € k[V].

Conversely, assume that ¢: V(Q) — W(Q) is a k-morphism. On W, we have the coor-
dinate functions Y;,...,Y,. Thus, ¢*(Y;) is a locally defined holomorphic function on all of

V for every j, 1 < j < q. This means that ¢*(Y;) is of the form ff) / g](-f) on some suitable

k-open Ue. But then,
o) :< O I >
) a )

~—

on Ue. O
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Remarks:

(1) From Definition 1.11, the composition of k-morphisms is a k-morphism. Thus, affine
k-varieties form a category.

(2) The explicit form (Proposition 1.11) implies that a k-morphism is a continuous map
of topological spaces.

(3) The explicit form implies that k-morphisms preserve “rationality,” i.e., for every field

L such that K C L C Q, if ¢: V — W is a k-morphism, then ¢: V(L) — W(L).

(4) Let Hom(V,W) denote the set of all k-morphisms ¢: V — W. Then, Hom(V, A')
is the collection of global holomorphic functions on V.

Let A be an affine k-algebra, i.e., a k-algebra which is finitely generated and reduced.
Thus, A = k[V], where V' = V() for some radical ideal, 2, of k[X,..., X ], and A =
kX, .., X,/

Definition 1.12 Any affine k-algebra A as above completely determines an affine k-variety
Spec A as follows:

(i) The set of points V' (€2) of Spec A is
V() = Homy,_a1e (A4, Q).
Define h(0) = 0(h), for all § € V() and all h € A.
(ii) The k-closed sets of V() correspond to radical ideals of A:

A +— V(A) = {0 € Homy_ne(A, Q) | Ker 6§ = 2A}.

(iii) The locally defined holomorphic functions are the triples (f, g, U) where U is open (in
the topology defined in (ii)) and f and g are in A, with g [ U never zero.

The following proposition is the key step in showing that the mapping
A — Spec A

is a functor from the category of finitely generated reduced (no nonzero nilpotent elements)
k-algebras to the category of affine k-varieties.

Proposition 1.12 Let A and B be affine k-algebras, and write V' and W for Spec A and
Spec B respectively. Every k-algebra homomorphism 0: A — B determines a k-morphism
0: W —=V.
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Proof. Let 6: A — B be a k-algebra homomorphism. Say A = k[X;,..., X |/2 where
2 = /2. Then, we have the composite map

0: k[X1,....X,] 2 AL B

Let F; = O(X;), so that F; € k[W] = B. We define the map 0: W — V as follows: For
every w € W, B
O(w) = (Fi(w),. .., F(w)).

Clearly, O(w) € A, and 6: W — A? is a k-morphism. We need to prove that 6(w) € V.

We know from Proposition 1.6 that each w € W corresponds to the unique k-algebra
homomorphism A: B — {2 such that

fO(w)) = fA(w),. .. Fy(w))

1 | |
D
°O o0 vy
S D —
o o X
222
==
S~—
~
= .
>
—
>
—
>
&

Since f € A, we have O(f) = 0; thus, A(O(f)) =0 and f(6(w)) = 0. Hence, O(w) € V() =
V. O

Remark: Given an affine k-algebra B, there is an isomorphism
Homk_alg(k[X], B) = B.

If W = Spec B, we have the map 6 — 6 from Homy_a15(k[X], B) to Hom (W, A'). We also
have a map from B to Hom (W, A'); we claim that the following diagram is commutative
(DX):

B Hom (1, A')

i

Homk_alg(k[X] s B)

Given a k-algebra homomorphism ¢: A — B between two k-algebras A and B, we get
a k-morphism ¢: Spec B — Spec A. Furthermore, if ¢ is a k-isomorphism, then ¢ is also
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an isomorphism of k-varieties. This shows that affine k-varieties can be k-isomorphic even
if they live in different ambient spaces.

The following situation also arises, and yields a broader concept of an affine variety.
Given an affine variety V' C A%, we may have a subset X such that

X(L) € V(L)

for every field L with £ C L C () compatibly, in the sense that the following diagram
commutes

X (L) V(L)
X(L) ——=V(L)

for all L, L' with k C L C L' C Q. It can happen that there is some affine k-variety W and
a compatible bijection
X(L) «— W(L).

In this case, the functions on W (L) can be pulled back from W to X, and we get a collection
of functions on X. This gives X the structure of an affine variety. If X is open, we want
these new functions on X to agree with the ones we get by restricting the locally defined
holomorphic functions on V' to X. If the latter condition holds, we say that X is an open
affine k-subvariety of V.

Example 1.6 Choose V= A! and let the open X be
X={¢eA | ££0}.
For W, we choose the following affine variety in A%:

W={(nehA” | &n-1=0}

1
o f6g)

The functions on X (L) are the functions from k[X] where the denominators are of the form
X*kg(X), with g(0) # 0. On W (L), the functions are locally of the form

The bijection is given by

and these indeed have denominators of the form X*g(X).
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We can generalize the previous example. Given an affine k-variety V' C A?, recall that

Vi={¢eV | f(§ #0}
Proposition 1.13 Let V' C A? be an affine k-variety and let f be in k[V]. The open set Vy
is an open k-subvariety of V. In fact, V; is k-isomorphic to Spec (k[V]f), where

kV]p = kVIT]/(fT - 1)
is the localization of k[V] at f.

Proof. First, we prove that k[V]; is reduced. Pick % € k[V];. If

g N
(7) =0

then ¢ = 0, since f is a unit (the reasoning takes place in k[V];). This means that there is
some s > ( such that

fsgN =0
in k[V]. Letting M = max(s, N), we get

(fg)" =0

in k[V]. Since k[V] is reduced, we get fg = 0, and thus ¢g/1 = 0 in k[V]|;. As a consequence,

g

g —,
fr
and k[V]y is reduced. Since k[V]; is finitely generated and reduced, if W = Spec k[V], then
W is an affine k-variety. So,

WI(L) = {Xk[V] =L | Af)#0}
= {£e V(D) | f(§) #0}=V(L).

We leave it as an exercise to check that the functions are the same on Vy and W. O

We need two technical lemmas for the proof of the next theorem. In preparation for
this theorem (Theorem 1.16), you may want to review the definition of an equivalence of
categories, say in Grothendieck [21] or Mac Lane [39], Chapter IV, Section 4, especially
Theorem 1.

Lemma 1.14 Let V be an affine k-variety and let g, h € k[V]. If h | V, is never zero, then
h is a unit of the ring k[V],, so that h and + have the form

g
where o € k[V] is a unit of k[V], and r > 0.
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Proof. We know that Vj is an open affine k-variety, and

h
I S /{Z[V]g

By hypothesis, h/1 is never zero on V, so, by the Nullstellensatz, we must have

(1)

This implies that the ideal (h/1), generated by h/1, is the unit ideal in k[V],. Thus, his a
unit of k[V],. O

The second lemma gives a very useful normal form for k-morphisms; its proof will be
given after the proof of Theorem 1.16.

Lemma 1.15 Choose two affine k-varieties V. W, with V. C A?. Given any k-morphism
0: W — V, there are some F,..., F, € k[W] such that

O(w) = (Fi(w), ..., Fy(w))
for allw e W.
Theorem 1.16 (Fundamental theorem of affine geometry) The contravariant functor
A — Spec A

from the category of affine k-algebras to the opposite of the category of affine k-varieties (i.e.,
the category with the arrows reversed) is an equivalence of categories.

Proof. We already know that a k-algebra homomorphism ¢: A — B gives rise to a k-
morphism ¢: Spec B — Spec A, and this is functorial. Thus, we get a map

Homy,_n¢(A, B) — Hom(Spec B, Spec A);

It is given by

QP
We need to prove that this is a bijection. Let W = Spec B and V = Spec A. If : W — V
is a k-morphism, by Lemma 1.15, there are some Fy,..., F, € k[W] = B such that

O(w) = (Fi(w), ..., Fy(w))

for all w € W. We may assume that V' C A7 and that A = k[X;, ..., X,]/2, where 2 = /2.
Now, define the k-algebra map

o k[X1,....,X,] — B
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by setting ¢(X,) = F; € B. Each w € W corresponds to a unique k-algebra homomorphism
A: B — Q such that

AF) = F(w)
for all F' € B. Let f € 2. We have
Ae(f) = Me(f(Xy, ..., X))
= Af(e(X1), ..., 0(X,)))
= AMf(f1,.... Fy))
= fOAF),- . A(Fy))
= f(Fl(w>7 ’7F¢I(w)>

Since f € 2, we have
and so

for all A. This implies that
o(f)(w) =0
for all w € W. Therefore, ¢(f) = 0 in B, since B C Hom (W, A!), and we have proved that
¢ induces a k-algebra homomorphism 9: A — B. We leave it as an exercise to check that
the maps
pr—> @ and 60— )

are mutual inverses. [

Here is the proof of Lemma 1.15.
Proof. By the definition of a k-morphism, for every & € W, there is some k-open subset
U(€) of W with € € U(€) and there are some 8, ..., 8 A 58 € k[W] so that

© ©

1 (m) 0 ()
0(n) =
) <7§£)(77) %55)(77)>

for all n € U(§), where &) is never zero on U(E) for all 4, 1 <14 < gq. Since the W,’s form a

(2

basis of the k-topology, we can pick some g so that £ € W, C U(£), and then, Lemma 1.14

implies that there are some f1(5)> L9 e k[W], so that
oo = (0@ B0
g g (n)

If v is the maximum of the v;’s, since W,» = W,, we may assume that v = 1, and we have

3] 3]
[ Om) )
9(”)‘< g T gl >
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Now, the W,’s cover W, and by quasi-compactness, there is a finite subfamily {W,,,..., W, }
that covers 1W. Thus, on each W, we have

()
() = <f1 ) i (n)>' )

(n)’ g;(n)

Since ¢ is well-defined, the local definitions of ¢ must agree on W, N W, = W, .., and we

have . ,
) _ 1)
9i(m) i)

for all n € W4, and all [, 1 <1 < ¢. As a consequence,

fl(j)gi - fl(Z)g] =0 on Wgzgﬁ

which implies that . '
109 = £09; =0 i k[W]y,,.
Therefore, there are some integers n;;; so that

(99" (£ 9 = £7g;) = 0 in k[W].
Let N = max{n;;}, where 1 <i,j, <t , 1 <[ <gq. We have

(gigj)Nfl(j)gi = (glgj>Nfl(i)gja (%)
for all 4, 7,1, with 1 <4,5,<t, 1 <1 < q. Now, the W, cover W. Hence, the g; have no
common zero, and neither do the g™ (since W,v = W,). By the Nullstellensatz,

(g{V—Ha s >gtN+1) - (1)7

the unit ideal in k[W], and thus, there are some h; so that

t
1= Z thZNH.
i=1

But, we have

t
g¥f = g <Z hegy “)
— ZhrgN+1

= Zhrgzjv+l by (**)

- (zhr% ).
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Letting
t
F, = Zhrgiv ),
r=1

we have F; € k[W], and
gV = gN TR in kW),

For any n € W,,, we get

fz(i)(ﬁ) _
9i(n) = i),
and by (%),
0(n) = (Fi(n), ..., Fi(n)). O

Theorem 1.16 has many corollaries. Here are two.

Corollary 1.17 The global holomorphic functions on an affine k-variety V are exactly the
elements of the coordinate ring k[V].

Proof. By definition, the ring of global holomorphic functions is Hom(V, A!). By Theorem
1.16,

Hom ,(V, AY) 2 Homy,_u,(k[T], K[V]) 2 k[V]. 0

Corollary 1.18 Let A and B be affine k-algebras, V. = Spec A, W = Spec B, and let
p: A — B be a k-algebra homomorphism. Then:

(1) ¢ is surjective iff o maps W isomorphically onto a k-closed subvariety of V.
(2) ¢ is injective iff Im @ is k-dense.

Proof. (1) The morphism ¢ is surjective iff B = A/2 for a radical ideal (. By Theorem
1.16, we have
Spec B = Spec(A/2),

and Spec(A/2) is a k-closed subvariety of V' (namely, V' (21)).

(2) Let 2 = Ker ¢ and assume that Im ¢ is k-dense. We have the following commutative
diagram in which 6 is an injection
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and B being reduced, A/2 is also reduced. This implies that 2 = v/2. By Theorem 1.16,
we have the diagram

where Z = Spec(A/l) is k-closed in V. Now, the image of ¢ is k-dense and Im ¢ C Z; so,
Z =V, and then 2 = (0), by the Nullstellensatz.

Conversely, assume that ¢ is injective and let Z be the closure of the image of . Then
Z = Spec(A/2l) for some radical ideal 2. We have the commutative diagram

Spec B=W 4 V = Spec A

Z = Spec(A/2)

and (by Theorem 1.16) we get the diagram
A ? B
A/

But ¢ is injective and 2 = Ker ¢, by the first part of the proof of (2); so, 2 = (0), and thus,
Z=V.O

1.4 Integral Morphisms, Products, Diagonal, Fibres

Let A, B be some k-algebras (not necessarily affine algebras) and let ¢: A — B be a k-algebra
homomorphism. Then, we can view B as an A-algebra.

Definition 1.13 We say that B is integral over A (or B is an integral A-algebra) if for
every b € B, there are ag, ..., a,_1 € A such that

b + o(an_)b" -+ p(a1)b+ p(ag) = 0.

If V and W are affine k-varieties, with V' = Spec A and W = Spec B, and if p: W — V is a
k-morphism (with corresponding k-algebra homomorphism ¢: A — B), then ¢ is an integral
k-morphism (or W is integral over V') if B is integral over A.

Remark: Lots of morphisms #: W — V' are not integral. For example, the composed map

P: V(XY =1) = A? 5 Al
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from a hyperbola to the affine line (via the first projection pri: A? — Al) is not integral.
Indeed, the corresponding k-algebra homomorphism is

o1 K[X] — K[X,Y]/(XY — 1)

given by
X = X.

However, Y is not integral over k[X]. Also note that the image A' — {0} of @ is not closed.
This is the general situation. A morphism of affine k-varieties is almost never a closed map
(i.e., maps closed sets to closed sets). However, for integral morphisms, we have the following
theorem.

Theorem 1.19 Let V,W be affine k-varieties and let o: W — V' be a k-morphism. If ¢ is
an integral k-morphism, then it is a closed map.

Proof. Write W = Spec B, V = Spec A, and let W’ be a k-closed subvariety in W
W =W -5V,
By Theorem 1.16, we have k-homomorphisms
A — B — B/*B,

where B is a radical ideal. Since, by hypothesis, B is integral over A, and since B/ is
trivially integral over B, it follows that B/% is integral over A, and we may assume that
W' =W. We must show that (W) is k-closed in V. Let V' be the k-closure of Im . Then,

V' = Spec(A/2)

for some radical ideal 2l and we get the diagram
A ‘ B
A/
Since ¢ is integral, B is integral over A/2l. Therefore, we may also assume that V' = V|

and we are in the situation where ¢: W — V has dense image and is an integral morphism,
and we must show that ¢ is surjective. Pick £ € V', so that

PE) =3}

is a prime ideal. Since the map ¢: A — B is injective (by Proposition 1.18 (2)) and B is
integrally dependent on A, by the first Cohen-Seidenberg theorem (the “Lying over theorem”,
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Zariski and Samuel [60], Theorem 3, Chapter V, Section 2, Bourbaki [7], Theorem 1, Chapter
V, Section 2, or Atiyah and Macdonald [2], Chapter 5), there is a prime ideal 8 of B with

P =FNA

This gives the commutative diagram

B —— B/3 ——— Frac(B/R)

|

A—= AP ——0

where Frac(B/9) is the fraction field of B/ and where the two vertical left arrows are
injections. Since A/PB(£) C Frac(B/P), by the place extension theorem (Zariski and Samuel
[61], Theorem 5, Chapter VI, Section 4), we may extend ¢ to a place n of Frac(B /) with
values in Q. However, B is integral over A, and it follows that B/ is integral over A/(€).
We will use this to show that B/B lies in the domain of 7.

If not, there is some b € B such that b ¢ dom 7, which implies that 1/b € dom 1 and
n(1/b) = 0. However, B/B is integral over A/PB(£), so we have some integral equation

b 4 b 4 @b+t =0

with the @; € A/B(€). Dividing by b, we get

I t+a (1)+ ta (1)”_1+— (1) 0
Qp— = a = Q, = = U.
"\ "\ *\5b

Now apply 7. It follows that 1 = 0, a contradiction. So, B/ C dom 7, as contended.
Now, the map ¢p: W — V is of the form

pw) = (Fi(w), ..., Fy(w))
where p(z;) = F; € B and A = k[xy,...,7,]. But, the map
B — B/ 1 Q
corresponds to a point 7 of W; the value ¢(n) is obtained by following the x;’s in the diagram

B B/B ——— Frac(B/9)

| | i

A=Kzy,... 2y —= A/PE) ——=Q

which commutes. So,
Tj = gj
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by the lower line, and @(n) = &, which proves the surjectivity of ¢. O

For use below, we need to review some basic categorical concepts. Detailed presentations
can be found in Grothendieck and Dieudonné (EGA I) [30], Mac Lane [39], or Grothendieck
[21]. Suppose that C is a category, we denote its set of objects by Ob(C), and for any two
objects A, B € Ob(C), the set of morphisms from A to B is Mor¢(A, B) or Hom¢(A, B).
We often drop the subscript C. A morphism f € Hom¢(A, B) is denoted by an arrow, viz
f: A — B. Given a category C, the opposite category C° has the same objects as C but has
reversed morphisms (arrows), i.e.,

Homeo(A, B) = Home(B, A),

or equivalently, f: A — B is a morphism of C° iff f: B — A is a morphism of C. For two
categories C and D, a contravariant functor or cofunctor F': C — D is a functor F': C° — D
(i.e., it is arrow-reversing). We let Sets denote the category of sets.

If C is a category, for every object X of C we can define a cofunctor hy: C — Sets as
follows: For a “test object” T € C,

hx(T) = Hom (T, X),

the set of all morphisms from 7' to X, and for any two objects Y, Z € Ob(C) and every
morphism f € Hom (Y, Z), the action of the functor Ay on arrows is the map

hx(f): Hom (Z, X) — Hom (Y, X)

defined by
hx(F)(g) =gof
for all g € Hom (Z, X). The functor hx is also denoted by Hom (—, X).

Let F': C — Sets be a cofunctor. Is it of the form hx = Hom (—, X) for some object
X € Ob(C)? 1If so, F is said to be representable by X. More precisely, this means that F
and Hom (—, X) are isomorphic functors. By definition, an isomorphism of functors means
that there is a natural transformation, 6: hx — F, i.e., there is a family (67) of bijections

Or: Hom (T, X) — F(T)

for every object T" of C such that the following diagram commutes for every morphism
f:Y —=ZofC:

Hom (Z, X) —2~ F(Z)

hx(f)l lF ()

Hom (Y, X) —— F(Y)

Y
The isomorphism 6 is uniquely determined by the element z € F'(X) defined by
z =0 X (ld X)~
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Indeed, setting Z = X, we have the commutative diagram

Hom (X, X ) —2~ F(X)
hX(f)l lF(f)

Hom (Y, X) 5 F(Y)

and since hx(f)(idy) =idx o f = f (recall that f: Y — X), we get

Oy (hx(f)(idx)) = F(f)(0x(idx)),
that is,
Oy (f) = F(f)(x),
which shows that 6y is completely determined for every object Y of C.

Actually, the above diagram shows that there is a bijection between the set of all natural
transformations 0: hx — F and F(X) given by the map

0 — GX(ldx)

The inverse map assigns to every x € F/(X) the natural transformation ¢ defined by

for all '€ Ob(C) and for all f: T"— X.

Consequently, to fix matters, we make the following definition for representability. The
cofunctor F'is represented by the pair (X, x) (where z € F(X)) when the natural transforma-
tion #: Hom (—, X') — F corresponding to x is an isomorphism of functors. It is easy to show
that the pair, (X, z), representing a cofunctor F' is unique up to (a unique) isomorphism

A similar treatment applies to the (covariant) functor Hom (X, —): C — Sets defined by
Hom (X, —)(T) = Hom (X, T)
for every “test object” T € C, and

Hom (X, =)(f)(9) = foyg

for every f € Hom (Y, Z) and every g € Hom (X,Y). A (covariant) functor F': C — Sets is
representable by some pair (X, z) with X € C and x € F'(X) when the natural transformation
0: Hom (X, —) — F corresponding to x is an isomorphism of functors.

Representable functors (and cofunctors) allow us to define products, coproducts, fibred
products, fibred coproducts, in any category.
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Let X,Y, Z be some objects in C. Consider the cofunctor
T — Home(T, X) x Home(T,Y).
If this functor is representable, there is an object P € C and an element in
Hom¢(P, X) x Home(P,Y),
i.e., a pair of maps px: P — X and py: P — Y so that we have a bijection
Or: Home(T, P) = Home(T, X) x Home(T,Y),
via
0r(f) = (px o f,py o f).

In this case, the representing triple (P, px, py) is called the product of X and Y in C. It has
the usual universal property of Cartesian products. We also denote P by X []Y.

If we consider the functor
T +— Home(X,T) x Home(Y, T,

and if this functor is representable, the representing triple (C,ix,iy) is called the coproduct
of X andY in C. It has the usual universal property of disjoint sums. We also denote C' by
X]IY.

We also have two categories C; and C? associated with Z, called comma categories or
slice categories. The objects of Cz are the pairs (T, 607) where T € Ob(C) and 07: T — Z.
A morphism ®: (7, 0r) — (5, 0s) is a morphism ®: 7" — S such that the following diagram

commutes:
ki S
W\
A

The category CZ is defined by turning the arrows around, i.e., the objects are the pairs
(T,07) where T' € Ob(C) and r: Z — T, etc. The category Cy is called C over Z, and the
category CZ is called C co-over Z.

In Cyz, if the product of (X,0x) and (Y, 0y) exists, it is called the fibred product of X
and Y over Z, denoted by X [] Y. Similarly, in CZ, if the coproduct of (X,nx) and (Y, ny)
Z

T

Z
exists, it is called the fibred coproduct of X andY over Z, denoted by X [[ Y.

Examples 1.7

(1) Let C = Sets. Then, X [[Y is the ordinary Cartesian product X x Y of X and Y
with its projections, and X [[Y is the disjoint union of X and Y with its injections. Also,

X JIY ={@y eXxY | 0x(z)=0y(y)}
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with the obvious maps:

(2) If C = Grp, the category of groups, or C = Ab, the category of abelian groups, then

products, coproducts, fibred products, and fibred coproducts all exist (DX).

(3) If C = CRng, the category of commutative rings (with unit), then products, coprod-
ucts, fibred products, and fibred coproducts all exist (DX). For example, the product A[[ B
of two rings A, B is the set-theoretic product A x B with coordinatewise operations. For the
coproduct, check that

AHBZA@ZB.

c
Given three commutative rings, the fibred coproduct A [] B is given by

C
Al B=A4®cB.

and the fibred product A [[ B by
c

ATl B={(ab) e A][ B | 0a(a) =05(b)},
C

where 04: A — C' and 0g: B — C.

(4) If C = k-alg, the category of commutative k-algebras (where k is a field), then
products, coproducts, fibred products, and fibred coproducts all exist (DX).

(5) If C = k-affalg, the category of affine k-algebras (where k is a field), then products,
coproducts, fibred products, and fibred coproducts all exist (DX). In each construction, we
divide by the nilradical. For example

AHB (A®), B)/MN = (A ®% B)rea,

the product
Al[B=AxB,
as usual, and if C' is an affine k-algebra with maps, n4: C — A and ng: C' — B, then

C
AT B=(A®c B)/M = (A®¢ B)sea.
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The fundamental theorem implies the following proposition.

Proposition 1.20 If V. W, Z are affine k-varieties and 0y :V — Z, Oy W — Z, or
n:Z—=V,nw: Z — W are k-morphisms, the following objects all exist:

VIIW = Spec((k[V] @k W ])iea)
V I[W = Spec((k[V]®kz k[W])ea) . and

VI[W = Spec(k[V]x k[W]),

VﬁW = Spec ( k[V] T W]

k[Z]

It is interesting to consider the effect of extending the field k.

Definition 1.14 Let V be a k-variety and let K be a field such that £ C K C 2. We define
the K-variety V ®; K by

V @ K = Spec ((k[V] @k K)red) -
@ (1) If K is not a finite extension over k, then V ®; K is not a k-variety.

(2) Even if K is finite algebraic extension of k, the structure of V ®; K as a K-variety
may be different from the structure of V' as a k-variety. For example, V may have V (k) = (),
and yet (V @, K)(K) # 0.

The following proposition shows that the points of the varieties V [[W and V' [[ W are
Z
just what should be expected.

Proposition 1.21 Given any k-varieties V, W, Z, we have
VW)@ =ve) x w(Q)
where x s the Cartesian product of sets, and

v IIm@=v©) [[ w©.

Proof. By definition
V() = Homy_a.(K[V], Q) and W (Q) = Homy_..(K[W], ).
Because (1 is a field,

Homk_alg((k[V] R ]{?[W])red, Q) = Homk_alg(k[V] Rk ]{?[W], Q),
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and then
Homk_alg(k[V] Rk k‘[W], Q) = Homk_alg(k[V], Q) X Homk_alg(k‘[W], Q) = V(Q) X W(Q)

The proof of the other identity is similar. ]

A more general notion of point is suggested by the fundamental theorem (Theorem 1.16).

Definition 1.15 Given any (commutative) k-algebra A, let
V(A) = Homy_ae(k[V], A),

and call V(A) the points of V' with values in A. If A is an affine k-algebra and T = Spec A,
then we write V(7T') instead of V' (A), sometimes. We call V (T') the T-valued points of V', or
points of V' with values in T.

We would like to understand how V and V ®;, K are similar and different. Here are some
partial answers.

Proposition 1.22 Let K and L be fields such that k C K C L CQ, and let V' be an affine
k-variety.

(1) We have
(V@ K)(L) =V (L),
where V @y K is viewed as a K-variety and V' as a k-variety.
(2) If V is k-irreducible and the extension K/k is normal algebraic, then V @y K is a finite

union of k-conjugate K -irreducible varieties. Hence, in general, V is equidimensional
over k iff V ®; K is equidimensional over K.

Proof. (1) Since L is a field, we have

(V& K)(L) = Homg_ag((k[V] @k K)rea, L)
= Hompg_..(k[V]® K, L)
= Homy_.(k[V], L)
= V(L).

(2) Assume that V' is k-irreducible. The K-variety V ®; K is a finite union of K-irreducible
varieties
VeorK=VJU---UV.

Let & be a K-generic point of V;. We have

& e V;(Q) € (Ve K)(Q) =V(Q),
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and thus, &; is a specialization of some ¢, where £ is k-generic for V. Then, there is a
surjection (identity on k)
0;: k[§] — K[g]

for every j, 1 < j <t. Hence,
tr.d, & <tr.dg & (%)

for every j, 1 < j <t. Now,
t
E€V(Q) = (Ve K)(Q) = [J V(.
j=1

For instance, assume that £ € V1(€2). Then, £ is a K-specialization of ;. Thus there is a
surjection 7m: K[&] — K[¢], and as a consequence,

tr.dg € < tr.dg &. (xx)
Since the extension K /k is algebraic, by (xx), we get
tr.dg € < tr.dg & . (k)
Then, by (%) and (%), we get
tr.dg & = tr.dy &;.

Our previous work implies that 6; is a k-isomorphism. Hence, we get the k-surjections

—1

P K] T k[E] s k).

Consider K (&) = Frac(K[&]) (the fraction field of K[;]). We have the following commu-
tative diagram:

K(&)

2

S| y;

..

K[&)]
kl&)] —2= K[g)]

By the place extension theorem, ¢; extends to a place ¢;, and we have

©i(&) = ¢&;.

Since K is algebraic over k and since k£ and K are fields, K is integral over k, and by the
usual argument about integrality, ®; is defined on K. Since K/k is a normal extension, we

have
?;(K) = K,
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i.e., p;, the restriction of ®; to K, is an automorphism of K. We have the diagram

where ¢;(&) = &;, and where p;(¢) = 1 (n depending on j). Observe that the map

—~_1

Kln) == K[&] = K]

is a K-surjection, by construction. Therefore, {; € W, and as 7 is a specialization of £, we
get n € V ®, K. However,

t
Ve, K=V

j=1

where the decomposition is irredundant, and each V; is K-irreducible, so we must have

Vi = {n}.
Thus,
tr.dg n = tr.dg &;

So,
tr.dK 61 = tl"dK n.

It follows that
tr.dg n = tr.dg & (1.24)

for all i, 1 < ¢ < t. This shows that the components V; have the same dimension. By (1.24),
because the extension K/k is algebraic and ; is a k-surjection, ¢; is a k-isomorphism

pi: k61] — K[E]
for all 7, 1 <7 <t. Hence, V; and V; are k-conjugates. The last part is trivial. (J
The above Proposition suggests two kinds of questions.
1. Given a property (P) of k-varieties, does V ®; K possess (P) as a K-variety? This

question is also phrased as: “(P) is stable under base extension.” Generally, it is not
hard.
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2. Assume that V ® K has the property (P) as a K-variety. Does V already have (P) as a
k-variety? This question is also phrased as: “(P) is stable under descent.” For example,
if K/k is normal algebraic and V ®; K is K-irreducible, then V' is k-irreducible. Also,
from the proof of Proposition 1.22,

Thus, the notion of dimension is stable under base extension and descent, by normal
algebraic field extension.

Let (P) be a property of k-varieties. We say that V' is geometrically (P) if V @, k has
(P) as a k-variety. For example, dimension is a geometric property.

@ However, note that V' geometrically irreducible is different from V' k-irreducible.

Proposition 1.23 Let V' be an affine k-variety and assume that V' is geometrically irre-
ducible. Then, for any field extension K/k, with k C K C §Q, the K-variety V ® K is
K-irreducible.

Proof. Let K be the smallest subfield of ) containing K and k (i.e., the compositum of K
and k). We have

(V@k%) ®§k:V®kk.

Next, we use the following result from commutative algebra: If A is an integral domain
over k and k is algebraically closed, then for any extension K /k, A®; K is again an integral
domain (see Bourbaki (Algebre) [6], Chapter 5, Section 17, No. 5, Corollary 3 to Proposition
9). Then, by considering the corresponding coordinate rings and the fact that V ®y k is k-
irreducible, we see that

VorK=(Veyk) o K

is K-irreducible. But K lies over K , and K -irreducibility descends, so that V ®; K is
K-irreducible. [J

Proposition 1.24 Let V and W be irreducible affine k-varieties. The following properties
hold.

(1) If k is algebraically closed, then V' [[ W is k-irreducible.
k
(2) If k is algebraically closed, then

5V T W) = (V) 20)),
k

where (V) C k[Xy,..., X ]; T(W) C k[Y1,....Y]; 3.(V [[ W) C k[X4,..., X,
k
Yi,..., Y], and where (3x(V),3x(W)) is the ideal generated by T, (V') and Jp(W).
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(3) If k is algebraically closed and x,y are respectively k-generic points in V., W, then (z,y)
is k-generic in' V. ][ W.
k

(4) If k is arbitrary,

dim(V [ W) = dimg (V) + dimg(W).

Proof. (1) By definition,

KV ] W1 = (E[V] @k E[W])rea:

k

However, k[V] is an integral domain, k is algebraically closed, and k[W] C k(W). By the
fact about tensor products stated during the the proof of Proposition 1.23, k[V] @4 k[W] is
an integral domain, and V' [[ W is k-irreducible.

k

(2) Since k is algebraically closed, k[V] ®; k[W] has no nilpotents, and so,

Spec(k[V] @ k[W]) =V [ W-

Now, we have the exact sequences
0— Jx(V) — k[Xy,.... X, — Ek[V] —0

and

0 — Jx(W) — k[Y1,..., Y] — E[W] — 0.

By tensoring the first exact sequence with J,(W') and the second exact sequence with Jy(V),
we get

and

0 — Tk(V) @k Tp(W) — (V) @4 kY7, ..., Y] — Tp(V) @ k[W] — 0.
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Similarly, we can tensor the exact sequences with k[Y7,...,Y;], resp. k[Xq,...,X,], and with
k[W], resp. k[V]. This gives the following diagram:

0 0 0

00— T, (V) @ Tp(W) —= k[X)'s] @ T (W) —=k[V] @ Tp(W) —=0

0 ——Tk(V) @ k[Y;'s] — k[Xi’s] @ k[Y)'s] —=k[V] @y, k[Y;’s] —=0

0 —>jk(V) Rk /{Z[W] — k[X/S] Rk /{Z[W] — ]{:[V] R k[W] —0

0 0 0

A simple diagram chase shows that (2) holds.
(3) The affine k-algebras k[V] and k[W] are finitely generated, and

klxzy, ...,z = k[Xy, ..., X ]/T(V) and K[y, ...,y = k[Y1,...,Y.]/J(W).
The result then follows from (2).

(4) Expressing V' and W in terms of irredundant decompositions, we have

s t
V={JV and W=[JW.

j=1 =1
Then »
vIi[w= U v []W
k j=1,1=1 k

Thus, it is enough to assume that V and W are k-irreducible. We also have irredundant
decompositions

V Q% k= U ‘73
j=1
where the ‘7] are k-irreducible and all have the same dimension, and similarly,
t —
W ek =W
=1

where the I//Iv/l are k-irreducible and all have the same dimension. Then

(V®kE) H (W®kE)’£(V HW)@kE,
% k

k
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and
st

v [[mek= J Vi [[ W

j=1,1=1

Thus, the argument is reduced to the case of k-irreducible varieties where the field is alge-
braically closed. Then, because the algebras involved are integral domains and because k is
algebraically closed, it is clear that

tr.dy (K[V] @4 K[W]) = tr.dy(k[V]) + tr.dg (K[IW]). 0

Proposition 1.25 Let V and W be affine k-varieties and let o: V — W be a k-morphism.
The following properties hold.

(1) The fibred product V- [[ V is closed in V. [[ V.
W k

(2) The diagonal, A, is closed in V' [ V, and hence, in V' [[ V. In fact, the map
W k

Ayw:V =V Hv
w

(the diagonal map) is a closed immersion (i.e., it an isomorphism onto a closed sub-
variety, namely, the diagonal).

Proof. (1) We have

V I V = Spec((k[V] @k k[V])zea) = Spec A,

and
V J[ V = Spec((k[V] @) k[V])rea) = Spec B.
w

The kernel of the map from A to B is the ideal J generated by the elements of the form
i(w)®1 -1 i(w),

where i: k[W] — k[V] is the k-algebra homomorphism corresponding to ¢. Now, B = A/7,
so that J defines V' [[ V as a subvariety of V' [] V.
14 k

(2) Consider the map p of k-algebras
p: klV] @pw k[V] — k[V]

defined via
§@nE&n.
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Observe that if ), & ®n; € Ker p, then
dGen = D Gen—-10) L

= Z(@ Qn —1®&mn;)

i

= Z(fz ®1-1®&§)(1®mn),

7

which implies that the kernel of the map p is the ideal J of k[V]| @ k[V'] generated by the
elements & @y 1 — 1 Qg & Letting C' = k[V] @k k[V], we have

Homk_alg(C, Q) = Homk_alg(C/‘ﬁc,Q)
= (v [[nw,

since () is a field. Now, J corresponds to the diagonal, as should be clear from the above
(DX). Therefore, the diagonal is closed in V' ] V, since it is defined by an ideal, and the
W

map p is a closed immersion. []
Remark: If V and W are geometrically irreducible, then so is V' [[ W (DX).
k

We now consider fibres of k-morphisms. Given a k-morphism ¢: V' — W of affine k-
varieties, for any w € W (= W(Q)), we have the set-theoretic fibre

pHw)={veV | ) =uw}.
Then, V' is the disjoint union

V= U o Hw).

If each fibre ¢! (w) is an affine variety, then V' will be decomposed as a family of algebraic
varieties indexed by another algebraic variety. When W and the fibres have a simpler
structure than V', this yields a fruitful way of studying the structure of V. But, how can one
view ¢! (w) as an affine variety? Here is the answer.

Given an affine k-variety V', for any £ € V, recall that

P& ={f €k[Xy,.... X,] | f(§) =0}
Proposition 1.26 Let ¢: V. — W be a morphism of affine k-varieties and let w € W.
Write
k(w) = Frac(k[W]/B(w)),
and call it the residue field of W at w. Then, in a natural way, the fibre o' (w) is an affine

k(w)-variety. In fact,
™ (w) = Spec ((K[V] @xw) £(w))rea) -
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Proof. Consider
Spec ((k[V] @k £(w))rea) -

The set of points of this x(w)-affine variety is

Hom“(w)_alg((k[v] ®k[W} K’(w))reda Q)a

where (2 is a k(w)-algebra because: The point w € W (£2) corresponds to a k-algebra homo-
morphism

hw & Homk_alg(k[W], Q),
and the kernel of h,, is B(w). So, h,, induces a homomorphism (also denoted by h,,)

hw = K[W]/B(w) = €,
which extends uniquely to a homomorphism
hy: k(w) = Q,
and this makes Q a k(w)-algebra. The field €2 is also a k[I¥]-algebra via the homomorphism
kW] — k[W]/B(w) <5 Q.
Since () is a field, we have
Homy, (i) —atg ((E[V] @k £(W))red, ) = Homyw)—aig (K[V], ).

If & € Homypw)—ag(k[V], €2), then

(a) &: k[V] — €, and

(b) The diagram

commutes.

However, (a) says that £ € V(2), and (b) says that £ € ¢~ !(w). Therefore, as sets,
o (w) = Spec ((KV] @xw) #())rea)
The rest is obvious. [

Corollary 1.27 If w and w' are k-conjugate points of W, then o= (w) and o~ (w') are
k-conjugate affine varieties.
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Proof. The k-algebra k[V] is integral over k[IW] and finitely generated as a k[W]-algebra.
A standard result of commutative algebra implies that k[V] is a finite algebra over k[W]
(i.e., k[V] is a finitely generated k[V]-module, see Atiyah and Macdonald [2], Corollary 5.2,
Chapter 5, Zariski and Samuel [60], Theorem 1, Chapter V, or Bourbaki [7], Chapter V). O

Corollary 1.28 Letp: V — W be an integral morphism of affine k-varieties. The following
properties hold.

(1) The affine variety V' is a finite W -variety i.e, k[V] is a finite k|[W]-algebra.
(2) The fibres o~ (w) are finite sets for allw € W, i.e., dimy (¢~ H(w)) = 0.

Proof. By the proof of k[V] is a finite k[IV]-algebra and Corollary 1.27, k[V] ®xw) £(w) is
a finite k(w)-module. Then,

tr.d,{(w) (k‘[V] kW) k(w)) =0,

which means that the dimension of the fibre is 0. However, affine varieties of dimension 0
are finite sets. [J

A morphism ¢: V — W satisfying condition (2) of Corollary 1.28 is called a quasi-finite
morphism.

@ Note that quasi-finite does not imply finite. For example, if V' = Speck[X,Y](XY —1) C
A% W = Spec k[X] = A!, and ¢: V — W, the first projection from A% to A!, then we
observe that the map is not integral (since the element Y is not integral over the ring k[X]).

Definition 1.16 Given a topological space (for example, an affine variety) V', we say that
a set Z is locally closed in V if
Z=UNnwW

where U is open and W is closed.

Observe that open and closed sets in a variety are locally closed. Let Z; = U; N W,
1 =1,2. Then,
ZiNZy=U NU,NW; N Wo,

so that Z; N Z, is locally closed. Thus, any finite intersection of locally closed sets is locally
closed.

Ift Z=UNW, then Z¢ = U°U W€, where U¢ is closed and W€ is open. It follows that
the Boolean algebra generated by the open and closed sets is just the set of finite unions of
locally closed sets. Finite unions of locally closed sets are called constructible sets. We have
the following important theorem.

Theorem 1.29 Let V and W be affine k-varieties and let ¢: V. — W be a k-morphism.
Then:
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(1) If (V) is dense in W, there is some nonempty k-open set U in W so that

UCe(V)c W

(2) (Chevalley) The image of ¢ is a constructible set in W.

Proof . (1) Assume that (V) is k-dense in W. Let V' be any k-irreducible component of V.

Then, (V') is k-irreducible in W, and thus, W = ¢(V”) is again k-irreducible and closed in
W. Let

t
w={Jw;,
j=1

where the W, are the irredundant components of W. Then
—_— t —_—
W= Jwnw;,
j=1

and since W is k-irreducible, there is some j, 1 < 7 <, such that W=wn W, ie.,
W C W,

But, if

is an irredundant decomposition of V', we showed that for every 7, 1 <7 < s, there is some
J = 7j(i) so that
p(Vi) € Wig).

However,
MWI@(U%>=U¢M)
i=1 i=1
Therefore,
s s s s t
W =o(V) =Jevi) = U < UWe = UWiw cUW; =W,
i=1 i=1 i=1 i=1 j=1

and the inclusions are all equalities. Since the decompositions are irredundant, the W run
over all the W;’s and, by denseness, ¢(V;) is dense in Wj).

Assume that the theorem (1) holds when V' is k-irreducible (so is W, since W = (V).
Then, for every 4, there is some k-open subset U; C Wj;) so that

Ui C o(Vi) € Wjg).
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If C; = Wju) — Ui, then Cj is closed in Wj(;), which implies that Cj is closed in W. The
image (V') misses at most

which is closed. Therefore, U = C° is a nonempty k-open contained in ¢(V').

Therefore, we may assume that V' is k-irreducible. As (V) is k-dense in W, we know
from part (2) of Proposition 1.18 that k[W] < k[V] is an inclusion. Letting r = tr.dgmk[V],
we pick some transcendence base &, ...,& (§; € k[V]) over k[W], so that k[V] is algebraic
over k[W][&, ..., & ]. Since

]{Z[W][fl, .. -75?] = k[W] ®k ]{Z[fl, v 757‘]7
the map
kW] = k[W][&, . ... &) = k[V] (%)

is just the map
o: kW] = kW] ® k[, ..., &] — E[V].

Reading the above geometrically, we get the map

pr VW AW
k
Since each n € k[V] is algebraic over k[W [] A"], we have equations
k

aO(gla s 767’)778 + a'l(gla s 757’)778_1 +--+ Cls(fl, s 757’) - 0,

where the coefficients a;(&y,. .., &) are functions over W, and thus, depend on w € W,
but we omit w for simplicity of notation. If we multiply by ao(&,...,&)* ! and let ¢ =

aO(gla sy 51“)777 we get

Cs+bl(€1a-">€r)<8_l + "'_I_bs(gl)"'agr) = 0.

Therefore, for every n € k[V], there is some a € k[W ] A"] so that
k

¢=an

is integral over k[W [ A"]. Since k[V] is finitely generated, there exist n;, ..., n; so that
k

KVI=&W 1T A0,
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and each 7; comes with its corresponding «; and «;n; is integral over k[W ] A’]. Let
k

b=[]aj(&.....&) e kW [T A"
Jj=1 k

Consider the ring k[W ] A"}, and the corresponding affine variety
k

Spec k[W H A", = Uy,
k

also denoted by (W [] A"),. We have Uy € W ] A", and on Uy, b and all the «;’s are
k k
invertible. Let us look at p1(b) € k[V], where p1: k[W ] A"] — k[V] is the k-algebra
k
homomorphism associated with the k-morphism ¢;: V' — W [] A". Then, we get
k

Vam — (W [T A =Ur.
k

Since each «; is invertible, on V), each n); is integral over k[U;]. But V) is generated
by the 7;’s; so V74 is integral over (W [] A");. And therefore, the image of the morphism
k

Ve ‘LU, (1)

is closed (see Theorem 1.19). Consequently, (1) is a surjection of varieties, and we find
U =W [ A% = e1(Vaw) € @r(V).
k

Even though U, is a nonempty open, we still need to show that there is some nonempty open
U C W such that U C pry(U;). For then, we will have U C (V). Now, b € k[W [] A"
k

means that b can be expressed by a formula of the form

b= b (w)?,
)

where () denotes the multi-index (8) = (81, ..., 5,), 2@ =& ... &8 and bs) € E[W]. Let
U={weW | 3p), b (w) # 0}.

The set U is a k-open set in W. If w € U, since b is a polynomial in the ;’s which is
not identically null, there is some (3) such that bgy(w) # 0. Now, £ and k are infinite,



1.4. INTEGRAL MORPHISMS, PRODUCTS, DIAGONAL, FIBRES 65

so there are some elements ti,...,t, € Q (or k) such that b(w,ty,...,t,) # 0. How-

ever, (w,ty,...,t,) € W J] A" and b(w,ty,...,t.) # 0, so that (w,ty,...,t.) € U; and
k

pri(w, ty, ..., t,) = w. Therefore, U C pry(U;), which concludes the proof of (1).

(2) By a familiar argument (using irredundant decompositions), we may assume that the
affine varieties are k-irreducible. We proceed by induction on r = dim(V).

When r = 0, the fact that V is irreducible implies that V' is a finite set of k-conjugate
points, and since the image of a finite set is finite, p(V') is constructible.

Assume that the claim holds for r — 1. As we said earlier, we may restrict our attention
to the case where V is k-irreducible. Let W =1Im . If Im ¢ is constructible in W, then
Imo=UNW,U...UU, NW,,

where U; is open in /V[7, and VIA/; is closed in W, which implies that V[A/; is closed in W. By
definition of the relative topology, there are some open sets U} in W so that

Wwn Uj'- =Uj.
Then, we have

Ime = WAU)NWLU---U(WNU)NW,
= WnUNW,U---UU, NW,)
= UnWU---uU. NW,,

a constructible set in . As a consequence, we may assume that W = W, i.e., that Im ¢ is
dense in W. By (1), there is some nonempty open subset U of W such that U C p(V). Let
T = o~ }(U). This is an open subset of V' and moreover, o(T) = U. Let Z =V — T. The
set Z is k-closed in V', and thus

dim Z < dim V,

and by induction, Chevalley’s result holds for Z. But then,

(V) =e(Z2)Ue(T) = e(Z2) U,
and since ¢(Z) is constructible and U is open, ¢(Z) U U is also constructible. [J

We will be able to promote many of our results by introducing a generalization of affine
varieties, called abstract varieties.

Definition 1.17 An abstract k-variety is a topological space X together with a collection of
locally defined functions on X to 2 so that the following condition holds: For every = € X,
there is some open subset U with = € U so that U and the induced set of locally defined
functions from X is k-isomorphic to Spec A for some affine k-algebra A. Given two abstract
k-varieties X,Y, a k-morphism is a topological map ¢: X — Y such that for every locally
defined function g on Y, v*(g) (= g o ¢) is a locally defined function on X.
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Of course, abstract varieties form a category having the category of affine k-varieties as
a full subcategory. But, many results true for affine varieties will fail for abstract varieties
if they are “too big.” Here, the concept of bigness has to do with the fact that an abstract
variety might not be a finite union of affine varieties. Therefore, the concept of quasi-
compactness introduced in the discussion immediately following Definition 1.2 should prove
useful. We will generally assume it, and, in the interest of brevity, we tend to omit “abstract”
in “abstract varieties.” The following terminology will also be needed.

Definition 1.18 Given two k-varieties X,Y, a k-morphism ¢: X — Y is an affine mor-
phism if for every y € Y, there is some open subset U with y € U, where U is affine and
o 1(U) is affine. We say that ¢ is an integral morphism if ¢ is an affine morphism and
o 1(U) is integral over U (U as above, depends on y € Y.) A morphism ¢ is a finite-type
morphism if for every y € Y, there is some open subset U with y € U, where U is affine and
o YU) is quasi-compact, and lastly, ¢ is a finite morphism if it is an affine morphism and
if k[¢~1(U)] is a finite k[U]-algebra (U as above, depends on y € Y.)

Note that if ¢ is integral, then ¢ is a closed map and the fibres are finite (reduce to Y
affine, statement local on Y').

Remarks:

1) Each quasi—cmnpact k—variety is a finite union |1niq|1e if irredundant) of irreducible
k-varieties.

(2) An open subset U of a k-variety X is a k-variety. Indeed, X = J, X, where each X,
is affine. So,
U=JUnX,,

where each U, = U N X, is an open subset of the affine k-variety X,. Thus, we are
reduced to case where X is an affine k-variety. In this case, since the (X,),, form a
basis of the topology (where b, € k[X,]) and since an affine k-variety is quasi-compact,
we have

t
U=J(Xa)y,
j=1
which shows that U is a finite union of affine k-varieties.

(3) If Y C X and Y is closed, with X a k-variety, then Y is a k-variety. This is because
X =, Xo where each X, is affine, and so

Y:Umel

where Y N X, is k-closed in the affine k-variety X, and thus, of the form Spec A, /2,
where X, = Spec A,. As a consequence, Y is also a k-variety.
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(4) If Y C X and Y is locally closed, with X a k-variety, then Y is a k-variety (DX).

(5) An open subset U of an affine (or projective) k-variety X is a k-variety. However,
such a k-variety U is neither affine nor projective in general. Such varieties are called
quasi-affine or quasi-projective varieties, respectively, to distinguish them from open
subsets of arbitrary varieties.

(6) If V is a k-irreducible variety, any nonempty open subset U of V' is k-dense in V.

We can now generalize the previous theorem as follows. Call a morphism ¢: X — Y of
k-varieties a dominating or dominant morphism if ¢(X) is dense in Y.

Theorem 1.30 Let X and Y be k-varieties with X quasi-compact, and let o: X — 'Y be a
k-morphism. Then:

(1) If X is irreducible and ¢ is dominating there is some nonempty open set U in X so
that
UCe(X)CY.

(2) (Chevalley) The image of ¢ is a constructible set in'Y .

Proof. (1) We have Y = |J,, Y, for some affine open sets Y,. Let X, = ¢~ *(Y,). Since X
is quasi-compact and each X, is a union of affine open subsets, each X, is quasi-compact.
But, ¢(X) is dense in Y, so each ¢(X,) is dense in Y,. Thus, we may assume that Y =Y,
is affine. Each affine open, Z, of X is dense (since X is irreducible), and thus, ¢(Z) is dense
in Y. Consequently, we are reduced to the case where X is affine; and here, Theorem 1.29
applies.

(2) Since X is quasi-compact, X = U;Zl X, where each X; is an affine open, and we
may assume that X is affine. By the same argument as before, we may assume that ¢(X)
is dense in Y. We get (2) by applying (1). O

1.5 Further Readings

The material covered in this chapter belongs to the repertoire of classical algebraic geometry,
basically as laid out by Oscar Zariski and André Weil, and rests on commutative algebra
for its foundations. Both Zariski and Weil, independently, grew increasingly uncomfortable
with the lack of rigor found in the otherwise beautiful work of the Italian school of algebraic
geometry of the beginning of the twentieth century. One can only admire their tremendous
accomplishments, providing perfectly rigorous foundations for algebraic geometry, mostly
by developing the appropriate tools of commutative algebra. The next bold step, already
implicitly anticipated by Weil, was taken by Jean-Pierre Serre, with the introduction of
sheaves and cohomology. The next leap, of course, was taken by Alexander Grothendieck,
with the introduction of schemes.
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Readers will find other presentations of the material of this chapter (some more complete,
some less) in the references listed below: Shafarevich [53], Chapter 1, Section 1-3, and
Dieudonné [13], Chapter 1-2, are the closest in spirit; Hartshorne [33], Chapter 1, Section
1; Mumford [43], Chapter 1, Section 1-3; Mumford [42], Chapter 1, Section 1; Fulton [17],
Chapter 1, 2, 6; Perrin [45], Chapter 1; Kendig [37]; Kempf [36], Chapter 1-3. An excellent
tutorial on algebraic geometry can also be found in Danilov’s article in [11], and Volume I of
Ueno [56] is worth consulting. Finally, Smith et al [55] give a very elementary but delightful
introduction to algebraic geometry.



Chapter 2

Dimension, Local Theory, Projective
Geometry

2.1 Dimension Theory

In this section, we will finally show that if X is an irreducible k-variety and Y is a maximal
closed irreducible subvariety in X, then dim(Y) = dim(X) — 1. Our proof will use a funda-
mental result due to Emmy Noether, the normalization theorem. As a preview, consider the
affine variety V' C A? (an hyperbola)

V = Spec(k[X,Y]/(XY —1)).

As we know, the restriction of the first projection, pri: A2 — A!, to V is not an integral
morphism. However, if we rotate the axes by 7/4, we get a surjective integral map.

This is a general fact. Indeed, Noether’s normalization theorem says that every irre-
ducible affine k-variety of dimension r in A™ is a (finite) branched covering of A”.

Theorem 2.1 Suppose V is an irreducible affine k-variety in A", and let dimg(V) = r.
Then, there is some change of coordinates in A™ so that the projection of A™ = A" x A"
onto A" yields a surjective integral morphism

Vs A" 2 AT

If k is infinite, we may arrange the change of coordinates (x1,...,2,) — (y1,...,y.) to be
linear and if k(V') = k[z1,...,x,] is separably generated over k, then the y; € klx, ..., x,]
may be chosen so that k[z1,...,x,] is separably generated over klyi, ...,y

Proof. Since k[V] = k[ X1, ..., X,]/2U for some radical ideal 2, we have k[V] = k[z1, ..., x,],
the homomorphic image of the polynomial ring k[X7,..., X,]. If r = n, then V = A" and
we are done. Thus, we may asume that » < n. We prove the theorem by induction on n > r.

69
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The case n = 1, r = 0, is trivial. Assume that the theorem holds up to n — 1. We need to
show that there exist ya, ..., yn € k[z1,...,2,] so that

Elya, ... yn] = K[z, ..., 2]

is an integral extension of rings, separable in the separable case (i.e., when the transcendence
base is separable). Then, we use the induction hypothesis applied to klys, ..., y,] and that
integrality and separability is preserved under composition, to obtain the desired theorem.

Since r < n, we may assume that x; is algebraically dependent on x», ..., x,. Therefore,
there is a nontrivial equation
> =0,
(o)

where, as before, (o) = (a,...,a,). Choose some integers ma, ..., m,, to be determined
later, and set

_ mg
Yy =T — 217,

for j =2,...,n. Then, z; = y; + 27", and we get

Z C(a)f(fl (yo + x72)%2 -+ (Y + 2™)* =0,
()

which can be written as

Z C(a)xga)'(m) + G(xlu Y2, - 7yn) = 07 (*)
(c)

where
(m) = (1>m27 cee amn)a

and G involves the y,’s and x; at lower degree than the maximum of the («) - (m)’s. If
we show that the («) - (m)’s are all distinct, then (x) is an integral dependence of z; on
Yo,y Yn. Since each z; (z; = y; + 277, 2 < j < n) is also integral over ys, ..., y,, this
implies that k[zy,...,x,] is integral over k[ys, ..., y,]. Now, the (a)’s are distinct, so we can
consider the differences

(6W) = 6V, ..., 6M) = () - (o)

r n

of any two distinct («)’s for all possible choices of the («)’s (except that we do not include
(o) — () if we have included (o) — (o/)). Assume that there are t such 6™N’s. Let Ty, ..., T,
be some independent indeterminates, and consider

H(Ty, ...\ T,) = f[(a(j) T,

i=1
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where ? = (1,Ty,...,T,). We have

t
H(Ty,....T,) = [[(67) + 6T + -+ 69'T,,).

J=1

Since all the 6¢)’s are nonzero, H is not the null polynomial. Furthermore, the coefficients
of H are integers. But then, it is well-known that there are some non-negative integers
ms, ..., my, such that

H(mg,...,my,) #0.

These are the required integers!

Remark: We can also find the non-negative integers ms, ..., m, as follows. Let d be a
non-negative integer larger than any of the components of a vector («) such that ¢y # 0.
Then, take

(ma,...,my) = (d,d?, ... .d"").

Let us now consider the case where k is infinite. Again, x; depends algebraically on
Ta,...,T,, and in the separable case, we pick a separating transcendence base (by MacLane’s
theorem). Write the minimal polynomial for z; over k(za, ..., x,) as

PU, xs,...,z,) =0.

We can assume that the coefficients of P(U,zs,...,x,) are in klxs,...,z,]|, so that the
polynomial P(U, xs,...,x,) is the result of substituting U, zs, ..., z, for Xi, Xs,..., X, in
some non-zero polynomial P(X7, ..., X,,) with coefficients in k. Perform the linear change

of variables

Yj = &j — a;T, (1)
for j = 2,...,n, and where as, ..., a, € k will be determined later. Since x; = y; +a;x1, it is
sufficient to prove that z; is integral (and separable in the separable case) over k[ya, ..., Y.
The minimal equation P(x1,z) = 0 (abbreviating P(z1, xs, ..., x,) by P(z1,x)) becomes

P(l’l,yg + a2x1y -5 Yn + anxl) = 0,

which can be written as

P(z1,y) =xzif(1,az,...,a,) + Q(x1,y2,...,ys) =0, (%)

where f(Xi, Xo,...,X,) is the highest degree form of P(Xi,...,X,) and ¢ its degree,
and () contains terms of degree lower than ¢ in z;. If we can find some a;’s such that
f(1,aq,...,a,) # 0, then we have an integral dependence of z; on ys, ..., y,; thus, the x;’s
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are integrally dependent on ys, ..., y,, and we finish by induction. In the separable case, we
need the minimal polynomial for z; to have a simple root, i.e.,

dP
d—xl(%,y) # 0.
We have
g( )— 8_P( )_|_ a_P( )+ + a_P( )
d[lfl xr1,Y) = 8&71 X1, T as 81'2 €T1,T anazn X1,T).

But this is a linear form in the a;’s which is not identically zero, since it takes for as = --- =
a, = 0 the value

opr
— 0
aIl (113'1, l’) 7& )
x1 being separable over k(xs,...,x,). Thus, the equation
P P P
g—xl(xl,x) + as g—xz(:pl,x) +-Fa, g—xn(:ﬂl,z) =0

defines an affine hyperplane, i.e., the translate of a (linear) hyperplane. But then,

d—P(xlvx) 7£ 0

d!L’l

on the complement of a hyperplane, that is, an infinite open subset of A"~!, since & is infinite.
On this infinite set where 92 (2, 2) # 0, we can find as, . .., a, so that f(1,as,...,a,) # 0,

dzq

which concludes the proof. [J
To use Noether’s theorem, we need the following definitions.

Definition 2.1 A k-variety V' is separated if it has an affine open covering V = |, Vi, so
that

(a) Vo N V3 is affine.

(b) k[Va NV = (k[Va] @k k[Vs])rea, where k[V] denotes the set of global holomorphic
functions on V, i.e., k[V] = Hom(V, Al).

We will show later that the conditions of Definition 2.1 are equivalent to the fact that
the diagonal A is closed in V' [] V. If we had used the product topology on V' [ V/, this

k k
would be equivalent to V' being Hausdorff. However, the Zariski topology (or k-topology)
in V' [ V is not the product topology, and thus, this does not imply that V' is Hausdorff.

k

Nevertheless, separatedness is the algebro-geometric substitute of being Hausdorff. Note
that every k-affine variety is separated.
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Definition 2.2 An irreducible k-variety V is mormal if for every v € V, there is some
irreducible affine k-open subset U containing v so that k[U] is integrally closed in k(U)
(where k(U) denotes the fraction field of k[U]).

For example, A" is normal, and when projective space is defined, it will be clear that it
is normal.

Note that if V' is a k-irreducible variety (not necessarily affine), the integer, dimV', makes
sense. For, V,, = |J, Va, where each V,, is an open irreducible affine subvariety. But each
Va N V3 is nonempty open and dense in both V,, and Vj, by irreducibility. Hence,

dim(V,,) = dim(V, N V) = dim(V3);
so, dim(V') makes sense.

Proposition 2.2 Let V,W be k-irreducible and separated k-varieties, with W normal. If
dim(V) = dim(W) and ¢: V. — W is a finite surjective morphism, then ¢ establishes a
surjective map from the collection of closed k-irreducible varieties of V' to those of W. In
this map, mazimal irreducible subvarieties of V. map to mazimal irreducible subvarieties of
W, inclusion relations are preserved, dimensions are preserved, and no subvariety of V,
except V itself, maps onto W.

Proof. Let W, be an affine open in W, then so is V,, = ¢~1(W,) in V, because ¢ is affine,
since it is a finite morphism. If Z is an irreducible closed variety in V', then Z, = Z NV,
is irreducible in V,, since Z, is dense in Z. Thus, we may assume that V' and W are affine.
Let A = k[W] and B = k[V]. Since ¢ is finite and surjective, we see that A is contained
in B and B is a finite A-algebra. Both A, B are integral domains, both are Noetherian,
A is integrally closed, and no nonzero element of A is a zero divisor in B. These are the
conditions for applying the Cohen-Seidenberg theorems I, II, and III. By Cohen-Seidenberg
I (Zariski and Samuel [60], Theorem 3, Chapter V, Section 2, or Atiyah and Macdonald [2],
Chapter 5), there is a surjective correspondence

P PNA

between prime ideals of B and prime ideals of A, and thus, there is a surjective correspon-
dence between irreducible subvarieties of V' and their images in W.

Consider a maximal irreducible variety Z in V. Then, its corresponding ideal is a minimal
prime ideal B. Let p = P N A, the ideal corresponding to p(Z). If ¢(Z) is not a maximal
irreducible variety in W, then p is not a minimal prime, and thus, there is some prime ideal
q of A such that

aZp,
where the inclusion is strict. By Cohen-Seidenberg III (Zariski and Samuel [60], Theorem 6,

Chapter V, Section 3, or Atiyah and Macdonald [2], Chapter 5), there is some prime ideal
9 in B such that

QLP
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and q = QN A, contradicting the fact that 8 is minimal. Thus, ¢ takes maximal irreducible
varieties to maximal irreducible varieties.

Finally, by Cohen-Seidenberg II (Zariski and Samuel [60], Corollary to Theorem 3, Chap-
ter V, Section 2, or Atiyah and Macdonald [2], Chapter 5), inclusions are preserved, and
since ¢ is finite, dimension is preserved. The rest is clear. [J

We can finally prove the fundamental fact on dimension.

Proposition 2.3 Let V be a separated k-irreducible variety and W a separated maximal
k-irreducible subvariety of V.. Then,

Proof. We may assume that V' and W are affine (using open covers, as usual). By Noether’s
normalization theorem (Theorem 2.1), there is a finite surjective morphism ¢: V. — A",
where r = dimg (V). However, A" is normal, and by Proposition 2.2, we may assume that
V = A". Let W be a maximal irreducible k-variety in A". It corresponds to a minimal prime
ideal B of k[T, ..., T,], which is a UFD. As a consequence, since B is a minimal prime, it is
equal to some principal ideal, i.e., 8 = (g), where g is not a unit. Without loss of generality,
we may assume that g involves T..

Now, the images t1,...,t,—1 of T1,..., T,y in k[Ty,...,T,] /P are algebraically indepen-
dent over k. Otherwise, there would be some polynomial f € k[T, ..., T,_1] such that

f(tla---atr—1> :O
But then, f(71,...,7,-1) € B = (g). Thus,
[, o) = oy, T)g(Th, - T3,

contradicting the algebraic independence of Ti,...,T,. Therefore, dimy(W) > r — 1, but
since we also know that dimy (W) <r — 1, we get dim,(W) =r —1. O

Definition 2.3 Let V' and W be separated k-irreducible varieties with W C V. We define
the codimension, codim(W; V'), of V in W by

codim(W; V) = dimg (V') — dimg ().
Given a chain of irreducible varieties
W=V, V1 &---LVy=V,

where the inclusions are strict, we define the height of W in V to be the length h of a
maximal such chain.
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We have dim(V},) = dim(W), and by Proposition 2.3,
dim(Vj,_1) = dim(W) + 1,

and thus, we get
dim(Vp) = dim(W) + h = dim(V),

so that
h = codim(W;V)

is the height of W in V.

Corollary 2.4 (Combinatorial interpretation of dimension) If V' is a separated k-irreducible
variety, then dim(V') is the mazimum of the chain length of all chains of the form

Vi ZVr &+ L Vo=V,
where Vy, is any finite set of k-conjugate points. The codimension, codim(W; V), is equal to
the height of W in V.
Certain subvarieties of a k-variety are particularly simple. Among these are the hyper-

surfaces, which are defined by:

Definition 2.4 Let V be a k-variety and f a nonconstant global holomorphic function on
V. The hypersurface cut out by f is the subvariety

{geV | f(&) =0}

Corollary 2.5 Let V' be an affine k-irreducible variety and let W be a closed subvariety of
V. The following statements are equivalent:

(1) W is a mazimal k-irreducible subvariety of V.
(2) W is a k-irreducible subvariety of V' and dim(W) = dim(V') — 1.

(3) Ifk[V] is a UFD, then (1) and (2) are both equivalent to the fact that W is an irreducible
hypersurface in V.

Proof. The equivalence of (1) and (2) follows from Corollary 2.4. Assume that k[V] is a
UFD, and let W be a maximal k-irreducible subvariety of V. Then, W corresponds to a
prime ideal P of k[V]. Since k[V] is a UFD, B is a principal ideal, so that B = (f). Then

W = Spec k[V]/P = Spec k[V]/(f) ={¢ €V [ f(&) =0},
the hypersurface cut out by f.

Conversely, assume that W is the irreducible hypersurface cut out by f. Let Z be a
maximal k-irreducible subvariety of V' such that W C Z. By definition, J(W) = (f), so that
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(f) is prime, which implies that f is irreducible in k[V]. The variety Z corresponds to a
minimal prime ideal P of k[V], and since k[V] is a UFD, the ideal J3(Z) =B = (g). Since
(g) is prime, g is irreducible in k[V]. But W C Z, so we get

J(Z) CI(W).

As a consequence, g = af, but as f and g are both irreducible, & must be a unit and
3(Z2) =3(W),

which implies that Z = W. O

In linear algebra, we know how the concept of dimension behaves with respect to inter-
section of subspaces. The intersection of two subspaces is never empty as 0 is common to
both; this needs not happen with varieties. So, in investigating how our notion of dimension
behaves with respect to intersections, some hypotheses of nontriviality must be assumed.
The principal theorem is the intersection dimension theorem. The proof of this theorem
uses another important theorem known as the hypersurface section theorem.

Theorem 2.6 (Intersection Dimension theorem in A™) Let V' and W be k-irreducible closed
subvarieties of A", with dim(V') = r, dim(W) = s, and assume that VW # 0. Then, each
k-irreducible component of V- NW has dimension at least v + s — n.

Proof. We may assume that k is algebraically closed, since dimension is stable under base
extension. Consider the embedding

Vv [wW A JTA" =A™
k k

and further consider (V' [[ W) N A. We have the commutative diagram
k

An A A2n

| |

VAW —(V 1;[W)mA

where the lower map is an isomorphism (DX). We need to prove the theorem for (V' [[ W)NA
k
in A*. But

where H; is the hyperplane
Hy ={(&mn) [&=mn}-
Hence, our theorem comes down to the following important statement (by applying it se-
riatum to the various intersections (V' [[ W) N Hy N Hy---N Hj; adding one j at a time).
k

O
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Theorem 2.7 (Hypersurface section theorem) If V is an irreducible subvariety of A™ and
H is a hypersurface of A", with V not contained in H, then every nonempty irreducible
component of V.0 H (hypersurface section) has codimension 1 in V.

Proof. This proof makes use of a major theorem, Krull’s principal ideal’s theorem. There
is a more elementary (but longer) proof using Noether’s normalization. However, such a
proof does not apply to a more general setting (schemes). This is why we make use of this
rather “heavy” theorem. The k-algebra k[V] is a homomorphic image of k[T},...,T,], and
H is given by the equation f(77,...,7,) = 0. Since V is not contained in H, the restriction,
f=/f1V,of ftoV,ie., the image of f in k[V], is not identically zero. Furthermore,

KV 0 H] = k[V]/(f)-

The irreducible components of V' N H correspond to the isolated prime ideals in k[V] of the

principal ideal (f). By Krull’s principal ideal theorem (Zariski and Samuel [60], Theorem 29,

Chapter IV, Section 14), the isolated primes of (f) are minimal primes in k[V]. Thus, these
ideals correspond to maximal irreducible subvarieties of V. But we know that the dimension
of these irreducible components is dim(V') — 1, i.e., of codimension 1. [

Corollary 2.8 In an affine variety, each hypersurface is equidimensional (of codimension
one).

@ If V and W are contained in some affine variety Z not A%, the intersection dimension
theorem (Theorem 2.6) may be false. Indeed, consider the following example.

Example 2.1 Let Z be the quadric cone in A* given by
T1T9 — T3x4 = 0.
The cone Z has dimension 3 (it is a hypersurface). Let V be the plane
1 =x3 =0,
and W the plane

1’221’4:0.

Observe that V,WW C Z. Since V and W have dimension 2 and V NW # (), the intersection
dimension theorem would yield dim(V NW) > 242—3 = 1. However VNW = {(0,0,0,0)},

the origin, whose dimension is zero!

What is the problem? The answer is that near 0, ANZ is not the locus of three equations,
rather of four equations.

Again, in linear algebra, when we have a linear map of vector spaces, we can say what
the dimension of the fibre of each point in the image is. The corresponding theorem in our
case is necessarily more complicated, but generically, it proves to be the same statement.
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Theorem 2.9 (Fibre dimension theorem) Let V' and W be irreducible k-varieties and let
w: V.= W be a surjective morphism. Write n = dim(V') and m = dim(W). Then:

(1) For allw € W,

dimn(w)ap_l(w) >n—m.

(2) If w is k-generic, then
dim, ()~ (W) = n —m.

(3) There is a nonempty open U C W so that dimy,ye ™ (w) =n—m, for allw € U.

Proof. Statements (1), (2), and (3) are local on W; so, we may assume that W is affine. Say
W C AM_ with M > m. Since dimension is invariant under base extension, we may assume
that w € W (k) and k is algebraically closed.

(1) Pick € € W, € # w. There is a hyperplane H C AM such that w € H and € ¢ H.
Thus, W is not contained in H. [In fact, if L = 0 is a linear form defining H, L¢ (d > 1)
is a form of degree d defining a hypersurface of degree d, call it H’; W is not contained in
H’, but w € H'.] By the hypersurface section theorem (Theorem 2.7), the dimension of any
irreducible component of W N H is dim(W) — 1. Pick, &,...& in each of the components
of W N H. Then, there is a hyperplane H so that & ¢ H for all 7,1 <73 <s, butwe H.

Then, by Theorem 2.7 again, the dimension of any component of W N H N H is dim(W) — 2.
Using this process, we get some hyperplanes Hy, Hs, ..., H,, such that

j=1
and if we write
Wj = Wj_l N Hj,
with W, = W N Hy, we get a chain
WoOW, DWy D - D W,,.

Here, w € W,,, and
dim(W;) = dim(W) — j.
Thus, the linear forms Ly, ..., L,, associated with the H;’s define W,, in W and
dim(W,,) = 0.
Consequently, W,, is a finite set of k-points:
Wy = {w; = w,wy, ..., w}.

Let
U() = W—{wg,...,wt},
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it is a k-open dense subset of W. We can replace W by Uy, and thus, we may assume
that W, = {w}. We have ¢: V — W, and so, each $(L;) is a function on V (where
P k[W] — Ek[V]). But ¢! (w) is the locus in V cut out by @(Ly),...,7(Ly,,); so, by the
hypersurface intersection theorem (Theorem 2.7) (we may assume that V C AY), we get

dim o' (w) > dim(V) —m >n —m.

Observe that (3) implies (2), since every generic point is in any nonempty open.

(3) Again, we may assume that W is affine. For any nonempty affine open, Vp, in V| as
Vo is dense in V| we see that ¢(Vp) is dense in W. Moreover, any nonempty intersection of
Vo with a fibre is dense in the fibre. Thus, we may assume that V and W are affine and that
©(V) is dense in W. We can also assume that k is algebraically closed (since dimension is
stable under base extension). We know that k[W] C k[V], since ¢(V) is dense in W, and

tr.dgw k[V] =n —m.

We have V < AN with k[V] = klvy,...,oy], and W — AM with k[W] = k[wy, ..., wy],
for some suitable M, N. We may also assume that vy,...,v,_,, form a transcendence base
of k[V] over k[W]. Then, each vj, j =n—m+1,..., N is algebraic over k[W][vy,. .., vy,
and there are polynomials G;(T, ..., T—m,T) (coefficients in k[W]) so that

Gj(Ul, ey Un—m, ’Uj) =0.
Pick g;(Th,...,Th—m) as the coefficient of highest degree of G; in T". The set
{w€W|gJ(w):O}:W]
is a k-closed subset of W. Let
N
v=w- | w
j=n—m+1

The open U is nonempty, since W is irreducible. On U, the polynomial G is not identically
zero as a polynomial in T4, ..., 7T, ,,, T, yet

Gj(vi, ..., Up_m,v;) = 0.

Thus, v, is algebraically dependent on vy, ..., v,_,, over k[U]. Letting v; denote the restric-
tion of v; to ¢! (w) (i.e., the image of v; in k[V] @y k(w)), where w € U, we see that v;
is also algebraically dependent on vy, ..., U,_,,. Now,

¢~ Hw) = Spec K(W)[01, . . ., Vp_m),

which implies that
tr.dp(w) K(W)[V1, ..., Upem] <0 —m.
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However, by (1),
dim(p~ (w)) > n —m,

and so,
dim(¢ ™ (w)) = n — m. d

Corollary 2.10 Assume that we are in the same situation as in the fibre dimension theorem
(Theorem 2.9). Let
Wy={weW | dim(e " (w)) >1}.

Then, Wy is k-closed in W, i.e., the function
w — dim (¢~ (w))
1s upper semi-continuous on W. Hence, W possesses a stratification
W=U,UU,U---UU,,
where U; = W; — Wiy is locally closed and dim(p~"(w)) = j for all w € U;.

Proof. The proof is by induction on dim(W). The case where dim(W) = 0 is easy. Given
W, Theorem 2.9 part (3) implies that there is some open set U C W and some W (I > 1
and [ minimum) so that

W, CZ=W-U.

Also, Z is closed and we have some irredundant decomposition

t
z=J2z,
j=1

where Z; is irreducible and strictly contained in W. Then, dim(Z;) < dim(W), and we can
apply the induction hypothesis to the maps ¢;: ¢~ !(Z;) — Z;, the details are left as an
exercise (DX). O
@ Note that the dimension of the fibres may jump, as shown by the following example
(which is nothing but the “blowing-up” at a point in A?).

Example 2.2 Let W = A% and consider A?JP'. We use w;,w, as cooordinates on W,
and £, &, as homogeneous coordinates on P*. Write V' for the subvariety of A% ]P! given
by the equation

wi&s = way.
This equation is homogeneous in &), &, and it defines a closed subvariety of A? [TP!. We get
a morphism ¢: V — W via
p: Vs AP 25 W = A%

If w = (wy,wsy) # (0,0), then the fibre over w is {(&1: &) | wi&y = we&}.
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1. If w1 7é 0, then 52 = (’LUQ/’LUl)fl.

2. If Wo 7é 0, then 51 = (’LUl/’LUQ)fg.

In both cases, we get a single point, and the dimension of the fibre ¢ ~1(w) is zero for
weA—{(0,0)}.

When w = (0,0), the fibre is the whole P!. Thus, the dimension of the fibre at the origin
jumps to 1.

In algebraic geometry, we have the analog of the notion of compactness for Hausdorff
topologies, but here working for the Zariski topology. This is the notion of properness.

Definition 2.5 An abstract k-variety, V', is proper if V is separated, quasi-compact, and if
for every k-variety W, the second projection map pro: V' [[ W — W is a closed map.
k

Remarks:

(1) As we said, the notion of properness of a k-variety is the algebraic substitute for
compactness. An older terminology is the term complete variety. As an illustration
of the similarity of properness and compactness, we have the following property (well
known for continuous maps on compact spaces): If V' is proper and W is separated,
then for any morphism ¢: V — W, the map ¢ is a closed map.

Proof. Consider the graph morphism

I, V=V [[W
k

given by
Ly(v) = (v, 0(v)).
Note that the image of T', is closed in V' [[ W because W is separated. Indeed,
consider the morphism ’
(pid): vV [[W—=w J[W

k k

given by
(0, 1d) (u, w) = (p(u), w).

It is obvious that I', = (¢,id)"!(A), where A is the diagonal in W [] W. Thus, it is
enough to prove that A is closed in W [] W, but this follows from tlkle fact that W is

k

separated.
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Also, pry restricted to the image of I';, is the inverse of the morphism I',. Thus, I',, is
an isomorphism and V' is isomorphic to a closed subvariety of V' [[ W. Now, ¢ is the
k

composition

vasv [Iw s w,
k

and since Im I'y, is closed, the properness of V' (pry is closed) shows that ¢ is closed.

(2) When we introduce projective varietes (see Section 2.5), we will show that every pro-
jective variety is proper. However, there are proper varieties which are not projective,
although this is a harder fact to demonstrate.

One of the pleasant consequences of properness and the holomorphic nature of morphisms
is the following theorem about irreducibility:

Theorem 2.11 (Irreducibility criterion) Let V' be a proper k-variety, W a separated k-
variety and ¢: V — W a surjective morphism. Assume that

(1) W is k-irreducible.

(2) o (w) is k(w)-irreducible for every w € W.

(3) dimy ) (¢~ (w)) = n, a constant for all w € W.
Then, V 1s k-irreducible.

Proof. Let V = Uj.:l V; be an irredundant decomposition of V' into k-irreducible compo-
nents. Consider Vj. It is closed in V, and thus, ¢(V;) is closed in W, because V' is proper.
Since ¢: V — W is surjective,

WZUﬂW-

But W is k-irreducible; so, it follows (after renumbering, if needed) that ¢(V;) = W for
j=1,...,s, and ¢(V;) is strictly contained in W for j =s+1,...,¢q. Thus,

U e(v)

Jj=s+1
is a k-closed subset of W strictly contained in W, and
. q
w=w- J ev)
j=s+1

is a k-open dense subset of W. Let V = @_1(W), write ‘7] =Vn V;, and let ¢; be the
restriction of ¢ to V. Note,
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because, given any w € W, there exists v € V; with ¢(v) = w. Since ¢(v) € W, the element
vis in V. Therefore, v € V N Vj; hence, v € V}, as required. Write

gt = min{dim(¢; ' (w)) | we W}

By the fibre dimension theorem (Theorem 2.9), there is some nonempty open subset
U; C W so that if w € Uj, then dim(apj_l(w)) = p1j. Thus, as U = [;_, U; is a dense k-open

subset of I, we have a nontrivial dense open, U, so that if w € U, then dim(¢;1(w)) = I,
for j=1,...,s. Pick wg € U. Then

¢ H(wo) = U 80}1(w0)~

However, o~ !(wy) is k(wp)-irreducible, and thus, there is some j such that
@~ (wo) = 80;1(w0)~
We may assume that j = 1. Since the dimension of the fibres is constant, we get
B = n.

By the fibre dimension theorem, dim ¢;*(w) > dim ;' (wg) = n, for all w € W. Now,
o w) = et (w), (+)
j=1

and since dim ;! (w) < dim ¢~ (w) = n, we must have dim ¢;*(w) = n for all w € W and
() together with the irreducibility of ¢~!(w) imply that p~'(w) = @7 (w), for all w € W.

It follows that
V= ¢ w) = ¢'w) =W
weW weW
and since Vj is irreducible, so is V. [J

2.2 Local Theory, Zariski Tangent Space

Let V be a k-variety and p a point in V. Consider the locally defined holomorphic functions
on V (to Q) near p. We can define an equivalence relation ~ on such functions so that, given
I defined on some open U and G defined on some open V, withp e UNV,

F~G

iff there is some open W C U NV such that I | W = G | W. The germ of F' at p is the
equivalence class of F'.
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Definition 2.6 If V' is a k-variety and p is a point in V, we let Oy, be the ring of germs
of locally defined holomorphic functions at p on V.

Actually, Oy, is a k-algebra, although not necessarily finitely generated. Now,
V' =, Va, where each V,, is an affine open; so, there is some « such that p € V,, we have
V., = Spec A, for an affine algebra A,, and

Jalp) ={f€Aa | f(p) =0}

is a prime ideal, p,, of A,. Given a germ [F| at p, we may assume that a representative
of [F] is defined on some open V,. In fact, there exist smaller opens in V,, for instance,
{q €V, | h(q) # 0} where h € A,, and where we can write

9

F=-"
hm

in (A,)n. By replacing h™ by h, we may assume that

g

==

h

in (Aa)pn. Similarly, we have _
G=12

h

in (Aq);. However, using hh as denominator, we can assume that

Then, F' ~ G means that there is some [ € (A,)p, so that

% - % in (A

That is, g/h and g/h have the same image in (A,);. As a consequence,

Oy, = lim (Aa)r = (Aa)p
(p)#0

a”

~

In particular, Oy, is a local ring. We have a map

and p,, is the pullback of the maximal ideal of Oy, which we denote m,.

If p is also in Vj, then then the open set V,, N V3 is covered by affine opens, W; so, p
belongs to some affine open W such that W C V,, N V. Then, there is some open (V,), € W
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around p, and the computation of Oy, as above gives the same computation for V,,, but the
limit is taken over a cofinal family. We obtain

Ovp = (Aa)p. = kW], and Oy, = (Ag)y, = k(W]

ps>

[e3

and Oy, computed as a direct limit, is independent of the affine open used. We see that
Ov,p/my, = Frac(Aa/pa) = £(p).

Let’s summarize all this in the following proposition:

Proposition 2.12 At p € V, we have a local ring, Oy, consisting of the germs of locally
defined holomorphic functions on 'V at p. If V,, is an affine open in V' containing p, then
Ov,, can be computed as (Ay)y,,, where

(1) V,, = Spec A,.
(2) pa =Talp) ={f € Aa | f(p)=0}.

Furthermore, under the map A, — Oy, the mazimal ideal m,, (of Oy,,) pulls back to p,,
and the residue field of the local ring is just k(p).

Now consider V', an affine variety in A". Write 2 for the ideal J(V) C k[X},..., X,].
Consider p € V(L), where L is some field between k and Q2. Then, look at the collection of

linear equations
a 0
2 ((a—f) ) (z =) =0, (+)

Jj=1

where p = (p1,...,p,) and f € A. If we write A\; = x; — p;, these equations define a linear
space over L. By Hilbert’s basis theorem, 2l is finitely generated, say 2 = (f1,..., fi); so,

f = Z hifiv

where h; € k[X1,...,X,]. We get

f < of; Oh;
o= (gt v 1),

1=

and, since f;(p) =0,
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Equation (x) becomes

which yields

o~

M) < ; (gi;)p (% —pj)) — 0.

J
Hence, the vector space defined by (%) is also defined by

i(gxf;)p(l'j—p])zo, fOI"l:l,,t (>I<>I<)

Jj=1

1=

Definition 2.7 The L-linear space at p € V defined by (xx) is called the Zariski tangent
space at p on V. It is denoted by Tv,,(L).

Note that Definition 2.7 is an extrinsic definition. It depends on the embedding of V' in
A". Tt is possible to give an intrinsic definition. For this, we review k-derivations.

Definition 2.8 A k-derivation of k[V] with values in L centered at p consists of the following
data:

(1) A k-linear map D: k[V]| — L. (values in L)
(2) D(fg) = f(p)Dg+g(p)Df  (Leibnitz rule) (centered at p)
(3) D(X\) =0 for all A € k. (k-derivation)

The set of such derivations is denoted by Dery(k[V], L; p).

The composition
KXy, .., X, — k[V] 2 L
is again a k-derivation (on the polynomial ring) centered at p with values in L. Note that
a k-derivation on the polynomial ring (call it D again) factors as above iff D | 20 = 0. This

shows that
Dery(k[V], L;p) = {D € Dery(k[A"], L;p) | D [ A = 0}.

However, a k-derivation D € Dery(k[A"], L; p) is determined by its values D(X;) = A; at the
variables X;. Clearly (DX),

D(f(Xy,..., X)) = zn: (g—i)pp(xj).

=1
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But, observe that for any (A, ..., \,), the restriction of D to 2 vanishes iff

Z (aa_f) Aj =0, forevery f e,
— i/ p

7j=1

that is, iff

Z(afi) Aj =0, foreveryi=1,...,m,
al'j P

J=1

where f1, ..., f,, generate the ideal 2. Letting §; = A\; +p; € L, we have a bijection between

Der(k[V], L; p) and
Z(af’) A =0, 1§z’§m}.
- (9:17]- P

Jj=1

{(é-la"'afn) ELn

It is given by the map
D (517 e '7&”)7
with &; = D(X;) + p;. This gives the isomorphism
Typ(L) = Derg(k[V], L; p).

We conclude that Ty,,(L) is independent of the embedding of V' into A™, up to isomorphism.
Now, Oy, = k[V],, the localization of k[V] at the prime ideal p = J(p); so,

Ov,p = { E] ‘ frgeklVl] g %p} = { E] ‘ frg € klV], g(p) # 0}-
Any k-derivation D € Derg(k[V], L; p) is uniquely extendable to Oy, via

D (f) 9p)Df — f(p)Dg

g 9(p)>

Therefore,
Dery(k[V], L; p) = Derg(Ov,, L; p).

The local ring Oy, determines the point p, too. To see this, recall that any p € V(L)
corresponds to a unique k-algebra morphism ¢, € Homy_,.(k[V], L), where ¢,(f) = f(p).
So, if g € k[V] with g(p) # 0, viewing ¢ as a polynomial, we have g € k[A"] — p, and this

implies that
( f ) _ f(p)
Pp = :
g) 9(p)

This means that ¢, extends uniquely to Oy, and kills m,. Therefore, ¢, corresponds to a
k-injection from (p) to L, and so, Oy, determines p. In summary, we have the following
proposition:
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Proposition 2.13 IfV is an irreducible affine k-variety, the Zariski tangent space, Ty ,(L),
at p € V(L) is canonically isomorphic to either Dery(k[V], L; p), or Dery(Oy,, L;p), and
V(L) corresponds to pairs (p, ), where

(a) p is a prime ideal of k[V] with residue field k(p) (k(p) = Frac(k[V]/p)).

(b) ¢: k(p) = L is a k-injection.

The correspondence is given as follows. The pair (p, ) gives rise to the homomorphism
k[V] — Frac(k[V]/p) - L,

which is a point in V(L), and the point p in V(L) gives the homomorphism

k[V] — Frac(k[V]/3(p)) — L,
that is, the homomorphism

k[V] — Frac(Oy,/m,) — L,
and hence, the pair (m,, ¢).
Proposition 2.14 Let V' be an irreducible k-variety. The function

p = dimy ) Ty (K (p))
18 upper-semicontinuous on V', i.e.,
Si={€ eV | dimepTvy(s(p)) > 1}

s k-closed in V', and furthermore, S;yq1 C 5.

Proof. We may assume that V is affine (DX); so, we have V' C A" for some n. Hence,
Tv,(k(p)) is the k(p)-vector space given by the set of (Ay,...,\,) € k(p)" such that

Z(afl) Aj=0, fori=1,...,m,
825']‘ P

Jj=1

where fi,..., fm generate the ideal A = J(V'). Hence, Ty, (x(p)) is the kernel of the linear
map from A" to A™ given by the m x n matrix

(1))

i Ty (5 (p)) = 1 — 1k ((?)) .

It follows that
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Consequently, dim,Tv,(k(p)) > 1 iff

and this holds iff the (n — 1+ 1) x (n — [ 4 1) minors are all singular at p. But the latter is
true when and only when the corresponding determinants vanish at p. These give additional
equations on V' at p in order that p € S; and this implies that S is closed in V. Since the S
manifestly form a nonincreasing chain as [ increases, there is a largest [ for which S; = V.
The set Sp41 is closed in V, and it complement {¢ | dimy,)Tv,(k(p)) = 1} is k-open. This
gives us the tangent space stratification by locally closed sets

V=UUUU---UU,

where Uy = {{ | dim)Tvp(k(p)) = 1} is open, and U; = {£ | dim,pTv,(s(p)) = 1 + i}
We have U; open in V — Uy = Siy1, ete. O

Remark: Given a hypersurface S in A™ defined by the equation f = 0, when are we in the
“bad” closed set S;;; which is the complement of Uy? This happens when and only when

rk((afi))gl and pe€S,
a.flfj P

<8f,-> =0, forj=1,...,n.
825']‘ P

that is , when f(p) = 0 and

Example 2.3 Assume that k has characteristic 0, and let V' C A? be the hypersurface
defined by
V- X?=0.

We have 0f/0X = 3X?% 0f/0Y = 2Y, and the only bad point is O = (0,0). At this point,
dim; Ty 0(2) = 2. As a real curve, this cubic looks like the picture displayed in Figure 2.1.
The singularity at the origin is called a cusp.

Example 2.4 Let V C A? be the hypersurface defined by
Y24+ X2 - X2=0.

Again, the only bad point is O = (0,0), where we have dim;7y o(£2) = 2. As a real curve,
this cubic looks like the picture displayed in Figure 2.2. Its singularity at the origin is called
a double point (a node).

The equation of the “tangent cone” is Y? — X2 = 0.
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Figure 2.1: A Cuspidal Cubic

Figure 2.2: A Nodal Cubic

Example 2.5 Let V C A3 be the cone defined by
X?24+Y?r=22

The only bad point is O = (0,0,0). We have dim;7y,o(Q2) = 3, and not 2.

Separability and derivations are intimately connected. Since tangent spaces are defined
by derivations, it will be no surprise that some hypotheses of separability will enter into the
theorem of about tangent space. The connection with separability is that separability of the
field extension K /k (in the wide sense) implies that

tr.dy K = dimgDer (K, K).

Proposition 2.15 LetV be k-variety V such that V' has an open affine covering V=1, Va,
for which each function field k(V,) is separably generated over k. Then, there is a nonempty
k-open set U C 'V so that

dimﬁ(p)TV7p(I€(p)) = dlmkV

forallp e U.

Proof. In the decomposition V' = J, V., we may restrict attention to those V,, for which
dim(V,) = dim(V). If U, works in each such Vi, then (J; Ug works, where 8 ranges over
those a’s. Therefore, we may assume that V' is affine. Let

V=VU---uUV,
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be an irredundant decomposition into irreducible components. At least one of the V;’s has
dimension dim(V'). Say it is j = 1. Look at Vi NV}, 7 = 2,...,t. Each V1 NV} is a closed
set, and so

t
w=v-Jvny
j=2
is k-open. Also, W N V; is k-open in V] because it is the complement of all the closed sets
ViNV; with j > 2. Take any open subset, U, of V' — U;ZQ V; for which U is a good open in
Vi, that is, where dim,,)Tv,(x(p)) = dimg V) whenever p € U. Then, U N W also has the
right property. Hence, we may assume that V' is affine and irreducible, so, V' C A™. If so,
recall that Ty, (k(p)) is the vector space consisting of all (Ay,..., \,) € k(p)" so that

> (8]2-) A =0,
— a.flfj »

J

where J(V) = (f1,..., fmm). Since we assume that k(V') is separably generated over k, we

have
tr.dy K = dimgDer (K, K),

where K = k(V') = Frac(k[V]). Then,

dimg(V) = tr.dy k(V)
dimyy) Dery (k(V), k(V))
V)
V)

= dimyDery(k[V], E(V))
= dimgay{D € Dery(E[A"],k(V);q) | D =0o0n3(V), and ¢ generic}

(aﬁ)xfza1gzgm}
X 825']‘ q

Jj=1

= dlmk(v) {)\17---7)%) e k(V

()]

Thus, we must show that there is some nonempty open subset U C V so that

rk <<§xf;)p> =rk <<§xf;)q> , forallpeU,

and for ¢ generic in V. Now, if ¢ is k-generic, then k(q) = k(1) and the rank of the matrix

()
()

is just its rank as a matrix
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whose entries are in the field £(V'). Under specialization, the rank can drop, but there is an
open where the rank is constant (again, the argument by minors). This completes the proof.

A second argument for the rank part goes as follows. From our previous work, there is
some open set U C V so that the rank at ¢ is equal to the rank at p, for all p € U. Assume

that the rank of
df;
(9:17]-

as a matrix with entries in (V') is r. By linear algebra, this means that there are matrices
A, B (with entries in k(1)) so that

Ofi I, 0
A B=|7 :
(5953') <0 0)
Let a(Xy,...,X,) and B(X1,...,X,) be the common denominators of entries in A and B,

respectively. So, A = (1/a)A and B = (1/8)B, and the entries in A and B are in k[V]. Let
U be the open set where the polynomial a3 det(A) det(B) is nonzero. Then, as

1 ~(8f;\ = (I 0\ .
— (axj)B—(o O) in £(V),

applying the specialization corresponding to p, we get

mﬁ(p) <<§§])p> B(p) = ({) 8) :
()
has rank 7. [J

Now, if V' is irreducible, we must have a big open subset Uy of V' where dim Ty, (x(p))

and

is equal to the minimum it takes on V. Also, we have an open Uy where dim Ty, (k(p)) =
dim (V). Since these opens are dense, we find

Uy N Uy # 0.

Therefore, we must have .
UO = U0>

and the minimum value taken by the dimension of the Zariski tangent space is just dim(V").
In summary, the set

Uo={peV | dimTy,(k(p)) = dim(V)} = min dim Ty, (k(p))

is a k-open dense subset of V.
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Definition 2.9 If V' is an irreducible variety, a point p € V' is nonsingular if
dim,(p) Tvp(k(p)) = dimy, (V).

Otherwise, we say that p is singular. If V is quasi-compact, then V = Uzzl V; for some
irredundant decomposition into irreducible components, and we say that p € V' is nonsingular
if p ¢ V;NV; (for all 4,7, with ¢ # j) and p is nonsingular in the component to which it
belongs. Otherwise, we say that p is singular. The singular locus of V' is denoted by Sing(V').

From previous observations, the singular locus, Sing(V'), of V' is a k-closed set. This
leads to the Zariski stratification. Let U, be the set of nonsingular points in V', write
Vi = Sing(V) = V — Uy, and let U; be the set of nonsingular points in V;. We can set
Vo =V, — Uy, and so on. Then, we obtain the Zariski-stratification of V' into disjoint locally
closed strata

V=0UuUU---UUy,

where each U; is a nonsingular variety and Uy is the open subset of nonsingular points in V.

Example 2.6 In this example (see Figure 2.3), Sing(V') consists of a line with a bad point
on it (the origin). V; is that line, and V5 = Sing(V}) is the bad point.

Example 2.7 In this example (see Figure 2.4), Sing(V') consists of three points. Observe
that V is reducible and consists of components of dimension 1 and 2.

Example 2.8 This example shows that troubles may arise in characteristic p > 0. Let
k = (Z/pZ)(T), the field of rational functions over Z/pZ. We let V be the variety in A?
defined by

TX?+Y* —1=0.

Letting f = TX? + Y% — 1, we get

af _ p—1 __ af _ 2p—1 __
= TXP~' =0 and a—Y—QpY = 0.

Thus, dim Ty,,(£2) = 2 for all points p! However, dim (V') = 1.

Why do we use the function field (Z/pZ)(T)? If T does not appear in the equation (e.g.,
T =1), we have
XP4+Y?® 1= (X+Y?-1),

the ideal J(V') (over Z/pZ) is generated by X + Y? — 1, and so there is no problem. This
example (with 7" appearing) shows that it is necessary to assume that each k[V,,] is separably
generated.
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Figure 2.3: Example of A Surface with Singularites

Figure 2.4: Example of A Variety with Singularites
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Let us take a closer look at the tangent space Tv,,(L).
Pick, p, a point of an irreducible variety V. We have

#(p) = Frac(k(V]/3(p)) = k ({p})

We want k(p) separable over k, in the wide sense (i.e., k(p) is not necessarily algebraic over
k); we have
TV’p(Q) = Derk((’)vm, Q;p).

Recall from commutative algebra that

3 r
I&H OVJ’/ mp
T

is the completion of Oy, denoted by @V,p. Since Oy, = k[V]3(y) is a Noetherian ring, by
Krull’s intersection theorem (Zariski and Samuel [60], Corollary 1 Chapter IV, Section 7),

M = ((0)).

Thus, we have an injection ¢: Oy, — @V,p and the m,-adic topology is Hausdorff. Also, the
characteristic of x(p), the residue field of Oy, is equal to the characteristic of k. By the
structure theorem of I.S. Cohen (1945) (Zariski and Samuel [61], Theorem 27, Chapter VIII,

Section 12), @V,p contains a unique field k-isomorphic to x(p). We can write
6\/,;0 = £(p) H{ﬁpu
as a module over k(p). The multiplication in the ring (5\/7;,, is given by
A, m)(N,m') = (AN, (Am/ + N'm +mm)).

We also have the isomorphism
Sr/srt+l o~ 7 r+1
mo/mT = m /m

Given a derivation D € Dery(Ov,, §2; p), the restriction D | m, of D to m, has the property
that D [ m> = 0. Indeed,

Since a;,b; € m,, we have a;(p) = b;(p) = 0, and so, D (D, a;b;) = 0, which proves that
D mf, = 0. As a consequence, D is a linear map from m,, /mf7 to 2. However, since

ﬁp/ﬁi o mp/mf),



96 CHAPTER 2. DIMENSION, LOCAL THEORY, PROJECTIVE GEOMETRY

D is a linear map from m,/m? to Q. Thus, by the Cohen splitting, to know D on @V,p, we
need to know D on k(p).

(1) Assume at first, that x(p) is separable algebraic over k. Since D [ k = 0, we get
D [ k(p) = 0.

Conversely, given a linear map L: m, /IT‘LIZJ — Q over k(p), how do we make a derivation
D inducing L?

Define D on m, via
i, — f,/m2 2 Q,
and define D = 0 on x(p). Hence, we can define
D(X\,m) = L(m (mod m?)).
We need to check that it is a derivation. Letting £ = (A, m) and n = (N, m’), we have
D(&n) = DN, (Am' +XNm +mm'))
= L(Am' + X'm+mm’ (mod m?))
= L(m' 4+ X'm (mod m2))
= AL(m')+ NL(m)
= &(p)D(n) +np)D(S).

As a summary,

Der(Ovy, Qi p) = Derg(Ov,y, 2 p)
= the set of x(p)-linear maps m,/m; —

= the set of k(p)-linear maps mp/mf) — Q

(because k(p) is separable algebraic over k).

Of course, p € V(2); but a more canonical choice is p € V(k(p)). If we use this choice of
field, we find that

D
Tvp(k(p)) = Derr(Ovy, k(p); p) = (mp/my)"
the dual of the s(p)-vector space m,/m2. When p is thought of as a point of V(), then

Ty, (2) = Dery,(Ovy,p, 4 p).
(2) Assume now that p is not a closed point of V, but continue assuming that x(p) is

separable over k. Now, a derivation trivial on k& does not imply that it is trivial on x(p).
Hence, we need Dery(k(p), k(p)). We get

Tvp(k(p)) = Derr(k(p), 5(p)) [ [ Deruip(Ovsp. (p))
= Dery(r(p), 5(p)) [ ] (my/m2)”
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If we compute the dimensions over k(p), since k(p) is separable over k, we get

dim,.y) Dery(k(p), £(p)) = tr.dy, s(p) = dimy, {p},
and thus,

ditn, ) Ty ((p)) = ditmy, {pF + dimygy) (m, /m?). (+)

We can us this computation to compare the dimension of Ty, (k(p)) as r(p)-vector space
with the dimension of V' as k-variety. Consider a maximal chain of prime ideals

m, Dp; DPa DD pg=(0);

by definition, d is the height of m,. This chain is in one-to-one correspondence with the
chain of ideals of k[V]:

IJ=T3(P)DP12>P2 D DPas=(0).
Geometrically, this is a chain of varieties
@ cvic---cVy=V.

So, the height of m,, is equal to the codimension of {p} in V. But, the (Krull) dimension of
Oy, is equal to the height of m,, and thus

dimg (V) = dimy {p} + dim Oy, (s5)
If k(p) is separable over k, (%) and (%) show
dimyp) Tvp(k(p)) = dimy (V) iff - dimyg) (mp/m}) = dimyg) Oy,
Putting things together, we find that the following properties hold: Given p € V/,
Tvp(k(p)) = Derr(k(p), 5(p)) [ [ Deruip(Ovip. £(p))
= Der(s(p). w(p)) [T (my/m})""
and,
dimy ) Ty, (k(p)) = dimyg) Dery(k(p), £(p)) + dimy) (m,/m3)
> dimy {p} + dimy) (m,/my),
where equality holds if x(p) is separable over k,
dimy (V) = dimy, {p} + dim Oy, < dimy, {p} + dimy() (m,/m2).

Hence,

dim,,(,) Dery(k(p), 5(p)) + dimy,) (m,/m?)
dimy, {p} + dim, () (m,/m?)
dimy {p} + dim Oy, = dim,, V,

dimyp) Ty, (K(p))

AV

where equality implies that
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(1) dimy {p} = dim,(,) Dery(r(p), £(p));
(2) dim,{(p) (mp/mf,) = dim Ov,p.

Of course, condition (1) will be taken care of by our separability assumption. Local rings
satisfying condition (2) are called reqular local rings. Thus, if p is a nonsingular point on V|
then Oy, is regular; we can summarize all this in the following proposition due to Zariski.

Proposition 2.16 Let V' be an irreducible k-variety and let p € V.. The following properties
hold:

(1) If p is a closed point and k(p) is separable over k, then

A D
TV,p(’%(p)) = Dern(p)(OV,m K’(p)) = (mp/mf;) >
as k(p)-vector space.

(2) If p is not necessarily closed, then
Ty ((p))/Deri(s(p). #(p)) = Derug(Ovy w(p)) = (my/my)”
(8) If k(p) is separable over k, then
dimy Ty, (k(p)) = dimy, {p} + dim (mp/mf)) :
(4) We always have

dimy ) Tvp(k(p)) > dimg {p} + dim,,, (m,/m2)
> dimy, {p} + dim Oy, = dim;, V.

(5) If p is nonsingular, then Oy, is a reqular local ring. If k(p) is separable over k and
Oy, is a reqular ring, then p is nonsingular.

(6) Separable generation is automatic if k is perfect, e.g., (a) k has characteristic 0, (b)
k is algebraically closed, (c) k is a finite field (Zariski and Samuel [60], Theorem 31,
Chapter 11, Section 13).

Since k(p) is the field canonically associated to p, and because we want Ty, to be a
relative invariant depending on V' and k(p), we make the following improved definition of
the Zariski tangent space Ty, to V at p.

Definition 2.10 Let V be an irreducible k-variety and let p € V. The Zariski tangent
space, Ty, to V at p is the x(p)-vector space (m,/ mf))D (where m,, is the maximal ideal in
Ov,). The Zariski cotangent space to V' at p is the r(p)-vector space mp/mf).
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Remark: We have

old Ty, (k(p))/Der(k(p), k(p)) = new Ty,,.

If p is closed and k(p) is separable over k, then

old Ty ,(k(p)) = new Ty,

It is interesting to observe that the tangent space at a point can be recovered from the
points of a variety with values in a special ring; namely, the ring of dual numbers over the
integers. This is the ring Z[T|/(T?), and it is usually denoted A. Define

Aatp = A @z w(p) = w(p)[T1/(T?).
If V is an affine irreducible variety, we can form V' (A, ,) for any point p € V. By definition
V(Aatp) = Homy_aig (K[V], Aat p)-

We have k[V] = k[Xq,...,X,]/3(V), and thus, k[V] = k[z1,...,z,] (where z; is the image
of Xj) If p e V(Aatp)> then
;) = alz;) + B(x))e,
where € = T'mod (7). Since ¢ is a homomorphism, ¢(z;z)) = ¢(z;)¢(z)) implies that
a(zjrg) = a(z;)o(zk)

Blzjar) = alz;)B(ae) + Bla;)o(ze).
Also, since ¢ is k-linear, so are o and (. Thus,
(1) a € Homy_ag(k[V], 5(p));
(2) B is a “derivation” D: k[V] — k(p).

In (1), we will always take a to be the homomorphism given by p itself, so that in (2),
we get that [ is a k-derivation of k[V] with values in k(p) centered at p.

Conversely, (1) and (2) as just modified give a point of V' with values in Ay, centered at
p. We'll get (1) automatically if we extend «, 8 to Oy, = k[V]5(,) and demand that o is just
our map res: Oy, — k(p). If we use the notation V (A, ,; p) to mean those homomorphisms
in which « is just the point p, we get

Tvp(k(p)) = Dery(Ovp, £(p); p) = V(Aatp; p)-
Hence, points of V' in a sufficiently general ring give us tangent vectors of V' at p.
In a similar manner, we can define the jet space to V' at p to be the space

Jet,(V) = [T (mz/met)”

n
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and the co-jet space to V' at p as the space

co-Jet, (V) = ]_[n‘LZ/ﬂ‘L;Hrl = g1(Ov,) = g1(Ovy).

Remark: The ring Oy, is a regular local ring iff co-Jet, (V') is a polynomial ring over x(p)
in dim,,) (m,/m2) variables. By definition, a point p is a regular point of V if Oy, is a
regular local ring. We write V., for the set of regular points of V. Then,

‘/nonsing g V;eg .

Equality holds when £ has characteristic 0.

2.3 Local Structure of a Variety

As in differential geometry the local structure of an algebraic variety has a great deal to do
with the tangent space analysis and jet space analysis at a point. Moreover, one needs the
completion of the local ring Oy, and hence, one is led into an analysis and study of the
power series ring centered at p. To set up the notation, we let A be a commutative ring and
denote the ring of formal power series in the variables X,..., X, by A[[X1,...,X,]]. We
have the following facts.

(1) For any f € A[[Xy,...,X,]], fis aunit iff f(0,...,0) is a unit in A.
(2) Ais alocal ring iff A[[X7,...,X,]] is a local ring.

(3) A is Noetherian iff A[[X},...,X,]] is Noetherian.

(4)

4) If O is a local ring, then in the m-adic topology, O is Hausdorff iff ﬂ;‘;o m’ = (0), and
the latter holds when O is Noetherian.

The fundamental results in this case are all essentially easy corollaries of the following
lemma:

Lemma 2.17 Let O be a complete Hausdorff local domain with respect to the m-adic topol-
ogy, and let f € O[[X]]. Assume that

(a) f(0) € m.
(b) (&) (0) is a unit of O.
Then, there exist unique elements o € m and u(X) € O[[X]], so that
(1) w(X) is a unit of O[[X]).
(2) f(X) =uX)(X —a).
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Proof. We get u(X) and « by successive approximations as follows. Refer to equation (2)
by (1) in what follows. We compute the unknown coefficients of u(X) and the element a by
successive approximations. Write u(X) = > 7 u; X7 and f(X) = >°72a;X7; reduce the
coefficients modulo m in (}); then, since o € m, (f) becomes

f(X) = Xu(X),
which implies that
2 mXT =3 mX
=0 =0
Since @y = 0, we have ap € m and u; = @;1;. Thus,
uj = aj+1 (mod m).

Note that

in kK = O/m, which implies that if u(X) exists at all, then it is a unit. Write
1
Uj = Qj+1 +€]( )7

where 5](-1) €m, j > 0. Remember that a € m; so, upon reducing () modulo m?, we get

TOX) = u(X)(X — 7).

This implies that
Y TXT = Y TLX/(X-7)
j=0 3=0
- ST Y
=0 =0

-y (ﬁjﬂ + g§.1>) X -3 (@-H + g§.”) X

J=0 J=0
00 00 — 00
_ }:: j+1 }: (1) yrj+1 =  =vi
= aj+1X] + é-j X/ - Aj41 aX’.
=0 =0 i=0

When 5 = 0, we get
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which implies that

and 5(-1) exists.

We now proceed by induction. Assume that we know the coefficients uj € O of the t-th
approximation to u(X) and that u(X) using these coefficients (mod m**!') works in (}), and
further that the ul(t)’s are consistent for [ < ¢. Also, assume a® € m, that o (mod m**!)
works in (1), and that the o) are consistent for I < t. Look at uy) + fj(»tﬂ), a® 4 D),

where 5](-t+1), Nt € mt! We want to determine fj(-tﬂ) and 7+ so that (1) will work for
these modulo m‘*2. For simplicity, write bar as a superscript to denote reduction modulo
m'*2. Then, reducing (f) modulo m'*2, we get

ia—j){j = iu—jxj(x——
=0 =0
= z:u]XJJrl ZujaX]

( g €(t+1 ) XU+ _ Z (Ugt) +€](t+1)) <m+n(t+1)> X

Il
'Mg I\

j=0 7=0
_ ZTXJ-H n Zg (1) 51 _ ZJEXJ _ Z@n(z%l)Xj.
=0 =0 =0 =0
For j = 0, we get L L
5= a0 a0 WD

But u((]t) is a unit, and so, n(**1) exists. Now, look at the coefficient of X7+, we have
T = u( + 5 ) U§t+)1 a®) — uStJ)rl (D),

But uﬂl a® and uﬂl nt+1) are now known and in m*™! modulo m*™, and thus,

€§t+1) — T ug-t) i ugtJ)rl a® + u( ) n(t—i—l)

exists and the induction step goes through. As a consequence

u(X) € lim(O/m")[[X]]

<_
t
and

a € lim(m/m")[[X]]

t
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exist: and so, u(X) € O[[X]] = O[[X]], and a € T = m.
We still have to prove the uniqueness of u(X) and «. Assume that
f=uX—-a)=ulX —a).

Since u is a unit,

o u(X —a) =X —a.

Thus, we may assume that u = 1. Since o € m, we can plug « into the power series which
defines u, and get convergence in the m-adic topology of O. We get

u(a)(a—a) =a—a,

so that a = a. Then,
uX —a)=X —a,

and since we assumed that O is a domain, so is O[[X]], and thus, v = 1. O

The fundamental lemma just proved leads almost immediately to the formal implicit
function theorem:

Theorem 2.18 (First form of the implicit function theorem: Weierstrass preparation theo-
rem) Gwen f € k[[Zy,..., 2], if

_ of
f0..0) =0 and Z7-(0) 0,

then there exist unique power series u(Zy, ..., Zy,) and g(Zs, ..., Zy,) so that uw(Zy, ..., Zy,)
is a unit, g(0,...,0) =0, and f(Z1,...,Z,) factors as

(21, Zn) =u(Zy, ..., Zo ) (2 — g(Zay ..o, Z)). (%)
Moreover, every power series h(Z1,. .., Zy,) factors uniquely as
WZy, ..., Zn) = f(Z1,.. .. Z0)q(Zh, .o  Zn) +17( Loy ooy ).
Hence, there is a canonical isomorphism
E[[Z1, ..., Zn)l/(f) 2 K[| Zs, ..., Z4]],

so that the following diagram commutes

k2., Z]] k([ Z1, ..o Za]l/ ()
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Proof. First, observe that equation (%) (the Weierstrass preparation theorem) implies the
second statement. For, assume (x); then, w is a unit, so there is v such that vu = 1.
Consequently,

’Uf: Z1 —g(Zg,...,Zn),

and the ideal (f) equals the ideal (vf), because v is a unit. So,

K2y, - Zall /() = Kl 24, -, Za]l /(0 ),

and we get the residue ring by setting Z; equal to g(Zs, ..., Z,). It follows that the canonical
isomorphism
Kl(Za, o, Zal))(F) 2 K[ Zas ., 2]

is given as follows: In h(Zi,...,Z,), replace every occurrence of Zy by ¢(Zs, ..., Z,); we
obtain

h,(Zg, Ceey Zn) = h(g(ZQ, ey Zn), ZQ, ey Zn),
and the diagram obviously commutes. Write r(Z, ..., Z,) instead of h(Zs, ..., Z,). Then,

h(Zl,...,Zn> —T(ZQ,...,Zn> :fq
for some q(Z1,...,Z,). We still have to show uniqueness. Assume that
WZy,....2Z,) = fq+r=fqg+T.

Since ¢(0,...,0) = 0, we have g € m; thus, we can plug in Z; = g(Zs, ..., Z,) and get m-adic
convergence. By (x), f goes to 0, and the commutative diagram shows r (mod f) = r and
7 (mod f) = 7. Hence, we get

r=r,

so that
fqa—fq=0.
Now, k[[Z1, ..., Z,]] is a domain, so ¢ = q.

Now let us prove (x), the Weierstrass preparation theorem. We will apply the previous
lemma to O = k[[Zs,...,Z,]], because then, O[[Z)]] = k[[Z1,...,Z,]]. Viewing f as an
element of O[[Z;]], we find that f(0) is a power series in Z,...,Z,, and f(0) € m (the
maximal ideal of O), since f(0,...,0) = 0. Also df/dZ, = 0f/0Z;, and at (0,...,0), this
is not zero. Therefore, 0f/07Z;(0) is a unit. Now, we can apply the fundamental lemma
(Lemma 2.17). It says that there is some g = @ € m and some u(Z, ..., Z,) a unit, and we
have

f(Zl, cey Zn) = U(Zl, ey Zn)(Zl — g(Zg, cey Zn))
Since g € m, we have ¢g(0,...,0) = 0. Uniqueness is obtained as in the lemma. [J

We can now apply induction to get the second version of the formal implicit function
theorem, or FIFT.
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Theorem 2.19 (Second form of the implicit function theorem)
Given fi,..., fr € k[[Z1,...,Z,]], if f;(0,...,0) =0 forj=1,....r and

rk (gél( )) =

(so that n > r), then we can reorder the variables so that

af: .
= < <
rk(&Z()) r, wherel <1i,5 <r,

and there is a canonical isomorphism

k[[Zla"~>Zn]]/(.f1>--->.fr) =k H r+1>-"aZnH>

which makes the following diagram commute

7‘+1’...7

Kz, 2 A

Proof. The proof of this statement is quite simple (using induction) from the previous the-
orem (DX). O

An obvious question is what happens to these theorems in the convergent analytic case?
Denote by C{Z, ..., Z,} the subring of C[[Z}, ..., Z,]] consisting of convergent power series
in the norm topology. For any £ € C" and any € > 0, we define the polydisc PD(,¢€) by

PD(e) ={(z1,.-.,2,) €C" | |zi = &| <e¢, foreveryi, 1 <i<n}.
Here is the convergent implicit function theorem in the rank one case.
Theorem 2.20 Let f € C{Z,,...,Z,} and suppose that f(0,...,0) =0, but

af

570, 0) £0.

Then, there exists a unique power series g(Za, ..., Zy) € C{Zs..., Z,} and there is some € >
0, so that in the polydisc PD(0,€), we have f(&,...,&,) = 0 if and only if & = g(&ay ..., &n)-

Remark: To prove this, look at the formal version of the implicit function theorem and at
the fundamental lemma (i.e., the construction of u(Zy,...,Z,) and ¢g(Zs,...,Z,)). Then
show (tricky and messy!) that u and g converge in some e-neighborhood of (0,...,0). By
the Weierstrass preparation theorem (now proved in the convergent case),

f(Zl, ey Zn> = U(Zl, ey Zn)(Zl — g(ZQ, ey Zn))

But, for € small enough, PD(0,€) is contained in this open and on the polydisc:
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(1) w converges and is never 0.

(2) g converges and ¢(0,...,0) = 0.
So, in PD(0,¢), we have f =0 iff u(Z; —g) =0iff Z; = g(Zs, ..., Zy).

However, to avoid tricks and mess, observe that a polydisc is just a product of one-
dimensional discs. Therefore, there exists a Cauchy multi-integral formula for f valid in
PD(¢,e) (DX). We know that the implicit function theorem for holomorphic functions of
one variable is an easy consequence of Cauchy’s formula (Ahlfors [1], Chapter 4, Theorem

4 ff). Thus, we get that Z; = g(Zs, ..., Z,) where g is a holomorphic function, and thus, a
convergent power series in some suitable polydisc.

An easy induction yields the convergent implicit function theorem:

Theorem 2.21 (Convergent implicit function theorem) Let fy,..., f. € C{Zy,...,Z,}. If
fi(0,...,0) =0 forj=1,...,7 and

rk (géj (0)) —r

(so that n > r), then there is a permutation of the variables so that

af; .
= < <
rk (8Zj (O)) r, wherel <1i,j<r

and there exist r unique power series g;(Zyy1,...,%n) € C{Zy..., Z,} (1 < j <7r) and an
e > 0, so that in the polydisc PD(0,€), we have

@) ==, =0 uff §=gj(&+1,..-,8), forj=1...r

Moreover
C{Zy,.... 2.} (fry o [r) 2C{Z, 11, ..., Zn}.

When r = n, we have another form of the convergent implicit function theorem also
called the inverse function theorem.

Theorem 2.22 (Inverse function theorem) Let f1,..., f, € C{Z1,..., Z,} and suppose that
fi(0,...,0) =0 forj=1,...,n, but

rk <g§1(0,,0)) =n.

Then, there exist n unique power series g;(Wy,...,W,) € C{Wy ..., W,} (1 <j <n) and
there are some open neighborhoods of (0,...,0) (in the Z’s and in the W's), call them U
and V', so that the holomorphic maps

(Zla"'>Zn)'_>(Wl:fl(Zla"'azn)a"'awn:fn(Zla"'azn)): U—-V
(Wl,...,Wn)l—)(Zl:gl(Wl,...,Wn),...,Zn:gn(Wl,...,Wn))l V —-U

are inverse isomorphisms.




2.3. LOCAL STRUCTURE OF A VARIETY 107

The reader should have no difficulty in supplying the proof. Use of the formal implicit
function theorem and formal power series in general will give us the local structure of irre-
ducible varieties. We need the

Definition 2.11 Let X be an affine variety, X C A", and assume that dim X = d. Then, X
is a complete intersection if J(X) has n—d generators. If X is any k-variety and £ € X, then
X is a local complete intersection at £ if there is some affine open X (§), with £ € X (¢) C X,
so that X (£) can be embedded in A" for some n, and X (&) is a complete intersection. The
variety X is a local complete intersection if it is a local complete intersection at & for all

€€ X.

Theorem 2.23 (Local complete intersection theorem) Let V' be an irreducible k-variety and
p €V a k-rational nonsingular point. Write dim(V') = d and assume that near p, the variety
V' has local embedding dimension n, which means that there is some affine open, U C V,
with p € U such that U can be embedded into A™ as a k-closed subset (we may assume that
n is minimal). Then, there exist polynomials fi,. .., f. in n variables with r = n—d, so that
k-locally on 'V near p, the variety V' is cut out by fi,..., f.. This means that there ezists a
possibly smaller k-open W C U CV with p € W so that

qeW ifand only if fi(q)=---= f.(q) =0.

The local complete intersection theorem will be obtained from the following affine form
of the theorem.

Theorem 2.24 (Affine local complete intersection theorem) Let V. C A™ be an affine ir-
reducible k-variety of dimension dim(V) = d, and assume that V. = V(p). Ifp € V is
nonsingular k-rational point, then there exist fi,..., f, € p, with r =n — d, so that

p:{gek[zl,..., ) 7

g—ZlZZ;’_”" W2 g2 ana 1<p>7éo}, (1)

where h; and | € k[Zy,...,Z,|. The f;’s having the above property are exactly those f; € p
whose differentials df; cut out the tangent space Ty, (i.e., these differentials are linearly
independent).

What are we saying? Intuitively, near p (in the k-topology), the behavior of V' should be
controlled by Oy,,. Write A for the ideal (fi,..., f.) (this is contained in p), and consider
the diagram

k[Z1,..% Z,]|r] Kl Zv, ..., Zy)sp) = Oanp
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The kernel of the left vertical map is p and the kernel of the right vertical map is
pe = pOA",]r
Since,
2A° = (.fla sy fT)OA",pa
the righthand side of (1) is exactly 2 (that is, 2 extended and then contracted). We know
that p = p, and thus, we are saying that
p =A<
But then, p¢ = 2, which means that () says: If fi,..., f. generate p¢ (i.e., p in Opn ),
then they cut out V' near p.

Proof of the local complete intersection theorem (Theorem 2.23). We show that the affine
local complete intersection theorem (Theorem 2.24) implies the general one (Theorem 2.23).
There is some open affine set, say U, with p € U. By working with U instead of V', we may
assume that V is affine. Let V = V(p), and let 2 = (f1,..., f,), in k[A"]. Suppose that gy,
..., gy are some generators for p. By the affine local complete intersection theorem (Theorem
2.24), there are some [y, ...,I; with [;(p) # 0, so that

T

hij .
gj:zl_jyfia forj=1,....t

i=1

Let [ = H§:1 l; and let W be the k-open where | does not vanish. We have p € W, and we

also have

But .
lig; = Zhijfia
i=1
and on V N W, the [;’s are units. Therefore, p;) = A, that is,
]J/{Z[Xl, A 7Xn](l) = QU{Z[Xl, A 7Xn](l)-

Thus, on VNW, we have p = 2 in the above sense, and so, V N W is the variety given by
the f;’s. The affine version of the theorem implies that r =n —d. O

Remarks:
(1) Theset Y =V =V NWis k-closed, Y CV,and p ¢ Y.

(2) The local complete intersection theorem says that X is a local complete intersection
at every nonsingular point; so, X — Sing X is a local complete intersection.
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We now turn to the proof of the affine theorem.

Proof of the affine local complete intersection theorem (Theorem 2.24). Let the righthand
side of (f) be B. Given any g € B, there is some [ so that

lg=">_ hifi.
=1

Since f; € p, we have lg € p. But I(p) # 0, so | ¢ p; and since p is prime, we must have
g € p. Thus, we have

RUISIE

By translation, we can move p to the origin, and we may assume that p = 0. Now, the proof
of our theorem rests on the following proposition:

Proposition 2.25 (Zariski) Let fi,..., f. € k[X1,..., X,] be polynomials with
f1(0,...,0) = -+ = f.(0,...,0) = 0, and linearly independent linear terms at (0,...,0).
Then, the ideal

" hi( Xy, X))
I(Xy,...,X,)

m:{gek[Xl,,Xn] ‘g: fZ(Xl,,Xn), and l(O,,O);éO}

is a prime ideal and V (B) has dimension n—r. Moreover, (0,...,0) € V(B) is a nonsingular
point and V(f1,..., f;) =V(B)UY, where Y is k-closed and (0,...,0) ¢ Y.

V(fs)

Figure 2.5: Hlustration of Proposition 2.25

If we assume Zariski’s Proposition 2.25, we can finish the proof of the affine local complete
intersection theorem (Theorem 2.24): Since p = (0,...,0) is nonsingular, we find
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dim Ty,p = d, the differentials of f1,..., f, are linearly independent if and only if they cut
out Ty,p. Then, V(B) has dimension n — r = d. By Proposition 2.25, 8 is prime, and we
have already proved 3 C p. However,

dim V(%B) = dim V' (p);

so, we get V(B) = V(p), and thus, P = p. This proves the affine local complete intersection
theorem. 0

It remains to prove Zariski’s proposition.

Proof of Proposition 2.25. We have the three rings

R = ]{?[Xl,...,Xn],
R/ = ]{Z[Xl, .. '7XTL](X1 ..... Xn) = OAnp, and
R = K[X1,.... Xl

Ifl € OpngNk[Xy,...,X,] and [(0) # 0, then
I(Xy,...,X,) =1(0) <1 +Zaj(X1,...,Xn)Xj> :
j=1

where a;(X7,...,X,) € k[Xq,...,X,]. But then,

1 fo%S) n s
1+ Z?zl aj(Xla : >Xn)X B Z(_ly (Z aj(Xl’...an>Xj> |

J r=0 j=1
which belongs to k[[X1, ..., X,]]. Hence, we have inclusions
R— R — R".

Let ¥ = (f1,..., fr)R and write B” = (f1,..., f-)R". By definition, = P' N R. If we can
show that P’ is a prime ideal, then ¢ will be prime, too.

Claim: ' =P"NR.

Let g € P”" N R'. Then,

g = Z hifi,
i=1

with ¢ € R/, by assumption, and with h; € R”. We can define the notion of “vanishing to
order t of a power series,” and with “obvious notation,” we can write

hi = h; + O(X"),
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where deg h; < t. Because fi(0,...,0) =0 for each i, we find that

g= Zngz +O(X™),

1=1

and thus,
g eV + (X1,..., X)) 'R, for all t.

As a consequence,

g (P + (X1,.... X)"'R);

t=1
SO,

P ARC()B + (X, X)T'R).
t=1

But R’ is a Noetherian local ring, and by Krull’s intersection theorem (Zariski and Samuel
[60], Theorem 12/, Chapter IV, Section 7), P’ is closed in the 9M-adic topology of R’ (where,
M= (Xq,...,X,)R). Consequently,

m/ m (‘]3 +mt+1
t=1

and we have proved
(‘]3// m R/ g m/'

Since we already know that P’ C PB” N R, we get our claim. Thus, if we knew P” were
prime, then so would be ’. Now, the linear terms of fi,..., f. at (0,...,0) are linearly

independent, thus,
of;
k =
' (aX (0 )) "

and we can apply the formal implicit function theorem (Theorem 2.19). As a result, we get
the isomorphism

R/ 2 k[[Xyp1, ..., Xal).

However, since k[[X,;1,...,X,]] is an integral domain, " must be a prime ideal. Hence,
our chain of arguments proved that B is a prime ideal. To calculate the dimension of V (),
observe that

B ' NR=P'"NRENR=P NR=",

and we also have

KX Xal /B KX X/ 2 K[ X, -, Xl
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Therefore, X,.1,..., X, (mod ‘) are algebraically independent over k, which implies that
dim V(B) > n — r. Now, the linear terms of fi,..., f, cut out the linear space Ty, and by
linear independence, this space has dimension n — r. Then,

n—r=dmTyy>dmV(P) >n—r,
so that dim V() = n — r, and 0 is nonsingular.
If g € B, there exists some | with [(0) # 0 such that

which implies that lg € (fi,..., f;). Applying this fact to each of the generators of B, say,
gi,---, g, and letting I = [['_, l;, we have

PBC(fio.- fr) ©B.

As a consequence,

VB) SV(f1,.... fr) SV(IB) =V({I) UV(B).
Ifwelet Y =V({)NV(fi,...,f), we have

Vi, i) = VB UY.
Since 1(0) # 0, we have 0 ¢ Y. O

We would like to take a closer look at the completion, (5\/@, of the local ring at some
nonsingular point £ € V. Since everything is local, we may assume that V' C A" is affine, and
V = V(p) for some prime ideal p. Let d = dim V, and let £ € V' be a k-rational point. We
know that dim 7y = d, and that Ty is cut out by the r linearly independent differentials
dfy, ..., df, at £ for some f1,..., f, € p, where r = n — d. Also,

OM,g/P = OV@.
Pick y1,...,yq € m¢ so that dy,, ..., dyy are linearly independent at . This is equivalent to
saying that the residue classes 77, ..., 7q form a basis of m¢/ mg. We have

EIXq, o Xl (x—e, Xu—g) = Oane = K[ X1 — &1, X, — &)

and

(k[X1, o Xl /) (-1, Xn—t0) = Ovie = K[ X0 — &uo o, X = &I/ (frs 0 o)

By the formal implicit function theorem,

EI[IXy =&, s X = &l (fry o0 fr) 2 R[Xnmarr — Snmarts - X = &)

However, by the same theorem, the last ring is isomorphic to k[[yi, ..., y4]]. Therefore,
Ove = k[[y1, -, yall.

We can summarize the above as follows:
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Theorem 2.26 Given an irreducible variety V' and a nonsingular point p € V, pick yi, .. .,
ys in my, (where s = dim V' if p is a closed point, and s = dim V' — dim {p} otherwise), so
that dy, ..., dys are linearly independent forms on Ty, (equivalently, Yy, ...,Ys are linearly
independent in mp/mf, over k(p)). Then, every f € @vvp can be written uniquely as a power
series with coefficients in k(p), in the y;’s, that is,

fer®lly, - vl

This theorem is the formal series equivalent of the well-known Taylor series theorem in
complex analysis. Namely, f € Oy, is a formal holomorphic function (formal referring to
the fact that we have completed the ring of holomorphic functions in the m-adic topology)
and we have just shown that such an f is expressed as a formal power series. The coefficients
of this power series are necessarily in the field of definition of p, that is, in x(p).

Having mentioned complex analysis, we may inquire into the connection of our algebraic
theory with the theory of complex analytic spaces. To avoid confusion, we call the usual
complex topology the norm topology. We proceed as follows:

(1) Let U C C? be norm-open. Consider p power series fi, ..., f,, norm-convergent on U.
Define the topological space Zy C U by

ZU:{(§1,...,£[1)€U ‘ fj(£1,...,§q):0, with 1§j§p}

(2) Define a local holomorphic function on Zy, at & € Zy, to be a holomorphic function

on some open U C U such that ¢ € U. Call two such functions f, g equal if and only
tflZuv=glZu.

The pair (Zy, Og,), where Oy, denotes the collection of locally defined holomorphic
functions, is called a complex analytic space chunk.

It is quite clear what morphisms should be, and we get a category which is the analog
of the category of affine varieties. By gluing complex analytic space chunks together, we get
the concept and category of complex analytic spaces.

A complex algebraic variety, X, determines a unique complex analytic space, X", as
follows: First, assume that X C A" and that X = V(2(), where 2 C k[X;,...,X,] is a
radical ideal. Take U = C? and fi, ..., f, some generators of 2. Since these are polynomials,
they may be considered as power series, and obviously converge. We get Z = X (C), and
take all norm locally defined complex holomorphic functions on Z. This gives a complex
analytic space chunk X®'. If X is an abstract variety, it is obtained by polynomial map
gluing; hence, by holomorphic map gluing. Thus, each algebraic variety, X, yields a complex
analytic space, X?". Clearly, we have a functor

X — X2

This functor was studied by Jean-Pierre Serre in his famous paper [48], also know as GAGA.
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Theorem 2.27 Let X be an irreducible complex algebraic variety and let p € X(C) be a
nonsingular point. If locally in the Zariski topology near p, the variety X may be embedded in
A", then there exist d of the coordinates (of A™), say Z,_as1, - -, Zn, S0 that dZ, g1, - .., dZ,
are linearly independent forms on Tx,, and there exists some € > 0, and we have n — d
converging power series g1(Zn—ai1s---s%n)s -+ Gn-a(Zn—ar1s-- -, Zn), S0 that

(Zl>"'aZn)€PD(p>€) Zﬁ Zi_pi:gi(Zn—d+l_pn—d+la"'7Zn_pn)ai:]-?"'an_d'

Any choice of d of the coordinates Z1,...,Z, so that the corresponding dZ;’s are linearly
independent on T, will serve, and the map

X NPD(p,e) — PD(0,¢)

given by
(Zl, R Zn) —> (Zn—d—l—l — Pn—d+1s-- - Zn — pn)

is an analytic isomorphism. Hence, if we take (X — Sing X)**, it has the natural structure of
a complex analytic manifold. Furthermore, X*" is a complex analytic manifold if and only
if X is a nonsingular variety.

Proof. Since p is nonsingular, by the local complete intersection theorem (Theorem 2.23),
we can cut out X locally (in the Zariski topology) by fi,..., fn_a and then we know that

ofi
rk
(550)
is maximal. By the convergent implicit function theorem (Theorem 2.21), there is some
e > 0 and there are some power series g1, .. ., gn_q s0 that on PD(p,€), we have

fl(Zl,,Zn):O iff Zz_pzzgz(Zn—d—l—l_pn—d—l—h7Zn_pn> forzzl,,n—d(*)

The lefthand side says exactly that

(Z1,...,Zy) € XN PD(p,e).
We get a map by projection on the last d coordinates
X NPD(p,e) — PD(0,¢),

whose inverse is given by the righthand side of equation (x); and thus, the map is an analytic
isomorphism. By the formal implicit function theorem (Theorem 2.19),

ClZy, . Z)) Frs s Fad) 2 Cl[Znins -+ Z0]]-

Hence, dZ,_q+1,...,dZ, are linearly independent on T’x,. If conversely, the last d coordi-
nates have linearly independent differentials dZ, 4.1, ...,dZ,, then

dim TX,p S d.
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But p is nonsingular, and thus, dZ,_q41,...,dZ, form a basis of T ,. Now, Txn, is cut
out by df1,...,dfn—q, dZy_q11,...,dZ,, where fi,..., fu_q cut out X locally (in the Zariski
topology) at p, by the local complete intersection theorem. It follows that

Ofi
rk
(550)
is maximal (that is, n — d) and we can repeat our previous arguments. The last statement
of the theorem is just a recap of what has already been proved. [J

Remark: The three notions of dimension
(a) algebraic (by transcendence degree)
(b) combinatorial (by chains of subvarieties)
(c) differential geometric (by tangent space dimension)

are seen to be all the same.

A complex variety has two topologies: its norm topology, and its Zariski topology. Ob-
viously, every Zariski open is a norm open; and equally obviously, the converse is false.
However, we can make some comparison between the topologies, and this is what we turn to
now. We will need to know what a projective variety is and refer the reader to Section 2.5.

Proposition 2.28 (Topological comparison, projective case) If X is a projective complex
variety and U s Zariski—dense and Zariski—open, then U is norm—dense.

Proof. The proof will be given in Section 2.5. The projective case leads to the general case:

Proposition 2.29 (Topological comparison, general case) If X is a any complex variety and
U is Zariski—dense and Zariski—open, then U is norm—dense.

Proof. As usual, the argument reduces to the affine case; for assume that the argument
works in the affine case. Let X =], U, be a cover by Zariski-open affine varieties. Assume
that X is Zariski-dense and Zariski-open in X. Write X, for Xo N U,. For any S, let S
be the norm-closure of S and S be the Zariski-closure of S. Of course, S C S. The set X0,a
is Zariski-open in U, and clearly, Xy, is Zariski-dense in U,. By the affine case, Xy, is
norm—dense in U,, that is,

Xo.a 2 Ul

But then,

XO 2 XO,Oc 2 Ua

for all «, and thus,
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and X is norm-dense in X.

Let us now assume that X C A" is affine. We know that A" C P" and that A" is Zariski-
open in P". Let X be the Zariski—closure of X in P". We know that X, is Zariski-open in
X and in X and that X is Zariski-dense in X and hence in X. By Proposition 2.28, the
open X is norm—dense in X. O

2.4 Nonsingular Varieties: Further Local Structure

Recall that in the interesection dimension theorem (Theorem 2.6), we examined the dimen-
sions of the irreducible components of the intersection of two varieties in A? and showed by
counter-example that our results was not necessarily true if A? was replaced by an arbitrary
variety. The trouble occurred at a singular point of the ambient variety (in our current
language). If we restrict attention to a neighborhood of a nonsingular point of the ambient
variety, the theorem remains true. Here is the exact statement:

Theorem 2.30 (Intersection dimension theorem: General form) Let X,Y,Z be irreducible
k-varieties, with X, Y C Z and Z separated. If p € X NY and p is a nonsingular point on

Z, then we can write
XNy = (UWQ> uQ,

where the W,,’s are the k(p)-irreducible components of X NY passing through p and Q is the
union of the other irreducible components, and further, we have

dimW, >dim X +dimY —dim Z
for all c.

Proof. Since we can base-extend from k to x(p) and the dimension is preserved, by base-
extending, we may asume that x(p) is k. By taking a big affine open subset around p, we
may further assume that X, Y, Z are affine. Let n = dim Z. As in the proof of Theorem 2.6,
we have the isomorphism

Xny=(X[[y)nAz

Since p is nonsingular on Z, by the local complete intersection theorem, we can pick g1, ..., g,
so that dgi, ..., dg, are linearly independent and cut out 77 ,,.

Consider the functions f1,..., f, on Z ][ Z given by

iz, oy 2w, wy) = gi(21, o 20) — giwr, ..o wy).

Clearly, f; [ Az = 0, which implies that

AZ g V(flaafn)
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The differentials dfy, ..., df, are linearly independent at (p,p) € Az, and by the local com-
plete intersection theorem (Theorem 2.23), we get

V(fl?"'7fn):AZUR,

where R is the union of components not passing through p. However, since Z is separated,
Ay is a closed irreducible variety, and reverting to the original argument of Theorem 2.6, we
get

dim W, > dim X +dimY — dim Z. O

To go further and understand the local structure of an irreducible variety near a non-
singular point on it, we need the following famous theorem first proved by Zariski (1947)
in the case at hand [59]. However, the theorem is more general and holds for an arbitrary
regular local ring as was proved by M. Auslander and D. Buchsbaum, and independently
Jean-Pierre Serre (all in 1959).

Theorem 2.31 Let X be an irreducible k-variety and let p be a closed point on X. If p is
nonsingular, then Ox , is a UFD.

In order to prove Theorem 2.31, we need and will prove the following algebraic theorem:

Theorem 2.32 If A is a local noetherian ring and if its completion Aisa UFD, then, A
itself is a UFD.

Proof of Theorem 2.31. Assume Theorem 2.32, then, as p is nonsingular,

@\XJD = H(p)[[}/h R 7}/;5]]7

for some 9, and the latter ring is a UFD, by elementary algebra. Therefore, Theorem 2.32
implies Theorem 2.31. [J

Proof of Theorem 2.32. The proof proceeds in three steps.
Step 1. 1 claim that for every ideal 2l C A we have

A= ANAA.
Clearly, AA C AN AA. We need to prove that
ANAA C A

Pick f € ANAA, then, f € A and

t
f = Z a;a;,
=1
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and «; € A and a; € 2A. Write
;i = )" + O(@""),

n
%

where o™ ¢ A, and m is the maximal ideal of A. Then,

F=> o +Y 0@ Ma,

and . a{™a; € 2A. So,
feA+Am™ ™ = A 4 Am" T A,
and this is true for all n. The piece of f in Am™+1A lies in A, and thus, in m"*!. We find

that f € A+ m"*! for all n, and we have

fe(@+mmt) =2

n>0
by Krull’s intersection theorem.
Step 1 % I claim that

Frac(A) N A = A.
This means that given f/g € Frac(A) and f/g € A, then f /g € A. Equivalently, this means
that if ¢ divides f in A, then g divides f in A. Look at

A =gA.
If f/g € A, then f € gA, and since f € A, we have
feAn g/Al.

But gﬁ = ng, and by Step 1, we find that

gA=A=ANAA,

so, f € gA, as claimed.
We now come to the heart of the proof.

Step 2. Let f,g € A with f irreducible. I claim that either f divides g in A or (f,g) =1
in A (where (f, g) denotes the ged of f and g).

Assuming this has been established, here is how we prove Theorem 2.32: Firstly, since
A is noetherian, factorization into irreducible factors exists (but not necessarily uniquely).
By elementary algebra, one knows that to prove uniqueness, it suffices to prove that if f is
irreducible then f is prime. That is, if f is irreducible and f divides gh, then we must prove
either f divides g or f divides h.
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If f divides g, then we are done. Otherwise, (f,g) =1 in A, by Step 2. Now, f divides
ghin A and A is a UFD, so that as (f,g) = 1 in A we find that f divides h in A. By Step
1 %, we get that f divides h in A, as desired.

Proof of Step 2. Let f,g € A and let d be the ged of f and g in A. Thus,
f=dF, and ¢g=dG,

where d, F, G € fAl, and
(F,G)=1 in A,
Let ordg ' = ng (that is, ng is characterized by the fact that F € m™ but F ¢ m"otl),
Either F is a unit or a nonunit in A. If F is a unit in ﬁ, then ng = 0, and f = dF implies
that F"~'f = d; then,
FfG =y,

which implies that f divides g in A By Step 1 %, we get that f divides g in A.
We now have to deal with the case where ord(F) = ng > 0. We have

F=1lmF, and G = lim G,,

00 N 00
in the m-adic topology, with F,, and G,, € A, and F — F}, and G — G,, € m"*!. Look at
9 _ Gn _gFn— fGn
[ Fa fF.
Now,
gF,— fG, = g(F,—F)+gF — fG,

(F, —F)

= ¢(F, - F)+dGF — fG,

= g(F,—F)+ fG— fG,
(F, —F)

The righthand side belongs to (f,g)@"!, which means that it belongs to (f,g)m"LA.
However, the lefthand side is in A, and thus, the righthand side belongs to

AN (f, g)m" A

Letting % = (f,g)m™™!, we can apply Step 1, and thus, the lefthand side belongs to
(f, g)m™*L. This means that there are some o, 7, € m"™ C A so that

gF, — fG, = fon + g7u;

It follows that
Q(Fn - Tn) = f(Gn + Un)§

so, if we let
a, =G, +o0, and p(,=F, — T,

we have the following properties:
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(1) gﬁn = fana with Oy, ﬁn € A,
(2) a, =G, (modm™™) and 3, = F,, (mod m"*1),

-~ -~

(3) G, = G (modm™™ A) and F, = F (mod m"™tA).

Choose n = ngy. Since ord(F') = ng > 0, we have ord(F},,) = no, and thus, ord(8,,) = no.
Look at (1):

gﬁno = fan(w

S0
dG By, = dF oy,

and, because A is an integral domain,
G By, = Fou,.

However, (F,G) =1 in A and F divides GpB,. Hence, F' divides f3,,, so that there is some
H ¢ A with 8,, = FH and

ord(B,,) = ord(F) + ord(H).

But ord(F') = ng, and consequently, ord(H) = 0, and H is a unit. Since f3,,, = F-H, we see
that f,, divides F', and thus,

F = B,,0
for some & € A. Again, ord(d) = 0, and we conclude that 0 is a unit. Then,
Bnodd = dF = f,

so that f3,, divides f in A. By step 1%, B divides f in A. But f is irreducible and f,, is
not a unit, and so 3,,u = f where u is a unit. Thus, dd = u is a unit, and since 9 is a unit,
so is d, as desired. []

The unique factorization theorem just proved has important consequences for the local
structure of a variety near a nonsingular point:

Theorem 2.33 Let X be an irreducible k-variety and let & € X be a nonsingular k-point.
Given f € Ox¢, with f is irreducible and f(§) = 0, the locally defined subvariety, {x € X |
f(z) = 0}, is an irreducible subvariety of codimension 1 in X. Conversely, if Y is a locally
defined codimension 1 subvariety of X through &, then, there is some irreducible f € Ox
so that near enough &, we have

Y={zreX | f(x)=0} and J(Y)Oxe= fOxg.

Lastly, if f is any locally defined holomorphic function on X and £ is a point (not necessarily
nonsingular) so that f(§) = 0, then sufficiently locally near &, the zero locus, {x € X |
f(x) = 0}, is a finite union of irreducible components through &, each of codimension 1.
If &€ is also nonsingular, then these irreducible branches at & correspond bijectively to the
irreducible factors of f in Oxp.
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Proof. Let £ € X be a nonsingular k-point, and f be in Oxg¢, with f irreducible. The
question is local on X, and we may assume that X is affine. Also,

Oxe = lii>n Ay,
9¢3(§)

with A = k[X]. Thus, we may assume that f = F/G, with G(§) # 0 and with F,G € A.
Upon replacing X by X (where X is an open such that £ € X¢), we may assume that f

is the image of some F' € A = k[X]. The variety X is irreducible and X = V(p), where p is
some prime ideal. Near ¢ (i.e., on some open affine subset Uy with £ € Up), let

PB={geklz,....2Z] | lge p+(f), where I(§)#0}, (+)
and let m be the ideal of £ on X. This means that m = {g € k[X] | g(§) = 0}. We have
pCPCm

Reading the above in A, we get f C m, and in Ox, we find from (x) that P = fOx,.
Thus, B¢ is a prime ideal, because f is irreducible and Ox ¢ is a UFD. Then, %8 is prime and
Y = Spec A/B is a variety locally defined by f = 0, and is irreducible. We have Y ¢ X,
since f =0 on Y but not on X, and we find that

dim(Y) < dim(X) — 1.

We will prove equality by a tangent space argument.

Claim. There is some affine open U C Y with £ € U so that for all v € U: Ty, is cut
out from Tx, by the equation df = 0.

Let ¢1,...,g: be generators for *B. Thus, dg; = --- = dg, = 0 cut out Ty, near , i.e., in
some suitable open set Uy with £ € Uy. By (), on Uy, there exist [y, ..., [; so that

Ligi=pi+ A,
where p; € p, and the \;’s are polynomials. Let [ = [];, and take
U=Usn{n | U(n) #0}.
The set U is open and affine. By differentiating, we get
lidgi + (dl;)g; = dpi + (d\i) f + Nidf. (1)

On U CY C X, we have

(1) f=0(inY).

(2) pi=0 (in X).
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(3) 9i =0 (inY).
(4) i # 0.

(5) dp; =0, as we are in Tx,,, with u € U.

In view of (1), we get

li(u)dgi(u) = Ai(u)df (u).
Assume that df (u) = 0. Since [;(u) # 0, we get dg;(u) = 0, which implies that the equation
df (u) = 0 cuts out a subspace of Ty,. Then, Ty, contains the hyperplane df = 0 of Tx,,

which implies that
dim(Ty,) > dim(Tx,) — 1.

Since dim(Y') = dim(7y,) near £ (but not necessarily at £) and dim(X) = dim(Tx,), we
get dim(Y') > dim(X) — 1, and thus, (by previous work),

dim(Y) = dim(X) — 1.

Conversely, assume that Y is locally defined near £, and is of codimension 1. Replacing
X by this affine neighborhood, we may assume that ¥ C X, is globally defined, and of
codimension 1. Also recall that ¢ is assumed to be nonsingular. We have the ideal J(Y)Ox ¢
in Ox ¢, and we can write

I(YV)Oxe=p1 NNy,

where the p;’s are minimal primes of Ox, each of height 1. Since Ox¢ is a UFD, every p;
is principal, i.e., p; = f;Ox¢, where f; is irreducible. As

PP =pr---py,

we get
where f = fi---fi. The above argument implies that J(Y) = (F) in some Ag, where
A = k[X]; G(&) # 0; G € A. Thus, J(Y) is locally principal. Observe also that if ¥ is
irreducible, then J(Y') is prime; so, f = f; for some j, i.e., f is irreducible.

Now, consider f € Oxg, where £ is not necessarily nonsingular, and look at the local

variety through ¢ defined by f = 0 (remember, f(£) = 0). The radical ideal 2 = J(Y) (in
A=klZ,...,Z,]/p) defining Y has a decomposition

A=piN---Npy,

and since A = v/, the p ;'s are the minimal primes containing 2 (the isolated primes of ).
Let g1, ..., g be generators of A. The image of g; in Ox ¢ has the form \;f (remember, YV
is locally principal by hypothesis). Since

OX,g = li)n Ag,
GZ3(€)
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take G enough for gq,..., g;, and then the open X so that g; = ):;—F, where J(Y) in Ag is
just (F), and F'/G = f in Ox¢. Thus,

A=3(Y)=[)p
j=1

where in the above intersection, we find only the primes surviving in Ox, i.e., those with
p; € m, where m = J(§). By Krull’s principal ideal theorem (Zariski and Samuel [60],
Theorem 29, Chapter IV, Section 14), these p;’s are minimal ideals, and thus, the components
of Y have codimension 1.

If £ is actually nonsingular, then these surviving p;’s are minimal in the UFD Oxp.
Hence, locally enough, each p; is principal; say p; = (f;). Then,

() =2A=(f)n---0(fo) = (fr---fo);

so that
f=ufi-fs

where u is a unit. The irreducible branches of Y through £ are the irreducible factors of the
local equation f = 0 defining Y locally. [J

2.5 Projective Space, Projective Varieties and Graded
Rings
We begin by defining P". As a set, P™()) is the collection of all hyperplanes through the
origin in A""(Q). To specify a hyperplane H in A""(Q) is to give a linear form
apXo + a1 X1+ - +a,X, =0,
where a; € Q. If we define the equivalence relation ~ on A"™(Q2) — {0} so that
(g, ... an) ~ (bo,...,b,) iff (IN€ Q")(b; = Aa;), 0 < i <n,

then, denoting the equivalence class of (ag,...,a,) by (ap: ---: a,), and calling such classes
homogeneous coordinates, we get a bijection

H<+— (ag: -+ ayp),

where a; # 0, for some i, 0 < i < n. We can also view P"({2) as the homogeneous set
(A"(Q) — {0})/G,,, where G,, is the multiplicative group variety. Here, the symbol
Gy, which is the multiplicative group variety, associates to each field K between k and
Q) the group K* under multiplication. The reader can check that G,, is the affine variety
Spec k[X,Y]/(XY —1). Given a field, L, such that k£ C L C Q, we define P"*(L) as the set
of hyperplanes that are defined by some linear form with coefficients in L.
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Consider
UZ‘:{(CL()I el an) | GZ%O} QP”
We have
P =|JU;
i=0
and U; = A", via the bijection
Qa a;—1 Q; Qp,
(ao:---ai:---:an)|—><—0,..., L +1,...,—).
a; a; Q; Q;

If we pull back the functions from A™ and install them on Uj;, then U; is an affine k-variety
isomorphic to A™. Thus, P" is a k-variety, for it is not hard to check that the gluing conditions

hold. In fact, given (Xy: ---: X,,) € P", define the symbols 5)(;’) as follows:
(0 _ Xy
(-2

Note that the following equations hold:
(a) & =1.
(0 ¢() _ . .
(b) &6 =1, on Uy NU;.

(c) ]8')55.“ = ,ii), on U; NU; N U.

Then, U; = Spec[f((f), o ,§i(i), e ,&(f)], where the symbol 52@ means 52@ omitted, and we
get

UZ’ N Uj = (UZ)S(z) = (Uj)s(j)-

To give a subvariety, V', of P", we specify it locally:
(a) On U;, we have a closed subvariety specified by Spec k[U;]/2l;, where /2; = 2.
(b) These subvarieties agree on U; N U; for all i # j, which means that
(Ai)ew = ()¢
for all i # j.

(c) On the triple overlap U; N U; N Uy, the gluing conditions hold.



2.5. PROJECTIVE SPACE, PROJECTIVE VARIETIES AND GRADED RINGS 125

Now, it is easy to see that the above conditions are equivalent to the fact that there
exist homogeneous polynomials Fi, ..., F), in Xy,..., X, so that if we denote by fl(l) the

polynomial F; dehomogenized at X;, then 2; = ( fl(i), ce IS“), and conversely.

Recall that an ideal 2 C k[ X, . .., X,,] is homogeneous if whenever f = fo+---+ f,, € A,
where f; is the homogeneous component of f of degree i, then f; € % for ¢ = 0,...,m.
Clearly, the above condition is equivalent to the fact that 2 is generated by homogeneous
polynomials. So, we find that there is a bijection between k-closed subvarieties of P and
homogeneous ideals, A, of k[Xo, ..., X,] so that

(1) V2=

(2) (Xo,...,X,)" € Afor all h > 1. (We say that A is a relevant ideal when condition (2)
holds.)

Given V' C P, we can define the graded ring S = k[Xo, ..., X,]/2, where % = J(V) is
a homogeneous ideal satisfying (1) and (2). Conversely, given the ring k[ X, ..., X,|/2 and
a homogeneous ideal, 2, satifying (1) and (2), we get the k-closed subvariety V() in P™ by

VD) ={(&: - : &) € P"(Q) | f(&,---,&) =0, where f € 2and f is homogeneous}.
We denote this variety by Proj(S), where S = k[ X, ..., X,]/2.
@ Unlike the affine case, it frequently happens
Proj(S) = Proj(S’)
as k-varieties, and yet S is not isomorphic to S’ as graded rings.

The d-uple embedding illustrates this point:

Let My, ..., My be the monomials of degree d in the variables Xy, ..., X, ordered lexi-
cographically. Since there are (d+") such monomials,

d
d+n

N = — 1.
()

We define the d-uple embedding, which is the map ®;: P* — PV, as follows:

(Co: -2 &n) = (Mo(&os---,6n): -0 Mn(8o, -+, &)

This map is well-defined since & # 0 for some 4, and the monomial X¢ is in the list, so
€4 # 0; the map @, is clearly injective. We need to show that it is a morphism. For this,
consider the algebra k-homomorphism ¢g: k[Zo, ..., Zn] — k[Xo,. .., X,] defined so that

QOd(Zj) = Mj(X(), P ,Xn)
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If we localize at Z;, the effect on the righthand side is to localize at M;(Xy,..., X,). Thus,
®, is indeed a k-morphism, and moreover, if 2 = Ker ¢4, then 2 is a homogeneous ideal
generated by quadratic equations. Indeed, we can use the notation Z;, _; , where 454 - -+
in, = d and i; > 0, to denote the N homogeneous coordinates of P; then the equations
(these are called the Pliicker relations) are the quadratic equations

and they hold whenever
7;O—i_.j(] :h0—|—]€0,"' 7Zn+,]n:hn+kn

We get an injection

(X% k’[Z(), .. ,Zn]/Ql — ]{T[X(), .. .,Xn],
and it is easy to check that

Proj(k[Zo, ..., Z,]/A) = V(A) — PV
and that ®;: P* — PV embeds P" as a closed subvariety of PV. Yet, % is not an isomor-
phism, since it is not surjective.

The meaning of the d-uple embedding can be explained as follows: Let H be a hyperplane
in PV given by the equation

Applying g, we get

Za] (Xo,...,X,) =0,

the equation of a hypersurface of degree d in P". Thus, we get a map ¢}, mapping hyperplanes
in PV to hypersurfaces in P", and this is clearly a bijection. Hence, the d-uple embedding,
d,: P* — PV, gives a bijection

H = ¢y(H)
between hyperplanes in PV and hypersurfaces of degree d in P". In a sense, we have “straight-
ened out” hypersurfaces in P* to become hyperplanes in PV.

Let X = ®4(P") — PY. Now, consider a hyperplane, H, in P" and look at H N X.
Observe that

HNX = {( M;(&o, - .-, &n): Zoz] (&o,... € )—o}

= {(G: &) € P | (Gor - -£n)€<ﬁd(H)}-

Hence, under the d-uple map ®,4, the hypersurface ¢5(H) goes to the hyperplane section
H N X, where X is the image of P" in PV.
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Example 2.9 First, consider the case d = 2 and n = 1, we have the map
(&o: &) = (& &bt &) = (Zo: Z1: Zo).
The equation of the image of P! in P? is
73 = 7o 7.

This is a conic in P2. More generally, the image of P! under ®, is a curve of degree d in P?.
This curve is the rational normal curve in P?. The rational normal curve is nondegenerate,
i.e., it is not contained in any hyperplane of P? (DX).

Now, when d = 3 and n = 1, the map &, is

(So: &1) = (&0 E5¢1: o612 &) = (Zo: Z1: Zy: Zs).

The Pliicker equations are then:

ZoZs = 717y
le - Z(]ZQ
73 = 7\7s.

These are the equations of the twisted cubic, as the rational normal curve of degree 3 is
called.

Just as in the case of affine varieties, we can consider products of abstract and projective
varieties. In the following, most details will be left to the reader:

Let X,Y,Z be k-varieties, and nx: X — Z and ny: Y — Z be morphisms. Then,

X J] Y exists as a k-variety, i.e., the functor from k-varieties to sets,
Z

T — Hom (T, X') Xtom (1,2z) Hom (T, Y)

is representable. To show this, we cover X,Y, Z by affine open varieties X,, Y3, Z,. We can
arrange this so that mx [ X,: Xy — Z, and my | Y3: Y3 — Z, for all a, 8 and where v
depends on « and . Then, perform the following steps.

(1) X, [] Y5 exists by previous work;
Z’V

(2) Check that on the category of k-varieties (not just affine varieties), the variety X, [] Y3

Z'Y
represents the product functor (as above);

(3) Prove that
Xo [TYs =X [] Ve
Zny Z
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(4) And finally, prove that (gluing)

U(Xalg[yﬁ)gx l;[y

a7/B

However, while the product of projective varieties is certainly an abstract variety, it is
not completely obvious that it is a projective variety. This is true, and to prove it, we need
to introduce the Segre embedding. The Segre embedding is a morphism

Y. Pr H P — P(T—H)(S-H)_l.
Set-theoretically, the map X is given by

(mo: =~ i xpiyor ~-- 1 yYs) > (ToYor -t Tyt e TyYs),

where the x;y; are ordered lexicographically. Let Zo, ..., Z41)s+1)—1 be the coordinates in
Pr+D+)=1 We can also denote these variables by Z;;, where 0 <4 < rand 0 < j < s—and
order them lexicographically. The algebra map

g S:k[Z()O,...,ZTS] —)]{?[Xl,...,Zr]Qz)k[m,...,}/;],

given by
Zij = Xi ®Y],

gives by dehomogenizing at Z;; the map
Oij: S(Zij) — ]{Z[Xl, e ZT](Xl) &® ]{Z[Yi, cey Y;](yj) (*)

We see that Spec S(z, ) defines an affine open in P +D)(+=1 "and the righthand side of (x)
defines the affine open U; [[U; in P"[[P°. These affine opens glue and give our morphism
(DX). To identify the image of the Segre morphism, take 8 = Ker ¢. This is a homogeneous
radical ideal, and

Proj(S/%8) = V(B) C PUrl+h-1

is just the image X(P" [T P*) in PC+D(+0=1 (DX). The ideal, B, is generated by the quadratic
equations
ZijZri = 22
Example 2.10 Consider the Segre embedding ¥: P [ P! — P3, given by
((zo: 21), (Yo: 1)) = (ToYo: Toy1: T1Yo: v1y1) = (Zo: Z1: Zy: Zs).

The quadratic Segre relation is the single equation:

L1 Ly = Zyls.
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Figure 2.6: An hyperbolic paraboloid

Let @ denote the image variety X(P' J[P!). This is a nondegenerate quadric surface in P3.
There are two families of rulings (lines) in @, they are p[[P* and P! []p, where p is any
point in P!. Let us look at Q over the field R. If we take Zy; = 0 to be the hyperplane at
infinity, then letting

A Zy Zs
2’1270, 22270, 23270,
we find the equation of () to be
23 = 2129.

This is a hyperbolic paraboloid in R?, and it is displayed in Figure 2.6.
We can also define the Veronese map:
VP — pet)’-1
which is the composition
V=SoA: P S PR 5 PO
The image of P" is a rational variety, and it is closed in P(+D*~1,

Remark: Look at P" over C. Let H be the hyperplane whose equation is Zy = 0. Then,

we have
P"=(P"—- H)UH =A"UH.
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However, the hyperplane H is in bijection with P*~!; and so,
P = A"UP" !
Repeating this argument, we get
P*=A"UA"'U---UATU{1}.

This “cell decomposition” holds for P" over any field. However, over C, we can compute the
cohomology of P" because the boundaries of the cells have the right dimensions. We find
that
Z ifl=2s,0<s<n.
H(P",Z) =< (0) iflisodd.
(0) if I > 2n,

and the same for cohomology.

Remarks: (DX)
(1) P™ is geometrically irreducible.
(2) P™ is separated, and this is true of every projective variety.

(3) There exist nonprojective even nonalgebraic complex analytic manifolds. For example,
the quotient of C? — {0} under the action given by z + 2z is a complex analytic
manifold not embeddable in any PV for any N > 0.

Just as in the affine case, we can analyze the dimensions of irreducible components of an
intersection, so in the projective case we can do the same. But here, the theorem is even
simpler because nonemptiness of the intersection is guaranteed under suitable conditions on
the dimensions of the intersecting varieties.

Theorem 2.34 (Projective intersection dimension theorem) Let V. W be irreducible projec-
tive varieties, with dim(V') = r and dim(W) = s. If r + s > n, then VNW # 0, and every
irreducible component of V.NW has dimension at least r 4+ s — n.

Proof. We reduce the proof to the affine case by considering the cones C(V') and C(W) in
A1 In this case, we apply the affine version of the theorem (Theorem 2.6) (DX). O

Projective varieties have the important property that the image of a projective variety
under a morphism is always closed. To prove this, we will need a simple lemma:

Lemma 2.35 If XY, Z are k-varieties and nx: X — Z and ny: Y — Z are morphisms,

and if mx is a closed immersion, then pro: X [[ Y — Y is a closed immersion. (Base
Z
extension of a closed immersion is a closed immersion).

1f V = Proj S where S is a graded ring, then C(V) is just Spec S.
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Proof. The question is local on X, Y, Z; so we may assume that X, Y, Z are affine. Assume
that X = Spec A; Y = Spec B; Z = Spec C. Since wx: X — Z is a closed immersion, we
have A = C/€, for some radical ideal, €. Then,

X HY = Spec((A®¢c B)/M)

= Spec((C/€ ¢ B)/M)
= Spec((B/€B)/MN) — Spec B=Y. O

Having proved the lemma, we can now prove the main theorem.

Theorem 2.36 (Properness of projective varieties) A projective variety, V', is a proper va-
riety. This means that for every variety W,

pro: V. H W — W
18 a closed map.

Proof. (1) We reduce the proof to the case where W is affine. Assume that the theorem
holds when W is affine. Cover W with affine opens W, so that W = |J_, W,. Check that

vIIw=U(vIIW.)
Let C C V[ W be a closed subvariety. If C\, denotes C'N (V' [[ W), then,

pra(C) N W, = pra(Ch).

But, pry(C,,) is closed in W,, which implies that pry(C') is closed in W.

(2) We reduce the proof to the case where V' = P". Assume that the theorem holds for
P". Look at the closed immersion V < P". By Lemma 2.35,

1 R ]
is also a closed immersion. Hence, we have the commutative diagram

C=VI[W

Pr [ W

and this shows that we may assume that V' = P".
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(3) Lastly, we reduce the proof to the case: W = A™. Assume that the theorem holds
for W = A™. By (1), we may assume that W is closed in A™, then we have the following
commutative diagram:

C——P'[[W——P"[]A™
(pra)w l l(m’z)m
We———A™

where the arrows in the top line are closed immersions, by Lemma 2.35. So,
(pr2)w (C) = (pra)am(C) N W,

and, since by hypothesis, (pra)am(C') is closed, and W is closed, we find (pr2)w (C) is also
closed.

We are now reduced to the essential case: Which is to prove that pro: P*J[A™ — A™
is a closed map. Let C be a closed subvariety of P* [[ A™. Then, C is the common solution
set of a system of equations of form

fi(Xo, ..., X Y1,...,Y,) =0, forj=1,...,p, (1)

where f; is homogeneous in the X;’s and we restrict to solutions for which X; # 0 for some
j, with 0 < j <mn. Pick y € A™, and write y = (y1, ..., ym); also write (1)(y) for the system
(1) in which we have set Y; =y, for j =1,...,m.

Plan of the proof: We will prove that (pro(C))¢ (the complement of pro(C)) is open.
Observe that

y € pra(C) it (32)((z,y) € C)
iff (3z)(x; # 0 for some j, and (})(y) holds).

Thus,
y € (pra(C))¢ it (Va)(if (1)(y) holds, then z; =0, for0 < j <mn).

Let 2A(y) be the ideal generated by the polynomials, f;(Xo, ..., Xn, y1,-..,Ym), occurring in

(T)(y). Hence,
y € (pro(C))° iff  (3d > 0)((Xo, ..., X,)* C Ay)).

Let
Na={y e A™ | (Xo,..., X)) CAy)}.
Then,
(pra(C))° = [J Na.
d=1
Now,

Ny € Ny,
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and so,
rra( @) = | N
d>>0

where d >> 0 means that d is sufficiently large.

Claim. If d > max{d,,...,d,}, where d; is the homogeneous degree of
[i(Xo, ..., X0, Y1, ..., Y,,) in the X;’s, then Ny is open in A™. This will finish the proof.

Write Sy(y) for the vector space (over k) of polynomials in k[y1, ..., Ym|[Xo, ..., Xn] of

exact degree d. We have a map of vector spaces

Ya(y): Sa—a,(y) ® -+ ® Sa—q,(y) — Saly)
given by
Va(y)(g1s - - -5 Gp) = ijgj-

If we assume that 14(y) is surjective, then all monomials of degree d are in the range of
¥a(y). Thus, 2A(y) will contain all the generators of (X, ..., X,)? i.e.,

(X(]v s 7Xn>d - Ql(y)v

and this means

yGNd.

Conversely, if y € Ny, then (X, ..., X,)? C A(y), and thus, 2A(y) contains every monomial
of degree d. But then, each monomial of degree d is in the range of ¥4(y), and since these
monomials form a basis of Sy(y), the map ¥,(y) is surjective.

Therefore, y € Ny iff 1a(y) is surjective.

Pick bases for all of the S;_4,’s and for Sg. Then, ¥4(Y’) is given by a matrix whose
entries are polynomials in the Y;’s. We know that ¢,(y) is surjective iff rk ¢4(y) = na,
where ng = dim(S;)(y). Therefore, ¥4(y) will be surjective iff some ng X ny minor of our
matrix is nonsingular. This holds if and only if the determinant of this minor is nonzero.
However, these determinants for 14(y) are polynomials ¢(Y7,...,Y,,). Therefore, 1)4(y) will
be surjective iff y belongs to the k-open such that some ¢(y) # 0. This proves that Ny is
open, and finishes the proof. QED

Remarks:
(1) Homogeneity in the X;’s allowed us to control degrees.

(2) If Y is a separated k-variety, then for any morphism, ¢: X — Y, the graph
I', C X][Y is closed.
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The argument used to establish (2) is a standard categorical argument. Note that

X L Y

XIIY

A

e[]id Yy

is a product diagram, where

Iy(z) = (z, ().
To see this, replace X,Y, etc., by the functors they represent and, by choosing any test
variety T, we reduce the proof to the case where X, Y, etc. are sets. Observe that

Y I & IIY) = (2.2) | 2 € X;y.2€Y; and (y,y) = (#(), 2)}-

YI[Y

Here, A: Y - Y ]]Y and ¢[]id: X [[Y — Y [[Y. This shows that y = z and y = ¢(x),
and thus, the maps
(y,7,2) =

and
z = (p(z), 7, 0())
are inverse isomorphisms.
Then, I',, is the base extension of the diagonal morphism A, which is a closed immersion,

as Y is separated. Therefore, I', is a closed immersion, which implies that I',(X) is closed
in Y, as claimed in (2).

The properness theorem for projective varieties has a number of important corollaries.

Corollary 2.37 If V is a proper k-variety (e.g., by Theorem 2.36, any projective variety)
and W is a separated k-variety, then any morphism ¢: V — W is a closed map.

Proof. We factor ¢: V. — W as
Vs vw 2w

By remark (2) above, the map I', is a closed map, and by Theorem 2.36, the map prs is
closed, and the result follows. [

Corollary 2.38 Let 'V be a proper k-variety (e.g., by Theorem 2.36, any projective variety).
If W is any quasi-affine variety (i.e., an open in an affine) or any affine variety, then for any
morphism p: V. — W, the image, Im o, of ¢ is a finite set of points. If V' is geometrically
connected, then ¢ is constant. In particular, every holomorphic function on V' has finitely
many values and if V' is geometrically connected, p is constant.
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Proof. Since A™ is separated, W is separated. We have
V— W — A",

and thus, we may assume that W = A". Pick j, with 1 < j <n, and look at
vV — A" T AL

If we knew the result for A!, by a simple combinatorial argument, we would have the result
for A™. Thus, we are reduced to the case W = A!. In this case, either Im ¢ = A!, or a finite
set of points, since A! is irreducible. Furthermore, in the latter case, if V is geometrically
connected, then Im ¢ consists of a single point. We need to prove that ¢: V — Al is never
surjective. Assume it is. Consider the diagram

Va2 arya

and let
D={(x,y) € A' x A' | 2y=1}.

The map ¢ []id is onto. Therefore, (¢ [Jid)~!(D) is closed and
e[id: (]]i) (D) = D

is surjective. Let C' = (¢ []id)~(D). By the definition of proper, pro(C) is closed. However,
by surjectivity,

pr2(C) = m(C),
and yet, my(C') is k-open, a contradiction on the irreducibility of A!. [
Corollary 2.39 (Kronecker’s main theorem of elimination) Consider p polynomials
f[i(Xos ooy Xy Ya, o0 Y0, oo fo(Xoy oo, Xy Y, .00, Y0, with coefficients in k and homo-
geneous in the X;’s (of varying degrees). Consider further the simultaneous system

[i(Xo,...,. XosY1,...,Y,,) =0, forj=1,...,p. (1)

Then, there exist polynomials g1(Y1, ..., Ym), -, g:(Y1, ..., Yy) with coefficients in k involv-
ing only the Y;’s so that (1) has a solution in which not all X;’s are 0 iff the system

g](}/lvvyn)zov fO’f’jzl,,t, (TT)
has a solution. (The X;’s have been eliminated).
Proof. The system (f) defines a closed subvariety C' of P" [ A™.

Claim. The set pro(C'), which, by Theorem 2.36, is closed in A™, gives us the system
(11) by taking the g;’s as a set of polynomials defining pro(C'). To see this, note that C'= ()
iff pro(C) = 0; note further that (z,y) € C iff () has a solution with not all X;’s all zero.
Consequently, (1) has a solution with not all X; zero iff (11) has a solution in the Y}’s. O
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2.6 Linear Projections and Noether
Normalization Theorem

Some special morphisms of projective space and associated varieties are extremely impor-
tant. They, and concatenations of them occur repeatedly throughout the theory. One such
morphism is projection from a point.

Let p € P, and let H be a hyperplane such that p ¢ H. Consider the collection of lines
through p, and take any ¢ € P" such that g # p. Then, p and ¢ define a unique line /,, not
contained in H, since otherwise, we would have p € H. The line [,, intersects [ in a single
point, m,(q). This defines a map

Tpi P — {p} — I,

called the projection onto H from p. We claim that this map is a morphism. For this, let

n

Zanj =0

=0
be an equation defining the hyperplane H; let p = (po: -+ : p,) and ¢ = (qo: -+ : @n). The
line [,, has the parametric equation
(s:t)— (spo+tgo: - : spn +tqn),

where (s: t) € P!. The line [,, intersects H in the point whose coordinates satisfy the
equation

Z aj(spj + tq]') = O,

J=0

and we get
sZajpj +tZajqj =0.
=0 j=0

However, Z?:o a;p; # 0, since p ¢ H, and thus, we can solve for s in terms of t. We find
that [,, N H is the point with homogeneous coordinates

t|— M po+Q03"'i— % pn"—Qn )
D im0 45D > j—0 4P;

- # po+Q03"'1— % pn"—Qn )
> =0 45Dj > im0 4iDj

since t # 0, because p ¢ H. These coordinates are linear in the g;’s, and thus, the projection
map is a morphism.

and this is,
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We may perform a linear change of coordinates so that the equation of the hyperplane
H becomes
X, =0.

We get
Tp(go: 1 @) = (Li(qos-- -, @) -+ la(qo, - -, qn): 0),

where [;(qo, ..., qn) is a linear form, for ¢ = 1,...,n. Furthermore, these n linear forms do
not vanish simultaneously for any ¢ = (go: -+ : ¢,), unless ¢ = p, which implies that they
are linearly independent.

Conversely, let us take any n linearly independent linear forms I (Xo,...,X,), ...,
l(Xo,...,X,). These linear forms define some hyperplanes Hy,..., H, in P" whose in-
tersection is a point p € P". Then, we have the map m,: (P* — {p}) — P"!, defined
by

m(Xo: -0 X)) = (L(Xoy .-, X)) oot L(Xoy -, X))

Geometrically, 7, is the projection from p onto the hyperplane X,, = 0. We have the following
corollary of Theorem 2.36:

Corollary 2.40 Let X C P" be a projective variety, and let p € P — X. Then, projection
from p, when restricted to X, is a morphism from X to P"~1. Further, we have the following
properties:

(a) If X' =7my(X), then m, | X: X — X' is a morphism.
(b) X' is closed in P,

(¢) The fibres of m, | X are finite.

Proof. The map 7, is a morphism outside p, and since p ¢ X, it is a morphism on X. Since
X is closed in P", by Theorem 2.36, X' is closed in P"~!. For (c), pick ¢ € X’. Note that
T (q) corresponds to the line [, intersected with X. However, l,, € X, since p ¢ X, and
thus, {,; N X # l,. Then, l,, N X is closed in [,,, and since [,, has dimension 1, it follows

that [,, N X is finite. [0

We can iterate Corollary 2.40 to prove Noether’s normalization lemma in the projective
case.

Corollary 2.41 (Noether’s normalization lemma—projective case) Let X C P™ be an irre-
ducible projective variety, and assume that dim(X) = r < n. Then, there is a morphism
m: X — P" such that the following properties hold:

(1) The fibres are finite and 7 is surjective.

(2) The projective coordinate ring, k[Zo, ..., Z,|/3(X), is a finite k[Yy, ..., Y;]-module.
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(8) If k is infinite or we allow ourselves a finite degree field extension, the Y;’s can be taken
to be linear functions of the Z;’s.

Proof. After a finite field extension if k is finite, there exists a p € P* — X. Project from
p. Corollary 2.40 says that 7,(X) = X; C P! and that the fibres are finite. Then,
dim(X;) = dim(X) = r, by the fibre dimension theorem. If r ## n — 1, repeat the process.
We get a sequence of projections

X —X —-— X CP.
Since X is irreducible, X' is also irreducible, and dim(X’) = r = dim(P"). Hence, X’ = P",
since P" is irreducible. The fibres of 7 are finite.
In order to prove (2), we only need to consider a single step, since being a finite module is
a transitive property, and we can finish by induction. Pick p € P* — X. Using a preliminary
linear transformation, we may assume that p = (0: ---: 0: 1) and that the linear forms I,
defining p are [;(Zo, ..., Z,) = Z;, for j =0,...,n — 1. Then,
(@) = (ot ++** qu1)-
Our result is a question about the affine cones C'(X) and C'(X’), whose rings are k[C(X)] =
k[ Zo, ..., Z,]/3(X) and k[C(X')] = k[Zo, ..., Zn-1]/I(X"), where the map of affine rings
E[C(X")] — K[C(X)]
is given by Z; — Z;, j = 0,...,n — 1. There is some f € J(X) such that f(p) # 0, since
p ¢ X. Let deg(f) = 6.
Claim. The monomial Z° appears in f.

If not, the monomials appearing in f are of the form

AV ALY A

n—1

where e + a; + -+ - + a,,—1 = 0 and € < 0. But then, some a; > 0, and these monomials all
vanish at p, a contradiction. Thus,

f(Zoy.. . Z) =2+ fi(Zoy .. Za )22 4 o+ f5(Zo, ..., Zn).
We know that the map
]{?[ZQ, cee Zn—l] — k’[Z(), RN Zn]/j(X)

factors through k[C'(X")]. We only need to prove that k[Zy, ..., Z,]/3I(X) is a finite

k[Zo, ..., Zn—1]-module. This will be the case if k[Zy, ..., Z,]/(f) is a finite k[Zy, ..., Zn_1]-
module. But k[Zy, ..., Z,]/(f) is a free k[Zy, . .., Z,_1]-module on the basis 1, Z,,..., 257!,
and this proves (2) and (3). O
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From this corollary, we can also derive another proof of Noether’s normalization lemma
in the affine case (DX).

The successive projections of Corollary 2.41 can be viewed as a projection from a linear
center. Let L be a linear subspace of P*, which means that C'(L), the cone over L, is a linear
subspace of A" Assume that dim(L) = ¢, and let r = n — d — 1. Then, we can define a
morphism 77 : (P" — L) — P". Indeed, if L is cut out by n — § = r 4+ 1 hyperplanes defined
by linear forms [y, ...[,, we let

m(qo: -+ qn) = (lo(qoy -y qn): -+ L(qoy - -y Gn))-

Geometrically, 7, can described as follows: Let H be a linear subspace of P" of dimension
n— 0 — 1 =r, disjoint from L. Consider any linear subspace F' of dimension 6 +1=n —r
through L. Then,

dim(F)+dim(H) —n=0+1+r—n=0.

By the projective version of the intersection dimension theorem, F' N H is nonempty, and
F N H consists of a single point, 7 (F'). Thus, we get a map as follows: For every ¢ ¢ L, if
F, is the span of ¢ and L, then dim(F,) = § + 1, and we let

m(q) = F,N H.

In Corollary 2.41, we can take the span of the successive points from which projections are
made (call it L), and we get 77 : X — P" as the resulting morphism.

We can also use Corollary 2.40 to investigate the degree of a curve. Given a curve
C C P", we want to find an open set, U, in P((Q""1)P) = (P")” (the hyperplane space) so
that H N C'is a constant number of points for all H € U. First, assume that n > 3. Then,
the secant variety, Sec(C), of lines touching C'in at least two points (including tangent lines)
has dimension 3. Therefore, Sec(C') is strictly contained in P, and we can pick some p such
that no line in Sec(C') passes through p. If we project C' from p, we get a map

m, [ C:C— C' Pl

If ¢ € C, then l,, N C is the fibre over ¢ of 7, [ C', and since no line in Sec(C') passe through
p, every fibre consists of a single point. Also, the good hyperplanes for C” correspond to the
good hyperplanes for C' through p. By varying p in P" — Sec(C') (which means that p does
not belong to any line in Sec(C')), we see that induction reduces the proof to the case n = 3.
Actually, if C' is nonsingular, then C” and C' are isomorphic (this can be shown using the
formal implicit function theorem). Thus, we obtain another corollary.

Corollary 2.42 FEvery nonsingular projective curve C admits an embedding into P3. If X
is a nonsingular projective variety of dimension d, then X admits an embedding in P>+ as
a nonsingular variety (the secant variety has dimension 2d + 1).
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We now have to deal with the case where C' — P3. Generally, Sec(C) = P3. Take any
p € P3 and consider the projection from p onto P2. The hyperplanes in P? correspond to
hyperplanes in P2 through p. Look at the lines in P3. They belong to the Grassmannian
G(2,4), which has dimension 2(4—2) = 4. The lines through p form a subvariety of dimension
3. The family of lines

{lpq | lpqu 7£ ®}

has dimension 2, and the subfamily of those lines [,,, such that [,, € Sec(C) has dimension 1.
Thus, the fibre of 7, above a point s in C” has cardinality strictly greater than 1 only on a
closed subset, Z, of C'. It follows that C’ has at most a finite number of extra singularities
besides those of C'. Using the projection m,: C'— C’, we get an open set of hyperplanes H
in P2 through p such that H N C has a constant number of points (in P2, we avoid the finite
number of singularities).

Finally, we have C' C P2. But (' is a hypersurface, and thus, it is given by a single
equation
f(X07 X17X2> - O

of degree §. Then, the lines cutting C” in § distinct points are those missing a closed
algebraically defined set in P2, which concludes the proof.

A shorter and better proof can be sketched as follows: Consider the product variety
CTJ(P™)P, and the incidence variety

I={¢H)eC][®)" | ¢cH})
It is a closed subvariety. Consider the projection
pro: I — (P")P,
By the intersection dimension theorem, pry is surjective. The fibre of H is the set
{(¢.H) | (e CnH}
Assuming that C' is nondegenerate (which means that C' is not contained in any H), we find
that C'N H is a finite number of points. Since [ is a projective variety and pry is surjective,
pry is a closed map and has finite fibres. This implies (to be proved later on) that pry is a
finite morphism. Now, dim(/) = dim (P")”, and the proof of Chevalley’s theorem says that
there is some open U C (P")? so that

pro: pro (UYNT — U

is an integral morphism. Then, there is a smaller open on which the cardinality of the fibres
is constant, as desired.
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2.7 Rational Maps

In projective geometry, there are many maps between varieties which are densely defined
yet not extendable to the whole space and hence, are not morphisms. These have important
geometric content and, in fact, predated the concept of morphism, which has occupied us in
the previous work.

Lemma 2.43 Let X,Y be varieties, with Y separated. For any two morphisms p: X — Y
and ¥: X =Y and for any dense subset U C X, if o = on U, then ¢ =1 on X.

Proof. Look at the diagram

X2 xrx M vy
Ay
U ‘ Y.

By hypothesis, a morphism 6: U — Y making the diagram commute exits, as shown. Then,

(e]J¥) o ax(U) C Ay.

By continuity,

ngw oAX (pr )o Ax( )QA—Y

However, Y is separated, so that Ay = Ay, and since U is dense, we get
(][ ) o Ax(X) C Ay, 0

A counterexample to the above lemma when Y is not separated is the variety constructed
as follows: Let V = Al and U = A' — {0}; and glue V' to V along U, by the identity. We
get a variety W consisting of two half lines and a pair of points at the origin. We can define
two morphisms from U to W that agree on U, and yet, take distinct values at 0.

Remark: If we glue the two copies of V' but we flip the second copy “upside down,” i.e., use
the gluing map = — 1/z, then (a) for k = R, we get the circle RP!' = S', and (b) for k = C,
we get the sphere CP' = S2. It turns out that for the quaternions H, we get HP!* = S*.

Let U be a k-open and k-dense subset of a variety V' and let ¢y : U — Z be a morphism
to a separated variety Z. We can define an equivalence relation among pairs (U, ¢rp), as
follows: Given two pairs (U, pr,) and (Us, ¢r,), where ¢y, : Uy — Z and @y, : Uy — Z are
morphisms, we say that (Uy, ¢, ) and (Us, ¢y,) are equivalent, denoted by

(U, 00,) ~ (U2, u,)
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ift oy, = ¢y, on U3 NU,;. We need to check that this is indeed an equivalence relation. The
only nontrivial fact is transitivity. If

(U1, ev1) ~ (U, ¢0),
then ¢y, = ¢y, on Uy N Us, and if

(U2> QDUz) ~ (U3> Q0U3)’

then py, = @y, on Uy N Us. Consider G = Uy NUy N Us. This set is k-open and k-dense in
Uy NUs, and

Yu, = Pu, = PU;
on G. By Lemma 2.43, we have ¢y, = ¢y, on U; N Us.

Definition 2.12 Given two varieties V and Z where 7 is separated, an equivalence class ¢
of pairs (U, ¢y ) as above is a rational map of V to Z. It is denoted by ¢: V —-= Z.

Given a rational map ¢: V ——— Z, we can define the k-open and k-dense subset

U= | U.ev) e}

Clearly, ¢, is defined as a morphism on U, and U is the largest k-dense, k-open on which
Yy € ¢ is a morphism. We summarize this in the following proposition:

Proposition 2.44 FEvery rational map ¢: V ——— Z admits a unique mazximal k-open, k-
dense subvariety where it is defined as a morphism. Thus, a rational map to Z (separated)
1s a morphism from a k-open, k-dense subset of V admitting no further extension as a
morphism.

We also introduce the following nomenclature and notation: We denote by Rat(X, Z) the
collection of all rational maps p: V ——-— Z (Z is separated). We let Mer(X) = Rat(X, A!)
be the set of rational functions on X, also called meromorphic functions on X. A rational
map ¢: V ——— Z whose image is k-dense in Z is called dominant, or dominating.

Let X, Z be separated varieties, assume that we have rational maps ¢: X ——— Z and
v: Z--—X, and that U and V are the maximal domains of definition of ¢ and 1. Assume
that o1 (V) is dense in X, and ¢~*(U) is dense in Y; further that U N p~!(V) is open and
dense in U and V N¢~1(U) is open and dense in V. If

wo =id on VN (V)
and
Yop=1id on UNy V),

then we say that ¢ and v are birational maps and birational inverses of each other. In this
case, we say that X is birationally equivalent to Y. Further, call ¢ birational if ¢, inverting
p, as above, exists.
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@ Two varieties might be birationally equivalent, but not isomorphic. For example, A™ is
birationally equivalent to P". Let H be any hyperplane complementary to A™ in P, and
let V= P" — H. Then, the bijection sending A" to V is a birational map. However, P" is
proper but A™ is not, and P" and A" are not isomorphic.

Proposition 2.45 Given an irreducible variety X, the natural inclusion A' — P yields a
bijection
Rat(X,A') = Rat(X,P').

Proof. The map Rat(X, Al) — Rat(X,P!) is clearly an injection. Let ¢ € Rat(X,P!), and
assume that U is the domain of ¢. If ¢ misses “00” (where oo means the complement of Al
in P!), then ¢ maps X to A!, and we are done. Otherwise, consider the subset Z = ¢~!(c0).
It is closed in X, and we let V = X — Z. Since X is irreducible, V' is dense in X, and then,
the restriction, 9, of ¢ to U NV is a morphism ¢: U NV — A!. Hence, ¢ comes from a
morphism from A to Al. [J

Remark: This is false for morphisms. The problem is that a morphism ¢: X — P! gives a
rational map ¥: X ——— A!, but 1 does not necessarily extend to a morphism.

We define the categories Irred/k and FncFlds/k as follows: The objects of the category
Irred/k are all the irreducible separated k-varieties and the maps are dominant rational
morphisms. Isomorphism in this category is birational equivalence. The objects of the
category FncFlds/k are all the finitely generated fields over k; that is, fields of the form
Frac(A), where A is a finitely generated k-algebra which is a domain. The morphisms in
FncFlds/k are the k-monomorphisms (if necessary, we will assume that Frac(A) is separable
over k).

We have the following theorem showing that Irred/k and FncFlds/k are anti-equivalent:

Theorem 2.46 The functor X — Mer(X) establishes an anti-equivalence of the two cate-
gories Irred/k and FncFlds/k. Hence, k-irreducible varieties are birationally equivalent iff
their function fields are isomorphic.

Proof. Let U be open in X. Then, ¢: U — A' gives ¢ € Mer(X) = Rat(X,A!). However,
Al is separated, so that giving ¢ in Rat(X, Al) is equivalent to giving ¢ in Rat(U, Al) for
any dense open U in X. Hence, the sheaf U — Mer(U) is the constant sheaf on X.? Pick
Uy C X, open, dense, affine. We know that

Rat(X, A') = Rat(Uy, AY) = Frac(k[Uy)),

and k[Up| is finitely generated as a k-algebra. This implies that Mer(X) is indeed a function
field. If p: X —-=Y is a dominant rational map, then pick ¢ € Mer(Y'), that is, a rational

2See the Appendix for the definition of a sheaf.
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map from Y to A'. The rational map v is defined on an open dense set V C Y, so that
o Y(V) is open dense in X, and on o~ }(V), we get

Yo (V) — Al
a function in Mer(X). The reader should check that
(1) Mer(Y) — Mer(X), as just given, is a k-injection.
(2) X +— Mer(X) is a cofunctor.

Backwards, first pick K of the form Mer(X) and L of the form Mer(Y), and an in-
jection 0: L — K. Take V C Y open affine, so that Mer(V) = Mer(Y) and Mer(V) =
Frac(k[V]). Now, k[V] = k[Z,, ..., Z,]/3, where v/J = J and the injection # is determined
by 60(Z1),...,0(Z,) € Mer(X). There are some open dense subsets U; such that §(Z;) is
holomorphic on Uj; so, let U = Uy N --- N U,, which is k-open, k-dense, and affine (by
choosing the U;’s affine). Then, §(Z;) € k[U], which implies that we have the commutative
diagram

Mer(Y) —— Mer(X)

so that 6: k[V] — k[U] is injective. Hence, we get a morphism 0*: U — V with dense
image, and so, #* € Rat(X,Y’). We still have to prove that every function field is of the form
Mer(X). Let K be a finitely generated field extension over k. Then,

K =k(z1,...,2,) = Frac(k[z1, ..., z,]).
There exist some indeterminates T7,..., 7, and a surjective map
o: k[Ty, ..., T, — k[z1,..., 2]
whose kernel is a prime ideal p. Then,
ElV(p)| = K[Ty,...., T, /p = klz1, ..., 2],
and K = Mer(V(p)). O

Remark: If K is separably generated over k, then V is a variety separably generated over
k.

Corollary 2.47 If X, Y are irreducible varieties, then X and Y are birationally equivalent
iff Mer(X) = Mer(Y).

Corollary 2.48 If X is irreducible and separably generated over k, then X 1is birationally
equivalent to a hypersurface in A" (or a hypersurface in P").
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Proof. Pick a separating transcendence basis for K = Mer(X) over k, say Zi,...,Z,
(dim(X) = r). Then, K/k(Z1,...,Z,) is separable algebraic and finitely generated, which
implies finite and separable. By Kronecker’s theorem of the primitive element (Zariski and
Samuel [60], Theorem 19, Chapter II, Section 9), there is some 6 such that

K=k2%,...,7,)(0)
and @ satisfies an equation of the form
0" +ar(Zy,....Z2)0" ot ( 2y, .., 20+ an(Zy, ..., Z,) =0,

where o (Z1,...,2,) € k(Zy,...,2Z,) = Mer(A") = Mer(P"). Clear denominators, and get
an equation of the form

Bo(Zv, .. Z)0" + Bi(Zy, .o Z)0" 4 i (Zay o 20)0 + Bu( 24, -, Zy) = 0,
where 5;(Z1,...,2Z,) € k[Zy,...,Z,]. Therefore, we get the hypersurface V' of equation
Bo(Za, s Z)T™ + Br(Za, o, Z) T 4ot Bua(Zay o, Z)T + B2, 2) = 0

in A" or, homogenizing the 3;’s, in P"*1. But Mer(V) = K, by construction. By Corollary
2.47, since Mer(V) = K = Mer(X), the varieties X and V' are birationally equivalent. [

Recall that an irreducible variety X is normal iff for every € X, the local ring Ox , is
integrally closed in Mer(X). This is equivalent to saying that X is covered by affine patches
and the coordinate rings of these patches are integrally closed in Mer(X).

Proposition 2.49 If X is normal, then X is nonsingular in codimension 1. That is, the
singular locus, Sing(X), has codimension at least 2 in X.

Proof. Let x be chosen with dim({z}) = n — 1, where n = dim(X). We must show that
x ¢ Sing(X). (As usual, we assume separable generation over k). However, Ox, is one-
dimensional and integrally closed. Thus, Ox . is Noetherian, local, one-dimensional, and an
integrally closed domain, which implies that Ox, is a local Dedekind ring. So, Ox, is a
DVR (a discrete valuation ring, see Zariski and Samuel [60], Theorem 15, Chapter V, Section
6). This implies that Ox , is a regular local ring. Therefore,  is nonsingular. [

Sometimes, a rational map to a suitable variety can be extended to a really big domain
of definition. The theorem below makes this precise and is used very often in the succeeding
theory of projective varieties and their generalizations.

Theorem 2.50 Let X be an irreducible variety which is nonsingular in codimension 1 (e.g.,
normal), and let Y be a quasi-projective variety (open subvariety in some projective variety).
Then, every rational map p: X ———Y admits an estension to a rational map ®: X ———Y
(where Y is the closure of Y in P"), and the locus where ® is not defined has codimension
at least 2 in X3

3For example, when X is a surface, nonsingular in codimension 1, then the locus where ® is possibly not
defined is just a finite set of points.
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Proof. We may assume that X is affine, since dom(y) and dom(®) are open and dense for
any extension, ®, of ¢. Let £ be generic for X, by hypothesis, Y — P" for some n, and by
composition, we get a rational map @: X ———P". If we show that every point z ¢ Sing(X)
is in dom(p), then, as z is a specialization of &, we see that ¢(z) is a specialization of ¢(§),
and thus, p(x) € Y. Thus, we may assume that Y is closed and more, that Y = P". We are
down to the essential case where X is affine, irreducible, and Y = P".

We have ¢(£) € P™, where € is generic for X. Thus, ¢(§) is in one of the standard opens,
say ¢(&) € U; = {(a) € P* | «; # 0.}. However, U; is affine, so that there are holomorphic
functions 6; (near £) such that

p(€) = (6o(£), -+ ;(8), - On(E)),

where, as usual, the hat over the argument means that it should be omitted. Each 6; has a
denominator, and by multiplying through by all these denominators, we get

p(&) = (Mol&): -+ Ay(E): -+ = An(E)),

where A; is holomorphic in X. Look at A; in Oy ,. Now, Ox, is a DVR, so let 7 be a local
uniformizer (i.e., m, = (1) = 7O0x,,). Write ord,(A;) = o (¢ is the largest integer d such
that A; € m?). If ¢(x) is to exists, it is the point

(Ao(z) modmy: ---: A, (x) mod m,).
Each A;(§) has the form
A(§) = T M(§)

where M is a unit in Ox ,. One of the orders a; is minimal, say «,. Then, we have
Ay(§) = mrm T M (€),
and so,

P(§) = (MmO Mo(§): - T T M (€))
= (T Mo(&): -+ Mp(&): - T ML (E)).

We obtain ¢(z) by replacing ¢ by z, and reducing mod m,. But M,(§) # 0 (mod m,), since
M, is a unit in Ox,. Thus, ¢(x) exists in P", as desired. O

Corollary 2.51 Let X be an irreducible curve and Y a quasi-projective variety. If X s
normal, then every rational map ¢: X ———Y extends to a morphism $: X — Y. In
particular, if Y s projective, then ¢ is already a morphism. Consequently if X and Y are
projective nonsingular curves, birational equivalence of X andY is the same as isomorphism.
To classify nonsingular (projective) curves is the same as classifying function fields in one
variable (i.e., of dimension 1).
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2.8 Blow-Ups

In the last corollary of the previous section dealing with rational morphisms of curves,
we observed that for nonsingular curves, birational equivalence of nonsingular curves is
the same as isomorphism. This is far from being the case in every dimension bigger than
one. In fact, one tries to find in each birational equivalence class of higher dimensional
varieties a “simplest” examplar. The exact meaning of simplest will be discussed later on.
For surfaces, it turns out that in most cases there is a unique nonsingular surface in each
birational class; so, the reader will see that many varieties can be birationally equivalent to a
nonsingular variety, yet not isomorphic to it. To make a construction yielding nonisomorphic
yet birational varieties is the aim of this section. Here is the construction.

Consider A", P"~1, pick some point p € A", and choose coordinates (z1,...,x,) in A" so
that p = (0,...,0), and let (y;: ---: y,) be homogeneous coordinates in P!,

Definition 2.13 The subvariety, B,(A"), of A" [[P"™!, is the variety defined by the equa-
tions
riy; =29 1 <1,7<n.

It is called the blow-up of A™ at p.
The restriction of the projection maps

An H ]Pm—l
An IPm—l

to B,(A™) yields the maps:

By (A")
A" Pr-t,

Look at m,: B,(A™) — A". It is a morphism, and in fact, a birational map. Let
£ = (&, .., &), where { # p; what is 7 1(€)?
Since £ # p, we have §; # 0 for some j; then
But ¢; # 0, and thus,
Yi = Yy,
&

so that
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Therefore, 7,1 (£) consists of the single point

) = (6, )i (G &)

As a consequence, the restriction of 7, is an isomorphism
B,(A") — 77! (p) = A" — {p}.
Now, for p, we have
m, () = {(0,y) | Oy; =0y, 1 <i,j <n}={0} xP"~".

To simplify the notation, from now on, we will drop the subscript p in 7, and o,, unless
confusion arises. The above yields the following proposition:

Proposition 2.52 The map ©: B,(A") — A" is a surjective morphism that induces an
isomorphism between B,(A™) — 7~ (p) and A™ —{p}. Each fibre over & # p is a single point,
and 7= (p) = P!,

Let us now look at all the lines through p. Parametrically, such a line L) is given by
(aqt, ..., ant), where a; # 0 for some j, and ¢ is the parameter. If ¢t # 0, we have a point
(it ..., a,t) € A" distinet from 0, and

7 Nant, ... ant) = {((aat, ..., cnt); (s - -1 apn)) ).

So,
T (L — {p}) = {((ants .o ant)s (ans -2 ag)) | t# 0} 2= Ly — {p}-
Then,

T Ly — o) N7 (p) = {((0, .., 0); (s -+ )}
Hence, we get the following proposition:
Proposition 2.53 Given a line L) through p in A", the line L) is defined parametrically

by (aut,...,aut), where a; # 0 for some j, and the fibre 7' (p) intersects the closure of
7 YLy — {p}) in exactly one point ((0), (a1: ---: o). Hence, the correspondence

Loy «— 7Ly — {p}) N7 '(p)

is a bijection between lines through the point p in A™ and points of 7= 1(p). Consequently,
the fibre above (a1: ---: ay,) of the other projection, pra: B,(A™) — P"~1  is (isomorphic
to) the line L,y. Thus, B,(A™) —n1(p) is dense in B,(A"™), and B,(A") is irreducible.
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Proof. The only statements we haven’t proved are those following the word “Consequently.”
We have

prgl(ozlz ) ={((z1,- )i (arr ot aw) | omay = ziay, 1 <4, <nj.

Since o; # 0 for some j and the «; are fixed, the equations z;a; = z;a; define the line L.
Moreover, we saw that all points of B,(A") lie in B,(A") —7!(p) or on the closure of some
line L(,). Hence, as

7 (L) — {p}) € By(A") =77 (p),
the points of B,(A") lie in the closure of B,(A") — 7~!(p). But,
By(A") =7~ (p) = A" — {p},
the latter being irreducible. Thus, B,(A") is irreducible (as the closure of an irreducible). O

We also denote 77 (p) by E, and call it the exceptional locus, or exceptional divisor. It
is a Weil divisor (see Section 5.1).

Example 2.11 Consider the rational map ¢: A2 - —— A? given by

s (32)

Its open set of definition is the complement of the axes x = 0 and y = 0. Use coordinates
(21, 22) in the image A%, Then,

Y
= = —. *
21 y 29 - ( )

x
Yy
The image of ¢ is the curve z;2, = 1. Embed A? into P? via the map

(21,22) — (1 21 2’2).

Using homogeneous coordinates Ty, T, 75 in P2, we have

T; 4
Z]_TZ)’ forj=1,2
The map ¢ is now given by
t_ T oy_1Ix (+')
y T, x Ty

From ('), we get

Tox =Ty and Tyy = Tohx. (k)
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Note that (xx) gives a rational map ¢;: A? ——— P? extending ¢ to all of A% except the
origin. Indeed, if x = 0 and y # 0, by (xx),
Ih =T =0,
and we let
©1(0,) = (0: 0: 1).
On the other hand, if x # 0 and y = 0, by (),
Th =15 =0,
and we let
¢1(x,0) = (0: 1: 0).
Now, ¢;: A% ——— P? still has the origin as a point of indeterminacy. Let us blow up A? at
the origin. We get By(A?) C A? ] P!, given by the equation
U = yu,
where we use (u: v) as homogeneous coordinates in P'. Then, we can extend ¢; to
®: By(A?) --— P2 and we claim that ® is defined everywhere, and is a morphism:

On points where z # 0 or y # 0, we have ® = ¢;. Assume x = y = 0. We know that
either u # 0 or v # 0.

(1) If w # 0 and v = 0, then
((0,0); (u,0)) — (0: 1: 0).

(2) If u =0 and v # 0, then
((0,0);(0,v)) = (0: 0: 1).
(3) If u# 0 and v # 0, then
v

((0,0); (u, v)) — (1: g _).

vou

The reader should check that (1)—(3) actually defined ® everywhere on By(A?) as a morphism.

The procedure above is a general fact in dimension 2. Namely, if X is a normal surface
and p: X —-—=Y is a rational map, where Y is a projective variety, then for the points
of indeterminacy, pi,...,p:, of ¢, repeated blow-ups at py,...,p; give a surface Z and a
morphism 7: Z — X which is birational, and further there exists a morphism ¢¥: Z —'Y so

that the following diagram commutes:
Z
>\
©

This fact is a consequence of a theorem of Zariski, and the simplest example is the one
we have given using (1)—(3).

X Y.
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A number of comments and remarks about blow-ups are in order:

Remarks:

(1) The blow-up B,(A") depends only on a local neighborhood of p. Therefore, if X is
covered by open subsets isomorphic to A" (e.g., P" and the Grassmannians), then
B,(X) makes sense (just remove the open neighborhood of p, do B,(A"), reglue).

(2) If p # q in A", then
Bq,p(An) = Bp,q(An)-

We now define the blow-up of any affine variety X C A" at a point p € X. First, make
B,(A™). We know that

By(A") — 77} (p) = A" — {p},
and we have an inclusion X — {p} — A" — {p}, so
(X = {ph) =X - {p}.
Definition 2.14 The blow-up, B,(X), of an affine variety X C A" at a point p € X is the
closure of 771X — {p}) in B,(A").

What is 77 (p) N B,(X)? We can define X near p by some equations
f[(Zy,... Z) == fi(Zy,...,Z,) = 0.
Arrange coordinates so that p is the origin, and write
fim fO 4 D+

where ftgf) is the lowest degree homogeneous form appearing in f;, with degree d;, which is
at least one, since f;(0) = 0 (remember, p = 0). Look at the total inverse image in B,(A")
of X near p. The equations are

filZy,...,Z,) =0, ZY;—Z;Y;=0, where 1<0<t andl<i,j<n.

Here, we use homogeneous coordinates (Y;: ---:Y,,) in P"~!. Look at the patch, U, in P*7 !,
so that Y; # 0. We get
Y;
Zi = —7;;
Y, 4!
thus,
Yy Y,
0=fi(Z1,....2,) = [i|l=2%,....,—=Z
f]( 1 ) ) f] (Yi 1 Yi l)
— (7) EZ EZ (9) EZ EZ
fd (n Iy ; l +fd+1 }/2 1y '73/2 1]+

d; ¢(j Yi Yn di+1 (5 Yi Yn
= 7 éj)(ia---ag)ﬂLZl cgjzd(?la---v?l o

The total inverse image has two components:
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(a) A copy of P"~! when Z; = 0.

(b) When Z; # 0, the locus cut out by the equations

G (Y Y\ o (Y YaN g o
fdj (n,,}/})—i_ lfdj_l_l(}/2,...,,}/2 _'_ O, or j I

The latter are the equations of B,(X) on the local piece of A" [[P"~! corresponding to
Y; # 0. By homogenizing, we get

Equations (*) describe B,(X) on the patch Y; # 0. We get the points on B,(X) N7 *(p)
when we take Z; = -+ = Z, = 0 in equation (x). Thus, for B,(X) N7 !(p), we get the
projective variety whose equations are

DV, Y) =0, for j=1,... 1t
Now, the tangent cone to X at p is defined to be the variety

Spec k[T1, ..., Tl /(f3, ., £3D),
it is indeed a cone in A™. Our discussion shows that
7 (p) N By(X) = Proj(K(Ty, ... T/ (fy)) - f4)),
the projectivized tangent cone to X at p. We see that B,(X) is X with the projectivized

tangent cone sewn in at p in place of p.

Let us give a few examples.

Example 2.12 Consider the cuspidal cubic, X, given by
73 =17

and blow up the singular point p = (0,0). The lowest degree term is ZZ, and we expect
the projectivized tangent cone to be Proj(k[Z1, Z5]/(Z2)). As a variety (not a scheme, see
Chapter 3), this is Proj(k[Z;]) = P°, namely, a single point. We know that 7=!(X) is the
variety given by

73 =7 and ZyY) = Z,Ys.

Consider the two affine patches Y; # 0 and Y3 # 0.
Case 1: Yy # 0. From the equations, we get

Y,
Lo =—01 =1
2 }/1 1 1U7
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where we let
RY

=7
Note that introducing this new coordinate, U, has the effect that U = Z—f; so, U? = 7,
which means that U is integral over Ox ,. We deduce that

U

Z;U% = 73,

and this defines two components. The first component corresponds to Z; = 0, in which case,
we get the affine part of the fibre 7=!(p). The second component corresponds to

U2:Z1.

This is a nonsingular curve; and above p (i.e., when Z; = 0), we get the point U = 0
(actually, a double point, because the equation is U? = 0).

Case 2: Yy # 0. From the equations, we get

2 =12 =23V,
where we let
po¥i_1
Yo U
We deduce that
AV =7,

and this defines two components. The first component corresponds to Z, = 0, in which case,
we get the other affine part of the fibre 7=!(p). The second component corresponds to

ZQV3 == 1

This is a nonsingular curve. This time, we note that nothing lies over p, since Zs = 0 does
not satisfy the equation Z,V? = 1. There is only one point over p in B,(X), and it lies on
the part of the locus when Y; # 0.

Example 2.13 Consider the nodal cubic, X, given by
73 =73(Z  +1).

and blow up the singular point p = (0,0). The lowest degree term is Z2 — Z?, and we expect
the projectivized tangent cone to be Proj(k[Z,, Z,|/(Z2 — Z?)). Tt consists of the two points
(1: 1) and (1: —1). We know that 7—!(X) is the variety given by

73 =7Z,+1) and ZyY) = Z,Ys.

Consider the two affine patches Y; # 0 and Y3 # 0.
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Case 1: Y7 # 0. From the equations, we get

oy =—7,=7,U

2 }/1 1 1Y,
where we let v
U=-2.
Y

Note that introducing this new coordinate, U, has the effect that U = Z—f, and so, U%? = Z;+1,
which means that U is integral over Ox ,. We deduce that

Z2U% = 7372, + 1),

and this defines two components. The first component corresponds to Z; = 0, in which case,
we get the affine part of the fibre 7=!(p). The second component corresponds to

U2=7,+1.

This is a nonsingular curve. Above p (i.e., when Z; = 0), we get the two points U = +1.

Case 2: Yy # 0. From the equations, we get
Y]

==Ly =1
1 )/2 2 QV,
where we let v .
v=_~Lt=Z2
Yo U

We deduce that
72 = 72V Z,V + 1),

and this defines two components. The first component corresponds to Z, = 0, in which case,
we get the other affine part of the fibre 7=!(p). The second component corresponds to

1=V3(Z,V +1).

This is a nonsingular curve. Above p (i.e., when Z, = 0), we get the two points V' = +1.

In the general case, how about the second projection o: B,(A") — P"~'? What are the
fibres?

Pick (y1: -+ : y,) € P""1. We have
o st ye) = (2 Za)s (e i) | Ziyy = Zyys, 1 <0, < b
with the y;s fixed. This is a line through the origin, in fact, the line describing (y1: - : yy)

as a point of the dual space, (P"‘l)D, corresponding to the lines through (0) in A™. This line
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is the tautological line of the point (yi: ---: y,). Thus, B,(A") is a line family over P"~!
(in fact, a line bundle see Section 5.1).

What about sections of B,(A")?
We say that a function s: P! — B,(A") is a holomorphic section if s is a morphism

and ¢ o s = id. This means that s(q) € o7!(q), the line over q.

Proposition 2.54 Every section, s, of B,(A™) over P"~! is the trivial section, that is, we
have s(q) = 0 in the line ~'(q).

Proof. Consider the composed morphism
P! 2 B,(A™) "5 A™.

Then, the image is reduced to a single point of A" (see Corollary 2.38). We have s(y) € [, =
o7 1(y), and we know that 7o s(y) = 7o s(z) for all z, since the image of the composed map
is a single point. The points s(y) each being in the line [, lying over y in P*~! go to a single
point in A", which lies on the image of every line [, considered as a line of A". Yet,

m ly = (0),

yE]P’”*1

which implies that s(y) = 0 in each line {,. O

B, (A")
Pn—l
Collapses the Collapses vertical
horizontal line lines
Y z
@ L L
An Pn—l

Figure 2.7: The line bundle B,(A")
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Proposition 2.54, in contradiction to the simplified picture shown in Figure 2.7, shows
that B,(A") is a twisted bundle (as we will see later, it is Opn-1(—1)).

Let’s now look at the exceptional divisor £ = 7~ !(p) in B,(A"). We know that E has
codimension 1 (in fact, it is isomorphic to P"~!). If 7x is the projection from B,(X) to X,
then 73! (p) = E N B,(X). Also, E € B,(X), unless X is an open and p € X.

Consider E as a subvariety of B,(A"). Look at the point ((0,...,0);(y1: ---:yn)) €
E C B,(A™), where we view E as P"~'. We have y; # 0 for some [, with 1 <1 < n, and near
E on B,(A™) we have the equations

Ziyy = Zyy;, forall i=1,... n.

Locally on E, the equation y; = 1 gives affine coordinates, and locally on B,(A"), over the
open where 1y, # 0, we have

Zi = 21Y;.

The equation Z; = 0 gives E locally on B,(A"). Therefore, £ indeed has codimension 1
and is given locally by one equation. Consequently, E is what is called a Cartier divisor
on B,(A") (see Section 5.1). Hence, the exceptional divisor B,(X) N E of B,(X) is also a
Cartier divisor on B,(X) (see Section 5.1).

Obviously one wants to blow-up more than one point in a given variety. With our current
set-up, this is somewhat tricky to define rigorously. However, we can use geometric intuition
to at least describe what goes on. So, consider a subvariety Y in X, where Y is nonsingular
in X. Let Ty be the union of all tangent spaces to Y, called the tangent bundle of Y, and
similarly for X. We have the exact sequence

OHTYHTX[YHNY;}XHO,

where Ny, x is a vector space family, whose fibres have dimension codim(Y < X)) (for all
of this, see Section 5.1). The vector space family Ny, y is actually a vector bundle called
the normal bundle of Y in X. We want to blow-up Y as a subvariety of X. Since Y is
nonsingular in X, we know that locally, Y is given by d equations in the variables of X,
where d is the codimension of Y in X. These equations give us a coordinate system locally
on X in which we can define a sort of complement, Z, to Y at X (in the C'*-case, this is
just the implicit function theorem), and Y intersects this complement Z in a point, p. Blow
upp=YNZonY. At p, we sew in P((Ny<x),), the projectivized fibre of the normal
bundle at p. If we do this for all p, we get the projectivized normal bundle of Y in X as
exceptional divisor. All this has been very intuitive, relying on the reader’s intuition in the
(C*-case with the norm topology. Later on, we shall make everything precise in a manner
which is correct and agrees with our intuition.

Question: For an affine variety Y, does the blow up of p on Y depend on the embedding
of Y in A™? The answer is no.
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In the general case, where Y is a subvariety of X, let 2 be the ideal sheaf defining Y in
X. Make the graded ring

Pow(2) = [ [ 2"
n>0
Then, make Proj(Pow(2()). By definition, this is the blow-up, By(X), of X, along 2( (which
we have called the blow-up of Y in X as above). We offer no proof at this stage that the

fancy definition, Proj(Pow(()), agrees with previous notions of the blow-up or with our
C*°-intuition.

2.9 Proof of The Comparison Theorem

Recall that in Section 2.3, we gave a theorem comparing the norm topology and the Zariski
topology. There, we reduced the general case to the case of a projective variety; now, we
must prove this theorem in the projective case. In order to prove the projective comparison
theorem, we will need a refined version of Noether’s normalization.

Theorem 2.55 Let X C P" be an irreducible projective variety of dimension r, let L be a
linear subspace of dimension n —r — 1 so that LN X = (), and let p;, be the projection with
center L. For any & € X, there is some linear subspace M of L of dimensionn —r — 2, so
that the following properties hold:

(1) If T =py | X, then
(m) 1 (7 (&) = {¢}-

(2) pr factors as
PL=pz0oT

according to the following commutative diagram, for any x & py(X):

Prot — {z} =P

=

X ——pu(X)

Proof. We have
pL(§) = L(§) NP,

where L(§) is the join of L and £. Given y, we have
p(y) =pc(§) iff ye L(E).

Thus, y € p;'(pr(€)) iff y € L(€). By the standard version of Noether’s normalization,
L(§) N X is a finite set containing &, i.e.,

L(g) NxX = {§a771>---a77t}-
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Let L°(¢) be a hyperplane in L(§) so that £ € L°(&) but n; ¢ L°(¢) for j = 1,...,t. Write
M = L°(&) N L. Then, M is a hyperplane in L, since £ ¢ L (recall that LN X = ) and
¢ € X). Observe that

M(g) = L°(¢).

For any y € X, we have
my)=7(€) iff yeMENX iff yeLl’¢)nX.

But L°(£)N X = {£}, by construction of L°(¢). Thus, y € (7)Y (w(€)) iff y = &, proving (1).

To prove (2) is now very easy. Take x so that = ¢ py/(X) and M(z) = L. The rest is
clear. [J

Theorem 2.56 (Projective comparison theorem) If X is a projective variety over C and Xy
18 Zariski-open and Zariski-dense in X, then Xy is C-open and C-dense in X.

Proof. (Mumford and Stolzenberg) We may assume (using the usual type of argument) that
X is irreducible. If so, X is automatically Z-dense. Pick £ € X — X,. We’ll show that & is
the limit in the norm topology of a sequence of points in Xy. Now, dim(X) = r, and we can
pick M and L as in the refined version of Noether’s normalization theorem with respect to
¢ (Theorem 2.55). We also choose = ¢ pp/(X). We may choose coordinates so that

(1) M is cut out by Xg=---=X,;; =0.
(2) £E=(1:0: ---:0).
(3) Lis cut out by Xg=---=X,, and

Look at pr,(X — Xy) C P". The image is closed, and thus, contained in some hypersurface
f =0, for some homogeneous polynomial, f(Xo,...,X,). Therefore,

{re X | flpe(z)) # 0} € Xo,

and we may replace X by the above open set. By (2) of Theorem 2.55, pa/(X) has dimension
r, and py(X) C P*™L, which implies that py(X) is a hypersurface. Thus,

pu(X) ={y=(yo: -+ yrs1) | Fly) =0},
for some homogeneous form, F(Yy,...,Y,11) (of degree d). The rest of the argument has
three stages:
Stage 1: Approximating in P". Since f # 0, there is some nontrivial (ay, ..., a,) € C™!

such that f(ao,...,a,) =0 (because C is algebraically closed). Let

§o =pr(§) € P".
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By choice, & = (1: 0: ---: 0) € P". Look at points
Eo +ta = (1 + tag, tag, . .., ta,).

Then, f(& + ta) = f(1 + tag,tay, ..., ta,) is a polynomial in ¢. However, a polynomial in
one variable has finitely many zeros. Thus, there exists a sequence (¢;)22; so that

(1) f(& +ti) # 0.
(2) t; > 0 as i — oo.

(3) &+ tiav — &y as i — oo.

Stage 2: Approximating in P"*!. We know that py;(X) is the hypersurface given by
F(Xo,...,X;41)=0,and o = (0: ---:0: 1). Write F as

F(XOa s >XT’+1) = ’}/ch*l-i-l + a’l(X0> s aXT)XTC’l-le +oeee ad(X0> s >XT’)' (*)

Claim. There exists a sequence (b;) so that
(1) bi € pa(X).
(2) b; = & + t;a (under p,).
(3) im0 by = (1:0: -+-: 0) = ppr(§).
In order to satisfy (2), the b; must be of the form
bi = (1+tiag: tiay: - tiap: f9),

for some 8@ yet to be determined. We also need to satisfy (1); that is, we must have

F(l + tiOé()Z tiOéll sl tiOéTZ B(l)) =0.
We know that x ¢ py/(X), which implies that F'(x) # 0, and since x = (0: ---: 0: 1), by
(*), we must have v # 0. The fact that py(§) € py(X) implies that F(pa(€)) = 0. Since
par(€) = (1: 0: ---:0), from (%), we get aq(&) = F(par(€)) = 0. Also, by (), 3% must be
a root of
’}/Yd + ay (50 + tiOé)Yd_l + -+ ad(&) + tiOé) = 0. (**)

Thus, we get (2). To get (3), we need ) — 0 when i — co. Now, as i — oo, t; — 0; but
the product of the roots in () is
aq(§o + tiar)

T,
v
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and this term tends to 0 as ¢ tends to infinity. Then, some root must tend to 0, and we can
pick @ in such a manner, so that lim;_,. ) = 0. Thus, we get our claim.

Stage 3: Lifting back to P". Lift each b; in any arbitary manner to some 7; € X C P". We
know that P™ is compact, since C is locally compact. Thus, the sequence (7;) has a convergent
subsequence. By restriction to this subsequence, we may assume that (7;) converges, and we
let n be the limit. Now, 7; € X and X is closed, so that n € X. We have

pav(n) = Hm py(n;) = Zlgglo bi = pm(§),

1—00

since pys is continuous. Therefore,

n € pyt (b () = {&},

and thus, n = £. Now,

Fpr(m:) = F(pe(par(m:) = f(pa(bi)) = f(&o + ticx) # 0,

and thus, n; € Xy. This proves that X is norm-dense. [J

2.10 Further Readings

Other presentations of the material of this chapter (some more complete, some less) can be
found in the references listed below: Shafarevich [53], Chapter I and II, and Dieudonné [13],
Chapter 1-6, are the closest in spirit; Hartshorne [33], Chapter 1; Mumford [43], Chapter 1
and 2, Mumford [42], Chapter 1, Fulton [17], Chapter 1, 2, 4, 6; Perrin [45], Chapter 1, 2,
4, 5; Kempf [36], Chapter 1, 2, 3, 6; Harris [31]. An excellent tutorial on algebraic geometry
can also be found in Danilov’s article in [11], and Volume I of Ueno [56] is worth consulting.
Although it is devoted to algebraic geometry over the complex field, Griffiths and Harris [20]
must be cited as a major reference in algebraic geometry. For a treatment of algebraic curves,
one may consult Griffith [19], Kendig [37], Miranda [41], Narasimham [44], Clemens [9], and
Walker [58]. As to general background in commutative algebra, we primarily recommend
Zariski and Samuel [60, 61], Atiyah and Macdonald [2], Kunz [38], and Peskine [46]. Other
useful sources include Eisenbud [14], Bourbaki [7] (Commutative algebra), and Matsumura
[40].



Chapter 3

Affine Schemes and Schemes in
(General

In this chapter and succeeding chapters, we shall make heavy use of the material on sheaves
and cohomology which is placed in the appendices for the convenience of the reader. Occa-
sionally, we shall make a direct reference to material in the appendices.

In the development of algebraic geometry, from a historical perspective, we can see several
distinct periods. Of course, if one begins with “antiquity,” there is all the material in analytic
geometry in the sense of Descartes and his followers. But, the period which began essentially
with Riemann and ended roughly at the beginning of the twientieth century, was the first
where algebraic geometry per se was studied, albeit purely from a complex analytic viewpoint
and with function-theoretic tools. However, we should mention the algebraic work of the
german school of Halphen and Noether (together with the contributions of Hilbert) in the last
twenty years of the nineteenth century. Though this period ended around 1900 its spiritual
heirs are very active in the wonderful development of complex geometry and complex analysis
up to the present time.

The next period was dominated by the use of direct geometric intuitions, geometric
language and the introduction of topological ideas into algebraic geometry—principally at the
hand of the three great Italian geometers: Castelnuovo, Enriques and Severi (and the early
Zariski), together with Lefschetz and some others on the topological side. These methods,
though directly geometrically appealing, sometimes led to overlooking of certain important
(though degenerate) phenomena and consequently were prone to error in the hands of less
gifted practitionners than those mentionned above. Also, they were totally inadequate to
reveal the growing number-theoteric connections of algebraic geometry.

A new period was initiated principally by Zariski and Weil with important contributions
by Van der Warden. One may take the 1930’s as the beginning of this, newest, period. It
was characterized by heavy use and development of commutative algebraic machinery, it
revealed the connections with number theory, but unfortunately in its language of not every-
where defined maps, it seemed to be a place apart from the rest of burgeonning geometric

161
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mathematics. The first two chapters of these notes have given an exposition of some of the
material of this period, smoothed out by the introduction of everywhere defined maps and
guided by the material yet to come.

The rise of topology and in particular algebraic topology and the renaissance in complex
analysis, came together in the 1950’s in the work of Serre with the use of topology and the
sheaf-theoretic language for algebraic geometry. This work was taken up almost immediately
by Grothendieck and his followers who revamped, deepened and even revolutionized algebraic
geometry. It is this last period—the modern period—to which we turn in the rest of these notes.

From now on, all rings are assumed to be commutative with unit element (1), and ring
homomorphisms preserve unit elements.

3.1 Definition of Affine Schemes: First Properties

We have the category, LRS, of local ringed spaces (X, Ox), where
1. X is a topological space.
2. Oy is a sheaf of rings.
3. Ox, (the stalk of the sheaf Ox at x € X) is a local ring for every z € X.

The morphisms of local ringed spaces are pairs (i, ¢*#), where : X — Y is a continuous
map and ¢8: Oy — p,Ox is a map of sheaves of rings over Y.

Recall that given a sheaf F on X, the sheaf p,F, called the direct image of F by ¢, is
the sheaf on Y defined by
P F(V)=Fle™(V))

for every open subset V' of Y. Also, given a sheaf G on Y, we define the presheaf ¢pG on X
by
erG(U) = lim G(V),
V2e(U)
where V' ranges over open subsets of Y. In general, this is not a sheaf, and we define the
sheaf p*G on X, called the inverse image of G by ¢, as the sheaf, (ppG)*, associated with
©pG (in the terminology of Hartshorne [33], the sheafification of ¢pG).

@ Beware that Hartshorne uses the notation ¢*G for something different from what has
just been defined here! His notation is ¢ =!G for the above, and his ¢*G will be considered
shortly.

From Appendix A, we know that the functors ¢, and ¢* are adjoint, which means that
there is a natural (canonical) isomorphism

O(F,G): Homgx) ("G, F) — Hom gy (G, @ F),
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for all F € S(X) and all G € S(Y), where S(X) denotes the category of sheaves on X
(taking values in some given category).

Thus, having a map ¢*¢: Oy — »,Ox of sheaves of rings over Y is equivalent to having
a map ¢*8: ©*Oy — Ox of sheaves of rings over X.

Because we are considering sheaves of rings whose stalks are local rings, in order for some
of our results to hold, we must demand that our morphisms be local morphisms of local rings.
This means the following: For every z € X, the map ¢*# induces a ring morphism on stalks

Qoilg: OY,cp(:c) — OX,:Bu

and we demand that

lg .
(p;g My o) — MXx .,

where, as usual, m denotes the maximal ideal of the local ring in question.

We can define the wvalues of a section (as some kind of numerical valued function) as
follows: For every o € I'(U,Ox) = Ox(U), the “value” of o at x is

o(z) € k(z) = Ox/mx .

Then, we have a better idea of what the notion of local homomorphism means. If U is an
open subset around ¢(x) and a section ¢ has zero values on U, we want the section ¢*&(c)
on ¢ 1(U) to have zero values, too.

Now, given a (commutative) ring A, we would like to make a local ringed space ,21“7 from
A. We proceed as follows:

The topological space X associated with the ring A is the set
X ={p | pisa prime ideal of A},

with the Zariski topology (also called the spectral topology), in which a closed set in X is a
set of prime ideals of the form

VER)={peX | ACp},

where 2 is any ideal of A.

The topological space X associated with the ring A is not Hausdorff, but it satisfies a
weaker separation property, the Ty-separation property. A topological space X has the Tj-
separation property (or is a Ty-space, or a Kolmogoroff space), if for any two distinct points
x,y € X, there is some open subset U C X so that either z € U and y ¢ U, or z ¢ U and
y € U. The following proposition will be needed later in Serre’s characterization of affine
schemes.

Proposition 3.1 If X is a quasi-compact Ty-space, then every nonempty closed subset, F,
of X contains some closed point (i.e., a point v € X so that {x} = {z}).
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Proof. First, we claim that since X is quasi-compact, it has some minimal nonempty closed
subset. Dually, consider the family of proper open subsets U of X (i.e., those open subsets
U so that U # X), we claim that it is inductive. Indeed, if (U,) is any chain of proper open
sets under inclusion, its union |J, U, is also open. Were

Uuv. =X,

then, by quasi-compactness, there would be a finite subfamily (U,,,...,U,,) so that
X =UyU---UU,,.
However, (U,) is a chain, so there is some «; with
X =UyU---UU,, =U,,

which is a clear contradiction. Hence, by Zorn’s lemma, there is a maximal proper open
subset U of X, and its complement, U¢, is a minimal, closed, nonempty subset of X.

Apply this property to the closed subset, F', of X. We find the required nonempty
minimal closed subset, Fy, in F' and we prove that Fj is reduced to a point. If not, there are
at least two distinct points x,y € Fj, and by the Ty-separation axiom, there is some open
subset, V', so that one of x or y is in V' and the other is excluded from V. Then, F} = VN F
is a smaller closed subset of F' which is nonempty, contradicting the minimality of Fjy. [

The reader should check that:

v(Zﬂ) = (v
&w%): &wm%ysznndﬁ)
V(A) CV(B) iff VBTV,

where

Val=(\{peXx | ACp}.
An open base for the Zariski topology is the family of open sets
Xp=(V(N)=eX | fép)

We need a sheaf, Ox, and it is defined as follows: For every open subset U in X,

(1) o(p) € 4y
T(U,0x)=40:U— | J4,| @ el)FfgeA)ggp ic peX)
peU 3) (Vge X,NU) (a(q) = image (g) in Aq)



3.1. DEFINITION OF AFFINE SCHEMES: FIRST PROPERTIES 165

One can check that Ox is indeed a sheaf. Sometimes, Oy is denoted A to render clear its
provenance from A. We can even do the same with an A-module, M; that is, we make an
Ox-module, M, as follows: For every open subset U in X,

(1) o(p) € M,
DUM)={0:U— | JM,| (2 (FeU)E@me Mg e A)(g ¢ p, Le, p€Xy)
peU (3) (Vge X,NU) (U(q) = image (%) in Mq> :

Again, one can check that M is indeed a sheaf. Also, I'U, M ) is a (U, A)-module for every
open U, and M is an Ox-module.

The ringed space (X,Ox) = (X, A) is denoted Spec A. We also denote the underlying
space, X, by |Spec A|.

Theorem 3.2 The ringed space Spec A is an LRS. In fact, there is a canonical isomorphism
0: (A), > A,,

where p is a prime ideal. The map
A — Spec A

1s a cofunctor and establishes a full anti-embedding of commutative rings into the category
LRS. Moreover, for every f € A, there is a canonical isomorphism

M;=T(X¢, M), for every A-module M,

where (X, Ox) = Spec A. In particular, when f =1, we get the isomorphisms

M=T(X,M) and A=T(X,0Ox).

Proof. Let p € |Spec A| (a prime ideal of A), and let M be an A-module. Any ¢ € (M),
(where (M), is the stalk of M at p) is represented by some pair (o, U), where ¢ is some local
section o € I'(U, M). Define

6: (M), — M,
by
0(§) = a(p) € My.

If (7,V) and (o,U) are equivalent sections representing &, then as p belongs to U NV, we
can take any smaller open subset of U NV containing p and we find that

so that 0 is well-defined.

Given m/g € M, (where g ¢ p), look at m/g in M. This defines a local section, o, on
X, near p. Thus, the map is onto.
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That 0 is injective is seen as follows: Assume that o(p) = 0. In a smaller open set
containing p, the section o looks like m/f, where m € M and f ¢ p. Since we are assuming
that o(p) = 0, we have m/f = 0 in M,. Thus, there is some h ¢ p so that hm = 0. We may
assume that X;, C Xy, and thus, on X}, h is invertible, and thus o [ X}, = 0. Therefore, the
element & represented by o is zero.

Observe that we actually proved the following fact: If F is a sheaf of the form M for
some A-module M and o is any local section of F (i.e., o € I'(U, F) for some open U), if
o(p) = 0, then there is an open subset V' C U with p € V' such that o =0 on V.

Next, we prove that I'(X s, M) =2 M. Define a map from My to I'(Xy, M) as follows:

%H (pn—up <%)), for all p € X.

(a) This map is injective. Assume that the section
m

m_o in M,, for all p € X;.

T

is zero. Thus,

Let

A=Ann(m)={a€ A | am =0}
be the annihilator of m. Then, for p € X/, there is some h € A such that h ¢ p and hm = 0;
thus, h € A, and yet, h ¢ p. This implies

AL p,

and thus, p ¢ V(). So, for every p € X, we have 2 ¢ p. Consequently, we find that
Xf N V(Ql) - @,

which means
V() CV(f) = (Xp)".

But then, f € v2; so, as A = Ann(m), we get

Z—0

fr

f"m =0, hence in My.

The map is injective.

(b) Surjectivity is a bit harder. Let o € I'(Xy, M). We can cover Xy by X,,’s so that
the restriction, o [ Xy, of o to X, is of the form m;/g; (in M,,).
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Claim. Only finitely many g;'s are needed (this argument shows that X is quasi-
compact). Observe that

X; C UXgi.

Thus,

vin2v(Sw).

7

and thus,

fe (Z(gi))-

7

This means that f* € > .(g;) for some n > 1, and thus, there exist some g;,, ..., g;, so that
fn =o19;, + -+ 9, where o5 € A.

Now, Xy = Xy, because p is prime. However, f" ¢ p implies that g;, ¢ p for some j
(1 < j <t) and thus, we must have p € Xg,, for some j as above, and this shows

Xy ngil U"'UXgita

which proves our claim.

We may assume after renumbering that
XrCXgU---UX,,.

Now, o = m;/g; on X,, and 0 = m;/g; on X, , and thus

m; m;
E Xgigj = E ng‘gj'
By injectivity (part (a)), we must have
m; m; .
—=—inM,,,
9 Y -

so, there is some n;; > 0 with
(gi9;)" (gymi — gim;) =0 in M.
Since there exist finitely many X, ’s covering Xy, let N = max{n;;}; it follows that
(glgj)N(gij — glm]) = O, fOI' all ’L,j
This can be written as

g 9N my = Mg my,  for all d, j. (%)
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However, we know that X, = X N+, and these sets cover Xy. By the previous argument
(proof of the claim), there is some n > 1 so that

t
"= Z @QZNH-
i=1

Let .
m=>Biglm.
i=1

By (%), we get

t t
ij-vﬂm = Z ﬁz‘gjwlgfvmi = (Z ﬁigfwl) gjvmj = fngjvmj-
i=1 =1

If we restrict to X, C Xy, we see, since g; and f are invertible on X, that
m; m
7 = n =0 r ng.
9 f
Thus, there is some m/f™* € My having o as image, and this proves surjectivity.

If X is an LRS, we let | X| denote the underlying topological space, and Ox denote the
sheaf of rings. Assume that we have a map of rings 6: A — B.

(1) Define the topological map |0|: |Spec B| — |Spec A| by
10|(q) = 67*(q), for every q € |Spec B|.

Let V(1) C |Spec A|, then, q € |0|71(V(L)) iff |0](q) € V() iff 671 (q) D A iff ¢ D O(A) iff
q2 B-6(2A). Thus,
0]~ V() = V(B - 0()),

a closed set, and |6 is continuous. (The reader should check It can be shown (DX) that

1017 (ISpec A7) = [Spec Blo(s).)

(2) Let Y = Spec B and X = SpecA. We need a map from Ox to |0].Oy, or, equivalently,
from |0]*Ox to Oy. Thus, for every open U C |X|, we need a map from I'(U,Ox) to
I'(U, |0].0y). We may assume that U = | X |, where f € A. Then, by definition,

L(U,101.0y) = T(|6](U), Oy),

but, we showed that
L(1X|s, Ox) = Ay,
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and our remark above shows
L1617 (1X[f), Oy) = L([Y |ocs), Oy) = Boy).

The ring map 0: A — B clearly induces a map from Ay to By(y).

[If one wishes to ue the inverse image of Ox by |6, one sees that
(161" Ox)q = (Ox)iei0) = Appia) = Ao-100)-

However, Oy,; = By, and 0: A — B induces a map from Ay-1(q) to By. Observe that this is
a local homomorphism.|

The morphism just defined, namely, (|0], %), is clearly functorial; and so, A — Spec A is
indeed a cofunctor.

Let X = Spec A and Y = Spec B, and consider the ring of global sections, I'(| X|, Ox),
of Ox. By the foregoing argument, I'(| X |, Ox) = A. If ¢: Spec B — Spec A is a morphism,
we have a sheaf morphism ¢%: Ox — |¢|.Oy; so, given a section o € I'(| X|],0x) = A, we
get the composition ¢® o o. This yields a map

o gloao

from I'(| X|, Ox) = Ato I'(| X |, |¢|.Oy) = (Y|, Oy) = B, and we call this map ®. The map
® commutes with taking stalks and restriction to opens, and so we have the commutative
diagram

A—2 . p
Ajgl(q) — By

However, the morphism of local ringed spaces, ¢, is a local local morphism and the
diagram implies that |p|(q) = ®7!(q), showing our result. [J

Corollary 3.3 If F is a sheaf on X = Spec A of the form M (where M is a module over
A) and if o € T'(U, F) is a section of F over U and u € U, then o(u) = 0 iff there is a small
open set V- = |X|, such that u € V and o [yv= 0. In other words, the vanishing of a section
(qua-section) is an open condition).

Corollary 3.4 The functor M M is an ezact and full embedding of the category of A-
modules to the full subcategory of Ox-modules (X = Spec A) of the form M. In particular,

O—>J\Z—>J\72—>]\A4;—>O

is exact iff
00— My — My — M3 —0

18 exact.
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Corollary 3.5 For X = Spec A and A-modules, M and N, we have

M®4N=Mep, N.

If M = limy My, then M = hgz\%}. If M’ and M" are A-modules, then

M//HVM// =M ] M,

and if M', M" C M, then

—~—

M' O M" =M N M".
Proof. (DX)
Corollary 3.6 Given two A-modules, M and N, we have
Hom 4 (M, N) = HomoX(J\/Z, N).

If M s finitely presented, then

Hom 4(M, N) = Hom o, (M, N),
where Hom o, (—, —) 1is the sheaf of modules defined by
I'(U, Homo, (M, N)) = Homo, (M | U,N | U).

We leave this to the reader but only remark that one applies the functor Hom 4(—, N)
to the right-exact finite presentation sequence for M, and uses the five-lemma.

3.2 Quasi-Coherent Sheaves on Affine Schemes

Let X = (|X|, Ox) be aringed space. Given an Ox-module, F, assume that there is a sheaf
morphism v: Og) — F, where Og) is the coproduct sheaf defined as the sheaf associated

with the presheaf
U T(U,0x)P,  where I is any index set.

Note that to give a sheaf map p: Ox — F is equivalent to giving a global section o €
I'(| X, F). Indeed, assume that o € I'(| X |, F). For every open U in X, we define a map py
from I'(U, Ox) to I'(U, F) as follows: Given a € I'(U, Ox), let

pula) =a-(o [ U).
Conversely, v: Ox — F determines the global section

o = px(1) € D(|X], F),
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where 1 is the unit element of the ring I'(| X |, Ox). Thus, we have a bijection
Hom@X(OX,]:) = F(|X|,f)

More generally, sheaf maps p: ng — F and families (0;);e; of global sections, o; €
I'(|X|, F), are in one-to—one correspondence, because there is an isomorphism

Hom o, (ng, F) = H Homo, (Ox, F).
iel
Definition 3.1 An Ox-module, F, is generated by a family, (s;):cr, of global sections if the

map s: (’)g) — F induced by (s;)ies is a surjective map of sheaves. The sheaf F is generated
by its sections if ng — F — 0 is exact for some index set 1.

Definition 3.2 An Ox-module, F, is quasi-coherent (QC) if for every z € |X]|, there is
some open subset, U, with x € U, and some sets I, J so that

Og)[U—>(’)g(J)[U—>}"fU—>O is exact.

Definition 3.2 means that locally everywhere on | X|, the sheaf F is generated by its local
sections, and the sheaf of relations among these generators is also generated by its sections.
Generation by a family [ is testable at each x. For, given a family of sections, s = (s;)er,
this family generates F iff for every z € | X|,

ng)x s F, — 0 is exact.

Quasi-coherence is a local property, and surjectivity is testable stalkwise.

Definition 3.3 An Ox-module, F, is finitely generated (fg) if for every z € |X|, there is
some open subset, U, with x € U, and some integer p > 0 so that

(Ox [UP — F U —0 is exact.

We also say that, F, is finitely presented (fp) if for every x € | X|, there is some open subset,
U, with x € U, and some integers p,q > 0 so that

(Ox [U)! — (Ox U — F U — 0 is exact.

Note that a finitely presented sheaf is quasi-coherent.

An example of a very bad sheaf is the following: Let | X | = R, and let Ox be the constant
sheaf (the sheaf of locally constant functions on | X|). The sheaf, F, is defined by

F(U) = (0) if U is connected and 0 € U
" | Z  otherwise, U connected.

This is a subsheaf of Ox, but it is not quasi-coherent. For,pPick any small interval
around 0, the only section of F | U is 0. Therefore, there is no generation over U by this
family (consisting of one point).
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Proposition 3.7 Assume that X = Spec A. Then, for any A-module, M, the sheaf, M, 18
quasi-coherent.

Proof. Since M is an A-module, it has some presentation
AD 5 AP 5 M — 0.
Sheafifying (by applying the operator ~), we get the exact sequence
Og) —>O§;]) — M — 0,

and M is QC. O

Say that i: |[V| — |X]| is an inclusion map where |V is open in |X|. We claim that
(|V],Ox | |V]) is a sub-ringed space of X = (|X|,Ox). We need a sheaf map from Ox to
i.Ox | |V]. Let U be any open subset of |X]|, then,

Since |V| is open, so is UN|V|, and the righthand side is just I'(UN|V|, Ox). The restriction
map pgnm: I'U,0x) — I'(U N |V|, Ox), is the required map. So, for any open |V| C | X],
we have the ringed space (|V],Ox [ |V]). Let us abbreviate Ox | |V| by Oy.

For ringed spaces, direct images and inverse images are important operations and inverse
images require a change from our previous notion. In the case of an open inclusion i: |V| —
| X |, we have the sheaf i,F on X—which, of course, is an i,Oy-module. Yet, we have a map
1*: Ox — 1,0y of sheaves of rings. Thus, 7,F can be viewed as an Ox-module. Observe,
however, that all this did not depend on the fact that 7 is an open inclusion. Therefore,
given a map of ringed spaces p: Y — X, we can view p,F as an Ox-module. This is how
we define the push-forward or direct image, p,JF, of the sheaf F of Oy-modules.

Let ¢: (Y, Oy) — (X, Ox) be amap of ringed spaces, and let G be an Ox-module. Then,
|p|*G is a sheaf of |p]|*Ox-modules. We also have a map p*: |p|*Ox — Oy. Therefore, |p|*G
and Oy are |p|*Ox-modules. Thus, we can form the tensor product

OY ®\<p\*(9x \@\*Q,

which is an Oy-module. This Oy-module is what we shall mean by ¢*G for a map ¢ of
ringed spaces.
It is instructive to see what (i.F) [ |V is in the case that ¢ is the open inclusion
i: |V] = |X|. Let U C |V| be an open subset. Because U = U N |V] is open in X, we have
run|\v),F)=IUJF).

Therefore,

(@ F) I [V]=F.
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The functor, ¢*, is left adjoint to the functor, ¢., which means that there are isomor-
phisms
Homo, (¢*G, F) = Hom e, (G, p.F)

for all Oy-modules F and all Ox-modules G, where ¢: (Y,Oy) — (X, Ox).

Remark: If X = Spec A and M, N are A-modules, then, for any linear map u: M — N,
we have Keru = Keru, Tmu = Im %, and Coker u = Coker u.

If X = (]X],0Ox) is a ringed space, then for every Ox-module F, the module of gobal
sections on the underlying topological space, | X |, will henceforth be denoted I'( X, F). Sim-
ilarly, we will write ['(Xy, F) instead of I'(|.X |, F).

Theorem 3.8 Suppose X = Spec A, and V' is a quasi-compact open subset of |X|, and
further suppose F is a sheaf on V which is an Oy -module (where Oy = Ox | V). Then, the
following properties are equivalent:

(1) There is some A-module, M, so that M [V =F.

(2) There is a finite cover (Xy,)!_, of V so that for every i, 1 < i < t, we can find an
Ay, -module M; and we have F | Xy, = M;.

(8) The sheaf F is quasi-coherent.
(4) (Serre’s lifting criterion, FAC [47])

(4a) For every f € A such that Xy CV, for every s € I'(Xy, F), there is some n >0
so that f"s lifts to a section in I'(V, F),

and

(4b) For every f € A such that Xy C V, for everyt € IV, F), if t | Xy = 0, then
there is some n > 0 so that f"t =0 in I'(V, F).

Proof. The implication (1) = (2) is trivial, since M | Xy = M\; Thus, in this situation,
M; = M.

(2) = (3). Quasi-coherence of F is local on V. But on Xy, the sheaf F is an M;, which
is quasi-coherent.

(3) = (2). Locally everywhere on V', the sheaf F is the cokernel of some sheaf morphism
0: 0V U= 0l U

We may take opens of the form Xy, since they are a base of the topology. Then,

—_—

Og/I) [ Xp, = AS”?;
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so that, we have
A}‘i]) — Ag) — M; — 0,

where M; is the cokernel. Therefore, F [ Xy, = ]\A]Z Since V' is quasi-compact, it is a finite
union of the Xy,’s, and (2) holds.
(2) = (4). First, consider the special case where V = X, and F = NonV.

4a) Pick f € A such that X; C X, and s € I'(X;, F). Since F = ]v, by a previous
( r & X f
theorem,

['(Xy, F) = Ny.

Thus, s =n/f" for some r > 0 and n € N. Of course, f's =n € I'(X,, F) =['(V, N)=N.
(4b) Pick f € Asuch that Xy C X, andt € I'(X,, F) = ['(V,N) = N so that ¢ I X;=0.

Thus t/1 =0 in I'(Xy, N) = Ny. By definition, this means that there is some [ > 0 so that
ft=01in N.

Claim: Let V = X, U---U X, assume that F [ X, satisfies (4a) and (4b), and also
that F [ X, satisfies (4a) and (4b). Then, F has the following stronger properties:

(4A) For every f € A, for every s € I'(X; NV, F), there is some n > 0 so that f"s lifts to a
section in I'(V, F).

(4B) For every f € A, for every t € I'(V, F), if t | X; NV = 0, then there is some n > 0 so
that fmt = 0 in [(V, F).
Note that the special case shows that our F satisfies the hypotheses of the claim. Also,
by taking X; C V, (4A) and (4B) imply (4a) and (4b) for F on V.

First, we prove (4B). We are given f € A, t € I'(V,F), and we are assuming that
t | XyNV =0. Since V is covered by the X, ’s, we get

t1X;NX, =0.

However, X; N X,, = Xy,,, and Xy, has properties (4a) and (4b), by the special case. As
Xg, € X, we find that there is some n; > 0 so that

(fg))"t=0 on X,,.

This means that f™ g/t = 0 on X, but g, is invertible on X, and thus, f™¢ = 0. Since
there are finitely many X, ’s covering V, if we let n = max{n;}, we get

fft=0
on all the X,’s covering V', and (4B) holds on V.

Next, we prove (4A). We are given f € A and s € I'(V N Xy, F). The restriction, s [ X,
of s to X, yields a section on X;N X, i.e., asection on Xy, C X,.. By (4a) in the special
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case, there is some n; > 0 so that (fg;)™ s lifts to a section s, € I'(X,,, F). But g, is invertible
on X,,, and thus, s, = ¢;"s;, where s; € I'(X,,, F). Then,

gi'si = s, = fMglis on X;NX, C X,

Therefore,
si | XpNXy = f"s on XyNX, CXg,

since g; is invertible on X,. As usual, finitely many X, ’s cover V, and by letting n =
max{n;}, we get that for ¢ = 1,...,¢, there is some s; € I'(X,,, F) so that

si ] Xpn X, = f's.

Do the s; patch on V7?7 In general, they don’t, but we can circumvent this problem as
explained next.

Observe that s; —s; =0 on X;N X, N X, = X;N Xy, since
(56 —85) [ XN Xgg, = f"s— f"'s=0.

By the special case of (4b) applied to F | X, and because Xy, C X, ., there is some
m;; > 0 so that
(fgigj)mij (S,’ - sj) =0 on Xgigj'
However, g;g; is invertible on X, ., and by letting m = max{m;;} (since there are finitely
many X, ’s covering V'), we get
fmSi - fmSj =0 on Xgigj.
Thus, the f™s; patch on all of V. Therefore, f™"s lifts to a global section (in I'(V,F)),

which we get by patching the f™s;. Thus, (4A) is proved. Since (4A) and (4B) are stronger
than (4a) and (4b), we have proved that (2) implies (4).

(4) = (1). First step: We prove that (4a) and (4b), which hold for F and V, are inherited
on the X,, C V.

Given Xy C X, and s € I'(Xy,, F), since Xy, € X, C V and (4a) holds for V, there is
some n > 0 so that (fg)"s lifts to a section in I'(V, F). By restricting this section to X,,
we obtain the fact that (fg)"s lifts to a section in I'(X,, F). But g is invertible in X, and
thus, f"s lifts to a section in I'(X,, F), which proves that (4a) holds for X, and F [ Xj.

Given s € I'(X,, F) and f € A, such that X; C X, assume that s [ Xy, = 0. Now,
Xy CV and (4a) holds for V. Thus, there is some m > 0 so that g"s extends to a section
in I'(V, F). Since

gms f ng - 07

there is some p > 0 so that
(fg)!g"s=0 onV,
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by (4b) applied to V. If we restrict to X,, we get
fPgPT"s =0 on X,

and, since ¢ is invertible on X, we get fPs = 0 on X, which is (4b) for X|.

The claim established in the proof that (2) = (4) now tells us that (4A) and (4B) hold
for V and F.

Second step: We need to define the module M. Consider the inclusion i: V' — X, and
form i, F, a sheaf on X. The sheaf i, F is an Ox module. Let

M =T(X,i.F)=T(V,F).
This is an A-module, since A = T'(X,Ox). Next, I claim there is a sheaf map

M i, F.
To see this, consider any open X; C X. We know that I'( Xy, M) = My and
[(X;, i, F) = D(X; NV, F).

We need a map from M, to I'(Xy NV, F). We have the restriction map
P}/va: I'(V,F) = T(X;NV,F),and as M =T'(V, F). So, we have a map

oY ot M = D(X AV, F).

But f is invertible on X; 2 Xy NV so, by the universal mapping property of localization,
the map P}/(fmv: M — T'(X; NV, F) factors through My, i.e.,

M—)Mf—>F(Xme,f).

The second map is the required one. These maps patch together on overlaps XN X, (DX).
Since the X’s cover X, we get our sheaf map

0: M —s T F .
Now, we claim that 6 is an isomorphism.
Pick any Xy C X, and any o € I'( Xy, i.F). Since
['(Xs, i F) =X NV, F)

and since (4A) holds, there is some 7 € I'(V, F) such that 7 lifts f"o for some n > 0. But
I'(V,F)=M;so, 7€ M. In My, we get have the element 7/f", and 6(7/f") = o, because
_ e

fn

g

on X;NV.
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Thus, 0 is surjective.

Assume that 0(m/f") = 0. The element §(m/f") belongs to
I'X;nV,i,F) = I'(X; NV, F). Since f is invertible on Xy, we find that 6(m/1) = 0,
and (4B) implies that there is some [ > 0 so that f'(m/1) = 0 in I'(V,F). Under the
identification I'(V, F) = M, the element f'0(m/1) is identified with f!m; and so f'm =0 in
M. But then, m/f" = 0 in M. This proves injectivity, and finishes the proof. O

Corollary 3.9 Let X = SpecA, and let V' be a quasi-compact open subset of | X| and F be a
quasi-coherent sheaf of Oy-modules. If i: V — | X| is the inclusion map, then the following
properties hold:

(1) The sheaf i.F is a QC Ox-module.

(2) Every QC sheaf, F, on'V is the restriction of a QC Ox-module.

Corollary 3.10 Let X = Spec A. An Ox-module, F, is QC iff F = Mfor some A-module
M. The functors M — M and F — T(X,F) establish an equivalence of the categories
of A-modules and QC Ox-modules. The functor F — T'(X,F) is an exact functor on the
category of QC Ox-modules (when X = Spec A).

Since the category of A-modules has enough injectives, when X = Spec A the category
of QC Ox-modules has enough injectives. Thus, we can resolve a QC Ox-module F by QC
injectives on X. The functor I'(X, —) yields the right derived functor

H{ (X, F)

for every p > 0. This right derived functor is not the correct object, however. What we really
want to do is to consider the category of all Ox-modules (which also has enough injectives)
and take derived functors there. There is no reason why an injective in QC is injective in the
bigger category of all Ox-modules. Also, for the special cohomology HgC(X , ), our results
above yield

Corollary 3.11 Let X = Spec A, an affine scheme. For every QC Ox-module F on X, we
have

Ho(X, F) = (0)
for all p > 0.
Corollary 3.12 Let X = Spec A. Then, each QC Ox-algebra has the form B for some

A-algebra B. Every QC B-module (i.e., QC as B-module) is QC as an Ox-module and has
the form N for some B-module N.
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Proof. Let B be a QC Ox-algebra. Then, by Theorem 3.8, B = B for some A-module
B. We claim that B is an A-algebra. The fact that B is an algebra can be expressed in
categorical form by saying that there is an Ox-linear map

p: B®o, B— B,
and that some obvious diagrams commute. Thus, we have
e B Koy B— B )

and since

B®o, B2 B®, B,

we have

i: B®s B — B,

from which we get a linear map
JUA B ®A B— B

which makes B an A-algebra, since the required diagrams are still commutative.

Now, let F be a QC B-module. To check that F is QC as A-module is local, and thus,
we may assume that we have an exact sequence

BY — BO) — F —0.
From this, we get an exact sequence
BY) — BY N —0,

where N is the cokernel. Since BM and BY) are A-modules, N is an A-module (and a
B—module), and further, N = F. But N is QC as Ox-module and N is also a B-module.
So, F = N for some B-module N. ]

Just as finitely generated modules form an interesting and amenable subcategory of all
modules, so in the category of Ox-modules we have a distinguished subcategory consisting
of teh coherent modules.

Definition 3.4 Given a ringed space (X,Ox) and an Ox-module F, we say that F is
coherent if

(1) F is finitely generated as an Ox-module, and

(2) For each n > 0 and for every open subset U C X, homomorphism ¢: (Ox | U)" —
F | U, the sheaf Ker ¢ is finitely generated.
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In his studies of several complex variables during the 1940’s, the mathematician Oka
discovered that the sheaf of germs of holomorphic functions on a complex space is coherent
in the above sense. But, while this definition is basically due to him, the actual definition is
due to Henri Cartan.

If F is a coherent sheaf on X, then, by (1), for every x € | X|, there is some open subset
U with z € U and a surjective homomorphism ¢y : (Ox [ U)? — F | U for some p > 0. By
(2), the kernel of this map is finitely generated, which means that there is some ¢ > 0 and
a map from (Ox [ U)? to (Ox | U)? so that

(Ox [U)?— (Ox U — F U — 0 is exact.

Thus, a coherent sheaf, F, is quasi-coherent, and in fact, finitely presented.

@ The sheaf Oy need not be a coherent Ox-module. For example, if X = Spec C[X7, .. ],

with countably many variables, then Ox = C[X},.. ] is not coherent (because the ring
C[Xj,...] is not Noetherian).

Remarks:

(1) The sheaf Ox is a coherent Ox-module iff for every open n > 0, U C X, and homo-
morphism ¢: (Ox | U)" — Ox | U, the sheaf, Ker ¢, is finitely generated.

(2) A sub Ox-module of a coherent sheaf is coherent, provided it is finitely generated.
(3) If F,G are coherent and ¢: F — G, then Ker ¢, Im ¢, Coker ¢, are coherent.

(4) If
0 —F —GG—H—0

is an exact sequence of Ox-modules and two of the sheaves are coherent, then the third
one is coherent.

(5) If F,G are coherent, then

(a) F ®p, G is coherent, and
(b) Hom o (F,G) is coherent.

Proposition 3.13 Let X be an LRS, and assume that Ox is a coherent sheaf. If F is an
Ox-module, then F is coherent iff F is finitely presented.

Proof. We know that a coherent sheaf is always f.p. Conversely, since coherence and f.p.
are local, we may assume that U = X. Assume that

Og?) — O_()?) — F — 0 is exact.
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For finite p and ¢, the sheaves (’)g’()) and (’)g‘g) are coherent iff Oy is, as is easily shown by
induction using the exact sequence

0— Ox — 0P — 0% 0.
Let K = Ker (O_()?) — F), since
Oﬁ? — K — 0 is exact,
we see that K is finitely generated. But then, we have the exact sequence
0—>K—>O§’)—>]-"—>0,

and since K is a finitely generated submodule of a coherent Ox-module, K itself is coherent.
Then, two of the sheaves in the sequence are coherent, therefore, so is F. [

Theorem 3.14 Let X = Spec A, and assume that A is Noetherian. Then, the following
properties hold:

(1) Every open subset U of | X| is quasi-compact.
(2) Ox is coherent.
(8) For any open U, the following are equivalent for an Oy-module:

(a) F is coherent.
(b) F is QC and finitely generated.
(c) There is some finitely generated A-module M so that F | U = M.

Proof. (1) is clear.

(2) Since coherence is local, we can check it on a basis of open sets, namely, on the X;’s
(Ox being clearly f.g.). Now, the sequence

Og?) ' X; -2 Ox | X; — 0 is exact;

so, we get the exact sequence N N
By taking global sections, we get the exact sequence

Since Ay is Noetherian, the kernel K is f.g., and thus, the fact that we have the exact
sequence,
A? — K — 0,
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for some g > 0, shows that K is f.g., where K = Ker ®.

(3) (a) = (b) is trivial.

(b) = (c). By Theorem 3.8, there is some A-module M such that M | U = F. We can
cover U by opens of the form Xy, and it is always the case that M = liﬂAM \, Where M)

runs over the finitely generated submodules of M. Since M | Xy =F | Xy, by (b), there is
some A (depending on f) so that

My X;=F X,

However, U is quasi-compact, and thus, finitely many Xy cover U. This implies that there
is some A so that

M, 1U=F,
with M) finitely generated.

(¢) = (a). We know that F is QC on U and for any small open Xy C U, we have the
exact sequence .
A} — F [ Xy — 0.

This comes from the module sequence

0— K — A} — My — 0,

and the kernel K is f.g., as Ay is Noetherian. So, ]\//\[} = F | Xy is finitely presented, and
thus, is coherent, because Oy is coherent, by (2), and F itself is coherent. ]

Corollary 3.15 Let X = Spec A, where A is Noetherian. If (U, Oy) is an open in X with
inclusion map i: U — X, then for every coherent Oy-module F, the Ox-module, i, F, is
coherent on X.

Corollary 3.16 Let X = Spec A, where A is Noetherian. For any QC Ox-module F, we
have

F =1, B,

where Fy is a coherent submodule of F.

Consider ¢, F, where ¢: Spec B — Spec A, and where F is a QC Oy-module. Here,
X = Spec A and Y = Spec B. We have a ring map from A to B. For any U C | X|, we have

LU, . F) = T(le|H(U), F).
Now, assume that ¢, F is QC. Then, ¢, F = M for some A-module M. We know that

M =T(1X], M) = T(|[X], 0. F) = T([Y], ).

Let us also assume that F is coherent on Y and that A and B are Noetherian. Using the
ring map from A to B, we see M = I'(|Y|,F) would have to be finitely generated as an
A-module, for ¢, F to be coherent. This is generally false, as the following example shows:
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Example 3.1 Consider a field k, and let A} = Spec k[T]. The scheme A? = Spec k consists
of a single point with k as stalk. We have the inclusion i: k — k[T, and we get a morphism
p: A — A). Let Y = A} and F = Oy. The sheaf Oy is coherent since k[T is Noetherian.
What is .0y ? We know that ¢,0y = M, where M = I'(|Y|,Oy) = k[T] as a k-module via
i: k — k[T]. However, k[T] is not a finitely generated k-module, which implies that ¢.Oy
is not a coherent Ox-module.

Consequently, the direct image of a coherent sheaf is not, in general, coherent. Corollary
3.15 is an exception and one needs more restrictive hypotheses on ¢: Y — X in order that
the direct image, ,JF, of the coherent Oy-module, F, be coherent on X.

3.3 Schemes: Products, Fibres, and Finiteness Prop-
erties

Definition 3.5 A scheme X is a locally ringed space such that for every x € |X|, there is
some open subset U with € U and (U, Ox | U) is isomorphic to Spec A for some ring A
(i.e., (U, Ox [ U) is an affine scheme).

Thus, a scheme is an LRS that is locally an affine scheme. We denote the category of
schemes by SCH. We can carry over the material on quasi-coherent O-modules for affine
schemes to our present level of generality.

Proposition 3.17 Let X be a scheme. Then, an Ox-module F is QC iff there is some open
cover (Uy)ier of | X| such that F | U; is QC as an Ox | U;-module for every i € I, and thus
iff for every open affine (U;, Op,) = Spec Ay,, we have F | U; = My, for some Ay,-module
My..

The notion of a product or a fibred product is an extremely important and convenient
notion in studying geometry. The reader need only turn to Chapter 1 to see how often it
was used in the classical theory of varieties presented there. In the category of schemes, it
turns out that fibred products exist. Assume that we are given some schemes X,Y, Z and
some morphisms px: X — Z and py: Y — Z.

Theorem 3.18 In the category of schemes over Z, the product X []Y exists (and is unique
Z

up to unique isomorphism).

Sketch of proof. We proceed in several steps.
Step 1. First, assume that X, Y, Z are affine, say X = Spec B, Y = Spec C', Z = Spec A.
Then, one checks that
X H Y = Spec(B®4 C).
z
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Step 2. Assume that X,Y are Z-schemes, that Z; is an open subscheme of Z and that
X,Y are actually Zy-schemes (which means that px and py factor as X — Zy; — Z and

Y — Zy = Z). Then, X [] Y exists iff X [] Y exists, and if they exist, they are equal.
Z Zo
The reader should be able to check this without difficulty.

Step 3. Assume that X and Y are arbitrary, but that Z is affine. Then, X [] Y exists.
Z

Indeed, cover X by affine opens, X, ,and Y by affine opens, Yz. By (1), X, [] Y5 exists.
Z

Clearly, they patch (DX). (But see the remark and lemma immediately below).

Step 4. Let Z be arbitrary. Cover Z by affine opens, Z,, and let X, = p;(l(ZV) and
Y, = py'(Z,), which are schemes over Z,. By (3), X, [[ Y, exists, and by (2), it is equal
Z’Y

to X, [1Y,.
Z

Step 5. In general, get an affine open cover, (Z,), of Z, make X, [[ Y, as in step 4, and
Z
patch them together to make X [] Y, as in step 3.
Z

Remark: When we use (1) in step (3), we need to know that the product in the category
of affine schemes is the same as the product in the category of schemes. This follows from
the lemma:

Lemma 3.19 Let T be an arbitrary scheme and X an affine scheme, so that X = Spec A
and A =T(|X|,Ox). Then,

Hom sey (T, X) = Hom uy(D(|X], Ox), T(IT], Or)). (+)

Sketch of proof . If p: T — X, we get amap I'(X, Ox) — I'(T, Or). Conversely, cover T' by
affine opens, T,,. By restriction, the map I'(X, Ox) — I'(T, Or) yields a map I'( X, Ox) —
I(T,,Or,). Since X and T, are affine, we get ¢, € Hom (7,, X), and these maps patch (as
the reader should check), so that we get a map in Hom g¢3 (7, X). O

Remark: The isomorphism (x) shows that when X is affine, Hom s¢y (7', X) really depends
only on Spec I'(|T|, Or) (besides X). This, as described in Chapter 1, is the characteristic
property of affines in the category of schemes. That is, X is affine iff the morphisms from
an arbitrary scheme into X are exactly the morphisms from the affinization of the arbitrary
scheme.

The reader should show that coproducts also exist, and that finite products and coprod-
ucts of affines are affine (DX). However, infinite coproducts of affines are never affine.

Let us now consider fibres. Given x € | X|, we claim that there is a morphism
iy : Spec k(x) — X, where k(z) = Ox/m,, the residue field at z. Clearly, we must have

2| (pt) = 2.
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We need a map of sheaves from i;Ox t0 Ogpec n(z)- Thus, we need a map from (¢3Ox)p; to
k(z). But
(iZOX)pt = OX,|iz|(pt) = OX,sca

and we need a map from Ox , to x(z), for which we can use the projection onto the residue

field. Now, assume we have a morphism 7: Y — X and combine it with i,: Spec k(z) = X

to make the fibred product Y [] Spec x(z), with maps pri: Y [[ Spec k(z) — Y and
X X

pra: Y ] Spec k(x) — Spec k(z). By definition, we define the scheme 7!(x) by
X

T z)=Y H Spec k().

The scheme 7! () is always considered as a Spec k(x)-scheme.

Remarks:

(1) It is easily checked (DX) that if U is an affine open of X then

7 Hx) =7 1(U) H Spec k(x),
U

where 771(U) = Y [[ U. Thus, 7~ !(x) only depends on a local neighborhood of
X
x e |X|
(2) For such an open U, the scheme 7~!(U) is covered by open affines Y,; so, 7~!(z) is

covered by the affines

Y, H Spec k(x) = Spec(I'(Ya) ®rw) £()).

Here, we write ['(U) for I'(U, Ox) and I'(Y,) for I'(Y,, Oy).

(3) We also claim that there is a canonical morphism from Spec(Ox ) to X (where z €
|X]). Indeed, take any open affine U such that x € |U|, and look at I'(U,Op) =
['(U,Ox). Then, the map

o o(x)

yields a map from I'(U, Ox) to Ox_, and this is a ring homomorphism. Thus, we get
a morphism from Spec(Ox ) to Spec(I'(U, Ox)) = U C X. Clearly, this map does not
depend on U, which gives our morphism Spec(Ox,) — X. (DX). The affine scheme,
Spec(Ox ), is called the local scheme at .

(4) The local scheme Spec(Ox ) is contained in every affine open subscheme of X which
contains .

(5) If X is a variety, Spec(Ox ) is not a variety, in general.



3.3. SCHEMES: PRODUCTS, FIBRES, AND FINITENESS PROPERTIES 185

(6) The underlying space |Spec(Ox )| is neither open nor closed in | X|.
Some examples will illustrate the above remarks.

Example 3.2

(1) Observe that every scheme is a scheme over Spec Z. Indeed, having a morphism from
X to Spec Z is equivalent to having a ring morphism from Z to I'(X, Oy), and there
is always such a canonical ring morphism.

(2) Furthermore, Spec Z has two kinds of points: Points of the form p, where p is a prime
number, these are closed points, and the “fuzzy point” 0, the generic point. The generic
point is neither open nor closed, but it is dense. Given p € |Spec Z|, what’s the local
scheme at p? The ring is Z,, a DVR. The space of Spec Z,) has two points, one
generic, the other a closed point. The map from Spec Z,) to Spec Z sends the closed
point to p, and map generic point to generic point.

(3) For £ € |Spec Z|, what are x(§) and Spec k(£)? When & = 0 (the generic point), then
k(&) = Q, and we get Spec Q. When & = p, a prime number, we get Z/pZ = F,, and
we get Spec [Fy,.

(4) Given € € |SpecZ|, we have 7~ *(£) = X¢, a scheme over SpecQ if £ = 0, and a scheme
over F,, if p is a prime number. We call X, the reduction of X mod p (it is a scheme
over F).

A general scheme can be quite wild and few deep theorems can be proved without some
kind of “taming hypotheses.” These usually deal with finiteness in one form or another and
they are of two types: Conditions on schemes, and conditions on morphisms. We begin with
conditions on schemes.

Definition 3.6 A scheme X is quasi-compact if | X| is quasi-compact as a topological space.
(That is, it can be covered by finitely many affine opens.)

Definition 3.7 Given some property P of schemes and a scheme X, we say that X is locally
P if for every z € | X|, there is some affine open subset U, with = € |U,|, and U, has the
property P. We say that X is strongly locally P if for every affine open U C X, the scheme
U has P. (N.B., strongly locally P is not a standard locution).

Definition 3.8 (a) A scheme X is noetherian if X is quasi-compact and each of the
finitely many affines, U,, covering X is of the form Spec A,, where A, is a noetherian
ring.

(b) If a scheme X is strongly locally noetherian, then it is usually called locally noetherian,
and there is no confusion in terminology because having an affine open covering by
Spec’s of noetherian rings is equivalent to being strongly locally noetherian. Observe
that in (b), no assumption of quasi-compactness is made.
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A scheme X is artinian if it is quasi-compact and each of the finitely many affine opens
covering X is of the form Spec A,, where A, is an artinian ring (i.e., satisfies the DCC
condition).

As in (b), strongly locally artinian is usually called locally artinian.

To use these finiteness conditions on schemes themselves, it is most convenient to isolate
properties of morphisms which allow them to come into play. First, observe that a morphism
m:Y — X of schemes can be viewed as a “moving algebraic family” of schemes, each one a
scheme over a field. Namely, Y, = 7~!(z) is a scheme over the field x(z).

Definition 3.9 A morphism 7: Y — X is quasi-compact if X can be covered by affine
opens, X,, so that 771(X,) = X, [[ Y =Y, is quasi-compact for every .
X

It is easily shown that the condition of Definition 3.9 holds iff the inverse image 7=*(U)
of every affine U C X is quasi-compact (DX).

Definition 3.10 (a) A morphism 7: Y — X is a locally finite-type morphism, or an LET-

(e)

(f)

morphism, if X can be covered by affine opens, X, = Spec A,, so that 771(X,) = Y,
can be covered by affine opens, Z,5, where Z,3 = Spec B,g, in which B,z is a finitely
generated A,-algebra. Note that in the above definition, it is possible that there are
infinitely many X, and that the covers of the Y, contain infinitely many schemes. The
notion of LET-morphism is strongly local on both X and Y.

A morphism 7: Y — X is a finite-type morphism, or an FT-morphism, if 7 is quasi-
compact and LFT.

A morphism 7: Y — X is a locally finite-presentation morphism, or an LEP-morphism,
if it is LFT and the algebras B,s are finitely presented over A,. Our morphism
m:Y — X is a finite-presentation morphism, or an FP-morphism, if it is F'T and the
algebras B? are finitely presented over A,, equivalently if it is LFP and quasi-compact.

A morphism 7: Y — X is an affine morphism if X can be covered by affine opens,
Xa, so that Y, = 771(X,,) is again affine. (The reader should check that 7 is an affine
morphism iff 7 is strongly affine (DX).)

A morphism 7: Y — X is a finite morphism if it is affine and I'(Y,) is a finite I'(X,)-
module. (Also, in this case, finite is the same as strongly finite (DX).)

A morphism 7: Y — X is quasi-finite if for every x € | X|, the set |7~1(z)| is finite.

Beware that finite implies quasi-finite, but the converse is false.
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(i) The morphism ¢: Spec Q — Spec Z is quasi-finite, but Q is not finitely generated as a
Z-module. Thus, ¢ is not a finite morphism.

(ii) Let Y = Spec C[S,T]/(ST — 1) and X = Spec C[S]. Write ¢ for the projection map.
Every fibre is a single point. This morphism is affine, F'T, quasi-finite, but not finite.

To use the above (many!) definitions, we need to investigate how these properties behave
w.r.t. base extension and perhaps descent. For this, we need open subschemes, closed
subschemes, general immersions, and separation.

Definition 3.11 A scheme (Y, Oy ) is an open subscheme of a scheme (X, Ox) if the follow-
ing hold:

(1) The space Y is open in X.
(2) There is an isomorphism Oy = Ox [ Y.

A morphism (Z,0yz) — (X,Ox) is an open immersion if there is some open subscheme
(Y, Oy) of (X, Ox) and our morphism factors through an isomorphism
@ (Z, Oz) — (Y, Oy) That iS,

(1) The space Z is homeomorphic to an open Y C X, and
(2) There is an isomorphism Oy = Ox [Y.
A scheme (Y, Oy) is a closed subscheme of (X, Ox) if the following hold:
(1) The space Y is closed in X.
(2) If i: Y — X is the inclusion map, then the sheaf map Oy — i,Oy is surjective.
A morphism (Z,0z) — (X, Ox) is a closed immersion if it factors through an isomorphism

of (Z,0z) with a closed subscheme of (X, Ox).

Let C be a closed subset of X, where (X, Ox) is a scheme. Then, there exists a unique
minimal structure of scheme on C', called the reduced induced structure. It is defined as
follows: Cover X by affine opens, X,. Let C, = X,NC. These C, are closed subsets of the
X, and we can write (X,, O,) = Spec A,. Points of C,, are prime ideals, p, of A,. Let

o = {p € [Spec Ao| | p € Ca}.

Then, 2, is a radical ideal (A, /2, has no nilpotents). The ideal 2, is maximal with respect
to the condition V(,) = C,, so that V(2,) = C,. Write Y, instead of Spec(A,/U,). Of
course, |Y,| = C,, and these schemes patch (DX). Patching them yields a scheme (Y, Oy ),
which is a closed subscheme such that Y = C. Let us use the notation, Y, for the scheme
just constructed; also, let ig: Yy — X be the natural inclusion, a closed immersion.
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The scheme Y, enjoys a a universal mapping property: Given any scheme, Y, and any
closed immersion, i: Y — X, so that C' C |i|(|Y|), there is a closed immersion j: Yy — Y so
that

io =10 ]
The reader should check this universal mapping property.
Let X be a scheme and let (U,) be a cover of X by affine opens. We can recover Ox | U,

from the ring A, = T'(U,, Ox) as A,. Let N, be the nilradical of A4,, i.e.,
N,y={¢e€ A, | £ =0 for some n > 0}.

Clearly, the N, patch on overlaps U, N Uz. We get an Ox-ideal, N, of Ox, and we obtain
a scheme (X, Ox/N). This scheme is denoted by X,.q and is called the reduced scheme of
X. It is just the reduced induced scheme structure on the topological space | X|. The map
X +— X.,eq is an endfunctor in the category of schemes.

We have defined the notions of open and closed subschemes and open and closed immer-
sions. A combination of them both yields the general notion of subscheme:

Definition 3.12 A subscheme (Y,Oy) of (X, Ox) is a pair where Y is locally closed in X
and the sheaf map Ox — i,Oy is surjective, where i: Y — X is the inclusion, and, as
before, a morphism (Z, Oz) — (X, Ox) is an immersion if there is some subscheme (Y, Oy )
of (X, Ox) so that our morphism factors through an isomorphism (Z, Oz) — (Y, Oy).

Proposition 3.20 Let f: Y — X be a morphism of schemes. Then, [ is an immersion,
resp. a closed immersion, resp. an open immersion iff

(1) The map |f| is a homeomorphism onto a locally closed subset of |X|, resp. a closed
subset of | X|, resp. an open subset of | X|, and

(2) For everyy € |Y|, the map f,: Ox sy — Oy, is a surjection, resp. a surjection, resp.
an isomorphism.

Remark: This is proved by doing the following steps:
(1) Reduce to the case where X is affine.
(2) Show that f.Ox is QC as Ox-module.

(3) Finish up. O

Remember, every scheme represents the functor of its points (from SCH’ to Sets),

T — X(T) = Hom se (T, X).



3.3. SCHEMES: PRODUCTS, FIBRES, AND FINITENESS PROPERTIES 189

If we have a morphism ¢: Y — X, we get a map of sets pr: Y(T') — X(7T), functorial in
T. If for all T', this map is an injection, then we say that ¢: Y — X is a monomorphism
of schemes, the notion of monomorphism is obviously a categorical notion. Every closed
immersion is a monomorphism.

Just as in Chapter 1, we need a condition to replace the missing Hausdorffness of the
Zariski topology. This is the familiar notion of separation.

Definition 3.13 A morphism ¢: Y — X of schemes is a separated morphism (or Y is
separated over X, or Y is a separated X -scheme) if the diagonal morphism

Ayix:Y —Y [V
X

is a closed immersion. We say that Y is a separated scheme if Y is separated over Spec Z.

Remarks:

(1) A morphism f:Y — X is a separated morphism iff X has an affine open cover (U,)
so that, if Y, = f~1(U,), then f | Y,: Y, — U, is a separated morphism for every a.
That is, separation is a local condition on X.

(2) Every monomorphism of schemes is separated.
(3) Every immersion (of any type) is separated.

Proof of (2) and (3). Assume that i: Y — X is a monomorphism. For every test
object T', we have

v IIVN@=y@) [[ Y@ =A{&n | &n:T =Y iok=ion}.

X(T)

Since ¢ is a monomorphism, we get & = 7. Thus, we have an isomorphism
Y(T) —Y(T) [] Y(T) via
X(T)
£ (§:9).
It follows that Ay, x is an isomorphism; and in particular, it is a closed immersion.
(4) Every morphism f: Y — X from an affine scheme to a scheme is separated, and thus,
every morphism of affine schemes is separated. Every affine scheme is separated.

Proof. To prove (4), we need only prove that an open immersion is separated. But an
open immersion is automatically a monomorphism; hence, it is separated.

Assume at first that every morphism between affine schemes is separated. Now, any
affine scheme is a scheme over SpecZ, and hence, the morphism from our affine scheme
to Spec Z is separated. This means exactly that our affine scheme is separated.
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If f: Y — X is an arbitrary morphism but Y is affine, then cover X by affines X, so
that Y is covered by the Y, = f~}(X,). Now, each f~!(X,) is an open subscheme of ¥’
and Y is separated. Hence, each f~!(X,) is itself separated. Therefore, the morphism

FHXe) — 7 X) I A

is a closed immersion, and our first remark proves that f is a separated morphism.
Finally, we are reduced to the case assumed aboev: X and Y are affine. In this case,
let Y = Spec B and X = Spec A. Then

Y H Y = Spec(B ®4 B).

Our map A = Ay/x is the map
Spec B — Spec(B ®4 B),

given as the morphism corresponding to the multiplication m: B ® 4 B — B. But the
algebra map is surjective, and so we get a closed subscheme of Spec(B ®4 B).

(5) An affine morphism is separated (by Remark (1)).

(6) For every scheme Y over X, the morphism A = Ay, x is an immersion. The scheme Y’

is separated over X iff A(]Y]) is closed in |V H Y|

Proof. Cover X by open affines, U,, and cover each f~(U,) by open affines Vi'. The
products Vg [] Vi are all open in Y ] Y. Yet,
X X

ve [T ve=ve I v
X Uas

So, as A [ Vg takes Vj' into the product V' H Vg and the latter image is closed by

Remark (4), we see that the image of A is closed in the open subscheme
Uvse TT vs-
a,f X

On the ring level we already know by the reduction to affine covers that the morphism
is surjective. This proves that A is an immersion and, of course, it will be a closed
immersion iff its image is closed. [J

Here is a useful criterion for separation:

Proposition 3.21 Let X be an affine scheme and f: Y — X a morphism. Then, f is
separated iff Y is covered by affine opens U, so that
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(1) U, NUp is again affine.
(2) T'(U, N Ug, Oy) is generated by the images of I'(Uy, Oy ) and I'(Ug, Oy ).
Proof. Let A: Y — Y [ Y. The schemes U, [] Us form an affine cover of Y [] Y, where
X X X

U, H Us = Spec(B, ®4 Bg),
X

with B, = I'(U,, Oy) and Bz = I'(Ug, Oy ). We have
AT [T Us) = A7Hpr ' (Ua) Nprz ' (Up))
X

= A pr ' (U)) N A pry H(Up))
= U,NUs.

Therefore, we get maps

A:UsNUs — Us ] Us. (fas)
X

This implies separation iff the map on line (f,5) is a closed immersion for all «, 5. But
then, if A is a closed immersion, the affineness of U, [[ Us implies that U, N Us is affine
X

and the morphism A comes from multiplication. Consequently, its ring satisfies (2), as the
multiplication is onto.

Conversely, assume that U, N U is affine and its ring satisfies (2). Then, the map
Ba & A Bﬁ — P(Ua N Ug, Oy)
is surjective. So, A is a closed immersion. [J

Example 3.3

(1) The affine line A' with the origin doubled. Take two copies of Al say Spec C[T] and
Spec C[S]. Let U; = Spec C[T(1y and U, = Spec C[S](s), and glue them together by
sending T' to S. The result is a scheme X, but X is not separated. To see this, let
U = SpecC[T] — X, it is affine open, and let V' = Spec C[S] — X, it is another affine
open. We have UNV = U; = U,, and U NV is affine, with ring

ClTery = ClS]es)-

We have an inclusion I'(U, Ox) — I'(UNV, Ox) which maps C[T| — C[T,1/T], and
similarly with S. The ring generated by the images is not the whole of I'(U NV, Ox),
and criterion (2) fails.
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(2) Let Y be the affine plane A? with the origin doubled. Check that neither (1) nor (2)
1s true.

Under good conditions on either a morphism or on the schemes themselves, inverse image
and direct image of quasi-coherent sheaves and coherent sheaves are again quasi-coherent
and coherent. Here is a standard proposition in this situation:

Proposition 3.22 Let f: Y — X be a morphism of schemes. Then the following properties
hold:

(1) If G is a QC Ox-module, then f*G is a QC Oy-module.

(2) Assume that X and Y are locally noetherian and G is a coherent Ox-module. Then,
f*G is a coherent Oy -module.

(8) If both X and Y are noetherian, or if f is quasi-compact and separated, and if F is a
QC Oy module, then the direct image f.F of F is a QC Ox module.

Proof. First, note that by Hilbert’s basis theorem, Y is locally noetherian if f is a finite
type (or LFT) morphism and X is locally noetherian.
(1) The sheaf G is locally of the form

0§§>—>O§§>—>g—>o.
If we pull back this sequence back using f, we get
o) — 0 — f*G — 0

on f~YU), for some small open U in X. This implies that f*G is QC.
(2) Locally on X, G has the form

0§§>—>0§§’)—>g—>0,

where p, g are finite, as Oy is coherent, because X is locally noetherian. If we pull this

sequence back, we get
O — 0¥ — g — 0,

which implies that f*G is f.p. on Y. But this implies that f*G is coherent, as Oy is coherent
by the local noetherian nature of Y.

(3) The question is local on X (not Y). Thus, we may assume that X is affine, say
X = Spec A, where A is noetherian. Then, Y = f~(X) is finitely covered by affines U,, as
either Y is noetherian or f is quasi-compact. Look at U, N Ug.

(a) If Y is noetherian then U, N U is a finite union of opens, Uy, for j =1,... 1.



3.3. SCHEMES: PRODUCTS, FIBRES, AND FINITENESS PROPERTIES 193

b) If, instead, f is separated, then U, N Uy is affine, which implies that U, N Uz = U,s
B B B
(in the notation of (a)).

Claim. There is an exact sequence of sheaves

0— £ F — [[(f 1U)(F 1 U) — T](f T Uagj)o(F | Uagy). (+)

0757]'

To se this, pick some open V' C X. Then,

LV, f.F) = T(f7Y(V),F)
LV Ua, (f 1 Ua)eF) = T(f7HV)N U, F)
P(V N Uaﬁj’ (f | Uaﬁj)*F) = F(f_l(V) N Uaﬁj>]:)'

However (U,) is a cover of Y and the U,g; cover U,NUjs. Thus, (x) is just the exact sequence
arising from the fact that f.F is a sheaf. Since U, is affine and f,F is locally of the form
M as a A-module (where M is a I'(U,, Oy )-module), the direct image (f [ U,).F is QC.
Similarly, as the U,g; are affine, (f [ Uap;j)«F is QC. Thus, the two right terms are QC,
which implies that f,F is QC, as the kernel of a map of QC’s. [

Remark: The reader should note that we have not proved a statement to the effect that
f« of a coherent module is coherent. Conditions under which this is true are much more
delicate and the theorem itself is quite a bit deeper (see Theorem 7.36).

Given two schemes X and Y, where Y is a closed subscheme of X, with closed immersion
1Y — X, let
Jy = Ker (OX — Z*Oy)

Theorem 3.23 If X and Y are two schemes, where Y 1is a closed subscheme of X, with
closed immersion 1: Y — X, the sheaf of ideals, Ty, of Ox is QC. Conversely, if § is a QC
ideal of Ox, then there exists a unique closed subscheme, X (J), of X whose ideal is J (in
the above sense). Therefore, the correspondence

Y—)jy

1s a bijection between closed subschemes of X and quasi-coherent ideals of Ox. If X s locally
noetherian, then Jy is coherent.

Proof. The morphism i: Y — X is quasi-compact (DX) and separated (from previous work).
Proposition 3.22 implies that i,Oy is a QC Ox-module. Then, Jy, which is the kernel of a
map of QC modules is also QC. Now, assume that J is a QC Ox-module. Then, Ox/J is
a QC Ox-module, and a sheaf of local rings. Let C' be the support of the sheaf Ox /J, and
look locally on X. We know that Ox_ = Z;, and J, = Qf@, for some ideal, 512, of A,. Thus,

e~

Aa/ma - OXa/jaa
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and o
supp(Aa/Aa) = supp(Aa/Aa),

which is just V(2(,); hence is closed in X,. Consequently, C'is closed in X. Set X (J) =
(C,0x/3J). We get a closed subscheme of X.

Assume now that X is locally noetherian. Then, on some X, the ring A, is a noetherian
ring. Therefore, (Jy), is a f.g. ideal, and thus, Jy is a f.g. submodule of Oy. Since X is
locally noetherian, Oy is coherent, which implies that Jy is coherent. ]

Sometimes, abstract arguments concerning properties of morphisms can help reduce
repetitive proofs in more concrete situations. In the following few pages, we shall use exactly
this kind of labor-saving (though abstract) device. Let P be some property of morphisms of
schemes. Consider the following statements:

(1

Closed immersions have P.
(1') Immersions have P.

2) P is stable by composition of morphisms.

4

)
)
(2)
(3) P is stable with respect to fibred products of morphisms.
(4) P is stable under arbitrary base extensions.

(5)

5) Let f: X =Y and ¢g: Y — Z be two morphisms, and assume that go f has P. If g is

separated, then f has P.

(5") Let f: X - Y and ¢g: Y — Z be two morphisms, and assume that g o f has P, where
g is arbitrary. Then, f has P.

(6) If f has P, then foq has P (where, fioq is the morphism induced by f on the reduced
schemes).

Proposition 3.24 Assume that (1) and (2) (or (1') and (2)) hold for P. Then, (3) holds
iff (4) holds. Assume that (1), (2), (3) (resp. (1'), (2), (3)) hold for P. Then, (5) and (6)
hold (resp. (5') and (6) hold).

Proof. (3) = (4). Assume (3). Now, the identity map, 1, on any scheme is a closed
immersion. By (1), 1g has P for every scheme S. If f has P, then f [] 1s has P by (3).
Y

But the diagram
X—XI]I[S

Y
! fIlls
Y S
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shows that f]]1s is the base extension of f.
(4) = (3). If f, g are given, then

F o= TIvea IT 9.
S

S S

but f [[1and 1 J] g have P by (4). Now, (2) implies that f [] g has P.
S S S

(5) (1,2,3) = (5). Look at T -+ S — %, morphisms of schemes. We have the diagram

T TS
b
v @Hzls

This is a cartesian diagram (DX). The diagonal morphism A is always an immersion and
if S is separated over X, then A is a closed immersion. Let P be the property of being an
immersion or a closed immersion. Then, ((1) or (1’)) and (2) hold, and (3) also holds (DX).
Thus, I', is an immersion or a closed immersion when S/¥ is separated.

Consider X 15V %5 7. Now,

f=prooly.
Assume that g is separated. Then, prs is a base extension of g o f in the diagram
X" _XTJlY
Z

Y.

gof

Z

By (4) and the hypothesis that g o f has P, we get that pro has P. We know that I',, has P
by (1) or (1'). By (2), f has P.

(6) Look at the commutative diagram

X
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Assume that f has P. The vertical arrrows have P since they are closed immersions. Now,
(5) implies that f.eq has P. [

In the course of the above proof, we have also proved:

Corollary 3.25 For every morphism, ¢: X — Y, the graph morphism, I',, is an immer-
sion. If X andY are Z-schemes and Y/Z is separated, then I, is a closed immersion as a
Z-scheme morphism.

We can apply our abstract situation by letting P be any of the properties: LFT, FT,
quasi-compact, locally noetherian, noetherian, quasi-finite, finite, artinian. In these cases,
(1) and (2) hold for P, and (3) also holds. Therefore, (4), (5), and (6) also hold for P. More
is true when P is the property of being separated. In this case, (1), (1’), (2), (3) hold, and
thus, (4), (5), (5), (6) also hold. However, the converse of (6) is in fact true in this special
case:

Corollary 3.26 A morphism of schemes f is separated iff freq is separated.

Proof. 1If f is separated, we have already showed that f..q is separated.

Conversely, assume that fi.q is separated. Look at the diagram

X red fred Y;"ed
X Y.

Going around the top implies that f o (X,eq < X) is separated. But X, — X is a
homeomorphism of |X,eq| and | X|. Thus, we get the result. [

Even more is true. Let X and Y be schemes and let f: X — Y be a morphism. Assume
that |X| is a finite union of closed subspaces, |X|;, and give |X|; the reduced induced
structure. We get a closed subscheme, Xy, of X, with |X;| = |X|x. Assume further that
|Y'| is a finite union of closed subsets, Y|z, make Y} similarly, and assume that there are
morphisms f [ Xi: Xi — Y (we are assuming that the number of | X|; and |Yj| is the
same).

For example, we might take X to be a noetherian scheme, and the |X|; to be the irre-
ducible components of X, and similarly for Y. Write f; for f [ Xj.

A scheme is called integral if it is reduced and irreducible. The name arises from the

affine case, X = Spec A, for then, X is integral iff A is an integral domain (DX).

Proposition 3.27 Under the above set-up, f is separated iff the fr are separated for all k.
Hence, separation can be checked for integral schemes.
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Proof. Assume that f is separated. We have the commutative diagram

T

Xk Yi
X Y.

The lefthand side vertical arrow is a closed immersion. This implies that it is separated
and thus, going around the bottom is a separated morphism, which implies that the map
X, — Y wvia the top is separated. But Y, — Y is a closed immersion, hence is separated,
and thus, f; is separated, by (5).

Conversely, assume that every f, is separated. Going around the top, since f; is sepa-
rated, the map X, — Y is separated. But,

prit(Xe) 0 Axy (|X]) = Ax, v (1 Xk),
hence

Axyyv(1X]) = | Ax v (IXK]).

k=1
However, Ax, /vy (| X|) is closed (as fj is separated), so we find that A,y (|X|) is closed. O

We are now in the position to answer the question: Where are the varieties among the
schemes?

Let X be a k-variety (use a field Q O k which is algebraically closed and of infinite
transcendence degree over k). Then, the following properties hold:

(1) X is a scheme over the field k, i.e., there is a scheme morphism X — Spec k.
(2) X is locally finite type over Spec k.

(3) X is reduced (which means that the rings Ox , have no nilpotents for all z € | X|).
We also have the k-scheme, Spec €2, and we get
X(Q) = X (Spec ) = Hom ;_gchemes (Spec 2, X).
The following proposition is not hard to prove and is left as an exercise.

Proposition 3.28 Let FFT,oq(k) be the category of schemes over Speck satisfying (1), (2),
(3), as above. Then, the functor
X — X(Q)

is an equivalence between the category FE T eq(k) and the category of algebraic varieties over

k.
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Remark: The only slightly tricky thing is to check the correspondence between morphisms,
but here, the definitions given in Chapter 1 were explicitly designed to make this checking
easier.

Given a field, k, say that X is a generalized algebraic variety over k, if X is obtained by
gluing schemes of the form Spec(k[X7, ..., X,,)/%a), where 2(, is not necessarily a radical
ideal, i.e., we allow nilpotents in rings of generalized varieties.

In keeping with the above point of view of schemes as generalizations of varieties, we can
examine LFT-morphisms. Say f: X — Y is an LFT morphism. For any y € |Y|, look at
the fibre

X, =X H Spec k(y).
Y

Note that X, is LFT over Spec x(y). Therefore, X, is a generalized algebraic variety over
k(y). Thus, an LFT-morphism is exactly an algebraic moving family of generalized algebraic
varieties over fields x(y), parametrized by Y.

3.4 Further Readings

Schemes were invented by A. Grothendieck in the late fifties. The first extensive presentation
of the theory of schemes appears in Volume I of the Elements de Géométrie Algébrique [22],
and then in slightly revised form in [30]. The legendary Elements de Géométrie Algébrique,
known as the “EGA’s,” was A. Grothendieck’s grand project (with the collaboration of Jean
Dieudonné) to rewrite the foundations of algebraic geometry in a monumental treatise in
twelve chapters. In fact, only the first four chapters were written over a period of eight
years (Grothendieck and Dieudonné [22, 30, 23, 24, 25, 26, 27, 28, 29]), comprising a total
of 1914 + 466 = 2380 pages! The material in our Chapter 3 can be found in EGA T [22],
Chapter I, and in its revised and expanded version EGA Ib [30] (Chapter I). This material
is also discussed extensively in Hartshorne [33], Chapter II. A more informal presentation of
schemes can be found in Mumford [43], and more leisurly treatments are given in Eisenbud
and Harris [15], Ueno [56], and Shafarevich [54]. Danilov’s survey [11] also contains a nice
and intuitive introduction to schemes.



Chapter 4

Affine Schemes: Cohomology and
Characterization

4.1 Cohomology and the Koszul Complex

In this section, we begin the study of cohomology over an affine scheme. Most of these results
originally appeared in Serre’s FAC [47]. On (L)RS’s, we have three categories of sheaves,
each contained in the next:

1. QCMod(X) = the category of quasi-coherent Ox-modules.
2. Mod(X) = the category of Ox-modules.

3. Ab(X) = the category of sheaves of abelian groups.

Every topological space is a ringed space, with sheaf of rings, Oy, the locally constant
sheaf, Z, of integers. For this situation, Mod(X) = Ab(X).

Assume that X is a ringed space and that | X| has two topologies |X|; and |X|s, and
further assume that | X |y is coarser than | X|; (recall, this means that every open of |X|s is
an open of | X|;). Equivalently, the identity id: | X|; — | X |2 is continuous. We would like a
ring map Oy, — id,Oyx,. Here are two examples:

Example 4.1

(1) Say that | X|s is X with the Zariski topology, and |X|; is X with the norm topology
(X is supposed to be a scheme over the complex numbers). Then, Oy, is the ordinary
sheaf of germs of functions, and Oy, is the sheaf of germs of holomorphic functions (in
the analytic sense).

(2) Assume that | X, is coarser that |X|;, and that Ox, = Z. Then, id: | X;| — |X3
is continuous, and we have a map Oy, — ,Ox,, no matter the sheaf Ox,. The

199
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categories Mod(X) and Ab(X) have enough injectives for every X. If id.(F), where
F is injective, is acyclic, then there exists a spectral sequence (Leray, 1945)

HY(X, R%d,F) = HY (X, F)
converging to Hy (X, F), for every sheaf F on | X]|;.

If we are in the first situation of Example 4.1, where X is a scheme, then the Leray
spectral sequence exists. If further, our spectral sequence degenerates for F, i.e.,

R%d,F = (0) for all ¢ > 0,

we say that the Zariski topology computes the “correct” cohomology of F (Recall that
RY%d,F is the sheaf associated to the presheaf

Uw— H{(U,F),

where U is a Zariski open).

When we have degeneration, we get the edge isomorphism

HP

Zar

(X,id.F) = H?. (X, F) forallp >0,

norm

i.e., we get the following comparison theorem:

H) (X, F | Zar) = HP (X, F),

norm

where, of course, F [ Zar is another notation for id,F. On the right, we have the “correct”
cohomology of F, and so cohomology in the Zariski topology indeed computes the “correct”
cohomology of F. This is one of Serre’s theorems, from GAGA [48]. For a scheme over
Spec C (perhaps quasi-compact) and F a quasi-coherent analytic Ox-module, the spectral
sequence does degenerate.

As in Appendix B, there is also Cech cohomology, which even works for preshaves. Again,
as in Appendix B, there is the spectral sequence of Cech cohomology

EYT = HP(X,HY(F)) = H*(X,F) if Fis a sheaf.
Remember that
(a) H%(F) is the presheaf given by
Uw— HYU,F),
in the sense of derived functor cohomology.

(b) H°(F) = F, because F is a sheaf.



4.1. COHOMOLOGY AND THE KOSZUL COMPLEX 201

Frequently in a short exact sequence, cohomological properties of the lefthand term have
a profound effect on the situation. Here is a case in point:

Proposition 4.1 Let F be a sheaf on a ringed space X. The following statements are
equivalent:

(1) HY(X,F) = (0).
(2) H'(X,F) = (0).
(8) Given G and G" in Ab(X), suppose that 0 — F — G — G” — 0 is exact, then

0 —T(F) —T(G) —T(G") — 0 s also ezact.

(8a) Statement (3), but this is true for F, G, G" being Ox-modules.

Proof. (1) = (2). From the spectral sequence of Cech cohomology, we get the edge sequence
0 — HY (X, H(F)) — HY(X,F) — ...

However, H°(F) = F and (1) implies that H*(X, F) = (0), and thus, H (X, F) = (0).

(2) = (3). We are given an exact sequence
0—F—G—G" —0

in Ab(X). Cover X by opens U,, so that s € G"(X) = ['(X,G"), when restricted to each
U, lifts to a section t, € I'(U,, G), which is possible, by exactness. On U, N U, we have the
cochain g,3 = t, — tg. In fact, g, is a cocycle in F, as g,3 goes to 0 in G”. Refining the
cover, we may assume by (2) that g, = us — ug, where u, € I'(U,, F) and ug € I'(Us, F).
Thus,

ta —tg =uq —ug on U, NUpg,

and it follows that
ta—ua:tﬁ—UB on UaﬁUg.

Therefore, t, — u, patch to a global section ¢ € G(X). Moreover, ¢ goes to s in G”, as u,
goes to 0 for all a. Thus, G(X) — G"(X) is surjective, and since I is left exact, (3) holds.

(3) = (1). Take @ to be some injective sheaf containing F (which exists, since Ab(X)
has enough injectives). Let G = @ and G” = Coker (F — @)); we have the exact sequence

0—F —G—G" —0.
Make the (long) cohomology sequence

0 —I(F) —TI(G) —TI'(¢") — HYX,F) — H'(X,G) = (0),
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with H'(X,G) = (0), since G is injective. By (3), we get (1), namely H'(X, F) = (0).

Of course, (3) always implies (3a). Now, if F is an Ox-module, we can repeat the
argument that (3) implies (1) with @ an injective Ox-module containing F, and thus, (3a)
also implies (1). O

We can apply Proposition 4.1 immediately viz:

Proposition 4.2 Let X be an affine scheme and F a QC Ox-module. Then
HY (X, F)=(0), and thus, all of (1)-(3a) of Proposition 4.1 hold.

Proof. By Yoneda’s lemma, we know that H'(X,F) is isomorphic to ExtéX(OX,]:), ie.,
isomorphic to extension classes of Ox-modules

0—F —>G— 0O0x —0. (1)

Given s € I'(X, Ox), there is some open cover (U,) where s, = s [ U, lifts to a section
to € I'(U,, G). Pick s = 1. Then, we have t, € I'(U,, G), and t, goes to 1 in I'(U,, Ox). But
t, corresponds to a map ¢,: Ox [ U, — G | U, so that

Therefore, the sequence
0O—F|U,—G|U,— Ox | U, — 0 is exact,
and our remarks imply that it splits. Thus,

Gl Us=F[Us[]Ox I Vs

Now, F = M and Ox = A for some module M and some ring A, which implies that

Gl Us=(M]]A) I U,

and thus, that G is quasi-coherent, since X is affine. Consequently, G = N for some module
N, and (1) implies that

00— M — N —A—0 isexact.

Since A is free, this last exact sequence splits, which implies that (f) splits. Therefore, the
cohomology class of (1) is null, and H'(X, F) = (0), as desired. (O

Remark: We have not proved that H?(X,F) = (0) for all p > 0 and for every QC Ox-
module F (X being affine), because to do so is not a purely categorical matter. It mixes
resolving F by arbitrary injective O x-modules and the quasi-coherence of F itself. A module
which is quasi-coherent and injective in the category of QQC-modules need not be injective
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in the larger category of all modules. Since we wish to prove that H?(X, F) = (0) when X
is affine, p > 0, and F is a QC Ox-module, we must go around this difficulty. There are
several methods available and we choose to use the Koszul resolution because that complex
is important in its own right and because the method is perfectly general. As so, we digress
to matters of pure algebra:

Let A be a ring and M a module over this ring. The Koszul complex is defined with
respect to any given sequence (fi,..., f.) of elements of A. We write

?:(flu---vfr)'

Form the graded exterior power A® A”. We make A® A" into a complex according to the

following prescription: Since
° r k
A4 =TIAA"
k=0

it is a graded module, and we just have to define differentiation. Let (ey,...,e,) be the
canonical basis of A", and set

0
dej = fe \A =4,
then extend d to be an antiderivation. That is, extend d via
dlaAB) =da A B+ (—1)%a Adp.
For example,
d(e; Aej) = fie; — fiei,
and
dle; NejNep) = de;Nej) Nep+ (e Nej) Adey
(fiej — fied) Ner + frlei Aejy)
= fi€iNejNex— fiei N Nex + frei Aej A ér,

where, as usual, the hat above a symbol means that this symbol is omitted. By an easy
induction, we get the formula:

t
dlei Ao New) = 31 e Ao NG A Ay,
j=1

We denote this complex by K .(?), i.e., it is the graded module A® A" with the antiderivation
d that we just defined. This is the Koszul complex.

Given an A-module M, we can make two Koszul complexes for the module M, namely:

KT M) = K.(F)®aM,
K (7, M) = Homa(K.(F), M).
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We can take the homology and the cohomology respectively of these complexes, and we get
the modules

Ho(f,M) and H*(f, M)

For the cohomology complex, we need the explicit form of §. Now,

t
K'(f. M) = Hom4(\ A", M),
and the family of elements of the form
e, N Ne, With1§i1<7:2<...<’it§7’,

is a basis of A" A”; thus, Hom 4(A\" A", M) is isomorphic to the set of alternating functions,
g, from the set of ordered increasing sequences (iy,...,%) of length ¢ in {1,...,r} to M.
Thus, the coboundary ¢ is given (on elements g € Hom 4(A" A", M)) by

t+1

(69) (i1, deer) = D (=17 fiyglin, o igy ).

Jj=1

We have HO(f, M) = Z2°(F, M) = Kerd. (Note that K°( f, M) = M, via the map
g — ¢g(1).) Then,
og(e:) = fig(1) = fim,
so 0 f = 0 implies that f;m = 0 for all <. We find that
HO(F M) = {meM | 2%m =0},

where 2 is the ideal generated by {fi,..., f.}. Also, it is clear that
H(F,M)=0 ift<Oort>r

Let us compute the top cohomology group H ’"(?, M). We have
2°(f M) = K*(f, M) = Hom 4 (\ 47, M) = M,

via the map g — g(e; A -+ Ae). Now, Imd,_y = B’"(?,M), but what is B’"(?,M)? If
g € KT_1(7, M) is an alternating function on 4y, ...,%,._1, then

T

Srg(L, ) = (Grag)er Ao Aey) = (=17 fig(1,. g, r).

J=1

Therefore,
B = fiM+- -+ fM,
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and we find that
H(F, M) = M/(fiM +---+ f.M) = M/2AM.

It is important to connect the Koszul homology and cohomology wvia the notion of Koszul
duality. This is the following: Consider Kt(?, M), an element of Kt(?, M) has the form

h:Zeil/\---/\eit®zi1m,~t, where 1 <4y <9 < ... <17 <.

We define a map (the duality map)

0: K,(F, M) — K(f . M)
as follows: Pick 71 < jo < --- < j,_¢, and set
Oh)(Ju, - - - Jr—t) = €Ziy.ivs
where
() iq,...,14; is the set of complementary indices of ji, ..., j._; taken in ascending order,
(B) € is the sign of the permutation
(1,2, ...,r) 0= (1, ooyl J1s e v Jret)s

where both 7, ...,7; and jy,...,j,_; are in ascending order.

We find (DX) that
©(0h) = 0O(h),

where 0 is the obvious map induced on H.(?, M) by d on H.(?). So, the isomorphism,
0, induces an isomorphism

H( . M)y=H(f, M) foralt>0,

which is called Koszul duality.

We need one more definition to exhibit the main algebraic property of the Koszul complex.

Definition 4.1 The sequence ? = (f1,..., fr) is reqular for M if for every i, with 1 <i <r,
the map

is an injection of M/(fiM + ---+ fi_1 M) to itself.

Proposition 4.3 (Koszul) Let M be an A-module and let ? be a reqular sequence of length
r for M. Then, Hi(?,M) = (0) if i #£r.
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Proof. By Koszul duality, we have to prove that Ht(?, M) = (0), for all t > 0. We proceed
by induction on r. For r = 0, there is nothing to prove and the proposition holds trivially.

Let 7 = (f1,..., fr—1), and write L, = K.(?, M). Note that 7 is regular for M. By the
induction hypothesis,

Hy(f M) = Hy(L) = (0) forall p> 0.

Let A f
if t = 07 17
K, = (Kt(fr)) = { (()) otherwise,

a complex with two terms. The differentiation, d, is given by
de = fr,
where e = 1 in A = A'. Now, make the complex
Ko ®4 L.

(Recall that if Cy and D, are two complexes of A-modules bounded below by 0, then Cy® D,
is the complex defined by

(CQ®D0)1‘,: H CZ®D]7
i+j=t

and in which differentiation is given by
d(a® ) = de, (@) ® B+ (-1)"***a @ dp,(5)).
The reader should check that
Le@a Ko = KJ(F,M).

(The reader should also check that, in general,

K(f) = Kf)) @ @ K.(f,).)

Claim. For every p > 0, there is an exact sequence
0 — Ho(Ke® Hp(La)) — Hy(Ko ® Ly) — Hy(Ke ® H,1(Ls)) — 0. (%)
First, assume the claim. If p > 2, then p — 1 > 1, and so,
Hy1(Ls) = Hy(Ls) = (0).

Thus,
Hy(Ku® La) = Hy( . M) = (0) forp=>2.
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When p = 1, we have Hi(L,) = (0), and the exact sequence (k) yields

H\(f M) = Hy(K. ® Ho(Ly)).
By Koszul duality,
Hy(Le) = H' (L) = M/(HiM + -+ + frma M),

and
H\(K,® Hy(L,)) = H(K, ® Ho(L,)).

Now, the latter module is the kernel of multiplication by f. on M/(fiM + --- + f._1M),
which, by the assumption of regularity, is zero. We obtain
m(f . M) = (0).

It only remains to prove our claim. There are two proofs of a general cohomological
lemma establishing that () is exact.

Lemma 4.4 Let K, be a complex of A-modules, and assume that
(a) K;=(0) ifl#0 orl#1, and
(b) Ko and Ky are free A-modules.
Then, for any complex, Lo, of A-modules, we have (%) for all p.
The first proof uses the general homological Kiinneth formula, since the modules are free
(see Godement [18], Chapter 5, Section 5): There is a spectral sequence with E2-term
Epy = Hy(Ke ® Hy(Ld))

which converges to He(K, ® L,). On its lines of lowest degree, this spectral sequence gives
the “zipper sequence” ().

The second proof proceeds as follows: Make the complexes Ky and K7, in which K; has
one term of degree ¢ and d is the trivial differentiation. By freeness, we have the exact
sequence of complexes

00— Kiy® Ly — Ke ® Ly — K1 ® Ly —> 0.

From this, we get the long exact homology sequence:
— Hyy (K1 ® Lo) -5 Hy(Ko ® L) — Hy(Ku ® La) — Hy(Ky ® L) — « - -

However, we have:

H, (Ko ® L) = Ko ® Hy(Ld)

and
Hp(Kl & Lo) = Kl ® HP—I(L’)’

and 0 = dg ® 1. Therefore, we get (x). [
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4.2 Connection With Geometry; Cartan’s
Isomorphism Theorem

Having understood the Koszul complex in the abstract, let us apply it to the computation
of cohomology in geometric situations. To do this, first take another sequence (g, ..., g:)

and make .
fa=(figr, - frgr)
I claim that the map
Ko(f3) — Ko(7)
induced by the map
o5 (&, &) = (910, -, 9060)

is a chain map. From ¢—, we obtain the map

o A

namely,
eil/\~-~/\eit l—>gi1-~-gitei1/\-~-/\eit.
Now,
t
dﬁ;(eil A A 6it) = Z(_l)j_lfijgijeil FANRIEIRIVAN é; FANKIEIIAN €3,

j=1

and
S07(df_g>(6i1/\"'/\eit)) Z J 1fzj G, - .git)eil/\.../\g;/\...

t

— (gil...git)Z(_:[)j_lfijeil/\.../\57;/\...

j=1
(gil .. 'git>d7>(€i1 VANRIIRIAN eit)
= d=z(pgpleg A Neyy)),

as contended.

=)

Pick s, t such that 0 < s < t, if we write

o Kul(TD) — Ko ()
However, what we really need is the cochain complex map

Py (M) K, 0) — K2 M),

N €i,

A eit

= (ff,..., f?), then we get a map
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which gives us an inductive system of cochain complexes. Therefore, we can take the induc-
tive limit

lim (/7 01),

which we denote by C'((?), M). Now, taking an inductive limit is an exact functor, and
%
therefore, hﬂ commutes with cohomology, which implies that if we denote by H*(( f ), M)

the cohomology of C’((?), M), then

H'((?),M) = lim cohomology of K'(?,M)

t

e

= lim H*(f*, M).
t

For the applications to geometry, the acyclicity of our complexes is an essential feature.

This acyclicity follows most readily from the construction of a “contracting homotopy.” It

is to this construction that we now turn: Pick some g¢;, with ¢ = 1,...,r, and consider the

map
B, Ko ) — KoJ(F),

E, (2) = (Z gjej> A z.

defined via

In particular, we have

Ey(ep) = (Z 9j€j> Nep =D gile; Aey).
j=1 j=1

Observe that in each degree, E, raises degrees by one. Look at do E, + E,od, where d is one

of the differentials d? for some sequence ? For example, look at the effect of this map on
ep. We have

(do Ey)(ep) =d (Z gilej A e,,)) - Z gi(fiep — frei),

and .
(Egod)(ep) = Ey(fp-1) = frEy(1) = fp (Z gjej) :
j=1
Thus, we have

(do Ey+ Egod)(ep) = (Z gjfj) €p;

=1
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which means that
_>
f

doE,+ E,od= <Zgjfj) id on Ki(f).

J=1

Of course, the reader should now realize that

doE,+ E,od= <Zgjfj) id on Kt(?) for all ¢t > 0.

J=1

Consequently, if there exist gq,..., g, so that

Zgjfj = 17
j=1

then,
doEy+ Eyod=id,

and so, Fy is the required contracting homotopy. This yields the following proposition:

Proposition 4.5 If (f1,..., f.) generate the unit ideal of A, then for all modules M, the
complezes

KD, K, m G, e, )
have trivial (co) homology in all dimensions, even 0.

(Note that if f1,... f. generate the unit ideal, then ff ... f! also generate the unit ideal.)

The applications to geometry of the Koszul complex follows by its connection with Cech
cohomology. The set-up is as follows: We have a scheme, X, and a sheaf, F, of Ox-modules
which is QC, and we let A =T1'(X,Ox) and M =T'(X, F).

Pick fi,..., fr € '(X,0x) = A, and write Xy, for the open in X where f; # 0.
@ Beware that X, need not be affine.

Let .
U= U ij’
j=1

and write {U; — U} for the covering of U by the U; = X;,. We also need a finiteness
hypothesis on X:

Definition 4.2 A scheme X is nerve-finite if the following conditions hold:
(1) For all affine opens U,V of X, the open U NV is quasi-compact.

(2) The scheme X is covered by finitely many affine opens U,,.
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Important nerve-finite schemes are:

(1) Those whose underlying space, |X|, is noetherian: i.e., |X| has the DCC on closed
subspaces.

(2) Those whose underlying space, | X]|, is quasi-compact and for which X is separated.

We can augment Theorem 3.8 (the characterization of quasi-compact sheaves on affine
schemes) to those schemes which are nerve-finite by effectively repeating the relevant parts
of its proof-since the proof of Serre’s conditions in that theorem use only nerve-finiteness.
This yields the following proposition whose proof we leave to the reader:

Proposition 4.6 Let X be a nerve-finite scheme and let F be a QC Ox-module. Then, for
every g € I'(X,Ox) = A, the following properties hold:

(a) Ifc e I'(X,F) and o | X, =0 in I'(X,, F), there is some n > 0 so that g"o = 0.
(b) Given o € I'(X,, F), there is some n > 0 so that g"o lifts to a section s € I'(X, F).

(¢c) T'(X,, F) =M, (recall, M =T'(X,F)).

Take a nerve-finite scheme, X, with a quasi-coherent sheaf, F, and let A and M be as
above. Define

t
Uip..io. = Xfio“‘fit = m Xfij7
j=1

by Proposition 4.6(c),
F(Uio---iwf) = Mfio"'fit'

Observe that we can define My, ..r, as an inductive limit. Namely, set M (M) = M for all
n > 0, and write
o MM — M)

for the map
5 = (fio.fi1 s fit)n_mg'
We map M™ to My, .1, via

it

&
(fiofil e ’fit)n’

&

then, one easily sees that

—

My .g,, = (M, 57)
Let C?(M) denote the set of all alternating maps, g, such that

g: (io,...,ip)HM("), where 1 <ip < ... <1, <7,
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We have the isomorphism

CP'({U; — U}, F) = lim C1 (M),

since the lefthand side consists of alternating maps to I'(U;, N+ --NU;,, F) = My, ...j,,, which
is just the righthand side. However, there is a bijection between the collection of alternating
maps from (p + 1)-tuples, (ig,...,4,) to M™ and maps from the wedges e;; A -+ - A e;, to
the same module M (™. Consequently, we find a bijection

Cr(M) — K7 (FF ),

e
which takes the map ¢!, to multiplication by f" ™. Thus, we get the isomorphism

CP({U; — U}, F) = lim C2(M) = lim KP*1(F%, M) = K7*((f), M),

n

This is a chain map. From this map, we obtain the following proposition due to Serre (see
FAC [47]):

Proposition 4.7 If X is a nerve-finite scheme and F is a QC Ox-module, and if we choose
fi,- o fr mn (X, Ox) and write Uy = Xy, and U = Uz U;, then:

(1) There is a chain isomorphism
CP{U; = U}, F) = KPH((?), M) functorial in F,
where M =T'(X,F),
(2) There is an isomorphism
HY{U; - U}, F) = HpH((?), M) for all p > 1, functorial in F,
and finally,

(8) There is a functorial exact sequence
0 — H((F), M) — M — H'({U; = U}, F) — HY((f), M) — 0.

Proof. Assertion (1) is exactly what was proved above.

For (2), consider the following diagram (for p > 1)

I {U; = Uy —— K2((T), M)

5 p

Cr({U; = U}, F) —=—= K»1((F), M)

k) dp+1

CPH({U; — U}, F) == K72((F), M).
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By (1), it is commutative, and so, (2) follows.

(3) For p = 0, we get the diagram

KO((F), M)

do

CO{U; — U, F) == KX((f), M)

5 d1

CL{U; - U}, F) === K2((F), M),

However,
H{U, = U}, F) = Kerd = Kerd, = 2*(( [ ), M),

and we have the exact sequence

0— BY((F), M) — 2((F), M) — H'((T), M) — 0,

by definition of cohomology. Thus,

0— BY((T), M) — H'{U, = U}, F) — H'(F),F) — 0 is exact.

Now,

0 — Kerdy — K°((F), M) < BY(F), M) — 0, is exact,

and Kerdy = Z29((f), M) = HO(f), M), while K%((f), M) = M. The desired result is

obtained by splicing the two exact sequences. [

Remarks:

1. Later on, we will see that Hp((?), M) depends only on the ideal, 2, generated by
fi,.-., fr- If X is affine and Y is the subscheme V() = Spec(A/2l), then this coho-
mology is just Hy (X, F), the so-called local cohomology of X in F along Y.

2. All the functors H.(?, M), H'(?, M), H'((?), M), are é-functors.

Having established that the limiting Koszul cohomology is just the Cech cohomology
of the covering {U; — U}, we now need a result due to Henri Cartan to make the final
application to the (derived functor) cohomology of affine schemes. This comes about by
relating Cech cohomology to the derived functor cohomology. As usual, we have the Cech
cohomology spectral sequence, denoted SS:

EPI = AP (X, HI(F)) = H*(X,F),
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Figure 4.1: The second level of a spectral sequence

where X is a ringed spaced and F is a sheaf of abelian groups. Recall that H9(F) is the
presheaf defined by

LU, HYF)) = HUU,F),

where H?(U, F) is the cohomology of F on the open set U defined via derived functors,
resolutions, etc.

Consider our spectral sequence whose second level is illustrated in Figure 4.1. Observe
that Kerdy® = Z0° = EP°. Thus, we get the surjection

H(Ep") — E°.
If we repeat this argument with ds, dy, etc., we deduce that there is a surjection
EYY — EPY — 0.
We know that H" (X, F) is filtered by subgroups H" (X, F),, and
HY(X,F) = H'(X, Fo 2 H'(X,F)1 2 - 2 H'(X, F), 2 (0),
because E?" P is isomorphic to H" (X, F),/H" (X, F)y+1 and ER"P = (0) if p > r. If we set

p=r, we get
E’ > (X, F), — H' (X, F).

Thus, we get the canonical map from H" (X, F) to H"(X, F) given by the composition
o'(X,F) = H'(X,H(F)) = B — B — H"(X, F).

This map is neither injective nor surjective in general.
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Lemma 4.8 Let X be a ringed space and G be a presheaf of abelian groups on X. If the
sheaf, G*, generated by G is zero, then

C°(X,G) = H(X,G) = (0).

If F is any presheaf of abelian groups, then the presheaf H1(F) generates the zero sheaf if
q > 0. Thus,

Ey? = HY(X,HI(F)) = (0) for all ¢ > 0.

Proof . Tt suffices (for the first statement) to prove that C°(X,G) = (0). Pick ¢ € C°(X,G).
Then, there is an open cover {U, — X} and ¢ arises from this cover. For each x € X, we
have

by hypothesis. Hence, if x € U,, there is some open, V, C U,, with x € V, such that
£ [ Vi = 0. Therefore, as the cover {V,, — X} refines {U, — X}, and as § = 0in {V, — X},
we find that £ =0 in C°(X, G).

Recall that H?(F) is the presheaf given by
Uw— HYU,F),
where U is any open subset of X. Now, we have the Godement canonical resolution
0— F —CUF)— CHF) —---, (%)
which is obtained by an inductive construction where we begin with the exact sequence:
0 — F — C°(F) — Coker "(F) — 0.

Here, C°(F) is the sheaf whose sections over an open U consists in [],.; Fz. Of course,
Coker °(F) is the cokernel presheaf arising from of the injection F — C°(F). Next, one
repeat the above with F replaced by Coker °(F) and sets C''(F) = C%(Coker °(F)), and so

on. Therefore, for any p > 0, we have

T~ >~

Coker P~ (F) Coker ?(F)

s S

Ccr— 1 (f) ) Cp-l—l )
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Applying the functor I'(U, —) to the Godement resolution (x), we get a complex whose
cohomology is H*(U, F). The diagram

0 \ 0 \
Coker =L F(U) Coker? F(U)

T o

CrF(U) CrHLE(U)

dr—H(U)

Cr1F(U)
and the left-exactness of I'(U, —) shows that
ZP(U,F) = Coker P"' F(U).
But the map
CP~HF) — Coker?~*(F)

is a surjection of sheaves, which means that if z € ZP(U, F), there is a covering of U by
smaller opens, V,, and z | V, comes from CP~Y(F)(V,), for all a. Hence, z | V, is a
coboundary: And so, each & € HP(U, F) goes to zero in some HP(V,, F), for suitably small
V. It follows that HP(F) = (0) for all p > 0 (note the analogy with the Poincaré lemma).
The last statement of the lemma follows from the first. [

We are now ready to prove the Cartan isomorphism theorem (1951/1952).

Theorem 4.9 (Cartan) Let X be a ringed space and F be a sheaf of abelian groups on
X. Assume that X has a family, U, of open subsets, which cover X, and which satisfy the
following conditions:

(1) IfU,V €U, then UNV €U.

(2) The family, U, contains arbitrarily small opens. That is, for every x € X and every
open subset, U, with x € U, there is some open V € U so that x € V C U.

(8) For allU € U and all p > 0, H?(U, F) = (0).

Then, the canonical map

H"(X,F) — H"(X,F)
s an isomorphism for all n > 0.

Proof. We begin with the following claim:
Claim. It U € U, then for all p > 0, the canonical map

HP(U,F) — HP(U,F) is an isomorphism.
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Assume that the claim holds. Then, condition (3) implies that for every U € U,
HY(U,F)=(0) forallg>0.

By (2), the groups C?(X,G) can be computed by using coverings and taking direct limits
chosen from Y. However, by (1) and (3),

CP(X,HYF))=(0) forallp>0andallqg>D0.

This is because

C*({Us = X} HUF) = [ HUF)Usyn-- NT,)
QO .y ap

= ][] #H'WUun---NU,,, F),
QQ,eeey ap

where ay, ..., a, are distinct, and by (1), Uy, N---NU,, € U, s0 by (3),
HY Uy NN Uy, F) = (0).
Thus, we get in the spectral sequence (SS),
EY? = HP(X,HY(F)) = (0) forall p>0 and ¢ > 0.
The spectral sequence degenerates, and
EPY = HY(X,F) — H™(X,F) is an isomorphism for all n > 0.

It remains to prove the claim.

Note that as a consequence of Lemma 4.8, we get the isomorphism

H?(X, F) = H?(X, F)

for p=0,1, and )
H*(X,F) — H*X,F)

is injective. Indeed, for p = 0, this is a tautology. Write the edge sequence
0— B — H' — B0 2, 520 |2,

and observe that ES' = (0), by Lemma 4.8; so, E;” = H' and E2° — H? is injective.

We now prove the claim by induction on p. The cases p = 0, and p = 1 have just been
verified. Assume that

HY(X,F)= HY(X,F) for0<qg<mnandforal UeclU.



218 CHAPTER 4. AFFINE SCHEMES: COHOMOLOGY AND CHARACTERIZATION

q:né (@) O @) @) @)

£y’
Figure 4.2: The F5 terms of a lacunary spectral sequence
We may also assume that n > 2. Pick U € U, and apply the spectral sequence for X = U.

The open set U inherits a family U', whose opens are the form U NV, with V' ranging over
U. Look at CP(U, HI(F)) for 0 < ¢ < n. This is the direct limit over covers (U,) from U:

lim C*({Us NU — U}, HI(F))
ie.,
limy I #*Ua - Us,nU.F).
By (1), Uy N---NU,, NU €U’, and
HYV,F)= HYV,F) forall q, with 0<q<n,
where V = U,, N---NU,, NU €U'. By (3), the group H9(V, F) vanishes. Thus,

CP(U,HY(F))=(0) forallp>0and0<q<n.

Therefore, )
EP? = HP(U,HY(F))=(0) forallp>0and0<q<n.

Consider the lacunary spectral sequence whose second level is illustrated in Figure 4.2.
The hypotheses imply that
n,0 n,0 n,0

The same argument shows that
Ey® = H(Ey") = By,
and this holds up to level r = n. Thus,

n70 o n,O
EM0 = EDO,
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qg=mn (@) O @) @) @)

EnO Eno

Figure 4.3: The E, terms of a lacunary spectral sequence

Now look at the E,,; terms. Note that d,,; operates on F_ +1 to get to ngl. However
E, " = (0), and thus
End = B3,
which implies that
EX = By
Look at the E,, terms. We know that E5? = (0) if ¢ > 0, by Lemma 4.8. Thus,

E% = (0) if ¢ > 0.

The oo level of our spectral sequence is illustrated in Figure 4.3. On the line p + ¢ = n,
we get
EPP =(0) if0<p<mn,

and E™0 = E"O by what we already proved. But, H}/H},, = EL""P = (0), so

P+1

H"=H} =H!=---=H"'=E"* = Ey° > (0) = H",,.
Therefore, Ey° = H™, that is,
H™(U,F)= H"(U,F).

The induction is completed and with it, the theorem. ]

4.3 Cohomology of Affine Schemes

Having investigated both homological methods and their applications to geometry in the
previous sections, we can now reap the consequences in the important case of affine schemes.
First, we use Serre’s proposition (Proposition 4.7) to get the following:
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Proposition 4.10 Let X be a nerve-finite scheme and let F a QC sheaf of Ox-modules,
with global sections fi,..., f. € I'(X,0x), and write M = T'(X,F). Assume the following
conditions:

(1) Each Xy, is a quasi-compact open (1 <i <r).

(2) There exist g1, ...,g, € I'(U,Ox) so that
Zgi(f,- [U)=11U, whereU =J;_, Xy,
i=1

Then,

(1) H*({Xy, = U}, F) =(0) if p> 0,
and

(2) If X = U, then the map M =T'(X,F) — H°({U; — U}, F) is an isomorphism.

Proof. Since the Xy are quasi-compact, the open U = U;Zl Xy, is also quasi-compact.
Thus, we can reduce to the case where X = U, and where (2) is trivial. By Proposition 4.7,

HY({Xy, = UL F) = H*N(]). M), forg > 1.
Then, by hypothesis (2) and the Koszul complex, the righthand side is (0). Thus,
HY({Xy, = U}, F)=(0) forallp>0,
as claimed. [J
Here the first main result on the cohomology of an affine scheme.

Theorem 4.11 (Vanishing theorem for affines) Let X be an affine scheme and F be a QC
sheaf of Ox-modules. Then,

HYX,F)=(0) forallq> 0.

Proof. In Cartan’s theorem (Theorem 4.9), take U to be the family of all affine opens of
the form Xy, where f € I'(X,Ox). These open sets form a basis of the topology, and
XsNX, = Xy, so that conditions (1) and (2) of that theorem are satisfied. Now, if we knew
that

HP(X;, F)=(0) forp>0and all f,

then, by Cartan’s theorem, we would get the isomorphism

HP(X,F) = H?(X,F).



4.3. COHOMOLOGY OF AFFINE SCHEMES 221

But, when f = 1, Cartan’s condition (3) is exactly that the lefthand side vanishes, and the
theorem would hold. Therefore, we have to show that if X is affine then

HP(X,F) = (0) forp>0.

Cover X by the Xy, with only finitely many, since X is quasi-compact. As the Xy, form a
cover, the elements fi,..., f, generate the unit ideal. By Proposition 4.10, we have

HP({Xy, — X}, F)=(0) forallp>0.
However, the X, are arbitrarily fine. Consequenlty, we get

HP(X,F) = @HP({XL.%X},]—")
= lim H*({Xy, = X}, F) = (0),

which completes the proof. (O

Corollary 4.12 Let m: X — Y be an affine morphism of schemes. Then, the following
facts hold:

(1) For all ¢ > 0, we have Rim,F = (0).

(2) The canonical morphism
H"(Y, 7. F) — H"(X,F)

s an isomorphism for every n > 0.
Proof. We already know from before that R%w,F is the sheaf associated with the presheaf
Rim, F: U Hi(n Y (U),F),

where U is any open of Y. (Thus, R°r,F = 7, F.) But we have the Leray spectral sequence
of a morphism (see Appendix B)

EPY = HP(Y, Ri7, F) = H*(X, F).

Thus, if Ri7,F = (0), then EY? =0 if ¢ > 0, for all p > 0. Consequently, (2) follows from
(1), by degeneration of the spectral sequence. We need to prove (1). However, for every
yey,

(RImJF), = lién(wa*f)(U), where y € U,

and the righthand side is

lim(R?7. F)(U) = lim HY(7x Y (U), F).

Take the neighborhood basis at y to consist of affines U. Then, 7=(U) is affine, since 7 is
an affine morphism. By the vanishing theorem (Theorem 4.11), we get

H(7=}(U), F) = (0). O
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Corollary 4.13 Let 7: X — Y be an affine morphism and 6:Y — Z be any morphism.
Then, the canonical map

RPO, (m, F) — RP(O om).(F)
s an 1somorphism for all p > 0 and all QC Ox-modules F.

Proof. We have the spectral sequence of composed functors (see Appendix B)
EY? = (RPO, o Rim,)(F) = R*(f o m).(F).

However, 7 is affine, and therefore, Rim,(F) = (0) for all ¢ > 0. The spectral sequence
degenerates and gives the edge isomorphism

EP? = RPO,(n,F) = RP(0 o 1), (F). O
Corollary 4.14 Let X be a scheme, {U, — X} be an open cover by affines (not necessarily

finite) so that Uy, N --- N Uy, is again affine for all p > 0 (e.g., if X is separated). Then,
the canonical homomorphisms

H*{U, = X}, F) — H(X,F)

are isomorphisms for all p > 0 and all QC Ox-modules F. Therefore, the cohomology of a
“good cover” computes the “real” cohomology.

Proof. We have the spectral sequence of a cover (see Appendix B)
EY?= H"({U, — X}, H!(F)) = H*(X,F).

Look at CP({U, — X}, HI(F)). We have
C*({Ua = X} HIF) = ] HUF)Uan---0Ua,) = [ HUUayN: -0V, F) = (0)
for all ¢ > 0, as Uy, N --- N Uy, ia affine and F is a QC Ox-module (where o, ..., are
distinct). Therefore, the cohomology of the complex C*({U, — X}, HI(F)) is zero, i.e.,

H?({U, — X}, HY(F)) = (0), forall¢g>0andallp>0.
Thus, the spectral sequence degenerates and we get the edge isomorphism

By = H*({Us — X}, F) = HP(X,F) forall p > 0. =

Remark: For a quasi-compact, separated scheme, if r is the minimum number of affine
opens in a cover, we have

HY(X,F)=(0) ifg>r.
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Indeed, we can can compute H9(X, F) using H4({U; — X}, F). The maximum number
of opens is r, and we get (0) at the cochiain level from C"(X,F) on, by the requirement
of alternation in our cochains. Thus, the top level nontrivial cohomology group is at most

HY(X, F).

We can apply this immediately to projective space of dimension r over a field. For, here,
the minimum number of affines is r + 1; hence, beyond H", the cohomology vanishes.

Corollary 4.15 Let X be a separated quasi-compact scheme, and let fi, ..., f, € ['(X, Ox)
be some global sections of Ox. Assume that Xy, is affine for j = 1,...,r. Letting U =
Uj—1 Xy,, we have the isomorphisms

HP(U,F) = H"Y(F), M), for all p > 1.
Here, M =T(X, F) and F is any QC Ox-module. Furthermore, we have the exact sequence
0 — H((f), M) —s M — T(U,F) —s H'((f), M) — 0. (%)

Proof. Let U; = Xy,. Since X is separated and quasi-compact, we know by previous work
that

HP({U; — U}, F) = HPP (). M) forall p > 1,
and we have the sequence (%), as stated. However, corollary 4.14 shows that
HP (), M) = HY({U; > U}, F) = HY(U, 7). 0

Example 4.2 Let X = AJ, where k is an algebraically closed field. (This example can be
generalized to A;, where B is a ring, and even further (DX).) Take for the f; the 7; in
A=T(X,0x) =k[T1,...,T;] (the T; are indeterminates), and let U; = A}, the localization
of A" at T};. Then,

U=Ju;=A"—{(0,...,0)},
j=1
the complement of the origin in A”. We have
H(U, F) = HPY(T), M), forall p> 1,
and the exact sequence
0 — HY(T'), M) — M — (U, F) — H'\(T'), M) — 0. ()
Say r > 2, and let p =1 — 1. Then, we get

H YU, F)= H'(T), M) = M/D,M,
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where 9y = (11, . ..,T,), the maximal ideal defining {0}. In our exact sequence (),
H(T)), M) = {m € M | Mem = (0)}.

Consider the case where F = Oy, i.e., M = A = I'(X,Ox). In this case, (?) is a regular
sequence for M. Then, we know that

H'((T'), M) = (0)

except for p = r, where A/MyA = k # (0). We conclude that for r > 2 and F = Oy, we
get

A ifp=0

0) ifl<p<r-—2
HY(U, 0x) = /(g) ifp;f:l

(0) ifp>r.

Hence, we get:
(1) If r > 2, U = A" — {0} is not affine.

(2) (Hartogs) Given a global section f € I'(U, Ox) (i.e., a holomorphic function on U), this
section extends uniquely to a global section in I'(X, Ox) (i.e., a holomorphic function
on X).

Corollary 4.16 Let X be affine and fi,...,f, € A = T(X,Ox). Then, H*(( ), M) de-
pends only on the ideal, A, generated by (f1,..., fr)

Proof. Let U = |J;_, Xy,. We know that
U=V,

and

HP(U, M) = H*((F), M), forallp> L.
We also have the exact sequence
0 — H((F), M) — M — T(U, M) —s H' (), M) — 0.

Clearly, H?(U, M ) and the various modules in the sequence depend only on U. [J

We will need two more cohomological results of the same kind as Theorem 4.11.
Proposition 4.17 Let X be a scheme, and suppose
0 —F —GG—H—0

1s an exact sequence of Ox-modules for which F and H are QC. Then, G is also QC.
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Proof. Since the question is local on X, we may assume that X is affine. We have to verify
Serre’s conditions (a) and (b) for G. Since the cohomology of affines is trivial, we have the
following commutative diagram for every f € I'(X, Ox):

0 —— F(X) —> G(X) —=H(X) —=0

lres lT@S lres

00— F(Xf) —=G(Xf) —=H(Xy) —=0

(a) Assume that s € G(X) and res(s) = 0 in G(Xy). Thus, 5, the image of s in H(X), has
res(s) = 0. By Serre (a) for H, there is some n > 0 so that f"s = 0 in H(X), and thus, f"s
goes to 0 in H(X); so, f"s comes from some t € F(X). Now,

uores(t) =res(f"s) = ftres(s) =0.

By injectivity, we have res(t) = 0 in F(X), and so, there is some m > 0 so that f™t =0 in
F(X), by Serre (a) for F. Finally,

s =0 in G(X),

and Serre’s (a) holds for G.

(b) Assume that 0 € G(Xy). Then, @ € H(Xy), so, by Serre (b) for H, there is some
n > 0 with
f"a =res(s), for some s € H(X).

Now, by affineness, G(X) — H(X) is onto, and so, there is some ¢ € G(X) having s € H(X)
as its image. Observe that

res(t) = res(t) = res(s) = f'e = fro.
Thus,
res(t) — f"o = u(r),

for some 7 € F(Xy). Serre’s (b), applied to F, yields an m > 0 so that

[ =res(t)

for some t € F(X). We have

res(f™t) — fM e = u(f™r) = u(res(t)) = res(v(t)).

Thus, N
res(f"t —wv(t)) = f"o,

and (b) holds for F. O
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To investigate the higher direct images of a quasi-coherent Ox-module, we will need to
sheafify the Cech complex of a cover. In this investigation, the cohomology of intersection
of affines will enter, and so, to guarantee an application of nerve-finiteness, we will need X
to be a quasi-compact and separated scheme.

Let {U, — X} be an affine open cover of X, and let
Pag...ap * UOCO n---N Uap — X

be the open immersion associated with Uy, N --- N U,,. We define CP({U, — X}, F),
abbreviated by CP(F), by

CP(F) = H (‘Pao---ap)*(]: [ (Ugo N---N Uap))>

where ay, ..., q, are distinct (and there are only finitely many, since X is quasi-compact).
We know the following facts:

(1) CP(F)=CP({U, — X}, F) is a sheaf.

(2) (Pag..ap)s(F T (UgyN---NUy,)) is a QC Ox-module.
(3) CP({U, — X}, F) is a QC Ox-module.
(4)

4) C*({Us — X}, F), which by definition is the coproduct [[,.,CP(F) of the CP(F), is a
QC Ox-module.

(5) H*(C*({Us — X}, F)) is a QC Ox-module, since the cohomology is computed as a
quotient of QC Ox-modules.

Take V open in X. Then, we have

D(V.CP({Us = X} F) = ] TV (@agap)F)
= [ FvnU,n---NU,)

= CP{U, NV =V} F).
Consequently, we get
H*(T(V,.C*({U, — X}, F)))=H*{U, NV =V} F),

for every open subset V. Now, if V' is affine, I'(V, —) is exact on the category of QC Ox-
modules, which implies that cohomology commutes with I'(V, —). Hence, for V' affine open,
we get

H{U, NV =V} F)=H*T(V,C*(F))) =T(V,H*(C*(F))).
We can apply the above computation to prove that higher direct images of QC modules are
again QC in good cases.
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Theorem 4.18 Let X,Y be schemes and let m: X — Y be a quasi-compact, separated
morphism. If F is a QC Ox-module, then Rim,F is a QC Oy-module for every q > 0.

Proof. As the question is local on Y, we may assume that Y is affine. Now if V is affine
open and V' CY, we claim that 77*(V) — X is an affine morphism. This is an important
first step in the proof. It means that if W is an affine open in X, then 7=%(V) N W is again
affine. Look at X [] Y. Note that W [] V is an affine open in X [] Y. Also, observe that

(X)) Npr (W) Npry* (V) has as image under pry our set 7—'(V) N W, where T, is the
graph morphism corresponding to w. As usual, this can be checked by viewing products as
representing their functors and using a test object, so that we can pretend that the objects
are indeed sets. Then

LX) Npry ' W) Npry H(V) = {(a,b) | b=n(a),a € W, be V}.

Clearly, a € W N7~ V), so we get our observation. Since pri*(W)Npry'(V) =W []V,

it is affine. Since Y is affine, I'; is a closed immersion, and thus, I';(X) is closed. Hence,
(X)) Npry (W) Npry ' (V) is a closed subset of an affine, and thus, is affine. But the same
object is also open in I';(X); hence, an affine open in I';(X). On I';(X), the morphisms 7
and pr; are inverse isomorphisms. Therefore, 771(V) N W is affine, as claimed.

Since 7 is quasi-compact, X is covered by finitely many affine opens Uy, ..., U,, and if
V is an affine open in Y, then each 7=(V)) N U, is again affine, by the claim that we just
established. Thus,
{77 (V)nU; = 7 (V)}

is an affine open cover of 7—!(V'). Previous work implies that
H* (7= (V). F) 2 H*({x (V) NU; = 7 (V)}, F) = H(T(V, 7.C°(F))),
and we just proved that since V is affine
H DV, m.C*(F))) = T(V, H* (1L (F)))-
Thus, we have
H* (= (V), F) = T(V, H(m.C*(F))). (%)

However, m,.C*(F) is a QC Ox-module (by previous work), and thus, H*(7.C*(F)) is again
a QC Ox-module. It is also easily checked that for any two affine opens V' C V', we have
the commutative diagram

H*(n=!(V), F) ——T(V, H*(m.C*(F)))

| |

He(7m Y (V') F) —=T(V', H*(m.C*(F))).



228 CHAPTER 4. AFFINE SCHEMES: COHOMOLOGY AND CHARACTERIZATION

This implies by passing to the inductive limit that
(RimJF), = H*(m.C*(F)), forallyeY

(isomorphism of stalks). However, isomorpphism (%) show that we have a map of sheaves
R*m,F — H*(m.C*(F)) which we have just seen is an isomorphism on stalks. Therefore,

R*m, F = H*(m.C*(F)),
and thus, R*7m,F is QC. 0

Corollary 4.19 Let X,Y be schemes and let m: X — Y be a quasi-compact, separated
morphism. Assume F is a QC Ox-module. Then, for every affine open V in'Y, we have

I(V,R'm.F) = Hi(x~ ' (V), F).
If Y atself is affine, this gives

I(Y,Rim,F) = HY(X, F),

—_—

and thus, RimJF = H1(X,F).

Corollary 4.20 Let X,Y be schemes, m: X — Y be a quasi-compact, separated morphism,
and assume that Y is also quasi-compact. If F is a QC Ox-module, there is some r > 0
(independent of F) so that

Rim (F)=(0) forallg>r.

In particular, when Y 1is affine, r may be taken to be the minimum number of affine opens
to cover X.

Proof. Since Y is quasi-compact, we may assume that Y is affine. Then,

Rin, F = HI(X, F) = (0)
beyond the number of elements in an open affine cover of X, by Cech theory. [J

Remark: While we have proved under fairly general hypotheses that higher direct images of
QC sheaves are themselves QC, it is a far different matter for the same question as concerns
coherent sheaves. Coherence is a kind of finiteness property and may easily be lost if the
morphism 7 does not have strong finiteness properties itself. In particular, finite presentation
or finite type, are inadequate to guarantee the analog of Theorem 4.18. One really needs that
the fibres of the morphism 7 behave as do compact spaces in the norm topology—in our case,
this translates into the assumption that 7 is a proper morphism. We will return to the analog
of Theorem 4.18 in Section 7.1 but we will find that the proof is far more subtle. However,
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there are two cases where we can say right now that the push-forward of a coherent sheaf is
again coherent. The first is the case where Y is locally noetherian and f: X — Y is a finite
surjective morphism. The question of coherence of f,F is of course local on Y, so we may
and do assume Y is an affine noetherian scheme. T/hgn/, by Corollary 4.20, as f is an affine
morphism, RIf,F = (0) if ¢ > 0 and f,.F is just I'(X, F) as A-module, where ¥ = Spec A.
Now, X = Spec B for some finite A-module, B, and I'(X, F) is a finitely generated B-module
as F is coherent (Theorem 3.14-recall B is noetherian). Consequently, ['(X, F) is a finitely
generated A-module and Theorem 3.14, again, shows that f,F is coherent.

The second case is when i: X — Y is a closed immersion. Here, 7 is an affine morphism;
so, R%,F = (0), for ¢ > 0 and all we need to prove is that i, itself is coherent when F is
coherent. This is the content of:

Proposition 4.21 Ifi: X — Y is a closed immersion and Y 1is locally noetherian, then
R, F is a coherent Oy -module whenever X is a coherent Ox-module.

Proof. The case ¢ > 0 has already been proved and does not require the hypothesis of
local noetherianess on Y. Since the question of coherence is local on Y we may assume
that Y is affine, say Y = Spec A (and A is noetherian), and then X will be Spec A where

A = A/, for some ideal, 2, of A. Moreover, the sheaf F has the form M for an A-module,
M. Under these conditions, the coherence of F is just the finite generation of M because A
(and hence A) is noetherian. But, i,.F is just the A-module M considered as A-module via
the homomorphism A — A. Hence, M as A-module is finitely generated; it follows that
i, F 1s coherent. [

4.4 Cohomological Characterization of Affine Schemes

One of the interesting uses of cohomology is that by viewing the cohomology of a scheme with
coefficients in a restricted class of QC sheaves, we can decide on the affiness or nonaffineness
of the given scheme. This fact was discovered by Serre [50] (1957), here is his theorem.

Theorem 4.22 (Serre) Let X be a quasi-compact scheme. Then, the following properties
are equivalent:

(1) The scheme, X, is affine.

(2) For all QC Ox-modules, F, for all ¢ > 0, we have H1(X,F) = (0).
(3) For all QC Ox-modules, F, we have H' (X, F) = (0).

(4) For all QC Ox-ideals, 3 C Ox, we have H'(X,7J) = (0).

(5) There exist fi,...,f, € T(X,0x) = H°(X,Ox) so that
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(a) Each Xy, is affine, fori=1,...,r.
(b) The ideal (f1,..., f;) is the unit ideal of T'(X, Ox).

Proof. The implication (1) = (2) follows from Theorem 4.11. (2) = (3) and (3) = (4), are
trivial.

(4) = (5) (Serre’s argument). Let P be any closed point of X, and let U be any
affine open containing P. Since X is quasi-compact and a Tj-space, such a point exists, by
Proposition 3.1. Let Y = U¢, which is a closed set in X, and let

Y =Y U{P}.

There exist QC ideals J and 3 defining the reduced, induced, structure of scheme for Y and
Y. We have J C J. Consider the following exact sequence of QC O x-modules:

0—J — T — Cok —» 0, (%)

where Cok denotes the cokernel of J— 3. If @ €Y, then the localization of J at (), namely
Jg, is JOx . Since Y C Y, we also have

3o =90xq =0,

and thus,
COkQ = (O)
IfQ ¢ Y, then N
Jo = Ox,q = Jo
and again,

COkQ = (O)

Therefore, Cok is a sheaf supported exactly at P, and at P, we have ;jp = mp, a maximal
ideal in Ox p. But P isnot on Y, so Jp = Ox p. We thus find that

COkp = H(P),
that is, the sheaf Cok is a “skyscraper sheaf.” If we apply cohomology to (x), we get
H°(X,7) — H°(X, Cok) — H'(X,7),

and since (4) is assumed to hold, we get H'(X,J) = (0). Therefore, the map I'(X,7J) —
k(P) is surjective. Thus, we can find there is some f € I'(X, J) so that f = 1modmp; hence,
f(P) # 0. Consider Xy and £ € Xy. We know that f(£) # 0, and so, if we had £ € Y, we
would get f(£) = 0, a contradiction. Therefore, £ € U, and Xy C U. Since f(P) # 0, we
have P € X;. Let f = f | U. Then, X; = Uy, and Uy is affine because U is affine. Thus,
X is affine. Now,

V= J{X; allsuch f}
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is an open subset of X that contains all closed points of X, by construction. By Proposition
3.1, we must have V = X, since otherwise, X — V would be a closed nonempty subset of X
without any closed point. Thus, we can cover X by the X;’s, and since X is quasi-compact,
there is a finite subcover, say Xy, ,..., Xy,, which yields (a).

We now prove that the elements fi,..., f. generate the whole of I'(X,Ox). The f;’s
induce a map
p: 0% — Ox

defined as follows: For any open subset U, and for every vector (ay,...,a,) € O%(U),

(90 [ U)(ala . '>a7’) = Zflaz
i=1

Given any open U, observe that U is covered by the U N X},’s, and if £ € Ox(U) is given,
let
§

b=—= onUnNXjy,.
fi ’

Then,
©(0,...,0,b,0,...,0) =& onUnN Xy,

Therefore, ¢ is surjective as a map of sheaves. If K = Ker ¢, we have the exact sequence
00— K — 0y — Ox — 0, ()

and K is quasi-coherent. Now, H'(X, K) = (0); to see this, proceed by induction on r. For
r = 1, since K is quasi-coherent, we have H'(X, K) = (0), by the hypothesis. Next, consider
the QC subsheaf, K N (9;{1, of O_’;{l. We have the commutative diagram

0 ot O% Ox 0
0—KNOy! K Q 0,

where @) is the cokernel in the lower sequence and the two left vertical arrows are injections.
It is clear that the map Q — Ox is also an inclusion, and so, @) is a QC ideal of Ox.
Applying cohomology to the lower row, we get

(0)=HY(X,KNO%") — H'(X,K) — H'(X,Q) = (0),

since HY(X, K N O% ') = (0), by the induction hypothesis, and H'(X,Q) = (0). Thus,
H'(X,K) = (0), as claimed. Applying cohomology to (*), we get

N(X,0%) — I'(X,0x) — H'(X,K) = (0).

Therefore, globally, I'(X, Ox) is generated by the f;’s, and (b) holds.
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(5) = (1). First, we note that for any scheme X, there is a map
can: X — Xgg,
where X, = Spec I'(X, Ox). This is because X,g being affine, there is an isomorphism
Hom sep (X, Xag) = Hom yings (I'(Xar ), ['(X)),

and I'(X.g) = ['(X); so that we can take 1 on the righthand side and get the map can on
the lefthand side. We know that the X, ’s are affine and cover X. Also, Xy, N Xy, (= Xj,y,)
is the localization of the affine Xy, and thus, Xy, N Xy, is affine. This cover by the Xy, is
consequently nerve-finite. By the usual reasoning, we have an isomorphism

F(Xfi’ OX) = F(X> OX)fi'
Let Y = X,g. Then,
Yfi = Spec F(X, OX)fi = Spec F(Xfi, Ox),

and (as Xy, is affine),
cany [Xfl = caani: sz‘ — Yfi

is an isomorphism. Therefore,

T
cany: X — U Yy,
i=1

is an isomorphism. However, the ideal (f1,..., f,) is all of I'(X, Ox), which implies that

Y:Om.
=1

This proves that
cany: X — Y = UYfi

i=1

is an isomorphism, and X is affine. [J

Corollary 4.23 If X is noetherian, then conditions (2), (3), (4) may be replaced by their
equivalent conditions:

(2a) For all coherent Ox-modules, F, for all ¢ > 0, we have HY(X, F) = (0).
(3a) For all coherent Ox-modules, F, we have H (X, F) = (0).

(4a) For all coherent Ox-ideals, I C Ox, we have H'(X,J) = (0).
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Proof. The fact that (x) implies (xa) is trivial for x = 2,3,4. The converse implications
hold because every QC object is the direct limit of its coherent subobjects, and

H*(X,F) =lim H*(X, F,),

«

with F, coherent, as X is Noetherian. ]

Remark: Consider A", with » > 2, and elements T1,...,7, € k[Ty,...,T,]. Let X =
A" — (0). We know that each X7, is affine and that the X7,’s cover X. Yet, X is not affine.
This is because T1, ..., T, do not generate the unit ideal. Therefore, Serre’s condition (5b)
is essential.

Theorem 4.24 Let X be a scheme and assume that J is a QC Ox-ideal such that 3" = (0)
for somen > 1. Let Xy be the scheme given by 3. Then, X is affine iff Xy is affine.

Proof. If X is affine, then X is also affine, since it is a closed subscheme of an affine scheme.

Let us now assume that X, is affine. As J is nilpotent, |Xo| = |X|. Let Xj; be the

subscheme determined by J¥T!. We prove by induction on k that X} is affine. Observe that

the passage from X}, to X, involves the ideal J = J*1 /32 of Oy /3*+2  and J satisfies
the equation

3% = (0).

Therefore, we are reduced to the case 3% = (0). Since J3% = (0), the ideal J is also an Ox/3-
module, and since X is determined by J, the sheaf Ox, is Ox/3, and J is a QC Ox,-module.
By Serre’s criterion (4), we have H'(Xy,J) = (0), and since | X| = | Xo|, we get

HY(X,7) = (0).
Let 2 be any Ox-ideal. We have the exact sequence
0—7—A+T— (A+7)/T— 0, (t1)
where (A +7J)/7 is an Ox/J = Ox,-module. Applying cohomology to (t1), we get
HY(X,3) — H'(X,2+7) — H' (X, (A +7)/7),
but we showed that H'(X,J) = (0) and
HY (X, (A +7)/3) =2 H (X, (A +7)/3) = (0),

since X is affine. Therefore,
HY (X, 2 +7) = (0).

We also have the exact sequence

0—2A—A+T — (A+T)/A — 0. (2)
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However, we have the isomorphism
RA+7)/A=2T/TNA,
and J/J N A is an Ox,-ideal. However, in the exact sequence
0—JINA—T—T/TINA—0, (t3)

all ideals are Ox,-ideals. As X is affine and I'(X,, —) is thus exact, we get that

I'Xo,3) — ['(Xo,3/3N0A) —
is surjective. Since |X| = |Xo|, the sequence

'X,7) —I(X,3/3nA) — 0
is exact. We have the commutative diagram

D(X, T +2A) — (X, (T + 2A)/2)

T |

T'(X,7) I(X,3/3NA) ——=0

where the second vertical arrow is an isomorphism. Therefore, the top horizontal map
DX, 7+2A) — T'(X, (T 4+ 2A)/2A) is surjective. By taking the cohomology of (f3), we get
that

HY(X,) — HY(X,A+7)

is injective. Yet, H'(X,20 + J) = (0). So, H'(X,2A) = (0), and we conclude by Serre’s
criterion that X is affine. [0

Corollary 4.25 Let X be a noetherian scheme. Then, X is affine iff X,eq s affine.

Proof. Let N' = N (X) be the nil-ideal of Ox. Then, N is nilpotent as X is noetherian, and
we apply Theorem 4.24. [

Remark: If X is given and J is a QC ideal of Ox such that 3% = (0), then, for X, determined
by J, we say that X is an infinitesimal extension of Xy by J. We proved that an infinitesimal
extension of an affine scheme is affine.

How does one make infinitesimal extensions of Xy,? How can one classify them? The
answers to these two questions turn out to be very important—of great use in making examples
of nonintuitive phenomena in algebraic geometry. In fact, these phenomena were exactly the
sort of phenomena which elluded (in the main) the efforts of the classical Italian geometers
of the early twentieth century. They did not possess a full cohomology theory, and we do.
We will return to these questions in the next chapter.
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4.5 Further Readings

The material on the cohomology of quasi-coherent sheaves over an affine scheme and the
Koszul Complex (Section 4.1) can be found in EGA IIIa [24], Section 1 (see also Serre [52],
Chapter IV, for the Koszul Complex). Cartan’s isomorphism theorem and most related
material (Section 4.2) is covered in Godement [18], Chapter V, and in Hartshorne [33],
Chapter III. The cohomology of affine schemes (Section 4.3) is discussed EGA Illa [24],
Section 1, Hartshorne [33], Chapter III, and Ueno [57]. The cohomological characterization
of affine schemes (Section 4.4) is due to Serre in the case of coherent sheaves over algebraic
varieties (Serre [50]). The generalization to quasi-coherent sheaves appears in EGA 1I [23],
Section 5.2 (Le critere de Serre), page 97-99, and Hartshorne [33], Chapter III. In both of
these references, the proof is a bit sketchy. Danilov’s chapter in [10] contains an excellent
informal introduction to cohomological methods in algebraic geometry, and Dieudonné [12]
gives a fascinating account of the history of algebraic geometry up to 1970.
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Chapter 5

Bundles and Geometry

5.1 Locally Free Sheaves and Bundles

This chapter and the next two form the heart of the material in these notes. The language of
bundles and locally free sheaves together with the theorems one can prove about them strike
directly at the center of geometric questions in algebraic and complex analytic geomety. In
particular, the structure of the set of codimension one subspaces of a scheme is intimately
connected with the collection of line bundles on the scheme. Unfortunately, for higher
dimension, the connection to vector bundles is much weaker—but it is a beginning. In the
literature, constant use of the concepts and theorems of this and the next two chapters is
the norm.

Throughout this section, (X, Ox) denotes a ringed space.

Definition 5.1 An Ox-module, F, is locally free if for every x € X, there is some open
subset, U, with = € U, so that

Fruozox =00 10

for some set I (possibly dependent on U). If for some covering family, (U, ), the sets, I, are
all finite, we say that JF is locally free of finite rank.

We have the following basic proposition:

Proposition 5.1 Let (X,Ox) be a ringed space, let F, G be two finitely presented Ox -
modules, and M any Ox-module. The following properties hold:

(1) If x € X, the canonical map
0: Hom oy (F, M), — Homo,  (Fz, M,)

s an isomorphism.

237
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(2) If v € X and F, is isomorphic to G, then there is some open subset, U, with x € U,
so that F | U — G | U s an isomorphism.

Proof. (1) The question is local, even punctual, on X. Thus, we may assume that
0% — 0% — F — 0 is exact.

We have the following commutative diagram:

0——Hom oy (F, M)y ——Homo, (0%, M), ——Hom o, (O%, M),

| | |

0— HOIIloX (‘an Mx) — Hom Ox (Og{,w MGL‘) - HOHIOX (Og(,x’ Mx)>

and o and S are isomorphisms, since
Hom oy (0%, M), =ML and Home, (0% ,, M,) = ML

By the five lemma, 6 is an isomorphism.

Next, let ¢: F, — G, and ¢: G, — F, be inverse isomophisms at z. By (1), there exist
some opens W',W, with x € W',/VV, u € Homo, (F [ W,G | W), and v € Home, (F | W,Q i
W), such that

u; =@ and v, =Y.

Look at wov and vowu on V = W N W. Both become the identity at x. Then, uwov —id
and v ou — id both go to 0 at x. Therefore, there is some open U C V such that

uov=id and wvowu=id on U, by (1). O

Corollary 5.2 Given (X, Ox), assume that Ox is coherent. For every x € X, for every
finitely presented Ox ,-module M, there exists an open subset, U, with x € U, and a coherent
O | U-module G so that G, = M.

Proof. Since M is finitely presented, we have an exact sequence
@
0%, — 0%, — M — 0.

Since Oy is coherent, it is finitely presented as Ox-module, and so is O%. By Proposition
5.1 part (1), there is some open subset, U, with € U, and a map

u: 0% U — 0% U

so that u, = . Letting G = Coker u, we have a coherent Ox | U-module such that G, = M.
O
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Corollary 5.3 If F is a locally free Ox-module of finite rank and F has rank n(x) at some
x € X, then there is some open subset, U, with x € U, so that F | U 1is locally free and of
rank n(x) on all of U. Hence, rk F = n is an open condition on X, and if X is connected
and F has finite rank, then F has constant rank.

Proof. Since F is locally free of finite rank, it is finitely presented, and at =z,
F. 2 0%,

By Proposition 5.1 part (2), there is some open subset, U, with z € U, so that F | U is
locally free and of rank n(z) on all of U. O

If G is locally free, but not necessarily of finite rank, then the functor
M= G ®o, M
is exact on Ox-modules. For any such G, we let
GP =Homo, (G, Ox),
and call GP the dual of G.

Remark: Having finite rank is the most important case for a locally free sheaf. Thus, from
now on, locally free means locally free of finite rank, unless otherwise specified. Of course,
F has finite rank iff 7 has finite rank.

Proposition 5.4 If G is an Ox-module, then for any Ox-module M, there is a homomor-
phism

G" ®o, M — Homoy (G, M). (%)
Furthermore, if G is locally free, then (x) is an isomorphism.

Proof. Let U be some open subset of X. For all (£,1) € GP(U) x M(U), we have
£ e GP(U)=Home, (G | U, Ox | U), and we define the map

(§>77) = 5 -n € F(Ua %OmOX(gw/Vl)) = Homox(g [ UaM [ U)

by associating to (£,7n) the element & -n € Home, (G [ U, M [ U) defined so that for every
x € U and every s, € G,, the element s, is mapped to &,(s;)n, € M,. This map is bilinear,
and thus, it is equivalent to a linear map

GP(U) @ M(U) — Hom o, (G, M)(U).

However, GP(U) @ M(U) is just a presheaf, and when we sheafify, our map factors through
GP @ M. We get the homomorphism (*). If we assume that G is locally free, then whether
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or not () is an isomorphism is a purely local question. Thus, we may assume that G = Og),
in which case both sides are isomorphic to M) (remember, I is finite). [

As a consequence, if G is locally free, then the functor
M = Hom e, (G,M)
is exact, and thus, its right derived functors vanish, i.e.,
Erty (G, M) = (0) for all r > 0.
However, we have the local-global &rt-spectral sequence (see Appendix B)
HY(X, &ty (G, M)) = Exty,, (G, M).

If G is locally free, we have just shown that the spectral sequence degenerates, which implies
that
HP (X, Hom o, (G, M)) = Ext, (G, M) for all p > 0.

This proves the following proposition:

Proposition 5.5 Let (X,Ox) be a ringed space, and G be a locally free sheaf. Then, we
have the isomorphisms

HP(X,G” @ M) = HP(X, Hom o, (G, M)) = Exth, (G, M).
If X is an affine scheme, then for QC Ox-modules, M, we deduce that

Extg, (G, M) = (0) for all p > 0.

As a consequence of Proposition 5.5, when X is affine, all multiextensions
O—M-—=F — —F,—F —G—0

split (as well as the ordinary extensions, i.e., when p = 1).
We can also prove the following proposition, which is more general in some sense, and

less general in another sense:

Proposition 5.6 If F,G are Ox-modules, with G locally free of finite rank, and if there is
a given extension
0 —F —H—G—0,

then, for every x € X, there is some open subset, U, with x € U, so that the sequence
0—FIU—HIU—GIU—0

splits.
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Remark: Here, (X, Ox) need not be a scheme; so, vanishing of cohomology on sufficiently
fine opens may not hold.

Proof. The question is local on X. Thus, we may assume that G = O% for some n. Let
S1, ..., 8, be the canonical sections. Then, there is some open subset, U, so that the sections
S1, ..., 8y lift to sections tq,...,t, € H(U). However, each section t € H(U) defines a map
Ox(U) — H(U), and thus, we get a map

O U=G1U—HIU
which splits the sequence. [

Definition 5.2 An Ox-module £ on a ringed space (X, Ox) is invertible if L is locally free
of rank 1.

Let £ be any locally free Ox-module (remember: finite rank). We have an isomorphism
LP®L=Homo, (L, L).
If £ is invertible, more is true:

Proposition 5.7 For any invertible sheaf L, on the ringed space, (X, Ox), there is a canon-
ical isomorphism

HOmoX (ﬁ, £) = Ox.
Proof. For any sheaf F, there is a canonical map
Ox — Homo, (F,F).

Indeed, for any open subset U and any o € Ox (U), multiplication by o gives a map
F [ U — F | U, and all these maps patch to yield the desired map. If F is invertible, then
our map

Ox — Hom o, (F,F)

is an isomorphism. For this, it is enough to check locally; and we may assume that F = Ox.
But then, Hom o, (Ox,Ox) = Ox, which concludes the proof. O

If £ is an invertible sheaf, then by taking global sections, we get an isomorphism
Homoe, (£, L) = T'(X, Ox).

When X is compact (or proper), connected, and complex analytic, then I'(X,Ox) = C.
Therefore, in this case,
Home, (£, £) = End(L) = C.

Also observe that if £ is invertible, then

LP® L= 0.
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From this, we get immediately
LEP @ LB = £OPHD)  for all p,q € Z

and
L @ LO > Home, (LYP, L) for all p,q € Z.

We can check as well that if £ and M are invertible, then £ ® M is invertible. Therefore,
the isomorphism classes of invertible sheaves on (X, Ox) form a group under ®. This group

if called the Picard group of X, and is denoted by Pic(X). It is a fundamental invariant of
X.

Proposition 5.8 Let A be a local ring and M be a finitely generated A-module. For any A-
module, M, if M @, M’ = A, then M = A. In particular, M’ must then also be isomorphic
to A.

Proof. Reduce mod m (the maximal ideal of A). We get

M/mM Xk (A) M’/mM’ = /{(A)
Since these are vector spaces over the field x(A), we must have rk(M/mM) = 1. By
Nakayama’s lemma, since M is finitely generated, it is generated by a single element &.
We have a surjective map A — M wvia 1 — £. The kernel of this map is the annihilator of

& A = Ann(§). Now, A kills M @4 M’ = A, and thus, 2 kills A. This implies that 20 = (0),
and M = A. O

Proposition 5.9 Let (X,Ox) be a local ringed space and assume that Ox is coherent. If
L is a coherent Ox-module, then the following are equivalent:

(1) L is invertible.
(2) There is some Ox-module, M, so that

M ®o, L= 0x.

(8) For every x € X, there is some open subset, U, with x € U, and an Ox-module, M,
so that

MITUQoyiw £LITU=0Ox U
(4) For every x € X, there is an Ox ,-module, M, so that

Mm ®OX,96 »Cm = OX,x-
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Proof. The implications (1) = (2), (2) = (3), (3) = (4), are clear. Assume (4). Since L is
coherent, it is finitely generated. Therefore, we can apply Proposition 5.8 (with M = L),
and we get

L, = Ox,.

But £ is finitely presented because L is coherent, and so is Oy, as Ox is also coherent.
Apply Proposition 5.1 part (2). We find that there is some open subset, U, with x € U, and
an isomorphism

uw: LU —Ox |U.

However, this means that £ is invertible. ]

Corollary 5.10 Proposition 5.9 also holds when X is a locally noetherian scheme or a
complex analytic space of finite dimension.

Proof. In the first case, we know that Oy is coherent. In the second, the coherence of Ox
is a fundamental theorem of Oka as reformulated by Cartan and Serre.

Given a ringed space (X, Ox), the sheaf O%, also denoted G,,, is defined by setting
Gn(U) =T(U, Ox)*
for every open subset, U, of X. Here, I'(U, Ox)* is the group of units in the ring I'(U, Ox).

The following important theorem shows the relationship between the Picard group and the
cohomology of G,,:

Theorem 5.11 Let (X, Ox) be a ringed space. There is a canonical isomorphism
H'(X,G,,) = Pic(X).

Proof. The presheaf H'(G,,) is defined by

HNGp)(U) = H(U,Gy).

By a familiar argument (Poincaré’s lemma), the associated sheaf is trivial, and thus,
H(X,H'(G,,)) = (0).

Using the Cech spectral sequence (see Appendix B), we get the exact sequence

0 — HY(X,G,,) — HYX,G,,) — H°(X,H'(G,,)) = (0).
Therefore, we have the isomorphism

HY(X,G,,) = H'(X,G,,).
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For any U open in X, let us denote Ox [ U by Op. Observe that the automorphism group,
Auto, (Oyp), of the Opy-module Oy is isomorphic to the (multiplicative) group I'(U, O%), via
the map sending any section ¢ € I'(U, O%) to the automorphism u € Aute,, (Oy) defined by

Uy (Sy) = tSz, forall z € U and all s, € Ox,.

Let U = {U, — X} be a cover of X. First, we define a map
oy H({Uy — X}, 0%) — Pic(X).

Observe that a Cech cochain 6 is defined by a family, (05), of sections 05 € I'(U, N Up, O%),
that is, in view of the isomorphism

F(U, O}) = AU.t(QU (OU),
by a family of automorphisms 05 of Ox [ U, N Up. Also, the cochain 6 is a cocycle iff
(1) 07 =(65)~".
(2) 0565 =02 on U, NUz N,

However, these are precisely the gluing conditions, and we can define the invertible sheaf Ly
by gluing the free sheaves Oy, together, via the gluing maps

Hg‘: OUﬁ fUaﬁUg—>OUa fUaﬁUg.

For later use, let

Vo (0): Oy, = Ly | Uy
be the isomorphism on U,, for every index «, and note that
05 = 1a(0)"s(d) on U, N Up.

Thus 6§ = (%) in Z'({Us — X}, 0%) gives us an element of Pic(X). If n = () is another
cocycle in Z'({U, — X}, O%), then, § and n are cohomologous iff

77§ = Wy - 9; . wﬁ_l (%)

for some 0-cochain, w, in C°({U, — X}, O%). But such a cochain is a family w = (w,) of
automorphisms of Oy, , and the condition (*) means that the invertible sheaves Ly and L,
are isomorphic. Here, the isomorphism is given by the local isomorphisms

wa(ﬁ)walpaw)_li E@ — £77 on Ua,
which patch on U, NUg, by condition (x) (DX). Therefore, we get a map

¢y H'({U, — X}, O%) — Pic(X).
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If Vv ={V, — X} is another cover of X refining I, the naturality of the gluing implies that
the following diagram commutes:

H'{U, = X},0%)

H'({Va — X},0%)
By passing to the inductive limit, we get a map
ox: HY(X,0%) — Pic(X).

Since an inductive limit of injective maps is injective, to prove that the map @y is injective, it
is enough to prove that each ¢y, is injective. However, if ¢y, (6) = 0, then the invertible sheaf
Ly constructed from 6 is trivial, i.e., £y = Ox. The image 1,(1) of the section 1 € I'(X, O%)
is some section w, € I'(U,, Lg) (where 1,: Oy, — Ly | U, is the isomorphism.) Now, since
the automorphisms 65 of Ox [ U, N Up are just multiplication by 63, we have

we =05 -wg on U, NUg, for all a, 3,

which implies that 6 is the coboundary of w. Thus, ¢, is indeed injective. The map ¢x is
surjective because every invertible sheaf comes from a cover where it is locally trivial, and
thus, is obtained by gluing, i.e., from a cocycle.

It remains to prove that ¢x is a group homomorphism. It is enough to prove this for
Yy, since being a homomorphism is preserved by taking the inductive limit. Let 6 and n be
two cocycles in Z'({U, — X}, 0%) (by refining covers, we may assume that 6 and 7 are
defined over the same cover). For each «, if a, = ¥,(1), where ©,: Oy, — L | U, is an
isomorphism, we have

F(Ua, »CG) - F(Uaa OUa)aav

and similarly
I'(Uq, L)) =T (U, Ou, )ba.

But the automorphisms 6§ and 73 act by multiplication, and so,
ao =05 -ag and b, =n35-bg on U, NUs.
Now, I'(Ua, Ly @ L,)) consists of linear combinations of the a, ® b,’s, and since
o ®@ba = (05 - ag) ® (g - bg) = 05 - n3(as ® by),

we see that £y ® L, does correspond to (63 - ng). O
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Remark: Observe that the above proof holds for any arbitrary ringed space. Nowhere did
we use the fact that X is an LRS, that X is affine, etc. In particular, the result holds for X
a topological space and Oy the sheaf of germs of C*-functions (0 < k < w), real or complex.
Moreover, because we were careful in the proof to use the proper definitions which do not
depend upon the commutativity of G,,, the same proof applies immediately to GILL(n). Here,
we denote by GIL(X, n) the sheaf of (nonabelian) groups defined so that for every open subset
UCX,
I'(U,GL(X,n)) = GL(I'(U, Ox)"),

the group of linear invertible maps of the free module I'(U, Ox)" = I'(U, O%). It should
also be noted that H'(X,GL(n)) is generally only a set, and not a group, since GL(n)

is not abelian for n > 2. The reader will find the definitions relative to nonabelian Cech
cohomology in Appendix B. We obtain the

Corollary 5.12 Let (X, Ox) be a ringed space. There is a canonical isomorphism
HY(X,GL(n)) =~ LF,(Ox),

where LF,(Ox) is the set of isomorphism classes of locally free Ox-modules of rank n on
X.

Let us consider the complex analytic case. Let X be a complex analytic space, for
example, X*" where X is a finitely generated scheme over C. If Oy is the sheaf of germs of
holomorphic functions in the norm topology, we have the exponential sequence

exp

0 —7Z— Ox — Ok.

If X is a manifold, the local existence of a logarithm implies that the exponential map is
surjective. We can apply cohomology, and we get

exp

0— H°(X,Z) — H°(X,0x) — H°(X, 0%) j

<—> HY(X,Z) —= HY(X,0x) — Pic(X)

: D

C—> H*(X,7) — H*(X, Ox)

)

where the map c: Pic(X) — H?(X,Z) plays a special role. If X is a complex manifold, we
can examine the two cases:

(1) X is compact connected, for example, P{.

(2) X is connected and simply connected.
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In the first case, H*(X,Ox) = C and H°(X, O%) = C*, and exp is onto.

In the second case, as X is simply connected, the map exp: H%(X,Ox) — H°(X, O%) is
surjective, as a single valued branch of the logarithm exists on X.

In both cases, the sequence
0 — HY (X,Z) — HY(X,Ox) — Pic(X) - H*(X,Z) — H*(X,Ox)

is exact. The map c takes an invertible sheaf of Ox-modules to its first Chern class. The
kernel of ¢ consists of the invertible sheaves with trivial Chern class, and Ker ¢ is isomorphic
to HY(X,Ox)/H'(X,Z). The kernel of c is usually denoted, Pic’(X). For X = P2, we will
prove later that H'(X, Ox) = (0). In this case, ¢: Pic(X) — H?(X,Z) is an injection. We
will also find that H*(X, Ox) = (0).

If X is a curve of genus g, then
H'(X,0x) =Y,
and
HYX,Z) =17,
a lattice in C9. So, Pic’(X) is a torus.

To return to the general case, let f: Y — X be a morphism. If £ is locally free of finite
rank, then f*L is also locally free as an Oy-module and the rank is preserved. We claim
that there is a canonical map

[*(Homoy (A, B)) — Homo, (f*A, f*B)

for any two Ox-modules A, B, not necessarily locally free. By adjointness, we need only give
a map

Homoy (A, B) — fiHomo, (f*A, f*B).
Let U be an open subset of X. We have
(U, Home, (A, B)) = Homoe, (A [UB|U)
LU, fHomo (f*A, f*B)) = T(f71(U), Homoy (f*A, f*B))
Homo, (f* AT f7HU), f*B T f71(U)).

Our map is
£ f7(8),
and it patches on overlaps.

If A is locally free of finite rank, and f taking A to B is a map of Ox-modules, then
injectivity, surjectivity, and isomorphism, are local properties on X; so, we may assume
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that that A = O%. For A = O%, we see that Homp, (O%,B) = B" and f*A = OF.
Consequently,
Homo (f* O, [*B) = ([*B)",
and our map above is
f1(B") — (f*B)",
which is an isomorphism, since r is finite. Therefore, if A is locally free of finite rank, the
map

f*(HOm@X (-A> B)) — %Omoy(f*A> f*B)

is an isomorphism. If £ is locally free and we let B = Oy, then
FLP) = (fL)".
If £ and M are locally free, we also have
ff(lLoM)=fLe f*M.
Moreover, if £ and M are invertible, then
frLP @ M) = (fL)* @ (fFM)®. (DX)

The reader should show that the diagram

HY(X,0%) Pic(X)
- k
H\(Y, 0%) Pic(Y)

commutes.

Proposition 5.13 (Projection formula) Let X,Y be ringed spaces and let F be any Ox-
module, and L be any locally free sheaf of finite rank. For any morphism f:Y — X, there
s an isomorphism

f*(f) Koy L= f*(]: Koy f*ﬁ)
Proof. We always have a canonical map
L — f(f7L).

Thus, we get
fi(F) ®@ox L — fi(F) ®ox [(f7L).

However, we always have the map

JF) @ox [(f7L) — fu(F ®oy [7L)  (DX),
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and by composition, we get our map. As isomorphism is a local property, we may assume
that £ = O%. Then, the lefthand side is (f.(F))? and the righthand side is f.(F?). However,
f« commutes with finite coproducts, and this finishes the proof. [J

Invertible sheaves on local ringed spaces have special properties. So we now assume

that (X,Ox) is an LRS. If F is an Ox-module, then for any = € X, the stalk, F,, is an
Ox z-module. We set
Fl(z) = Fp/muFo,

a k(z)-vector space, and call it the fibre of F at x. If u € I'(U, F), then u,, the image of u
in F, gives us
u(z) = u, mod m,F,.

We call u(z) € F(z), the value of u at .

Assume that £ is an invertible sheaf and that w € I'(U, £) and = € U, then, u(z) € L(z).
Now, £(x) = k(z) noncanonically, and different isomorphisms are connected to one another
by multiplication by a nonzero element of x(z). Thus, u(z) € k(x) does not make sense.
However, the statements, u(x) = 0 and u(x) # 0, do make sense.

Proposition 5.14 Let X be an LRS and L be an invertible sheaf on X. If x € X and
u € '(U, L) (where x € U), then, the following facts are equivalent:

(1) u, generates the stalk L, as an Ox -module.

(3) There is some open V. C U with x € V' and some section v € T'(V,L™1) so that v @ u
is mapped to 1 in T'(V, Ox).

Proof. The equivalence (1) <= (2) follows from Nakayama’s lemma, and (3) = (2) is
trivial. We now prove (2) = (3). If u(z) # 0, then u, is a unit of Ox,. Since L is locally
trivial, near x, we may assume that £ = Ox. Then, there is some v, € Ox, so that

VU, = 1.

By definition, there is some open set, W, with x € W, and there is some v € I'(W, Ox), so
that v, = v at x. Then,
(vu — 1), =0,

and so, there is an open subset V C UNW with x € V, and

vu—1=0, onV. O

Given an invertible sheaf £, for any f € T'(X, L), let

Xi={reX | f(r)#0in L(x)}.
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By Proposition 5.14 (3), X is open. If £ is another invertible sheaf on X, and f’ € I'(X, £'),
then
Xf ﬂ Xf/ — Xf@f/.

Linear algebra constructions on locally free sheaves (of finite rank) preserve local freeness.
For example, if F and G are locally free sheaves of finite rank, then, the following properties
hold:

(1) F® G is locally free and
rk(F ® G) = rk(F)rk(G).

(2) Homo, (F,G) is locally free and

rk(Hom e, (F,G)) = rk(F)rk(G).
(3) FP, the dual sheaf of F, is locally free and of the same rank as F.
(4) Hom o, (F,G) is isomorphic to FP ¢, G.

(5) AP F, the pth exterior power (or wedge) of F, is locally free and
A n
rk F| = ,
</\ ) <p>

(6) Q" F = F®, the pth tensor power of F, is locally free and

where n = rk(F).

rk(FP) = (rk(F))P.

(7) SP(F), the pth symmetric power of F, is locally free of rank

(n—i—p—l)
p b)

the number of monomials of degree p in n variables, where n = rk(F). Here, SP(F) is
F®?/S,, where G, is the symmetric group on p elements operating on the factors.

Indeed, the reader can check easily (using finite presentation) that all these operations
commute with taking stalks and fibres.

Let s1,...,s, € I'(U, F) be some sections over U, for some open subset, U, of X. Then,
(st A= Asp)(z) =s1(x) A+ Asp(x)

and
(s1 A= AsSp)e=1(51)a AN (Sp)a-
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Consequently, as si,...,s, are linearly independent at z iff s;(z) A --- A s,(x) # 0, the set
{re X | s,...,s, are linearly independent at =}
is open in X.

Proposition 5.15 Let U be open in X and F be a locally free sheaf of rank n. A necessary
and sufficient condition that there is an isomorphism

Oy TU=F U
is that there exist some sections si,. .., s, € I'(U, F) everywhere linearly independent on U.
Proof. If O% | U = F | U, take s1,...,s, to be the (images of the) canonical sections
e1,...,e, of O%.

Conversely, assume that we have sq, ..., s, linearly independent on all of U. Each s; gives
amap Ox [ U — F | U. Thus, we get a map O% [ U — F | U. We want to check that
it is an isomorphism. Since this is a local property on U, we may assume that 7 = O% | U.
At z € U, the elements si(z),...,s,(z) are linearly independent, and since rk(F) = n,
the elements s1(z),...,s,(x) form a basis at x. Consequently, the map s;(x) — e;(z), for
j = 1,...,n, is an isomorphism at z. So, near z, it remains an isomorphism; and this
provides a local inverse to our map. [

Proposition 5.16 Let F be a locally free sheaf of rank r and G be a locally free sheaf of rank
n > r. Then, for every x € X, a necessary and sufficient condition that a map u: F — G

be injective on some open U containing x, and that G [ U be the direct sum of F | U (really
w(F | U)) and another submodule H C G | U, is that

u(z): F(x) — G(x)
be an injection.

Proof. Let U be an open subset containing = and choose U so that
Fro][r=gU
Taking stalks at x, we get
Fo[IH: =6
Now, tensor with x(x);
F(x) [[H(@) = G(x).

Thus,
u(zx): F(x) — G(x)

is injective.
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Conversely, assume that u(z): F(z) — G(x) is injective. Since F is locally free and our
question is local, we may assume that 7 = O%. We have canonical sections ey,...,e, of
O%, so let s; = u(e;). At z, as u(z) is injective, s1(x),...,s,(z) are linearly independent.
Thus, there exist b.,1,...,b, filling out a basis for G(z). However, G is locally free, so that
byy1,-- -, b, come from sections $,41,...,s, in I'(V,G) for some open subset V. Then,

s1(x), ..., 80(x), Spa1(x), ..., Su(x)

are linearly independent, and so, si,...,s, are linearly independent on a small open U
around x. We can define a map OY " [U — G [ U via
f] = Sja

for j = r+1,...,n, where the f;s are canonical sections of O%™" | U. The image is isomorphic
to some locally free sheaf H C G | U. Thus, we get

Fla) [T #H() = G(a),
and on U,

FI[#=9 O

In geometry, in order to move linear algebra techniques into position to aid in arguments,
we need to have the concept of a space, V', over our given X, whose fibres are just vector
spaces. Moreover, it is necessary that such a space V not have any local complication in
order that well-known properties of linear algebra should carry over with minimal pain and
maximal effet. For ringed spaces, we have effectively already done this, in our notion of
locally free sheaf. Here is the connection:

Let A" = Spec Z[Ty, ..., T,], and if W = Spec A of X is an affine scheme, observe that
w H Spec A" = Spec A H Spec Z[Ty, ..., T,] = Spec ATy, ..., T,].
Spec Z Spec Z

Write
w = Spec A[Ty, ..., T,],

and more generally, if U is any scheme, we let

Ay =U ] SpeczZ[Ty,....T.]=U [] A™

Spec Z Spec Z

Definition 5.3 A rank n vector bundle over the scheme, X, is a scheme, V', together with
a surjective morphism p: V' — X (called projection) so that the following properties hold:
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(1) There is some open covering {U, — X} of X and isomorphisms

farp M (Ua) = AL, =T ] A™

Spec Z
(This property is called local triviality.)

(2) For every a, the following diagram commutes:

_ fa n
p I(Ua) Ua H A

\ Spec Z
p
pri

(3) For all «, 3, set
g8 = fao [ T Avanuy;

we require that ¢° be induced by a linear automorphism of Ovanvs[Ths - -, Tl

If V and W are vector bundles over X, by taking common refinements, we may assume
that they have the same trivializing cover. A morphism ¢: V' — W is an X-morphism (i.e.,
a morphism ¢: V' — W so that py = pw o @) linear on fibres, i.e.,

o Ut Ua J[A = Ua [T A%

is the identity on the first factor and a function with values in Hom;, (A", A®). The notion
of isomorphism is clear. Note, for each x € U,, the stalk ¢, is a homomorphism

OX,:E[T17 s 7TS] — OX,x[j:h s 7ﬁ]

which is the identity on the coefficients and takes each 7T} to a linear form in ﬁ, oo T As
x varies, the coefficients will vary.

Proposition 5.17 Let X be a scheme, F be a locally free Ox-module (of finite rank) and
V' be a vector bundle on X. Then, Ox(V), the sheaf of local sections of V' over X, is locally
free of rank equal to tk(V'). There exists a vector bundle, V(F), of the same rank as F so
that the functors

Vi Ox(V) and F— V(F)

establish an equivalence of the categories, Vect(X), of vector bundles over X and the category,
LF(Ox), of locally free Ox-modules (of finite rank).
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Proof. Check that U — ['(U, V') where
MU, V)={s:U—=V | pos=id} = Homgey (U, A")

is, in fact, a sheaf (DX). By definition, this is the sheaf Ox (V). For every x € X there is
some open subset, U, with x € U, so that p~3(U) = U T[] A". Also, I'(U,V) is the set of

Spec Z
scheme maps s: U — A", but we have

Homsey (U, A") = (Homsex (U, A))"
= Hom a,(I'(A"),T(U,Ox | U))"
= I(U,Ox [U)
= I(U,O0% [ U).
Thus,
Ox(V) I1U=0% U,
and Ox (V) is locally free.

Now consider F. Form the dual sheaf, 7. We know that FP? is locally free of the same
rank as F. We can form @"(FP”), a new locally free Ox-module, and we form the tensor

algebra
T(F?) = [T RF").

n>0

This is a noncommutative Ox-algebra, and we take the quotient of 7 (FP?) by the two-sided
ideal generated by the elements of the form

a®b—-b®a.
This gives us the symmetric algebra of FP:
Sox (FP) = Syme, (FP) = T(FP)/(a®b—b® a).

It is easily checked that
SOX('FD) U= SOX(U(]:D [ U)

As FP = O% locally, for a small open U, we get
Sox (FP) 1 U = Soxw(0% 1 U) = So, (Op).
Now,

Sox (FP) = HSZX (FP) = H ®(]—"D/symmetrized),

n>0 n>0

and so, S"(OF;) has as a basis the “monomials” in r variables, with S°(FP) = Ox. Therefore,

S(0%) 2 Ox[Th,...,T,] =2 Ox @7 Z[Ty, ..., T,).
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Locally on X, i.e., on small enough affines, we have
Sox (FP)1U =0y, ..., T,

and so, we form Spec(Sp, (FP) | U) = UJJA", and glue via the data for FP. We get a
scheme Spec(S(FP)), and we set

V(F) = Spec(So, (FP)).

By our remarks above, this is a vector bundle on X. We still have to check that V does the
right thing on morphisms of schemes. Observe that if 7/ — G is a morphism of sheaves,
we get a map G” — FP. and hence, Sp, (GP) — So, (FP). Then, we obtain a map of
schemes:

Spec So, (GP) — Spec So (FP).

Thus, we defined a map V(F) — V(G). The reader should check that this gives an equiv-
alence of categories. [

We can now carry over results about locally free sheaves to vector bundles. First, note
that for a locally free sheaf £, we can show using a finite presentation that

(‘CI)D = (‘CD)xa

and thus,
(£2MP = (£77), = ((£7)"):.

We also have

T(Ls) = T(L)a,

and passing to Sym and fibres (i.e., mod m,), we get

V(L) (x) = V(L(x)) = AL

We can also do linear algebra on vector bundles. The following properties hold.
(0) T(U,0x(V)) = (U, V) and I'(U, F) = I(U, V(F)).

(1) V(Hom o (F,G)) = Homvet(V(F), V(G)), where Hom veet (V, W) is the vector bundle
whose fibres are Hom () (V (z), W(x))—(the reader should have no difficulty making
sense of this).

(2) V(£7) =V(L)P
(3) V(FII9) = V(A IIV(9)

(4) V(F ®G) = V(F) ® V(G), where the tensor product means the vector bundle whose
fibres are the tensor products of the respective fibres.
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(5) A"V(F) = V(A" F)
(8) SP(V(F)) = V(S*(F))

(7) A necessary and sufficient condition that a morphism ¢: V' — W of vector bundles be
an injection with image a direct summand near z is that

p(x): Viz) = W(x)
be injective.
(8) Given s1,...,s, € I'(X, V), where V is a vector bundle over X, we have
s1(x) A= Asp(z) = (s1 A A sp)(x);

which implies that sq,...,s, are linearly independent at x iff sq,...,s, are linearly
independent near x, and also implies that for every s € I'(V, X), the set {z | s(z) # 0}
is open in X.

Proposition 5.18 Let p: V. — W be a morphism of vector bundles. Then, the following
properties hold:

(1) Imp is a sub-bundle of W and locally a direct summand of W iff k() is locally
constant.

(2) Ker p is a sub-bundle of V and locally a direct summand iff tk(p) is locally constant.

(8) Under this rank condition, W/Im ¢ is a vector bundle.

Proof. (1) The implication = is clear. Conversely, assume that rk(y) is locally constant.
Our contention is a local question, and thus, we may assume that V' is the trivial bundle
X [TA" and that rk(y) is constant. Pick x € V. Consider p(V)(z) C W (x). Let H(zx) be a
complement in V(z) of Ker ¢(z). Make the trivial bundle

H=X]]H@).
We have the injection of vector bundles
i :H—=V,
and it has constant rank. Composing with ¢, we get
H-DV W,
and the following properties hold:

(a) @(H) € (V).



5.1. LOCALLY FREE SHEAVES AND BUNDLES 257

(b) @(x) is an injection at x.

By (7) above, ¢ | U is an injection of constant rank, and the image is locally a direct
summand, for some open U with x € U. Pick y € U. Then, we have

rk(@(y)) = rk(@(2)) = rk(p(z)) = rk(e(y)), (1)

where the last equation follows from the hypothesis of constant rank. However, (a) shows
that
PH)TU=¢(V)IU,

and thus, (V) is a sub-bundle and a direct summand on U.

(2) The implication = is also clear. Conversely, assume that rk(y) is locally constant.
Again, our contention is a local question, and thus, we may assume that rk(y) is constant.
Then, rk(?) is constant, where p?: WP — VP, By (1), Im P is a vector bundle, locally a
direct summand, which implies that Coker (¢?) is a vector bundle. As V® — Coker (¢©?)
is surjective, by dualizing again, we get the commutative diagram

Ker ¢ Vv
| l
(Coker (¢?))P —= VPP

with the bottom horizontal arrow an injection. The righthand side vertical arrow is a natural
isomorphism, and thus, the lefthand side vertical arrow is also a natural isomorphism, and
(by reasons of rank) Ker ¢ is a vector bundle with the desired properties. For (3), we merely
note that W/Im ¢ ~ Coker ¢. [

Corollary 5.19 Let ¢: V. — W be a morphism of vector bundles. For any x € X, there is
some open subset U with x € U so that for every y € U, tk(¢(x)) < rk(p(y)).

Proof. Use () from the proof of Proposition 5.18. Now, ¢(H) C ¢(V') implies that
rk(@(y)) < rk(p(y))-

But, by the first parts of (}), we get

rk(o(y)) = rk(p(2)),

and the corollary is proved. [

Corollary 5.20 Suppose o: V. — W is a morphism of vector bundles. Then, the set
{z | o(V)(z) is not a sub-bundle}

1s closed in X and not equal to X.
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Since vector bundles and locally free sheaves correspond to one another and automor-
phisms of one become automorphisms of the other (property (1) before Proposition 5.18),
the classification of locally free sheaves as elements of a Cech cohomology group proved in
Corollary 5.12, carries over and we get:

Theorem 5.21 Let (X,O0x) be a ringed space, and let r € N, r > 1. Then, vector bundles
(over X ) of rank r are classified by H'(X, GL(X,r)).

We will use the notation Vect,(X) for the collection of rank r vector bundles over X,
even though, as a set, it is just LF,.(Ox).

Example 5.1 Consider A"*! = A% let 0 be the the origin in A" and let V = By(A"*!)
be the blowup at 0. We know that V' is the subvariety A" []P" given by the equations

LiYj = LY,
where (2o, . . ., x,) are the coordinates in A" and (yo : - - - : ¥,,) are homogeneous coordinates
in P*. Consider the second projection
pro: V. — P".

We already know that the fibres are lines. We claim that V' is a line bundle on P"; for this,
we only have to check local triviality. As usual, let

Up={y=(yo: - :yn) €P" | y; #0}.
Look at V' [ Uj, given by
VIU; ={(z,y) | ziy; = zjy; and y; # 0}.
Since y; # 0, we have

xry) eV U, it z;= Yi) g
(2, y) f - ) 2,

Yj
for all ¢ # j. We can define the map o: U; — V by

Yo Yj-1 Yj+1 Yn
O'(yoi St yn) = <_a"'>]—a1>ia---a_;y0: ceet yn>>
Yj Yj Yj Yj
where y; # 0. Since the ith component of the “z-part” of the image of ¢ is 1, the map o is
everywhere a nonzero section on U;. Then, the map

9]'3 UjHAl -V [U]
defined by

9j<y,A>=<A@,~..,ij‘1,A,ij“,...,Ay—“;yo: y>
Y Y; Yj Yj

is a vector bundle isomorphism, showing that V' [ U; is isomorphic to a trivial bundle. As
an exercise, the reader should compute explicitly the transition functions of this bundle.
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In case X is a scheme over a field and W is a vector bundle on X whose rank is large
with respect to the dimension of X, then W may be “simplified” to a bundle of lower rank.
The precise statement is the following theorem due to Atiyah and Serre:

Theorem 5.22 Let X be a scheme over an algebraically closed field for which dim(X) = d
makes sense, and assume that X may be covered by countably many open subschemes, each
of which is quasi-compact. If W is a vector bundle on X of finite rank r and W s generated
by its sections (which means that the map I'(X, W) — W(x), via 0 — o(x), is surjective
for all x € X), then there is a trivial sub-bundle 1"=% of W of rank v — d, and an ezact
sequence of bundle maps

0—I"%—W—W'—0,

where W is a vector bundle of rank at most d (of course, if r > d, then W" has rank d).

Proof. To begin, replace X by one of its quasi-compact open subschemes. For every closed
point x € X, by hypothesis,
NX,W)— W(x) —0

is exact (via the map o +— o(x)). As W(z) is finite dimensional, some finite dimensional
subspace of I'(X, W), call it I';,, maps onto W (z). However, by previous work, we find that
there is some open U containing x so that the map U[[T, — W [ U is surjective. We
can cover X by finitely many such open subsets and we get that there is a finitely generated
subspace of I'(W, X') which generates W. Consequently, we may restrict attention to a finite
dimensional subspace of I'(X, W), call it Wy, generating W. Let P, = P(W,), and let

Ker (z) = Ker (Wy — W(x)).

Consider the Zariski closure, Zj, of
| P(Ker (2)).
zeX
Since dim(P(Ker (z)) = dim(P,) — rk(W), we get
dim(Zy) = dim(X) + dim(P,) — rk(W),
and thus,
codim(Zy, Py) = rk(W) — dim(X) = r — d.

In the general case, by hypothesis, X can be written as the union of a countable ascending
chain of opens, X,, and for each X, we can choose a projective space, P_, as above, and
observe that

codim(Z,,P,) = rk(W) —dim(X,) =r —d
remains constant. Therefore, in the limit,

codim(Z,P) = rk(W) — dim(X) =r — d.
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By considering the limiting P as the projectivization of the limiting spaces of sections, there
is a projective subspace S of dimension » —d — 1 so that

SNZ=0.

Then, S corresponds to a vector subspace ' of ['(X, W), and dim(f) =r — d. Consider

4= XHf.

We have the map
p: '™ — X T[T, W) 5 W,

where 0(z,0) = o(z). However, Ker p = (0), since at z,
Ker () N T = (0),
by the choice of S. Thus, we have the exact sequence
0—I"4—W-—W' —0,

where W is a vector bundle of rank at most d. [

Let us draw some consequences of Theorem 5.22. Let A®*W denote the highest wedge

power of W. Then,
/\W _ /\W”@/\]Ir_d o~ /\W”.

Now, when we come to Chern classes, we will see that the Chern class of a vector bundle is
equal to the Chern class of its highest wedge. Hence ¢; (W) = ¢;(W"), where ¢, (W) denotes
the first Chern class of W, etc.

Observe that in the complex case, we have an inclusion
Pic(X) — H*(X,7Z).

If X is a curve and r > 1, then the highest wedge, A* W”, of W” is isomorphic to W”, as
W" is already a line bundle. Thus, on a curve, the first Chern class of a vector bundle will be
easy to compute from the Atiyah-Serre theorem, provided we can make the latter effective.

5.2 Divisors

In studying algebraic varieties, or more generally schemes, the intuitive geometric idea of
studying subvarieties of codimension one is directly appealing. Unfortunately, to carry out
this idea we will need some restrictive assumptions on X. Moreover, if dim X is big then
each of the studied objects also has big dimension and this suggests an inductivee program.
The assumptions we need to carry out the germ of such a program are the following:
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1) X is noetherian.

2) X is reduced and irreducible.

3) X is separated.

(1)
(2)
(3)
(4) For any = € X, the local ring Ox ., has dimension 1. That is, if {z} is a codimension
1 subscheme of X, then we require Ox , to be a regular local ring. This condition is

abbreviated by saying: X is reqular in codimension 1.

Condition (1) is not too restrictive an assumption. It is merely a finiteness hypothesis.
For condition (2), the assumption that X is irreducible is again not too restrictive, because in
view of (1), X is a finite union of such. However, the assumption of reducedness is definitely
restrictive, because in “deforming” a variety, X, we will have to make use of nilpotent
elements in the structure sheaf. As for (3), this is again not very restrictive since most
varieties are glued together correctly out of their affine opens. Condition (4) is once again
rather restrictive. However, it is possible to arrange for (4) by a canonical procedure. To see
this, note that if X is normal then (4) is true. So, it suffices to pass to the normalization of
X in order to achieve (4) whenever normalization makes sense. Note as well that (4) holds
iff Ox, is a DVR for every z such that m is a codimension 1 subscheme of X. When
conditions (1)—(4) are met, we say that X is a W-scheme.

Example 5.2

3

1. The surface in A3 consisting of the cylinder based on the cuspidal cubic y? = 2? is not

a W-scheme, because the entire line above x = y = 0 is singular on the surface.
2. A regular surface patch is a W-scheme.
3. A cone of equation 2>
codimension 2

= xy is a W-scheme, because the singular point: (0,0,0) is of

Definition 5.4 A closed irreducible subscheme of X of codimension 1 (with the reduced
induced structure) is a prime divisor, and the Weil divisor group of X, denoted by WDiv(X),
is the free abelian group on the prime divisors of X. Here, X is a WW-scheme. The elements
of WDiv(X) are called Weil divisors or W -divisors.

Let X be a W-scheme, U = Spec A an open affine in X (so that A is a noetherian
domain), and let Mer(U) = Frac(A). We know that Mer(U) is independent of U, and
thus, Mer(U) = Mer(X). We denote by Mer(X)* the set of nonidentically zero elements
in Mer(X). Pick a prime divisor Y C X, and let y be its unique generic point (recall: Y is
irreducible). Then, Oy, is a regular local ring and thus, a DVR.

Given y, it determines Y; this is the valuative criterion for separation (DX, see Section
3.3). Thus, we can write Ox y instead of Ox,. Now,

Frac(Oxy) = Mer(X);
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So, if F' € Mer(X)* is chosen, the number
ordy (F') = ord, (F)

is defined. Hence, if we can prove that ordy (F') = 0 for all but finitely many Y’s, we get a
WEeil divisor

> ordy(F)Y € WDiv(X). (%)

Y prime
Proposition 5.23 We have ordy (F') = 0 for all but finitely many Y ’s.

Proof. Let F' € Mer(X)*. Then, there is some affine open U C X where U = Spec A, so
that F' | U is a morphism U — A!. Consider Z = X — U. It is closed and not equal to
X, and thus, since X is noetherian, Z is a finite union of irreducible components. Only at
most finitely many prime divisors, Y, can appear among these irreducible components. If
we exclude these, we may assume that F'is holomorphic. Now,

ordy (F) >0 forallY,
and

ordy (F)>0 <= Fem,
<= theideal A-F Cm,
— yeV(F)
— Y CV(F).

But V(F) # X as F # 0 and V(F) is closed. As X is noetherian, V(F) is a finite union of
irreducible components. Thus, only finitely many Y’s can appear when F' is holomorphic.
Since finitely many Y’s can appear in the complement, Z, of the holomorphic locus, only
finitely many Y’s appear in the entire sum (%), above. J

We set
(F)= > ordy(F)Y € WDiv(X),

Y prime

and call it the W -divisor of F'. Any such divisor is also called a principal W -divisor. The
group of principal W-divisors is denoted by PDiv(X).

It is easy to show that

(FG) = (F)+(G)

(z) - ®-©
) = 0
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if C' is a constant. Thus, we have a homomorphism Mer(X)* — WDiv(X), and we set
WCI(X) = WDiv(X)/PDiv(X),
and call it the Weil class group of X.

Remarks:

(1) What is the kernel of the homomorphism Mer(X)* — WDiv(X)? To answer this,
let us introduce the notion of “codimension one skeleton of X.” This is just the
union of the codimension one subschemes of X, each considered as an atomic object.
Then O% | (codimension one skeleton of X) is the kernel of the map Mer(X)* —
WDiv(X). For, an element F' is in this kernel iff I is in O%y for each codimension
one Y in X.

(2) The group WCI(X) is a fundamental invariant of the scheme X. It can be very subtle
to compute, and at times, the computed answer is surprising.

(3) Suppose f: X — Y is a morphism of W-schemes. If D is a prime divisor on Y,
then f*(D) has codimension one in X. Hence, as X is a W-scheme, f*(D) is a linear
combination of prime divisors of X. Consequently, the map f* takes Weil divisors on
Y to Weil divisors on X. Since f* also takes Mer(Y) to Mer(X), we find that f*
induces a map of WCI(Y') to WCI(X).

Example 5.3 Let A be a noetherian domain. Then, A is a UFD iff A is normal and
WCI(Spec A) = (0). This is a standard argument from commutative algebra because a
noetherian domain has factorization and the factorization is unique iff every minimal prime
is principal. The reader should have no difficulty in completing the details based on these
ideas. What this example shows is that the subtle invariant, WCI(Spec A), plays the role of
ideal class group in number theory (which vanishes there iff one has unique factorization).
The reader with experience in number theory will recognize that computation of divisor class
groups is difficult, hence he should expect no less of Weil class groups.

Two facts are mainly used to determine Weil class groups.

Proposition 5.24 Let X be a W-scheme and Z be a closed subscheme (with the reduced
induced structure) with Z # X, and let U = X — Z. Then, the map WCI(X) N WCI(U)

Y oneQe Y ne@NU)

Q@ prime Q prime, QNU#(]

is well-defined and surjective. If codim(Z, X') > 2, it is an isomorphism. If codim(Z, X) =1
and Z 1s irreducible, then there exists an exact sequence

7 -2 WCI(X) £ WCI(U) — 0, (FI)
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where 0(1) = [Z]. Moreover, if we write Z = \J{_,Y;, where each Y; is an irreducible
component of Z (with reduced induced structure), then there exists an eract sequence

7 %5 WCI(X) 25 WCL(U) — 0, (FT)

1=1

where 0(e;) = [Y;], and e; is the canonical generator (0,...,1,...,0) of [[_, Z.

)

Proof. Note that if Q N U # () then Q NU is of codimension 1 in U and irreducible. Thus,
the righthand side of the map makes sense at the divisor level. Let F' € Mer(X) = Mer(U).
Since

(F)= Y ordy(F)Y,

Y prime

we get

(F1U)= > ordy(F)(Y NU) = res(F).
YNU#0

Thus, our map descends and we get res on class groups. Given W C U, a prime divisor of
U, let W be the closure of W in X with the reduced induced structure. Then

wnUu=W,

and W is a prime divisor of X. This shows that our map is onto. Nothing on either side of
our map involves Z’s of codimension > 2, which implies that the map res is an isomorphism
in the case that codim(Z, X) > 2.

For the rest of the proof, assume at first that Z has codimension 1 and is irreducible.
The kernel of the map is generated by the classes of prime divisors that miss U. The support

of such a divisor is
nQ#0,QCZ, Q prime

Now, Z is irreducible so each such @) is Z itself, and thus, any divisor in the kernel is of the
form dZ for some d € Z. Consequently, we obtain the sequence (FI), as claimed, but note
that the map 6 may not be injective.

If Z is not irreducible, then we can write Z = J}_, Y;, where the Y;’s are irreducible.
Note that Y; NY; for ¢ # j has codimension at least two in X, consequently by the first part
of the proof, we may assume that Z is the disjoint union of the Y;’s. In this case, we will
use induction on ¢ and the argument is the same as the case ¢ = 2, which runs as follows:
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Consider the commutative diagram

0 0

Z " WCI(X — Yy) —= WCL(X — Y, — Y3) ——=0

| —

01

Z WCI(X) WCI(X —Y7) 0
92 92
Z Z

The reader should chase the diagram to find that the kernel of the diagonal arrow is exactly
the group generated by 6(e;) and (ey) (i.e., by [Y3] and [Y3] in WCI(X)). O

Note that if A = k[T7,...,T,], then
WCl(Spec A) = WCI(A"™) = (0).
Moreover, the same is true if A = D[T1,...,T,], where D is a noetherian UFD. Hence,
WCI(AD) = (0),
where D is a noetherian UFD.

Proposition 5.25 We have WCI(P") = Z.

Proof. Let Z and Z be two hypersurfaces in P" such that deg(Z) = deg(Z), but Z and Z
are not necessarily assumed irreducible. Then, there are some homogeneous forms f and
f of the same degree d such that Z = V(f) and Z = V(f). Let F = f/f, then, F is a
meromorphic function on P", and

(F) = Zdiv - Zdiva (T)

where Zg;, stands for Z as a divisor. This means that if we write
t
F=11r"
j=1

where the f;’s are irreducible, and similarly for f, then,

t
Zaiy = E n;Z;
j=1
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(and similarly for Zy;,), where Z; =V(f;) is a prime divisor. But then, by (), we have
Zdiv ~ Zdiv

in WDiv(P"™). We define a map from WDiv(P") to Z via

t t
deg (Z anj> = andeg(Zj).
j=1 j=1

Note that Ker (deg) consists of the principal divisors (by the above). Consequently, we get
an injection from WCI(PP") to Z. This map is onto because hyperplanes go to 1. O

Corollary 5.26 Let Z be an irreducible hypersurface of degree d in P", and write U =
P* — Z. Then, U is an affine variety and WCHWU) = Z/dZ. In fact,

0 — Z — WCI(P") — WCI(U) — 0

is exact, where Z — WCI(P™) is induced by 1 — [Z]. If Z is not necessarily irreducible and

consists of the union of irreducible hypersurfaces Yy, ...,Y, of dimensions di,...,d,, then
WCIP" - Z)=Z/\Z ® --- QL]d,ZL.

Proof. By (FI) in Proposition 5.24, we know that
0 — Z— WCIP")=Z — WCI(U) — 0

is exact, where Z — WCI(P") is induced by 1 — [Z]. Since [Z] = d, we find that WCI(U) =
Z/dZ. For the second part of the corollary, we use the exact sequence (FI') and note that
the group generated by [Yi],...,[Y,] is merely the subgroup rZ, where r = ged(dy, ..., d,).
O

The second fundamental fact is invariance under homotopy.

Proposition 5.27 Let X be a W-scheme. Then, X [[A! is again a W-scheme, and the
projection pri: X [[A' — X induces an isomorphism

WCI(X) — WCI (X I1 Al) . (FII)

Proof. First, we have to prove that X []JA! is a W-scheme, and for this, the only problem is
nonsingularity in codimension one. Let z € X [T A!, of codimension 1; there are two possible
cases:

The point x can be a wvertical point, which means that T = pry(x) has codimension 1 in
X. Then, pr{*(T) is the fibre through x and te point z is generic for the fibre. In this case,
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where the localization is made at a maximal ideal, because T has codimension one in X. But
then, Ox , is a regular local ring.

The point x can be a horizontal point, which means that T = pri(x) is generic in X. In
this case,

Oxz = Mer(X),

which implies that
Ox. = (Mer(X)[T])

where again the localization is made at a maximal ideal, as = has codimension one. (The
closure of x is a scheme whose projection down to X is dense in X, see Figure 5.1.)

m?

closure of x x generic point

s XTTA!

! T

T closure of T

Figure 5.1: Case of a horizontal point

Now, Mer(X)[T] is a PID and so its localization, Ox ., is a DVR. Therefore, X [TA! is
indeed a W-scheme.

Given a divisor D in X, the divisor pri(D) is a sum of vertical prime divisors with
appropriate multiplicities. So, we must show that each horizontal prime divisor is linearly
equivalent to a sum of such vertical divisors. Let £ € X be a generic point, and let

== pri'(6).
If we take D horizontal and look at D N =, we get a divisor on

= = Spec(Mer(X)[T1).
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Now, Mer(X)[T]) is a PID and so its Weil class group is (0). Therefore, DN = is a principal
divisor, (F), for some F' € Mer(X)[T]. However,

Mer(X)[T] € Mer(X JTAY,

thus, F' € Mer(X []A'). Consider the divisor, (F'), where F is now considered as an element
of Mer(X []TA'). Any horizontal component of (F') projects down to a dense subset of X.
However, we chose £ generic in X so each projection contains . Therefore, any horizontal
component of (F') meets Z. But (F) N = is just D. Hence,

(F)=D+>_V,
where the V; are vertical fibres. Thus, D is equivalent to a vertical divisor, as claimed. ]

Example 5.4 Consider the cone C' whose equation is

Ty = 2°
in A3. This cone has a singularity at the origin 0 = (0, 0,0), and no other singularity. Let R
be the locus of
y=2=0

in the cone C' and give this locus the reduced-induced structure. Consider U = C' — R.
Because R is given the reduced-induced structure, the locus R is isomorphic to Spec k[z]
(a simple algebraic way of seeing this is that when we set y = 0, our ring maps onto
k[z][z]/(2* = 0), and when taking the reduced-induced structure, we just get k[z] by setting
z = 0). Consequently, U is obtained by inverting y:

U =C — R =Spec((k[z,y, 2]/(xy — 2%)),)-

As y is invertible, we have
2

z
r = — il’lOU
Y

and thus,
U = C — R = Spec(kly, z,y~']) = Spec((k[y, 2])y).

However, kly, z] is a UFD, which implies that (k[y, z]), is also a UFD. Example 5.3 shows
that WCI(C' — R) = (0), and then, (FI) implies that

7 —s WCL(C) — 0

is exact, where the first map is induced by 1 — [R]. Let’s look at y as a function on C.
What is the principal divisor (y)?
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When y =0, on C, we get R or nR for some n. Thus,
(y) =nR.

Look at a generic point ( on R. We must have ( = (£,0,0), where & is transcendental. In
the local ring at ¢, note that z is invertible (there, it is equal to £ # 0). Thus, in O¢, the
equation zy = 2% implies

y:

22
R
T

and, as z is a unit in O¢,
ordn(y) = orde(y) = 2.

In other words, we conclude that

[ f[R=o0.
WEIC) = {Z/QZ if [R] 0.

We claim that [R] # 0. Were [R] = 0, then R would be (f) for some function f. Let p
be the prime ideal defining R. We must show that p is not principal. Now, y = 2z = 0 on
R; so y,z € p. Compute at the origin, the singularity. Write m for the maximal ideal of
the origin on C. Then, m = (x,vy, z). The Zariski-cotangent space at 0 to C' is m/m? and
7,7,Z € m/m? are linearly independent, since 0 is singular, and dim(m/m?) = 3. Assume
that p is principal. Since 0 € R, we have p C m and principality implies that there is some
f so that y = Af and z = pf. But then,

y=\, z=uf,
and so, 7, Z are linearly dependent, a contradiction. We find, finally,
WCI(C) = Z/27Z.

Example 5.5 Consider the nonsingular quadric @ in P? over an algebraically closed field.
In the four coordinates of P, our quadric @ is given in matrix form as

XTAX =0,

where A is the symmetric matrix of its coefficients and X represents the vector of coordinates.
If we change coordinates via a PGL(3), say X = BX’, then ) becomes the quadric

XTox' =0,

where C' = BT AB. However, symmetric matrices may be diagonalized in such a manner,
and as A is nonsingular, we find that after diagonalization, @) is given by

Qx,y,w, 2) =22 4+ y* +w? + 22
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(we have used the algebraic closedness of k to incorporate the nonzero coefficients in our
variables so as to make all the coefficients 1). The well-known transformation

X=z+iy, Y=x—1y, Z=—-(w+iz), W=w-—iz,
makes our diagonal quadric the quadric
XY =ZW.

We have already seen that this quadric is isomorphic to

i [ iy
So, on ), we have two rulings R; and R,. Hence, by (FI),
Z — WCI(Q) — WCI(Q — R;) — 0, (E;)

where the first map is induced by 1 — [R;]. Note that
Q- R; =P [J]A"

By (FII), we have
WCI(Q — R;) = Z.

Look at exact sequence Ej:
7Z — WCI(Q) — WCI(Q — R)) =Z — 0, (Eq)

where the first map is induced by 1 — [R;]. But (1) is the generator of WCI(P') and the
map from WCI(P') to WCI(P! J[TA!) is the pullback map, and the image of 1 under the
pullback is just Re. This shows that the map 1 — [Rs] is a splitting of the exact sequence
FE4, that is,

0—Z— WCl(Q) —Z—0

is split-exact. Consequently,
WCI(Q) =Z & Z.

Therefore, every element of WCI(Q) is of the form («, ), and the pair («, ) is called the
type of the Weil divisor.

We can use our determination of WCI(Q)) to make some tiny progress on an old problem.
The problem is the following. We have seen that the twisted cubic curve in P? is not the
scheme theoretic intersection of two surfaces (3 is a prime and has no factor). But, is the
twisted cubic the set theoretic intersection of two surfaces?

Let Z be a surface in P2. We say that Z is well-positioned for Q iff Q € Z. Then, ZNQ
is a divisor of ). The surface Z is given by some form f. Look at f | ). We know that
f # 0 on Q, by hypothesis. If R is a prime divisor of () and p is a generic point of R, then
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for any affine open U with RNU # (), we find p € RNU. The function f | U is well-defined,
and ord,(f [ U) makes sense. It is easily checked that ord,(f [ U) is independent of the
affine open, U, provided RN U # (). We define ordg(Z - Q) by

ordg(Z - Q) =ord,(f [ U)

and

(Z-Q) =) ordr(Z-Q)R,

for all prime divisors R on (). If, on the other hand, Z is not well positioned for ), then, as
a divisor,
Z =rQ+ Z NaQa,
Qa#Q
where the ), are well positioned for ). If H is any hyperplane well positioned for @), let

]2{7“
F ==
Q

where fr and fg are forms defining H and (). Then,
(F)=2rH —rQ,

and thus,
Z+(F)=2rH+ Y noQa.
Qa#Q
This shows that Z ~ Z , with Z well positioned for Q. We write Z - Q = 7 Q, and leave
it to the reader to check that Z - @) is independent of Z, as long as Z is well positioned for

Q. Thus, Z - @ is well-defined for all Z. We call Z - Q) the intersection cycle of Z and ). Of
course, if Z ~ 7', we get Z-@Q = Z'- (. Thus, we obtain a map

WCI(P?) — WCI(Q)

given by
Z— 7 Q.

Now, we have Z ~ dH for some d and some good hyperplane; for instance, the hyperplane
X =0 (Q is not contained in this hyperplane). Since @ is given by XY = ZW we see that
@ N H consists of the two lines defined by

X=/7=0 and X =W =0.

The function f = % has ord = 1 on both of these lines, and these are the generating lines
for WCI(Q). Thus,

H-Q=(11),
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which implies that
if deg(Z) =d.
Now, look at the twisted cubic C' C P3. Parametrically, it is defined by

X =Y =7 =t*u, W = tu*.

Since XY = ZW, the cubic C lies on Q. To find out what C' is in WCI(Q), look at the cone,
I', given by
W?*=YZ.

The intersection I' N Q) is given by
XY =2W, W?=Y2Z,

which implies that

XW?=XYZ=WZ>
Either W =0, or W # 0 and XW = Z2 If W = 0, then XY = 0 and YZ = 0. This implies
that Y = 0, since otherwise, X = Z = W = 0, a point, which is a contradiction. Thus, the
intersection consists of the line Y = W = 0 and of the curve defined by

XY = ZW,W?2=YZ,XW = 72,

which is the twisted cubic. As I' N (@ is the union of a line [ and the twisted cubic, and as [
is one of the rulings, we find that = (0,1) in WCI(Q), and

C+1=T-Q=(22).

We conclude that C' = (2,1) in WCI(Q). This implies that there cannot be any surface ¥ in
P3 so that, even as sets,

$NQ=C.

For if we had XN Q = C, then we would have Y - Q) = pC', for some p. But X has degree d,
and so, 3 - Q = (d,d) in WCI(Q). On the other hand, we saw that pC' = (2p, p) in WCI(Q),
and now, (2p, p) = (d,d), which is impossible.

The previous discussion is much too restrictive for it limits the construction of the invari-
ant WCI(X) to those X which are W-schemes. P. Cartier (1957) had the idea of admitting
just divisors “given locally by one equation.” This idea would finesse the restrictions forced
on us by the previous discussion. While the idea is quite simple, perforce, a real execution
of this must be more abstract.

Let X be any scheme. Cover X by affine opens, X,, and consider A, = I'(X,, Ox).
Let S, be the set of all nonzero divisors of A,, a multiplicative set. The rings S;'A, glue
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together on overlaps and give an Ox-algebra, Kx, the total fraction sheaf of Ox. We have
an embedding Ox — Kx. Let K% be the sheaf of invertible elements of Kx, which means
that

D (Xa, K%)= (ST1AL)* = {% g€ Sa he Sa}.
Recall that O% is the sheaf given by
['(Xa, Ox) = A,
and that we have the exact sequence
0 — Oy — KX.

Definition 5.5 The quotient sheaf K% /O% is a sheaf of abelian groups, denoted by Dy,
and called the sheaf of germs of Cartier divisors. A Cartier divisor on X is a global section
of Dy, i.e., an element of I'(X, Dx).

Since
0— Oy — Ky —Dx —0 (1)

is exact, every o € I'(X, Dy) yields an open covering by affine subschemes, X, and elements
fo € T'( X4, K%), so that f, — o | X, under the map K% — Dx. Hence, there are elements
6% in I'(X, N Xs, O0%), so that

fo = fa- 03 (1)

Thus, every Cartier divisor, o € I'(X, Dx), yields a family (X, f,) satisfying condition (7).
Conversely, a family (X,, f.) satisfying condition (ft) determines a Cartier divisor.

Observe that for every g, € I'(X,, O%), the family (X,, faga) defines the same o as
(Xas fa)-

If X is an integral scheme, which means that each A, is an integral domain, then Kx is
equal to the constant sheaf, Mer(X).

@ The sheaf Kx is not a constant sheaf in general. Merely take X = X [[ X3, for integral

schemes X7, X of different dimensions.

A principal Cartier divisor is a Cartier divisor arising from I'( X, %), i.e., it is given by
a family (X, f), where f € I'(X, K%), that is, f does not depend on «; to repeat: A divisor
o is a principal Cartier divisor iff it belongs to the image of the natural map

I'(X,K%) — (X, Dy).

Let us call such an f a generalized meromorphic function. For a Cartier divisor, (X, fa),
if the f,’s actually come from I'(X,, Ox), we will call the divisor an integral divisor or an
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effective divisor. Note, these f,’s, while in I'(X,, Ox) need not be units of I'(X,, Ox)-that
would make our Cartier divisor trivial. We write CDiv(X) in place of I'(X, Dx) and define
the (Cartier) class group C1(X) as the quotient

CL(X) = CDiv(X)/Im (T'(X, K%)).

If we apply cohomology to (1), we get the injection
d: Cl(X) — Pic(X).

Note that line bundles are defined on all schemes (even ringed spaces), Cartier divisors are
defined on schemes, and Weil divisors are defined on W-schemes.

Here is the main proposition relating Weil divisors and Cartier divisors.

Proposition 5.28 If X is a Noetherian, normal, integral scheme, then X is a W-scheme,
and there are natural injections

CDiv(X) — WDiv(X) and Cl(X)— WCI(X).
Furthermore, if Ox , is a UFD for every x € X, then the inclusions are isomorphisms.

Proof. Since X is Noetherian and integral, to prove that X is a W-scheme we need only
show that X is regular in codimension one. But X is normal, so Ox, is a normal one-
dimensional local ring if X is a point of codimension one. Such a local ring is a DVR,
therefore, is regular. We construct the map from CDiv(X) to WDiv(X) as follows: Pick
o € I'(X,Dyx) = CDiv(X), then ¢ corresponds to a family {X,, f.}, where the X, are an
open covering and the f, are in K%. Let ) be a prime divisor on X and write ¢ for his
generic point. If @ N X, # 0, then ¢ belongs to X, and thus, ord¢(f,) makes sense, by
regularity in codimension one. Of course, we set

ordo(fa) = ord¢(fa)-
Should @ N X, N Xz be nonempty, then as
fﬁ = faeg
with 6% € T'(X, N X35, O%), we find that

orde(fs) = orde(fa)

(of course, ¢ belongs to X, N Xg). This show that ordg(f,) is independent of a as long as
QNX,NXg# 0. Hence, we can define ordg (o) to be ordg(f,) for any a with Q@ N X, # 0,
and ordg(o) =0 if @ N X, = 0. Our map is now defined by

o D(o) = ZordQ(U)Q,
Q
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and this is clearly a homomorphism.

We have to check that it is injective. If D(o) = 0, then ordg(f,) = 0 for all @ and all a.
This means that f, is a unit in the one-dimensional local ring Ox . However, X is normal,
so that

It follows immediately that f, is a unit in I'(X,, O%), that is, that o comes from H°(X, O%).
Hence, o = 0.

To see that C1(X') maps to WCI(X), observe that K%, for a W-scheme, is just the constant
sheaf Mer(X). If 0 = {(X,, f)}a is a principal Cartier divisor, then f is a meromorphic
function; so, D(0o) is just the principal Weil divisor (f). There results the map

Cl(X) — WCI(X).

Given o € Cl(X), write, as usual, 0 = (X4, fo). Suppose that D(¢) = (f), for some
fixed f € Mer(X). Then, on X,,

ordg(fs) = ordg(f)

for all @ with @ N X, # 0. By normality again, the element f,/f is a unit of I'(X,, Ox,).
Consequently, o equals (X,, f) in CDiv(X); that is, ¢ is a principal Cartier divisor, which
proves our map

Cl(X) — WCI(X)
is an indeed injective.

Assume now that X is locally factorial. Given any x € X, any prime divisor () gives us
a height—one prime in Ox ,, or Ox, itself, corresponding to the case x € @, or x ¢ Q. But,
as X is locally factorial, the ideal of Ox , is just ¢,Ox ., where ¢, is either an irreducible
element (X € @) or the unit element 1 (X ¢ Q). Given D in WDiv(X), define an element
fz in Mer(X) by
fz= HqgrdQ(D) € Frac(Ox,) = Mer(X).
Q

If we prove that there is some open subset, U,, with x € U,, so that on U,, the (locally)
principal divisor (f,) is equal to D, then these U, will cover X, and they will define a Cartier
divisor, 0 = (U, f.), and we have D(c) = D. Consequently, all is reduced to the assertion
that there is an open subset, U,, and that on U,,

(f)NU,=DnNU,.

In the definition of f,, only finitely many () appear, and each such @) is given by some
equations on an affine open, U, containing x (we can use the same affine open merely by
shrinking the possibly different affine opens, there being only finitely many ). We also
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know that the element, ¢, is defined on some small open about x, and we may take the
above affine open to be this open, and write ¢, simply as q. As @) is given by finitely many
equations, and as all these are multiples of ¢, on Ox ., we may shrink U even further an find
that the equations for Q on this open U are dWgq, for j =1,...,t. If we set
fU = q$dQ (D)>
Q

then at our x € U, the elements fy and f, are the same. This means that in a possibly
smaller affine open, they agree and hence, D and fy define the same divisor on U. ]

Remark: It is known (Auslander-Buchsbaum [4], and Serre [52], Chapter IV, Section D.1,
Corollary 4 of Theorem 9) that all regular local rings are UFD’s. So, if X is regular, then our
UFD condition follows. In Bourbaki’s terminology, when Ox , is always a UFD, X is called
a locally factorial scheme. We know that if X is an ordinary variety and X is nonsingular,
then X is regular (Chapter 2, Theorem 2.31 (Zariski)).

Corollary 5.29 We have CI(A™) = (0), CI(P") = Z, Cl((zy = 2%)) = (0), and Cl(Q) =
7D 7, if Q is a nonsingular quadric in P3.

Remark: In the case of the cone (xy = 2?), we showed that R, a conic generator, is not
principal. Hence, R is not in the image of the map Cl(X) — WCI(X), but Ox is not a
UFD.

5.3 Divisors and Line Bundles
When is the map
Cl(X) -2 Pic(X) = HY(X, O%),

we get from the cohomology sequence, surjective? First, we examine the connection between
Cartier divisors and invertible sheaves.

Let D be a Cartier divisor on X, say given by (U,, fo). Look at the module £ C Kx
defined as follows: On U,, take the submodule

1
fa

On U, N Ug, we appear to have two submodules

(OX f Ua) — ]CX f Ua.

Logtv.nty) and L0k 1 U.NT).
fa fs
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However, fz/f, € I'(Uy N Uz, O%), and thus, the submodules are identical. We get a sub-
module of Kx, denoted by Ox (D). The map

Pa - OX(D) rUa —>OX rUa

defined via multiplication by f,, is an isomorphism of modules; therefore, Ox (D) is invertible
and has an embedding

Lp: OX(D) — ]CX.

There results a map
D e CDIV(X) — (OX(D)> LD)>

where Ox (D) € Pic(X) and ¢p is an embedding of Ox (D) into Ky.

Now, suppose we have an invertible sheaf which is a submodule, £, of Kx. This means
that there are embeddings tr: £ — Kx and tz-1: £L7! — Kx. Then, there exists: A cover
{U,} of X and, some isomorphisms

'l/)oz:'c [Ua—)OX onw
Since 1 € Ox | U,, we find an element
Ea= () e LU, — Kx | U,.

Thus, we have t£(&,) € Kx [ U,. For simplicity of notation, we also denote tr(&,) by &,-
Since £ is also embedded in Ky, the &,’s are non-zero divisors. Therefore, we get a Cartier
divisor D = (U,,&,"), and Ox(D) = L. Of course, for any D and D,

Ox(D + D) = Ox(D) @ Ox(D)*".

Say £ = Ox (D) is isomorphic (abstractly, not as submodules of Kx) to Ox (D). To ask

what this means is the same as setting £ = D — D and asking: What does it mean that
Ox(E) =2 Ox?

We have an isomorphism ¢: Ox(EF) — Ox and an embedding ¢: Ox(E) — Kx. Thus,
we get
F=(op™)(1) € T(X,KX).

We also know that

Ox(E) f Ua = i(9)( f Ua — IC)(.

«

Therefore,
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where we have absorbed a unit of Ox | U, in the element e, which is all right as we consider
abstract isomorphism. We find that e, lifts to 1/F on U,, but 1/F is a global function, which
implies that e, comes from I'(X, %), and

-(3)

E ~(0),

Thus,

where, of course, we write E' ~ E’ when and only when E — E’ ~ (0), and the latter simply
means that £ — E’ is principal. Running the argument backwards, we get the following
proposition:

Proposition 5.30 There is a bijection
D «— Ox(D)

between Cartier divisors on X and invertible submodules of Kx such that linear equivalence
of Cartier divisors corresponds to abstract isomorphism of invertible sheaves. We have an
inclusion

Cl(X) < Pic(X),

and the following diagram commutes:
HY(X,0x%)
/
CI(X)
Pic(X)

Proof. We only need to prove the last part of the proposition. Let D be a Cartier divisor,
and assume that D is given by (U,, f.). Recall that we have isomorphisms

Ox(D) [ Uy — Ox [ Ua

given by multiplication by f,. This implies that the transition functions ¢°: Ox | U, —
Ox | Ug satisty
fs

fa

98

From this, it is easy to see that

o(D) = [(Ua N Us, f5/ fa)],
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where the brackets mean “class of.” O

We now make a momentary digression on the cycle map and the moving lemma. Let
Y < X be a closed immersion, and let D € CDiv(X). Then, D is given by (U,, f,). We
will say that D s well positioned for Y if

fo | Yo € (S5 Ba)*,

where Y,, = U, NY, the ring B, = ['(Y,,Oy), and S, is its collection of nonzero divisors.
Then, (Ya, fo | Y) gives a Cartier divisor on Y denoted by D - Y. The divisor D - Y is
the intersection cycle of D and Y. Assuming that f € ['(X, %), we require that (f) be
well-positioned for Y. This means

f1Y eT(Y,Ky)

and then,
(f)-Y=(1Y).

We get a map from the subset consisting of well positioned C-divisors on X to C-divisors
on Y, and well positioned principal C-divisors on X map to principal C-divisors on Y.

Let us now assume that
0
Y X < PV

and let D be a Cartier divisor on X. Eventually, we will show that

(1) There is some embedding 6 and some effective Cartier divisors 7, well positioned
vis-a-vis Y so that
D ~r1 —spu,

where r, s € Z are large enough. Then, we can set
D-Y=r(tY)—spuY)
and

(2) The class of D .Y as just defined, is independent of the embedding 6 and of T, i, 7, s.
Then, we get the moving lemma, due to Chow:

Moving Lemma If our varieties X and Y lie over a field, and if
Y <+ X < PV (closed immersion)

then we can move any D € CDiv(X) to another Cartier divisor, D’, so that D’ -Y
makes sense and D ~ D’. This yields a homomorphism

Cl(X) — CI(Y).
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Note that we can use cohomology to give a crisper “proof” of the existence of this map
(intersection cycle class map), namely consider the diagram

CLY) —— H'(Y,0)

|

Cl(X) —= HY(X,0%).
If we could show that the composed map CI(X) — H'(Y, %) factors through the top
horizontal inclusion, we would have the required cycle class map.

If X =P%and Y = Q (a nonsingular quadric), we know that the moving lemma holds.
Therefore, we can define Y - Y. We know that Y ~ 2H, which implies that Y -Y = 2(Y - H),
that is, Y - Y is of type (2,2).

We now go back to the question: When the map
YY) — HY(X,0%)

is onto. Consider a vector bundle, V', of rank r on X. Assume that there is a section
o € I'(X, V). We know that there is an open cover, (U,), and isomorphisms, ¢,

pa: V I U, = Ul [T A"

The transition functions g2 lie in GL(r, U, N Ug). Since o: X — V, we have
0q =0 [Uy: Uy =V [ Uy;
Ya 004 Uy — UaHAT’,

and prq o p, 0 0, = id. Let
Pro © Qo 004 = ( 1(0)" . "fﬁa))’

where f]@ € Hom (U,, A'), a holomorphic function on U,. Note that the assertion: o is a
section, is equivalent to the transition equations:

GAH e = (FO, ). (*)

Let
Zo(0)=Zo={x €U, | fPx)=0,j=1,...,r}.

The closed subscheme, Z, (), of U, patches with the corresponding closed subscheme, Z3(0),
on U,NUg, by (). Thus, we get a closed subscheme, Z(o), corresponding to the section o €
['(X, V). Since rk(V') = r, the scheme Z(0) is defined locally by r equations. Consequently,
the subscheme, Z (o), should have its proper codimension, i.e.,

min{r, dim(X)},
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where rk(V') = r, at least for generic 0. Apply these considerations to the case: r = 1, line
bundles.

Let L be a line bundle on X, and assume that L has lots of sections. Then, every section,
o, of L yields on each U, a holomorphic function, h,, and if g? is the transition function for
L on U, N Ug, we get
hg = ggha on U, NUs.

We say that o is a good section of L if the h,’s are non-zero divisors in I'(U,, Oy, ). Under
these conditions, we can make the submodule, i Ou,,, of Ko = Kx(U,), and we have

h
h—ﬁ = g% € K3 (Uy N Uy).
So, if o is a good section, then the following facts hold:

(1) The pairs (U,, hy) define a Cartier divisor, D. This divisor is effective.

(2) We have L = Ox (D), because the transition functions for L are the ¢g%’s and the
transition functions for Ox (D) are the hg/h,, and they agree.

Write D > 0 when D is an effective Cartier divisor. This defines a partial order on
CDiv(X). If X is a scheme over a field k, we get a cone called the effective cone.

Assume that L = Ox (D) and that o is some given good section of L. What about Z(o),
i.e., what’s the relation between Z(¢) and D? The section o yields (U,, hy), where the h,’s
define the effective Cartier divisor Z (o) > 0, and

hg = g°h, on U, N Us.

However,
8 _ fﬁ
ga — T
Ja
where (U,, fa) defines D. We get
hg = &ha on U, NUs,
fa
and so,
hg  ha
—~=— onU,NU;s.
fﬁ fa ’

Therefore, these quotients patch, and we get a generalized meromorphic function, F', in
I'(X, K%), via
he

FlU, =
| 7
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Now, from

faF = hom

we see that
(F)+D=Z(c), with Z(o)>0.

Conversely, if D ~ E where E > 0, then E = (U,, ha), where h, € Ox(U,) N K% (Uy).
However, D = (U, fa), with f, € K% (U,), and as D ~ E, there is some F' € I'( X, K% ) with

ho = foF' on U,.

Then,
ggha = ggfaF = fpF = hg,

which implies that the section, o, given on U, by the functions h,, is a good section. We
have now proved most of the following proposition:

Proposition 5.31 Let X be a scheme, L a line bundle on X, and D a Cartier divisor
on X. If o is a good section of L, then Z(o) is an effective Cartier divisor on X, and
L= Ox(Z(0)). Neat, for Ox(D), there is a bijection between

(1) The collection of good sections, o, of Ox(D) and

(2) The set of all “meromorphic” functions, F', on X, which satisfy the inequality

(F)+ D > 0.

Moreover, there is a bijection among the following three sets:

(A) Good sections, o, of Ox(D) modulo the action of global invertible holomorphic func-
tions on X (where invertible holomorphic functions act on sections by multiplication).

(B) Effective Cartier divisors, E, with E ~ D.
(C) Global “meromorphic” functions, F, with
(F)+D >0,
modulo the action of I'(X, O%), (F +— AF).

Proof. Only (A), (B), (C), have not been proved yet. We need only check (A) and (B), and
for this, we need the following fact: If o and 7 are good sections of Ox (D), and Z(o) = Z(7)
as Cartier divisors, then ¢ = A7 for some A € I'(X,0%). Since Z(o) = Z(7), there are
elements ¢, € I'(U,, O%) so that
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where Z(o) and Z(7) are defined by h,, resp. k, on U,. We know that {h,} and {k,} are
sections, and so
hg = gghaa

which implies that
qﬁkﬁ = ggQaka = thggka = qakﬁ on Ua N UB
Therefore,
(g8 — qa)ks =0, on U, NUs.

Since kg is not a zero-divisor, we get
g8 = qo on U, N Usp.

The functions, q,, therefore patch on the overlaps and thus define a global invertible holo-
morphic function. ]

If X lies over a field,k, then elements A € k* lie in I'(X, O%). So,
{o € '(X,0x(D)) | o is good}
is a k-vector space and
{0 € T(X,0x(D)) | 0 is good}/k* =P({o € I'(X,O0x(D)) | o is good})

maps onto

{E | E>0, E~D}.

This surjection is an isomorphism if I'(X, O%) = k*. If X is proper, we will show that
['(X,0x) = k. From now on, let us denote the set {o € T'(X,Ox(D)) | o is good} by
[go0d (X, Ox (D)).

We define |D| by
[D|={E|E =0, E~ D},

and call | D| the complete linear system determined by D. Of course, when X is proper |D|
is just P(Lgo0d(X, Ox(D)); hence, in this case, |D| has the structure of a projective space.

It turns out that for X a proper scheme over a field k&, the dimension of I'(X, Ox (D)) is
finite, and this number is a very important invariant of the divisor D. The Riemann-Roch
problem, in its simplest form, is to compute the dimension of I'(X, Ox (D)) in terms of other,
simpler invariants of X and D. More generally we can say that the Riemann-Roch problem
is to compute

dim(H°(X, F)) = dim(T'(X, F)),

where F is a QC sheaf on a given scheme X. Of course, the computation should be made in
terms of invariants of X and simpler invariants of F; and further, as stated in our form, we
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have to assume that X is defined over a field. We shall return to these questions in Chapter
9.

Now, let D be an effective divisor of X and (U,, f,) its “equations.” We know that
fo € T(U,,Ox) NT(U,, K%), and the transition functions, g, for Ox(D) are given by
9% = fs/fa- Hence, fz = g°f,, so that the f,’s define a good section o. The subscheme,
Z(0), is just defined locally by the ideal f,Ox on U,. However,

faOX g OX g ICXv
and this locally free Ox-module is just Ox(—D). Thus, we have the following proposition:

Proposition 5.32 If D is an effective Cartier divisor on X, let'Y be the locally principal
subscheme of X given by the “equations” D and write Jy for the ideal sheaf of Y. Then,

(1) Iy = Ox(=D),

(2) The sequence
0— Ox(—D) — Ox — Oy — 0

15 exact.
We have seen that divisors relate to line bundles and now must inquire into the difference
between the two concepts. Generally speaking, C1(X) is a proper subgroup of Pic(X), but

there are conditions on X which will ensure the equality of the two groups. We will give just
two such criteria and not pretend to any real generality.

Proposition 5.33 Let X be a scheme and suppose that there is a line bundle, L, having the
following property:

(Amp) For every line bundle L on X, there exists an integer M (L) > 1, so that if ¢ > M (L)
then £ ® L®? has a good section.

Then, Cl(X) = Pic(X).

Proof. Apply (Amp) to L itself. If ¢ > N = M(L) — 1, then L®? has a good section. A

previous argument implies that
L¥" = Ox(Dy),

for some Cartier divisor D,. Pick any line bundle £, and let
M = max{M(L),N}.
Assume that ¢ > M. Then, £ ® L®? has a good section, which implies that

L& L%~ 0Ox(E,),
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where E, € CDiv(X). Since ¢ > N, we also have
L®q = OX(DII)u

and thus,
L= OX(Eq) ® OX(Dq)_l = OX(Eq - Dq)'

O

Remark: Since it is not clear if any X we know satisfies (Amp) or even how to satisfy
(Amp), we need a more tractable criterion.

Proposition 5.34 If X is an integral scheme (i.e., reduced and irreducible), then C1(X) =
Pic(X).

Proof. The sheaf Ky = Mer(X) is constant, as X is integral. Therefore, the sheaf Ky is
flasque. As a consequence,

H"(X,Kx)=(0) forallr>0,
see Appendix B. Similarly, the sheaf K% is flasque and
H"(X,K%)=(0) forallr>0.
However, we have the exact sequences
0 —0x —Kx —Px —0 (ML)
and
0— Oy — Ky — Dx — 0, (W)

where, Py is, by definition, the quotient sheaf, in exact sequence (ML). Applying cohomology
to the sequence (W), we get

0—— H°(X,0%)

<—> Pic(X) — HY(X,K%) = 0.

This shows that the map Cl(X) — Pic(X) is onto, and thus, an isomorphism. [

HO(X, K¥)

CDiv(X) j

Exact sequences (ML) and (W) have many interesting and important consequences. If
we continue the cohomology sequences arising from (ML) and (W) in the case where Kx is
flasque (e.g., if X is an integral scheme) then we obtain the isomorphisms

(a) H"(X,Dx) =~ H (X, 0%) for all » > 1, and
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(b) H(X,Px) = H (X, Ox) for all r > 1.

Now, the cohomology of Ox is, in many cases, a tractable group to compute; so, isomor-
phism (b) gives us information about the cohomology of Px. The cohomology of O% is, in
general, more difficult to compute. But in the complex analytic case we can connect Ox and
O%. In this case, we have the exponential sequence

0—27Z— Ox 2B 0% —0.
Moreover, for any scheme, X we have the exact sequence
0 — Oy — GL(n+1) — PGL(n) — 0,

where, by definition, PGIL(X,n) is the quotient sheaf, and the map O% — GL(X,n+1) is
the diagonal map. Note that Im (O%) is contained in the center of GL(n + 1). It is known
that this condition guarantees the existence of a partial long cohomology exact sequence

(X, PGL(n)) —)
C_) Pic¢(X) —— H'(X,GL(n + 1)) — H'(X,PGL(n)) 4)

C—>H2(X, O%).

However, in this partial cohomology exact sequence, the terms H'(X,GL(n + 1)) and
H'(X,PGIL(n)) are just sets with a distinguished element. The first term, H*(X, GL(n+1)),
is already known to us as Vect(n + 1, X') and we shall shortly have an interpretation of the
second term, H'(X,PGL(n)). If, in addition, X is proper over an affine scheme, then the
first part of the sequence consisting of the global sections is already exact by itself. As a
consequence, we get the exact sequence

0——=T(X,0%) I'(X,GL(n+1)

0 — Pic(X) — Vect(n + 1, X) — H'(X,PGL(n)) — H*(X,0%), (1)

where X is proper over an affine base.

We would like to apply the exponential sequence; for this, assume now that X is a variety
over C. We have the corresponding analytic space, X*", as previously explained, and the
exact sequence

0—>Z—>0X3nﬁ)o}an—>0.
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Taking the cohomology sequence, we get

0 Z D(X, Oxan) —2= T( X, O%can) j

<_> Hl(Xan, Z) - . Hl(Xan, OXan)

Pic(X?") 4)

- HA(X*, Z) — H2(X™, O ) —= HX(X™, Of..) )

<_> H3(X™ 7,)

If X is proper over C then, as above, I'(X®", Oxan) = C, and the existence of the logarithm
shows that the first part of the sequence consisting of the global sections is already exact. If
we assume more, we can say more. For example, if X C IP" as a closed subvariety then the
analytic cohomology and the algebraic cohomology will agree by the results of GAGA due
to Serre [48]. That is,

H¥(X™ Oxa) = H¥(X, Oy),

and
H*(X™ O%aw) = H*(X,0%) for all k> 0.

Then, we have

0—= HY{(X™ 7) —= HY(X, Ox) — Pic(X) —D

C—>H2(Xan,Z) —— H*(X,0x) — H*(X,0%)

<_> H3(Xan’ Z)

Now, X is a complex analytic space and H*(X?" Z) is the Betti (= ordinary) cohomol-
ogy. The group H'(X® Z) is a discrete subgroup of H'(X,Ox) and we shall show that
HY(X,0x)/H(X™ 7Z) is a complex torus. Consequently, Pic(X) has as a subgroup a com-
plex torus with a quotient a subgroup of the discrete group H?*(X? Z). When we have
studied Chern classes, it will turn out that the map Pic(X) — H?*(X™,Z) is exactly the
map from a line bundle to its first Chern class. For now, let X = P". Then, X*" = P and
we know that

—

(0) if r is odd.
HYPL,Z) =< Z  if ris even.
(0) ift>2r.

We will see in the next section that

HP (PG, Opr) = (0) forallp>0
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and
HO(]P)(E, O[[Dr') =C.

In particular, we find that
Pic(P¢) = Z

(as we already knew) and
Hz(ngv OP") = (O)v

We shall prove this latter fact in a moment in discussing the interpretation of
HY(X,PGL(n)).
But first, we use the former fact: Pic(P}) = Z, where k is a field. It shows that a line

bundle over P} is of the form
O]pm ( H)@Q’

where H is some hyperplane and ¢ € Z, i.e., of the form Opn(¢H). The usual notation for
Opn(qH) is Opn(q). Let us assume momentarily that ¢ > 0, and look at Op«(q). We know
that an equation for a Cartier divisor corresponding to qH is

Z§ =0,
where (Zy: ---: Z,) are the homogeneous coordinates on P". Cover P" by the usual affine
opens
Uy ={(Zy: ---: Z,) | Z; #0}, where j=0,...,n.

On Uy, our divisor is given by the function 1. On Uj, for j > 0, our divisor is given by the

function
@ q
Z; ’

-z (2

We also have

Y= Zoz ~ \ 7

J

Note: this also holds for ¢ < 0. Thus, these g;;’s are the transition functions for Opn(g). A
section, o € I'(P", Opn(q)), is a family of holomorphic functions, ¢;, on U; with

oj = gij0; on U;NU;.

We know
Zy Zn) . .
o; =h; (—, ...,— |, where h; is a polynomial.
J J ZJ ZJ J

For patching as a section, we need to have

70 Z, Z? Zy Zy .
h; <77’7) :73]}% (Z,,Z) on U; NU; for all 4, j.

J J
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This means:

Zy Zy Zy Zy .
qy, _ 7y, Zn
Zjh]< e ) Zzh2< AR Z) for all 4, j. (%)

J J

Go back to the case ¢ > 0. Equation (x) show that each h; is the dehomogenization of a
singe form h of degree ¢ in the variables Zy, ..., Z,. If ¢ < 0 the equation (*) is impossible
as the reader should easily check. Now, it turns out that we even have

H*(Py, Opy) = (0)

when A is a commutative ring and P’} means the projective space over Spec A-a concept to
be introduced in Chapter 7-but that we use here for the convenience of the reader in stating
the next proposition (set A = k, a field in the next proposition to see a statement that we
have actually proved).

Proposition 5.35 For P}, with k a field, the Cartier divisor classes are in bijection with Z
via the map

Moreover, the space of global sections, I'(P", Opn(q)), is given by

n vector space of all forms of degree q, if ¢ > 0,
F(P 7OIP’"(Q>> = { (O), qu < 0.

Later, we shall generalize Proposition 5.35 to take care of the case where k is replaced
by a commutative ring, A. For now, we use it to prove the following proposition:

Proposition 5.36 (Fundamental theorem of projective geometry)
Autg(Py) = PGL(n, k).

Proof. Let o € Aut,(P}). Then, the map o*: L — ¢*L is a k-automorphism of Pic(P}). As
Pic(P}) = Z, we get
o" = =+1.

Also,
0" (Opn (1)) = Opn(£1)

since Opn (1) is a generator. We can find f € I'(P", Op« (1)), with f # 0, and then
o'f € T(P",Opn(£1)) and o*f #0.

But I'(P", Opn(—1)) = (0), so 0* = id. Therefore, o takes hyperplanes to hyperplanes. It
follows that (DX) o is linear, and we are done. [

Proposition 5.36 helps us interpret the group H'(X,PGL(n)). Recall that in the case
of GILL(n), the cohomology group H'(X,GL(n)) was identified with the isomorphism classes
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of rank n vector bundles on X (see Theorem 5.11). The reader should look at the proof
of this theorem and see that the sole place where GLL(n) entered the argument was in the
description of the automorphisms of the fibres of the total space of the vector bundle. Exactly
the same argument applied to a projective fibre bundle (space Y over X locally trivial on
X, modeled as the product U [] F (U open in X, and F a fixed space-the fibre) whose fibre,
F| is P}), shows that the isomorphism classes of these are in bijective correspondence with
the elements of H'(X,PGIL(n)). Of course, we have used the fundamental fact that the
automomorphisms of the fibre, P", comprise the group PGL(n, k). Now, the exact sequence
(1) (after Proposition 5.34) shows that a necessary and sufficient condition that a projective
fibre bundle with fibre P arises by “projectivizing” a vector bundle of rank n + 1 is that
the image in H%(X, O%) of the cohomology class, «, representing our projective fibre bundle
vanishes. In this way, some elements of H?(X, Q%) arise as “obstructions” to viewing a given
projective fibre bundle as a projectivization of a vector bundle of one—higher rank.

For projective space, P", we can make an interpretation of the line bundles Ox(q) in a
geometric fashion. We shall first do this for the case ¢ = £1.

We know that By(A™™!) is a line bundle on P" (over a field k¥ C Q). We also showed that
there are no nonzero sections (see Chapter 2, Proposition 2.54). So,

B(](An+1) = O]Pm(q) with ¢ < 0.

Let U; be the standard open, as usual, and let & = (ap: -+ - : a,) € U;. The fibre in By(A™!)
over « is the line L, given by

Z, = ayt, wheret € Q, and Z, ..., Z, are coordinates on A"

The local never-zero trivializing section, o, is given

. (7)) [67%
O'j(Oé)— a—,,a— y
J J

point on L, corresponding to t = 1/«;. Thus, o; gives the isomorphism

U [JA' — Bo(A™) 1 U;

ta to;_ to; tay,
(ot s (<__t__><a >)

Qj Qj Qj Qj

V1a

the last tuple on the right-hand side representing the point, a, of U;. The inverse
it Bo(A™) 1 U; — U [T A

is given by

((tﬂow"atﬂn); (50: T 571)) = ((60: H ﬁn)>tﬁj)'
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g (@) _ B
7\ B; Bi

. . . -1 . . .
implies that g; is multiplication by g—ﬂ = (%) , which implies that ¢ = —1. We see that

Then,

Bo(A™1) = Opa(—1).

Now, for a geometric view of Opn(1). Let P € P"*1 and choose coordinates so that
P=(0:---:0:1).

View P < P""! as the hyperplane Z, ., = 0, and let B = P! — {P}. Project B onto P".
Given any () in the hyperplane, the fibre of the projection is the line [pg. By our choice of
coordinates, the projection is given by

7T(a0: s an+1) = (aoz s Oén),
and the equation of lpg is
(u:t) = (uag: - uay: t), where Q = (ag: -+ : ).

We have
A' = lpg—{P} C B=P""' — (P},

and the equation of this affine line is
T (ag: -+ ay:7) (where 7 =t/u).

So, B is a line family, and it is locally trivial. For if Q) € Uj, define

0j(Q)=0j(ag: -+ 1) =(: -1yt a;);

we get an everywhere nonzero function from U; to B. Thus, B is a line bundle. The section,
0}, gives the trivialization

U [[A' — BIU;,
where
(Q,t) = (ap: -+ 1yt ta).
The inverse isomorphism is

(o B [U] — UjHAl,
given by

#i(Bo "':6n+1):<(601 ---:ﬁn),ﬁg >
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For the transition functions, gji-, as g;j0; = 0;, we find that g;'- is multiplication by g—] Thus,
q=1,and B = Opx(1). More geometrically, hyperplanes in P"™! are given by equations of

the form
n+1

Z Cl,ij = 0.
7=0

The hyperplanes, H, through P form a P"; namely, in the above, a,,; = 0. So, the cor-
respondence is H <— (ag: -+ : a,). The rest of the hyperplanes fill out a copy of A™*!;
namely, these are the hyperplanes given by equations of the form

> a;Zi+ Zyir =0, (+)

=0
because they correspond to homogeneous coordinates (ag: -+ : an: ayy1) with a1 # 0. Let
@ = (ag,...,a,) and H—> be the hyperplane given by (x). Pick Q = (ag: ---: ap) € P"
(recall that P = (0: ---: 0: 1)), then the intersection, H— N lpg, of H- with the line lpg
is the point

<Oéoi e L Oy s — ZCLJ'O(]‘) s
=0

since the points on the line [pg other than P have coordinates (ag: ---: ay,: t). Define

0 (Q) = H Nlipg.

The map, o0—», gives a section of our bundle. Conversely, if ¢ is a section of our bundle,
then o(P") is contained in P"*!. Now, o(P") is closed (by Theorem 2.36, since o is a proper
map) and irreducible. It is also of dimension n since o is injective. Therefore, o(P") is
an irreducible hypersurface. Since o is a section, o(P™) N lpg is a single point, and thus,
deg(o(P")) = 1. So, o(P") must be a hyperplane in P"™' — { P}. Therefore, the maps:

T o

and
o—o(P")=H

establish an isomorphism between A"*!, the hyperplanes not through P, i.e., the linear
forms Z?:o a;Z;, and the sections of our bundle. There is only one line bundle on P" whose
sections are the linear forms )7 ;a;Z;, and we find once again the line bundle Op~(1).

In case g is not £1, we can make similar geometric arguments to interpret the total
spaces of these line bundles. Namely, consider the g-uple embedding P* — PV, where
N = (";rq) — 1 (see Section 2.5), and apply the above to PV to give an interpretation of

Opn (£1). Then, the pull back of Opn(£1) to P™ gives the bundles Opn(£q). Hence, as the
reader should verify, we obtain a description of the total spaces of Opn(£q).



5.4. FURTHER READINGS 293

5.4 Further Readings

Locally free sheaves, bundles, and divisors are key concepts in algebraic geometry. These
concepts are covered quite extensively in Chapter II and III of Hartshorne [33], although
bundles are relegated to the exercises. Locally free sheaves are discussed in EGA T ([22,
30]), and Cartier divisors are introduced in EGA IVd ([29], Section 21). A more informal
discussion of all these concepts can also be found in Danilov’s survey [11], and in Shafarevich
[54].
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Chapter 6

Tangent and Normal Bundles; Normal
Sheaves and Canonical Sheaves

6.1 Flat Morphisms—Elementary Theory

Morphisms in algebraic geometry, say f: X — Y, can be thought of as families of schemes,
f~Y(y), each over its corresponding residue field, x(y), with the consistency of the family be-
ing guaranteed by the fact that the fibres all come from one scheme X. However, this direct
and easy notion of a family of schemes is usually not a correct mathematical embodiment
of our intuitive notion of a “continuously varying” family over Y. For example, if X is the
blowup of a point of Y, then even the fibre dimension jumps. And, when the fibre dimen-
sion does not jump, what guarantee have we that more subtle invariants of the fibre vary
continuously—which is to say, for discrete invariants, remain locally constant? The algebraic
notion of flatness (originally due to Serre [48]), seems to capture the desired continuity we
see in our minds quite efficiently indeed. This will come out over an extended sequence of
results, some of which will be proved in this section and others of which will be taken up
later on.

Definition 6.1 Let f: X — Y be a morphism and F a QC Ox-module. We say that
F is flat over Y at x € X if F, is a flat Oy, y)-module (recall that there is a ring map
¢ Oy sy = Ox,e, and since F, is an Ox-module, it can also be viewed as a Oy, f()-
module). We say that F is flat over Y if it is flat over Y at x for all x € X. Finally, f is
flat if Ox is flat over Y. This means that Ox, is a flat Oy, ¢()-module for all z € X.

An easy case with which to begin is when f: X — Y is a finite flat surjective morphism.
Let us call such an X a finite flat cover of Y. Let us also assume at first that X and Y are
integral schemes (reduced and irreducible). Then, there is an inclusion of fields

Mer(Y) — Mer(X),

and it is a finite extension. The degree, 9, of this extension is called the degree of the
morphism. Even if X and Y are not integral but if Y is locally noetherian, then Ox is a

295



296 CHAPTER 6. TANGENT AND NORMAL BUNDLES

finite rank locally free Oy-module. If Y is also connected, this rank is constant and is just
the degree ¢ introduced above in the integral case. Let V' be a vector bundle of rank n over
X. We can view V as a locally free sheaf, thus coherent, and f,(V') is again a coherent
Oy-module (see remark after Corollary 4.20). We have the following useful lemma:

Lemma 6.1 Let f: X — Y be a proper morphism. If U is any nonempty open set in X,
there exists a mazimal open W CY so that f~*(W) C U. The set W is nonempty iff there
exists a closed pointy € Y so that CN f~1(y) =0, where C = X — U.

Proof. As above let C = X — U, which is closed in X. Then, D = f(C) is closed in Y
(since f is proper). Let W =Y — D. Note that W # 0 iff f(C) # Y. If £ € f~1(W),
then f(§) € W, which implies that f(§) ¢ D. Thus, £ ¢ C, so that £ € U. That W is
maximal should be clear. Now, the closed points of Y are dense in Y, and the condition
CN f~1(y) = 0 is exactly the condition that y ¢ D. Since D is closed in Y, it equals Y iff
it is dense, that is if and only if D contains every closed point of Y. [J

Proposition 6.2 If X and Y are schemes, with Y locally noetherian and connected, and if
f: X =Y is a finite flat cover of degree 6, then the direct image, f.V, of any rank n vector
bundle, V, on X is again a vector bundle on Y, but of rank né.

Proof. The question being local on Y we may and do assume Y is a noetherian affine
connected scheme. As in the remark after Corollary 4.20, the sheaf f,V is coherent and of
the form M, where M is a B-module (X = Spec B, Y = Spec A, and B is a finite flat
A-module), and by hypothesis is localy free as B-module. If p is a prime of A, then M, is a
flat A,-module—and so, M, is a free finitely generated A,-module. By the usual persistence
of pointwise (stalk) properties to small open sets around the points, we see that M is a
locally free A-module. This means exactly that f,V is a vector bundle. The rank of f,V is
manifestly nd. [J

If £ € Pic(X), then f.£ € Vects(Y). Hence, we can form A’(f.(£)), and this is an
element of Pic(Y). We will denote A°(f.(£)) by Nx/y (L), and call it the “norm” of L. In
the case that X and Y are integral schemes, what is Ny/y on Cartier divisors?

We know that Mer(X) is a degree § extension of Mer(Y). This view of Mer(X) is
properly speaking a view of f,Mer(X) as sheaf on Y. If U is a sufficiently small affine open
of Y, we can arrange matters so that

(1) f.Ox [ U is free of rank § over Oy | U (as f is finite, flat, surjective.
(2) A basis used in (1) is a gain a basis of f,Mer(X) over Mer(Y).

Over this open, each section o € T'(f~1(U),Ox) or o € T(f~1(U), Mer(X)) acts as a linear
transformation on its respective module via the formula
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By applying this to our basis, we find a matrix for 7T, and the determinant of this matrix
(which is the determinant of 7, as linear transformation and is independent of the basis) is
an element of the respective module Oy or Mer(Y) and is the norm of ¢ in the sense of
linear algebra. Let us denote this norm by N,y (). We therefore obtain the commutative
diagram

0— 0% — Mer(X)* —=Dx —0

Nx/yl NX/Y\L ‘/ (6.1)
0 Oy Mer(Y)* Dy 0

where the righthand vertical arrow comes from the two lefthand side vertical ones, and we
actually have maps of sheaves because on any overlaps of affines the norm computed in
the two different bases is the same. Now, for a matrix, its determinant is just its highest
wedge (as a linear transformation of one-dimensensional free modules). Since Ny/y is a
Cech-cochain map, diagram 6.1 extended by cohomology gives us the diagram

0—=T(X,0%) —= Mer(X)* —= CDiv(X) —= HY(X, 0%) —=0

NX/YL NX/yl l l (6.2)
0——=T(Y,0%) — Mer(Y)* — CDiv(Y) —— H (Y, 0} ) ——0.

But then, the righthand vertical map is just given by the norm map of diagram 6.1 applied

to representing cocycles and the latter is just the highest wedge as remarked above. Thus,

in diagram 6.2, the righthand vertical map is what we call the norm of a line bundle. This

shows that the norm map of lines bundles when viewed in the context of Cartier divisors is
just the map induced by the obvious norm map Mer(X) — Mer(Y).

Take Q € Pic(Y). Then, f*Q € Pic(X). On Cartier divisors, let Q@ = (O,, go), with
Ga € Mer(Y); then,
Q= (f""0a;9a),

where g, € Mer(X), as Mer(Y) — Mer(X). Form Ny (f(Q)) € Pic(Y), then, we find
Nxy(f*Q) = (O, Nyyx9a) = (Oa, 92),
because g, € Mer(Y). Therefore,
Nxy(f*Q) = Q%°,
or 0Q, a C-divisor.

For Weil divisors, when they make sense,

f(Py= > ordg(f(P)Q,

QCX prime
Q—P
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for any prime W-divisor, P, of Y. If Q) is a prime divisor on X, then N,y fg is in Mer(Y)*,
and

Nx/y(Q) = Z Ordp(Nx/ny)P.

PCY prime

Here, fo is a generator of the maximal ideal of Ox ¢ defining () as prime divisor. Hence, we
obtain the following proposition:

Proposition 6.3 If X.Y are integral schemes with Y locally noetherian and f: X — Y s
a finite flat cover of degree §, then there is a morphism

Nx )y : Pic(X) — Pic(Y)

and the composition
* N
Pic(Y) -5 Pic(X) =4 Pic(Y)

is just multiplication by 6. We have the following formulae for Cartier divisors:

NX/Y(U0H ga) = (OCHNX/Yga)7

where f~1(0,) C U,,
f*(UOH ga) = (f_l(Ua)7 ga)7
with g, € Mer(Y') C Mer(X). For Weil divisors:

Y=Y orde(f(P)Q,
Q%?)grli?mo

for any prime W -divisor, P, of Y and

Nay(@) = Y ordp(Nxyy fQ)P,

PCY prime

where fq is the element of Ox g defining Q) as prime divisor.

Assume that there is a notion of degree deg: Pic(Y) — Z on Y. Then, we get a degree
on Pic(X) via
degx (L) = degy (Nx)y L).

We have
degy f*(L) = dng(NX/Y(f*(E))) = ddegy (L).

We can apply this to any irreducible projective variety X C PV of dimension n over a field.
By Noether normalization, there is a finite covering map f: X — P".

** Steve, this needs fixing

Now, we can prove (using part (3) of the fibre dimension theorem, Theorem 2.9) that
there is an open, U, of P" where our map f is actually finite and flat from f~}(U) to U.
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But Mer(X) and Mer(Y') are constant sheaves, so the norm continues to make sense even
when restricted to f~'(U). Thus, if we take a Cartier divisor on X, with local equations,
Ja, We get a divisor on P" from the local equations N- x/prJo—because the zeros and poles of
Nx/pngo and Nx/pngg are the same on a sufficiently small open in ™. **

If we are over an algebraically closed field, then Pic(P™) = Z, we have a notion of degree,
thus, the degree is defined on all line bundles on projective irreducible varieties over an
algebraically closed field. Take g € Mer(X). This yields the trivial bundle (g), and

Nx/v((9)) = Nx/png)-

Therefore,

degx ((g)) = degpn (Nx/png)) = 0.

Corollary 6.4 On a projective irreducible variety, X, over an algebraically closed field, for
any g € Mer(X), we have deg((g)) = 0. So, the number of zeros of g is equal to the number

of poles of g.

Flat morphisms have good behavior with respect to cohomology. The situation is as
follows: We have a finite-type separated morphism, f: X — Y, between schemes, where Y
is locally noetherian. Take any locally noetherian scheme, Y’, and any morphism, 6: Y' — Y,
and let F be a QC Ox-module on X. We can form the fibred product X' = X [] Y’, and

Y

we obtain the following diagram:

X J1Y’ F QC sheaf
Y
f f.t. separated
Y’ Y’; loc. noeth.

0

Then, we can form two QC sheaves on Y’, and we claim that there is a canonical morphism,
can, between these two sheaves:

can: 0" (R f.)(F) — (R"f)(0" (F)).
To give a morphism can as above is equivalent to giving the corresponding morphism:
(R f)(F) — 0B £1)(07 (F)).
Pick some open U in Y. We know that (RPf.)(F) is the sheaf associated to the presheaf
U HP(f~HU), F).
The righthand side is the sheaf
U= (RFFO(F)(O7H(U))).
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But this is the sheaf associated to the presheaf
U= HP(f7H07H(U)), 6"(F)).

However,
FTHOTNU) =00 )N U) = (Fof) =07 (F71(U)).
Thus, the RHS is associated to the presheaf

U HP(O (f7H(U)). 07(F)).
Let Z = f~1(U). Then, the LHS is associated to the presheaf
Uw— HP(Z,F),
and the RHS is associated to the presheaf
U HY(071(2),07"(F)).
The contravariant nature of cohomology implies that there is a map
0" HP(Z,F) — HP(0"(Z),0"(F)).

Therefore, we get a map, can, from the LHS presheaf to the RHS presheaf, and, by the
universal property of sheafification, we get the desired map of sheaves.

Proposition 6.5 Under our circumstances, if 0 is flat, the canonical homomorphism
can: 0" (R f.)(F) — (R £) (0" (F))
s an isomorphism.

Proof. The whole statement is local on Y and Y’. Thus, we may assume that Y = Spec A,
Y’ = Spec A, and that A and A’ are noetherian rings. In this case, we know that

(RPf)(F) = HP(X, F)

and

e~

(RP fO)(F') = HP (X!, F),
where F' = 0" F. Further,

—~—

0*(RPf,)(F) = HP(X, F) @4 A'.

We have the map
can: HP(X, F) @4 A — HP(X', F');
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we must show that this is an isomorphism. Since f is finite type, X and X’ are noetherian,
separated, and thus, affine open covers of each are both nerve-finite. Hence, cohomology of
our QC sheaves, F and F’, may be computed by the Cech method. Cover X by affines U,.
Then, X' is covered by affines U/, = 6" (U,) (since ¢ is an affine morphism). The Cech
complex for X' F' is

UL, F) = { [[ FW,n--nU,)}=o

ap<...<ap

= { H ]:/(Uao n---N Uap)/}pzo
ap<...<ap

= { ] FWsn:--NU,) @4 A}pso.
ap<...<ap

Thus, there is an isomorphism
C*({Ua = X} F)@a A — C*({U, — X'}, F).

But computing cohomology commutes with — ®4 A’, since A’ is flat over A. [

Given a morphism f: X — Y, for every y € Y we have
X, = f"y),

the fibre, a scheme over Spec(k(y)). Hence, a morphism “really is” an algebraic family of
schemes parametrized by the base, each scheme of the family being a fibre, and defined over
varying base fields: k(y). We get a behavior closer to our intuition if f is 1.f.t., even better
if fis f.t. Look at a QC sheaf, F, on X and write F, for the pullback of F to X,. Inside
Y is the scheme, Y’, which is just @ with reduced induced structure. On it, there is the
constant sheaf x(y).

Proposition 6.6 If f: X — Y is a f.t. separated morphism, if Y s locally noetherian, and
if y €Y, then, we have the isomorphisms

H?(X,F ®o, k(y)) = H*(X,, F,) forallp > 0.
Proof. Consider the diagram of schemes and morphisms

Xy ——X [[YV——X

T

Spec k(y) ¢ Y'c Y.

In this diagram, X’ = X [] Y’ and Y are closed subschemes of X and Y respectively and
Y

Spec k(y) is dense in Y. A pictorial sketch of the situation is shown in Figure 6.1.
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~— X’ (entire|rectangle)

—<+— X, (gray|shaded non-closed fibre)

Y’ (solid segment)

L
\

y (gray shaded generic point)

Figure 6.1: Illustration of the proof of Proposition 6.6.

Here, the shaded line on Y represents the (possibly) nonclosed point y, and the shaded
region of X represents the (possibly) nonclosed fibre X,.

Write Z for the quasi—coherent ideal of Oy defining the scheme Y’ (so, Oy = O/I),
then Ox» = Ox/f*Z - Ox. Both F and k(y) are Oy-modules and F' = F ®Qp, k(y) is a
sheaf concentrated on Y’. Let us assume the following lemma which we shall prove after
Proposition 6.6:

Lemma 6.7 Let i: X' — X be a closed immersion and F a sheaf on X whose support is
contained in X'. Then,
HP(X, F) =~ HP (X', F).

By this lemma, applied to the sheaf F' and the scheme X', we see that
HP(X,F) = H(X', F') = H'(X', F ®o, £(y)).

However, F, = F,. Therefore, we may and do assume that X, Y and F are replaced by X',
Y’ and F'. But now, y is generic in Y and Spec k(y) — Y is a flat morphism. Hence, we
may apply Proposition 6.5 which says that

HY(X, F ®oy £(y)) ®oy k(y) = H'(X,, Fy).
Now, H?(X, F ®p, k(y)) is already a x(y)-module, and thus,

Hp(XwF@OY "{(y)) ®OY "{(y) = Hp(XwF@OY "{(y)) 0

Proof of Lemma 6.7. Look at i,G (where G is a sheaf on X'). Since X’ is closed, i,G is the
extension by 0 outside X’. Resolve G on X’ by flasque sheaves:

0— G — G*(9).
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Applying i, to this resolution, we get an acyclic resolution. But flasque sheaves are preserved
under i,, and thus, we get a resolution

0 — .G — i.G*(G),
which gives the same cohomology. [

Remarks: Each of the following statements is easy to prove:
(1) Every open immersion is a flat morphism.
(2) Any composition of flat morphisms is flat.
(3) Any base extension of a flat morphism is flat.

@ Under descent, flatness may not be preserved.

(4) If Fis a QC f.g. Ox-module and X is locally noetherian, then F is flat over X iff F
is locally free. Also observe that the hypotheses imply that F is coherent.

6.2 Relative Differentials; Smooth Morphisms

A natural desire is to immitate as well as possible the elementary formalism of differentials
and differential forms (familiar from analysis) in our present, rather abstract, context. This
turns out to be quite possible to do and gives rise to the notion of relative differentials
corresponding to a morphism of schemes. However, the notion of tangent and normal bundle
does not make very much sense if our schemes are not regular (with regular local rings). The
notion of dual of a sheaf, is perfectly general. We start in the affine, i.e., algebraic, case.

Let A be a ring and B an A-algebra. For any B-module M, we have a functor
M +— Dery(B, M).

This functor is representable, and the representing object, Q}B e (a B-module) comes with
a map d € Dery (B, y 1) There is a functorial isomorphism

Hom p(Qp/4, M) = Der (B, M)

Via
Y= pod.

Recall the construction of Q2 as We have the map

B®,s B2 B,
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where m is multiplication. If I = Ker (m), it turns out that /1%, as a B-module, is Qj .
Also, the derivation, d, is given by

db=1®b—b®1 (mod I?).

The B-module, Q}B/A, is called the module of relative differentials of B over A. We have the
following facts:

If A"is an A-algebra and B’ = B®4 A’, then

(Dl) QIB//A/ :QIB/A ®B B/.

Apply (D1) to A’ = S71A, where S C A is a multiplicative set. We get

(D2) Qg-1p/5-14 = S Q4.

If S C B is a multiplicative set, then

(D3) Q}g,lB/A = S—lﬂ}g/A.

Fact (D3) implies that we can patch modules of relative differentials on affines and make
Q% Jys in the case that f: X — Y is a morphism of schemes. We can also do this directly as
follows: Assume that we have a morphism f: X — Y. Consider the immersion

Axy: X =X [[ X
Y

The image is locally closed; so, in some open, U, of the product it is given by a QC ideal, J,
of Oy = Ox 11 x ' U. Look at J/32, and pull it back by A, to get the Ox-module
Y

v (3/77).
This is also QY y, for schemes X,Y" (DX).

Property (D1) becomes the following property in terms of schemes: Assume that there
are morphisms f: X — Y and ¢g: Y’ — Y. The product diagram

X[V =—X "X
Y

L)

Y, —g> Y
gives

(D1') Q}X’/Y’ = pTIQ_lX/Y'
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We call Qﬁqy the sheaf of relative differentials of X overY (or relative 1-forms of X overY).
It mainly depends on the structure of f, not on Y. Again, the differential, d: Ox — Q% v
is given by

db=1®b—b® 1 (mod Ay T?).

Remark: For one case f: X — Y, we can easily compute % ne This is the case where X
is the total space of a vector bundle of rank r over Y. Then, everywhere locally on Y,

X%YHN.

Thus, locally, X = Spec B, where B = A[T},...,T,], and Y = Spec A. We find that Q}X/Y

is O /4 locally, and Q5 /4 is the free B-module on the generators dT1, ..., dT,. Thus, Q% Iy
is a locally free sheaf of rank r on X.

Now, look at rings A, B, C' and maps A — B — C. Then, we get the exact sequence
(D4) Qpa @ C — Qeiy — Qo — 0.

For schemes, given morphisms
0
Z —Y — X,

we get the exact sequence

An important special case is the case where B — C' is surjective, i.e., C' = B/ for some
ideal B C B. Now, when B — C' is surjective, we have Qlc/B = (0), because

Homc(Q}J/B,M) = Derg(C, M) = (0), for all M.
In this special case, we have the map

5:B/B% = QL) ®p B/,

given by ~
0(b) =db®p 1.
We get the exact sequence
(D5) B/B2 2 QL) ©p B/B — Qlyjmyu — 0.

For schemes: '
Z—Y —X

where 7 is a closed immersion, we have the exact sequence

3/ — Qyx 1 Z — Qyx — 0,
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where J is the ideal sheaf in Oy defining Z.

(D6) Let B be an A-algebra which is a localization of a finitely generated A-algebra, By.
Then, O, /4 18 a finitely generated B-module.
Proof. We have B = S~' By, and hence,

QIB/A = Q,ls'leo/A - S_IQB()/A'
Thus, we are reduced to the case where B = By. In this case, we have
B = B(] == A[Tl,. . ,TT]/%

Then, QFf /4 ls a homomorphic image of the free B-module on dT7,...,dT,, which implies
that it is finitely generated. In fact, we find that

Qpp = <H3dﬂ> /(df | f€B). 0

For the rest of this chapter, we assume that all schemes are locally noetherian.

Definition 6.2 The morphism f: X — Y is a smooth morphism (or X is smooth overY)
iff the following conditions hold:

(1) f is flat.
(2) f is a finite-type morphism.
(3) Q% sy is a locally free Ox-module (so, under our hypotheses, it has finite rank).
The following theorem whose proof will be relegated to the exercises gives equivalent
conditions for smoothness of a morphism.

Theorem 6.8 Let X,Y be locally noetherian schemes and f: X — Y a finite-type mor-
phism. Then, the following statements are equivalent:

(1) X is smooth overY and Qﬁ(/y has rank r (constant on the connected components of
X).

(2) (Jacobian criterion) For any x € X, there exist affine open subschemes Spec B of X
and Spec A of Y, with x € Spec B and y = f(z) € Spec A, so that

B = A[Tl,...,Tn]/<f17---7fn—7‘)7

(or,
= <8T)

has mazimal rank, n — r; i.e., some (n —r) X (n —r) minor of J has an invertible
determinant (in B).

and
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(3) (Infinitesimal lifting criterion) Given any infinitesimal extension of Artinian local rings
0—1—C—C—0

with I* = (0), and given the commutative diagram (of solid arrows)

Spec c—% - Xx

Spec C > Y

f

there exists an extension ©: Specé — X of 0, shown as the dotted arrow, making the
diagram commute.

Remarks:

(1) Obviously, the equivalence (1) <= (2) above, is our version of a fact familiar from
elementary differential geometry (see also the material of Chapter 2, Sections 2.2 and
2.3).

(2) We can define f: X — Y to be étale iff it has (1) and (2) of Definition 6.2, and
(3) Qx)y = (0).
There is a corresponding theorem to our Theorem 6.8 for étale morphisms. It says

Theorem 6.9 Let X,Y be locally noetherian schemes and f: X — Y a finite-type mor-
phism. Then, the following statements are equivalent:

(1) X is étale overY .

(2) (Jacobian criterion) For any x € X, there exist affine open subschemes Spec B of X
and Spec A of Y, with x € Spec B and y = f(z) € Spec A, so that

B AT, ..., T/ (f1, -\ o),

(or,
= <8T)

has mazimal rank, n; i.e., J has an invertible determinant (in B).

and
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(3) (Infinitesimal lifting criterion) Given any infinitesimal extension of Artinian local rings
0—IT—C—C—0

with I* = (0), and given the commutative diagram (of solid arrows)

Spec C U ‘¢
7

!

Spec 5 > Y

there erists a unique extension ©: Spec C > X of 0, shown as the dotted arrow,
making the diagram commute.

(3) From the Jacobian criterion, X is smooth over Y of relative dimension r iff locally,
f: X =Y factors as f: X — A}, — Y, where X — AY, is étale and A}, — Y is
the structure morphism (cf. the exercises).

(4) The Jacobian criterion in the étale case says that an étale morphism is quasi-finite.
Therefore, if f: X — Y is étale, the fibres are finite and there is no ramification. So,
f: X — Y étale is the analog of a covering space from topology; but, in topology (even
in the C'™-category), a covering map is a local homeomorphism or diffeomorphism.
This is false for étale morphisms in algebraic geometry. The problem is that there is
no implicit function theorem! All these matters will be explicated in the exercises.

Example 6.1 Let Y = Speck and X = Spec K, where £ is not algebraically closed and K /k
is a finite separable extension. Then SpecK is étale over k. If k is, as usual, an algebraic
closure of k (or even a separable closure), then we have

Kok =T [F
K k]

(in the category of rings) and

Spec(K) H Spec k 22 H Spec k.
K K]

Spec k

Consequently, over k, the scheme Spec K becomes localy isomorphic to Spec k.

The reader will have noticed the similarity of material in our present (abstract) case with
material presented in the section of Chapter 2, dealing with the implicit function theorem
and nonsingularity (Section 2.3). In fact, we have the following more explicit relationship
between our present material and that presented in Chapter 2:
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Proposition 6.10 Let X be an algebraic variety over an algebraically closed field, k, and
assume X is equidimensional with dim(X) = d. Then, X is reqular (i.e., every Ox, is a
reqular local ring) iff X is smooth over Spec k and rk(Qk/k) = d. Hence, X is non-singular
iff X is smooth over k and rk(Qﬁ(/k) = dim(X). (Of course, X is assumed equidimensional.)

Proof. In going from smoothness etc. to regularity of Ox,, we may assume that z is a
closed point of X. Because if xq is a closed point in m, then Oy, is a localization of Ox 4,
and localizations of regular local rings are again regular (Serre [49]). Let x be a closed point
of X, then d = dim(Ox,). Look at the maps

k— Ox., — k= k(x).
(Recall that since k is algebraically closed, k(z) = k). Apply (D5) with 8 = m,. We get

m, /m> N Qéx’z/k ® k(x) — Q}i(x)/k — 0 is exact. (%)

However, Q. = (0), since x(z) = k.

Claim. The map, ¢, is an isomorphism. To see this, by local freeness of Qéx ko 1t suffices
to show the dual map, 6%, is an isomorphism. But the dual of (*) is the exact sequence

0 — Hom (2, ® k, k) 2> Hom (m,/m2, k).

By Proposition 2.16 part (1) and the fact that rk(QY ,) = d, the map ¢” is an isomorphism.
Then, the dimension of m,/m? is just d; by definition, Ox , is then regular.

Conversely, when = € X is closed and Ox, is regular, from dim(Ox,) = d = dim(X),
we find that
dim(Q , ® k) = d.

If 2 € X is generic, then QY , is the localization of QY . ~where, ¢ is closed. Hence,
1 1
QX,:(:O ®OX,950 K = QK/kv

where K is Ox,. But the transcendence degree of K/k is just the rank of Qj /i 88 a K-
module, since K is separably generated over k (remember, k is algebraically closed, and thus,
perfect). Our result now follows from

Lemma 6.11 Let A be a noetherian local domain and M a finitely generated A-module. If
dim(M ®4 k(A)) = dim(M ® 4 Frac(A)), (%)

then M 1s free of rank the common dimension.
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Proof. Let d be the common dimension in (xx). Since M is f.g., by Nakayama’s lemma, we
have the exact sequence
0—A— A" — M —0.

If we tensor with K, the sequence remains exact as K is flat over A, and we get
0— AR K — K — M®4 K — 0.

But, M ®4 K has rank d as K-space, which implies that A®4 K = (0) and thus, 2 is entirely
torsion. Yet 2 is contained in the free module A, a torsion-free module, so that 2 = (0)
and M is free. [J

In Proposition 6.10 we made heavy use of the fact that the rank of Q% J Was precisely

the dimension of X. There are times where we merely know that Q% J1; 18 locally free but are
ignorant of its exact rank. In these cases the following theorem is frequently of use:

Theorem 6.12 Let X be an irreducible nonsingular variety over k, where k s algebraically
closed, and let n = dim(X). Suppose Y is an irreducible closed subscheme of X over k.
Then, Y 1is nonsingular iff

(1) Q. is locally free, and

(2) In the exact sequence of (D5), where J is the ideal sheaf of Y in X, we have exactness
on the left:

0— 3/ Qb 1Y — Qb — 0.

When Y is nonsingular, then J/J3? is a locally free, rank r (= codim(Y, X)) Oy-module and
J is locally generated by r elements.

Proof. Assume that (1) and (2) hold. By Proposition 6.10, we must show that rk(Q%,/k) =
dim(Y’). Let ¢ = 1k(€2y,,), then 3/3% is a locally free sheaf of rank n —g. By Nakayama, J is
locally generated (as an ideal) by n — ¢ elements. Thus, we can conclude that dim(Y") > q.
Now, pick a closed point y € Y. Look at m,/ mZ. By previous work,

my,/ml = Qp @k
Since k() = ¢, we get
dim(m,/m?) = ¢ > dim(Oy,,) = dim(Y).

This implies that dim(Y) = ¢, and therefore, Y is nonsingular. Note, in this case, we know
that J/32 is locally free of rank n —q = codim(Y, X), and J is locally generated by r =n —q
elements.

Now assume that Y/k is nonsingular. Proposition 6.10 implies that Q%,/k is locally free
and has rank ¢ = dim(Y’). Since Y and X are nonsingular, by Theorem 2.23, Y is a local
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complete intersection. Thus, J is locally generated by n — ¢ elements, and J/J3?% is locally
free of rank n — ¢ (see Lemma 6.11). As the ranks are correct, (D5) implies (2). The rest of
the theorem has been remarked above. ]

A frequent occurrence in algebraic geometry is a situation where one has some geometrical
object in or on a scheme and one wishes to see which if any of its properties persist when we
restrict to sufficiently general subschemes of X. For example, say we are given a connected
subscheme, Z, of a scheme X and we ask if ZNY is again connected for general subschemes,
Y, or X. Or, given a vector bundle on X having a specific property, P, does the bundle
when restricted to general subschemes of X retain this property. Of course, stated with
this vagueness, either the desired results are false or unprovable. However, with sufficient
restrictions they form a very interesting class of questions in algebraic geometry. The earliest
theorem proved in this vein is that of Bertini. Its setup is as follows: We have a closed
subvariety, Y, of P = X, we assume Y is nonsingular and irreducible and place ourselves
over an algebraically closed field, k. Then the question becomes: Is HNY again nonsingular
and irreducible for sufficiently general hyperplanes, H? The next theorem—the classical
Bertini theorem—gives an answer with precision. In Bertini’s honor, theorems of this sort
are usually called Bertini theorems.

Theorem 6.13 (Bertini) Let Y C P" be a closed, irreducible, nonsingular variety over an
algebraically closed field k. Write Hyp(PP™) for the projective space classifying all hyperplanes
in P™. There is a Zariski open (hence dense) subset U C Hyp(P™) so that for every H € U,
the intersection H MY is everywhere reqular and connected if dim(Y') > 2. That is, almost
every hyperplane section of a nonsingular irreducible variety of dimension at least 2 is again
irreducible and nonsingular (note, in the presence of regularity, irreducible is equivalent to
connected).

Proof. We would like to apply the irreducibility criterion: Theorem 2.11. Pick y closed in
Y, and let Bad(y) be the set of all hyperplanes through y so that either

(1) Y CH,or
(2) Y < H but y is a nonregular point of H NY".

Pick some fixed hyperplane Hy with yo ¢ HoNY and Y & Hy. Recall that hyperplanes
are zeros of sections, o, of Opn(1). Write H, for the hyperplane: ¢ = 0. We have Hy = H,,
for some oy. Look at o/0g, a meromorphic function on P". This function has a pole at H,
i.e., it is holomorphic on P* — H,. Hence

0_10 | (Y = (Y N Hy))

is holomorphic on Y — (Y N Hy). Define the linear map

®,: [(P", Opn(1)) — Oy, /m’
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by
0o

(byi o — (i) € Oy,y/mz.

Now, y € Y N H means that o vanishes at y (here H = H,), i.e., 2 € my. When is
yeYNHa singular point of Y N H? This happens if there are no linear terms in o/0q at
Y, Le., everywhere = € m . Hence, y is nonsingular on Y N H iff ,(c) = 0. Also, Y C H
iff a/ao =0onY. Thus We get H € Bad(y) iff the o defining H lies in Ker (®,), and thus

Bad(y) = P(Ker (®,)).

What’s the dimension of Bad(y)?

Note that ®, is surjective onto Oy, /m?. Indeed, we get the constants from ®,(Aog). As
m,, is generated by the linear forms in Ty, ..., T, the coordinates of P", and as o ranges over
all linear forms, this implies surjectivity. Therefore,

dim(Ker (®,)) = dim(I'(P", Opn (1))) — dim((’)y,y/mf/).
However, dim(I'(P", Opn(1))) = n + 1, and we have the exact sequence
0 — m,/m? — Oy, /m> — Oy, /m, (= k(y) = k) — 0,
since y is a closed point and k is algebraically closed. Now, v is nonsingular, so
dim(m, /m?) = dim(Y) =r (say),

and thus,
dim(Ker (®,)) =n+1—-(r+1)=n—r.

We find,
dim(Bad(y)) =n—r —1

and this is independent of y. In particular, note that for every y € Y, there is some bad
hyperplane containing y. Now, consider the variety Y [[ Hyp(P"), and in it, the Bertini set

BCY [[Hyp(®")

defined by
(y,H) e B iff H € Bad(y).

Clearly, B is a closed subvariety (under the reduced induced structure) and our points (y, H)
are the closed points. As usual, we consider the projections

pr: YHHyp(IP’") =Y and pry: YHHyp(P") — Hyp(P").

Since Y [[ Hyp(PP") is projective, the maps are proper. We know that the fibres of pr; are
all projective spaces, of constant dimension n —r — 1, thus, irreducible; by the irreducibility
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criterion, B is irreducible and its dimension is r +n —r — 1 = n — 1. The image of B
in Hyp(P™) = P" is then irreducible, of dimension at most n — 1, and closed. If U is the
complement of Im (B) under prq, then H € U means that H ¢ Bad(y) for all y € Y. This
means, U is the desired open set of good hyperplanes. For connectivity of Y N H when
dim(Y) > 2, we will wait until the next Chapter (see Section 7.4, Remark (1) after Theorem
7.29). O

Remark: As hyperplanes through a point form a closed subvariety (strictly contained) of
Hyp(P"), we can throw these out for finitely many points and still retain the Bertini open
set of good hyperplanes.

Nomenclature:

1. Qﬁqy is the sheaf of relative differentials (or relative 1-forms of X overY).

2. Q,y is also called the relative cotangent sheaf of X over Y, and, if QY - is a bundle,
then it is called the relative cotangent bundle of X over Y.

3. The dual of Qﬁqy, that is, (Qﬁqy)D, is called the relative tangent sheaf of X over Y,

denoted Tx/y; and when Q}X/Y is a bundle, we call Tx/y the relative tangent bundle of
X overY.

4. If 7 is the ideal sheaf defining Z as an S-subscheme of X (here, X lies over S), then
J/3? is called the conormal sheaf of Z in X.

5. If 7 is a bundle, it is called the conormal bundle of Z in X and its dual is the normal
bundle of Z in X.

If i: Z — X (closed immersion), then observe that
3/ =T ®0y Ox/I =T R0, Oz =T | Z =i*7.

Thus, J/J3% is a sheaf on Z. Say S = Spec k, where k is algebraically closed, and suppose X
and Y are nonsingular, then we know that

is exact, and all are locally free. Taking duals, we get
0— Tz — Ty | Z — (3/F%)P — 0.

Therefore, (J/3%)P is the normal bundle of Z in X, denoted by Nz x, explaining our
terminology above.
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Definition 6.3 The sheaf .

QTX/Y = /\ Q%(/Y
is the sheaf of relative r-forms of X/Y . It is a bundle if X is smooth over Y. The highest
wedge of Q}X/w denoted wx/y (wx;y = A° Q})(/Y) is called the relative canonical bundle of
X/Y. It is a line bundle on X, and any Cartier divisor representing wy/y is called a relative

canonical divisor of X overY. (When Y = Spec k and k is algebraically closed, occurrences
of the word “relative” are omitted.)

Again, assume that Z < X is a closed immersion, and that X lies over Spec k, where
k is algebraically closed. Further assume that Z and X are nonsingular, irreducible over k.
Let J be the ideal sheaf defining Z. From (}), we get

0— 3/ — Q) | Z — Qyj — 0,
which implies that .
wx [ Z=wz® [\ /7.
We know that J/J3% is a rank r (= codim(Z < X)) bundle on Z, so that

/\3/32 = /\3/32.

Therefore, moving A" J/3? to the other side, we get

, D
wz = (wx [ Z2) ® (/\3/32> :
As a result, we get

Proposition 6.14 (Adjunction formula) If Z is a closed Y -subscheme of X where both X
and Z are smooth over'Y , then

Wz/y = (WX/Y ' Z) oy /\NZ‘—>X = wx/y ®ox Oz @oy /\NZ<—>X-
Here, r = codim(Z — X).

Consider the special case where r = 1, so that Z has codimension 1 in X. Then, Z is a
Cartier divisor in X and J is equal to Ox(—Z2). Therefore,

3/32 T ®oyx Ox/5 =T ®oy Oz =0x(—2) | Z=0z(-2),

and
Nyex = (3/3P = 0x(2) 1 Z = O4(2).
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Thus, when r = 1, the adjunction formula reads:
wz = wx ®ox Oz ®oyx Ox(Z).

We can express the adjunction formula in terms of the canonical divisors associated with wyx
and wy, especially in the case r = 1. Since

Nzox =0x(2) 1 Z

and Z is the divisor associated with Ox(Z), we see that Ox(Z) | Z is just Z - Z, as divisor
on Z. Then, wxy ® Ox(Z) corresponds to the Cartier divisor Kx + Z (where Ky is the
canonical divisor associated with X). From all this, the adjunction formula becomes the
following classical formula involving intersection cycles:

K;=(Kx+2)-Z=Ky-Z+(Z%.

As an application of the adjunction formula, we will determine w; when Z is a nonsingular
hypersurface of degree d in P™ over an algebraically closed field. We will see in the next
Chapter that we have the Euler sequence

0 — Qpn — HOPn(—l) — Opn —> 0.
n+1

This implies the important formula:

wen = [\ [] Oen(=1) = Opn(=(n+1)).

n+1

If Z is a nonsingular hypersurface of degree d in P", then J; = Opn(—d). Thus,
Nzc_>]p>n = O]pm(d); SO,

wz =wx ®Ox(Z) ® Oz = Opn(—(n+1)) ® Opn(d) | Z = Oz(d — (n+1)). (%)

An important special case occurs if Z is a nonsingular hypersurface of degree n + 1 in
P". Then, wy is the trivial bundle on Z. This includes, for example, curves of degree 3
in P? (elliptic curves), surfaces of degree 4 in P? (K3-surfaces), and quintic 3-folds in P*
(Calabi-Yau 3-folds). In general, such hypersurfaces are called Calabi- Yau hypersurfaces.

If d < n+1, then wy has no global sections. These hypersurfaces form a special class
of hypersurfaces whose detailed study is possible—among them are the Fano varieties (see
Chapter 7). Of course, the generic hypersurfaces have large degree, and so there are plenty
of global sections of 2. Now, as a general fact the important geometry associated with any
sheaf is exactly the geometry contained in the collection of its global sections. (For example,
the sheaf Opx(d) has as global sections all the hypersurfaces of degree d of P™.) We want to
see the geometric content of the sheaf w; and sheaves derived from it.
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Definition 6.4 Given a nonsingular variety X over an algebraically closed field k, we define
the rth plurigenus of X denoted p,(X), by

pr(X) = dimy, (H°(X, w$)).

When r = 1, the plurigenus p;(X) is also denoted by p,(X), or p,, and it is called the
geometric genus of X. When X is a nonsingular curve, the genus p, is also denoted simply

by g.

The notion of plurigenus was studied extensively by Castelnuovo, Enriques, and Severi.
When r = 1, the geometric genus, p;(X), is the number of linearly independent holomorphic
d-forms on X, where d = dim(X). Let Z be a nonsingular hypersurface in P" of degree d
over an algebraicaly closed field. What is p,(Z)? We have the defining exact sequence

0 — Opn(—d) — Opn — Oz — 0,
and tensoring with Opx (d), we get
0 — Oprn — Opn(d) — Oz(d) — 0.
If we now tensor with Opn(—(n + 1)) and use the adjunction formula (%), we get
0— Opn(—(n+1)) — Opa(d— (n+1)) — wz — 0.
Applying cohomology, we get
0—0— HP", Opr(d — (n+1))) — H(Z,wz) — H'(P", Opn(—(n + 1))).
From the next Chapter (Theorem 7.35), if we assume n > 2,
H'(P",£) = (0) for any line bundle L.

Hence, we get
H%(Z,wz) = H(P", Opr(d — (n + 1))).
If d <n+1, then p,(Z) =0.
If d=n+1, then p,(Z) = 1.
If d > n+1, then p,(Z) is the number of monomials in n+1 variables of degree d—(n+1).

This means,
w@ =y i) = (5)

In particular, when n = 2, i.e., for Z a nonsingular plane curve, we get the genus

0= (131 =D g

Thus, when d = 1,2, we have g = 0, and when d = 3, we get ¢ = 1, the elliptic case. When
d =4, we get g = 3. Therefore, no nonsingular curves of genus 2 embed in the plane.
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6.3 Further Readings

Flatness was invented by Serre in the early fifties. Flatness is discussed extensively in EGA
IVDb (]27], Chapter IV) and EGA IVc (]|28], Chapter IV), and also in Bourbaki [7] (Algebre
Commutative, Chapter 1). It is also discussed in Matsumura [40] (Chapter 3, Section 7 and
Chapter 8), Hartshorne [33] (Chapter 3, Sections 9 and 10), and Mumford [43] (Chapter
3). Smooth and étale morphisms are discussed in EGA IVd ([29], Chapter IV) and in the
last two references. Derivations and relative differentials are discussed in EGA IVa ([26],
Chapter 0, Section 20), Matsumura [40] (Chapter 9), Hartshorne [33] (Chapter 2, Section
8), Mumford [43] (Chapter 3), Shafarevich [54] (Chapter VI), and Bourbaki [5] (Algebre,
Chapter III).
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Chapter 7

Projective Schemes and Morphisms

7.1 Projective Schemes

Experience shows that the most important case in algebraic geometry is the case of projec-
tive varieties and the generalizations of them which we shall make in this section, namely,
projective schemes. We already have considerable experience in projective matters (Chapter
2) and what we do here will be an extension whose structure should not be too surprising.

Projective schemes arise from the consideration of graded rings and homogeneous ideals.
So, it’s best to begin with these.

Let B be a graded ring, i.e.,

B=][B. and B, -B,C Bun

nez

For any element b € B, if b € B,, for some integer n, then b is called homogeneous, or a form,
and the integer n is the degree of b, denoted deg(b). Any b € B can be written as a finite
sum b = by + - - - + by, where each b; belongs to some B,,, (with n; # n; whenever i # j), and
each b; is called a homogeneous component of b.

If A is a ring, we shall assume that the graded ring, B, is an A-algebra, so that each B,
is an A-module, and we have maps

A — By — B.

Graded rings come in all types and some are more amenable to the notions of geometry we
want to stress than others. For example, there is no guarantee that elements of degree one
generate B in any of the senses one can imagine. In topology, one frequently meets with rings
having generators in many higher degree components. However, for our purposes, emphasis
will be placed on those graded rings in which all generators appear in degree one. Let us call
such graded rings, good graded rings (ggr), a nomenclature which is by no means standard.
That is, B is a good graded ring if

319
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(1) B = [I,50 Bn, i-e., B is non-negatively graded, and
(2) BT =11, Bn is generated, as an ideal, by B.

This is equivalent to saying that Symp (B;) — B is surjective.

Recall that an ideal 8 is a homogeneous ideal of B if

B=][BnB.

neN

This means that each homogeneous component of an element of 8 is again in 8. Ideals
which are simultaneously homogeneous and prime will, of course, be called homogeneous
prime ideals. Testing primeness in a homogeneous ideal can be done using forms. Each
non-negatively graded ring, B, gives rise to a scheme as follows:

Let
X = {p | p is a homogeneous prime ideal of B and B™ Z p}.

A homogeneous prime ideal, p, such that BT ¢ p is called relevant. We take as basis for
open sets, the sets

Xp={peX|f¢p}

where f € B; for some ¢ > 1—that is, f is to be a form. Thus, the closed sets are exactly
the sets
VR ={pe X |ACp, whereis homogeneous and relevant}

Clearly,
V() = (Xp)“

Having made the underlying topological space, X, of our proposed scheme (X, Ox), we now
need the sheaf part. For any p € X, let

By = {§ | &,m € B, with £ and 7 forms, deg(£) = deg(n) and n ¢ p} C B,
n

and if f is a form in B, write

By = {% | € € B, with £ a form and deg(&) = rdeg(f)} C By.

The sheaf Ox can now be defined as follows:

For any open subset, U, of X, define

(1) F(p) € B
[(U,0x) =4 F: U~ | By | (2) (V0 € V)3 forms f,9 € B)(g ¢ p, deg(f) = deg(g))
peU (3) (Vg e Xy NU) (F(q) = image (5) in B(q)>
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This is a sheaf of local rings, and for every x = p € X,
OX@ = B(x).

We define Proj(B) to be the local ringed space, (X, Ox), just defined. This is our general-
ization of a projective variety. Of course, we must first check that Proj(B) is a scheme.

Proposition 7.1 Given a non-negatively graded ring B, the local ringed space, Proj(B), is
a scheme.

Proof. All we need to check is that (X s, Ox [ X(p)) is affine. In fact, we shall show that
(X(p), Ox [ X(p)) = Spec(By)).
To do this, for each homogeneous ideal, B, of B, let
0(B) = (BfB) N By, anideal of By.

If p € X(y), then O(p) € |Spec(By)|, which gives the map on spaces. Now, it should be clear
that (DX)

By = (B(s))ow)

and the reader can complete the proof that

Xy = Spec(B(y)), as schemes. d

Remarks:
(1) The gluing of Proposition 7.1 shows that Proj(B) is a separated scheme.

(2) If B is a ggr, then the X(5), where f € By, cover Proj(B). Otherwise, we would have
B; C p, and then, BT C p, because B is a ggr, contradicting that p is relevant.

Of course, as in the general theory, we want to make sheaves of Ox-modules, and of
course, the good ones must come from graded B-modules. Recall that a module M is a
graded B-module if

M=][M, and B, -M,C M,

ne”L

The localization My is defined in the same way as By, namely

Mgy = {§ | £ € M,ne B, with £, n homogeneous, deg({) = deg(n) andn ¢ p} ,
n

and similarly for My.

The sheaf, M*¥, of Oy-modules we make from M is defined as follows:
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For any open subset U of X,

(1
(2

F(p) € My,
Vp € U)(3 homogeneous £ € M)(3form g € B)

)

) (

(9 ¢ p and deg(¢) = deg(g))

(3) (Vg e Xy NU) ( (q) = image (%) in M(q)) .

T(U,M*) = F: U — | Mg,
peU
This is a sheaf of Ox-modules, and
M| X(p) = My,
as the reader can check; therefore, M* is a QC Ox-module.
Remarks:
(1) If B is noetherian and M is f.g., then M* is coherent as Ox-module.
(2) If By is noetherian, By is a f.g. Bp-module and B is a ggr, then B is noetherian.

(3) We have the ring inclusion By < B, if we localize at f, where f is a form in BT, we

get a morphism
Spec B(y) — Spec By.

These maps patch, and yield the structure morphism
Proj B — Spec By.
Example 7.1 Projective space over a ring.

Let A be a ring and write B = A[Xo, ..., X,]. We have By = A. Note that B is a ggr, and
let Z = Proj B. Then, the Zxy’s cover Z for j =0,...,n. We have

Z(x;) = Spec B(Zn
= Spec(A[Xo, ..., X (x,)

= Spec ({X" | f € B, fisaform, deg(f) = }),

and since f is a form,
1 XO Xn
—f(Xo, ..., Xn) = — ey = |-

J

X X, "
Z(x;) = Spec <A {YO”Y}) = A"

J J

Thus,

This Z is what we mean by projective n-space over A and we denote it by P%. So,

P" = Proj(A[Xo, ..., X,]).
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Remarks:

(1) Note that we have not defined projective space over a ring A by saying what are
its points (with values anywhere)—projective space is merely defined as the scheme
obtained by gluing correctly the right number of affine spaces.

(2) In the case n =0, we get
P = Proj(A[X]) = Spec A,
as the reader easily sees.

(3) If € is a geometric point of Spec A, then the fibre of P’ over £ is just the scheme IP’;‘(S),
that is, the algebraic variety: Projective n-space over x(&).

(4) If we start with A = Z, then we make P7. It is easy to see that (DX)
Py =Py [] Spec A
Spec Z
Later on, we will make P% where X is any scheme, and in fact, we’ll find that

Py =Py [ X

Spec Z

A central feature of projective geometry is the shifting of degrees in modules. Let M be

a B-module,
M =[] M,,

nez
then for any ¢ € Z, we can make the new graded B-module

M(Q) = H M(q)m where M(Q)n = Mq+n-
nez

Of course, this gives us B(q), a new module over B.

Note that the tensor product of two graded modules over the graded ring, B, is again a
graded module. To see this, let M and N be our graded modules and B be our graded ring.
Consider the tensor product M ®p, N. Of course, this is the coproduct

[T @5, N.,

and it is graded by assigning to each piece M, ®p, N5 the degree r +s. But M ®p N is the
quotient of M ®p, N by the submodule generated by the elements

§ ®p, bn — b ®p, 7,
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with b € B, a form. This submodule is homogeneous, and so the quotient M ®p N is again
graded. Note, further, that every b € B(q) is equal to b- 1, where b € B and 1 € B(q)_,.
Hence, M(q) = M ®p B(q).

If X = Proj B, we can form

(1) (M(q))*.
(2) (B(q))*, which we denote by Ox(q) (As B* = Ox, this notation is consistent.)

(3) F(g), for any Ox-module, F, where F(q) is defined to be F ®o, Ox(g). The module,
F(q), is the Serre q-twist of F.

Proposition 7.2 Assume that B is a ggr. Then, the following properties hold:
(1) Ox(q) = (B(q))* is a line bundle on X = Proj(B).
(2) If M and N are graded B-modules, then (M @p N)* = M* @0, N*.
(3) (M(q))F = M*(q) = M* @0, Ox(q).
(4) Ox(q+4) = Ox(q) ®oy Ox(¢') = Ox(9)(¢).

(5) Let C' be another graded ring, and let 8: C — B be a graded homomorphism (i.e.,
0: C; — By, so, preserves the grading). Then, there is a canonical open set
U C X = Proj(B) and a morphism of schemes p: U — Y = Proj(C), and U is the
mazimal open for such a morphism. Further,

v«(Ou(q)) = (¢.0v)(q)-

(6) ¢*(Oy(q)) = Ox(q) I U = Oulq)-

Proof. (1) We can cover X by its standard opens X(y), where f has degree 1 (because B is
a ggr). I claim: Ox(q) [ X(y is the trivial line bundle.

We have

and

B(q)) = {fé | deg(§) = rin B(q)} = {fé RS Bq+r}-

Consider the map B(yy — B(q)(y) via n+— f. This is an isomorphism as f is invertible
on X(y). But, we have 1 — f9, which implies that f? is a free generator of B(q)), and
Ox(q) I X(p) is trivial.

(2) Look at

—~—

(M@N) | X5 =(M®N)y,
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wich arises from the degree 0 part of (M ® N)y, i.e., the degree 0 part of M; @ Ny. These
are finite linear combinations of elements of the form

% ® %, where deg(m) + deg(n) = a+ 0.
Now, m/f* need not have degree 0 in M;, nor n/f*in N;. So, let deg(m) = «, then,
m  mf® a—a M
IR
and similarly for n/f°. We get
m _n m n
F O TR

As deg(n) = a+b—a, we see that (M Q@ N)y = My ® N(y). Now, we pass to the associated
sheaves on the affine X, and on X(5), we get

(M*@ N*) | X5y = M* | X(;y @ N* | X(p.
Clearly, these isomorphisms patch, and (2) is proved. We also have
M(q)f = (M @ B(q))F = M* @ Ox(q) = M*(q),

and
Ox(¢+¢) = Bla+ ) = (B(g)(d))* = Ox(q) @ Ox(d),
which proves (3) and (4).
(5) The map 0: C' — B takes CT to BT, but need not be onto. Pick a relevant prime
ideal, p, and look at 6=*(p). Observe that
CTg o7 (p) iff O(CT)Lp.

Now, we define ¢ so that |o| = 67!, which implies that
U=J Xow:
ceCt
The rest of the proof is as in the affine case together with twisting arguments. ]

Observe that Cy and By play no role in defining U. There is a map Cy — By, which
induces the morphism ¢q: Spec By — Spec Cy. If Ct — BT is surjective, then our map
above is defined everywhere and we have the commutative diagram

Proj B—2— Proj C

l l

Spec By — > Spec Co.
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We have constructed QC Ox-modules when X = Proj(B) from graded B-modules. We
want to go backwards from Ox-modules to graded modules—in the affine case, this was
accomplished merely by taking global sections. It turns out that if we have an Ox-module
of the form M?*, only the degree 0 part of M is connected to the global sections of M¥.
Consequently, merely taking global sections is totally insufficient for our purposes. However,
it is now clear that we should attempt to use all the Serre twists of our sheaf, and then we
might be successful. All these ideas were pioneered by Serre in FAC [47]. So, assume that
F is a QC Ox-module, where X = Proj B and B is a ggr. Following Serre, we define F” by

F = HF(X, F(n)), here F(n)=F Ro, Ox(n).

neL

Claim. F° is a graded B-module; of course, the elements of degree n are to be global
sections of F(n).
Proof. Pick x € By and £ € F> = T'(X, F(n)). We have By = B(d)y. We claim that = gives
us a global section of Ox(d). Look at X5, where f has degree 1. We have

x
1 € B(d) =T'(X(y),O0x(d) I X¢p)),

and these patch (no denominators). Therefore, x € T'(X, Ox(d)). Now,
r®€el(X,0x(d) @ I'(X, F(n)),
and there is a map
I'(X,0x(d) @ T(X, F(n)) — I'(X,0x(d) ® F(n)) 2 T(X, F(d+n)) = F,.
Set z - £ = image(x ® £). O
Remarks:

(1) We have seen above that an element of degree 0 in B(d) gives rise to a global section
of Ox(d) (= B(d)*). The same is true for elements of degree 0 of M (d)—these give
rise to global sections of M*(d).

(2) What happens if we do the f construction then the b, and the opposite order? That is,
consider the functors

M ~s M¥ s (MF) and  F ~ F2 ~s (F)E

In general, M is not the same as (M*)’, but F is the same as (F°)%, at least for
quasi-coherent F.

Obviously, we must investigate the discrepancy between M and (M*®)’. It turns out
that the discrepancy is “concentrated in low degrees.” Consequently, we need some formal
language for isolating low degrees. Let us agree that if P is a property of graded modules,
we will say that P, holds for n >> 0 if P, holds for all n > N for some given (large) N € N.
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Definition 7.1 Let M be a graded module over a graded ring B.
(1) We say that M is a (T'N)-module if My = (0) for d >> 0.

(2) A map p: M — N of graded modules is a (TN)-isomorphism (resp. (TN)-injection,
(TN)-surjection) if Ker (¢) and Coker (¢) are (TN) (resp. Ker (¢) is (TN), Coker (¢)
is (TN)).

(3) M is a (TF)-module if M is (TN)-isomorphic to a finitely generated B-module.
(4) B is a special good graded ring (sggr) if

(a) Bis a ggr.
(b) Bj is a finitely generated Bp-module.
(c) By is a finitely generated k-algebra, for some field k.

Remarks:
(1) Proj(B) =0 iff B is a graded (TN) A-algebra.

(2) An sggr is noetherian and Z, while a noetherian ggr is not an sggr.

Suppose B is a ggr, M is a graded B-module, and F is a QC Ox-module (with X =
Proj(B)). Then there exist canonical maps

a: M — (MF) and B: (F)* — F.
First, we construct « as follows: Given & € My, we have £ € M (d)o, and this gives us a
global section of M (d)*, i.e., we get ¢ € T'(X, M(d)*). However, M(d)* = M*(d), and so,
§' € D(X, M¥(d)) = ((MF))a.
Set a(&) =¢'.
Next, we construct S by patching consistent maps
D(X(gy, (F)F) — T(X(p), F).
Observe that I'(X (s, (F°)*) = ]-"(f). Pick € € ]-"é’f). Then,

£ € {fi | deg(n)zr},

and of course, n € I'(X,F(r)). Since f" is invertible in X5, the element f" is in
I'(X(s), Ox(—=r)). Then, we have

1 @0/ DXy Ox(—7)) © (X, F(r).
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and since there is a canonical map
[(X(p), Ox(=r)) @ T(X, F(r)) — T'(X(p), Ox (1) @ F(r)) = [(X(p), F),
we can check that the map:

f?"
is well defined and that these maps patch. This gives us our map /.

) 1
¢ — image (— ® n)

To prove that the maps o and 3 have the properties hinted at above, we need a slight
generalization of the propositions concerning extensions of sections from an open set and
restrictions of sections to an open set (Theorem 3.8(4)). This is:

Theorem 7.3 (Section theorem) Let X be a quasi-compact scheme, L a line bundle on X,
fel(X, L), and F a QC Ox-module. The following properties hold:

(a) Let 0 € I'(X,F) and assume that o [ Xy = 0. Then, there is some n > 0 so that

c® =0 in D(X,F® L.

(b) Assume that X is covered (finitely) by affine opens, U;, so that

(i) LT U is trivial for all i.

(i) U;NUj is a again quasi-compact, for all i, j.

Then, the extension property holds, i.e., given any T € I'(Xy, F), there is some n > 0
so that f" @1 € I'(Xy, LO" @ F) extends to a global section in T'(X, L2 @ F).

Proof. Use the same argument as before in Theorem 3.8(4). O

Observe that the hypotheses of Theorem 7.3 are satisfied if X is quasi-compact and
separated, or X is noetherian. Of course, Proj(B) (with B a ggr) is separated. If B; is a
finitely generated Bp-module, then Proj(B) is also quasi-compact. Now, we use Theorem
7.3 to prove the following theorem:

Theorem 7.4 (Serre) Let X = Proj B, where B is a ggr, write F for a QC Ox-module,
and M for a graded (TF) B-module. The following properties hold:

(1) If B is an sqgr, then o: M — (M*)" is a (TN)-isomorphism.
(2) B: (F)t — F is an isomorphism.
(3) If B= A[Ty, ..., Ty|, then a: B — (B*)" = OY% is an isomorphism.

Proof.



7.1. PROJECTIVE SCHEMES 329

(1) The proof of (2) follows from the section theorem (Theorem 7.3) and is left to the
reader. (Use the section theorem).

(2) ** The proof of (1) needs to be supplied. Is it used in (1)? Is the assumption (TF)
necessary? **

(3) Let us prove (3), next.
Look at (O%)4 = I'(X,Ox(d)). Any o € I'(X,Ox(d)) is a collection of local sections
oi =0 | X € I'(X(z,), Ox(d)) = B(d) (1)

Thus, we have

0 = %7 with &; € B(d), = Bay.

(2

Therefore, o; is an element of degree d in Br,. In summary, if o € (93(, then o is determined
by N + 1 local sections, o; € Br,, that fit together on Br,7,. Since the T}’s are non-zero
divisors, localization at T} gives injections

B — BTJ- and BTj — BTiTj-

Looking in the ring By,...,,, we get

N
Og( = ﬂ BT@ in BTO"'TN‘

=0

The homogeneous elements of By,...p, are of the form

f(To, ..., Ty)
T - TN

where f(Ty, ..., Ty) is a form in Ty, ..., Ty. By factoring powers T/ out of f(Tp, ..., Ty),
since B is a polynomial ring, we see that each homogeneous element of Br,..7, has the

unique form
Ty - TN g(To, ..., Tiv), (%)

where a; € Z and no power of Tj divides g for any j. But () shows that our element is
in By, iff a; > 0 for all [ # j. Since this has to hold for every j, we must have a; > 0 for
7=0,...,N, and so our element is in B. ]

Our proof yields the following corollary:
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Corollary 7.5 If M s a graded B-module and B is a ggr with generators Ty, ..., Ty for By
as a Bo-module, then

N N
—
(Mﬁ)b = Ker (H MT], N H MTﬂ}) .
=0

i,j=0
If further, the localization maps

M — Mz, and Mg, — Mz,
are all injective, then

N
(Mﬁ)b = ﬂ MTz‘ m MT()"'TN‘

j=0

Remark: Let M, N be two B-modules. Then, any homomorphism ¢: M — N gives rise to
a homomorphism

t>d t>d
Of course, if we are given a homomorphism from HtZd M; to th 4 N¢, then we can get a
homomorphism from [[,., M; to [],., N; for every e > d. Consequently, the B-modules

Hompg (th a M 1154 Nt) form an inductive mapping system. We define

((Hom)) (M, N) = lim Homy, (]_[ M I Nt> .

t>d t>d

This makes graded B-modules into a new category, and in fact the same ideas can be
applied to graded rings. Note that ¢ is a (TN)-isomorphism when ((¢)) € ((Hom))p is an
isomorphism and M is (TF) iff it is ((Hom))z-isomorphic to a finitely generated B-module.
Also, M is (TN) iff it is zero in the new category. Therefore, Serre’s result says that for an
sger, the functors

M~ M and F~F

establish an equivalence of categories between the category of graded finitely generated B-
modules with ((Hom))-morphisms and the category of coherent Oy-modules, when X =
Proj(B).

Remark: ** Remark from Steve goes here **

As a consequence of Theorem 7.4 (2), we get the following important fact: Let Y be a
closed subscheme of P} over A. Then, Y is defined by a QC ideal sheaf Jy in OPX‘ Now,
B = A[Ty,...,Ty] is a ggr. Therefore,

Jy(n) =Ty ® Opy(n)
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and OM (n) is a line bundle. From the sequence 0 — Jy —» OM, we get the exact
sequence
0 — Jy(n) — Opy(n),
by tensoring with Opy (n); thus,
0 — I'(X,Jy(n)) — I'(X, Opy(n)) is exact for all n.
As a result,
0— 3, — OE’X is exact.
By Theorem 7.4 (3), OE,,N = B = A[Ty,. .., Ty]. Therefore, 35 = J is a homogeneous ideal
A
of B and as Y is a scheme over A, the ideal J is contained in B*. Now, B/J is a ggr,
B — B/7J is surjective and maps By — (B/J);. Thus, we get a map
Proj(B/J) — Proj(B) = PY,
a closed immersion. The ideal of this latter closed subscheme is given by the ideal sheaf
% = (%) =3y,
by Theorem 7.4 (2). Therefore, Y = Proj(B/J), and this proves both statements of the
following proposition:
Proposition 7.6 GivenPY and a closed A-subscheme, Y, of PY | there exists a homogeneous
ideal 3 of B = A[Ty,...,Ty], with 3 C BY, so that
Y = Proj(B/7).
A n.a.s.c. that 'Y, a scheme over A, be a closed subscheme of PY for some N is that

Y = Proj(B) for a ggr B (over A = By) with By a finitely generated A-module.

Recall that
Py =P) H Spec A.
Spec Z
For any scheme S, we define P§ by:
Py =P) [] s

Spec Z
We have a morphism 7: PY — PY and we set
Opy (1) = 7" Opy (1).
When S = Spec A, it is clear that this definition of Opg(l) agrees with the old definition.
When S = Spec A and A (= k) is a field we can show that Opy(1) is just our old Opn (1),
the hyperplane bundle ((DX)—the sections are linear forms). Now, on an arbitrary affine
scheme, Spec A, nontrivial line bundles, £ = Z, usually exist. If B is a ggr over A, then the

coproduct [[,5q B, ®a L¥" is a new ggr over A. Therefore, we can form Proj of this new
ggr. Concerning the two Proj’s, we have
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Proposition 7.7 For any ring, A, and any line bundle, L, over Spec A there is a canonical,
functorial isomorphism

Or: P’ = Proj(B’) = Proj (H B, ®a L®"> — Proj(B) = P.

n>0

Here, B is a ggr over A and L is the sheaf corresponding to an invertible A-module, L, also,
we have set B' = ano B, @4 L.

Proof. Pick some n > 0, and an open affine of Spec A where L is trivial and call ¢ the
generator of L over this affine; consider the map

B, — B, ®4 L®"

given by taking each generator of B; to ¢ times that generator. Since c is invertible over
the given affine open, this map is an isomorphism. Since Proj is formed by gluing the ratios
x;/x; (the x; being the generators of B;), we see that our isomorphism

B, — B, ®4 L®" (mult. by c)

is independent of c. Hence, we get the desired isomorphism of Proj (ano B, ®4 L®") to
Proj(B). O

Note that under the isomorphism, O, the “fundamental sheaf”, Op/(1), is exactly
O%(0p(1)) ®a 7*(L), where m and 7' are the respective structure morphisms of P and
P’ over X.

In keeping with the general program of “schemifying and sheafifying” algebraic objects
such as modules and rings (instituted in all generality by Grothendieck [EGA]), we need to
generalize the notion of Proj(B), so that we can replace Spec A by any scheme. Take X to
be some scheme and call a sheaf of Ox-algebras, B, a quasi-coherent graded Ox-algebra iff
locally (over open affine U) on X, the sheaf B is isomorphic to a graded A-algebra, where
A is the ring of global sections of Ox [ U. For such Ox-algebras, B, we can perform the
construction of Proj on a covering family of open affines, U,, of X and they glue together to
give us a scheme over X which we call Proj(B). Of course, Proj(B) comes with a fundamental
sheaf, Op(1), where we have denoted Proj(B) by P. Locally over 7=(U), our sheaf Op(1) is
just the old O(1) constructed for an affine base, U. Also, we have the notion of good graded
Ox-algebra, again denoted ggr, and this means that B is generated by the Ox-module B; as
an Ox-algebra. Equivalently, it means that B is the image of Sym, (B;) under the canonical
map

Symg, (B1) — B.

In particular, if £ is a quasi-coherent Ox-module, we can take B to be Symg, (£). The
resulting Proj is denoted P(€) and is called the projective fibre scheme over X corresponding
to £.
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We must now generalize the Serre functors # and b. For #, which is from graded B-modules
to sheaves on Proj(B), we merely restrict our graded module, M, to 7#=1(U), where U is
affine open in X, and perform the # on this restriction thereby obtaining (M | 7=1(U))*, a
sheaf on Proj, (B | U). Then, we observe that these glue together to give the quasi-coherent
Op-module, M*; where, as usual, P = Proj(B).

Again, as usual, we will restrict to the case that B is a ggr as Ox-algebra. In this
case, Proposition 7.2 generalizes to the following (of course, if B = [[,-,Bn, then B(q) =

HnEZ Bq—i—n) :

Proposition 7.8 For a base scheme, X, assume B is a ggr as Ox-algebra. Then, if P
denotes Proj(B), we have:

(1) Op(q) = (B(q))* is a line bundle on P.

(2) If M and N are graded B-modules, then (M @5 N)? = M @0, N*.
(3) (M(q)) = M¥(q) = M* @0, Op(q).

(4) Op(q+4q') = Op(q) ®o, Or(q).

(5) If C is another Ox-ggr and if 6: C — B is a graded homomorphism (preserves degrees),
then, there is a canonical open set, G(6), contained in P = Proj(B) and a morphism
of schemes

(G(9), 0p 1 G(8)) -2 Q = Proj(C),

and G(0) is the maximal open for such a morphism. Further,

0.(0g9) (7)) = (0:0¢(6))(q)-

(6) ©"(Oq(q)) = Or(q) 1 G(0) = Og(v)(q)-

The proofs are obtained simply by covering the base, X, by open affines and applying
Proposition 7.2 for these affines.

For the functor, b, we take a QC Op-module, F, and twist it by O(q) for each ¢ € Z.
Now recall that the analog of the global sections functor of affine geometry is the direct
image functor for general geometry. Hence, we set

7 =[] m(Fla)).

nel

where 7 is the structure morphism P — X and we have written F(q) for F ® Op(q), as
in the proposition above. The sheaf, F’, is a graded B-module, because the action of B on
it can be defined on the various open sets of the form 7=*(U), where U is affine open in X.
Moreover, F” is quasi-coherent as Ox-algebra.
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Just as in the discussion following Proposition 7.2, we have the finiteness notions of (TF)
and (TN). Further, globalizing the Serre construction of the maps « and 3 by the obvious
patching, we deduce the existence of canonical maps

a: M (M) and B: (F) — F.

(Of course we always assume B is a ggr over Ox.) And, again from Theorem 7.3, we deduce
the following globalization of Serre’s theorem (Theorem 7.4):

Theorem 7.9 Write P = Proj(B), where B is a ggr over Ox (X a scheme) and let F be a
QC Op-module and M a graded (TF) B-module. Then we have:

(1) If B is an sqgr over Ox (this just means that By is finitely generated as By-module and
that By is a coherent O x-module while X is a finite type k-scheme with k a field), then
the map a: M — (M*)* is a (TN)-isomorphism.

(2) The map B: (F°)* — F is an isomorphism.

(3) If B=0Ox @z Z[Ty, ..., Ty], then a: B — (B*)’ = O% is an isomorphism.
Remark: If B is Ox ®z Z[Ty, . .., Ty], then Proj(B) is just P¥.

7.2 Projective Fibre Bundles

Let us now restrict ourselves, momentarily, to the case that X = Spec A, and let £ be an
A-module. Write € for the QC sheaf, E, on X. Consider P = P(€) = Proj(Sym,4(E)). Of
course, I/ = degree one components of Sym 4(£). If S is any graded QC Op(g)-module, then

e~

we know 7,(S) = I'(P(€),S) and we have seen that in such a situation there is a map

Sy — m.(S) = D(B(E),S).

Apply this to the case where S = Sym 4 (F)(1); we get

£ = E — m.(Symy(E)(1)) = m.(Op(1)).

That is, we obtain a map
() — Op(1).

However, the latter map is surjective because it corresponds to the map
E @ Sym(E) — Sym(E)(1)

and Sym 4(F) is a ggr.
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Now, consider an A-morphism from an A-scheme, T', into P(£); call it ¢. From the exact
sequence
(&) — Op(1) — 0,

we obtain the pullback exact sequence
m7(€) = " (7p(£)) — ¢*(Op(1)) — 0.

Let us write £ for p*(Op(1)).

We can be more explicit with this map: Suppose f € FE is considered as a generator
from Sym,(E);. Then, we can localize P(€) at f; that is, form P(€)s), and this is merely
Spec(S(y)) where S stands for Sym,(E). Take an open affine, U, in ¢ ' (P(£)(p), say
U = Spec(B). Then, our map, ¢, restricted to U just comes from an A-algebra map

*: Sy — B; and the sheaf ¢*(&) [ U is just E/é);l/B. As for £, when we restrict to U it is

just S(1)(y) ®s,, B (remember, B is an S(y)-algebra by (*)). And now, our map (over U) is
induced by a map
EFE®sB— S(l)(f) ®S(f) B

and the latter is given by

z®1|—>{®*(§). (1)

Our map 75(€) — L — 0 yields a surjection
Syme, (77(€)) — Symg,.(£)

and
Tr(Syme, (€)) = Syme, (77(£)),

hence we obtain the surjection

mr(Syme, (€)) — [ £5" (1)

n>0

Once again, we can be more explicit: On affine patches as above, the lefthand member is
simply S, (E) ®4 B (= S,(E ®a B)), while the righthand member is (S(1)(y) ®s,,, B)*" =
(Sn)(f) ®a B. The map between the two is just the map induced by (f) on the n-fold

symmetric powers, namely
AN
1— (= [ — .
s ® ( 1 ® fn

To recapitulate, a T-point of P = P(€) yields a line bundle, £, on T" and a surjection

T (€) — L — 0. (1)
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Conversely, given such a line bundle, £, and surjection ({{t), we obtain the surjection (}7).
Because it is a surjection, we obtain the morphism

Proj([ ] £5") — Proj(z;(Symp, (£)) =T ] P(E) &5 P(€).

n>0 Spec(A)

But 7' = Proj(]],,5 £%"), and so, we finally get a T-point,

pr: T = (Proj(J ] £5m) = P(€),

n>0
of P by composition.

Our discussion above has proved most of

Theorem 7.10 If X is a scheme and £ is a quasi-coherent Ox-module, then for any X -
scheme, T, the points, v, of P =P (&) with values in T are in one-to-one correspondence with
equivalence classes of pairs, (L£,1) in which L is a line bundle over T and v is a surjection
of mi(€) to L. The equivalence relation on pairs is: (L,¢) ~ (L', ¢') iff there exists an
Or-isomorphism, o, of L to L' rendering the diagram

L
¥
w}(s/ o

EN

E!
commutative.

Proof. First of all, by the usual gluing on affines, we may assume that X is Spec A. (The
gluing is most easily seen by using the explicit form of the morphisms given above.) In this
case, all that remains is to show that equivalent pairs give the same morphism 7" — P(&)
and conversely. If we have the commutative diagram
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then we get the commutative diagram of graded algebras

HnZO ‘C®n

HnZO Ei@n :

Now, taking Proj of the latter diagram, we obtain the same morphism of 7' — P(£) from
either (£, 1) or (£',9'), because T is identified with Proj(][,,5o £%") (resp. Proj([ ], L£em))
and these identifications agree via Proj(«).

** Proof of the converse needs to be written **

Remark: The manipulations above correspond to the dow—to—earth statement that, in or-
dinary projective space over a field, the points (zo: ---: z,) and (Azp: ---: Az,) are the
same. More precision in this remark will be given below.

There are several important special cases of Theorem 7.10. The first is

Corollary 7.11 If X is a scheme and £ is a QC Ox-module, then the X -points of P = P (&)
are in one-to-one canonical correspondence with the QC submodules, F, of € such that £/ F
s an invertible sheaf.

Proof. By the theorem, the X-points of P are in one-to-one correspondnce with classes of
pairs, (£,1), in which ¢ is a surjection from £ to L. Let F = Ker ¢). Note that when
(L,v) and (L',1)’) are equivalent, we get the same F. Conversely, given F, we can use an
automorphism of £ mapping F to itself and the two quotients, £, £’ are then equivalent. ]

The second case is when & = ONT! In this case, P(€) is just P¥. Theorem 7.10 yields

Corollary 7.12 The T-points of PY are in one-to-one correspondence with pairs, (L£,), in
which L is an invertible Op-module and ) is a surjection from ON*! to L.

Hence, P¥ represents the functor

T~ {(L,%) | L € Pic(T) and ¢: Ot — L — 0 is exact}.

For many purposes, the formulation of Corollary 7.11 is more convenient. To formulate
it a bit better, introduce the following notation for an X-scheme, T"

]-" 1s a QC Op-submodule of 74(&).
(€)/F is an invertible Op-module.

Hyp (T, €) {f ‘
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Fix € and let T vary over the X-schemes. Say S is another X-scheme and S s Tis an
X-morphism. We have the exact sequence

0 —F —mp(€) — L—0,
where L is invertible. Since §* is right-exact, we get the exact sequence
B (F) — B (mp(€)) = mg(E) — (L) — 0.

But, pullback of an invertible sheaf is invertible, and so, the map F ~» Im (5*(F) — 7§(E))
gives a map Hypy(T,€) — Hypy(S,€E). Clearly, this shows that T ~» Hypy(7,€) is a
cofunctor from X-schemes to Sets. Corollary 7.11 can now be reformulated as

Corollary 7.13 The scheme P = P(E) and its invertible sheaf Op(1) represent the functor
Hpr(_a 5)

Notice that the fixing of the invertible sheaf, Op(1), removes the ambiguity of the equiv-
alence relation mentioned in Theorem 7.10. In fact, we can again reformulate Corollary 7.13
as follows:

Corollary 7.14 There is a one-to-one correspondence between invertible Op-modules, L,
which are quotients of wy(E) and morphisms, 0: T — P = P(&), so that *(Op(1)) = L.
(Similarly, of course, when & is OQ“ and P =PY.)

Theorem 7.10 shows that for a scheme, X, the projective space P is not defined as one
might have imagined. Instead, it is defined via line bundles and global sections. The reason
for this is that on the base scheme X there are nontrivial line bundles and these are hidden
when we just have X = Speck, where k is a field. We now have two definitions of P¥ as a
functor in the case that X = Speck with k a field. Do they agree? Our map above (locally
given by (1)) is just the map

te X = (sot): ---:sn(t)) € PY  (old definition)

and so, in fact, they do agree. This explicit form of our map is used all the time.

But we can be a little more general, yet. All that is necessary is that the line bundles
on X all be trivial. For example, if X is Spec(local ring). When this happens, we have the
more ordinary description of the X-points of P(E):

Corollary 7.15 Assume that Pic(X) is trivial. Write H for the subset of the T'(X, Ox)-
module T'(X,EP) corresponding to those homomorphisms & — (93( which are surjective.
Then, the X -points of P(E) are in one-to-one correspondence with H /G,,(I'(X, Ox)).
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Proof . Since I'(X, EP) is Hom o, (€, Ox), the elements of H correspond to surjections

L0 —o.

Further, since Pic(X) is trivial, these ¢ just correspond to the pairs (Oy, ) mentioned in
Theorem 7.10. The equivalence relation of the theorem is just multiplication by an element of
Gm(I'(X, Ox)), because these invertible sections are the isomorphisms Oy — Ox making

the diagram
Ox

e

RN

Ox
commute. []

Corollary 7.15 supplies the precise form of the remark at the end of the proof of Theorem
7.10. As a final remark in this chain of results, note that the special case of Corollary 7.11
actually implies the full content of Theorem 7.10. To see this, note that the X-morphisms
T — P = P(€) correspond uniquely to their graphs in 7' [[ P. The latter are just the T-

X

points of T" [[ P. But, T' [] P is just P(75(&)). According to Corollary 7.11, the T-points
X X

of P(7}(€)) are in one-to-one correspondence with the QC Or-submodules of 7}.(€) whose
quotients are invertible. That is, the points of P(7}.(£)) correspond to exact sequences

0 —F —mp(€) — L—0 (%)

where F is a submodule of 74.(£) and £ is invertible. But, this is just the description of
the T-points of P(€) as in the conclusion of Theorem 7.10, because the equivalence relation
corresponds to keeping F fixed and identifying all the £’s one can get from an exact sequence
().

The construction of the projective fibre space, P(£), gives a good mechanism in which to
view the generalization of the Segre morphism of Chapter 2. First, observe that if we have
two QC Ox-modules, £, F, and a surjection from £ to F, then we get an obvious closed
immersion &€ — F and, as mentioned above, base extension of P(£), say by np: T — X,
just gives P(7}.(€)). For the Segre morphism, we have:

Proposition 7.16 There is a natural closed immersion

Py (€) H Py(F) — Px (€ ®oy F).

This is the Segre morphism.
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Proof. Let Py be Py (€) and P, be Py (F), and write @ for P; [[ P». Then, on @, we have
the invertible Og-module: *
Op, (1) ®x Op,(1) = pri(Op, (1)) ®o, pr5(Op,(1)).
This will play the role of Og(1). Now, we know there are surjective homomorphisms:
T (€) — Op (1), m(F) — Op,(1),
where, 7; is the structure morphism, P, — X. Thus, we get a surjection
7"(€ ®ox F) — Oq(1), (+)

where ¢ is the structure morphism of ) over X. But, a surjection from ¢*(€ ®o, F) to a line
bundle on @ (in this case, Og(1)), is exactly a morphism from @ to P(£ ® F), by Theorem
7.10. This is the Segre morphism. What we must show is that it is a closed immersion.
However, this is a local question on X; so, we may and do assume that X is affine—call it
Spec A.

The modules £ and F are then F and F , for some A-modules F and F'. To check that
the Segre morphism in this case is a closed immersion we will compute it on suitable affine
opens of (). Pick e € I/ and f € F' and look at the affine open, U = Py [] Py(p). This is

X

Spec of a ring, and that ring is
(SymE) ) ©a (SymFE)p),

which we will denote by B. Now, our line bundle, Og(1) is merely the sheaf given by the
module (SymFE)) ®4 (SymF) () and over our affine open it is generated by £ ® { Then,
the surjection (x) corresponds to the map

x®y®b»—>b<%®%>,

where x and y are elements of E, F, respectively and b is an element of B. Note that T is
indeed the ratio of elements of degree 0 and similarly for ¥. Then, for the symmetric algebras
the maps one degree-one pieces is just

TRy (g)o@(%)

In P(€ ® F) the corresponding affine open into which the Segre morphism maps U is
P(E® F)cos- And on the algebras, this map is given by

oy~ (2 (4). )

Since the open sets P(E ® F) g ) cover P(E® F) because the e ® f generate Sym (£ ® F),
all we need to prove is that the Segre morphism is a closed immersion on these particular
affines. But, that will happen if (}) is surjective, and this is certainly true. O

Remarks:



7.2. PROJECTIVE FIBRE BUNDLES 341

(1) The reader should check that the Segre morphism commutes with base extension.

(2) What about the coproduct of £ and F as modules? We find that the coproduct of the
schemes P(€) and P(F) has a closed immersion into P(E [ F).

After the multitude of abstractions of this section, it will be refreshing to have a concrete

and constructive example. We will restrict ourselves to the case where X = Spec(k) where
k is a field and P(€) is just PV.

Example 7.2 Linear systems; hypersurface embedding.

_ — O : . :
(1) Take Z = P} and £ = Opn(q) with ¢ > 0. A basis for the global sections of L is the
set of monomials My, ..., My of degree ¢ in n + 1 variables, and

N= (””) — 1
q
According to (f1), we have a map
q—uple: P} — PY
given by
(Xo: -+ Xp) = (Mo(X): -+ My(X)), where X = (Xo,...,X,).

This is the g-uple embedding. We know that (¢g—uple)*(Opn (1)) = Opn(q). This shows
that hyperplanes in PY (zeros of sections of Opn (1)) correspond to the zeros of sections
of L = Opn(q). The latter are hypersurfaces of degree ¢ in P}. Hence, our map, g—uple,

“straightens out” hypersurfaces of degree ¢ in P} and makes them into hyperplanes in
Py,

Recall that if £ € Pic(Z) and o is one of its global sections then we get a Cartier
divisor, Z(o), so that Oz(Z(c)) = L (cf. Proposition 5.31). In our case, when we
have a morphism 6: Z — P¥, it corresponds to N + 1 sections of a line bundle,
L, on Z (so that the N + 1 sections generate everywhere). Consequently, we have
N + 1 Cartier divisors Z(sg),...,Z(sy), and the condition that so,...,sy generate
L is exactly that no point of Z is in the intersection of these divisors. Of course, we
recall also that two divisors D and E are linearly equivalent when and only when their
line bundles Oz(D) and Oz(FE) are isomorphic. So, in the present situation, all the
Cartier divisors Z(s;), Z(s;) are linearly equivalent. The same is true for Z(s), where
s is any linear combination of sq, ..., sy. This means that what we have is a family of
linearly equivalent Cartier divisors on Z. The fact that: Given a point ¢ € Z, at least
one divisor from our family does not pass through ¢ (which is the condition that the
morphism 0: Z — PY is everywhere defined) has a special name. For a given family
of linearly equivalent divisors on Z, say F, a point ¢t in Z is a base point of F if all the
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divisors of F pass through ¢t. Thus, 6 is everywhere defined iff our family, F, has no
base points.

The collection of sections of £ spanned by sg,...,sy is a linear space, V. The cor-
responding projective space (i.e., the space of hyperplanes of our linear space) is just
our family, F, of linearly equivalent divisors. Consequently, P is best written P, (V),
and our map 0 takes Z to P, (V). Each divisor from F corresponds to a hyperplane
in P, (V). So for each hyperplane, H, of P, (V'), the divisor #*H is an effective Cartier
divisor on Z lying in F.

Let C be a curve of degree d in P", and let C'(q) be the image of C' under the g-uple
embedding. Write H for a hyperplane in PV, and look at H - C(q). This corresponds
to the divisor on C(gq) corresponding to the line bundle Opn(1) [ C(g). But then,
(g—uple)*(H - C(q)) is a divisor of the line bundle (g—uple)*(Opn (1) [ C); that is, it
is equal to the divisor of Opn(q) | C, which is just ¢H - C. Here, H is a hyperplane in
P". Thus,

#(H - C(q)) = q(#(H - C)) = qd,
and

deg(C(q)) = qd = qdeg(C).

Take Z = P}, again, and £ a line bundle on Z. However, don’t take enough sections
to generate. What happens?

Say, we take £ = Opr (1) and use the sections sy, ..., s,1. Then, the set
Z={teT|s;t)=0,0<j<n-—1}
is a closed set where 6 is not defined, namely the set consisting of the point
P=(0:---:0:1).
Then, the open set U = Z — Z is just P? — {P}, and 6 is defined on U and given by
(Xo: -~ Xp) = (Xo: -+ Xpq).
So, we see that 6: (P} — {P}) — P}~ is simply the projection from P.

Generally, Z #+ 0, and if (s, ..., sy) are chosen in I'(Z, £) but don’t generate, then
codim(Z) is n + 1, in general, and we get the morphism

Ociv: U — P(W((s))),

where W ((s)) is the subspace of I'(T, £) generated by (s) = (so, ..., Sn). It follows that
our line bundle, £, and the “inadequate” collection of its sections (s, ..., S,) gives us
a rational map 0: Z ———P(W((s))). So we see that a linear system with base points
gives rise to a rational map from Z into the appropriate projective space.
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Remember that given a line bundle, £, the sections of L give effective divisors, all equiv-
alent to one another. Given a subspace, V C I'(X, L), if s¢,..., sy form a basis of V, the
map pg: X ———=P(V) given by

§= (s0(€): -2 sn(8)),

which, we shall assume to be a morphism, sends the effective divisors, D, with Ox (D) = L,
to hyperplanes in V. Each effective divisor goes to a distinct hyperplane, all the hyperplanes
are covered; when the divisor is given by the linear combination Z;V:O «;s;, the corresponding
hyperplane is just given by the equation Z;V:O ajs; = 0. From this, we see that the points
of P(V) are in one-to-one correspondence with the linear system of these effective divisors
and from now on, we will make this identification. When V = I'(X, £), the linear system
is called a complete linear system. The ususal notation for a complete linear system, one of
whose divisors is D is |D].

Consider P?, where k is algebraically closed, and six points P, ..., Ps in general position.
This means that no three of our points are collinear, and not all lie on a conic. Examine the
complete linear system given by

so that W is spanned by all cubic monomials in three variables Ty, 77, T5. There are 10 such
monomials, and thus the dimension of the linear system P(W) is 9 (= 10— 1). Note that our
linear system consists exactly of the divisors on P? which are the zeros of linear combinations
of cubic monomials. That is, our linear system consists exactly of the cubic curves in P2,

Look at the subsystem, V', consisting of all of the cubics through P, ..., Ps. As these
points are in general position, the subspace, V', has dimension 4 = 10 — 6 (DX), and P(V)
has dimension 3. There are no other base points besides P, ..., Ps. Letting
X =P2—{P,,..., P}, we get a morphism

d: X — P

Take P, € X, with P # (). Then, we have seven points P, P, ..., Ps, and the space of
cubics through these seven points has dimension at least 2, i.e., it is at least a P2, The
cubics through the eight points P, Q, P, ..., Ps form at least a P'. If the cubics through
the seven points form a IP3, then the cubics through the eight points form a P2, and, if the
cubics through the seven points form a P2, then the cubics through the eight points form
a P!. In any case, there is an open set of cubics through P, P, ..., Py and not through Q.
Let P* = ®(P), Q" = ®(Q). Then, there exists an open set of hyperplanes through P*
not through Q*, which implies that P* # Q*. Therefore, ® is injective (set-theoretically).
Consider the case k = C. From complex geometry, ® is an embedding of manifolds iff it is
injective on tangent spaces (actually, this is also true in the algebraic case). This means that,
given any P € X and any pair of tangent vectors (7, W) at P, there exist curves (', and
Cy through P with C; having tangent vector ©° at P and C having tangent vector w at
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P. But, to give a cubic curve, C', through P, ..., Ps and having a given tangent vector, 7,
at P, is to give eight conditions on te cubic, namely: The six of passing through Py, ..., Fs,
the seventh of passing through P and the eighth of having a given tangent vector at P.
Consequently such curves form a hyperplane in our linear system P(V'). So, given P, v, W,
we can consider the nonempty open subset of P(V') off the hyperplane determined by P and
o and this open intersects the hyperplane determined by P and g (of course, o #* W)
Any curve, Cy, in the first hyperplane and any curve, C5, in the second hyperplane and in

the open will do. Therefore, we get an embedding (in fact, a closed immersion)
X — P2

Consider the blowup, Bpz p, _p, of P? at the six points P, . .., Ps (also denoted B, for short),
and write F; for the exceptional line corresponding to the point P; in the blowup. Given
a point, P/, on E;, i.e., a tangent vector, 7, at P;, there is a curve, C, in the blowup,
B, passing through P/. Let us consider the proper transform of all the curves from our
linear system, P(V'), on B. These form a linear system on B (what is the corresponding line

bundle?) and it is easy to see that it gives a morphism ® taking B to P3. We obtain the

commutative diagram
&\\

2 3
P:- - -~ P,

where we have written the embedding ®: X — P?* as a rational map from P? to P?. The new
map, ®: B — P? clearly separates points because the only problem might arise for points on
an exceptional divisor and here to separate points is merely to separate tangent directions at
the corresponding P;. It also separates tangent directions. In fact, the only question arises
from a point, P/, on an exceptional divisor, F;. Here, our curves in P? all pass through P;,

which gives six conditions, and we fix the tangent direction, 7, at P;, corresponding to the
point P/-this gives a seventh condition. Of course, just as above, we now have room in our
family to separate the next higher order contact at P, among our cubic curves.

And so, we obtain an embedding
&/)Z B]p27p17m7p6 — Pg.

In fact, as Bp2 p, . p, is proper we deduce that ® is a closed immersion. Now B is smooth,
so its image ¥ = Im (®) is a smooth surface in P*. What is deg(3)?

Take two generic hyperplanes H,H’ in P3, and consider
HAH NE.

Then, H corresponds to a cubic, C', and H' corresponds to a cubic, C’, and both C' and C’
pass through each exceptional line F, ..., Eg. The image, ®(C), of C' cuts the exceptional
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line E; once, in general. For, to pass through twice means either that we have two distinct
tangent directions at P; (i.e., C' has anode at P;) or that we have a tangent direction and that
C has order of contact 2 with it (i.e., C' has a cusp at F;). But, an open set of these curves
has neither of these conditions and so we can choose a curve C from this open set which goes
through each P; exactly once. Pick H’ to miss all six points (ID(C) NEy, ... @(C’) N Eg. Since
C' and C’ have distinct tangent vectors at Py, ..., P, and since #(C - C') = 9, by Bezout’s
theorem for curves in the plane, the six intersections of C' and C’ in Py, ..., Ps yield as a
remainder only three further intersections. Consequently,

HAH NE =d(C-C)—{P,..., Ps}),

which implies that
#HNH NX)=3.

Therefore, > is a nonsingular cubic surface.

What is the dimension of the space of such cubic surfaces? We can apply PGL(3) to P3
and get a new Y. We can also vary the points P, ..., Ps. We have dim(PGL(3)) = 15, and
the choice of Py, ..., Ps gives two parameters for each P; (coordinates), and thus, 12 further
parameters. This looks like 27 degrees of freedom. However, we could use PGL(2) on P?
and not change 3. Since dim(PGL(3)) = 8, we expect 19 = 27 — 8 degrees of freedom. The
cubic surfaces form a P! and the nonsingular ones form an open subset in P*. Since we
have a family of dimension 19, our ¥’s are almost all the nonsingular cubics in P3. In fact,
they are all of them.

What about the 27 lines on a nonsingular cubic?

Let L; = 5(E,), i =1,...,6. We get six curves. Given ¢ and j, the line L;; determined
by P; and P; has a proper transform on B, call it L;;, again. Let M;; = a)(Lij), for ¢ # j,
i,j = 1,...,6. We get fifteen more curves. Any five points in P? (in general position)
determine a conic. Let (); be the conic through {P,..., Fs} — {P;}, and write, @;, again
for the proper transform of @); on B. Now, let N; = EIS(QJ»). This yields six more curves.

Claim: All the curves L;, M;;, N;, are lines on X.

Pick a hyperplane, H, in P>. We know that H corresponds to a cubic curve passing
through Py, ..., Ps. A point on Ej is just a tangent vector at P; and we can find an open set
of the cubics having this tangent vector and no higher-order contact at P;. This means that
on B, the proper transform of our cubic cuts FE; just once; hence, H - L; = 1. Thus, L is a

line. For the curves M;;, we observe that the line P P; gives vectors, E), at P; and, vj, at

P;. Now, an open set of the cubics, C, passing through P, ..., Ps has neither the vector o
nor the vector v_; as tangents at P;, respectively P;. Such cubics cut the line F;P; in three
points, two of which are P; and P; and their proper transforms miss each other on £; and
E; respectively. This leaves exactly one intersection on B for the proper transform of C' and
L;;. So, on X, the hyperplane, H, corresponding to C' cuts M;; just once; and M;; is then a
line.
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Consider a cubic curve through all the points P;,..., Fs. Pick a conic, @);, through
the points P,..., P, omitting P;. This conic determines five tangent vectors, namely its
tangents at the five points of the P, ..., Ps it goes through. For each of those tangent
vectors we get a closed subvariety of all the cubics through Py, ..., Ps, namely those also
having the given tangent vector at the given point. The union of these five closed varieties
fails to exhaust the irreducible variety of cubics through P,..., Fs. So, for any C' in the
open set of cubics remaining, the intersection of C' and );—which consists of six points with
multiplicities—is actually six distinct points: The original five and one further point. When
we blow up, the proper transform of the conic and our cubic go through distinct points
on the exceptional lines corresponding to the five chosen points. Hence, on B, the proper
transform of (); and C' intersect just once. Therefore, the hyperplane, H, corresponding to
our cubic cuts N; just once; so, IV; is a line.

We have seen that the 27 seven curves: the £, the M;; and the IV; are all lines in p3
contained in . These are the 27 lines in ¥. The reader can consider their geometry—all
will follow from our description of them as images of proper transforms on B.

The cubic, X, is isomorphic to the blowup surface, B. Hence Pic(X) is isomorphic to
Pic(B). But the only new divisors on B are the exceptional loci, E, ..., Fg. It is not hard
to show (DX) that these are distinct in Pic(X), and so Pic(X) is Z” because we have the
further divisor class of proper transforms of ordinary lines in P2, This is a further example
of the fact that the map Pic(P?) — Pic(X) corresponding to the injection ¥ < P? need
not be surjective.

7.3 Projective Morphisms

Recall that in Chapter 2, we defined projective varieties as closed subvarieties of P& . Obvi-
ously, the correct definition in our now more general case of schemes, X, over a base, 5, is
that such a scheme is projective over S when it is a closed S-subscheme of P¢(€) for some
E. Of course, this is a relative notion, referring as it does to the morphism X — S. Here
for the record, is the official definition.

Definition 7.2 If X is a scheme over S, then the morphism, X — S, is a projective
morphism (we also say X is projective over S) iff there exists a closed S-immersion of X to
Py (&), for some f.g. QC Og-module, £. The morphism X — S is quasi-projective iff we
merely have an S-immersion to P¢(&).

There is an important generalization of the notion of projective morphism, namely:

Definition 7.3 If X is a scheme over S, then the morphism, X — S, is a proper morphism
(we also say X proper over S) iff

(1) X is separated over S.
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(2) X — X is a finite-type morphism.

(3) The map X — X is universally closed, that is, for every T over S, the morphism
pro: X [[ T — T is a closed map.
S

Of course, if X is projective or even quasi-projective over S, then the morphism X — S
is a separated morphism. However, projective morphisms have a further crucial property:
They are proper. We proved this in Chapter 2 (Section 2.5, Theorem 2.36) and the proof
there is sufficiently general for us to merely modify it slightly to give our assertion. Here it
is:

Theorem 7.17 If X — S is a projective morphism, then for any scheme, T', over S, the
morphism pro: X [[ T — T is a closed map.
s

Proof. The statement is local on S, so we may and do assume that S is affine, say

S = Spec A, and then if we cover T by affine opens we may even assume 71" is affine. Now,
X is Proj(S), where S is a good graded A-algebra. Consequently, the above remarks reduce
us to proving that the morphism Proj(S) — Spec A is a closed map (if T = Spec B,
then pro: Proj(S) [[ Spec B — Spec B is just the map Proj(Sp) — Spec B.) As a last

Spec A

reduction, we need only prove that the image of Proj(S) itself in Spec A is closed. For, if C
is a closed subset of Proj(S), then C possesses a scheme structure so that, as scheme, C' is

Proj(S’). But then, the image of C' would be closed, as required.

We now face the essential case: The image of Proj(S) in Spec A, where S is a good graded
A-algebra, is closed in Spec A. A point z in Spec A is in the image iff 771(2) is nonempty
(of course, 7 is the map Proj(S) — Spec A). But the fibre 771(2) is just Proj(S ®4 k(2)),
and so, 77 !(z) is empty iff the algebra S ®4 k(z) is a (TN)-algebra over x(z). This means
S ®4 k(z) = (0) iff n >> 0; now S, is a f.g. A-module, so by Nakayama’s lemma, we find
(Sn). = (0) for n >> 0 iff z ¢ image(m). Write 2, for the annihilator of S,, as A-module,
then our condition is that 2f, is an irrelevant ideal when tensored up to A,. But, as § is
a ggr we find that S, - S; = S,41 for n >> 0, which means that 2, C 2(,,,;. Write 2 for
U,ooo s Then, 771(z) = 0 iff = ¢ V(). Therefore, the image of Proj(S) is exactly V/(2l).
O

Remark: It is very instructive for the reader to compose the above proof with the proof
of Theorem 2.36 in Chapter 2, Section 2.5. They are the same proof but the extra details
and precision in the proof of Theorem 2.36 come about because varieties are simpler than
schemes.

Now, we face a problem: How can one tell, by looking at X itself (over S) whether X is
projective or quasi-projective? Observe that if we could embed X into P¢(€), more generally
even if there were just a morphism from X to Pg(€), the pullback of Opg)(1) would be a
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distinguished line bundle on X. This suggests that we examine the line bundles on X to
check if they might be a pullback of some Op(g)(1). By experience, the correct concepts are
what are called ample and very ample line bundles on X. These are the bundles to which
we now turn our attention.

Definition 7.4 Let X be a scheme and £ be a line bundle on X. We say that £ is ample
on X iff for all coherent Ox-modules, F, there is some N(F) so that for every n > N(F),
the sheaf F ® L®" is generated by its global sections.

Remark: The definition of ampleness makes no reference to a base scheme S. Thus, it is
an absolute notion as opposed to a notion relative to the morphism X — S. That this
notion is a step in the correct direction is the content of the following theorem of J.P. Serre

FAC [47].

Theorem 7.18 (Serre) Let X be a projective scheme over Spec A, where A is noetherian
and the fibre bundle into which X is embedded is given by a coherent A-module, £. Write
L = Ox(1) for the pullback of Op ()(1) under the closed immersion i: X — P,(E). Then,

L is ample on X.

Proof. The proof proceeds in two steps.
(1) Reduction to the case where X =P 4(E).

Let F be a coherent sheaf on X. Then, as ¢ is a closed immersion, #,F is coherent on
P,(€) (c.f. Proposition 4.21). Now, we know that

(i F)(n) = i.(F(n)),
since A is noetherian. Now,
L(P4(E), (ixF)(n)) = T(P4(€), ix(F(n)) = T(X, F(n)) = I(X, L & F).
So, if the sequence
(’)]ﬁi(g) — i, F(n) — 0 is exact for for n >> 0,
then the sequence
O — LP"® F — 0 is also exact for n >> 0,

and the reduction is achieved.

(2) Now, we may assume that X =P ,(E).
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Since P 4(€) = Proj(Sym ,(E)), where E = &, there are standard opens, U; = P4(E) s

where fi,..., fy are generators of E. (Remember, we assumed & is coherent, so, E is f.g.)
Then, since A is noetherian, F | U; is the tilde of a f.g. A;-module where
Jo I
A= (SymA(E>>(fi) |:f f

We can write F | U; = ]\Z, and M; has generators ﬁj(i), for j =1,...,2(i) (as A;-module).
Each 5](@) is a section of F | U;. By Serre’s extension lemma, there is some N; so that
e BJ@ extends to a global section of £L%Vi @ F, where f; is a section of £ = Opg)(1).
Pick N which works for all i = 0,..., N. Then, sz ® BJ@ extends to a global section ¢;; of
L3N ® F. and

= ®p;

Now, (L2N @ F) | U; is equal to M for some module, M;. We know from previous work
that the map
em ot

takes M; isomorphically onto M,;. Pick x € P,(&), then there is some U; so that = € Uj,
and on Uj;, the global sections t,, | U; have among them the generators for (£®N @ F) | U;.
Thus, at x, they generate the stalk, and therefore, N' will do for F. This proves that L is
ample. [J

Remarks:

(1) If S is a noetherian scheme, then S is covered by finitely many affines, each of which
is noetherian, and so, by applying the argument to these affines and taking A large
enough, it is clear that we obtain the

Corollary 7.19 Assume X — S is a projective morphism, where S is a noetherian scheme
and & is coherent. Write L = Ox (1) for the pullback of Op (¢)(1) under the closed immersion
X — Pg(E). Then, L is ample on X.

(2) Suppose X is an S-scheme and £ is a line bundle on X. Further assume that we choose
a finite number of global sections of £, say R of these. Then we get the not necessarily
surjective map of Ox-modules

W*(Os)R — L

where 7 is the structure morphism X — S. By Theorem 7.10 and its corollaries, we
obtain a rational map:

X = Proj(Sym(L)) -—— P&,

If we can arrange that £ is ample, then we find that some power of L is generated by
its global sections, at least when X is locally noetherian (for: L is finitely generated,
coherence is a local property, and f.g. modules over noetherian rings are coherent.)
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If, in addition, X is actually noetherian, then its power, L&V is generated by a finite
number of its global sections, and replacing the original ample £ by this power, we
find the morphism

X = Proj(Sym(£%™)) - - P,

where R is now the number of sections needed to generate £&V. Hence, from an ample
L on a noetherian X, we deduce a closed immersion, X — P, for some R. This
property of ample line bundles will be discussed further when we consider the notion
of being very ample.

Proposition 7.20 Let X be a scheme, then properties (1)—(3) below are equivalent for a
line bundle, L, on X. Furthermore, we also have property (4).

(1) L is ample.
(2) LE™ is ample for all m > 0.
(8) LZ™ is ample for some m > 0.

(4) If M is another line bundle and L and M are ample, then L @ M is ample.

Proof. (1) = (2) follows from the definition. (2) = (3) is trivial. Now, for (3) = (1).
Assume that £%™ is ample for some m, and that F is coherent. Write

F;=F® LY,

for j =0,...,m — 1. Then, we know that there is some N; so that for all £ > N;, the sheaf
F; @ (L™)® is generated by its sections. Let

N =m- max {N;}.

0<j<m—1
Take t > N. We can write
t=mb+k, where(0<k<m-—1.
Then, we have
F & L8 = (F® L) @ (L&) = F, @ (L5™)%°.

Since t > N, we find 6 > max{N;}, and thus, the righthand side is generated by its sections,
which implies that £ is ample.

(4) Assume that £ and M are ample. Apply ampleness of £ to L itself. Thus, there is
some N so that for all s > N, the sheaf £L21 is generated by its sections. Pick a coherent
sheaf, F, and consider

Fr=F® ,C@k,
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where 0 < kK < N — 1. Write Ny for the integer for F, that works for the ample sheaf M.
Let

N=(N+1)- max {Ny}.

0<k<N-1

We must prove that for ¢ > N, the sheaf (£ ® M)®* @ F is generated by its sections. Now,
as t > N, we can write

t=(N+10+k with0<k<N and 0 > max{N,}.
But,
(£®M)®t QF = (£®k ®f) ®£®(N+1)9 ®M®t
— FLoM®® (£®(N+1))®9‘

The sheaf F, ® M®? is generated by its sections by choice of ¢, and the other sheaf,

(£®(N +1))®9, is also generated by its sections by the above. Hence, their tensor product
is generated by its sections and we are done. [J

Serre’s Theorem (Theorem 7.18) has several important corollaries.

Corollary 7.21 (Serre’s generation theorem) Let X be a projective scheme over the scheme
S, where S is assumed noetherian and the Og-module, £, for which X is contained in Py(E)
is coherent. If F is a coherent sheaf on X, then there is a vector bundle, V, so that

(1) V = L™, for some line bundle, L, and

(2) there is a surjection, V — F.

Proof. The sheaf F(n) = F ® Ox(n) is generated by finitely many sections if n >> 0,
because our hypotheses guarantee that X is a noetherian scheme and Theorem 7.18 implies
that Ox(1) is then ample. Thus, we have an exact sequence

oY — F(n) — 0.
Twisting by Ox(—n), we get the exact sequence
(Ox(=n))" — F — 0,
and we let V = (Ox(—n))™, for n >> 0. O

Corollary 7.22 Under the same hypotheses for X as in Corollary 7.21, if F is a coherent
sheaf on X, then there is the Syzygy resolution

=& — & — & — F — 0, (Syz(F))

where each &; is a vector bundle of the form & = L", for some line bundle, L;, and some
m; > 0.
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Proof. By Corollary 7.21, we have
& —F —0

with & of the required form. Let Ky = Ker (§y — F). Then, Ky is coherent. We can apply
Corollary 7.21 again to get
(91 — ’Cl — 0.

We finish the proof by induction. [J

In order to state the third corollary, we need the definitions of the Grothendieck groups
Keon(X) and Kot (X). We define Ko, (X), the definition of Kyee(X) being similar. We let
Kon(X) be the quotient of the free group generated by all the coherent sheaves on X by the
subgroup generated by expressions of the form F — F' — F”, where

0—F —F—F"—0 is exact.

Corollary 7.23 (Hilbert-Serre) Let X be a projective scheme over Spec k, with k a field.
If X is smooth over Spec k, then the Syzygy resolution (Syz(F)) stops after dim(X) terms.
Thus,

0—& — - —&E —& — & —F —0 isexact,

where each &; is a vector bundle and fori =0,...n—1, the bundle &; is of the form & = L],
for a line bundle, L;, and some m; > 0. Hence, the natural map

Kvect(X) — KCOh(X)
s an isomorphism.

Proof. This is just Hilbert’s theorem on chains of Syzygies (1893): If M is a f.g. graded
module over k[Xo, ..., X,] and the ring k[Xy, ..., X,] is nonsingular (which means that all
homogeneous localizations are regular), then the Syzygy sequence

0 —F— - —FK—F —F—M-—70

stops, where Fj is locally free and d < dim k[ Xy, ..., X,]. O

We have been dealing with closed subschemes of P¢(€) for coherent £ and noetherian S.
The finiteness conditions are placed on £ and S in order that there is some bounded power
of the ample £ which will tensor a given coherent F into another coherent but generated
by a finite number of its sections. However, we have been begging the question of when a
given S-scheme, X, can actually be embedded as a closed subscheme of P¢(€) for some £.
For this, we make the definition:

Definition 7.5 If X isa scheme' over S and L is a line bundle on X, then L is very ample over
S iff there is an immersion X — P¢(€), with £ QC as Og-module and £ = i*(Op () (1))
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Of course, all this definition does is to change the question above to: When is a given line
bundle on a given X over S very ample? In his paper FAC [47], Serre gave one reduction of
this question:

Theorem 7.24 (Serre) Let X be a finite-type scheme over a noetherian scheme, S. Choose
a line bundle, L on X, then, L is ample on X iff some tensor power, LZ™, of L is very
ample over S. (Here, m > 0.)

Proof. First, assume that S = Spec A, with A a noetherian ring and that £®™ gives an
immersion into PY (Of course, as we are assuming £®™ is very ample, it really gives an
immersion into P4(&), for some QC £. Thus, our assumption is a special case.) Let X be
the closure of X in PY. By hypothesis, j: X — X is an open immersion. Pick a coherent
sheaf, F, on X, then j,F is QC on X. Now, there is some F’ C j,F so that

(1) F'is coherent on X, and

2) F'|X="F.

By Serre’s ampleness’s theorem (Theorem 7.18), there is some ¢ >> 0 so that F'®@ Ox(q)
is generated by its global sections. But then,

LOOx(q)=F 0% [ X

is generated by sections, and (L£L®™)®? does the job.

Continue with the assumption that S = Spec A, as above. Assume now that £ is ample.
Pick z € X, let U be some affine open with z € U, where L | U is trivial, and let Y = X —U.
Then, Y is given by a QC-ideal, Jy, chosen so that Y has the reduced induced structure.
The assumptions on X imply that Jy is coherent. Then, there is some ¢ >> 0 so that
Jy ® L% is generated by its global sections; thus, there is some s € T'(X, Jy ® £#9) so that
s(x) # 0, ie., s(x) € m,(Ty ® LZ). Look at X,. This is an open set, and = € X,. The
sequence 0 — Jy — Ox is exact, and thus, the sequence

0 — Jy ® LZ — LB is exact,

which implies that
s € D(X, Ty ® L) — T(X, £%9).

Since s vanishes on Y, we have X, C U. Look at s [ U. We have
s|Uel(U, (LU =T(U,0),
as L [ U is trivial. The fact that
f=sUel'(UO0Oy)

implies that X = Uy, and thus, X is affine. To recapitulate the above few lines of argument,
we have proved: For every z € X, there is some ¢(z) >> 0 and some s € I'(X, £&9®)) such
that



354 CHAPTER 7. PROJECTIVE SCHEMES AND MORPHISMS

(1) X, is open affine.
(2) L] X, is trivial.
(3) z € X,.
Since X is quasi-compact, X is covered by finitely many of the X§,’s. Now, for any k£ € N,
X, = X,er. Hence, we may replace £29®) and s by some fixed ¢ and finitely many sections

1, ..., 8 of L. Write A; for the ring T'(X;, Oy,), this is a finitely generated A-algebra. So,
there exist some bgz), so that bg-’) generate A; as an A-algebra, with

) € T(X, 0x) = T(X, £ ] X))

By Serre’s extension lemma, there is some N; so that sfv '® bg»i) extends to a global section ¢;;

of L2V @ £ = LOWNiFtD) for each j. In the usual way, we may assume that all N; are equal,

say equal to N. Consider all the global sections SZN 1 t;; and use them to define a morphism

X — P

(We know that the X; cover X and hence that the map is a morphism.) Let 7; and T;; be
the homogeneous coordinates corresponding to s’ and ¢;;. Our map is given by

T T.
IR
via N+1 ()
T. PR T N b\
- and -2y pt) = 1
T ! 1 T S£v+1 J 5i

and thus, 6; is a surjection. Therefore, each 6; is a closed immersion
Qi: Xz — UZ’,

where T o7
U; = Spec [ 0T }

% 7

Hence, our map, 6, is the composition

0: X = Jxi— U —PY,
i=1 i=1
where the first map is a closed immersion and the second map is open.

We have completed the proof of the equivalence in the special case that S is Spec A and
that when £%7 is very ample we embed in PY. To get the general case, first consider the
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assumption on S. Since S is noetherian, it is covered by finitely many open affines, Spec A,
with A noetherian. Write 7 for the structure morphism, X — S, and X; for 7—!(V}), where
Vi,...,V; are the open affines which cover S. If £ is ample on X, then £ is ample on each
7~ 1(V;) and so by taking the maximum of the numbers, ¢;, that work for each 7=(V;) we
obtain a single tensor power, £, so that each £ | 77(V;) is very ample. Then, £ itself
very ample over S according to the following lemma whose proof will be given at the close
of this proof:

Lemma 7.25 If7: X — S is a quasi-compact morphism and L is an invertible O x-module,
then L 1s very ample over X iff the following conditions hold:

(a) m.L is QC on S,
(b) T m L — L is surjective,

(¢) The morphism, X — Pg(m.(L)), induced by (b) is an immersion.

However, as the reader will see in the proof of this lemma the definition of very ample
involves immersions into P(£). We have treated the special case & = OY. So now, we must
show that, in our situation, we actually get a morphism to PY. Now, given &, it is the direct
limit of its coherent submodules. Our immersion corresponds to a surjection of sheaves

T(€) — L — 0.

Now, 7*(€) is hin> (&), where the &£,’s are the sheaves corresponding to the finitely

generated submoc(lxules, E,, of E. Also, 7 is the structure morphism, X — S. Since X is
noetherian, we can cover it by finitely many affine opens, say Uy, ..., U,. On each of these,

we obtain the surjection
7T*(€ [ Uj) — LOm [ Uj — 0.

Moreover, we can choose the U;’s as a trivializing cover for the bundle £#™. Therefore, on
U;, the bundle £%™ | U; is generated by one element and this element is in the image of
(& | Uj), for some «. Since the U; are finite in number, there is one o which works for
all of X. This means that in the diagram

7 (E) Lom
T

T (Ey) —= LO™

the lower horizontal arrow is surjective. Hence, the immersion X — P,(&) actually is an
immersion X — P,(&,) . Now, &, = E; and F, is a homomorphic image of A", It
follows that P4(&,) is embedded in P*. Thus, we may and do assume that our £ gives
an immersion X — IP’JX .
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We have just given the full proof that ampleness implies that some tensor power, £%9, of
L is very ample over S. There remains the converse statement, which we know to be true
when S = Spec A. So, cover S by affine opens, Vi,...,V;, and write X; for 7=(V;). Then,
by the converse statement, for each Spec A; (= V;), there is some tensor power, (L®™)®%
which works for any given coherent sheaf, F;, on X;. That is, F; ® (L®™)®% is generated
by its global sections. If F is a given coherent sheaf on X, write F; for F [ X; and take ¢
to be the maximum of the ¢;’s. Then, F ® (L&™)®9 | X, is generated by its sections and,
in the usual way, using Serre’s extension of section lemma, we may increase ¢ to some g so
that F ® (L®™)®1 is generated by its global sections over X. Hence, £ is ample. [

Proof of Lemma 7.25. Assume that L is very ample over S, then £ induces an immersion,
j: X — Py(€), for some QC Ox-module, £. Then, we have a surjection 7*(€) — L.
However, there is a canonical factorization

(&) — T (L) — L, (1)

and so, the homomorphism 7*7,(L£) — L is surjective. Moreover, as j is an immersion, X
is separated over S, hence, 7 is both separated and quasi-compact. But then, 7, (L) is QC.
And, lastly, condition (c) follows because the surjection (1) gives rise to a surjection

m*Symg(€) — w*Symg(m. (L)) — [] £5"

n>0

Hence, we obtain the diagram

Pg(m.(£))

7

X

N

Pg(€)

showing that X — Pg(m. (L)) is an immersion. Conversely, set & = 7, (L), which is QC by
(a). Then, by (b) and (c) we obtain an immersion j: X — Pg(m.(L)) = P4(E). But then,
by Theorem 7.10, we obtain the surjection

m'm (L) =€) — L,

and L is 7*(Op(e)(1)). So, L is very ample. [

7.4 Some Geometric Applications

In this section, we shall work over a given field, k. Whenever necessary, we shall assume
that k is algebraically closed and perhaps of characteristic zero.
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Take a scheme, X, over k and consider two Cartier divisors D and E on X. Let’s assume
that D and FE are effective. When is it that D is linearly equivalent to £ (D ~ E) for
effective divisors on X7

Recall that D ~ E means that
D—-E=(f),

where f € Mer(X) is some meromorphic function f: X — P!. For simplicity, let’s assume
that X is irreducible over k. The graph, T'y, of f is then a Cartier divisor on X [[P* (Here,
we have omitted the notation that our product is taken over Speck). Consider the projection
pra: X [[P' — P It can be checked that if f is nonconstant, then the graph I'; (as scheme)
is flat over PL. (In fact, this is a local question on both X and P! so we can assume X is
irreducible and affine, say X = Spec A. Then, I'y = Spec(A[T]/(T — f)), where T is the
coordinate on A', and we see that T — f is the local equation for I'y as Cartier divisor. But
pra: Iy — P is given algebraically by the map

k[T) — K[f(&, -5 8N))]

(here, &1, ...,&y are coordinates on X), and k[f(&1,...,&n)] is torsion-free as k[T]-module
because f is nonconstant. But k[T is a P.I.D., so I'y is flat.) We have the closed immersion

Xo = X []P".
and X(o) is a C-divisor on X []P' (with local equation 7" = 0), and similarly for
Xy = X[ P".

Therefore, we have the intersection cycles X - I'y and X - I'f, in which we consider
these cycles as divisors on X(g) and X (), respectively, whose local equations are f and 1/f,
respectively. We find that

F7H0) = Xy - Ty,
and similarly,
f7H(o0) = Xy T
So, D — E = (f) implies that there is some divisor, I', on X [][P' with D = X(o) - I and
E = X(x) - I'. (Of course, I' =T'y.) The picture is shown in Figure 7.1.

Consequently, we find that D — F is the boundary, OI', of I" in the sense of homology.
Linear equivalence is a special case of homology with linear base P!.

We can use PV instead of P!. In this case, if f is a morphism, X — PV and I'; is its
graph as Cartier divisor in the scheme X [JP!, then we may choose two points Py and P,
in PV and consider the line PyP,, in PV to get a P!. By restricting our graph I'y to the
subscheme X []JP! — X [[P¥, we find the linear equivalence of the divisors f~1(F) and
7Y Ps). Obviously, this geometric notion is susceptible of generalization: Take a morphism,
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Pl

Figure 7.1: Interpreting linear equivalence as a special case of homology

f: X — S, where X is a scheme (irreducible) and S is a curve. We have the graph I'y, again
a C-divisor on X [[S. We can say that

D=~ F iff Xp'FfID and XQ'Ff:E,

for some P,Q € S, where Xp = pry'(P) and Xg = pry'(Q). This is algebraic equiva-
lence. Note that linear equivalence implies algebraic equivalence; which, in turn, implies
homological equivalence.

We can even look at a wider equivalence, torsion equivalence. Say that
D=XE iff (3n>0)(nD ~nkE).

Clearly, torsion equivalence and algebraic equivalence are the same after we tensor with Q.

There is yet another equivalence: Numerical equivalence. For two divisors D and E on
X, we say that D is numerically equivalent to E, denoted D = F| iff

deg(D - C) =deg(E - C) for all curves C' in X.

Recall that D - C' means the Cartier divisor corresponding to the line bundle Ox (D) | C.
And the degree (deg(D - C')) is just the degree of this line bundle.

Generally, we have strict implications (no converse implications)
D~E=Dr~FE=DRXRE=D=E,

and D numerically equivalent to E implies homological equivalence of D and F.

It is instructive to view all these equivalence relations for line bundles. Choose two line
bundles, £ and M on X. We know that £ and M are isomorphic means exactly the same
as linear equivalence for divisors. For algebraic equivalence, consider the scheme X [][S
(S is a curve, as above) and pick two points P and @) on S. Of course, Xp and Xq will
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denote pry '(P) (resp. pry*(Q)) and both are isomorphic to X itself. Then, £ will be called
algebraically equivalent to M iff there is some line bundle, ', on X [] S so that under the
isomorphisms X = Xp and X = X, we have

,CgNrXp and MgN[XQ

Write Pic’(X) for the set of line bundles on X algebraically equivalent to 0. Torsion
equivalence is now quite easy. Namely, £ & M iff there exists m >> 0 so that L& ~ M®™,
That is, torsion equivalence is the same as algebraic equivalence on a curve. Write Pic™(X)
for the set of all line bundles torsion equivalent to 0.

For numerical equivalence the situation is as sketched above. That is, £ is numerically
equivalent to M iff for all curves in X, say C', we have

deg(L | C) = deg(M | C).

The above notions of equivalence give rise to the decreasing filtration of Pic(X) by sub-
groups:
Pic(X) D Pic™(X) D Pic’(X).

It turns out that in characteristic zero the group, Num(X), defined as
Num(X) = Pic(X)/{L € Pic(X) | L =0}
is also given by Pic(X)/Pic™(X).
Theorem 7.26 (Néron-Severi) In characteristic zero, for a proper irreducible smooth va-

riety, X, (reduced structure) over an algebraically closed field, k, the group Num(X) is a
finitely generated abelian group (called the Néron-Severi group ).

Proof. We have not really discussed proper maps but the following proof using, as it does
the notions of algebraic topology, permits us to also use the method of analysis because our
field, k, may be assumed to be the complex numbers.! In this case, we have the exponential
sequence

0 —Z— Ox — Oy —0,

and by cohomology we get the exact sequence
0 — HY(X,Z) — H'(X,0x) — Pic(X) — H*(X,7Z).

Now, as X is proper over C, it is compact as a topological space in the norm topology and it
is a connected smooth manifold, by hypothesis. Suppose £ € Pic(X) goes to zero under the

!The latter reduction is a consequence of what is sometimes called the “Lefschetz Principle”: Since X is
defined by finitely many polynomials on its finitely many affine open patches, by adjoining all the coefficients
of these polynomials to the rationals, we obtain a field embeddable into the complex numbers over which X
is defined. Consequently we may replace X by its base extension to C—it remains irreducible because of our
hypotheses and as we are in characteristic zero base extension incurs no nilpotent elements.
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connecting homomorphism Pic(X) — H?*(X,Z). Remember that by Poincaré duality, the
finitely generated group H?(X,Z) is isomorphic to Ha, (X, Z), where n is the dimension
of X. The connecting homomorphism associates to £ the homology class of the divisor of
L. Since L goes to zero, this homology class is zero and by Poincaré duality the intersection
of this class with any embedded (real) surface in X is zero (homologically). But then, for
any algebraic curve, C', of X, we can consider C' as a real surface in X and the degree of the
intersection of this surface with the homology class of the divisor of L is just the degree of
L | C. As the homology class of the divisor of £ vanishes, so does the degree of £ | C'. This
means that £ is numerically equivalent to zero. We have proved that Num(X) is embedded
in H%(X,Z). By compactness, H?(X,Z) is finitely generated and therefore so is Num(X).
O

Remark: The above argument is due to Severi. The contribution of Néron was to remove
the analytic aspect of the argument and prove the theorem in much wider generality.

When X is a curve over C, we can use the exponential sequence and just observe that the
connecting homomorphism is the degree map. For, on a connected curve there is just one
generator for H*(X,Z). Moreover, for curves, it turns out that ~, & = are all the same.
Therefore

Pic” = Pic’ = HY(X,0x)/H' (X, 7Z).

Now, H'(X,Z) is a 2g-dimensional lattice, where g is the (topological) genus of X. That is,
when we view X as a real closed and orientable surface, g is the number of its handles. It
follows that Pic” is an abelian Lie group, indeed it is a torus and further that Num(X) = Z.

In the case under consideration, namely when X is a proper irreducible variety over an
algebraically closed field, we can be more precise about embedding X in projective space.
That is, we can be more precise about when a line bundle (equivalently its linear system)
is very ample on X over k. Let us restrict attention at first to linear systems of divisors
because of the direct intuitive geometric feelings we obtain from them.

Definition 7.6 Let D be a linear system on X. We say that D separates points if for all
pairs of closed points P, (), there is some D € D so that

P e Supp(D) and @ ¢ Supp(D).

In terms of line bundles, if our linear system is given by a subspace, V C I'(X, £), there
must be some o € ['(X, £) so that

o(P)=0 and o(Q) #0.

We say that D separates tangent vectors if given any closed point P € X and any nonnull
o . . —
vector t € Tp(X), there is some D € D with P € D and t ¢ Tp(D).
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In terms of the line bundle, £, and the subspace, V C I'( X, L), we need:

o €V;a(P)empLlp (ie., o(P)=0), and yet, o(P) ¢ m%Lp. More generally, the map
V —s mp/m% given by o — o(P) should be surjective.

This second condition can be explained more intuitively as follows: Let P be any closed
point, and let D; € D so that P € D;. Pick some T e Tp(D1) C Tp(X) (where T # 6))
Then, there is to be some Dy € D so that P € Dy, and yet, 7 ¢ Tp(Ds). In other words,
Dy and D, are not tangent at P.

Notice that the conditions (1) and (2) are extremely local, namely almost punctual, on
X. In fact, condition (2) just involves the “first infinitesimal neighborhood” of P. They give
rise to Theorem 7.27:

Theorem 7.27 (Embedding Criterion) Let X be a proper scheme over an algebraically
closed field k, and let D be a linear system on X. Then, the following are equivalent.

(1) D yields a closed immersion X — P} (for some n).

(2) (A) D separates points of X.

(B) D separates tangent vectors.

We will prove the embedding criterion a bit later, but now we want to give its application
in the case that X is a curve over k. First, recall that |D| consists of the projective space

{g € Mer(X) | D+ (g) > 0}/(mult. by nonzero constants).
Instead of | D|, for questions of dimension, we may examine the vector space
I'(X,0x(D)) = L(D) = {g € Mer(X) | D+ (9) = 0} U {0}.

Now, in a natural way, L(D— P) appears as subspace of L(D). Namely, choose g € L(D—P),
then (g) + D — P > 0. Hence,

(9)+D—-P+P=(9)+D >0,

ie., g € L(D). Moreover, g € L(D) is not in L(D — P) iff (g) + D when expressed as a
nonnegative sum of points has no P in it. I claim: Either L(D — P) = L(D) or else their
dimension differs by one.

This claim can be proved very simply from the Riemann-Roch theorem (below). However,
it is instructive to prove it directly. Given two elements h and h of L(D) with neither in

L(D — P), we know that (h) + D >0 and (h) + D > 0. As h (resp. h) is not in L(D — P),

the divisors (h) + D and (h) + D do not contain P. So,

ordp(h) + ordp(D) = ordp(h) + ordp(D) = 0;
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hence, ordp(h) = ordp(h). The ratio i/h is then a local unit at P, hence near P. Let A be

the value of h/h at P, this is a nonzero complex number.

Consider the function i—\h and pick any point Q of X. We know ordg(Ah)+ordg(D) > 0

and ordg(h) + ordg(D) > 0. It follows that
ordQ(Z — Ah) +ordg(D) >0, for any @ in X.
However, by our choice of A, ordp(h — Ah) > ordp(h), and we find
ordp(h — Ah) + ordp(D) > ordp(h) + ordp(D) > 0,

which proves that P appears in the effective divisor (% — Ah) + D. That is, h—Ah = f lies
in L(D — P). But then, h = Ah + f and so the dimension of L(D)/L(D — P) = 1.

In a similar (slightly more cumbersome) argument, we can prove that
dim(L(D)/L(D — P — Q) <2

(even when P = Q). From these inequalities we deduce that the conditions (2)A and (2)B
of Theorem 7.27 read in this case:

(A) For every closed point P € X
dim|D — P| = dim|D| — 1.

(B) For all closed points P, @ € X (where P = (@ is possible),
dim|D — P — Q| = dim|D| — 2.

The problem with (A) and (B), at our present state of knowledge, is that we have no
criterion, yet, for deciding the truth of (A) and (B) in terms of D. This problem evaporates
when we make use of the Riemann-Roch theorem for curves. We shall give a general proof
of the Riemann-Roch theorem for projective varieties in Chapter 9 and another proof for
curves in Section 7.6. Here, we just want to state and use the theorem for curves. Let X be

a proper smooth connected curve over an algebraically-closed field k, and D be any divisor
on X. We define the Euler characteristic of Ox (D) by

V(X, Ox(D)) = dim HY(X, Ox (D)) — dim H'(X, Ox (D).
Then, the Serre duality theorem (c.f. Section 7.6) implies that
X(X,O0x (D)) = dim H(X, Ox (D)) — dim H°(X,wy ® Ox(—D)),
and the statement of the Riemann-Roch theorem is that

dim H°(X, Ox (D)) — dim H(X,wx ® Ox(—D)) = deg(D) +1 — g,
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where g = py(X).
The origin of the theorem is with Riemann (1857) who proved that if deg(D) > 0, then
dim H(X,Ox(mD)) = mdeg(D) +1—g, when m >> 0.

It was his student Roch who supplied the error term betwen H°(X, Ox (D)) and
deg(D) + 1 — g. Note that we can restate the RR theorem as

dim H°(X, £) — dim H*(X,wy ® £”) = deg(L) + 1 —g, where L is a line bundle.
Applying RR to £ = Ox and remembering that H°(X, Ox) = k, we find that
1 —dimH(X,wx)=0+1—g.

Consequently,
dim H°(X,wx) = g = p,.

If we let £ = wy, since w? @ wy = Ox, we get
dim H°(X,wx) — 1 = deg(wx) + 1 —g.

Hence,
deg(wy) =29 — 2.

Further,
deg(Tx) = deg(wy) =2 — 2g.

If we choose £ with deg(L) < 0, we have H°(X, £) = (0). Otherwise, there is some
o € H°(X,L) so that o # 0, and if £L = Ox(D), our o corresponds to a function F €
Mer(X), so that (F)+ D > 0. But

deg((F) + D) = deg(F') + deg(D) = deg(D) = deg(L) < 0.

This is impossible because (F') + D > 0.
Now apply this to the case when deg(L) > 2¢g — 2. In this case,

deg(wy ® LP) =2g — 2 — deg(L) < 0,
and from the above we get the vanishing theorem:

Theorem 7.28 (Vanishing theorem) On a proper smooth connected curve X of genus g, if
deg(L) > 2g — 2, then

(1) H(X,wx ® L7) = (0)

(2) dim H°(X, L) = deg(L) + 1 —g.
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Again, write £ as Ox (D) and apply the vanishing theorem to the complete linear system
|D| (recall that |D| = P(H°(X,Ox(D))). Let’s look at deg(D) > 2g. Let P € X, then,

deg(D —P)>2g—1>2g9—2,
and the vanishing theorem implies that
dim|D| = deg(D) —¢g and dim|D — P|=deg(D — P) — g =dim |D|— 1. (%)

Thus, | D| separates points, i.e., | D| has no base points; we get a morphism
X — PdsD)=9_ If we assume slightly more, namely deg(D) > 2g + 1, then not only do we
have conclusions (%) but also

dim|D — P — Q| = dim |D| — 2
because of
deg(D—P—Q) >29—1>2g9—2.

Therefore, D is very ample and |D| gives an embedding into P4°&(”)=9_ The degree of X as
a subvariety of projective space in this embedding is deg(D).

Because of its importance, let’s restate our conclusion as
Theorem 7.29 (Embedding theorem for curves) If X is a proper smooth connected curve

over an algebraically closed field (char. 0) and if D is a divisor of degree > 2g + 1 on X,
then

(1) D is very ample on X over k.
(2) |D| embeds X into PIs(P)=9,

(8) The degree of the image curve is exactly deg(D).

Before proving the embedding criterion we want to give some classical terminology from
the theory of curves and further discuss the meaning of the cohomology of P" with coefficients
in a Serre twist of an ideal sheaf of Opn.

On a curve, X, a linear system of degree d and projective dimension r is called (according
to Halphen and Max Noether around 1880) a g;. For example, when a curve possesses a ¢a
without base points, we get a morphism X — P!, which makes X into a degree 2 cover of
P!. In this case, X is referred to as a hyperelliptic curve. If X possesses a g! that separates
points, then X is called an n-gonal curve and the g! makes X into an n-fold cover of P!

Let’s work over an affine base, X = Spec A. Assume that Y < P is a closed embedding.
We have the exact sequence

0— Jy — Opn — Oy — 0.
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Twisting by d, we obtain the exact sequence
Taking cohomology, we get

0 —— H(P", 3y (d)) — H(P", Opr (d)) — H°(Y, Oy (d)) 4)

( (1)
H' (P, Iy (d)) — H'(P", Opn(d))

Recall that HO(P", Opx(d)) consists of forms of degree d in the ring A[Ty, ..., T,], and their
zero’s are the hypersurfaces of degree d. We have o € H°(P", Jy (d)) iff o is a form of degree
dand o 'Y = 0. Thus,

H°(P", 3y (d)) # (0)

iff Y is contained in some hypersurface of degree d. Consequently, Y is nondegenerate (not
contained in any hypersurface) iff

Recall that P(H°(P", Opn(d))) is the complete linear system of hypersurfaces of degree d in
P". We have
Oy (d) = Oy ® Opn(d) = Opn(d) | Y.

This says that P(H°(Y,Oy(d))) is the complete linear system on Y corresponding to the
bundle Oy (d) and the image in P(H(Y, Oy (d))) of the divisors in P(H°(P", Opn(d))) is the
set of divisors coming from the intersection with divisors in P" of the complete linear system
Opr (d). We will see in the next section that for n > 2,

H'(P", Ops(d)) = (0)
for all d. From the exact sequence (}) it follows that the sequence
HO(P", Opn(d)) — H°(Y, Oy (d)) — H'(P",Jy(d)) —> 0 is exact.

Therefore, the obstruction to the trace of the complete linear system of degree d on P (i.e.,
the intersection of the complete linear system with'Y') being complete on'Y is H* (Y, Jy(d)).

Terminology.

(1) We say that Y is d-normal in P™ if

HO(P", Opn(d)) — H°(Y,Oy(d)) is surjective.

(2) We say that Y is linearly normal if it is 1-normal.
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(3) We say that Y is arithmetically normal (projectively normal in P™) if it is d-normal for
every d > 0.

If Y is smooth and A is an algebraically closed field, k, we proved in Section 7.1 that

Oy = [T H (Y, Oy (d))

d>0

is the integral closure of the projective coordinate ring &[Ty, ..., 7T,]/J% in its fraction ring
= Mer(Y). But then, the exact sequence

0— 3} — Op — Oy — [[H'(P", 3y (d)) — 0
d>0
shows that k[Ty, ..., T,]/35 is isomorphic to O} = integral closure(k[Ty, ..., T,]/3%) iff Y
is d-normal for every d > 0. Consequently, Y 1is projectively normal (Y being smooth)
iff its projective coordinate ring is integrally closed. As localizations (at prime ideals) of
integrally closed rings are themselves integrally closed, we see that projective normality
implies normality. For smooth hypersurfaces, Y, their ideal sheaves, Jy, are line bundles;

so, we have
H*(P",Jy) = (0) when Y is a smooth hypersurface.

Remarks:

(1) When k is an algebraically closed field and n > 2, then H'(P",Jy) = (0) iff YV is
connected. To see this, consider the exact sequence

0—3Jy — Opn — Oy — 0
and apply cohomology. We get
0 — H(P",Jy) — H°(P",Opn) — H(Y, Oy)
— HY(P",Jy) — H'(P", Opx) = (0).
The last vanishing is because n > 2 and Op~ is a line bundle, as we will see in the

next section. Now, H°(P", Opn) = k and H°(P",Jy) consists of those elements of k
(constants) which vanish on Y, i.e., 0. So, we deduce the exact sequence

0— k— H'(Y,Oy) — H'(P",Jy) — 0.

Of course, H(Y,Oy) contains the constants, k. The exact sequence shows that
HO(Y, Oy) is exactly k when and only when H'(P",Jy) = (0). Thus, Y is connected
iff HY(P",Jy) = (0).

In particular, hypersurfaces in P" are connected. Next, complete intersections of con-
nected varieties are connected (DX). This gives us the Bertini connectivity statement
(of Theorem 6.13).
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(2) Look at a linear system, D = P(V), on X and the separation condition on tangent
vectors. It says that if V C I'(X, L) (where £ = Ox (D)), then the map

V — mp/m%

is surjective for all points P € X. Since V consists of the pullback of the linear forms
on P(V), the statement: V — mp/m% onto, implies that

2
mp(y) p — My p/My p

is also onto. As these are cotangent spaces, this says: For every P € X (k) (here, k is
an algebraically closed field), where P is a closed point, we have an embedding

Tp(X) = Tp(P(V))

and X (k) is embedded in P(V'), as in differential geometry.

We now return to the embedding criterion.

Proof of Theorem 7.27. If the linear system, D, embeds X in PY, then the divisors of D
correspond to the hyperplanes in P& (DX). But, the collection of all hyperplanes clearly
separates points and separates tangent vectors.

For the converse, assume that (A) and (B) hold. We know that (A) implies that D gives
a morphism ¢: X — PV. Since X is proper, the image is closed.? We know from (A)
that the morphism induced by D separates all closed points; thus, it is injective on closed
points. Since X is proper, it is separated, and closed points are dense, which implies that
¢: X — PV is injective. Then, p: X — PY is an injective, continuous, closed map, and
thus, it is a homeomorphism onto its image.

We still have to prove that it is an embedding. In the complex analytic case, (B) would
finish the proof, by the implicit function theorem. In the algebraic case, we have to show
that

Opy —> QO*O X

is surjective. This can be checked locally at P, for every closed point P. By the finiteness
theorem (to be proved later), p,Ox is coherent as Opn-module. So, we have the following
for A = Opy p and B = (¢,.Ox)p = Ox,p (because ¢ is a homeomorphism of X onto its
image):

(1) #: K(A) — k(B) is an isomorphism, since

K(A) = Ajms = k= B/mp = x(B).

20ne of the aspects of a proper morphism is that it is universally closed. However, since we are dealing
with geometry over an algebraically closed field, the reader can consult Chapter 2 as well.
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(2) ma/m%4 — mp/m% is surjective (by (B)).

(3) B is a finitely generated A-module (coherence of ¢, Ox).

We will use (1)—(3) to prove an algebraic substitute for the desired consequence of the
absent implicit function theorem.

Lemma 7.30 Let A, B be noetherian local rings and 8: A — B be a local homomorphism.
Assume that

(1) 0: k(A) — Kk(B) is an isomorphism.
(2) ma/m% — mp/m% is surjective.
(8) B is a finitely generated A-module.

Then, 0 is surjective.

Proof. We give two proofs. The first proof uses Nakayama twice.

Proof 1. Consider the inclusion myB < mp. By (2), the map msaB — mp/m% is onto,
and thus, m4 B generates mp mod m%. By Nakayama (for the ring B and module mB), we
get

mAB =mpg.

Now, (1) yields the isomorphism
0: k(A) — B/myB,

since kK(B) = B/mp = B/myB. Consider 1 € A, and look at B as A-module. By (3), it
is f.g. But, by our reformulated property (1), the element 1 generates B modulo msB. By
Nakayama (module B, ring A, generating element 1), we get that 1 generates B. This shows
that #: A — B is onto. [J

We can apply Lemma 7.30 to finish the proof of Theorem 7.27. Now, for the second proof
of Lemma 7.30.

Proof 2. We use the formal implicit theorem (Theorem 2.19). This is no surprise as we

know the complex implicit function theorem is needed in the complex case. Complete A and
B, getting A and B. We have

E = A\®A B
because B is f.g. We can express Aand B as quotients of formal power series, where &1, . . ., &
generate my and 7y, ..., 7; generate mp, and by (2), we get a map 6, as shown below:

k&, &) —=A—0

at i

ki, ..., m)] —= B —=0
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By the formal implicit function theorem (Theorem 2.19), using hypothesis (2), we find 0 is
surjective. Thus, the map A — B is surjective. We have

Il

B——-DB

where the right vertical map is surjective. As in Section 2.2 (using Krull’s intersection
theorem), we can prove that

(image A) N B = image A.

However, (image E) =B implies that (image A) = B, and 6 is onto. O

Because of its importance we can reformulate, in terms of dimensions, the criteria for
base point freeness and very ampleness on a curve:

Theorem 7.31 Let C' be a proper, smooth curve over an algebraically closed field k. If D
1s a Cartier divisor on C, then:

(1) |D| has no base point iff for every P € C(k),

dim |D — P| = dim |D| — 1.

(2) |D| is very ample iff for all P,Q € C(k),

dim|D — P — Q| = dim |D| — 2.

Proof. Consider any closed point P € C(k). Then, O¢(—P) is the ideal sheaf of P and Op,
the sheaf of functions at P, is the skyscraper sheaf, k(P), at P. We have the exact sequence

0 — Oc(—P) — Oc — k(P) — 0.
Twist it by Oc(D). We get the exact sequence
0— Oc(D—P)— Oc(D) — k(P) — 0.
Apply cohomology, to get
0 — H°(C,O0c(D — P)) — H°(C,0¢(D)) — k(P).
Now, k(P) = k because k is algebraically closed; so

dim H°(C,Oc(D — P)) > dim H°(C, O¢(D)) — 1.
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That is,
dim |D| < dim |D — P| + 1. (%)

Just as in the discussion following Theorem 7.27, the map |D — P| — |D| is given by
A — A+ P, and |D — P| consists exactly of those D’ € |D| so that P € D’. Our condition
on dimensions is equivalent to |D — P| # |D| by (%) and just as before, this means P is not
a base point of |D|. This proves (1). Note that we have already proved this directly in the
discussion following Theorem 7.27.

To prove (2), we first assume that P # (). The condition on dimension holds iff P and
@ each make the dimension drop by exactly one. By (1), this holds if @) is not a base point
for |D — P|. But, @ is not a base point for |D — P| iff there is some D" € |D — P|, with
P e D' but @ ¢ Supp(D’). This means that |D| separates P and Q.

Now, assume that P = (). Again, P is not a base point for |D — P|. This means that
there is some D’ € |D| so that P appears in D’ with multiplicity 1.

Claim. The point P has multiplicity 1 in D" iff dim(7p(D")) = 0.

Let f be the local equation for D" at P. So, f must vanish at P and have a nonzero
linear term at P iff the multiplicity of P is 1 in D’. The tangent space Tp(D’) is cut out
from Tp(C') by the vanishing of the linear term of f (i.e., df). Thus, there is a nonzero linear

term iff

But C is a smooth curve, so that dim(7p(C)) = 1, and thus

dim(Tp(D')) = 0.

Therefore, our condition on multiplicity 1 means that any nonzero t € Tp(C) is not in
Tp(D'), i.e., tangent vectors are separated, and the proof is complete. [

Corollary 7.32 The linear system |D| is ample on C' iff deg(D) > 0.

7.5 Finiteness Theorems for Projective Morphisms

Having studied the various properties of projective varieties and projective schemes which
do not explicitly use cohomology, but, as seen with the statement of Riemann-Roch, really
do involve cohomology, it is time to face squarely the issue of cohomology for projective
schemes. At first, we deal with the simplest case: That of projective n-space over a ring.
Here, the results of Chapter 4, Sections 4.1, 4.2 and 4.3; most especially Proposition 4.7 and
Corollary 4.15 are the main tools. The reader is urged to review this material, now.

However, a slight generalization of these results is necessary in order to take into account
the grading. This generalization is analogous to the generalization mentionned in Theorem
7.3. In this case, we shall give it in more explicit detail.
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We fix a scheme, X, a line bundle, £, on X and we form the Ox-module

£ =J[r. o = B,

nel

Pick elements, fo,..., f, in By (we could pick the f; of any degree d;, but the case d; = 1
for all 7 is the most important), and write U; = X, and U = |J, U;. We examine the open
cover {U; — U} and for every quasi-coherent Oyx-module, F, we set

HP(U, F(%)) = H H?(U, F @ L")
H'({U; — U}, F(x)) = [[H"({U; — U}, Fo L),

nez

Notice that each of HP(U, F(x)) and H?({U; — U}, F(x)) is a graded B-module. We also

obtain the graded B-module
def

[[rx. Fecom) = m

neL

(Observe that when X is Proj(C') where C is a graded ring, we could take £ = Ox (1) and
then M would just be F?, Also, we have taken the elements fo, ..., f, from B;, which in
the projective case would just be C; and one sees that this is exactly how we generalize the
Serre section theorem (Theorem 7.3).)

If X is nerve-finite, we find (as usual, c¢f. Proposition 4.6) that
D (Uigiys F () = H(Uigwiys F (%)) = My

and, as in Chapter 4,
M;,..; = lim M™;
.

n

0-ip

but, now this is an isomorphism of graded B-modules. To see this, we need to define the
degree of elements in M ™. Say, ¢ is the image in h_m) M®™ of an element, z, of degree d
from M™ = M with its usual grading. Remember that M ™ maps to M; via

0°+ip

T

T G

On the righthand side, the image of = has obvious degree d — n(p + 1); hence, when £ comes
from x in M™ | we give £ the degree: deg(x) —n(p+1). One checks that this is well-defined.
Then, by construction, the map

lim M™ —s M,
—

n

0+ip
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is a global isomorphism. Similarly, h_m) CP(M) is a graded B-module and there is a graded

n
isomorphism

CP{Ui — U}, F(x)) = lim CJ(M).

For the Koszul complex h_m> K '(]“7, M), we again define degrees as above: If g(e;, A---Ae;,)

is a cochain whose values lies in the degree d part of m, we give g the degree d — n(p + 1).
Once, made, this is well-defined. There results the graded isomorphism

CP({U — UY.F(x) = P ((F), M) = lim K (7, M),

n

Of course, this is a chain map and so from Chapter 4 (Proposition 4.7 and Corollary 4.15),
we get:

Proposition 7.33 If X is a nerve-finite scheme and B, F and M are as given above, then
there exist canonical, functorial isomorphisms (of degree 0) of graded B-modules

HY({U; — U}, F(x)) = HY(F), M), for allp > 1.
and a functorial exact sequence of graded B-modules
0 — H((F), M) — M — H'({U; — U}, F(+)) — H'(F), M) — 0.
Moreover, if each Xy, is affine, then the above isomorphisms and exact sequence become
HP(U, F(x)) = HPN([), M), forallp > 1.

and
0 — H((F), M) — M —s HYU, F(x)) —s H'(( ), M) — 0

(again, as graded, degree 0, maps).

Corollary 7.34 If B is a ggr and fo, ..., f. € By are elememnts which generate B over By,
set X = Proj(B), and choose a graded B-module, M, then

HP(X, MA(x)) = HP((F), M), for allp > 1
and
.
0 — H(F), M) — M — H(U, M¥(x)) — H'((F), M) —> 0 ()

is evact. Here, HP(X, M*(x)) means [], H?(X, M (n)*).
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Proof. We take F = M?* in our proposition, observe that the X, are indeed affine, and as
the fi,,..., fi, generate, we find X = J, Xy,. O

Note that as the functors M ~~ I'(Uy,..;,, M*(x)) are exact, and as our isomorphisms of
the cochain complexes are chain maps, we actually get isomorphisms which make the obvious
diagrams in the long exact cohomology sequence commute.

Finally, we can apply our corollary to prove:

Theorem 7.35 (Serre) Let A be a ring and let X = PY. Then, the following properties
hold:

(1) For every d,
H"(X,0x(d)) = (0) forallr,0<r<N.

(2) There is a natural isomorphism t: HY(X,wx) — A, called the trace map.

(3) For every d, the A-modules H°(X,Ox(d)) and H™(X,Ox(d)) are finitely generated
free modules and the natural morphism

HO(Xv OX(d>> ® HN(X7 OX(_d> ® wX) — HN(X7 WX) = A
s a perfect duality of A-modules.
Proof. Consider B = A[Ty, ..., Ty], then P = Proj(B) and we take for M the module B

itself. Of course, we take f; = 7T; and what we must compute is
H(T), B).

But, the sequence Ty, ..., Ty is regular for B; hence, by Koszul result (Proposition 4.3)

H'(T),B)=(0) ifp#N+1, H YT' B)=B/(T,....T)B.

Observe that HY +1(ZT7§, B) is a free A-module on the monomials TJ°, ..., T, where
0<s;<nand 0 <! <N. Now, we take the limit as n — co. Remember that

B/(1y, ..., TN)B — B/(1Iy,...,Ty)B
is given by multiplication by (73™™,..., Ty ™). To identify the limit, the easiest thing to
do is to observe that we have an isomorphism

B/(T{,....T"B — B/B, (%)

T T

1

ﬁ B is considered a submodule of B [Tio, ce ﬁ] Pick any tuple, (po,-..,pn)

of positive integers, take N > max{p,} and set

where

¢ = image of Tg P - Tw ™™ in B/(TY, ..., TR)B.
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On the one hand, the degree of this element in B™ is (N 4 1)n — Zfiopi — (N 4 1)n,
and on the other hand, the degree of its image (1/(73°---Tx")) in WB /B is manifestly
N

— Zﬁio p;. What this shows is that the map

liy 5/(73 1) — B | oo | /8

n

is an isomorphism (of degree 0) of graded B-modules, where on the lefthand side we use

the “correct” mnotion of degree. Consequently, H" +1((?),B) is free on the generators
/(T3 - --TRY), where each p; > 0 and the degree of this generator is its obvious degree:

- Zz‘N:O pi.

And now, by untwisting the components degree by degree, we obtain the conclusion:

HP(X,0x(d)) = (0) if p#0,N. (1)

The canonical map
a: B — O% = H(X,Ox(¥))

is bijective (that the Koszul sequence () gives the map « is a consequence of the fact
that Cech cohomology computes the “real” cohomology). Consequently, H°(X, Ox (%)) is
a free A-module and H°(X, Ox(d)) is free on the basis T3° - - T%", where 0 < p; < d and
po+ - +py=d.

For p = N + 1, our argument above shows that

(0) if d>—N
HYNTHX, Ox(d)) = { free with basis W, where
ijOandpo+---+pN:|d| ifdg—(N—l-l).

Since wx = Ox(—(N + 1)) (cf. Chapter 6), the module HN*1(X, wy) is free on one gen-
erator, ﬁ Notice that, this generator is exactly what one gets from the Euler sequence

which computes Q2x = Ox(—(N + 1)). Consequently, the map announced in statement (2)
is indeed a natural isomorphism.

And finally, the modules H°(X, Ox(d)) (free on T;° - - - T, where ig + - - - +iy = d) and

HY (X, wx ® Ox(—d)) (free on (TO__l.TN) <(T§0~1~T1‘§N)>’ where ¢; > 0 and go +- - -+ gy = d) are

obviously dual under the pairing

. . 1 1 1
T T ® ( . )Hi.
0 N (To -+ Tn) (T50 -+~ TR (Ty - - Tw)

That this pairing is the cup-product is a simple computation. []
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Remark: When F is a locally free sheaf and X is a projective nonsingular scheme over an
algebraically closed field k, then
FP o uwx

is called the Serre dual of F. We will sometimes denote it as FP),

Recapping statement (3) of the above theorem, we have the most basic case of Serre’s
duality theorems: If X = PY, then the natural pairing

HY(X,0x(d)) @ HY(X, Ox(d)"P)) — HY (X, wy) = A,

a perfect duality of free, finitely generated A-modules.
Using Theorem 7.35, we get Serre’s form of the finiteness theorem for projective mor-

phisms:

Theorem 7.36 (Serre) Let S be a locally noetherian scheme and X be a projective schexme
over S, with structure morphism w: X — S. Write Ox (1) for the pullback of Opy (1) under

the embedding X — P4 . Then, the following properties hold:

(1) (Finiteness) For every coherent sheaf F on X, the derived functors, RPm,F, are co-
herent on S, for all p.

(2) If S is noetherian,

m'mF(n) — F(n) is surjective for all n >> 0.

(8) Assume that S is noetherian, and let L be ample on X. For every coherent sheaf, F,
on X, there exists some no(F) so that for all n > ny(F), we have

RPr (F ® LE") = (0) if p> 0 (the “vanishing theorem”).

Proof. All statements are local on S. Thus, we may assume that S = Spec A, where A is
noetherian.

(1) We have a closed immersion i: X — P4, and F is coherent on X. Since i is a closed
immersion, we know that i, is also coherent (c.f. Proposition 4.21). By the Leray spectral
sequence, we have

HP(PY | RYi,F) = H*(X,F).
But 7 is affine, which implies that the spectral sequence degenerates (c.f. Chapter 4, Corollary
4.12) and thus
HP(PY i, F) = HP(X,F), forallp>0. (1)

Now, we also showed that

e~

RPr,F = H?(X, F).
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Thus, we need only show that H?(X, F) is a finitely generated module, and () says that
we may assume that X = PY. By Corollary 7.19, there is a vector bundle £ such that
€ =11,; Ox(—q) and the sequence

HOX(—q) =& —F —0 isexactif¢g>>0.
M

Let £ = Ker (£ — F). From the exact sequence
0 —K—E&—F —0, (1)

and the fact that F and & are coherent, we find that K is also coherent. We will finish the
proof by using descending induction on p. If p > N, we get

H(X, F) = (0),

which is obviously f.g. Assume by induction that for all coherent sheaves G, the module
HP(X,G) is f.g. over A. Apply cohomology to (11). We get

e HPHX,E) — HPYX, F) — HP(X,K) — -+ (%)
However,

H™(X,€) = [ H"(X,0x(~q)),

and by (1) and (3) of Theorem 7.35, we find that H" (X, £) is f.g. for all . By the induction
hypothesis, HP(X,K) is f.g., and since A is noetherian, this implies H?~1(X, F) is f.g., and
completes the induction.

(2) We have

—_—

m.F(n) = HY(X,F(n)), as A-module.

We obtain the exact sequence

H Ox — m'm.F(n) — 0.
HO(X,F(n))

However, if n is large enough, F(n) is generated by its sections, which says that

H Ox — F(n) — 0 is exact, for n >> 0.
HO(X,F(n))

But now, the diagram
rox 7y Ox —= 7'mF (n) —=0
l n>>0
[ ro(x 7 (ny) Ox F(n) 0
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shows immediately that 7*m.F(n) — F(n) is also surjective for n >> 0.

(3) We first show (3) when £ = Ox(1), which is very ample. First, I claim that if n is
sufficiently large,
H™(X, F(n)) = (0).

To see this, note that, for large n, the sheaf F(n) is generated by its global sections, that
is, [1,; Ox — F(n) — 0 is exact, where M is some finite set. We can twist even further
and deduce

HOX(T) — F(n+r)— 0 is exact, for all r > 0. (%)
M

Now, apply cohomology to the exact sequence which results from (x) when we adjoin the
kernel, K, and look at the highest dimension term:

[THY (X, 0x(r)) — HY(X, F(n+r)) — HV(X,K) = (0).

However, by Theorem 7.35, the lefthand side of the above exact sequence is dual to

HHO(X, Ox(—1) @ wy).

But, if r is large, the zeroth cohomology will vanish as negative degree bundles never have
global sections. Hence our assertion is true for N. That is, we have proved there exists an
in integer, v(N), so that if N > v(N), then H"(X, F(n)) = (0).

Now, by descending induction we will prove: If if p > 0, there exists an integer v(p) so
that H?(X, F(n)) = (0) whenever n > v(p). The case p = N has been established. If it is
true for all p and coherent sheaves, F, we apply cohomology to the exact sequence

0— K — [[H (X, Ox(r)) — F(n+r) —0

and look at the terms

o [[H7NX, Ox(r) — HNX, F(n+ 7)) — H/(X,K) — -

Here, p — 1 > 1, and the lefthand side vanishes if » > v(p), the function v depending on
K. Consequently, we deduce H?~1(X, F(n + 7)) = (0). We have only finitely dimensions
involved, so take ng(F) = max{v(1),...,v(N)}, then H?(X,F(n)) = (0) if p > 0 and

We now consider any ample line bundle £. There is some m so that L™ is very ample.
We can repeat the above argument, and we get the vanishing if we twist by powers of £L&™.
Apply this to the coherent sheaves F, = F ® L%, for k = 0,...,m — 1. Then, by using
Serre’s argument involving the division algorithm (c.f. the proof of Proposition 7.20), we
complete the proof. [J

It turns out that the vanishing is characteristic of ampleness.
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Proposition 7.37 Let A be a noetherian ring, X a proper scheme over Spec A, and L a
line bundle over X. Then, L is ample on X iff the vanishing statement holds, i.e., for every
coherent sheaf F on X, there is some ng(F) so that

H*(X, F® L%) =(0) forp>0 and all t > ny(F).

Proof. We know by part (3) of the previous theorem that ampleness implies the vanishing
statement; so, all we need prove is the converse. That is, assuming vanishing of the higher
cohomology and given any coherent sheaf, 7, on X we must find an integer, ny(F), so that
for all n > ng(F) the sheaf F ® L% is generated by its global secions.

The beginning of the argument is in fact a repetition of Serre’s argument from the char-
acterization of affine schemes by cohomology (cf. Theorem 4.22).

Pick a closed point, P, of X and let Jp be the ideal of { P}. From the exact sequence
0—3p —0x — Ox/Ip=k(P)—0
we get by tensoring with F the exact sequence
0 — JIpF — F — k(P)® F — 0. (*)

Here, k(P) is a skyscraper sheaf and JpF is the image of Jp ® F in F. Now, tensor the
sequence () with £%" which leaves the sequence exact because L is locally free:

0—JTpFRL — FRL — k(P)@F LY — 0

and apply cohomology. As JpF is coherent, there is an ng(JpF) so that n > ng(JIpF)
implies that

X, F® L") —T(X,k(P)®@ F® L) — 0 is exact

(here, we have used the vanishing hypothesis). As k(P) is a skyscraper sheaf, the A-module
N'(X,E(P)® F ® L") is the module (F ® L®")p ®oy , k(P). By Nakayama’s lemma, the
stalk (F ® L®™)p is generated by the global sections of F @ L®™" for all n > ng(IpF). Now,
F ® LP™ is coherent, so there exists a neighborhood, U(P,n), of P (depending on n) so that
the global sections of F ® L®" generate the sheaf F @ L% | U(P,n); for all n > ng(IpF)
(cf. Appendix A, Section A.7, Proposition A.26 or Proposition A.18). Apply this argument
to the case F = Ox. Then, if we write ny(P) for nyg(IpF) and V(P) for U(P,no(P)), we
find that
L£E®) 1 V(P) is generated by its global sections.

Secondly, apply the argument above successively to the sheaves F @ L®", for r =0,1,.. .,
no(P) — 1. We obtain the neighborhoods, U(P,r), where F ® L% is generated by its global
sections. Consequently, on

U(P)=V(P)NUP,0)nU(P,1)N---NU(P,no(P) — 1)
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all the sheaves:
LB FFRL,...,F@Lor®-D

are generated by their global sections. And now the familiar argument with the division
algorithm will help us finish the proof. Namely, given n > ng(P), we write

n==kno(P)+r, 0<r<ny(P)-1,
so that
FRLE = (F@ L)@ (L), (1)

Each of the sheaves on the righthand side of (}) is generated by its global sections on U(P).
Thus, F @ L®™ is generated by its global sections on U(P) for all n > ng(P).

Lastly, the open sets U(P) cover X and, as X is finite type over Spec A, it is quasi-
compact. For the finitely many U(P) necessary to cover X we take ng(F) to be the supremum
of the various ng(P). This no(F) clearly works. [

Remark: If we put together all the results of this section we se that we proved the

Theorem 7.38 Suppose m: X — S is a proper morphism and S is a noetherian scheme.
Then for any line bundle, L, on X the following are equivalent:

(1) L is ample on X.
(2) There exists an n so that LZ" is very ample on X .
(3) There exists N so that for every n > N, the sheaf F*" is very ample on X.

(4) For every coherent sheaf F on X there is an integer no(F) so that

RPr (F @ L) = (0), forp>0 and all t > no(F).

7.6 Serre Duality Theorem, Some Applications And
Complements

Let X be a proper scheme over a field, k, and assume that dim X = n. Note that H"(X, —)
is a right exact functor. Indeed, given an exact sequence

0—F —F—F —0,

we get
H"(X,F) — H"(X,F) — H"(X,F") — H""'(X, F') = (0).
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Look at the cofunctor
F — H"(X,F)".

This is a left exact cofunctor. Is it representable? In other words, is there a coherent sheaf
w% and some t € H"(X,w$)? (ie., t: H'(X,w%) — k, a trace map), so that

Hom (F,w%) = H*(X, F)” functorially (via t).

From general facts about representable functors, if it exists, (W%, t) is unique up to unique

isomorphism. Grothendieck proved, in the sixties, that (w%,t) always exists for X proper
over Spec k and a quicker proof was given by Pierre Deligne. The sheaf w$ is called the
dualizing module for X, and t is called the trace map. The reason for this terminology will
become apparent, soon. For now, observe that (3) of Serre’s computation of the cohomology
of P} (Theorem 7.35) appears to imply that wer is the dualizing module for Py. We say it
appears to show it because in our formulation of Theorem 7.35, the duality is proved only
for F = Ox(d). We can repair that immediately:

Theorem 7.39 (Serre Duality for P}) Let X =P}, with k a field, then

t
(1) There is an isomorphism H™"( X, wx) = k.
(2) For every coherent Ox-module, F, there is a functorial (in F)) pairing
Extl, (F,wx) @ H"'(X,F) — H"(X,wx) 2 k
which is a perfect duality of finite dimensional vector spaces.

Proof. Statement (1) follows immediately from (2) of Serre’s computation for projective
space (Theorem 7.35).

To prove (2), first examine the case [ = 0. It asserts that there is a functorial pairing
Homp, (F,wx) ®x H"(X, F) — H"(X,wx) = k

whic is a perfect duality of finite dimensional vector spaces. For the existence of the pairing,
note that if ¢ € Home, (F,wx), then H"(p): H"(X,F) — H"(X,wx) = k is a linear
functional on H"(X, F). Hence, our pairing is

(p,8) = t(H"()(€)) € k.
When F = Ox(q), we find that

Homox(}", (A)X) HomoX(OX(q),wX)
HOIIIOX (OXa OX (q)D & WX)
F(Xv OX(Q)D ® WX)

H°(X,0x(—q) ® wx).

1%
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And then, part (3) of Serre’s computation of the cohomology of projective space shows that
the duality is perfect for [ = 0 and F = Ox(q). Obviously, it is therefore valid when
[ =0 and F is a coproduct of Ox(q)’s. Now, by the corollary of Serre’s generation theorem
(Corollary 7.22) there is an exact sequence

(Ox(—=¢"))" — (Ox(—q)) — F — 0.

We already know that H™(X, —)P is a left-exact cofuncor, so apply it to the above exact
sequence, and obtain the commutative diagram

0— H"(X,F)P H"(X, (Ox(—9))*)P H"(X,(0x(—¢))")P

| | |

00— HOHI(QX ('F? wX) - HOHIOX ((OX(_q))s> WX) - HOHI@X ((OX(_q/))T> WX)
in which the righthand two vertical arrows are isomorphisms by what has been proved. The
five-lemma new completes the case: [ = 0, any F.

I claim the functors
F ~ Extlox (F,wx)

are coeffaceable cofunctors for [ > 0. Once again, this follows from the corollary of Serre’s
generation theorem. Namely, we know there is an exact sequence

(Ox(—q))" — F — 0, for ¢ >> 0 and some r,

hence
Exty, (Ox(—q),wx) = H'(X, Homo, (Ox(—q),wx)).

(cf. Proposition 5.5). However, wyx is coherent, so by Serre’s vanishing theorem (Theorem
7.36 part (3)) the cohomology groups H'(X,wx(q)) vanishes if ¢ >> 0. But, our cohomology
group HY(X, Hom o, (Ox(—q),wx)) is just H(X,wx(q)). Thus, ExthX(OX(—q),wX) van-
ishes when ¢ >> 0. This proves the coeffeability of E:x;tl(9 (=, wx). Therefore, the cofunctor

F ~» Hom o, (F,wx)

is a universal d-cofunctor, and for such functors any map in degree 0 to another d-cofunctor
extends uniquely to all degrees. But, for the §-cofunctor H"(X, —)”, we have a map from
the case [ = 0 proved above. This gives the functorial map

Ext, (F,wx) — H" (X, F)".

If we now prove that the d-cofunctor H"(X, —)P

the opposite direction

is itself universal, then we find a map in

H"Y(X,F)P — Exty, (F,wx)

inverting the previous map—that is, the theorem will be proved.
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Once again coeffaceability follows from Serre’s generation theorem: We have the exact
sequence
(Ox(—q))" — F — 0, for ¢ >> 0 and some r,

and the consequent map
Hn_l(Xu f)D — (Hn_l(X7 OX(_q)>T>D

in which the latter group is (0) if [ > 0 and ¢ >> 0. This is the coeffaceability of our
cofunctor. [J

Corollary 7.40 (Of the proof) If X is a projective scheme over a field, k, then the existence
of a dualizing module, W%, implies that there are functorial maps

Extl, (F,w%) — H" (X, F)".

Proof. All we used in the above argument for the existence of these maps when X = P} was
that the cohomology of Ox(q) is zero in positive degrees when ¢ >> 0 and Serre’s generation
theorem for X, plus the functorial property of dualizing modules (namely, that it represents
the left-exact cofunctor F ~» H™"(X, F)P). O

Our problem now is to prove the existence of dualizing modules for projective schemes
over fields. This is:

Theorem 7.41 If X — PV is a closed immersion and X has codimension r in PY, then
the sheaf

0 _ r
(A)X — gxtoPN (OX7MP]1$V)
k

1 a dualizing sheaf for X.

Proof. First, we prove &L't]lpg (F,wpy) vanishes for [ < r, for every coherent Ox-module,
F. Write G for the latter sheaf (for fixed I < r), and observe that G is coherent. By the
generation theorem for ¢ >> 0, the sheaf G(q) will be generated by its sections. If then all
global sections of G(g) are zero for ¢ >> 0, we would find G(¢) = (0). But, G(g) = G@Opn (q),
and OPkN(Q) is locally free, so G would have to be zero. Therefore, we are reduced to proving
that the global sections of G(g) vanish when ¢ >> 0.

Now,
DBy, G(q) = HO(PY, Extp, (F,wpy(a)))-

I claim that
HO(BY  Eaty, (Fwey(0) = Exth, (F.wey ).

To see this, first consider the case of F = OPkN(Z), for some integer z; this is not a sheaf on
X, but because of its form we can analyze both sides and then make the argument for F
below. For simplicity of notation, we abbreviate PY as P.
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The sheaf Extl,, (Op(z), wr(q)) vanishes for all I > 0 and all ¢ and z because Op is locally
free. Hence, the spectral sequence

HP (P, Ext, (Op(2),wr(q))) = Extd, (Op(2), we(q))
degenerates for all ¢ and z. We obtain the isomorphisms
HP(P, Hom o, (Op(2),wp(q))) = Extg, (Op(2), we(q)). (%)

Now,

Hom o, (Op(2),wr(q)) = wr(q — 2),
so that if ¢ >> 0 the groups

Hp(Pv HOmOP (OP (Z)7 wP(Q)))
all vanish for p > 0. We have proved that
Extg, (Op(2),we(q)) = (0), if p>0and g >>0.

So, our claim is proved for [ > 0 and the special sheaf Op, for any z. We need to check the
case | = 0, when p = 0. But, (x) yields our equation at once.

To treat the case of an arbitary coherent sheaf on X we will use induction on [. The case
[ = 0 is trivial. Now, the sheaf F is a coherent Op-module as well as a coherent Ox-module.
By the corollary of Serre’s generation theorem (Corollary 7.22), we have the exact sequence

0— K — Op(—2) — F — 0, (1)

for some z and some s > 1. If we know our equation for all coherent F in the cases < [,
then applying £ty to (), we get

Ext'(Op(—2)", we(q)) — Ext' (K, we(q)) — Ext™™(F, we(q)) = Ext™™ (Op(—2)", we(q)).
When t > 1, the ends vanish if ¢ >> 0, so
Ext' (K, wp(q)) = Ext™(F,we(q))
and if ¢ = 0 we have

0 — Hom (F,wp(q)) — Hom (Op(—2)°,wp(q)) — Hom (K,wp(q))
— Eat'(Fwe(q)) — (0)  (A)

is exact when ¢ >> 0. For the global Ext, () yields

Ext!(Op(—2)%,wp(q)) — Ext'(IC, wp(q)) — Ext™ (F,wp(q)) — Ext™ (Op(—2)*, wp(q)).
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When ¢ > 1, the ends vanish if ¢ >> 0 (as proved above) and we get
Ext! (K, wp(q)) = Ext'™™'(F,wp(q)), fort>1andq>>0.
When t = 0, we get
0 — Hom (F,wp(q)) — Hom (Op(—2)°,wp(q)) — Hom (I, wp(q))
— Bxt'(F,wp(q)) — (0)  (B)

if g >> 0.

Look at the induction step for ¢ > 1, first. The sheaf K is coherent and we have the
commutative diagram

HO(]P)> é'a:tt(IC, wp (q)) — HO(]P)> gztt+1 (‘F> W]P’(Q))

l l

Ext!(IC, we (q)) ———— Ext"™(F, we(q))
and on the lefthand side, by induction, the vertical arrow is an isomorphism; so, the induction
step works provided ¢ > 1.

In the case t = 0, the exact sequence (A) can be split into two exact sequences
0 — Hom (F,wp(q)) — Hom (Op(—2)°,wp(q)) —> cok — 0

and
0 — cok — Hom (K, wp(q)) — Ext* (F,wp(q)) — (0).

We apply cohomology to these two exact sequences (over P = PY) and twist a little more
to kill the terms involving H'(IP, —). Then, we can resplice the cohomology sequences and
obtain

0 — H(P, Hom (F,we(q))) — H(P,Hom (Op(—2)*,wp(q)))
— HY(P, Hom (K, wp(q))) — H(P, Ext* (F,we(q))) — (0), q>>0. ()

For the global Hom, we have (B), which, combined with (C') yields an obvious commutative
diagram which provides the induction step from 0 to 1. So, finally, our claim

F(PkNv g(q)) = HO(]P)]kvu gxthPkN (fu w]P’kN (Q))) = EthO]PkN (‘Fv wP}j(Q))

for all [l > 0 and g >> 0 is proved.

By Serre Duality for PY | the group on the righthand side is dual to HN={(PY, F(—q)).
However, F(—q) has support on the closed set X, therefore we have the isomorphism

HYU(PY, F(—q)) = HN 7YX, F(—q)).
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But,l <r,s0 N—[> N —r = dim(X); so, the last cohomology group vanishes. This proves

5”1(9“»5 (Fwpy) = (0), forl<r. (%)

Consider the isomorphism of functors
Hom o, (F,Hom o, (G, H)) = Hom e, (F ®o, G, H).
Set G = Oyx, then we obtain
Hom o, (F, Homo,(Ox,H)) = Home, (F,H). (%)

The lefthand side of (%) is a composed functor and so (xx) yields the spectral sequence of
composed functors

EY' = Exth, (F,Exth, (Ox,H)) = Exty, (F, H).

When H = wp, equation (x) shows Eé”l = (0) if Il < r. So, a picture of level 2 of the spectral

sequence is:
Ey

0

2

Figure 7.2: The Fj5 level of the spectral sequence

Hence, By" = Ey" = --- = E%.
Now, look at the co-level of the spectral sequence (see Figure 7.3).
All the dots on the line p + 1 = r with [ < r are zero. But, the dots on this line are the

filtration quotients of Extg,, (F,wp), and so, we find

Extg, (F,wp) = B = ES"” = Hom o, (F, Extp, (Ox,wp)) = Homo, (F, w%)
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Eos

Figure 7.3: The F, level of the spectral sequence

(by definition of w%), functorially in F. We apply Serre Duality for P = PY | it gives
Exty, (F,wp) is dual to HY"(P,F).

The latter group is just H4(X, F) because F has support in X, and r = codim(X); of course,
d = dim(X). Consequently

Hom o, (F,w%) isdual to HYX,F),

that is,
Hom o, (F,w%) = HY(X, F)P.

Now, set F = w% and take the identity map on the lefthand side to obtain the element
t € HY(X,w%)P—the trace map. Therefore, indeed, (w%,) is a dualizing sheaf. [

Remark: Corollary 7.40 shows that the existence of w% begins the duality (case p = 0) and
gives the pairing

Exth, (F,w%) ® H" (X, F) — H"(X,wk) - k,

which pairing is uniquely determined by the case p = 0. The problem is in extending the
duality from p = 0 to the case when p > 0. We shall see below that this is directly related
to the part of the second level of the spectral sequence

B} = Extpy, (F, Eatly  (Ox,wpy)) = Ext  (F,wpy),
k k

above the line [ = r, shown shaded in Figure 7.4.
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Es

Figure 7.4: The Fj, level of the spectral sequence; obstruction to the duality

Along the line [ = r, the groups are EY", where
EY" = Extl, (F,w%),

and these are exactly the groups appearing in the duality pairing.

In all the following remarks, we will need to recall some facts about the notion of depth
of a module. All these are quite standard commutative algebra (cf. Matsumura [40] Serre
[52], Eisenbud[14]). The reader should skip these remarks now and proceed immediately to
the Serre Duality theorem which follows, pausing only in the proof when the relevant fact is
necessary. We have included more facts than actually needed; it seems reasonable to do this
as they are part of a piece.

Remarks:

(1) If Ais aring and M is an A-module, then an M -sequence is just what we called a regular sequence in
Definition 4.1. That is, a sequence of elements aq,...,a, of A so that a; is not a zero divisor for the
module M/(a1 M + -+ -+ a;—1M). If all the g; lie in an ideal, 2, then we use the locution M -sequence
from 2. Because we have discussed M-sequences in Chapter 4 in connection with the Koszul complex,
the following results will not be a surprise:

If A is noetherian and M is f.g. then the following are equivalent:

(a) There exists an M-sequence (ay,...,a,) from A.
(b) Extly(A/2, M) = (0) for [ < r.
(¢) ExtlY (N, M) = (0) for I < r provided N is f.g. and Supp(N) C V().

In the following remarks we always assume that M is f.g. and A is noetherian.
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The notion of a mazximal M -sequence from 2L should be clear, its cardinality (also called the length of
this M-sequence) depends only on M and 2. This length is the 2A-depth of M, denoted depthy (M).
We have

depthy (M) =n iff Exty(A/2A, M) =(0) forl<rand Ext’(A/A, M) # (0).

When A is local and 2 is its maximal ideal, we merely write depth(M) instead of depthy (M). We
have
depth(M,) = (0) iff p € Ass(M) and depth(My) > depth,(M).

In fact,
depthy (M) = inf{depth(M,) | p € V(2)}.
If A is local and M # (0), then
depth(M) < dim(A/p) for everyp € Ass(M).

In particular

depth(M) < dim(M)
(where dim(M) is by definition the dimension of A/Ann(M)). So the depth is oo iff M = (0).

Usually, the notion of M-sequence from 2 depends on the order of the elements chosen but, if A C
J(A) (= Jacobson radical of A), then an M-sequence from A is independent of the order of its
elements.

Because of (4), when A is local, special attention is paid to those M for which depth(M) = dim(M).
These are the Cohen-Macaulay modules (we also include M = (0) as Cohen-Macaulay). Let us write

C-M, instead of Cohen-Macaulay. A local ring is C-M if it is so as module over itself. When M is
C-M over A, we have:

(a) depth(M) = dim(A/p) for all p € Ass(M); thus, M has no embedded primes (this is the
geometric meaning of Cohen-Macaulay).

(b) If M # (0) and a4, ..., a, is part of an M-sequence, then M /(a1 M +-- -+ a;_1 M) is again C-M
and
dim(M /(a1 M + -+ -+ ar—1M)) = dim(M) — r.

(The local geometric content of this statement should be clear.)
(c) For all p € Spec A, the module M, is C-M over A,.
(d) If, for any ideal, 2, we define

ht(A) = inf{ht(p) | p € V(A)},

then when A is C-M
ht(2A) + dim(A4/2A) = dim(A).

In any noetherian ring, consider ideals, 2, generated by r elements and having ht(2() = r. Call such
an ideal unmized provided A/2 has no embedded primes. This is a directly geometric notion about
V() = Spec(A/2), as a subscheme of Spec A—it is the origin of this whole collection of ideas and was
initiated by F.S. Macaulay (about 1915). We say that unmizedness holds in A iff all 2 (r generators,
ht(2() = r) are unmixed. This is a local property: Unmixedness holds in A iff unmixedness holds in
A, (for all p) iff unmixedness holds in Ay, (for all maximal m).

And now, we have: The following are equivalent:

(a) Unmixedness holds for A.
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(b) A, is C-M for all p € Spec A.
(¢) Ap is C-M for all m € Max A.

(8) If we agree to call a noetherian ring a Cohen-Macaulay ring whenever unmixedness holds in it (by
(7), this agrees with the use of C-M in the local case), then Macaulay’s theorem is the following:

Theorem 7.42 (Macaulay) If A is a C-M ring then so is A[X1,...,X,]. In particular, the rings
k[ X1,...,Xn] (k a field) and Z[ X4, ..., X,] are C-M.

(9) If A is noetherian local and M is a f.g. A-module, suppose that projdim(M) < oo (recall
projdim(M) < a iff Extl (M, —) = (0) when I > a). Then,

projdim(M) + depth(M) = depth(A).

This equality is due to Auslander and Buchsbaum [3]. When A is C-M, remark (6) shows that we
have the equality

projdim(M) + depth(M) = dim(A).
(10) Every regular ring is C-M.

(11) Serre [52] called attention to the following conditions on noetherian rings, A:
(Sr): (Vp € Spec A)(depth(A4, > min{r, ht(p)}).
A ring, A, is C-M iff it has condition (S,) for every 7.

Theorem 7.43 Let X be a projective scheme over an algebraically closed field k. Write

d = dim(X), suppose Ox (1) is a very ample sheaf, and denote by w% the dualizing sheaf for
X. Then, the following are equivalent:

(1) X is Cohen-Macaulay and equidimensional (all components have the same dimension).
(Being Cohen-Macaulay means that all its local rings are Cohen-Macaulay.)

(2) In the spectral sequence, E5" = Exty, (F,Extly, (Ox,wp)) = Extg, (F,ws), the terms
EP* wanish for 1 > r and all p > 0.

(8) (Serre Duality) For all coherent sheaves, F, on X, the pairings
Ext!(F,w%) @ H(X, F) — HY(X, %) - k
are perfect duality pairings of finite dimensional vector spaces over k for all I > 0.
(4) For all locally free F on X and all ¢ >> 0,

HY(X,F(—q) = (0) ifl<d.

Proof. (1) = (2). Choose any closed point, x, of X. By our assumption, the local ring
Ox is d-dimensional and C-M; hence, depth(Ox,) = d. Now, Op . acts on Ox, through
the surjection Op , — Ox 5; so, the depth of Ox , as Op ;-module is again d. By Remark
(9) above,

projdim(Ox ;) = depth(Op,) —d =N —d =r,
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because [P is smooth so Remark (10) says P is C-M and therefore depth(Op ,,) = dim(Op ;) =
N. From the definition of projdim, we find that

Extlom (Oxzywp) = (0) ifl>r.

But,
gztﬂ?p (OX> W]P’)x = EthOP’Z (OX,xa W]P’,:c)a

and we find that Ext), (Ox,wp) = (0) if I > r; this proves (2).

(2) = (3). Assume EE! = (0) for { > r, so that actually, EZ" = (0), for all [ # r. Then,
the spectral sequence degenerates and we obtain

ED" = Extly " (F, we).

By Serre Duality for P, we get that Ext{, " (F,we) is dual to HN=0)(P, F) = H*P(P, F).
But, F has support in X, so the last group is actually H??(X, F)—which gives the duality
for X.

[Actually, all these isomorphisms are natural in the following sense: The diagram

Exth, (F,w%)® HIP(X,F) —— HY(X, %) ——k

o e

Extf;; (F,wp) ® HP(P, F) HN(P, wp) k

commutes. Here the two left arrows are isomorphisms and the rightmost arrow comes about
as follows: Consider the sheaf Homo,(Ox,G), where G is a sheaf on P. From the exact
sequence

0—JIx — Op — Ox — 0,

we obtain the inclusion Hom o, (Ox,G) — Home,(Op,G) = G and hence, we have the
inclusion

HO(]P)> HO??’LOP(O)(, g)) — HO(]P)a g)

Both side are left-exact functors of G, so, when we take derived functors we obtain the map
R*Hom ¢, (0,G) — R*H°(P,G) = H*(P,G). (%)

On the lefthand side we have just Extg, (Ox,G), and also the spectral sequence
HP(P, Extly, (Ox,G)) = Ext*(Ox, G). (1)

Now, set G = wp, then Ext*(Ox,G) = (0) if | < r; hence, EP:! = (0) for | < r in spectral
sequence (ff). It follows that E?" is the subobject (in the filtration) of Extg:(OX, wp).
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However, the maps d, taking E2" to EZ™*"! are all zero, and the same for the higher
levels of the spectral sequence. We get a surjective map EY" — EP" and coupled with the
inclusion EZ" — Extf, " (Ox,wp), we obtain the map

Eg,r — Eth;T(OX,WP) — HP—H(]P),LUP),
where the righthand arrow comes from (k). Take p = d = dim(X) and obtain

HY(X, w}) = H(P,wl) — HY(P,wp)

(3) = (4). Take a locally-free sheaf, 7, on X and apply duality to the sheaf F(—q).
We obtain
H'(X,F(—q)) is dual to Exté;l(]:(—q),wg()
and the latter group is just Exté_Xl(OX, FP @0, wk(q)), because F is locally free. However,
Exty, (Ox, —) is just H'(X, —). Therefore, we deduce H'(X, F(—q)) is dual to
H(X (FP @0, w%)(q)). Since | < d, the Serre vanishing theorem shows that the latter
group vanishes if ¢ >> 0, i.e. (4).

(4) = (1). In the statement of (4) choose F to be Ox. By (4), we obtain
H'(X,0x(—q)) =(0) ifl<dandq>>0.

But, Ox(—q) has support in X and so, our group is just H'(PY, Ox(—q)), and the lat-
ter is dual to Extgﬂ:l (Ox(—q),wp), by Serre Duality for PY. Therefore, our cohomology
group is dual to Extgﬂ:l((’)x,wp(q)). We know for ¢ >> 0 that this last group is just
HO(PN, Sxtgﬂjl(OX, wp(q))) (see the claim in Theorem 7.41). Now,

5$tgﬂ:l(ox, wr(q)) = 5Itgﬂ:l((9x, wp)(q)

and if ¢ >> 0, this last group is generated by its sections. By (4), these global sec-
tions vanish (I < d); and so, the sheaf 5xtgﬂ:l((9x,wﬂ»)(q) = (0). Consequently, the sheaf
5a:tg[;l(ox, wp) = (0), and all its stalks must vanish. Therefore, we find

Extg, ! (Oxa,wee) = (0) ifl<d

and z is any closed point of X. But, wp, = Op, because wp is a line bundle, and now
one sees simply that if an Ext-group over Ox , vanishes when the righthand argument is
Ox,, it must vanish for all righthand arguments. Therefore, projdim(Oyx,) < N —d, as
Op ,-module. By Remark (9) again, we find that depth(Ox ) > d. Yet,
depth(Ox ) < dim(Ox ), and for some z, we have dim(Ox ;) = d. Therefore, for all closed
points x € X, we have

d > dim(Ox ) > depth(Ox.) > d,

and so, X is equidimensional and Cohen-Macaulay. []
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Corollary 7.44 (Enriques-Severi-Zariski Lemma) Let X be a normal, projective variety
over an algebraically closed field, k, and assume that dim(X) > 2. Then, for all locally-free
F on X and all ¢ >> 0,

HY(X, F(—q)) = (0).

Proof. Serre showed in [52]7 that normality of a ring, A, is equivalent to condition (S53) of
Remark (11) and condition (R;): For each prime, p, of height 1, the ring A, is regular. If
we choose = to be a closed point of X, then as dim(X) > 2, condition (S;) implies that
depth(Ox) > 2. Now, F is locally free; so, F, = O%, for some t. Thus, depth(F,) > 2.
By Remark (9), projdim(F,) as Op ,-module satisfies

projdim(F,) < N — 2.
Therefore, as in the proof of (1) = (2), we get
Exty, (F,—)=(0), ifl>N-1.

However, by Serre Duality for P, the vector space Extlop (F,wp) is dual to HN=YP, F); so,
for any ¢ the vector space Exty_ ' (F(—q),wp) is dual to H'(P, F(—q)). Now,

H1<P7‘F(_Q>> :H1<X7‘F(_Q))v

and
Extgp_l(}"(—q),w]p) = Extgp_l(]:, wp(q)).

We are reduced to proving that Extgﬂ:l(]-" ,wp(q)) = (0) if ¢ >> 0; yet we know that for all
q >> 0 the latter space is isomorphic to H°(PY, S:L’tgp_l(f ,wp(q))). The coefficient sheaf of
this H® vanishes and we are done. []

Corollary 7.45 Let X be an integral, normal, projective scheme of dimension n = dim(X)
> 2 over an algebraically closed field k, and let Y be a closed subset of X. Assume that Y
1s the support of a divisor D, where D 1is effective and ample on X. Then, Y is connected.
Hence, in Bertini’s theorem, the hyperplane sections are connected when dim(X) > 2.

Proof. As
Supp|mD| = Supp|D|,

since D is ample, we may assume that D is very ample. Therefore, D = Ox(1) for some
embedding X < PY. Let Y, be the scheme given by pD. Then, |Y,| = Y. We have the
exact sequence

0—> Ox(—p) — OX — pr — 0.

Taking cohomology, we get

H(X,0x) — H°(Y,Oy,) — H'(X,Ox(—p)).
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By Lemma 7.44, we have
H'(X,0x(-p)) = (0)

for p >> 0. Thus,
HO(X, OX) — HO(Y, pr)

is surjective. But
HY(X,0x) =k,

and k C H(Y, Oy,), which implies that
HO(K OYp) - k?

and Y is connected. [

Remark: There are two ways to proceed from our present position. The first involves more
generality and is indicated by the spectral sequence used to prove the Serre Duality. One
wants a duality statement valid for proper morphisms or perhaps finite type morphisms, and
so on. Necessarily, these are more abstract and less informative (c.f. Hartshorne [32]). We
choose the second way: Less generality and more precision.

Instead of a Cohen-Macaulay subscheme of P, let us look at the more special case of
a local complete intersection. In this case, we can be quite precise about the nature of the
dualizing sheaf w%:

Theorem 7.46 If X is a closed subscheme of PY which is a local complete intersection of
codimension r, then

T
0 _
wx = wpy @ /\N’qujj-

So, W% is a line bundle on X and if X is nonsingular it is wx, the canonical line bundle on
X.

Proof. We can cover P = P by affine opens and on these opens X is actually a complete
intersection. Call such an open, U; then, on U the ideal sheaf, J, of X is generated by
some global sections, fi,..., f., in T'(U,Op | U). As P is regular (hence C-M), the elements
fi,..., fr give a regular sequence in I'(U, Oy). But then, the Koszul complex (Chapter 4)
gives a resolution of I'(U, Op)/(fi1, ..., fr):

Ko f) — T(U,0p) — (U, 00)/(f1,- -, f,) — 0, (K)

here, we have separated out KO(?) = I'(U, Oy), for clarity. By taking sheaves, we obtain
the corresponding resolution of Ox:

R f)— Op | U — Ox [ U — 0. (K)
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To compute Exty,, we use (K) after we apply to it Home,. By Proposition 4.3, we find
é'zthP(OX,w]p) =(0), ifl<rand
w_(;( r U= gl’trop(OX,W]p) = W]}D/(fl, ey f,,)w]p = wp ®@P OX r U.

The last isomorphism depends on the choice of the basis fi,..., f,. of the ideal sheaf J. If
g1, .-, g is another basis for J, say g; = >_._, ¢;; fi, then the exterior powers of the matrix

(¢ij) gives an isomorphism of the complex K.(?) to K.(¢). On Kr(?), which computes
Ext", we have det(c;;) as the multiplier in the isomorphism. That is, the diagram

gzt%p(OX>wP) f U — w]P’/(.fla sy .f?“)w]P’ = wp ®OP OX r U

dOt(Ci]‘) dOt(Ci]‘)

~

gzt%p(OX>wP) f U = W]P/(gla s >gT’)w]P’ wp ®OP OX r U

commutes.

Now, J/3? is free over U with basis fi,..., f, (or basis g1, ..., g,) and so, \" J/3? is free
of rank 1 with basis fi A--- A f, (resp. g1 A+ A g,.). The isomorphism from f; A---A f, to
g1 A -+ A g is just multiplication by det(c;;). Therefore, by tensoring with (A" J/ 32)" | we
obtain the commutative diagram:

Extly (Ox,wp) | U —Lmwp @0, Ox | UL wp @0, Ox @ (N 3/72)"
det(cij)
Exty, (Ox,we) | UL wp @0, Ox [ U L= wp @0, Ox @ (A" 3/3%)" .

Thus, the isomorphisms on the righthand side patch over the covering by the U’s and we get

wh = Extp, (Ox,wp) — wp o, /\NX_)PN,

because Nx,pv is (J/T?)P (cf. Chapter 6, Section 6.2). The last statement is an immediate
consequence of the adjunction formula (Proposition 6.14). OO

Notice that when X is nonsingular this gives the nonobvious isomorphism
HYX,wyx) — k.

Even for X a curve, it is not an obvious map (even though it is true that H'(X, wy) is
one-dimensional when X is a curve).



7.6. SERRE DUALITY THEOREM, APPLICATIONS AND COMPLEMENTS 395

Consequently, by specializing to a case where computations are available we have made
the Serre Duality a bit more explicit. We can make it more explicit yet if we specialize in
a slightly different direction: Namely assume of our sheaf F that it is locally-free on X. In
this case, we have

Extlox(]:, w%) = Hl(X, Fb Roy w).

To see this, observe that FP ®o, w% is Hom oy (Ox, FP @0, w%). Now, since F is locally
free
FP o, wh = Homo, (Ox, FP @0, w%) = Hom o, (F,w%).
Hence,
H'(X, FP @ w%) = H (X, Homoy (F,w%)),

and the latter group is just Ext, (F,w%).

Putting this together with the abstract statement of Serre Duality, we deduce the special
case originally proved by Serre:

Corollary 7.47 Under the hypotheses of the duality theorem (Theorem 7.43), if F is locally-
free, the duality pairing is just

t
H'(X,F) @ H7U(X, FP ®0, wk) — HY(X,wk) = k.

An even more interesting special case is the case when we restrict both X to be nonsin-
gular and F to be a line bundle Ox(F), where E is a Cartier divisor on X. Write x for
the canonical divisor on X, so that w% = wx = Ox(Kx). Then, Serre Duality becomes:

Corollary 7.48 If X is a nonsingular projective scheme over the algebraicaly closed field,
k, and if E is any Cartier divisor on X, the Serre pairing

HY(X, Ox(E)) ® H™ (X, Ox(Kx — E)) — HY(X, Ox (Kx)) = k

1s a perfect pairing of finite dimensional vector spaces.

Serre Duality theorem leads immediately to a proof of the Riemann-Roch theorem for
curves, a theorem we already used in Section 7.4. If F is a coherent sheaf on the projective
d-dimensional scheme, X, we define

XX, F) =) (~1) dimy, H'(X, F).

i=0
The function x is an Euler function on Coh(X), that is, for any exact sequence
0—F —F—F"—0,

we have x(X,F) = x(X, F') + x(X, F"). The case of most importance for us now is when
d =1, that is, X is a curve and X is nonsingular. Then, x (X, F) is just

dim H°(X, F) — dim H'(X, F).
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Theorem 7.49 (Riemann-Roch For Line Bundles on X ) If X is a smooth, proper curve
over an algebraically closed field, k, then for all line bundles Ox(D) on X:

dim H°(X, Ox (D)) — dim H°(X,Ox(Kx — D)) =deg D +1 —g.
Here, Cx is the canonical divisor on X and g is the genus of X.

Proof. Every proper curve is projective and so Serre Duality applies. Observe that by Serre
Duality, the lefthand side of Riemann-Roch is just the Euler function x (X, Ox(D)). Pick a
closed point, P, of X and consider either one of the exact sequences

0 — Ox(—P) — Ox — Op — 0 (A)
0— Ox — Ox(P) — Op — 0. (B)
Note that Op is a skyscraper sheaf supported at P, i.e., the stalk of Op is zero outside P
and at P it is k(P) = k.
Given D, if P appears in D with positive multiplicity use (A) and if P appears with
negative multiplicity use (B); we get
0— Ox(D—-P) — Ox(D) — Op — 0 (A"
0— Ox(D) — Ox(D+ P) — Op — 0. (B)
For the function y (omitting the argument X for simplicity of notation), exact sequence (A’)
gives
X(Ox(D)) = x(Op) + x(Ox(D — P)) =1+ x(Ox (D — P)),
while for (B’), we get
X(Ox(D)) = x(Ox(D + P)) — 1.

In either case, Ox(D — P) or Ox(D + P) contains P with smaller absolute value of its
multiplicity and so we can use induction on the sum of the absolute values of the multiplicities
in D and obtain:

x(Ox (D)) = deg D + x(Ox).

Now,

X(Ox) = dim HO(X, Ox) — dim Hl(X, Ox)
=dim H°(X,O0x) —dim H°(X,Kx) =1 —g. O

There is also a version of Riemann-Roch for vector bundles on a curve:

Theorem 7.50 (Riemann-Roch For Vector Bundles on X ) If X is a smooth, proper curve
over an algebraically closed field, k, and if E is a vector bundle on X, then

dim HO(X, Ox(E)) — dim H*(X, Ox (wx ® EP)) = deg(/\ E) ~ (tkB)(1—g).

Here, \° E is the highest wedge of E, a line bundle.
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Proof. Again, X being proper and a curve is projective; so, we may use Serre Duality. We
use induction on rk E, the case tk E = 1 being Riemann-Roch for line bundles above. By
the Atiyah-Serre Theorem (Theorem 5.22), there is an exact sequence

O—>(’)X—>E—>E—>0,

and rk E = rk E — 1. Further, A° E = A°® E, hence, by induction as

X(Ox(E)) = X(OX(E)) + x(O0x),
we find .
1= g+ deg(\E) + (kE)(1 - g) = x(Ox(E)).

And so, Serre Duality on the righthand side and simple addition on the lefthand side finish
the proof. I

** Remember: Exercise on RR on surfaces **

If we use Serre Duality for some special line bundles, we obtain interesting results for a
nonsingular projective variety of dimension d. As usual, we write {2x/; for the rank d bundle
of one-forms on X, and write Q% Ik for A" Qx/y. This latter is the bundle of p-forms on X;
here, 0 < p < d. The natural pairing

d— d
QX/Z X/k QX/i /\ QX/k = Wx
gives the duality
d—p ~
QX/i = (Q,I;(/k) R wx.

(This is a simple exercise and will be left to the reader.) We can apply Serre Duality to
deduce that

HY*9(X,Q57) s dual to - HY(X, 9, ).
Traditionally, the dimension of H9(X, Qg /k) is denoted hP? and is called the p,q-Hodge

number of X. What we have shown is that h?? = h%P?=9 on a d-dimensional nonsingular
projective variety, X. The numbers h?? are important invariants of X; they help to classify
these vartieties.

** Exercise 1: cohomology class of a subvariety and mention the Hodge conjecture. **
** Exercise 2: Computation of h”? on P? and perhaps other varieties. **

As we have remarked, while H4(X,Qx) is one-dimensional (X is nonsingular and d-
dimensional) as yet we do not know how to compute the all important trace map from it to
k, even for curves. All we know is that the trace map exists. But for curves, there is another
approach which gives an explicit computation of the trace map. From now on, write X for
a proper, smooth curve, Qx for its sheaf of one-forms, Qg for the module of differentials
of K/k (where K = Mer(X)) = stalk of 2x at the generic point. Finally, if P is a closed
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point of X, write (2p for the stalk of Qx at P. Recall that at P we have a valuation of K:
ordp, namely, the order of zero or pole of a function (from K) at P. The computation of
the trace map will be done in terms of the notion of residue at P, this is a classical notion
from complex analysis, but we can abstract it as follows:

Theorem 7.51 (Ezistence and Uniqueness of Resp) If X is as above and P is any closed
point of X then there exists a unique k-linear map, Resp: Qg — k, having the properties:

(a) If £ € Qp, then Resp(§) = 0.
(b) If f € K*, then Resp(f"df) =0 if r # —1.

(c) Re8p<%> = ordp(f).

Proof. (In characteristic zero.) First, we will show that (a), (b) and (c) determine Resp
and so, uniqueness will follow. In this part of the proof no use of characteristic zero will be
necessary.

Choose P and let t be a local uniformizing parameter in Op. Then, dt generates (x as
a K-vector space; so, any element of €2 has the form fdt, for some f € K. As Op is a
valuation ring of K, the function f can be written

-1
f= Z cit' + ¢, for some N < oo.
i=—N

Here, the ¢; € k and g € Op. Thus,

-2

. dt
fdt = Z cit'dt + oy — + gdt.

i=—N
Now, gdt € Qp, so (a), (b) and (c) and linearity imply immediately that
Resp(fdt) = c_;. (%)

This proves uniqueness, once Resp exists with properties (a), (b) and (c). Existence is
more problematical. If one takes, as is natural, property () as the definition, one must
show independence of ¢. This is not easy in characteristic p > 0 (see Serre [51]), but in
characteristic 0 (which we are assuming) we can use analysis. Namely, by the Lefchetz
principle we may asume k = C. Then, if z is another uniformizer there exist locally-defined
holomorphic functions

z = alt)=at+0(t*), acC
t = B =2t 0()
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relating ¢ and z. We notice that by (%) and the Cauchy residue theorem, the residue as

defined by (x) is just
1
— dt
270 /yf ’

where 7 is a small, simple closed curve about P in the local patch on X. If we change
variables, t = ((z), the curve ~ shifts yet the value of the integral remains the same as the
integral is independent of the curve up to its homology in the punctured disk about P, and
this is determined by the winding number of v about P. However, this winding number is
the same for a(7) because «(t) has a simple zero at P. Thus, the definition given by (x) is
in fact independent of the uniformizing parameter. ]

** Fxercise on the existence of the residue a la Tate. **

The residue is a local invariant as we have defined it and we have all these local invariants,
one for each point P € X. Given a differential £ € Q, it has but finitely many poles and so,
Resp(§) is almost always zero. Therefore, the sum ),y Resp(§) makes sense. The local
residues are not independent because of the main fact:

Theorem 7.52 (Global Residue Theorem) If X is a smooth, proper curve over k (k alge-
braically closed), then

Proof. (In characteristic zero). We apply Stokes theorem to the Riemann surface X. Observe
that the differential £ is holomorphic outside a finite number of points, Py,..., P,. Draw
about each of these points a small circle. The complement, C', of the union of the disks
defined by these circles has their union as a boundary and by Stokes

o:/cdgzglpjg:;Respj(g). O

What is the connection of this material with the trace map? Recall Chapter 5 that since
X is irreducible the sheaf K (X) consisting of the meromorphic functions is the constant
sheaf on X and so it is flasque. Also, the sheaf Py = K(X)/Ox is flasque; so,

00— O0Ox — K(X)— Px —0

is a flasque resolution of Ox. Now,

Px = H (ip)«(K(X)/Op),

pPeX

as remarked in Chapter 5 (** Steve, where in Chapter 57 **) (here, ip is the closed immersion
of {P} — X). Tensor the flasque resolution of Ox by Qx—we get a flasque resolution of
QXZ

0 — Qx — K(X) ®0, Qx — ] (ip).(Qc/Qp) — 0.

PeX
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We can apply cohomology to this sequence and obtain a piece of the long cohomology exact
sequence:

0 — H(X,Qx) — Q — [[ (Qx/Qp) — H'(X,Qx) — 0.

Pex
Now define a map from [ [, (2 /2p) to k via (§p) — > pResp(£p).

By the global residue theorem, this map is 0 on Qg and therefore it descends to a map
HY(X,Qx) — k.

Since dim X = 1, we find QQx = wx and the map above is the trace map.

Serre duality is also valid for compact, complex manifolds and holomorphic bundles
on them (as shown by Serre himself using an analytic proof). In the case that k is an
algebraically-closed field of characteristic zero one can prove further theorems, not provable
in characteristic p > 0, and the proofs of these theorems use analysis and perhaps some
differential geometry.

Typical of the above theorems is the circle of ideas concerning the Kodaira vanishing
theorem. In discussing this theorem, we’ll assume k = C (as we may by the Lefchetz princi-
ple) and furthermore we will not give proofs—they depend both on analysis and differential
geometry. Indeed, for the Kodaira theorem, M. Raynaud gave a counterexample in char-
acteristic p > 0. However, the statements are clear and connect with what we have done
above.

In the following, assume that X is a compact, complex, analytic manifold. The first
famous theorem is due to Hodge and it says that the cohomology with complex coefficients
of such an X is the coproduct of the cohomology of the holomorphic differential forms:

Theorem 7.53 (Hodge Decomposition) Let X be a compact, complex manifold, then for all
n>0
H"(X,C) = [ HUX,0%).

pHq=n

A differential form of type (p,q) is one which in local coordinates everywhere has the
form
o= Z apy (2, 2) dzp N Ndzp, NdZgg N+ N dZ,.

When « is a (1, 1)-form, the coefficients «,, form a matrix and we say that « is a positive
(1,1)-form provided the matrix —ia,s is a positive definite Hermitian symmetric matrix.
(i.e, aps = iP5, Where (.4 is positive definite Hermitian symmetric). Let’s write a > 0 for
this. If £ is a holomorphic line bundle on X, then ¢;(F) lies in H*(X,C) and by Hodge
¢1(E) has a decomposition according to the coproduct

Hz(X, C) — H2,0 H Hl,l H H0’2.
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Call the bundle, E, positive iff ¢;(E) € H%! and is represented there by a positive (1, 1)-form.
(Recall the Dolbeault theorem:

0 — O (E) — DY(E) -2 DRN(E) -2 DRA(E) 25 -

is a resolution of QX (F). Here, DYY(E) is DY! ®0, Ox(E) and DY? is the Ox-module of
C>-(p, q) forms on X.) Also, call E negative when EP is positive.

Examples.
(1) The hyperplane bundle, Opn (1), on P¥ is positive (DX).

(2) The tensor product of two positive bundles is positive; hence, Opn(d) is positive if
d > 0.

(3) If a tensor power of a bundle is positive, then the bundle itself is positive.

(4) An ample bundle on X is positive.

With the notion of positive bundle we can state Nakano’s generalization of Kodaira’s
vanishing theorem (Nakano [?] (1955), Kodaira [?] (1953)).

Theorem 7.54 (Kodaira/Nakano Vanishing Theorem) Suppose X is a compact, complex
n-dimensional manifold and E is a holomorphic line bundle on X .

(1) If E® N\"T(X) is positive, then

HP(X,0x(E)) =(0), forp>0 and

(2) If E is negative then
HIYX, Q% (E)) = (0), whenp+q<n.
Corollary 7.55 (Original Kodaira Vanishing Theorem) Hypotheses on X and E as above,
then (1) as above and

(2) If E is negative, then
HI(X,0x(E)) = (0), ifq<n.

Note that the corollary (part (2)) is just the case p =0 of the theorem.

To connect Kodaira’s theorem with projective geometry let’s suppose that X is a closed,
smooth subvariety of Pg. Write L for the line bundle £ ® A" T'(X) and assume that L is
ample (hence positive by our remark above). Then, £ = L ® wx and we get the form of
Kodaira’s theorem for smooth projective varieties:
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Corollary 7.56 If X is a smooth projective variety and L is an ample line bundle on X,
then

(1) HP(X,OX(L@)wX)) = (O), if p>0 and
(2) HP(X,Ox(LP)) = (0), if p < n.

Notice that (1) and (2) of Kodaira’s theorem are equivalent by Serre Duality. If we
apply Serre Duality to statement (2) of Nakano’s vanishing theorem and use the fact that
O (E)P @ wx is isomorphic to Q% P(EP), then we find that (2) becomes

H"(X,0%(EP)) = (0), if EP is positive and 7 + s > n.

The use of Kodaira’s theorem is in answering the question of when a compact, complex
manifold is actually a projective variety. To understand this, observe that on a complex
manifold there are lots of C°° Hermitian metrics. When g¢,4 is such a metric, we can make
the associated (1, 1)-form:

[Gap) = Z Ga,8(2,Z) dzo N dZs.
a,B8

The metric, gag, is called a Kdhler metric iff [gas] is a closed (1, 1)-form and then X is a
Kahler manifold iff it admits a Kahler metric. So, Kahler manifolds are special kinds of
complex manifolds.

Examples.
(1) PY admits the Fubini-Study metric which is Kihler.

(2) Any smooth complex projective variety is thus Kéhler using the restriction of the
Fubini-Study metric.

Now, H"' C H%*(X,C) and Hodge [?] called attention to the fact that if X is projective,
algebraic, then its Kéhler form comes from H?(X, Z) (with obvious 5L factors). In his honnor
a Kihler manifold whose Kahler metric comes from H?(X,Z) is called a Hodge manifold.
Hodge conjectured that every Hodge manifold was, in fact, projective algebraic. Using
his vanishing theorem, Kodaira proved that Hodge manifolds admit a closed holomorphic
embedding into projective space and hence, by Chow’s theorem [?] or by Serre’s GAGA [48],

every Hodge manifold is projective algebraic.

Since positive line bundles, coherent sheaves, etc. make sense for compact, complex man-
ifolds one can ask if Kodaira’s vanishing theorem can be generalized. Recall that Nakano’s
generalization concerned differential forms with coefficients negative bundles. There have
been many generalizations of Kodaira’s theorem, perhaps the following is representative:
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Theorem 7.57 (Grauert’s Vanishing Theorem) If X is a compact, complex holomorphic
manifold, E a positive holomorphic line bundle on X and F is a coherent (analytic) sheaf
on X, then there exists po(F) so that if u > po we have

HP(X,0x(E)®" @ F)=(0), p>0.

(That is, positive implies ample.)

In preparation for Chern classes, we need to define the projective bundle P(€) associated
with a locally free sheaf £ of rank r. We assume that we are in the following situation that
we denote by (H).

We have a locally noetherian scheme X and S is a graded Ox-algebra (S = 5o Sa), s0
that -

(1) SQ == Ox.
(2) S is generated as an algebra over Sy = Ox by ;.
(3) S; is coherent as O x-module.

Note that we basically have a “sheafified” ggr. Let U be some affine open in X. Then,
we have

S1U =S5y,

where Sy is some Ap-algebra where Ay = I'(U, Op), and Sy is graded. We make Proj(Sy).
Observe that if f € Ay, then

Proj(Su)(s) = Proj(Sy,) = =1 (Uy),

where 7: Proj(Sy) — U. This implies that these schemes patch, and we get Proj(S), a
scheme over X.

Remarks:

(1)
(Proj(8)) [ 7~ H(U) = Proj(Sy).

(2) Proj(S) is proper over X and locally projective. We will write

Proj(Sy) — Ppr.

@ The scheme Proj(S) is not necessarily projective over X.
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(3) Y = Proj(S) always has an Oy (1): Just patch the Op,oj(s,)(1) together.
(4) Assume that S = Ox|[Ty,...,T,]. Then,
Proj(S) = P%.
(5) Take &, a locally free sheaf of rank r on X. Make £P and Sym(EP). The situation (H)

holds, and we set
P(€) = Proj(Sym(£Y)),

the projective bundle over X determined by €. Note that the reason for using £ instead
of £ is that given a morphism between & and &, the arrows P(&;) [ U — P(&) [ U
go in the right direction.

The maps o and 8 from Serre’s Theorem 7.4 are relativized as follows. Letting 7: P(E) —
X be the projection morphism,

B: 8 =Sym(P) — [ 7(Ore) (1))

is an isomorphism. This implies the following facts.

(1)
T (Op(e) (1)) = (0)

if [ <O0.

(2a)
W*(Op(g)) = OX.

(The fibres of m are connected).
m(Ope) (1) = £

7T*5D — O]p(g)(l)

is surjective (this is the same as saying that Op(g)(1) is generated by sections).

(3)
(RFm.)(Ope) (1)) = (0)

if 0 < p <r, where r =rg(€), and all [.
(4)
W]p(g) = (W*/\(S'D) (—T’).
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(5) P(E) represents the functor
Hom x (T, P(€)) = {(L, %) | £ € Pic(T), 742 L5 £ — 0},
The reason for (4) is that, as usual, with the Euler sequence

0 — Qp —> H Opn(—1) — Opn — 0,

n+1

we have the Euler bundle sequence

0 — Qpey — TEP(=1) — Opey — 0.

7.7 Blowing Up

The notion of blowing-up is the main means for producing non-flat modifications of a scheme
in a natural way. As we shall see, the problem of reducing or resolving singularities of varieties
(reduced, irreducible schemes over a field) is couched in terms of forming a new variety from
the old by a sequence of appropriate blowings-up.

In Chapter 2 we introduced the notion of blowing-up a point on a variety. Here, we’ll
begin with the most general notion and show that it agrees with the simplest case which we
have already defined.

Let X be a scheme and J be a QC Ox-ideal. We introduce the graded Ox-algebra

Powo, (3) = [[3"T"

n>0

where J° stands for Ox and T is an indeterminate (which serves to keep track of degrees).
Of course, each J" is QC and Powp, (J) is a QC good, graded Ox-algebra. If X is locally
noetherian and J is cohherent, then all the J” will be coherent. If J is just f.g. as Ox-module
then, all the J” are also f.g. In any case, we can form

B;3(X) = Proj(Powo, (J))

and we call By(X) the blowing-up of X along J. Since J is a QC-ideal, it corresponds to
a closed subscheme, Y, of X. We also denote B3(X) by By (X) and say that By (X) is the
blowing-up of X along Y or with center Y. On By (X) we have the natural invertible sheaf
Ogp(1).

If U is an affine open in X, then I'(U, Powo, (J) | U) is a graded I'(U, Ox | U)-algebra,
and By (X) is glued together from the schemes Proj(I'(U, Powo, (J) [ U)). Each of the latter
has a surjective morphism to U, so we get the natural, surjective structure morphism

T By(X) — X.
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As for the sheaf, Op(1), on 7= }(U) it is given by the graded T'(U, Powo, (J) | U)-module

(U, Powo, (3) [ U)(1) = [[ (.37 [ U).

n>0

@ The morphism By (X) — X is not projective unless J is a f.g. Ox-ideal, for part of the
definition of projective morphism is that it be a finite-type morphism.

Say our open, U, is the complement of Y, where Y is defined by J. As J [ U is just
Ox | U, we find that

7~ 1(U) = Proj (]_[ (’)UT"> .
n>0
Hence, outside of Y, the blow-up morphism By (X) — X is an isomorphism. This is what
we had in mind when speaking of a “modification” of X by the process of blowing-up; we
change X only over Y.

Example 1. As mentioned above, in Chapter 2 we considered the blow-up of a point of
A}. Let’s consider the above definition in this case. Of course, we take our point, P, to be
the origin; so, J—the ideal defining P—is just (X1,...,X,) in the ring A = k[Xq,..., X,
Now,

Powa(J) = [[(X1,.... X)) T" = [[(XiT,... . X,T)".

r>0 r>0

We have a map
AlYy, ..., Y,] — Powa(J),

by sending Y; to X;T'. This is a surjection. What is the kernel? Because we have a map
of graded rings the kernel is generated by homogeneous forms in the Y’s. When one writes
down a form of degree z in the Y’s with coefficients polynomials in the X’s, one finds that it
goes to zero when and only when our expression contains monomials of degree z in the X’s
times monomials of degree z in the Y’s which agree under the switch X; «— Y; and appear
with opposite signs. For example,

R(X,Y) = XX X2YPYS — XPXZYPVLY7.
Let us continue with this example which renders the general case clear. We factor:

R(X)Y) = X}XoVPYo(XTX3Yy — XoVPYY)
= XPXOYPYa(Xi XsY3 + X3V1Ys) (X1 XYy — X3V1Ys).

So, we have only to examine X; X3V — X2Y,Y3. But, the latter is
XoY1(X3Ys — V3X5) + XoV3(Y1 X — X1Y5).
A simple generalization shows our kernel is generated by the set

{XiY; - X;Yi |1 <14,j <n}.
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This shows that BpA™ is just the subscheme of
P! = Proj(A[Yh, ..., Y,)])
defined by the Y-homogeneous equations
XY, —X;Y; =0, for 1<4,j<nmn,
exactly as defined in Chapter 2.
Notice that F = 771(Y) is Proj(Powo, (J) ®0y Oy), and since Oy is Ox | J, we find

E =nY(Y) = Proj (]_[ 3“/3““).

n>0
But, Sym,, (J/3%) is 3*/3"'; hence,
E =7(Y) = Proj(Symo, (3/3°)).

We call E the exceptional locus of the blow-up.

If p: Z — W is a morphism of scheme, then we have |p|: |Z| — |W], the corresponding
morphism of the underlying topological spaces. If J is an ideal of Oy, then |p|~}(J) is an
|| Ow-ideal. We know there is a ring map |p| 'Oy — Oy, so the ideal generated by
the image of |¢|™}(J) in Oz is an Og-ideal; it is Oz - |¢|"}(J) and it is also the image of
©*(J) via the natural map

" () = ol ' Q) ®jp-10 Oz — O

Let’s denote Oy - |¢|7H(J) by ©*(J) and refer to it as the inverse image ideal of J in Oy.
(Because tensor product is only right-exact, ¢*(J) may very well be different from ¢*(J).)

Now, for the morphism 7: By (X) — X, the ideal 7°(J) is just

3 Powo, (3) =3- [ =]

n>0 n>0

However, we’ve already noted that the later module is Og(1). Therefore, ¢*(J) is the invert-
ible ideal Op(1) on By (X). These remarks prove

Proposition 7.58 If X is a scheme and Y is a closed subscheme with corresponding QC
1deal 3, then

(1) If 3 is f.g. the scheme B = By (X) is projective over X.

(2) In general, the inverse image ideal, w*(J), is the invertible Og-module Og(1); and, in
fact, the inverse image ideal 7 (J") is Og(n), for all n > 0.
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(3) The scheme E = 7= 1(Y) equals Proj(Sym(J/J?)). (Recall that J/J* is the conormal
sheaf of Y in X.)

(4) The scheme E = 7= '(Y) is defined, as subscheme of By (X), by the invertible ideal
Op(1). That is, E is a Cartier divisor on B.

(5) If U denotes the complement of Y in X, then the morphism
T N U) = U
s an isomorphism.

Proof. All we need to prove is (4). Now, F is defined by 7*(J) according to (3) and, by (2),
this is just Op(1). O

One can still be a little more precise about the basic injection Og(1) — 7*(J) — Op.
Namely, we have the inclusions J*™! < J" and there results a degree 0, injective, Og-module
map

Powg, (J)(141) = Powo, (J)(1), alll € Z.

But, Pow, (J)(1 + 1) and Powe, (J)(I + 1) are (TN)-isomorphic, therefore we get the sheaf
injection
oy OB(Z + 1) — OB(Z)

When [ = 0, this is our basic injection
0o: Op(1) — Og.
whose image is just the ideal 7°(J).
When [ = —1, however, we get
s=o0_1: O — Op(—1).

Of course, s corresponds to a section of Og(—1) over B, we continue to refer to this section
by the letter s and call it the canonical section of Op(—1). By some standard commutative
diagram which will be left to the reader, it is not hard to see that o; is given in terms of s
as follows:

We know Op(1) is Og(1)®, hence we get the map

Op(l+1) = Op(l + 1) @0, O ~3 Ol + 1) ®o, Op(—1) = Op(1)
which is just 0;. The repeated composition
OB(Z) — OB(Z — 1) — OB(Z — 2) e A 03(1) — OB

is then just the map 1 ® s® (here, 1 = identity map on Oz(1)).

In terms of the canonical section, s, we can describe the space underlying E:
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Proposition 7.59 For the blow-up 7: By (X) — X, if E = 7= YY) designates the excep-
tional locus, then |E| is just the set of zeros of the canonical section, s. So, s defines the
Cartier divisor, E.

Proof. We can check this pointwise, so choose = € By (X). Write £, for a choice of generator
of Op(1),, then we know that £, ® s, generates the stalk of 7°(J) at . Thus, &, ® s, is a
unit (i.e., z ¢ |E|) iff sx ¢ m,Op(—1), iff s(x) # 0. O

Suppose the Oy-module, J/J? is locally free on Y. Then, we know that its dual is the
normal bundle to Y in X. We also know that the condition that J/J? be locally free will
be satisfied when Y is smooth. In the locally free case, by (3) of Proposition 7.58, our
exceptional locus is exactly P(N{_, ); so, the blow-up along Y is obtained by excising Y
from X and inserting in its place the projectivized conormal bundle to Y in X. Now, we’ve
defined projective space in terms of hyperplanes in an affine space. The dual projective
space is defined in terms of the lines in the affine. Consequently, our P(N{._, ) is just the
bundle whose fibre at each point of Y is the space of lines in the fibre of the normal bundle
to Y in X at the corresponding point of Y. This bundle is what most authors define as the
projectivized normal bundle to Y in X. The glueing of X with Y removed to the insertion
of the projectivized normal bundle is clear: Follw along a line normal to Y and connect to
the point of P(N{L._, i) which corresponds.

Suppose that Z is a closed subscheme of X and Y is a closed subscheme of Z. Then, we
seem to have two notions of the blow-up of Z along Y:

(1) By (Z) in our sense as Proj(Powp, (J), where J defines Y in Z and

(2) Blow-up X along Y to get By (X), consider 771(Z —Y') and take its closure in By (X).
(This was the way Bp(Z) was defined in Chapter 2, Section 2.8, where Z was there a
closed subvariety of P} and P was a point of Z.) This second process gives what is

usually called the strict transform (or proper transform) of Z under the blow-up of YV
in X.

Do the two processes agree? Of course, the answer had better be “yes.” And in fact, the
blow-up enjoys a lifting property which will imply the affirmative result.

Proposition 7.60 (Lifting property of blowing-up) Suppose X is a scheme, J is a QC, f.g.,
Ox-ideal and By(X) is the blowing-up of X along J. Given a morphism ¢: Z — X assume
that ©*(J) is an invertible ideal of Oz. Then, there ezists a unique morphismp: Z — By(X)
lifting ¢ in the sense that the diagram below

B;(X)

Pt (1

X

Z

commutes.
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Proof. Cover X by affines. If we can prove the result here, the uniqueness of our lifts
shows they glue together to give the global morphism. Therefore, we may and do assume
X = Spec A, J = J, where J is a f.g. A-ideal and then, B = B;(X) is just Proj(Pow4(J)).
Write ay, . . ., a,. for the generators of J, then of course there is a surjection of graded algebras

0: AlTy,...,T,] = Powa(J) = [ J'T"

n>0

via T; — o4T. From this, we get the closed immersion B — P’;. Note that the kernel of 6
is generated by all forms F' € A[Ty,...,T,] so that F(ay,...,a.) = 0.

For the morphism Z — Z write £ instead of ¢*(J), then the images, s;, of the a;’s—
considered as global sections of Oz—are global sections of £ that generate £ everywhere on
Z. Consequently, by the characterization of morphisms to P% (Corollary 7.12), there exists
a unique morphism B

v 4 — P

so that ({/;)*((’)pz(l)) =L and s; = ({/;)_1(7}), where T is considered as a global section of
Opr (1).

The morphism @Z will actually factor through the subscheme B of P’ provided all the
forms of Ker 6 (the ideal defining B in P’ ) vanish on s, ..., s,. if ' € Ker 6 and has degree
d, then F(sg,...,s,) € ['(Z, £L%) is the image of F(ay, ...,a,). Yet, we've already remarked
that F(ao,...,q.) = 0; so, we get our diagram (), as required.

We need to prove the uniqueness of the lifted morphism ) (perhaps it does not come
from @Z) If ¢ exists, then ¢*(J) = ¢*(w*(J)), where 7*(J) is an ideal of Og. Since 7*(J) is
Op(1), we get

L=¢*(J) =¢*(0s(1)).
Now, ¥*(Og(1)) — ¢*(Op(1)) = L is a surjective map and (by Nakayama) surjective
maps of locally free equal (finite) rank sheaves on LRS’s are isomorphisms, we see that
¥*(Op(1)) = L. The commutativity of our diagram shows that the sections sq,...,s, are
the pullbacks of o7, ...,a,T, and these are just the pullbacks of T, ..., T, (as sections of

Opr (1)). Therefore, our morphism 1 really does come from a morphism 1, and so uniqueness
of the 1 yields the uniqueness for . [J

Based on our proposition, we can answer the question about the differing notions of
blowing-up.

Corollary 7.61 If 0: Z — X is a morphism and J is a f.g. QC Ox-ideal and we set
J=06°(3), then there exists a unique morphism, 0: B;(Z) — By(X), so that the diagram

By(Z) —= B;(X)

ﬂzl )l;rx

Z

0
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commutes. When 0 is a closed immersion, so is 6.

Proof. The existence and uniqueness of 0 follows directly from the proposition. All we need
to prove is the last statement. We have Powe, (J), Powe,(J) and further J = 6°(J). But,
Z is a closed subscheme of X so there is a surjection Ox — Oyz. It follows immediately
that J maps onto J under this surjection; thus, we get the surjective map of graded rings
Powe, (J) — Powe,(J). Of course, this shows 6 is a closed immersion. [

In the situation described by the closed immersion Y — Z — X, the blow-ups being
separated morphisms, it follows immediately that the strict transform of Z in By (X) is just
By (Z) (as a subscheme of By (X)). This answers our question and it shows that “embedded
blow-up” is actually intrinsic (being just the abstract blow-up).

Example 2. Here, we will apply the blowing-up procedure to a singular surface in A3. The
equation we’ll consider is

f(xvyvz) = x2 - 23(2 - y2)
It is easy to see that the y-axis, given by # = z = 0 is contained in our surface. The partial
derivatives of f w.r.t. z,y, z are

of _
or

0
223, 8_ch = —42° 4 32%%

of _

2z,

Hence, the singular locus (which is the set where f and its partial derivatives simultaneously
vanish) is exactly = z = 0. A picture of the real points of this surface is shown in Figure
7.5.

Figure 7.5: The surface X': f(x,y,2) = 0.

We blow up the singular locus inside our surface X'. By our corollary, it is the same to
blow-up the line x = z = 0 in A and to take the strict transform of X in this blow-up.
Since the ideal definining the line is given by two generators, we need two variables u,v
and form Py, = Proj(k[z,y, z][u,v]) and consider the locus given by the orginal equation
f(z,y,2) = 0 and the new relation v — uz = 0. There are two patches to the P! given by
u # 0, respectively v # 0. If u # 0, set { = 2, then z = 2. We substitute this in f(z,y, 2)
and obtain the equation

2*(1 -2z —y)) = 0. (+)

Excising the singular locus from the surface means looking at the points of the surface where
either z or z is # 0. Since z = z€, we must assume x # 0. From (x), we get

1— 28z —9y%) =0.
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Now, for the closure of the smoth part of the surface in this coordinate patch, we let x and z
got to 0. Our above equation leads to the contradiction 1 = 0; hence, there are no points of
the strict transform in this patch. In the second patch (where v # 0), we set = *. Then,
x = nz and once again we obtain an equation

2t — 2z —y?) =0.
For the regular locus,  and z cannot simultaneously vanish, so z # 0. We obtain
= 2(2 —y?) = 0.

For the closure, let z go to 0, then n? = 0. Hence, our strict transform cuts the exceptional

locus in one point but tangent there. Now, n = % and v # 0; hence we have only to deal

with the affine patch v = 1. So, the proper transform of our surface is given by
u? — 2(2 —y®) = 0. ()

We can relabel this equatin by setting u = x. A sketch of the blow-up situation is given in
Figure 7.6.

Figure 7.6: The surface X after blowing-up the line x = z = 0.

We now have the new equation

g(l’,y,Z) = 1'2 - Z(Z - y2)
Once again, a check of the partial derivatives shows the only singularity is at the origin
r=y=2z=0.

We now blow up the origin in A3. The ideal of the origin is given by three generators:
z,y, z. And so, we need homogeneous coordinates u, v, w and we form P3, and examine the
subvariety whose equations are:

g(@,y,x) = 0
zv—yu = 0
zw—zu = 0
yw—zv = 0.

Here, there are three patches: u # 0; v £ 0; w # 0. Let us look at the patch where u # 0.
Set £ = 7 and n = % so that y = 2§ and z = zn. Upon substitution into g = 0 we obtain

22 (1 —n* +n€?) = 0.
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Outside the singular locus, one of x,y, z must not be zero. If x = 0, so are y and z; so,
x # 0. We cancel in the equation above and then to find the closure let x,y, z go to 0. This
gives the equation

h(n,&) =1 —n* 4+ n&.

By ckecking its partial derivatives, we find that the surface h = 0 has no singularities. The
(u, v, w)-form of h =0 is

u? — w? + wov® = 0. (stotok )

There remain the patches v # 0 and w # 0. However, all we need to examine are the
pieces of those patches where u = 0. So, assume v # 0 and u = 0. Write « = ¥ = 0 and
B =% then z = ay = 0 and z = By. To be off the singular locus we need to have y # 0.
Upon substitution in our equation g(z,y, z) = 0, we obtain the equation

y* (=5 + By) = 0.

We may cancel y and let y and z go to 0. This shows that 3% = 0 and gives one further
point of tangency to the exceptional locus. On the affine patche where v # 0 we may take
v = 1 and then our equation is

u? — w? +w = 0.

This is nonsingular.

There remains just the point where v = v = 0 and w # 0. An easy check shows that the
strict transform does not go through this point.

Consequently for the singular surface sketched above, two blow-ups suffice to resolve
singularities of our surface. Notice that had the origin been less singular than it actually
was, one blow-up would have sufficed.

Example 3. We can use the blowing-up process to construct an example of a smooth, proper
3-fold which is not projective. The example we choose is due to H. Hironaka in his thesis
[34]. We start with a nonsingular projective 3-fold over C and with two nonsingular curves,
~v and 7, on X so that v and 7 meet transversally in exactly two points P and (). There are
many ways to find such an X and curves 7,7. For example, we could take X = P and v a
line and 7 a conic intersecting v. More generally, take any two curves in P which intersect
transversally at points Ry,..., R, and blow up Ry,..., R,—1. Then, X = BRQP,.,RQAIP’% and
v, = the strict transforms our two curves will do.

In any case, take such an X and 7,7. Consider X — {Q} and blow up v in X — {Q}
to get B,(X — Q). Let 7(P) be the strict transform of ¥ on B,(X — @). Now blow up
B,(X — Q) along ¥(P) and get Bypy(B,(X — Q)). Repeat the same process replacing @) by
P and interchanging the roles of v and 7. We obtain B, q)(B5(X — P)). A picture of these
various blow-ups in shown in Figure 7.7.
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Figure 7.7: Hironaka’s example of a 3-fold which is not projective

Over X — P — (@), by the lifting property, the two blow-ups in either order are isomorphic;
so, we can glue together the two parts:

Bypy(B,(X = Q) and  B,q)(B5(X — P))

along their overlap. This gives a new variety X over C. Also, a (resp. f3) is the generic
point of v (resp. ) and [, (resp. lg) is the generic fibre in the projectivized normal bundle
sewn in by blowing up. Now, on B,(X — @), [, is algebraically equivalent to [p (write:
lo = lp). Therefore, on Bypy(B,(X — Q)), we have I, = Ip + Ap, while g = Ap. Similarly,
on By(X — P), we have lg = lg and on By (By(X — P)), we have lg = lg + Ao while
lo = Ag. On the glued variety, X', we get

)\Q%la%lp—l—)\p and )\p%lﬁle—l-)\Q.
Eliminate Ap from these two algebraic equivalences and obtain
)\Q%lp‘i‘l@"‘)\@,

hence
lp —|— lQ ~ O

Were X projective, the algebraic curves (both are P!’s) would each have a degree and degrees
add under addition of cycles and are preserved by algebraic equivalence (c.f. Section 7.4 and
the discussion in the next section on flat families). Since the degree of [p and g is positive,
the algebraic equivalence Ip + lg ~ 0 would be impossible in this case. Hence. X is not
projective. However, X is proper because properness can be checked locally on the base and
over the opens X — @) or X — P our X is projective hence proper.

It turns out that blowing-up a QC ideal is a very general process as we are going to
see below. Because of this, to use blowing-up in an efficient manner we must restrict to
specialized centers for blowing-up and to less than general schemes. We shall now restrict
ourselves to irreducible varieties by which we always mean reduced, irreducible, separated,
finite-type schemes over a field k, and we’ll assume k is algebraically closed. Of course, we
must now check that By (X) is again a variety.

Proposition 7.62 If X is a variety over k and J is a coherent Ox -ideal then By(X) is again
a variety. Moreover, the map 7: By(X) — X is a birational, surjective, proper morphism
and if X is quasi-projective or projective then so is By(X) and 7 is a projective morphism.

Proof. Powo, (J) is a sheaf of integral domains, so B3(X) is reduced and irreducible. We
know that 7: By(X) — X is proper (properness is local on the base and over an affine, By(X)
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is just an ordinary projective scheme so that it is proper, by Theorem 7.17 or Theorem 2.36.)
Therefore, 7 is a separated and finite-type morphism and so B3(X) is indeed a variety.

Let Y be the closed subscheme of X defined by J then Y # X and so the nonempty open
U= X —Y is dense. Now, 7: 7 }(U) — U is an isomorphism and 7 !(U) is also dense in
B5(X); so, m is a birational morphism. We already know that 7 is surjective.

Suppose that X is either projective or quasi-projective. Then, there exists an ample
invertible sheaf, £, on X so that J ® £L®™ is generated by its global sections if n >> 0. Now,
X is noetherian so only finitely many sections are necessary. Consequently, we obtain the
surjection

Ox[TQ, R >TN] — POWOX(:j (%9 £®n)

This gives the closed immersion
Proj(Powo, (J ® L)) — PY.

But, Proj(Powe, (J ® L)) is isomorphic to Proj(Powe, (J)) = B3(X), and so, By(X) is
a closed subscheme of PY. (We already know B;(X) embedded in P(€), but here, we have
proved the stronger assertion that it sits inside ordinary projective space over X.) Since 7
is a projective morphism, the scheme By(X) is quasi-projective or projective according as X
is so. [

Now we face the proof that blowing-up a coherent ideal is a very general process . This
is the following

Theorem 7.63 Suppose X is a quasi-projective variety and 0:Y — X 1is a birational pro-
jective morphism where Y is another variety. Then, there exists a coherent ideal § C Ox
and an X -isomorphism By(X) — Y.

Proof. The morphism 6 is projective and we are in the noetherian situation so there is a
closed immersion 7: Y — P, so that

Y > X
commutes. Write i*(Op(1)) = L, an invertible sheaf on Y. Then, 6.(L£) is a coherent
Ox-module and we can form
S=o0xuJJo.cc)'r

d>1

This S is a QC Ox-algebra, but it may not be a ggr because S; = 6,(L£) may not generate
it.

To remedy this, we use the g-uple embedding, that is, we form

SO =T] Sa-

d>0
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We'll show that if ¢ >> 0, then S@ is generated by its qu) = §,. If we show this for
each affine of an affine open cover of X, then, X being quasi-compact, it will be true for X.
Therefore, we may assume X is affine, say X = Spec A. Note that A is a f.g. k-algebra.
Now, recall that if S is a ggr and S is a f.g. A-module, then for any f.g., graded S-module,
M, we have a (TN)-isomorphim

M — (M*) = [[ T'(Proj S, M*(d)).

Further, if W — P7, is Proj(A[Tb, ..., T,|/I), it follows that

AlTy,.... T)/T — (AlTo,.... T)/1)F = [[T(Proj S, Opuogs(d)

is a (TN)-isomorphism. (c.f. Theorem 7.4.) Our Y is given as Proj(A[Ty,...,T,|/I) corre-
sponding to its closed immersion Y < P’; and so, the algebra S = A [],, 0.(L£)4T? is
(TN)-isomorphic to A[Ty, ..., T.]/I and the latter is an sggr.

When we couple the closed immersions Y < P’ with the g-uple embedding (for some
q >> 0) P’y — P we replace S by S@ and then the latter is a ggr as we've just seen.
Therefore, we now have Y = ProjS and S is a ggr as Ox-algebra.

Were 0,.(L) an ideal, J, of Oy, then S would be Powe, (J) and we’d be done. Here, we’ll
see that “fractional ideals”” enter the picture. Recall that Y is reduced and irreducible so its
sheaf of meromorphic functions, Mer(Y'), is constant. Further, we can find an embedding
L — Mer(Y), so L is a subsheaf of Mer(Y') (c.f. Proposition 5.30.) Now, 6, is left-exact,
hence 0,(L) — 0.(Mer(Y)). However, 6 is birational therefore, 6,(Mer(Y)) = Mer(X);
and so, 0,(L) — Mer(X). We want to show that 0,(£) has “bounded denominators.”

Consider the “ideal of denominators” (6.(£) — Ox), where
(6.(£) — Ox) ={€ € Ox | £0.(£) € Ox}.

(The above definition makes sense locally on affine patches and defines an Ox-ideal.) 1
claim (0,(L£) — Ox) is coherent. Of course, this is a local question, and on an affine, 6,(L)
corresponds to a f.g. A-submodule of Mer(X). So, we can take common denominators for
its generators and get (6,(£L) — Ox) is f.g. on affine patches. As A is noetherian, the
coherence of (0,(L) — Ox) follows.

Now, X is assumed quasi-projective, so there exists an ample invertible sheaf, M, on
X. Therefore, (6,(L) — Ox) ® M®? is generated by its (finitely many) global sections if
g >> 0. In particular, there exits a nonzero section

Ox — (0.(L) — Ox) @ M®1if ¢ >> 0;

hence, a nonzero map

M8 — (0,(L) — Ox)
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(bounded denominators!). But then, by definition,
M™®1.9,(L) = Ox,
s0, J = M%10,(L) is a coherent Ox-ideal.
Finally, we will prove that ¥ = B5(X). Since Y = Proj S, we find, of course, that

Y = Proj (H(M_®dq ® 3d)> ;

d>0

so we have to show that J¢ = M~®%®S,, for all d > 1. Of course, 0, (L) C Mer(X) (just
aswith d = 1, 0,(£) € Mer(X)) and M is invertible (so flat) hence M~®¥®S; = M4 S,.
Now, S is a ggr and J = M~70,(L) = M™18;, so we find the natural surjection

Sd — M_qd Sd, d > 1.

However, both are subschemes of Mer(X) and the diagram

:jd M~ S,

commutes. We see that the lower arrow is injective and we are done. []

Remark: Our theorem shows that blowing-up a coherent ideal is a wvery general process.
It gives us all birational morphisms from a quasi-projective variety to another. Obviously,
if we wish to understand birational projective morphisms as the result of a sequence of
blowings-up, we will need to choose the centers of these blowings-up to be as simple as we
possibly can make them.

One of the ways we can understand the blowing-up is to view it as the graph of a birational
map. Recall that a rational map from one projective variety, X, to another, Y, is just an
equivalence class of morphisms, ¢: U — Y, where U is a dense open of X and ¢: U — Y
and 1: V — Y are equivalent iff ¢ [ (UNV) =14 | (UNV). Obviously, there is a maximal
open subvariety of X on which ¢ is defined and X — {this open} is called the indeterminacy
locus of the rational map .

Take a rational map ¢: X ———=Y, let U be its domain of definition, then in U [[Y we
have the graph, I',i/, of ¢ in our ususal sense. This is a closed subvariety of U [[ Y. Take the
closure, I'y,, of I'y;y in X [[Y; this closure is called the graph of the rational map, ¢. Observe
that the graph of ¢ is a closed subvariety of X [[Y. (It turns out that in characteristic 0
one can characterize rational maps as exactly those set maps from opens U C X to Y for
which the closure of the graph of the set map is a variety in X [[Y. Unfortunately, this is
not true in characteristic p > 0, as the Frobenius map z — P from A! to itself will show.)
The second projection, pro, takes our graph I', to a closed subvariety in Y and this closed
subvariey is always called the image of .
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@ The image of ¢ is not the usual kind of image for it can happen that there is a point y
in the image and no point x where ¢ is defined so that p(z) = y.

We can also define the inverse image of a subvariety, Z, of Y by

0 (Z) = pri(pry'(2)).

In the other direction, we can take some subvariety, T', of X and form pro(pr;(T)). This
is called the image of T under ¢ or the total transform of T. We can also restrict ¢ to T’
(meaning take the dense open U, intersect it with 7', make the morphism taking U N'T to
Y and close up its graph). Then, ¢ [ T' is a rational map 7' --— Y, and so we can form its
image. Unfortunately this image is not equal to the image of T', it is smaller, and is called
the proper transform of T'. The reader should take as rational map the inverse of a blow-up
morphism and check these concepts for himself. Note that the maximal open of X on which
our rational map, ¢, is defined is just a variety birational to the original X; and so, to be
a rational map just means that ¢ is a morphism on a variety birational to X. The concept
that replaces surjectivity in this order of things is the notion of dominance, where we recall
that ¢: X ———=Y is dominant iff the image of ¢ (in the sense of rational maps) is all of Y.
Of course all this means is that p(U) =Y.

Remark: In the complex case there is a famous theorem of Chow which says that a com-
plex submanifold of PL. is actually a projective algebraic variety. So, if ¢: X — P! is a
meromorphic function on our complex submanifold of P” then, the graph of ¢ is a complex
submanifold of P*T[P". By Chow’s theorem, this graph is algebraic and by the charac-
terization of rational maps in characteristic zero as set maps whose graphs are algebraic
subvarieties, we deduce that ¢ is a rational function.

Example 4. Quadric surfaces in P3.

Let Q be the quadric surface in P? whose equation is zgz3 — 2122 = 0. The point
P =(0:0:0:1)is in Q and we can form the projection map from P defined on P* — { P}
to P2, which in our chosen coordinates has the form:

Tp. (ZQI Z1: 29 23) — (ZQI A 22).

Restrict mp to Q and we obtain a rational map from Q to P2. Now, in general, projection
from a point P € P" to P! is a rational map from P" to P! and let P* be the graph
of this rational map in P*J[P"~!. Then, the reader should check that the graph of the
projection in this case together with its map pry: Pr — P" is exactly the blowing-up of P"
at the point P. In the case of a quadric when n = 3, the graph of the restriction of 7p to Q
is precisely the blowing-up of Q at P, that is, the proper transfrorm of Q in Bp(P?).
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We can go a little further in our example by considering the second projection of
[, € QT]P? to P2 As a diagram of morphisms and rational maps the situation is

pri pr2

Let wg, wa, we be homogeneous coordinates on P2, then I';, is the subvariety defined by the

TP

equations

20R3 = Z1%2
oW1 = Z1Wy
ZoW2 = Z2Wo

21We2 — ZoW1q.

Write E, as usual, for the exceptional locus of the blow-up at P, i.e., E = pr{*(P). We
know FE is a projective line. Now pry maps E to P?, and we want to see what the image of
E is. Cover P? by the opens, wy # 0, wy # 0, wy # 0. On the first open where wy # 0, we
let & = wy/wy, and 1 = wy/wy, then our equations give us

2
20 =21, 2om =z and zpzg— z;{n =0.

Off the exceptional locus, we must have zy # 0, else zy = 2; = 2o = 0 and we are at P. Thus,
we find z3 = 29&n and then to find the proper transform we let z; go to 0. We find z3 = 0.
Hence, on the patch wy # 0, the only possible point above P is (0: 0: 0: 0), a non-point,
that is, for wy # 0 there is no point of the proper transform.

Take wg = 0 but w; # 0. Let u = wy/wy = 0, and v = wy/w;. Then, 2y = z;u = 0, and
29 = z1v. The last equation of I';,, gives us
0= z123u = 230.
Of course, outside E, the coordinate z; can’t be zero, so we cancel it in the above and deduce
that zyv = 0. Let 21 go to zero, then there is no restriction on v, so v is arbitrary.

Lastly, we take wy # 0 while wy = w; = 0 and find there is one extra point. Therefore,
pra(E) is exactly the line wg = 0.

Now look at the projection pry: I'y, — P2. Notice that if wy # 0 and we examine

pry H(wo: wy: wy) we get the equations

P

2
20 =21, 2N =22, 2oz — 2yEn =0,
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where £ = w; /wy and n = ws/wy. Now, zy # 0 because zg = 0 implies z; = z5 = 0 and then
our inverse image intersects F, and we know the intersection is empty when wy # 0. Thus,
we can cancel zy in the last equation and get the equation

23 = 2p&1).

It follows immediately that above the point (1: £: ) there is exactly one point

((20: 20&: 2z0m: 20€m); (1: &2 1m)).

Now examine the case that wy = 0, and look at the point (0: 1: 0), i.e., wy # 0 and wy = 0.
Our equation gives us zyp = 2z = 0 and z; and 23 are arbitrary and therefore pry is not
one-to-one. Over the other point (0: 0: 1), we find zp = z; = 0 and again, the map pry is
not one-to-one. If wy; # 0 and ws # 0, then zg = 0 and 2z; = (w1 /wy)ze, therefore z; and z,
vanish or don’t vanish simultaneously. If both are 0 only one point lies above, namely

((0:0:1);(0: wy: wa)).

If neither vanishes, then z; = (w;/wsy)ze and zpzz = 2122 = 0, yet z; # 0 and 2z, # 0, a
contradiction. So, above (0: w;: wy), we have exactly one point. In conclusion, the map pry
is not one-to-one exactly over the points @ = (0: 1: 0) and R = (0: 0: 1) and the inverse
images are lines. Observe that I';, is an algebraic variety mapping to P? and that at two
points () and R, the inverse image under prq, is a codimension one subvariety. By the lifting
property of blow-ups we obtain the isomorphism

Bor(P?) — T

Tp-

So, the picture is exactly the one shown in Figure 7.8.

Figure 7.8: A rational map from Q to P? and its graph

Here, Lg and Ly are the images of g and Ex under pry, while Lp is the image of Ep
under pry. Thus, there is a birational map (not a morphism in any direction) between our
quadric @ and IP?. It blows up a point, P, of Q and blows down the two lines passing through
P on Q and in the other direction it blows up two points, @, R, of P? and blows down the
line joining them.

Suppose X ———=P" is a rational map. Can we find successive subvarieties, Y;, in successive
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blow-ups, X;, with Yy =Y C X so that our rational map fits into a diagram

Xy

Xy

X~ =P

where X; 11 = By,(X;) and ¢: X; — P" is a morphism? Observe that in Example 4 we have
exactly this situation. Here is a general theorem about this situation.

Theorem 7.64 Suppose that X — Y is a scheme over Y and L s a line bundle on X.
Suppose further we are given sections So, ..., S, € I'(X, L) so that on an open U C X they
generate L. Then, for the morphism

@ U— ]P)?/
given by these sections, there exists a QC ideal, J, of Ox and there exists a morphism

so that the diagram

U Pr.

commutes. In particular, when X is a variety (Y = Speck) and ¢, is a rational map we can
use blowing-up to resolve the indeterminacy locus. The support of Ox/J is exactly X — U.

Proof. Of course we may assume that Y is affine as the question is local on Y. Write F for
the subsheaf of £ generated by sq,...,s,. Cover X by opens X, so that £ [ X, is a free
Ox_-module. Then, ¥,: L | X, — Ox, denotes our isomorphism and so, 1, (F [ X,) is an
ideal in Ox,. On the overlaps X, N Xg, the isomorphisms 1, and 13 do not patch but are
related one to the other by multiplication by g,/gs, which is a unit on X, N Xs. Hence, the
ideals 1o (F | X,) and ¢g(F | Xp) are the same on X, N Xz and therefore, we obtain a QC
ideal, J, of Ox by glueing.
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Since F = L exactly on U we deduce that J = Ox exactly on U and therefore,
SuppOx/J=X—-U.

Take By(X), we know that 7°(J) is an invertible sheaf of ideals on B;(X). Therefore,
the global sections 7 (s), ..., 7 (s,) of 7*(L) generate an invertible subsheaf, £, of 7*(L).
However, an invertible sheaf and generating sections are exactly what we need to give a
morphism @: By(X) — P% and on 7~ !(U), since £ and L are the same, our morphism is
just . O

The reader should examine the simplest example: ¢: A? — P! given by

(z,y) = (z: y)
and go through the proof of the theorem to see that all we have done is to blow up the origin.

Staying in the classical case again, there is the notion of linear system and basepoint.
We know that our line bundle £ and our sections s, ..., s, give a linear system D on X,
namely we look at all divisors linearly equivalent to the loci > ¢;s; = 0. The basepoint
locus is given by sg = s =--- =35, =0, callit Y and U = X — Y is the locus where our
linear system gives a morphism to projective space. The theorem says we can blow up the
basepoint locus and obtain a new linear system on the blow-up without basepoints.

One of the main applications of blowing-up is to the question of resolution of singularities.
This is the following problem: Given a variety X over a field k (we assume k = k), find a
proper birational morphism X —» X so that X is nonsingular, i.e. a manifold. By Theorem
7.63, at least in the projective case, we know that X = B;(X) for some QC ideal J. We want
some control over the morphism X — X and this means to make successive blowing-ups
from X with known kinds of centers. There is also the question of embedded resolution of
singularities. Here, X < W, where W is already a nonsingular variety. The problem is to
find a nonsingular variety W and a proper birational map 7: W — W so that

(1) The strict transform, X, of X in W is nonsingular.

(2) 771(X) is a divisor with normal crossings (i.e., if Z1,..., Z, are the irreducible com-
ponents of 771 (X) meeting at some point P and if fi, ..., f, are the local equations of
these irreducible components, then the f’s are part of a regular sequence in Op, which
means of course, that fi,..., f, are linearly independent modulo m%. The latter also
means that the equation fify--- f, = 0 describes 771(X) at P.)

One can show that the morphism X — X induced by 7 is independent of the embedding
X —=W.

The history of this problem and attempts at its solution is very long. For the case of
curves both resolution and embedded resolution were settled by M. Noether and G. Halphen
in the nineteenth century. In the early twentieth century, the Italian School by its synthetic
method gave a proof for surfaces and a rigorous proof over C was first given by R.J. Walker in
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1935 [?], while Zariski gave an algebraic proof valid in characteristic zero in 1939 [?]. Further,
in 1944, Zariski settled embedded resolution for surfaces (char. 0) [?] and resolution for 3-
folds, again in characteristic zero [?]. In his thesis in 1956, Abhyankar proved resolution for
surfaces in characteristic p > 0 and in 1966 he gave a proof for 3-folds valid in characteristic
p > 5. However, in 1964, Hironaka proved both resolution and embedded resolution in
characteristic zero but for all dimensions. One the consequences of Hironaka’s theorem is
the following result:

Theorem 7.65 Suppose X and X' are projective varieties in characteristic zero and both
are nonsingular. If o: X ——— X' is a rational map, then there exists a morphism X — X
which is birational and proper and given by a finite succession of blowings-up with nonsingular
varieties as centers and there exists a morphism ¢: X — X' so that the diagram

commutes.

It is this theorem which is most often used in applications of Hironaka’s resolution of
singularities to problems in algebraic geometry, partial differential equations, etc.

If one will allow a change of function fields by finite extension, i.e., not insist on bira-
tionality in the theorem above, then the morphism X — X is called an alteration and
De Jong has proved the above theorem for alterations in any characteristic [?]. De Jong’s
theorem suffices for almost all the applications in which Hironaka’s theorem was used even
though it is weaker. But, it holds in all characteristics.

Hironaka proposed an interesting combinatorial game in connection with the problem of
resolving singularities. Write, as usual, N for the natural numbers (0, 1,2, ...). The game is as
follows: One starts with a finite set of points, A, in N C RZ, and forms B = conv(A)+RZ,,
where B is simply the positive convex hull of A (see Figure 7.9). -

Figure 7.9: Positive convex hull B of A in N”
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There are two players P; and P, and they make their moves by the following process:
Py chooses a nonempty subset, J, of {1,...,n} and P, responds by choosing some j € J.
Then, the set A is changed by taking the j-component of each of its points and replacing
that component with the sum of the components of it indexed by the chosen J.
(P=(a1,...,00) = (@1, ..., 051, ) ey Ok, Qjp1, - - -, (y).) We obtain a new set A’ and we
form again B’ = conv(A’)+RZ,. And now, players P; and P, make their moves with the new
set A’. And so the game goes. How is the winner determined? Simply this: player P; wins
after finitely moves if the positive convex hull B has become an orthant, i.e., B = v + RY%,
for some vector v. If this never occurs, P, wins. Hironaka’s problem is to show that P; has
a winning strategy no matter how P chooses his moves.

The case n = 2 is not only instructive, it is easy. For then, there are exactly three choices
for Py: J = {1}, J = {2}, or J = {1,2}. If P, picks either of the first two, of course he
forces Py’s move and the new “board” A’ is identical to A. So, P;’s only choice is J = {1, 2}.
But then, the change of board is just effected by a shear either horizontally (or vertically)
and the shearing factor is larger the larger the y (resp. x) coordinate. So, it is clear that P,
will win.

What has this to do with singularities? Simply this: The points of A are the exponents of
the monomials in our polynomial equations defining the possibly singular variety. Hironaka’s
game corresponds to blowing-up, e.g., take the equation defining the cuspidal cubic
y*—2® = 0. Either perform the blowing-up z = x/y or w = y/x, then in the first case zy = x
so the equation becomes y?(1—y2®) = 0. The points of the initial board are (0, 2), (3, 0), while
the points of the second board are (0,2), (3,3). Notice that (3, 3) is exactly the transform of
(3,0) under the upward shear corresponding to Ps’s choice of 7 = 2. Had Py chosen j = 1,

we would have had the blow-up w = y/z.
While Hironaka’s game is trivial if n = 2, it is already nontrivial if n = 3.
Finally, here is another example of blowing-up to resolve singularities.

Example 5. Consider the surface 22 = 22(z —y?) whose singular locus is given by z = 2z = 0.
A picture of this surface, S, appears in Figure 7.10.

Figure 7.10: The surface 2% = 2%(z — y?)

Our surface S is embedded in A® and we blow up the singular locus z = z = 0 and then
take the proper transform of S. The equation of the blow-up of A? is

TWo — 2W1 — 0

in A3T]P'. We have two patches, w; # 0 and wy # 0 and we let £ = wy/w; on the first
patch and 7 = w; /wsy on the second. Then, off the singular locus of S and on the first patch
we have

v® =2’ (a6 — ).
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Since x cannot be 0, we can cancel 22 and get the equation of the proper transform
1= (a6 —y°).

Note that as x goes to 0 we find 1 = —£2y? and so, if y # 0, the proper transform meets the
exceptional locus in the two points

((O,y,()); (1; i%))

When y = 0, the proper transform does not meet this part of the exceptional locus. On the
second patch where wy # 0 and off the singular locus of S, we find the equation

207 =22 (2 — o).

Of course, z # 0, so we can cancel and obtain the equation of the proper transform in the
second patch

0=z — .
When z goes to 0, we get n?> = —y? and so, if y # 0 the proper transform meets the
exceptional locus in the two points

((0,,0), (F2y: 1)).

However, when y = 0, our proper transform meets the exceptional locus tangentially in the
point
((0,0,0); (0: 1)).

The two parts of the proper transform are nonsingular hypersurfaces.
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Chapter 8

Proper Schemes and Morphisms

In the last chapter we made a fairly extensive study of what is perhaps the most impor-
tant class of morphisms in algebraic geometry—projective morphisms. In the applications it
turns out that one is faced frequently with morphisms which are not projective and yet are
well-behaved in their topological properties. These morphisms are the analogs in algebraic
geometry of the maps of topological spaces which are “relatively compact”—that is, the maps
so that the inverse image of a compact set is compact. Notive that the base space need not be
compact (a standard example is the open unit disk or the punctured unit disk) but, the fibres
are always compact. These are the morphisms wich are called proper morphisms. The reader
might review both Theorem 2.36 of Chapter 2, Section 2.5 and Theorem 7.17 of Chapter 7,
Section 7.3; these theorems assert that projective morphisms are proper morphisms.

8.1 Proper Morphisms
We begin by recalling the formal definition of a proper morphism from Section 7.3.

Definition 7.3 If X is a scheme over S, then the morphism, X — S, is a proper morphism
(we also say X proper over S) iff

(1) X is separated over S.
(2) X — X is a finite-type morphism.

(3) The map X — X is universally closed, that is, for every T over S, the morphism
pro: X [[ T — T is a closed map.
S

Remark: It is not clear at the outset that there exist non-projective proper morphisms. In
fact, for a curve over a field, properness and projectivity coalesce. If X is a surface over a field
and X is smooth, then again, properness and projectivity coalesce (at least in characteristic
7€ero).

427
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The following examples show that indeed there exist non-projective yet proper mor-
phisms. Moreover, they occur by deforming projective morphisms; so, it is clear that they
are a part of the natural landscape and not some isolated pathology.

** Examples to be supplied **

Having seem the existence of non-projective yet proper morphisms, there is an obvious
question of how close they are. This question was considered by W.L. Chow and he proved
the following theorem:

Theorem 8.1 (Chow’s Lemma) If S is a scheme and X is a separated finite-type S-scheme,
assume one of:

(o) S is noetherian or
(B) S is quasi-compact and X has only finitely many irreducible components.
Then,

(1) There exists a quasi-projective S-scheme, X', and an S-morphism, f: X' — X, which
1s both surjective and projective.

(2) One can choose X' and f: X' — X so that there is an open, U, of X for which f~(U)
is dense in X' and f is an isomorphism of f~1(U) and U.

(8) If X is irreducible or reduced, X' may be chosen with the same property

JTHU) —= X' ——=P«(F)

flu /
—>X\

Pg(€)
/

where X' — Py (F) is a closed immersion and X' — P¢(&) is an immersion.

X

Proof. The main case is when X is an irreducible scheme. For, suppose the result is known
in this case. If hypothesis (a) holds, X itself is noetherian and so has only finitely many
components; and if () holds we have assumed only finitely many components. Give each
reducible component, X;, its reduced structure and consider the scheme, X]’-, assumed to
exist in the irreducible case. Write X' = [[; X} and let f be the morphism f: X’ — X
induced by the morphisms X} — X; — X. The scheme X' is projective over X because

Projx (S [[-- TS = HPron(SZ-).
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Of course, by the theorem in the irreducible case, each X} many be chosen to be reduced
and so, X’ is reduced, which would prove (3) in the general case. As for (2), consider the
open U; in X; and write

U =uin (Ux) =v:n (NX5),

JF#i JF#i

Take U to be the union of these 171 The removal of (U#i Xj) N X, from U; to form 171 is

necessitated because X' is the disjoint union of the X/. A picture of this situation is shown
in Figure 8.1.

Figure 8.1: Construction of X’ in Chow’s lemma

It follows (by a formal argument or just by looking at the picture) that f~1(U) and U are
isomorphic via f. Hence, the irreducibility statement of (3) is also proved. Finally, (1) holds
as each X7 is certainly X-projective, so therefore is the finite disjoint union, X’. Surjectivity
is built in.

We are now reduced to the case X is irreducible. Consider the finite-type morphism
m: X — S. By definition, we can cover S by finitely many affine opens, S,, so that each
X, = m71(8S,) is itself covered by finitely many affine opens, X?. Moreover, each T'(X? O Xff)
is a finitely generated I'(S,, Og, )-algebra. Thus, X? — S, is a quasi-projective morphism,
and as S, — S is an open immersion, the composition, 7 | X?: X? — S is quasi-projective.
It follows that for each o and 3 there is an open immersion, ¢°: X2 — PP where P is a
projective S-scheme. Write U = ﬂa,g XP; each X7 is open, hence dense in X (remember,
X is irreducible), therefore, U is open and dense in X. But then, we have the morphism

p:U—P=]]P!
a,B

induced by the ?; that is, the diagrams

U——P

|| )

X§— P
commute. Now, we have two morphisms, U — X and U — P; so, we get the immersion
¥: U — X [] P. If hypothesis («) holds, then X [] P is certainly noetherian, while if (/)

S S

holds it is quasi-compact, In either case, the closure of the scheme induced on the subspace,
»(U), by X J[ P exists; this is our scheme X"
5
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We have the morphism
vh xS x [P
s

in which ¢’ is an open immersion and ¢ is a closed immersion. Now, define f to be the
composed morphism

xS x [P x
s
and 6 to be the composed morphism

9: X' & x HP%X.
S

Of course, as X [] P is projective over X, our morphism f: X’ — X is projective.
S

There are several things to prove:
(a) f1f5U): f7Y(U) — U is an isomorphism and f itself is surjective.
(b) 6 is an immersion (so that X' is indeed quasi-projective over S).
(c) If X is reduced, so is X’. (Note that irreducibility of X’ follows as f~!(U) is irreducible
being isomorphic to U by (a).)
(a) Look a the diagram
v x X TIP,

NP

X

it commutes, so f(X’) contains the dense open set, U, of X. However, f is the composition
of closed morphisms, so it is closed. Hence, f(X') = X.

To see that f is birational (i.e., f~1(U) = U via f), write U' = g~ (U [] P) and note that
g

the scheme structure on it is induced by X’. However, in the standard way, the immersion
Y: U — X [] P factors as
S

v—Uv]l[Pr—x]]P~
S S

where I' is the graph morphism of ¢: U — P. The scheme P is separared, so I' is a closed
immersion. Now, as remarked, the scheme whose closure is X’ has as closure in U [] P the

S
scheme U’, but I' is a closed immersion, so this scheme is already closed in U’; hence, it is
U'. Since ¢: U — X [] P is an immersion we find that f [ U' and ¢': U — U’ C X’ are

5
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inverse isomorphisms. (Since U’ = f~1(U) and X" is the closure of U’, we see that u’ is dense
in X’ and X’ is indeed irreducible.)

(b) We now must show that

0. XS X [P X
S

is an S-immersion. Of course, this is a local question on X’ and will be achieved by finding
a convenient open cover of X’ where immersion can be proved.

We have the open immersions ©?: X? — PP so let Y/ be ©?(X?), each Y/ is then
an open of the corresponding P?. Then, there are the projections pr?: P — P? so let
Wh = (pr2)=1(Y,?). The W/ are opens in P. Finally, set

(X8 = £
(X3 = o).

Both (X?) and (X#)” are families of opens in X’; the convenient one will turmn out to
be (XP)". As f is surjective, it is clear that the (X?)" form an open cover of X’. Suppose
we can show that (X7)" C (X£)” for all a and 3, then the latter will be an open cover of X,
too. Assume for the moment the statement (X?) C (X5)".

The W/ are an open cover of §(X’), and § will therefore be an immersion if each 6 | (X2)”

is an immersion into W/2. To prove this local immersion property, consider the morphism

B By—1
wh WB Py B el xh

and use the hypothesis that X is separated over S to deduce that the graph morphism, I'?,
of w? is a closed immersion

e wi—wl [ x.
S

Write T for the image of W2 in W2 ] X, of course, T is closed in the latter scheme. I
S

claim there is a morphism

U — WP,
so that the diagram
U’ i wp
vl s (—H)
X J]wéh
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commutes, where v? is the canonical injection. To see this, by definition of the product, we
need to prove that the two arrows

B T ’UB T wB
U-SX J[wiES X and U2 X [ W) 22wl 25 X
S S

are the same map. However, this is clear from the commutativity of the diagram

U —— (X5) wicp
pro (*)
U x0 Yo C o,

which in turn is commutative because of the commutativity of (f). So, we do indeed get the
morphism 22: U’ — W/, factoring the canonical injection via the graph, as shown in ().

From diagram (), we see that T contains the scheme U’, and so—as X’ is the closure
of U'~the scheme T also contains the scheme induced by X’ on its open (X?)”. But, the
second projection

X [[wi—w¢
S
is an isomorphism of T/ and W7; therefore, we finally find the immersion of (X?)” into W/,
via 0.
To finish this part of the proof it remains to show the assumed assertion: (X?) C (X?)".
Now, ¢~ 1(X? T] P) is the scheme that X’ induces on (X?)". So, it is the closure of U’ in
S

(X2). Look at the diagram exactly analogous to () but with (X?)’ replacing (X?)”. The
righthand inner square of this diagram:

(X2 —L—P

f prg (**)

B

U Pa Paﬁ’

will commute (by separation of P and P? over S) provided the outer square analog of
():
U —"—P

Pro

)
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also commutes. But, the latter is just (f), which commutes. But, (#x*) implies immediately
that (X7) C (XP)" by their definitions, as contended.

(c) We need only prove that if X is reduced, so is X’. But, if X is reduced, so is U;
therefore, so is U’ as it is isomorphic to U. Then, X', as the closure of U’, is again reduced.
|

Corollary 8.2 (Chow’s Lemma, proper case) If S is a scheme and X is proper over S and
if either

(a) S is noetherian or
(B) S is quasi-compact and X has only finitely many irreducible components,

then we can find a projective S-scheme, X', and a surjective morphism, f: X' — X, so
that there is an open, U, in X whose inverse image, f~Y(U), is dense in X' and f is an
isomorphism of f~*(U) and U. We can choose X' irreducible if X is irreducible and X'
reduced is X is reduced. In case X is irreducible the surjective morphism f: X' — X is
birational.

Proof. This is just our theorem but with the extra assertion that X' is projective over S.
However, the composed morphism X’ — X — S makes X' a proper scheme over S
because the first morphism (X’ — X)) is projective hence proper and the second morphism
(X — 9) is assumed proper. Then, X’ is both proper and quasi-projective (by Theorem
8.1); so, it is projective. [

Remark: If X’ — X is surjective and if X’ is itself S-projective, then X will be proper
provided it is separated and finite-type over S. (This statement is essentially the converse
of Chow’s lemma in the proper case.)

8.2 Finiteness Theorems for Proper Morphisms;
Applications

In Chapter 4, Section 4.3, after we proved that for reasonable morphisms the higher-direct
images of QC sheaves were themselves QC, we mentioned that for coherent sheaves the
situation was more difficult. For projective morphisms, the Serre finiteness theorem (Chapter
7, Section 7.5). Here, we face the general case of a proper morphism. Of course, an obvious
idea is to somehow use Chow’s lemma (our Theorem 8.1) to get the Serre theorem to apply.
But, it is not at all obvious how to do this. The essential trick is due to Grothendieck and
is contained in the next theorem. But first, we need some terminology.

If A is an abelian category and A is a subclass of Ob(A), we say that A is thick when it
has the following property: Given an exact sequence

0—A—B—C—70
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of A if any two of the three objects A, B, C' are in A, then so is the third.

For example, in Appendix A, we showed that the subclass of coherent Ox-modules in
the abelian category of all Ox-modules is thick. Let us also call A very thick whenever it is
both thick and satisfies:

If A is a cofactor of an object in A (i.e., A[] B is in A) then A itself in in A.

In addition we need another property of a subclass, IE, of the abelian category, Coh(Ox),
of coherent Ox-modules, this time connected with a closed subset, X, of X. This is:

K is strongly X -dense in Coh(Qy) iff for every irreducible closed subset, Y, of X , with
generic point y, there exists a coherent Ox-module, G, in K whose stalk, G,, at y, is a one-
dimensional (y)-space. The subclass K is X -dense in Coh(Ox) iff for all irreducible closed
Y C X there is a coherent Q- module, G, whose support is Y and which belongs to K.

Remarks:

(1) The terminology “thick” is not what one finds in EGA-there one finds (unfortunately)
the overworked word “exact.” However, it is clear why A should be called thick.

(2) As for the concept of denseness, first observe that because it is the stalk of G at y (not
the fibre of G at y) which is a one-dimensional x(y)-space, the support of such a G is
exactly Y. (It is contained in Y as one should be able to see immediately, and it is all

of Y being closed and containing the generic point.) So, strong X-denseness implies
X-denseness. Moreover, X-denseness merely says that

K N (part of Coh(Oy) with support = Y) #

for every irreducible Y C X.

Having explained the terminology we can prove

Theorem 8.3 (Unscrewing Lemma) If X is a noetherian scheme and X is a closed subset
of X, and if we are given a subclass, K, of Coh(Ox) so that either

(1) K is thick in Coh(Ox) and strongly X -dense there, or
(1) K is very thick in Coh(Ox) and X -dense there,

holds, then every coherent O x-module with support in X is already in K. In particular, when
X = X, we obtain K = Coh(Oy).
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Proof. We use noetherian induction; that is, if we write P(Z) for the statement: A coherent
Ox-module with support in 7 is already in C, we must prove

whenever Y is closed in X and if for all Y’ closed and strictly contained in ¥ we know P(Y”)
is true, then P(Y) is true.

So, take Y closed in X , assume for each closed Y’ < Y every sheaf, M, with support
contained in Y’ is already in K, and take a sheaf F whose support is in Y, we must show
F € K. Give Y its reduced structure as scheme so that Y is defined by a coherent ideal.
J, of Ox. Now, X is noetherian, F is coherent and the support of F is in Y, so there is
an integer n > 0 with G"F = (0). For any integer, k, with 1 < k£ < n, we have the exact
sequence

0 — J'F/3"F — F/I3*F — F/3FF —0.

By ordinary induction on k we must prove the sheaf J*~1F/J*F is in K and then F will
be in K because K is thick. The latter sheaf is killed by J, therefore we may and do
assume JF = (0). This means that F = i,(i*(F)), where ¢: Y — X is the canonical closed
immersion. There are two cases:

Case A:Y is reducible. We have Y = Y' U Y"” with closed subsets Y’ <Y and Y" < Y.
Again, give Y’ and Y” their reduced scheme structures, defined by the coherent ideals, J’
and 7" of Ox. If we set F' = F®0Ox /73 and F" = F @ Ox /3", we get the homomorphisms
F — F and F — F". Therefore, we deduce a map 0: F — F'[[F” and the question
is local where everything is affine. So, if z ¢ Y NY”, either 7, = Ox, or 37 = Ox_.. In
the either case, the map 6, is bijective. Hence, Ker 6 and Coker ¢ have their supports in
Y'NY”. But Ker # and Coker # are coherent sheaves, and so by our assumption lie in .
Then, the exact sequence

O—)Im@—)]:/H]:”—>COker9—>O

shows that Im 0 is in K because, F' and F” are there (assumption) and K is thick. Now,
the exact sequence
0 —Ker —F —Im6 —0

proves that F is in IACi, and case A is proved. Notice that the density of K was not used in
this part of the proof.

Case B:'Y is irreducible—hence integral. Here, we will need some form of the X -density
of K.

First assume (I): K is thick and strongly X-dense. For 1y, the generic point of Y we have
Oy, = k(y) and F, = (i*(F)), is a finite-dimensional x(y)-space because i*(F) is coherent.
As K is strongly X-dense, there is a coherent Oy-module, G, with

(a) G eK.

(B) Gy is a one-dimensional x(y)-space.
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So, there is some r(y)-isomorphism G;* = F,. But, both F and G are Ox-coherent, so the
iomorphism come from an isomorphism

grIw=FIw

for some open neighborhood, W, of y in X (coherence implies finite presentation, cf. Ap-
pendix A, Corollary A.20).

Write H for the graph of this last isomorphism; it is a coherent Oy -submodule of
(G™[1F) I W isomorphic to both G™ | W and F | W. Because G, is a finite-dimensional
k(y)-space, the sheaf G™ has support exactly Y (as already mentioned) and so the sheaf
G™ [ F has support eaxctly Y. Consequently, there is a coherent O x-module, 7:2, contained
in G" [[F so that

(i) H (X —Y)=(0) and

(i) H W =%

Look at the two projections G™ [[F — G™ and g™ [[ F — F, and restrict them to
the submodule H. We get the Ox-module maps

<p:ﬁ—>gm and ¢:ﬁ—>]—".

On the open, W, these maps are isomorphisms, and on X — Y they are also isomorphisms
because both sides are (0). Thus, the kernel and cokernel of ¢ and v have their supports
in Y — W NY; and this a proper closed subset of Y. Our assumption shows that Ker ¢,
Coker ¢, Ker 1, Coker ¢ all lie in IC. Also G € K and therefore, by thickness, ™ € K. We
deduce as before from ¢ that H € K. And now, we deduce again as before from 1 that
Fek.

Now, assume (II). Here, the sheaf G has a stalk of dimension n > 0 at y (because the
support of G is exactly Y'). This means that for some m and ¢, we have an isomorphism

(Gy)™ = (Fy)*.

We continue exactly the same argument as above and deduce that F? = F H X H F lies

q
in IC. But now, K is very thick, so F € K. O

We can finally prove the finteness theorem for proper morphisms. In the proof we will
use the following easy lemma:
Lemma 8.4 Suppose
Fi L)f2—>f3—>f4i>f5

1s an exact sequence of Ox-modules and Fi, Fo, Fu, F5 are all coherent. Then, F3 is
coherent.
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Proof. From our exact sequence, we get the short exact sequence
0 — Coker u — F3 — Ker v — 0. (%)
We also have the short exact sequences
0 — Imu — F, — Coker u — 0

and
0 — Kerv — F4, — Imv —0.

If we prove that both Coker u and Ker v are coherent, then (%) implies F3 is coherent. From
the last two exact sequences, we need only prove Im u and Im v are coherent. However,
both are locally f.g. because they are images of coherent sheaves. But then, as subsheaves of
coherent sheaves, being locally finitely generated they are themselves coherent. (cf. Remark
(3) just after Definition A.6 in Appendix A). [

Theorem 8.5 (Finiteness Theorem for Proper Morphisms) If Y is locally noetherian and
m: X — Y s a proper morphism, then for each coherent Ox-module, F, the Oy-modules
Rim (F) are all coherent (¢ > 0).

Proof. The question is local on Y, so we may assume Y is noetherian. As 7 is proper, X
is also noetherian. Now, let IC be the subclass of Ob(Coh(Ox)) consisting of those coherent
sheaves F for which the conclusion of the theorem is true. Of course, 0 € K.

I claim that K is very thick.

For, suppose that
0 —F —F—F" —0

is a short exact sequence of coherent Ox-modules then we get the piece of the long exact
sequence of derived functors

R"'r,F — R 'n,F' — R'm,F — R'n,F — R'm,F" — R™"'n,F' — R™'n,F.
(a) If 7/ and F” are in K, we use
R 7, F' — Rin,F' — R'1,F — Rit,F" — R 'x, F'
and deduce from the lemma that RI7,F is coherent and so, F € K.
(b) If F and F” are in K, we use
R 7, F — R 1, F" — R'n, F — Rin,F — Rim,F"

and proceed as in (a); we get F' € K.
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(c) If 7" and F are in K, we use
Rim, F' — R'n,F — R'n,. 7" — R""'n,F' — R, F

and proceed as above.

Hence, K is thick. If F € K has the form F'[[F”, with F’ coherent, then from the split
exact sequence
0—F 2F 2 F —0
we find that
R'r.F = Rin. F' [ Rm.F".

Now, Rim,F is coherent and hence, is locally f.g.; so, Rim,F’ is locally f.g. However, it is
quasi-coherent (Chapter 4, Theorem 4.18) and Y is noetherian. (Another way to see the
same thing is that RIm,F’ is a submodule, locally f.g., of the coherent Ox-module Rir,F.
Thus, Rim,F' is coherent.) And, so F' € K; this proves our claim that K is very thick.

We must now pove that K is X-dense in Coh(Ox). Suppose we can show the following
statement: If X — Y is proper (Y locally noetherian, of course) and X is irreducible, then
there is an F € K so that F, # (0), where x is generic in X. Then we will be done as
follows:

Choose any irreducible subscheme, Z, of X and let i be the closed immersion Z < X.

The composed morphism Z — X — Y is proper. By our statement there exists a coherent
Oz-module, G, so that G € Kz and G, # (0), where z is the generic point of Z. This means
that the support of G is equal to Z, and R%((7 0 7).G) is coherent. But, i,G is a coherent
Ox-module (cf. Proposition 4.21, Chapter 4) with (i,G). # (0) and the spectral sequence of
composed functors

RPr,(RYi,G) = R*(101i).(G)

degenerates because 7 is an affine morphism (so, R%,G = (0) when ¢ > 0, c¢f. Corollary 4.12,
Chapter 4). Therefore, we have the isomorphism

Rim,(i.G) = Ri(m01i).(G),

and the righthand side is coherent. So, i,G is the sheaf in Ly (= K) we need in order to
show that K is X-dense.

Finally, we are reduced to proving the italicized statement above. It is here that we
use Chow’s lemma. By it, there exists a morphism, ¢: X’ — X, which is X-projective
and X' is irreducible and, moreover, X’ is projective over Y by Corollary 8.2. Since ¢ is
projective, X’ possesses an ample Ox-module, call it £. (Of course, we write Ox/(n) to
refer to twisting Ox: by L") Apply Serre’s finiteness theorem (cf. Chapter 7, Theorem
7.36) to the morphism ¢; this gives:

(i) R%,Ox:(n) is Ox-coherent, for all n > 0 and all ¢ > 0.
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(ii) Ri¢.Ox:(n) = (0), for every ¢ > 0 provided only that n > ng, for some fixed ny.
(iii) The morphism ¢*¢.(Ox/(n)) — Ox:(n) is surjective if n >> 0.

We pick n big enough to satisfy (ii) and (iii) above. Write F for ¢,Ox/(n). From (iii),
we find that F, # (9), where x is generic for X. Now, we need to ptove R?m,F is coherent
for all ¢ (i.e., F € K). But, mo p: X’ — Y is projective; hence, R (7 o ¢).(Ox/(n)) is
coherent for all n and ¢ ((i) for the projective morphism 7 o ¢). Use the spectral sequence
of composed functors to obtain

R, (R1p.(Ox(n))) = R*(7 0 ¢).(Ox:(n)),

and observe that by (ii), R%.(Ox/(n)) = (0) for all ¢ > 0. The spectral sequence therefore
degenerates and we obtain the isomorphism

Rim (F) = R(m 0 ¢).(Ox(n))

and the righthand side is coherent. ]

We single out two cases for special mention:

Corollary 8.6 IfY is locally noetherian and m: X — Y is a proper morphism, then m,F is
a coherent Oy -module whenever F is a coherent Ox-module. (Case ¢ =0 of the theorem.)

Corollary 8.7 Suppose that Y = Spec A and A is a noetherian ring and that 7: X — Y is
a proper morphism. If F is any coherent Ox-module, then the cohomology groups H1(X, F)
are finitely generated A-modules for every g > 0.

—_—

Proof. We know that Rim,F is H1(X, F) (cf. Chapter 4, Corollary 4.19). As A is noetherian,
the only way R?m,F will be coherent is for H7(X, F) to be finitely generated. [J

Remark: When A = k, a field, then the cohomology groups, H9(X, F) are finite dimen-
sional vector spaces over k. This corresponds to the well-known topological statement that
for compact topological spaces cohomology with coefficients in the base field is finite dimen-
sional in all dimensions. It shows that proper is the correct analog of compactness in the
norm topological case.

There is a slight generalization of the finiteness theorem that is very useful:
Corollary 8.8 Assume that Y is locally noetherian, that w: X — Y is a finite-type mor-

phism and that F is a coherent Ox-module whose support is proper over Y. Then, Rim,F
1s coherent for all ¢ > 0.
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Proof. The conclusion is again local on Y and so we may assume Y is noetherian and
hence X is noetherian. Give Supp(F) its reduced induced scheme structure, call it Z, then

Z4H X —VYisa proper morphism. If J is the ideal sheaf of Oy defining Z, then there
is an integer N so that J¥VF = (0). Just as in the proof of the untwisting lemma, we use
induction on N to reduce to the case that JF = (0). This means that F = j.G, where
G = j*F. Now, G is coherent on Z, so the spectral sequence of composed functors

Rm (Rj.(G)) = R*(7 0 j).G
degenerates (because j is an affine morphism) and yields the isomorphism
Rim, F = Rim.(j.(G)) = R (70 j).G.

But the righthand side is coherent since o j is proper as remarked above. []



Chapter 9

Chern Classes and the Hirzebruch
Riemann-Roch Theorem

9.1 Chern Classes

In order to minimize the amount of preliminaries, we assume that X is a nonsingular projec-
tive connected variety over C. Let n = dim(X). We have the cohomology groups H"(X,Z),
0 < r < 2n. They have no torsion, and thus are free, and they are dual to the homology
groups H,(X,Z). Poincaré duality implies that
H"(X,7) = (H™ (X, Z))".

Assume that Y C X and that Y has codimension r as complex algebraic variety. Then,
the homology class of Y is 2r-codimensional, i.e., in Hs, o,.(X,Z). By Poincaré duality,
Hy,,_9,(X,Z) is isomorphic to H* (X, Z). The intersection of ¥ and Z in X (we may have to
move Y and Z to have a good intersection) corresponds to the cup product of cohomology
classes.

Let £ be a locally free sheaf of rank  on X. We want elements ¢;(£), where
c;(€) € HY(X,Z),
the Chern classes of £. We define
c(E)t) =141 (E)t+ -+ ()"
to be the Chern polynomial of £.
The following conditions on Chern classes are required.
Definition 9.1 Chern classes satisfy the following conditions.

(CI) (Naturality) Let ¢: Y — X be a morphism and £ a locally free sheaf on X. Then,

a(p &) =" (alf))
in H*(Y,Z).

441
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(CII) (Euler property) Let A(X) = H*(X,Z), as graded ring. If
0—& —E€—E"—0

is exact (where £, &’ E" are locally free sheaves), then
c(E)(t) = c(E)(t) c(E")(D).

(CIII) (Normalization) Let &€ = £ = Ox(D) for some divisor D on X (D = its cohomology
class in H*(X,Z)). Then,
Cl(OX(D)) =D.

Given X and &, take a test scheme T over X, with mp: T — X. We get 5P on T.
Look at flags
&P =F, D F_ 12 2 F1 2 Fy=(0),

so that
(1) F; is a locally free Op-module.
(2) Fj/F;-1 = L; is invertible.
These are complete T-flags for 75E”. We have the functor on X-schemes
T +— {complete T-flags for m4EP}.

This is representable, the object representing it is the flag scheme of € over X, denoted by
Fx(&). Observe that

Fy(€) 2 P(E) — X.
The mapping ® is obtained by sending the flag

&P D Fey 2o 2 F1 2 (0)
to m-EP D F,_1, and then, to the surjection
&P s &P | Fo g
(using the fact that P(€) represents the functor Hom x (7', P(£)).)

Remark: For every p € P(€), the fibre at p is “Fp)(Fr—1),” a lower dimensional flag.

If we admit that Fx (€) exists as a scheme and that we have a morphism ©: Fx(£) — X,
then ©*EP has an Fx(€)-flag (DX). Then,

@*E’.Dgfr—lg"'gflg(o)a
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with invertible sheaves £; = F;/F;_1 on Fx(€), j = 1,...,7. Apply this to EP. Over
Fx(EP), we have the “splitting”

@*ggfr—lggflg(o)a

with £; on Fx(EP). However,

T s

co(©7€)(t) = [Je(cy®) = [T+ Dso).

j=1 j=1

where D; € A(Fx(EP)), by (CII) and (CIII). If we have Chern classes on X, then (CI)
implies that
c(©7E)(t) = 0%(c(€)(1)),

and then,
T

O (c(&)(t)) = [[(1 + D1).

=1

If the map ©*: A(X) — A(Fx(EP)) is injective, two ways of defining Chern classes agree in
A(Fx(EP)), and hence on X.

Proposition 9.1 The Chern polynomial c(E)(t) is unique if ©*: A(X) — A(Fx(EP)) is

mjective.

The proof that ©*: A(X) — A(Fx(EP)) is injective proceeds by induction and uses the
fact the fibres of Fy (EP) — P(EP) are projective bundles, similarly for P(£P) — X, and
reduce to the case P(€”) — X by a spectral argument due to Armand Borel.

We now turn to the existence of Chern classes. Given 7: P(£) — X, it turns out that
A(P(E)) = H*(P(£),Z) is an A(X) = H*(X,Z)-algebra free as an A(X)-module, of rank
r =rk(€), and it is generated by

\,H, H? ... H !,

where H is the cohomology class of the hyperplane bundle Opg)(1) (H € H*(P(£),Z)). The
map A(X) — A(P(E)) is injective. Thus, H" is a linear combination of 1, H, H? ... H™!
with coefficients in H*(X,Z). We get

H +aH '+ agH 2+ +a, =0. (%)
Observe that a; € H¥(X,Z). We let
¢i(€) = ay.

Since
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we get (CI). Assume that € = Ox (D) € Pic(X). In this case, P(£) = X,
Or(e)(1) = E7 = Ox(~D),
and thus, H = —D. Thus, (*) implies (since r = 1) that
—D+a; =0,

that is, oy = D. Thus,

c(Ox(D))(t) =1+ Dt,
and (CIII) holds. To prove (CII) requires more work.

Computations.

(1) The splitting principle suggests the introduction of the Chern roots of £. Write

T

c&)t) =1+ cr(E)t+ -+ (E = [ +t),

Jj=1

where «; is the jth Chern root. Then,
Cﬁ(g) = O-j(fyla s 777‘)7

where o; is the jth symmetric function in r variables. Thus, we can compute for £ as if it
were a sum of line bundles whose Chern classes are 71, ...,7,. As an illustration, we get the
following.

(a) (€@ F)(t) = IT;;(1 + (3 + 6;,)1)-

(b) c(€TTF)@) = c(€)(t) c(F)(t) = TT;(1 +it) [T;(1 + 95t).
(c) e(€P)(t) = I1;(1 — i), and thus, ¢;(€7) = (=1)¢;(€).
(d) (A" E)(t) =TTy <.csp (1 + (i + -+ 7)0).

(€) co(SUE)t) = Ty 4ty —a(L + (M + -+ My, )2).

(2) Given &, twist by Oy, to get £(n). If n >> 0, the sheaf £(n) has lots of sections, and
it is generated by these sections. Pick oy,..., 0., generic sections of £(n) (where rk(€) = 7).
If ¢ < r, consider
oL N A Or—qg+1,

a non-generic section of /\’“_qul &. The zero locus turns out to have codimension ¢ and is
the carrier of ¢,(£(n)). By (a),

T

c(€(m)(t) = [JA + (v +nH)t),

J=1

where the 7,’s are the Chern roots of £ (and H is the class of the hyperplane bundle, as
before).
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Example 9.1 Assume that » = 2, and that ¢y, c; are known for £(n). We have

c(EM)E) = 1+ (n+nH)t)(1+ (v2+nH)t)
= 14+ (m+2+2nH)t+ (my2 + (1 +2)nH + n’H?)E
= 1+ (c1(E)+2nH)t + (co(E) + n(c1(E) - H) +n*(H - H))t?

This implies that

ci(E(n)) = (&) +2nH
(€M) = (&) +nlci(&) - H)+n*(H-H).

Thus, we can solve for ¢;(€) and ¢3(E).

Let p1,...,p, be some indeterminates and look at
1 + P12 +]9222 + -

Give p; some degree d; (generally, d; — oo as j — 00.) We consider functions K from power
series to power series (with first term 1)

K <ijzj> = ZKj(ph cee ,pj)z
§=0

J=0

Such a function is called multiplicative and the family {K;(pi,...,p;)}32, a multiplicative
sequence if every identity

5=0 5=0 =0
is equivalent with an identity
S s2 = (S w2 ) (S ).
§=0 5=0
We can construct such sequences. Observe that if we know
K14z = Z K;( 0)2’
7=0

then we know K in general. Introduce the formal roots 7;’s. Look at

L+piz+ -+ p2” = L+ m2)(L+722) - (1 +72),
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and apply K. We get

ZKj(p’s)zj = HK(l +7;2) = H (Z Ki(v;,0,.. .,O)zl> .

j=1 j=1
So, given a power series
Q(2) =14 hyz + hoz® + -+ -+,

consider K defined by
K1+ 2z)=Q(2).

For convenience, we now change notation: Let z = t* and make ¢, ..., ¢, via the equation
S = (Serar] (St
j=0 k=0

Now, where we had Kj(p’s) we have T};(c’s). The relationship is as follows. Given Q(z), we
make the K;(p’s). Let

Q2) = Q(2*).

Then, we can make from Q(z) the sequence K;(c’s), and we get
Kj(p's) = Ks;(’s),  Kajia(c’s) = 0.
We have the following two facts.
Proposition 9.2 The following properties are equivalent for power series.
(1) InT,(c1,...,cpn), substitute ¢; = ("jl) Then, T(cq,...,cn) = 1.
(2) The coefficient of t* in Q(t)*! is 1.

(8) Ty(c1) = 3¢1 and the coefficient of ¢§ and the coefficient of ¢y in Ti(cy,. .., cx) are
equal.

Proposition 9.3 There exists a unique power series having the above properties, namely

t
1—et

Q1) =

Remark: If X is a nonsingular variety, the Chern classes of X are by definition the Chern
classes of its tangent bundle. What are the Chern classes of P"? We have the exact sequence
(Euler sequence)

0— Qb — H Opn(—1) — Opn — 0.

n+1
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We get
c(Qpa)(t) = (1 — Ht)"™ mod H",

that is,

EESTES DE] (e

j=0 Jj=0 J
and thus,

¢;(P") = (” i 1) Jig
J

3

and apply Q). We get

Z]}(Cl,..., ]:[ _6—’Ylt

Definition 9.2 Given a nonsingular projective variety X of dimension n, the (unique) poly-
nomial Y37 Tj(c1, ..., ¢;)t is the (total) Todd polynomial of X, denoted by td(X)(t). The
coefficient T),(c1, . .., ¢,) is called the Todd genus of X, and is denoted by td(X).

Example 9.2 Consider a curve X, i.e, dim(X) = 1. Then, v; = ¢;. We need the term of
degree 1 in

Clt
1— e—at’
We have
B 2,3 4 .
e = 1-2-'-5—54—?4‘0(2)
. 2 L3 A .
1—ce¢ = Z 2' —|—§ J—FO(Z )
1 1
1 = —F gzt ozt F a2 +as2 + O,
— e F z

Thus, by multiplication, we get

1 1
1:1+<—§+a0>z+<6—%+0z1) 22+ 0(2%),

and
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We get

cit 1 1 ¢ 3 C1 2
—— =t —+ =+ —=t Ot’) =1+ —t+O(t*).
1 —eat @ <clt+2+12)+ () +2 +O(F)

Thus, for curves, the Todd genus td(X) is given by

1 1
td(X) = 501 = —§K,

where K is the class of the canonical bundle, K € H?(X,Z). Under the isomorphism
H*(X,Z) =7

(evaluate on [X] € H*(X,Z)), we get

td(X) = —deg (%K) _ —%(29 o) —1-g

Now, assume that X is a surface, i.e., dim(X) = 2. We have
L+ et + eot® = (1 + 71t) (1 + at)
and

td(X)(t) = (1 _’yét—’nt) (1 —fyzt_'yzt).

Thus,

1 1 1 1
td(X)(t) = <1 +omt+ Eyft? + O(t3)) <1 + ot + Eygt? + O(t3))

1 1 1
= 1+ 5(% + )t + (E(vf +72) + Z%%> £+ 0t°)

1 1 1

1 1
= 1+ §Clt + E(C% + Cg)t2 + O(t3>

Therefore, for a surface,

1 1
td(X)(t) =1+ st + E(K2 + )12

We are now ready to the Hirzebruch—Riemann—Roch theorem.
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9.2 Hirzebruch—Riemann—Roch Theorem

Let £ be a vector bundle of rank 7 on X, and let 74, ..., be the Chern roots of £. Write

T

(E)H) =D,

=1

the Chern character of £. We have
=1
Ch(g)(t) =7+ Z E Sk(vh cee 777‘)tk7
k=1

where
Sk(’yla---,’}/r) :’yf—}—_‘_,yf
Thus, we have
1
CH(EE) = FK(E) + et + (6~ 20) -

The computation from 1(a) show that
ch(E ® F)(t) = ch(E)(t) ch(F)(t).

We can also check that
ch(€ @ F)(t) = ch(E)(t) + ch(F)(t).

Hence, the Chern character is a ring homomorphism
ch: Kieet(X) = H*(X,Z),

where Kyet(X) is the Grothendieck group associated with vector bundles. Let dim(X) = d.
Given a vector bundle &£ of rank r on X, let

d

i=0
the Euler characteristic of the vector bundle €. Also, let T'(X, E) be the degree d part of
ch(&)(t) td(X)(?)

evaluated on [X].

Theorem 9.4 (Hirzebruch—Riemann—Roch) Let X be a complex, compact, nonsingular, pro-
jective variety and £ a vector bundle of rank r on X. Then,

X(X, &) =T(X,E).
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In general, we denote the Chern classes of £ by eq,...,e,., and the Chern classes of X
(really, of T'x) by c1,...,¢,. Let us unravel what Theorem 9.4 says in the case of a curve
and of surface, when £ is a line bundle.

(1) X is a curve, ie., dim(X) =d =1, and £ = Ox(D), where D is a divisor. Then, we
have

ch(E)(t) = 1+ Dt
(X)) = 1+%cl(X)t

ch(E)()td(X)(t) = 1+ (D + %cl(X)) t

The degree 1 part evaluated at [X] is

(D + %cl(X)) [X] =deg(D)+1—g.

Therefore, we get the Riemann-Roch theorem for curves:
dim H°(X, Ox(D)) — dim H'(X,Ox(D)) = deg(D) + 1 — g.
Using Serre duality, we get the usual version

dim H°(X,Ox(D)) — dim H*(X,Ox (K — D)) = deg(D) +1 — g.

(2) Now, consider surfaces, i.e., dim(X) = 2, and still a line bundle £ = Ox (D). Since
c1 = —K, We have

1
ch(&)(t) = 1+e1t+§e§t2
1 1
td(X)(t) = 1—§Kt+E(K2+02)t2.

The degree 2 part is

1 1 1
—i(K et + <§e% + E(K2 + 02)) 2

and evaluated at [X], we get
1 1
(D>~ K-D)+ —(K?

and thus, the Riemann-Roch for surfaces is
1 1
dim H°(X, Ox (D)) —dim H' (X, Ox (D)) +dim H*(X, Ox (D)) = §(D—K)~D+ E(K2+C2).

Let us now give a quick proof of the Riemann-Roch theorem for curves and line bundles

Ox(D).
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Theorem 9.5 Let X be a complete nonsingular curve over an algebraically closed field k.
Then, if X has genus g and canonical class K, for any divisor D on X, we have

dim H°(X,Ox(D)) — dim H*(X,Ox (K — D)) = deg(D) +1 — g.
Proof. For every P € |D|, we have the two exact sequences

0— Ox(—P) — Ox — k(P) — 0 (a)
0— Ox — Ox(P) — k(P) — 0. (b)

First, assume that D is effective. Tensor (a) with Ox (D). We get
0— Ox(D—-P) — Ox(D) — k(P) — 0.
Using cohomology, take x (X, —). We get
X(X, O0x(D)) = x(X,0x(D — P)) + 1.
We proceed by induction. If D = 0, the formula says
dim H(X,0x) —dim H'(X,0x) =0+1—g.
However, by Serre duality,
dim H'(X, Ox) = dim H°(X,wy) = g,

the genus of X, and
H(X,0x) 2k,

because X is a projective variety, and thus, dim H°(X, Ox) = 1. By induction, we get
X(X,Ox(D — P)) =deg(D — P)+1—g=deg(D) —1+1—g=deg(D) -y,

and thus,
X(X, Ox(D)) = deg(D) +1—g.

Now, assume that D is arbitrary. We can write D = D; — Dy, where Dy, Dy > 0. For any
P € |Ds|, using (b), we get

0 — Ox(D) — Ox(D+ P) — k(P) — 0.
Again, by taking x(X, —), we get
X(X,0x(D + P)) = x(X, Ox(D)) + 1. (x)
By induction, we get
X(X,0x(D+ P))=deg(D+ P)+1—g=deg(D)+1+1—g=deg(D)+2—y,

and by (%),
' X(X,0x(D)) =deg(D)+1—g.

Then, we reduce the proof in the case of a general divisor to the case an effective divisor,
which completes the proof. [J
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Appendix A

Sheaves and Ringed Spaces

A.1 Presheaves

Let X be a topological space. If T denotes the topology on X, then 7 is completely specified
by and completely specifies a certain category which we shall denote by Cat 7. The objects
of Cat T are the open sets in X. If U and V are open sets of X, we set

[0 itUgZVv
Hom (U, V) = { {incl} fUCV
where {incl} is the set with one element: The natural inclusion map U — V. Let C be
an arbitrary category (for example C might be the category of sets, the category of groups,
the category of rings, etc—the reader is urged to think of C as the category of sets until he
becomes more facile with the material to be presented.)

Definition A.1 A presheaf F, with values in C on X is a (contravariant) functor from

(CatT)° to C.

Observe that to give a presheaf on X (with values in C) we must give for each open set
U of X, and object F(U), of C and these objects must “fit together” according to the rule:
If V C U, there is a map in C, denoted p¥ taking F(U) — F(V)—frequently called the
restriction from U to V—so that if

V'CV CU, then pY = plopY.

Here are some examples of preshaves, they are taken from the literally infinite number
available in mathematics.

(1) X is an arbitrary topological space, C is the category of rings, and F is the presheaf

given by:
F(U) = all real-valued continuous functions defined on U.

453
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(4)
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(Clearly F(U) is a ring under the usual operations of addition and multiplication of
functions). We must still give the collection of maps p¥. € Hom (F(U), F(V)), but in
this case our choice is clear:

v (f)=Ff1V.

That is, p¥ is what we are used to calling the restriction from U to V; in fact, the
terminology associated with p{ in the general case comes from just this example. The
presheaf F is called the presheaf of germs of real-valued continuous functions on X.

Again X is to be an arbitrary topological space. Let C be any category and let A be
any object of C. For each open U in X, let F(U) = A and let pY be the identity map
A — A for each V C U. These data define a presheaf called the constant presheaf on
X and usually denoted, A. Of particular importance is the presheaf Z, where Z is the
group of integers—so C is the category of abelian groups in this case.

Let X be the field of complex numbers with its usual topology. For each open set U of
X, let F(U) be the holomorphic complex-valued functions on U (resp. the meromor-
phic complex-valued functions on U), and let p¥ be the usual restriction of functions.
We obtain the presheaf called the presheaf of germs of holomorphic (resp. meromor-
phic) functions on X.

(Partial generalization of (2)) Let X be an arbitrary topological space; let C be the
category of abelian groups—AB. Given an open set U of X, let Zy be defined as

follows:
_ _J() ifvguU
zv)= 11 z _{Z ifVCu
Hom (V,U) -

If V! C V then Zy(V) — Zy (V') is clear; it is the identity map if V' C U and the
zero map otherwise. This prescription yields a presheaf Zy for each open set U of X;
hence, yields an infinite family of presheaves. When U = X, we obtain the presheaf Z
of example (2).

Problem A.1 (Generalization of (4)). Let X be asin (4), C as in (4). Let F be a presheaf
of sets on X and let A be an abelian group. For each U in X set

Ar(U) = H A = {functions: F(U) — A with finite support}.
F(U)

Make Ar into a presheaf on X. How does one choose F, A in order that Ar = Zy?

Now the presheaves on X with values in C form a category themselves which we will
denote P(X, C). To see this, one need only define the notion of morphism between presheaves
and check the required axioms. This is done as follows: Given F,G objects of P(X,C), a
morphism ¢ from F to G is a consistent collection of morphisms o(U): F(U) — G(U), one



A.1. PRESHEAVES 455

for each U in CatT. Consistency is understood in the sense that whenever V' C U the
diagram

commutes. So a morphism of presheaves is nothing but a “natural transformation” of func-
tors. That this definition of morphism satisfies the category axioms is obvious.

If C = AB, we write P(X) instead of P(X,AB). Let F,G be presheaves of abelian
groups on X; let o: F — G be a morphism of presheaves. Consider the following two
functors F',G"” on X:

FU) = Ker(FU) ™ g)) = Ker o(U)
G"(U) = Coker (F(U) ™™ g(U)) = Coker o(U).

One checks easily that F',G” are presheaves of abelian groups on X and that we have
canonical morphisms

F—F, G—G"

The presehaf F’ is called the kernel of o and the presheaf G” is called the cokernel of o.
Given a sequence of presheaves

F -5 F L F

we shall say that this sequence is ezact if and only if for every U of Cat T, the corresponding
sequence

F ) ™ Fuoy ™M 7o)

is exact (as a sequence of abelian groups). A moment’s thought shows that F' -7+ F is
injective (i.e. F'(U) — F(U) is injective for all U) if and only if Ker 0 = 0, and a similar
statement holds for surjective. In this way, the category P(X) behaves just like the category
AB; hence it is an abelian category.!

Problem A.2 Show that the presheaves Zy form a system of generators for P(X) in the
sense of Grothendieck [21]. Deduce that P(X) contains “sufficiently many injectives.” How
many of the axioms AB 1, 1*, etc., can you prove for P(X)?

!The reader who wants the precise definition of abelian category can consult Grothendieck [21] or Freyd
[16]; he can also trivially check that P(X) is an abelian category according to these definitions.
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A.2 Sheaves

A sheaf is a special type of presheaf. Briefly, the problem which sheaves solve is the repre-
sentation of a consistent collection of local data on a topological space as a mathematical
entity. That is, one frequently is given data valid in a neighborhood of each point z € X,
consistent in the sense that these data agree on overlaps, and one wishes to incorporate all
the data into one mathematical object. On the surface, it appears that a presheaf is just the
correct object; however, implicit in the requirement that our object represent the data is the
requirement that it be reconstructable from (or be determined by) the local data. It is just
this requirement which presheaves fail to satisfy. For example, if X is a space consisting of
two disjoint, connected components, and if F,G are the presheaves given by

F = constant presheaf Z on X
o) { Z if U is in one component

Z][Z if U intersects both components non-trivially

then F and G are “locally isomorphic” by a globally defined map; that is, they look the same
in a suitable neighborhood of each point, but they are NOT the same presheaf.

The first sentence of this section betrays our point of view; we consider sheaves as “spe-
cial” presheaves. There is another fruitful way to look at sheaves which is slightly more to
an analyst’s or topologist’s taste. Both view-points give the same results and it is wise to
know both as there are situations where one is technically simpler to handle than the other.

To define the notion of sheaf we need the concept of an (open) covering. Let {U; — U}
be a family of morphisms in Cat7 (i.e., the U; are open subsets of U). We say that the
given family lies in Cov T or is a covering of U if and only if

Uu=v

Suppose {U; — U} € Cov T; then for any presheaf F on X and any index ¢, we obtain a
morphism F(U) — F(U;). Therefore, by varying i, we obtain the morphism

a: F(U) — Hf(Ui)-

(This assumes, of course, that the category C posseses products—a situation which holds
for all the categories we will consider below, sets, groups, modules, etc.) For fixed ¢ and
varying j, we have the canonical morphisms U; N U; — U;; hence, we deduce a morphism
FU;)) — [, F(U; N U;). Upon taking the product of these morphisms over all i, we get
the morphism

B [[F W) — [[FW:nUy).

1,J
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In the same manner, varying ¢ not 7 and taking the product over all j, we obtain

6: [[FW) — [[FWinU)).

2%
Given this preparation we can now state our definition.

Definition A.2 A sheaf, F on X is a presheaf which satisfies the axioms:
(S) For every family {U; — U} € Cov T the sequence

FU) - [[FW) 2:? [[Fwinuy)

1s exact.

(Recall that for categories C based on sets, a sequence
o A
Fr2 P 3"
B4
is ezact if and only if o’ maps F’ bijectively onto the set of all elements of ' whose image

in F” under 8] and ) agree. Exactness makes sense in an arbitrary category as well—we
omit the definition and refer the reader to [?7].)

A few examples will clarify the intuitive content of the definition of a sheaf. Note that
the question of exactness in (S) can be broken down into two questions:

(a) (Uniqueness): Are two elements &, € F(U) equal if when restricted to each set of an
open covering they become equal?

(a) (Existence): Given a collection of elements &; € F(U;) whose restrictions to the overlaps
U; N U; agree for every i and j, does there exist an element in F(U), say &, whose
restriction to U; is &; for every 47 That is, can we “patch together” the elements &; to
form a “globally defined” element &7

In the light of this remark, it is trivial to see that the presheaves of Examples 1 and 3
(of Section A.1) are sheaves. They will be called sheaves of germs of continuous functions
(resp. holomorphic) functions hereafter. What about example 27 There is a serious reason
why the constant presheaf A is not a sheaf (except in the trivial case).

Proposition A.1 Let X be a locally connected space, and let F be a sheaf of sets on X.
If U is any open subset of X and {U;} is the family of connected components of U, then
{Ui — U} € Cov T and

Fu)y=1]rw).
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Proof. The U; are open in U by local connectedness, and clearly form a covering of U. If
we apply axiom (S) to this covering, we deduce the exact sequence

—>H]~" iH]—"UﬂU)

2%

Now, for ¢ # j, U; N U; = 0; hence F(U; NU;) = {0}. It follows immediately that 5 = [,
for every element of H F(U;), and the exactness of our sequence completes the proof. O

The proposition demonstrates that the closest a sheaf can come to being constant is to
be locally constant, that is, constant on connected open sets.

Our main object now will be to construct from each given presheaf of sets, a corresponding
sheaf—called the associated sheaf to the presheaf.

Let U be an open set in X and let {U; — U}ier and {U5, — U}rea be two coverings
of U. By a map € from {U; — U}er to {Uy, — U}rea we mean a map of the index set
I, to the index set A, say € again, such that for every ¢ € I, we have U; C U E’(i). Frequently,
{U; — U} is called a refinement of {Uy, — U} if there is a map € as above. Let F be a
presheaf on X, and define for any open covering {U; —» U} the set H*({U; — U}, F) by

H({U; — U}, F) = Ker {Hf(U — [[7w: mU)}

52 i

B
Here, Ker {F —= G} means the set of all £ € F such that 3(¢) = £/(€) in G.
6/

Lemma A.2 Let F be an arbitrary presheaf of sets on X, let U be any open subset of X,
let {U; — U}, {Uy — U} be two coverings of U; finally let € be a map from {U; — U}
to {Uy, — U}. Then € induces a map € from H({U, — U}, F) to H*({U; — U}, F)
and any two maps from {U; — U} to {U5, — U} induce the same map on the sets H°.

Proof. The inclusions U — Ul;) induce maps F(U/;)) — F(U;) for each i € I; hence we

€(7)
have a map [[, F( Uj) - = [, F(U:). In a similar manner, we obtain the map
[L.,.FUNU,) 2 [;; F(U; N Uj), and the diagram

[[FU) —Z [TFU:NU;)

* *
ElT T%

[IFWU) —= IIFUiNT)

is commutative. It follows that €* exists as claimed.

We have now to prove the important part of the lemma which says that for any two
maps € and ¢ from the covering {U; — U} to the covering {U, — U}, we have ¢ = €*.
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If a, 3 are indices in either I or A, we shall let p§ denote the restriction map from F(UY,)
to F(Us) when it exists, and in a similar way p§, will denote the restriction map from
F(UL) to F(U;NUY) (and p¥ denotes the restriction map from F (U], NU}) to F(U,) when
U, € U, NU;). With this notation, the maps €] and €; can be rendered very explicitly.
An element of [[F(U;) is a function whose value at A € A is in the set F(U}); hence, if

¢ e [IF (),

€)= pV¢q
(€78 = p; (Z)ﬁe/(i)
Now, if £ € H'({U, — U}, F), then

Pﬁp& = (ﬁlg)ku = (ﬁ2§)>\u = piugu' (*)
Since U; C UE’( N U,(Z we deduce

e(d) _ e e@) @) | €@) _ e@) (@) €(9)
Pi " = P Peiyeriyr  Pi = Pi Pe(iye (i)
Thus,
(615) E(Z A 28 66(2 - i li)e (Z)PE(E;)E/(Z)&/(Z) = (El*g)ia
as required. Observe that equation (x) was used in the middle equality. O

Lemma A.2 is the most important special case of a general result on homotopies between
maps in the theory of Cech Cohomology (Chapter B, Section B.3).

Our next objective is to define Cech “cohomology groups” using the notion of direct mapping
family. Recall that if I is an index set which is a directed preorder and if we have a direct mapping
family {F;}ier, which means that for all 4,5 € I with i < j, there is a map pj: F; — Fj so that

pi = id
P = PLOP;
for all 7,7,k € I with i < j < k, then the direct limit (or inductive limit), hg i, 1s defined as

follows: First, form the disjoint union [[,.; F;. Next, let ~ be the equivalence relation on []
defined by:

i€l ZEI

fi~ f; iff pﬁlg(fi) = pi(fj) for some k € I with k > 1, 7§,
for any f; € F; and any f; € F}. Finally, the direct limit 11_II>1E is given by
% F; = <HF>/ ~ .
1€l

For every index i € I, we have the canonical injection ¢;: F; — [[,-; Fi, and thus, a canonical map

i By — li_n>1Fi, namely

iel

mii [ [l
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(Here, [z]~ means equivalence class of x modulo ~.) It is obvious that m; = 7; o pé- forall i,j € I
with ¢ < j. Note that if each F; is a group or a ring, then lim F; is also a group or a ring. For
example, in the case where each F; is a group, we define addition by

]+ [f5] = ok (fi) + pi(fj)], for any k € I with k > i, 5.

The direct limit lim F; is characterized by the important universal mapping property: For every G
and every family of maps 0;: F; — G so that 6; = 6; o pé-, for all 4,5 € I with i < j, there is a
unique map, : hﬂFZ — @, so that

0; =pom;, foralliel.

We apply the above construction to the preorder of domination among open coverings.

Given two coverings {U; — U} and {U§ — U}, we shall write

{U; — U} > {U, — U} and say that {U; — U} dominates {U5 — U} (or refines
{Uy, — U}) if there is a map {U; — U} — {U, — U}. Clearly, the relation of
domination partially orders the coverings of U and turns the set of such coverings into a
directed set. According to Lemma A.2; the sets H°({U; — U}, F) form a direct mapping
family on this directed set of coverings of U, for the map between sets H({U; — U}, F),
H({U; — U}, F) depends only on the domination relation. Consequently, it is legitimate
to pass to the direct limit over all coverings of U in the mapping family H°({U; — U}, F).
The direct limit is denoted H (U, F) and is usually called the zeroth Cech cohomology group
of U with coefficients in F. For the present purposes, we adopt the slightly simpler notation
FE(U) for HO(U, F). Thus,

FOW)= lim H({Ui = U}, F)

(the direct limit over all coverings {U; — U} of U.)

Remark: As pointed out by Serre (see FAC [47], Chapter 1, §3, Subsection 22), there is a set-
theoretic difficulty when defining the direct limit ) (U) with respect to the collection of all
coverings of U, since the collection of all coverings of an open set is not a set (the index set is
arbitrary). This difficulty can be circumvented by observing that any covering {U; — U }iey is
equivalent to a covering {U} — U} ca whose index set A is a subset of 2% Indeed, we can take
for {U — U}ren the set of all open subsets of X that belong to the family {U; — U}icr. As we
noted earlier, if {U; — U}ier and {U; — U}aeca are equivalent, then there is a bijection between
HO({U; — U}, F) and H°({U; — U}, F), so that we can define

FOW) = lim H({U; — U}, F)

with respect to coverings {U; — U} whose index set I is a subset of 2%. Another way to circumvent
the problem is to use a device due to Godement ([18], Chapter 5, Section 5.8).

Now observe that U ~» FH)(U) is itself a presheaf. For if V C U and if {U; — U} is a
covering, then {U; NV — V'} is a covering, and clearly there is a natural map
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H'{U; — U}, F) — H°({U; NV — V}, F). From the universal mapping property of
direct limits it follows that we obtain a map F™)(U) — FF) (V). One checks very easily
that these data do indeed describe a presheaf F(*)

The point of all the above is that F*) while, in general, not a sheaf, is much closer to
being a sheaf than F is. In fact, we shall show that F(*) satisfies the following axiom weaker
than axiom (S):

Axiom (+) If {U; — U} € Cov T, then F(U) — [[, F(U;) is injective.

Theorem A.3 Let F be a presheaf of sets on the space X, then the presheaf FP) satisfies
aziom (+). For any presheaf G, if G satisfies aziom (+), then G™) is a sheaf. Consequently,
for any presheaf F, FOE) is a sheaf. If F is an arbitrary presheaf, there is a natural map
F — FF) and the presheaf F ) satisfies the following universal property: Every map of
the presheaf F into a sheaf G factors uniquely through the canonical map of F into FH(F)

Proof. Let &, &, belong to FF)(U) and assume &, and & have the same image in F()(U;)
for each 7. Since

FOU) = li H'{V, = U}, F),

the elements & and & can be represented by elements &, & in HO({V, — U}, F) for some
covering {V,, — U} of U. When this is done, the image of & (resp. &) in FH(U;) is
represented by the image of & (resp. &) in HO({V,NU; — U;}, F). However, & and &, have
the same image in F()(U;) for every i; hence, there is a covering {W,; — U;} dominating
{Vo, N U; = U;} such that the images of & and & agree in [[, F(Wa;). When both a and
i vary, {Wa; — U} is a covering which dominates {Vi, — U} and for which &, &, have
equal image in [], ; F(Wy;). It follows immediately from the definition of 7 (+) that &, = &.

Now assume that the presheaf G satisfies axiom (+). We contend that the map
H{U;, — U}, G) — H°({U; — U}, G) induced by a refinement of coverings
{Ui — U} > {U, — U} is always ingective. To see this, let € be the map of coverings
{U; — U} — {U{ — U}, and consider the diagram of coverings

{U;NU}

e S
\/

Since {U; N Uy, — U\ } for fixed A is a covering, and since G satisfies (+), we deduce that

{U3}

o: [Jowy) = JJowinuy)
A i\
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is injective. However, § when restricted to H°({U; — U}, G) is precisely the map 7 *;
hence, 7'* is an injection. But Lemma A.2 shows that 7* o € = 7'*; hence, € is indeed an
injection.

Let {U; — U} be a covering, and let £ € H'({U; — U}, G™)) be given. We must
show that ¢ is the image of some element of G(F)(U). Let &, be the i® component of &, (so
& € GH(U)), and choose for each i a covering {V,; — U;} and an element
& € H°({V,; — U;}, G) representing ;. Then we have the following diagram of coverings

{Vait =— {Vai N U} =— {Vai N V;}

| | |

Uiy =——{U; N U;} =——{U; N Up,}

| | |

U {Us} {Vas}-

The element & induces an element 52-%) € H'{V, NU; — U;NU,;},G), and similarly, &;
induces an element 52-(72]-) € H'({U;NVy; — U;NU;}, G). Since € € HO({U; — U},G)), the

elements 52-(71]-) and 52-(3) represent the same element of G(*)(U; N U;). Therefore, 52-(71]-) and 52-(3)
“become equal” in some covering of U; N U; which is a common refinement of the coverings

{meU] —)UZHUJ}, {UZHVB] —)UZﬁU]}

However, we have just proven that the induced maps on H° are always injections (since
G satisfies (+)), and it follows from this that 52-(71]-) and 52-(3) become equal in any common
refinement of the above coverings. In particular, 52-(’1]-) and 52-(3) become equal in

[1.59(Vai N V), which proves that § € H({Va; — U}, G). Hence, ¢ € GH(U) as
required, and G) therefore is a sheaf.

The identity covering {U — U} is dominated by every covering; hence we obtain the
map
FU)=H'({U — U}, F) — lim H'({U; — U}, F) = FO).

Moreover, if G is a sheaf, and {U; — U} is a covering of U, then consideration of the
commutative diagram

[[F(U:NU;) —=T[G(U:N ;)

I |

[1F(U:) [16(U:)

T |

F(U) g(U)
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shows that any map F — G factors through F*) in a unique way. This proves the universal
mapping property of the sheaf associated to a presheaf, and completes the proof of Theorem
A3. O

Notation: The sheaf associated to the presheaf F will be denoted F#. The sheaf F# is
sometimes called the sheafification of F.

There is a second way of constructing the sheaf associated to a given presheaf, this is the
method of étalé spaces—it is more classical than the double limit method adopted above.
If X is a topological space, then the pair (F, ) consisting of a topological space FE and a
surjective map m: E — X is an étalé space over X if and only if 7 is a local homeomorphism.
If (£, 7) is a such a space and U is an open subset of X, then a continuous map o: U — E
is called a section of E if and only if (7w o o)(x) = z for every x € U. (The word “section”
is short for cross-section and the origin of this word is obvious from the diagram showed in
Figure A.1).

Figure A.1: A section of some étalé space

Given (E,m) over X, let Ey(U) (= I'(U, E)) denote the set of sections of E over U.
The family of sets Ey(U) is a presheaf in the obvious way, and it is trivial to verify that
Ey is actually a sheaf. So with every étalé space (E, ) over X, one has a canonical sheaf
associated, Fy, usually called the sheaf of germs of continuous sections of E. The nub of the
second method consists in associating to the presheaf F an étalé space (F,7) and then in
passing to the sheaf Fo.

Let x € X be a chosen point and let J, denote the family of open sets of X containing
x. The set J, is directed by defining that U > V whenever U C V. If F is a presheaf on X,
we may then form the direct limit

lim F(U) = 7.
Uuedy

which is called the stalk of F at x. Observe that if F is a sheaf of groups or rings, F, is a
group (resp. ring) for each = € X.

The notion of stalk allows us to give a very precise formulation of the principle that
sheaves are determined locally on X. This is
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Proposition A.4 Let F,G be sheaves of sets over X, let p: F — G be a morphism. For
each v € X, the morphism ¢ induces a map p.: Fr — G.; @ 1s an isomorphism if and only
if g 1s an isomorphism for all x € X.

Proof. Choose = € X, and let U € J,. Then ¢ gives rise to a map F(U) — G(U), which
when coupled with the canonical G(U) — G, gives us the mapping F(U) — G,. it is easy
to check that the latter map commutes with restriction to smaller open sets; so it factors
through the direct limit, F, of the sets F(U). Clearly, if ¢ is an isomorphism so is ¢, for
each x.

Now suppose ¢, is an injection for each x. Given an open set U, let £,n be chosen in
F(U) and assume that ¢(§) = ¢(n). For each z € U, p(§). = ©(n), (here ¢(§), is the image
of (&) in G, etc.). As @.(&) = ©(€)s, we deduce that &, = n, for each x € U. This means
that there exist open sets U, for each « € U, with z € U, and p§ (£) = p§ (n). But the
family {U, — U} is an open covering, and £, 7 go to the same element of [ [, F(U,) under
the mapping F(U) — [], F(U,). Since F is a sheaf, this implies that { = 7.

Finally, let @ € G(U) be chosen, then as ¢, is surjective for each x € U, there exist
elements &, in F, such that ¢,(£,) = a,. The elements &, arise from elements &, € F(U,)—
where the sets U, are open neighborhoods of z. Since ¢(£.), = a,, there is a smaller
neighborhood V, of x such that p{*(¢.) = p¥ (o). We may therefore assume that U, = V.
If y is another point in U, let &, be the restriction of & to U, NU, and let £, be the similar
restriction of §. Then

Since ¢ is injective (by the above paragraph), this shows that &, = .. It follows from

the second part of the sheaf axiom for F that there exists an element £ € F(U) such that
pg. (&) = &, for every x € U. Clearly, ¢(£) = o, which proves that ¢ is surjective. []

Theorem A.5 Let F be a presheaf of sets on X. There is associated to F an étalé space,
(F,m) in a canonical way such that for every x € X,

Fp=n"Y2).

If Fo is the sheaf of germs of sections of .7?, then as a sheaf, Fo is canonically isomorphic to
F7#. Every sheaf is the sheaf of germs of sections of its associated étalé space.

Proof. For each x € X form the stalk, F,, at x. Let F be the disjoint union of the sets
F. as x varies over X, and define 7: F — X by the rule: 7 takes all of F, onto x. Then
the equation F, = 7!(x) is automatic, and all that is lacking is the definition of a suitable
topology on F. If the open set U is given and x € U is chosen, then there is a map
puz: F(U) — F,. Let s € F(U), and let py,(s) be denoted s(z). For fixed U, and varying
z, we obtain 5(z) € F, (each z); hence, 5 is a function from U to F. Moreover, by the
definition of 7, we have (7 0 3)(z) = x for each x € U. It is easily seen that if ¢t = pl/(s), for
V C U, then ¢ is the restriction of § to V in the sense of functions. We give F the finest
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topology that renders the maps s continuous for every s € F(U) and every U € Cat T . Thus
a set £ C F is open if and only if

(VU) (Vs € F(U))({x € U | s(z) € E} is open in X).

If U is open in X, and V is another open set in X, then for every s € F(V), we have
s H7x=1(U)) = UNV; hence, 7 is continuous. Moreover, $(U) is open in F by definition,

and m maps $(U) homeomorphically onto U. Thus, (F,7) is an étalé space, as required.

The mapping s — s takes F(U) into ./%O(U ) for each U, and is a map of the presheaf F
into the sheaf fg. As such it factors through the associated sheaf F# to F, and we obtain
the map of sheaves F# — j—v"o. If we show that ]-"f = F, and (fg)x = F,, then Proposition
A4 will imply that F# is isomorphic to Fo. Since F) = F whenever F is a sheaf, the
remaining statement of Theorem A.5 will follow from the equality F# = Fo.

The equality (j—v"o)x = F, follows immediately from the definitions. We now show that

FiP = Fu, which will complete the proof. If s and t are two elements of F, whose images
s’ and t’ are equal in ]-"QEH, then they are representing elements o, 7 € F(U)—for some U
containing #—whose images o', 7 € F*)(U) are equal. Hence, there is a covering

{U, —> U} such that o/, = 7/, for every a (where o/, (resp. 7..) is the o' component of o’
(resp. 7')). But the point x belongs to one of the U,, and for this «, the elements o/, and 7/,

are representatives of s and ¢; hence, s = t. Given any element s of féﬂ, it is represented by
some element o of F)(U)—U being an open neighborhood of z. The element o, in turn, is
represented by a family (o,,) of elements of F(U) corresponding to a covering {U, — U}.
One of the U, contains x, and for this «, the element o, represents a element r of F,.
Clearly, the image of r in F™*) is 5. O

Remark: Theorem A.5 show that the functor (F,7) ~~ Ey is an equivalence of categories
between the category of étalé spaces over X and the category of sheaves of sets over X.

Given a sheaf, F, over a topological space X, for every open subset U of X, the set (resp.
group, ring, etc.), F(U), is called the set (resp. group, ring, etc.) of sections of F over U and is
also denoted I'(U, F), the notation being justified by the fact every sheaf is the sheaf of germs of
sections of its étalé space. A section o € F(X) = I'(X,F) over X is called a global section of F
over X. For every section o € F(U) = I'(U, F), where U is any open subset of X, for every z € U,
we let o, (or occasionally o(x)) denote the image of o under the canonical map F(U) — F, (the
germ of o over U at z). A sheaf G over X is a subsheaf of the sheaf F if and only if G(U) is a
subset of F(U) (resp., subgroup, if F is a sheaf of abelian groups) for every open subset U of X,
and the restriction maps pg{, (resp. homomorphisms) are induced (by restriction and corestriction)
by the corresponding maps pfg (for all open U,V with V' C U). The reader should check that the
€talé space G associated with G is an open subset of the étalé space F associated with F , and that
conversely, the sheaf of sections associated with an open subset of an étalé space F is a subsheaf of
the sheaf of section of E. Assume further that F is a sheaf of abelian groups. The support of the
sheaf F is the set, Supp F, of all z € X such that F, # (0).
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Problem A.3 Let F be a sheaf and (F, ) its associated étalé space. Let U be an open
subset of X, and let s and t be sections of E over U. Show that the set of all x € U for
which s(z) = t(x) is an open subset of U. If the topology on E' is Hausdorff, prove that the
set where s(x) = t(x) is closed in U. Hence, show that if £ is Hausdorff, two sections which
agree at a point agree in the whole connected component of that point (analytic continuation
of sections). If X is a complex analytic manifold and F is its sheaf of germs of holomorphic
functions, is £ Hausdorff? Answer the same question if X is a topological space and F is
the sheaf of germs of continuous functions on X.

Problem A.4 Let F be a sheaf over X and suppose furthermore that F satisfies axiom (S)
for arbitrary sets and arbitrary coverings from X. (That is, remove all mention of openness

from axiom (S).) Show that for each set T in X, F(T) = (I(T, F)) is the set [Ler Fo

A.3 The Category S(X), Construction of
Certain Sheaves

By S(X) we shall mean the full subcategory (i.e., all morphisms) of P(X) formed by the
sheaves (of abelian groups) of P(X). (Similarly for S(X, £), where £ stands for the category
of sets.) We have two functors relating S and P:

(a) i: S — P, the functor which regards a sheaf as a presheaf, and

(b) #: P — S, the functor which assigns to each presheaf its associated sheaf.

Theorem A.6 The category S(X) is an abelian category. The functor i is left-exact and
the functor # is exact. Moreover, the functors i and # are adjoint (in the sense of Kan
[35]), that is

Homp(G,iF) ~ Homs(G¥, F)

for every presfeaf G and every sheaf F over X.

Proof. Let F and G be sheaves of abelian groups on X, and let : F — G be a morphism.
We can form the two presheaves

U ~ Ker(FWU)—GU))
U ~» Coker (F(U)— G(U)).

Of these, a simple argument shows that the first is a sheaf, while the second need not be
a sheaf. Define Ker 6 to be the former sheaf and Coker 6 to be the sheaf associated with
the latter presheaf. The reader may check that with these definitions of Ker 6 and Coker 6,
S(X) forms an abelian category.

That ¢ is left-exact follows immediately from the fact that the presheaf kernel and sheaf
kernel coincide. The adjointness property of the functors i and # is merely another way
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of stating the universal mapping property of the sheaf associated to a presheaf. It remains
only to prove that # is an exact functor. Now, the functor (+): P(X) — P(X) given by
F ~» F) is left-exact as one easily checks. It follows from this that i o # = (+) o (+)
is also left-exact. However, as i is left-exact and fully faithful (i.e., i(F) = (0) if and only
if 7 = (0)), one finds that # is left-exact. So all that is necessary is to prove that # is
right-exact. Let /' — F — F” — 0 be an exact sequence of presheaves, and observe
that by the adjointness of # and 7 we have an isomorphism

Hom p(F,iG) ~ Hom s(F¥,G)
for every sheaf G over X. Hence, in the commutative diagram

0 —— Homp(F",iG) —— Homp(F,iG) — Hom »(F’,iG)

l | |

0 — Hom s(F'#,G) — Hom s(F#,G) — Hom s(F #,G),

exactness in the top row implies exactness in the bottom row. But we have assumed

F' — F — F” — 0 is exact, so that the top row of our diagram is exact. Thus, for
every sheaf G, the bottom row of the diagram is exact; this implies that the sequence

F# — F# — F'# — 0 is exact. [0

A less category—theoretic proof of the exactness of # may be given as a consequence of
the following proposition.

Proposition A.7 Let F,G € S(X) and let 0: F — G be a morphism. Then 0 is injective
(resp. surjective, bijective) if and only if for every x € X, the induced map 0,: F, — G, is
injective (resp. surjective, bijective). A sheaf F is zero if and only if all its stalks are zero.

Proof . Since passage to stalks is an exact functor (trivial because a presheaf and its associ-
ated sheaf have the same stalks), and application of the last statement to the sheaves Ker 6,
Coker 6 will yield the first statements. Consequently, only the last statement requires proof.

Now, obviously, if F is zero so are all its stalks. Assume all the stalks of F are zero.
Given any open set U, and any ¢ € F(U), since &, is zero in F, for each x € U, there is
an open neighborhood U, of x in U such that &, = p§j (£) vanishes. But {U; — U} is

a covering and & goes to zero under the map F(U) — [[, F(U,). As F is a sheaf, ¢ is
zero—completing the proof. ]

The proof that # is exact is now obvious. Namely, if 7/ — F — F” — 0 is exact in
P, then certainly
Fo— Fp— F, — 0

is exact as a sequence of abelian groups. As F# = F,, etc., we deduce that

Ft —Ff — F#*—0
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is exact for every x. Proposition A.7 shows that F# — F# — F'# — (0 is exact in S.

The proof of Theorem A.6 illustrates a very basic principle: If one wishes to make a
cetain (functorial) construction on sheaves, one first does the construction for presheaves,
and then passes to the associated sheaf. The following illustrations of this process are worth
more than any further explanation.

(a)

Cokernel of a map of sheaves (as in Theorem A.6). If §: F — G is a map of sheaves,
form the presheaf cokernel

U ~» Coker (F(U) — G(U)),
and pass to the associated sheaf. The result is Coker 6.

Direct sum of sheaves. Let {F,} be a family of sheaves and form the “presheaf direct
sum of the F,,” i.e., the presheaf

U~ [[FaU).
The associated sheaf to this presheaf is the direct sum of the F, in S(X). Hence, S(X)
has direct sums.

Direct products of sheaves. Let {F,} be a family of sheaves and form the “presheaf
direct product of the F,,” i.e., the presheaf

U~ [[Fa(0).

In this case, one obtains a sheaf, so U ~ [[, Fo(U) is the direct product of the F, in
S(X). Hence, S(X) has products.

Direct limits of sheaves. Let {F\,} be a direct mapping family of sheaves over the
directed index set A. The “presheaf direct limit”’ of the F) is the presheaf given by

lei f)\U
iy (U)

Its associated sheaf is the direct limit of the F) in S(X). Observe (exercise) that for
every © € X,

(1 5), -y -

Projective (Inverse) limits of sheaves. Let {F,} be an inverse mapping family of
sheaves over the directed index set A. The “presheaf inverse limit”’ of the F,,

U~ lim FA(U
% \(U)

is actually a sheaf; hence it is the inverse limit of the F) in S(X).



A.3.

(f)

THE CATEGORY S(X), CONSTRUCTION OF CERTAIN SHEAVES 469

Torsion subsheaf of a sheaf. Let F a sheaf, then F(U) has a torsion subgroup tF(U)
for each U. The presheaf
U~ tF(U)

is actually a sheaf, called the torsion subsheaf, tF, of F. The quotient F/tF of F
by its torsion subsheaf (i.e., the cokernel of 0 — tF — F) is called the torsion-free
quotient of F. It is an easy exercise to verify that (F/tF)(U) is a torsion free group
for every U. One obtains the decomposition

0 —tF —F — F/tF —0

of every sheaf into its torsion and torsion-free pieces.

Tensor-product of two sheaves. Let F,G be two sheaves, and form the presheaf tensor
product of F and G (over Z),

U~ FU)®GU)

The sheaf associated to this presheaf is the tensor product of 7 and G in S(X). Observe
(exercise) that for every x € X,

Sheaf of germs of homomorphisms from F to G. Let F,G be two sheaves over X. If
U is an open subset subset of X, we may define two “new sheaves” F | U and G | U,
called the restrictions of F (resp. G) to U, as follows:

(FI1O)(V)=F(V), (GIU)(V)=gG(V) forVCU.
These are sheaves over U. Consider the presheaf
U ~~ HOIHS(U)<.F f U,Q f U)

It is actually a sheaf, called the sheaf of germs of homomorphisms from F to G, and
denoted Hom (F,G). We have a canonical homomorphism

Hom (F, g):c — Hom (f:ca gx)a

but this is neither injective nor surjective in general.

Problem A.5 Show that an injective sheaf is injective as a presheaf, i.e., the functor @
preserves injectives.

Problem A.6 For any open set U of X, define the section functor, I'y, by

I'y(F)=F).

(Sometimes, the set F(U) is denoted I'(U, F).) Show that I'y is a left-exact functor.

Problem A.7 If 0 — F' — F is an exact sequence of sheaves, and if C denotes the
presheaf cokernel of F' — F, prove that C satisfies axiom (+). Deduce that C*) is the
sheaf cokernel of F' — F.
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A.4 Direct and Inverse Images of Sheaves

Let X,Y be topological spaces and let f: X — Y be a continuous map from X to Y.

(a) Direct Image. Let F be a sheaf on X. For each open set V in Y, the set f~1(V) is
open in X. Define a presheaf on Y by

Vs F(fHV).
This is actually a sheaf, called the direct image of F by f, denoted f,F. Thus

LV, F) = (LF)V) = F(fH (V) =T(f7(V), F).

(b) Inverse Image. Let G be a sheaf on Y. If € X, consider the set Gy(,). There is
a sheaf, F, whose stalk at x € X is the set Gyy; it is called the inverse image of G by
f, denoted f*G. Thus, f*G is a sheaf over X, and (f*G), = G). (This is an example
of a construction where knowledge of the stalk-theoretic approach to sheaf theory is very
helpful.)

To define the sections of the inverse image of G over an open set, one proceeds as follows:
Given an open set U of X, let I{; be the family of all open V in Y with the property that
f(U) C V. Now, the sets G(V) form a direct mapping family as V' ranges over I{;; hence,
we obtain the presheaf, fpG, on X by setting

£G(U) = limy G(V).

verf

The sheaf associated to this presheaf is f*G. To see this, note that the stalk of f*G at z € X
is just the limit lim (fpG)(U) (recall, J, denotes the family of open sets of X containing

x.) Thus,

Uuedy Ve[{,

the latter equality because f is continuous from X to Y.

Remark: Suppose that f is an open map (as well as being continuous). Then the directed
set I{; has a final element, f(U); hence the presheaf fpG is given by U ~~ G(f(U)). It is
easy to see that, under these circumstances, fpG satisfies axiom (4). However, even if f is
open, fpG need not be a sheaf. If f is a monomorphisms (into), then fpG is a sheaf; hence
coincides with f*G.

If f: X — Y is the inclusion map, i.e., X is a subspace of Y, then f*G is called the
restriction of G to X, and is denoted G | X. If F is a sheaf on X, then f.F is the sheaf on
Y given by

I'U, f.F)=T{UNX,F).
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Theorem A.8 Let X,Y be topological spaces, and let f: X — Y be a continuous map.
Then the functor f.: S(X) — S(Y) is left-exact, the functor f*: S(Y) — S(X) is ezact,
and these two functors are adjoint, i.e., there is a natural isomorphism

9(.7—", Q) : Homg(X)(f*g, ./_") — HOmg(y)(g, f*./_")
for every F € S(X) and G € S(Y).

Proof. That f, is left-exact is trivial. To prove that f* is exact, one examines the stalk-
theoretic definition and uses Proposition A.7. The details are easy and will be omitted.
Let us prove that f* is the left-adjoint of f,. Let ¢ take f*G to F in S(X). There is a
map of presheaves fpG — f*G, and this, when coupled with £ yields a map of presheaves
¢ fpG — F. Hence, for every open set U in X, we obtain a map

§'(U): fr(U) — F(U).

Now for every open V' of Y, such that f(U) C V, we have a mapping G(V) — fpG(U).
Hence, for all U and V with f(U) C V', we deduce a map

§U.V):G(V) = F(U).

Given V, let U = f~YV). Certainly F(U) C V, so we obtain from the above a map

¢V): G(V) = F(fH(V)) = £ F(V)

which is easily seen to be a map of sheaves. Set 6(F, G)(&) equal to '5 The procedure above,
run in reverse with obvious modifications, yields a map inverse to 6(F,G), and completes
the proof. [

Corollary A.9 Let the hypotheses be as in Theorem A.8. Let F be a sheaf on X, G a sheaf
on Y. Then there are canonical maps

cany f: f[*f. F — F
cany f: G — f.f*G.

Proof. In the theorem, set G = f,F. Then
0(F.G): Homsx)(f* fF, F) — Hom sy (fuFs fuF)

is an isomorphism. The inverse image of the identity map f.F — f.F under 6 is cany f.
In a similar manner one constructs cany f. [

Ezxample. let X be an arbitrary topological space, let Y be the one point space, and let
f: X — Y be the map collapsing all of X to the one point of Y. If F is a sheaf on X, then
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f«F is the sheaf on Y whose stalk at the unique point of Y is the set F(X). If G is a sheaf
onY (i.e., if the set G(Y) is given), and if U is a nonempty open subset of X, then

frG(U) = G(f(U)) = G(Y).

Hence, fpG is the constant presheaf (with value G(Y)) on X, and f*G is the sheaf generated
by the constant presheaf U ~~ G(Y).

Let us apply this to the case in which G = f,F for a sheaf 7 on X. Then f*f,F is the
sheaf generated by the constant presheaf U ~» F(X) (U open in X), and our canonical map
f*f«F — F is exactly the one induced by the map of presheaves
F(X) = fpfeF(U) — F(U) given by the restriction from X to U. It follows that cany f

is neither injective nor surjective in general.

Problem A.8 Give an example to show that cany f is neither injective nor surjective in
general.

Problem A.9 Let X,Y,Z be three topological spaces, let f: X — Y, ¢g: Y — Z be con-
tinuous maps, and let h = g o f. Show that as functors, h, and g, o f, are equal, and that
h* — f* o g*'

Problem A.10 A space X is irreducible if it is not the union of two closed proper subspaces.
(We assume X = ().) A sheaf F on any space X is locally associated to a constant presheaf
if every point of X has an open neighborhood U such that F | U is the sheaf associated to
some constant presheaf on U. Suppose that X is irreducible. Prove that the following three
conditions are equivalent:

(a) F is a constant presheaf on X.
(b) F is the sheaf associated to a constant presheaf on X.

(c) F is locally associated to a constant presheaf.

A.5 Locally Closed Subspaces

A subspace Y of a topological space X is locally closed in X if and only if for each y € Y,
there is an open neighborhood of y in X, say U(y), such that Y N U(y) is closed in U(y).

Ezxample.
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O
Figure A.2: Example of a locally closed set

A square whose interior and bold face edge excluding circled points make up Y.

Remark: The following are equivalent:
(a) X is locally closed in X.
(b) Y is the intersection of an open set and a closed set in X.

(c) Y is open in its closure, Y.

Let X be a topological space and let F be a sheaf of abelian groups on X. If M is an
arbitrary subspace of X, the support of a section o € T'(M,F | M) is the set, Supp o, of all
x € M such that o, # 0.

Lemma A.10 Let X be a topological space and let F be a sheaf of abelian groups on X. Let
M be an arbitrary subspace of X and let o € I'(M,F | M). Then the support of o is closed
mn M.

Proof. Look at the complement, C, of the support of o in M. If v € C', 0, = 0. Now, F, is
the inductive limit over all open neighborhoods U (of x in M) of the groups (F [ M)(U).
The element o € I'(M, F) induces on each such U its restriction, o [ U, in I'(U, F | M), and
o, is the image of these restrictions in the direct limit F,. Since o, = 0, and since 0 € F, is
the image of the element 0 in (F | M)(U) for each U, it follows by the definition of direct
limit that there exists an open U in M such that o | U = 0. Hence, this open neighborhood
U (of z in M) lines in C, and this proves that C' is open in M.

Locally closed subspaces are extremely important in algebraic geometry and sheaf theory
because of the following extension theorem.

Theorem A.11 Let Y be a locally closed subspace of X, and let F be a sheaf of abelian
groups on Y. Then there exists a unique sheaf F on X such that F 'Y = F and
F I (X -Y)=(0).
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Remark: The sheaf F is called F extended by zero outside Y.

Proof. Let us first prove that F is unique. This will be done by characterizing the group
F(U) in terms of the sheaf F. Assume then that we have a sheaf F on X which when
restricted to Y gives F and when restricted to X — Y is zero. Consider the map

WU FU) — FUNY)=FUNY).

(Here, F(U NY) is the group of sections over U N'Y of the étalé space associated with F.)
Suppose that o € F(U) and p¥y (0) = 0. For any x € U, when x ¢ Y,

0, € (F1(X=Y)),=(0)andwhenz € Y, 0, = pYy(0), = 0. Hence, 0, =0 forallz € U,
that is, pY.y is injective. Which elements of F(UNY') come from F(U)? Obviously, exactly
those elements o of F(U NY’) which can be extended continuously to functions 7: U — F
which vanish outside Y. By Lemma A.10, the support of such a & is closed in U. But the
support of @ is exactly the support of o; so we deduce that the elements o of F(U NY)
which come from F(U) are exactly those whose support is closed in U (not only in U NY).
Hence,

FU)={oceFUNY)|Suppo is closed in U}, (%)

and this proves the uniqueness of F.

Actually it does more, for the presheaf U ~ F(U), where F(U) is defined by (*) is
easily seen to be a sheaf. We claim that this sheaf is the required extension by zero of F. If
v € X — Y, then clearly F, = (0); so F vanishes outside Y. Suppose z € Y — Y, and let U
be an open neighborhood of z in X. If ¢ € F(U), then Supp o is closed in U. As z is not in
Y, x in not in Supp 0. Consequently, there exists an open subset, V', of U, such that x € V'
and V N Suppo = (). Since U is open in X, so is V; hence F,, which is the limit of F (V)
over all such V, is zero.

Finally, we must prove that F [ Y is F. It is here that we must use the local closedness of
Y—the rest of the proof being valid with no hypotheses on Y. If 7 is the inclusion mapping
Y — X, then F | Y is precisely 7*F. From Theorem A.8, we deduce the isomorphism

Hom s(y)(7*F, F) ~ Hom s(x)(F, m.F).

However, we know from Section A.4 that 7, F is the sheaf U ~~ F(UNY'); hence, there exists
a morphism from F to 7, F. This proves that we have a morphism from F [ Y = 7*F to
F as sheaves on Y; and to prove these sheaves isomorphic, we need to prove only that our
morphism gives an isomorphism on the stalks. Let y € Y, then as Y s locally closed, there
is an open neighborhood, U, of y in X such that UNY is closed in U. The same is true for
any open subset V of U. But then equation (*) shows that for such V, F(V) = F(VNY);
hence for y € Y, we have F, = F,. [

Let Y be locally closed in X, and let F be a sheaf of abelian groups on X. By the
truncation of F outside Y, we mean the sheaf Fy defined by

Fy=FIY.
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Observe that Fy [Y =F [ Y and F [ (X —Y) = (0).
If Y is open in X, then from Section A.4 one has

(FIY)YUNY)=FUnNY)
for any open subset U of X. Consequently,
Fy(U)={oce F(UNY) | Suppo is closed in U}.

If o € F(UNY), and Suppo is closed in U, then & defined by @ [ (UNY) =0 and 7 =0
outside Y, is an element of F(U), and this gives us an injection Fy — F whenever Y is
open in X. If Y is closed in X, then it follows from the definition of Fy that

FU) = (FIV)WUNY).

Theorem A.12 LetY be a closed subspace of X, and let F be a sheaf of abelian groups on
X. Then the sequence

0— Fx_y — F —Fy —0 (%)
is exact, where the map F — Fy is the restriction of sections.

Proof. Let U be open in X, then, as above, F(U) = (F | Y)(UNY). Hence, the map
o—o [ (UNY)of F(U) to Fy(U) is defined; it is clearly surjective (examine the stalks).
Now an element o of F(U) goes to zero in Fy (U) if and only if its support is contained in
U—-({UNY). SinceU —(UNY)=UN(X —-Y), this shows that o goes to zero in Fy(U) if
and only if it comes from Fx_y(U). O

Remark: The exact sequence (xx) will be called the exact sequence associated to the closed
subspace Y.

Our results on extension of sheaves by zero give us another characterization of locally
closed subspaces. This characterization clearly shows that Theorem A.11 is valid only for
locally closed subspaces.

Proposition A.13 Let Y be a subspace of the topological space X. Then the following are
equivalent:

(a) Y is locally closed in X .

(b) Given any sheaf, F, of abelian groups on X there ezists a sheaf Fy on X such that
Fy [ Y=F|Yand Fy | (X =Y) =(0).

Proof. (a) = (b) is the content of Theorem A.11 and succeeding remarks. Let us prove
(b) = (a). Let F be the “constant” sheaf Z on X (i.e., the sheaf associated to the constant
presheaf Z) and assume (b) holds for F. If y € Y, then (Fy), contains the element 1; hence,
there exists an open neighborhood U(y) of y in X and a section s € I'(U(y), Fy) such that
s(y) = 1. By choosing U(y) small enough, we may assume that s [ (U(y) NY) = 1. On
U(y)— (U(y)NY), the section s must vanish by hypotesis (b); hence U(y)NY is the support
of s over U(y). Lemma A.10 shows that U(y) NY is closed in U(y), as required. []
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Proposition A.14 Let X be a topological space, and let F be the sheaf associated to the
constant presheaf A—where A is a ring. Let G be a subsheaf of F such that G, is an ideal in
Fo = A for each x € X. Then for each a € A, the set of all x € X such that a € G, is open
in X. If A is noetherian and x € X, then for all y sufficiently close to x, we have G, C G,.

Proof. Since F is associated to the constant presheaf A the sections of F are precisely the
locally constant functions with values in A. To say that a € G, is to say that there exists a
section of F having the value a at x. It follows that this section has the value a near z, that
is,

U,={x|a€g,}

is open. If A is noetherian, and x is given, then G, has a finite basis a1,...,a,. The
intersection U,, N ---NU,, = U is the set of all y such that G, C G,. Since U is open, we
are done.

Corollary A.15 Under the same hypotheses as Proposition A.14, save that A = Z, each
ideal G, corresponds to a number n(x) > 0, and the function x — n(x) has the following
properties:

(a) For ally close to x, n(y) divides n(x).
(b) For allm >0, the set of all x such that n(x) divides n is open in X.
If X is compact, the function n(x) takes only finitely many values.
Proposition A.14 and its corollary will be used to prove Theorem A.16 below, which is

of interest in the cohomology of algebraic varieties. We denote the sheaf associated to the
constant presheaf Z by Z.

Theorem A.16 Let X be a compact space and let G be a subsheaf of the sheaf Z on X.
Then G possesses a finite composition series whose quotients have the form Zy for locally
closed subspaces Y of X.

Proof. Each G, has the form n(z)Z where the function n(x) satisfies properties (a) and (b)
of the corollary. Let U be the set of all z € X such that n(x) # 0. Since Z is a Hausdorff
étalé space, the set U is open in X. For each integer r > 1, the condition n(x) < r is an
open condition (i.e., is satisfied on an open set) because every divisor of an integer is less
than or equal to that integer. Hence,

U.={z€U|n(x) <r}
is an open subset of U, and we have the ascending chain

Uy CU,C---CU.
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Since X is compact, there exists an integer n > 1 such that U, = U. Let G, be the sheaf
Gu,, then we have the composition series

G1CGC---CG, =0

Clearly, G, is isomorphic to Zy,. Given r > 1, let Y, be the locally closed subspace U, —U,_;.
The sheaf G,./G,_ is concentrated on Y,, and as n(z) is constantly equal to r on Y,, it is
obvious that G,/G,_; is isomorphic to Zy, (as abelian groups!). O

Problem A.11 Let Y be an arbitrary subspace of X. Show that every sheaf of abelian
groups F on Y is the restriction of a sheaf 7 on X. (Hint: If 7: Y — X is the inclusion, let
F = m.F.) Show that 7, F is not concentrated (in general) on Y unless Y is closed.

Problem A.12 Let Y and Z be locally closed in X and let F be a sheaf of abelian groups
on X. Show that (Fy)z = Fynz. Deduce that Fy is both a quotient of a subsheaf of F
and a subsheaf of a quotient of F. Prove also that Fy = Zy ®7z F. Deduce that the functor
F ~ Fy is exact.

Problem A.13 Show that the sheaves Z;, for any open subset U of X, are those associated
to the presheaves Z; of Example 4, Section A.1. Deduce that the sheaves Zy are a set of
generators for the category S(X) (in the sense of [Grothendieck [21]). Prove moreover that
every sheaf F € S(X) is a quotient of a direct sum of the Z.

Problem A.14 A category (abelian, with generators) is called locally notherian when its
generators are noetherian objects (i.e., every ascending chain of subobjects is eventually
stationary). Is S(X) a locally noetherian category?

Problem A.15 Prove the converse of Proposition A.14. That is, show that any subsheaf G
of the sheaf F for which

Ua:{x‘aegw}

is always open (all @ € A) has the property that G, is an ideal for every € X. Deduce that
there is a one to one correspondence between sheaves of ideals of Z and functions x +— n(x)
from X to the non-negative integers having the property that for y close to x, n(y) divides

A.6 Ringed Spaces, Sheaves of Modules

Definition A.3 A ringed space is a pair (X, Ox) consisting of a topological space X and a
sheaf of rings Ox on X. The space X is called the underlying space of the ringed space; the
sheaf Oy is called the structure sheaf of the ringed space.
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In what follows, we shall always assume that Ox is a sheaf of commutative rings with
unity. This assumption is not necessary, but it is the situation most often encountered in
geometry. By abuse of notation, a ringed space (X, Ox) will often be denoted X—except
when this will cause cause confusion because of several possibilities for the structure sheaf.

Ringed spaces form a category if one defines morphisms as follows: Let (X, Ox), (Y, Oy)
be ringed spaces. By a morphism ¢ from (X,Ox) to (Y,Oy) we mean a pair (|¢|, ®),
where |p| is a continuous map X — Y and ¢ is a homomorphism of sheaves of rings
Oy — |¢]«Ox (or, what is the same, a homomorphism ¢ from |p|*Oy to Ox). Observe
that the map on the sheaf level is contravariant to the map of ringed spaces, while the map
of underlying spaces is covariant to the map of ringed spaces.

Remark: We will also use the notation ¢*# or even * for @.

If M is a subspace of X, then (M,Ox | M) is a ringed space, and it is trivial to verify
that there exists a canonical map of ringed spaces (M,Ox | M) — (X,Ox). This map
is called the injection of M into X. If (X,0x) - (Y,Oy) is a map of ringed spaces,
the composition (M,Ox [ M) — (X,0x) — (Y,Oy) is called the restriction of ¢ to
(M,Ox | M). A trivial verification shows that if |¢| is injective and ¢ is surjective, then ¢
is a monomorphism in the category of ringed spaces [77].

Let X be a ringed space. An Ox-module or sheaf of modules over X is a sheaf of
abelian groups, F, such that for every open U in X, the group F(U) is an Ox(U)-module
in a functorial way (i.e., in a way compatible with restriction to smaller open sets). More
explicitly, this means that the diagram

Ox(U) x F(U) F(U)
(pog,pﬁ)[ PFY
Ox(V) x F(V) F(V)

commutes for any two open subsets U, V with V' C U.). It is obvious that Ox-modules form
an abelian category. The sheaf Ox is an Ox-module, and any subsheaf of Ox which is an
Ox-module under the obvious action is called a sheaf of ideals on X or an Ox-ideal.

Ringed spaces and sheaves of modules are fundamental to the study of modern geometry—
whether it be algebraic geometry, differential geometry, several complex variables, etc. Here
are examples of ringed spaces.

(1) Let X be a topological space and let Ox be the sheaf of germs of continuous (resp.
differentiable, C'*) real (resp. complex) valued functions on X. Then (X,Ox) is a
ringed space. In particular, if X is a CP-manifold, we may take Ox to be the sheaf of
germs of CP-functions on X. Hence, for each € X, Ox, is the ring of equivalence
classes of CP-functions locally defined at z under the relation: f s equivalent to g if
and only if there exists a suitable neighborhood of x, say U, such that f U =g | U.
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If X is a complex analytic manifold (think of an open subset of C), let Ox be the sheaf
of germs of holomorphic functions on X. Then (X, Ox) is a ringed space. The rings
Ox, are integral domains for each x € X. Let M, be the fraction field of Ox ,, and
let M be the union of the M, . Then M is a sheaf if the topology is chosen so that

ol3f,g€O0x(U))(g(x) #0 forallzeU)

and
(Vz € U) (a(m) - @)

g9(x)

T(U,M) =

The sheaf M is called the sheaf of germs of meromorphic functions on X; its sections
over U are called meromorphic functions on U. The sheaf M is an Ox-module, indeed,
Ox is a subsheaf of M and M is really an Ox-algebra.

For each U open in X, let O%(U) (resp. M*(U)) denote the invertible sections of Ox
(resp. M) over U. Then, O%, M* are sheaves of abelian groups on X, and O% is a
subsheaf of M*. The quotient sheaf M*/O% is called the sheaf of germs of divisors
on X its sections over X are the divisors on X. Since the sequence

0— Oy —m M — M*/Oy — 0

is exact, to give a global section of M*/O% (i.e., a divisor on X) is to give a covering
{U; — X} of X and a collection of invertible meromorphic functions f; € M*(Uj;)
such that on U; N Uj;, the function f;/f; is an invertible holomorphic function. Each
meromorphic function f induces a divisor on X in an obvious way; this divisor is called
a principal divisor of X, or the divisor of the function f. Two functions yield the same
divisor if and only if their ratio is a nonzero global holomorphic function. When X
is compact, it is known that such functions must be constant (“Liouville’s theorem”);
hence, two meromorphic functions on a compact, complex analytic manifold have the
same divisor if and only if their ratio is constant.

Let A be a commutative ring with unity. If X is the set of all prime ideals of A (the
prime spectrum of A), then X is a topological space in a natural way. Namely, we give
X the Zariski Topology defined by: The set, V', of prime ideals x € X is closed in X if
and only if there exists an ideal 2 of A, such that V is precisely the set of prime ideals
of A which contain 2. Since V' depends on 2, we write V() for V. Observe that the
sets Up = {z € X | f & =z} are open for every f € A, and that these sets are a basis
for the Zariski topology on X. Every element f of A may be considered a function on
X by decreeing that the value of f at x is the residue of f modulo the prime ideal x.
So
f(z) = f(mod z) in Az =k(x).

From this it follows that f vanishes at x if and only if f € x; hence, Uy is precisely the
set of point of X where f does not vanish.
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For each x € X, let A, be the localization of A at the prime ideal z. Given an open
subset U of X, we set A(U) = I'(U, A) equal to the ring of all functions f from U to
U{A. | z € U} which satisfy

(1) f(z) € A, for all z € U, and
(2) (Vx € U)(Fopen V containing z, and f,g € A) such that
(a) Up CV and

f(z) = M m
(b) Forallz € V, f(z) = ) A,.

One checks without difficulty that U ~» A(U) is a sheaf whose stalk at x is A,. (See
Example 2 and the sheaf M.) The sheaf ,Z[’ now called Oy, is called the sheaf of germs
of holomorphic functions on X. The pair (X, Ox) is a ringed space, denoted Spec A,
and is called an affine scheme.

When X is an affine variety in the sense of Chapter 1, then the affine ring, A(X),
of X determines an affine scheme (Y, Oy ) as above. In this case, X corresponds to
the subspace of Y which consists of all the maximal ideals of A(X), and (X, Oy | X)
determines and is determined by X. Hence every affine variety is a ringed space.
Actually X determines and is determined by (Y, Oy ), as we shall show in Chapter 77.

If X is irreducible, each Ox, is an integral domain, and we can repeat the definitions
and arguments of Example 2 to obtain the meromorphic functions and divisors on
X. In this case, the sheaf M is merely the sheaf associated to the constant presheaf
k(X )-where, as in Chapter 1, k(X) is the field of rational functions on X.

Let (X,Ox) be a ringed space, and let F,G be Ox-modules. Using Section A.3 as a
model, one easily constructs the sheaves F ®o, G and Hom o, (F,G) as well as the group
Hom o, (F,G). For example, F ®o, G is the sheaf associated to the presheaf

U~ G(U) @oxw) 9(U).
The stalk of F ®o, G at v € X is F; ®o,, Go, while we have a canonical map
(HOmoX (]:> g))x — HOHIOX’I (‘an gx)

which is neither injective nor surjective in general. The functor F ®¢, G is right-exact
(in both arguments), commutes with direct limits (hence, with arbitrary direct sums), and
O, ®o, G (resp. F ®p, Ox) is canonically isomorphic to G (resp. F). The functors
Hom o, (F,G) and Hom e, (F,G) are left-exact (in both arguments), and Hom e, (Ox,G)
is canonically isomorphic to G. For each Ox-module, F, the sheaf Hom o, (F, Ox) is called
the dual of F and is usually denoted F, or FP. If I is any set of indices, the direct sum of
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copies of Oy indexed by the set I is denoted ng; an Ox-module is free if it is of the form
(’)g) for some index set I.

Let (X, Ox), (Y,Oy) be ringed spaces, and let ¢: (X,O0x) — (Y, Oy) be a morphism.
Let F be an Ox-module and let G be an Oy-module. Then |p|,Ox is a sheaf of rings on
Y and |¢|.F is a |p|.Ox-module. However, we have a map ¢: Oy — |p].Ox of sheaves of
rings on Y, and this permits us to make |p[,F into an Oy-module. This Oy-module will be
called the direct image of F by ¢, and will be denoted ¢, .F.

In the same way, |¢|*Oy is a sheaf of rings on X and |¢|*G is a |¢|*Oy-module. Now

there exists a map @: |p|*Oy — Ox of sheaves of rings, so that Ox may be considered a
|| *Oy-module. This being said, the tensor product of |p|*Oy-modules

‘@‘*g ®|§0|*Oy OX

is defined and s an Ox-module in a natural way. This Ox-module will be called the inverse
image of G by ¢, and will be denoted ¢*G.

The following properties of the operations ¢, and ¢* are easily checked and will be left
to the reader as exercises.

(a) ¢, and ¢* are functors, ¢, is left-exact and ¢* is right-exact.

(b) If F, F" are Ox-modules, then there is a canonical homomorphism (or functors)

0 (F) @0y 0«(F') — 0u(F @0y F').

(c¢) If G,G" are Oy-modules, then there is a canonical isomorphism (or functors)
¢*(9) ®ox ¢"(G") — ¢"(G ®oy G').

(d) Hypotheses as in (b), then there is a canonical homomorphism (of functors) of Ox-
modules
@*(Hom(?X(fv f/)) — HOMOY<(p*<f),(p*<f/)).

(e) Hypotheses as in (c), then there is a canonical homomorphism (of functors) of Ox-
modules

¢ (Homo, (,G") — Homo (¢"(9), ¢*(G).
(See Theorem A.17 below for the essential step in the proof.)

(f) The functor ¢* commutes with direct limits and arbitrary direct sums.

(g) Ify: (Y,0y) — (Z,04) is another map of ringed spaces, then (¢ o ¢), = 1, o p, and
(pop) =p oy
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Theorem A.17 Let (X,0x) —= (Y, Oy) be a morphism of ringed spaces and let F be an
Ox-module, G an Oy-module. Then there is a canonical isomorphism (of functors)

Homo, (¢*G, F) — Homo, (G, p.F).
Hence, the functors ¢* and p, are adjoint.

Proof. Given a homomorphism &: ¢*G — F as Ox-modules, the canonical homomorphism
lp|*G — ¢*G yields by composition a homomorphism of |p|*Oy-modules &: |p|*G — F.
Theorem A.8 show that we have a map G — |p|.F of abelian sheaves, say £”, and one
checks that £” is really a map of Oy-modules G — ¢, F.

Conversely, from a map 1: G — ¢, F of Oy-modules, we deduce a map 7: |¢|*G — F of
|o]*Oy-modules. Upon tensoring with Ox, we obtain a map 7*: ¢*G — F of Ox-modules.
It is easy to see that & — &” and n — 1* are inverse isomorphisms, and the proof is complete.
d

Remark: Theorem A.17 has the same corollary as Theorem A.8.

Let (X,Ox) be a ringed space and let F be an Ox-module. To give a homomorphism
Ox — F is the same as giving a global section of F, i.e., an element of I'(X, F). So

Homo, (Ox, F) = T(X, F).

This follows from the fact that Hom e, (Ox,F) — F, but it is worthwhile to recall the
proof. If £ is an Ox-homomorphism of Ox to F, then £(X) maps I'(X, Ox) to I'(X, F).
The image of the unit section, 1, in I'(X, Ox) is a section s = £(X)(1) in I'(X, F). If U is
open in X and ¢ is a section of Ox over U, then t =t-1, and, as £ is an O x-homomorphism,
we obtain

§W)(t) =t-EU)A) =t-py(s).
This shows that £ — £(X)(1) is an injection, and a trivial argument shows it is bijective as
well.

If we apply the italicized statement to the sheaf ng, we obtain

Homo, (0%, F) = [[Homo, (Ox,F) = T(X,F)".
I

Hence, there is a one to one correspondence between Ox-homomorphisms Oﬁ? — F and
families of global sections {s;}icr of F.

We say that F is generated by the sections {s;}ics if and only if the corresponding map
Oﬁ? — F is surjective. This amounts to saying that for each = € X, the stalk F, is
generated (as Ox ,-module) by the elements {(s;). | i € I}. We say that F is generated by

its (global) sections if and only if there is some subset I of I'(X, F) such that O_()? — Fis
surjective.
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Remark: There exist Ox-modules which are not generated by their sections, even locally.
For example, take for X the space of real numbers and for Ox the constant sheaf Z. Let U
be the open subset of X consisting of the complement of the origin x = 0, and let F = Z;
(notation as in Section A.5). Let V be any connected neighborhood of the origin, then F [ V
has only the zero section over V', hence is not generated by its sections over V—mno matter
how small V.

If : (X,0x) — (Y,0Oy) is a morphism of ringed spaces, and if F is an Ox-module
generated by its section, then the map cany p: ¢*p,F — F is surjective. For if {s;};cs is
a generating family of sections for F, then the elements s; ® 1 are sections of ¢*p,F whose
images under canxy are exactly the sections s;, ¢« € I. The converse is not generally true,
for if it were, every sheaf would be generated by its sections (take ¢ = id), and this is false
as we know.

In algebraic geometry and related topics such as complex analytic manifolds, the ringed
spaces which arise are most often local ringed spaces. By this we mean that for each z € X,
the stalk, Ox ,, of Ox at x is a local ring. In this case, we let m, denote the maximal ideal
of Ox,, and let x(x) be the residue field at z, so k(x) = Ox,/m,.

Let (X, Ox) and (Y, Oy) be local ringed spaces. If p: (X, Ox) — (Y, Oy) is a morphism
of ringed spaces, then Z’; maps |p|*Oy to Ox. In particular, for z € X, ZEZ maps Oy, y|(z) tO
Ox . Now it may happen that 595 does not map my |, into m,; hence, does not induce a
map k(|¢|(z)) to x(x). This situtation vitiates most of the advantages inherent to the study
of local ringed spaces (as opposed to ringed spaces), so it is to be avoided. The best way

to do this, is to consider only those morphisms ¢ for which '~<pvx maps m|,|(z) into m, (hence,
induces an injection k(|p|(x)) — k(z).) Such morphisms are called local morphisms. The
collection of all local ringed spaces and local morphisms between them forms a category (a
subcategory of the category of ringed spaces) denoted LRS. In the sequel, whenever we have
a morphism of local ringed spaces we shall always assume that it is a local morphism.

One final topic in the pot-pourri of results of this section concerns the gluing of ringed
spaces. Suppose we are given a collection (X;, Oy,) of ringed spaces. Assume that for each
pair (7, 7), we have open sets U;; C X;, Uj; C Xj, and an isomorphism
vjit (Ui, Ox, | Uj) — (Uji, Ox; | Uj;) of ringed spaces. We subject this data to the three
conditions

(a) For all i, U; = X; and ¢;; = id,
(b) For all triples (i, j, k), the map
9032- = ;i | Uiy N U (Ui N Ui, Ox, 1 Uiy N U) — (Uj N UG, Ox; [ Uj N Uji)

is an isomorphism, and

(c) For all triples (i, j, k), ¢}, = ‘ng © 90;%'
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(Condition (c) is calleld the gluing condition for the morphisms ;;).

Then we claim that there exists a ringed space (X, Ox) and an open subspace X J’ of X
such that, each ringed space (X}, Ox [ X}) is naturally isomorphic to (X}, Ox). The ringed
space (X, Ox) is said to be obtained from the collection (X;, Ox,) by gluing along the Uj;
via the pj;.

To obtain (X, Ox) we first construct X. Let Z be the disjoint union of the spaces X;
with the obvious topology. On Z we introduce a relation ~ by: If z € X;, y € Xj, then
x ~ yif and only if x € Uy, y € Uj;, and |p|j(z) = y. Our axioms imply that ~ is an
equivalence relation, and Z/ ~ with the quotient topology is the space X. The space X
possesses open subspaces, X/, homeomorphic to X; for all 7.

For the structure sheaf Oy, first note that our axioms show that the three sets
U NUik, UjpNUji, U N Uy;

are all homeomorphic to X;N XN X} (under the homeomorphisms X; «— Xj, etc.). Hence,
we may transfer the structure of ringed spaces to each Xj; call the transfered sheaf Ox/. If
r € X, then for at least one i, € Xj; and the stalk Oy, is independent of which i we
choose. Since every small open neighborhood of x is in some X7, there is a unique way

to make a sheaf on X whose stalks at z is OXQ’I. This is the sheaf Ox, and we have
Ox | X{ = Ox. It follows that (X, Ox) fulfills our claim.

A.7 Quasi-Coherent and Coherent Sheaves. Sheaves

with Various Finiteness Properties

Let (X,Ox) be a ringed space. Not all Ox-modules are equally important. Experience
in analytic and algebraic geometry has shown that prime importance be accorded to the
coherent and quasi-coherent Oyx-modules. Along with these two types there are important
related classes, the sheaves of finite type and finite presentation.

Definition A.4 Let F be an Ox-module. The sheaf F is of finite type over X if and only if
for every x € X, there is an open neighborhood U of x and an integer n (perhaps depending
upon U), such that F [ U is a homomorphic image of O% | U. The sheaf F is of finite
presentation over X if and only if for every x € X, there is an open neighborhood U of x
and integers m,n (perhaps depending upon U), such that F | U is the cokernel of a map
o 1U—O%|U.

Observe that these properties are local on X. That is, finite type means that locally F
is a homomorphic image of finitely many copies of Oy, and similarly for finite presentation.
To verify these conditions at x, one may work in any small open neighborhood of the point
x.
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Observe as well that: Any homomorphic image of an Ox-module of finite type is of finite
type, finite direct sums of Ox-modules of finite type are of finite type, and if F’, F” are
Ox-modules of finite type and

0—F —F—F"—0
is exact, then F is an Ox-module of finite type.
Problem A.16 If F is an Ox-module of finite type, then F, is a finitely generated Ox -

module for each x € X. The converse is false.
Hint. Look at the example of the second remark in Section A.6.

If F is any Ox-module, the support of F is the set
Supp F = {z € X | F; # (0)}.

Proposition A.18 Let F be an Ox-module of finite type, and let sy, ..., s, be sections of F
over an open neighborhood, U, of a point x € X whose images in F, generate F,. Then there
exists an open neighborhood V- C U of x, such that F [V s generated by s1 [ Vi,...,8, [ V.
In particular, the support of an Ox-module of finite type is closed.

Proof. Since F is of finite type, there exists a neighborhood of x, which we may suppose to

be U, and a finite family of sections oy, ..., o, which generate F over U. As x € U, and as
(81)as - - -, (Sn)z generate F,, there exist sections §;; of Ox over some open set W C U such
that at x,

(0))e = Z(fzg)x(sz)x

(2

This implies that on some neighborhood V of x, V.C W C U, we have 0; = >, &;;s;. Thus,
for any y € V, (), is a linear combination of the (s;),; as the (o;), generate F,, so do the
(8i)y- If © ¢ Supp F, then the zero section generates F,, so the zero section generates F in
a neighborhood of z, i.e., for all y near z, 7, = 0. O

Suppose ¢: (X,0x) — (Y,Oy) is a morphism of ringed spaces and that G is an Oy-
module of finite type. Then ¢*G is an Ox-module of finite type. To see this, let = be a
chosen point of X and let V' be an open neighborhood of |¢|(z) in Y such that the sequence

Oy [V—=GIV—0
is exact. Since |¢|* commutes with restriction and is exact, we obtain that
(el Oy)" Tl (V) — "G T el (V) — 0
is exact. Now tensor the above with Ox; we obtain that

O% el (V) — ¢"G T e 7H(V) — 0
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is exact, as required.
The direct image of an Ox-module of finite type need not be of finite type as Oy-module.

Sheaves of finite presentation behave somewhat better than sheaves of finite type. Of
course finite direct sums of Ox-modules of finite presentation are of finite presentation. The
same is true of the inverse image of an Ox-module of finite presentation by an adaptation
of the argument used above for sheaves of finite type.

Proposition A.19 Let F be an Ox-module of finite presentation, then for any Ox-module
G the canonical homomorphism

(Homoy (F,G))e — Homoy , (Fz, Ga)

1s an 1somorphism. If we assume only that F be of finite type, then the canonical homomor-
phism is injective.

Proof. It F = Oy the result is trivial. Hence, it is also true for ' = O%, where n is a positive
integer. Now assume only that F is of finite presentation. On an open neighborhood U of
x, we have the exact sequence

0P U— O U— FIU—0.

Since we pass to the limit over smaller and smaller open V' contained in U, we might as well
assume X = U and supress U in the argument. (The above argument will be condensed in
the future to the catch-phrase: “The probelm is local on X, so we may assume that ...”)

Now the stalk functor is exact, and the functors

Homox(—,g), HOmOX@(_,gx)

are left-exact. If we apply these functors in the indicated order to the exact sequence, we
deduce the commutative diagram

00— (HOmoX ('Fv g))w - (HOmoX (OSLO g))$ - (HOmoX (O)n(}v g))w

- - -

0 ——Hom Ox .,z (‘Fﬂm gm) — Hom Ox .,z (O?(,mv gw) — Hom Ox .,z (Og(l,mv gw)

Since 6y, 03 are isomorphisms (as we have observed), the five lemma shows that 6; is an
isomorphism. Were F merely of finite type, our diagram would be missing the righthand
column, and we could only conclude that 6; is injective. [J

Corollary A.20 Let F and G be Ox-modules of finite presentation. Suppose there is a
point x such that F, is isomorphic to G,. Then there is a neighborhood, U, of x such that
F [ U is isomorphic to G | U.
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Proof. Let &: F, — G, and n: G, — F, be inverse isomorphisms. Proposition A.19 shows
that there is an open neighborhood, V', of x and homomorphisms ¢, Y of F [V — G [V,
resp. G [V — F [ V, which induce &, resp. n at . The compositions ¢ o ¢ and ¥ o ¢
are endomorphisms of G, resp. F which become the identity automorphism at z. It follows
from this that there is a neighborhood U C V of  on which ¢ o % and 1 o ¢ become the
identity. O

Definition A.5 An Ox-module F is quasi-coherent (QC) on X if and only if for every
x € X there is an open neighborhood, U, of x such that F [ U is the cokernel of a map
O_()g) — Og;]), where the sets I and J may depend upon U.

The notion of quasi-coherence is a generalization of that of finite presentation to which it
reduces when the sets I and J are guaranteed finite for a covering family of open sets of X.
Of course, arbitrary direct sums of QC modules are QC, and inverse images of QC modules

are QC.

In algebraic geometry, we shall see that the QC sheaves play a role which is the direct
generalization of that played by modules over a ring. In this context, it is natural to ask for
an analog in sheaf theory of the family noetherian modules over a ring. This leads to the
most important class of Ox-modules, the coherent Ox-modules.

Definition A.6 An Ox-module F is coherent if and only if it is of finite type and satisfies
the following condition: For every open subset U C X, every integer n > 0, and every
homomorphism £: O% [ U — F | U, the sheaf Ker £ is of finite type.

Observe that the following statements hold:
(1) If F is coherent, then F is of finite presentation and the support of F is closed.
(2) A finitely presented sheaf need not be coherent because Ox need not be coherent.

(3) If F is a coherent sheaf and F’ is an Ox-submodule then F’ is coherent provided F’
is of finite type.

(4) The inverse image of a coherent Oy-module need not be a coherent Ox-module.
Theorem A.21 Let (X, Ox) be a ringed space, and let

0—F —F—F —0

be an exact sequence of Ox-modules. If any two of the three modules are coherent, so is the
third.
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Proof. (a) Suppose that F, F” are coherent. To show that F’ is coherent, we need show
only that F’ is of finite type. Given x € X, since F is of finite type, there is a neighborhood
U of z, an integer n > 0, and a surjection

0% U —F U —NO.

Since the problem is local on X, we may assume U = X; hence, we may suppress U. Consider
the following diagram:

Ker £ —= Ker (A 0 £)

L

0 on—4 . on 0
|
0 F F F! 0.

0

Since F” is coherent, Ker (fo¢) is of finite type. The snake lemma yields the exact sequence.
Ker (o) — F — 0,

so F' is of finite type, as required.

(b) Suppose that F’, F are coherent. Clearly F” is of finite type. Let U be open in X,
£:0% U — F" U, and let K be the kernel of £ over U. Our problem is local on X, so
given € X there is a neighborhood V' of x and a surjection n: O% |V — F' [ V. By
restricting attention to V, we may assume that V' = X. Because O% is free, we may lift £
to a map of O% to F; and hence, we obtain the commutative diagram

Ker 0 ——= K

L

O —~OUM O

ok k

0 F e F e Fl e

|

0.

The snake lemma yields the exact sequence
Ker 0 — K — 0,

and, as Ker @ is of finite type (because F is coherent), so is K.



A.7. QUASI-COHERENT AND COHERENT SHEAVES 489

(c) Finally, suppose F’, F" are coherent. Certainly F is of finite type. Let U be open in
X,&:0% [ U — F | U, and let K be the kernel of £&. As usual, we may assume U = X.
Let 7 be the map F — F”, and let J be the kernel of the map 7o0¢: O% — F”. Since
F" is coherent, J is of finite type; moreover, by construction the map J — O% — F
factors through F’'. Given x € X, there is a small neighborhood V' of x and a surjection
O% IV — J |V — 0. Once again we may assume V = X. Let u be the composition
O% — J — O%, then the map ¢ induces a map & of Coker u into F”. Moreover, by
construction the mapping € is an injection. We obtain the commutative diagram

Ker n K 0
O —— O% Coker u —=0
Pk
0 F' F F 0,

and the snake lemma yields the exact sequence
Kern — K — 0.
Since F' is coherent, Ker n is of finite type, and we are done. ]
Corollary A.22 Any finite direct sum of coherent Ox-modules is a coherent Ox-module.

Corollary A.23 If F and G are coherent Ox-modules and £: F — G is a homomorphism,
then Ker &, Coker &, and Im & are coherent Ox-modules. If F and G are coherent Ox-
submodules of a coherent Ox-module H, then F +G and F NG are coherent.

Proof. The image of £ is a submodule of finite type of the coherent Ox-module G, so it is
coherent. Theorem A.21 applied to the exact sequences

00— Ker{ —F —Im&—0
0—Im¢&¢— G — Coker £ — 0

shows that Ker ¢ and Coker ¢ are coherent. The sheaf F + G is of finite type, and is a
submodule of H; hence, it is coherent. Since the sequence

0—FNG—F —H/G

is exact, Theorem A.21 shows that F NG is coherent. (Use the exact sequence
0 — G — H — H/G to show that H/G is coherent.) O

Proposition A.24 Let F and G be coherent Ox-modules. Then F®Ro,G and Hom o, (F,G)
are coherent.
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Proof. Since F is coherent it is of finite presentation, and since the question is local on X,
we may assume that F has a global finite presentation. Thus,

ok — 0% —F —0
is exact. Tensor this with G over Ox; we obtain
G — g1 — FR®Ro, G§ — 0.

Corollary A.23 shows that F ®¢, G is coherent.

The same argument repeated with Hom o, (—,G) instead of — ®p, G yields the exact
sequence

0 — Homo,(F,G) — G4 — G”,
and another application of Corollary A.23 completes the proof. [J

Let A be an Ox-algebra. We shall say that A is coherent if and only if A is a coherent
Ox-module. In particular, Ox is coherent (as sheaf of rings) if and only if for every open
set U and every homomorphism &: O% | U — Ox | U, the kernel of & is of finite type as
Ox-module. (Clearly, Oy is of finite type.) This statement says that the Ox-module of
relations among any finite family of sections of Ox (over U) is finitely generated.

Remark: The last statement contains the historical origins of the notion of coherence. M.
Oka proved that the sheaf of germs of holomorphic functions on a complex analytic manifold
is coherent in the above sense (of relations); this was the starting point of the investigations
of Serre and Cartan on complex anayltic manifolds. For more details see the historical notes
at the end of this chapter.

Proposition A.25 Suppose that Ox is coherent. Then an Ox-module F is coherent if and
only if it is of finite presentation.

Proof. If F is coherent, it is of finite presentation. Suppose F is of finite presentation, then
locally on X the sequence

o — 0%y —F —0
is exact. By Corollary A.23, F is coherent. []

Given a ringed space (X,Ox), for any open subset U of X, the sheaf Oy [ U is also
denoted Oy.

Proposition A.26 Let Ox be coherent, let F be a coherent Ox-module, and let M be a
submodule of finite type of F, for some point x € X. Then there exists an open neighborhood
U of x and a coherent Oy-module G of F | U such that G, — M.
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Proof. Since F is coherent it is of finite type; hence at x, there is an integer ¢ > 0 such that
0%, — Fo—0

is exact. Now we know that M is of finite type, so that there is an integer v > 0 and a
commutative diagram

O, —=F,—=0

where the dotted map j exists because O% , is a free module. Since Ox is coherent, so is
O%; hence O% is of finite presentation. It follows from Proposition A.19, that j is induced
by a homomorphism A\: O% [ U — O% [ U for some small neighborhood U of . We may
choose U small enough so that O% | U — F | U — 0 is exact. Then we obtain the
diagram

O U5 0%L U FlU— 0.

Let K be the kernel of m o A and € be the injection K — O% [ U. Set G equal to Coker 6.
Then G,— M by construction, G is of finite type, and being an Op-submodule of F | U, G
is coherent. [J

Corollary A.27 In order that Ox be coherent, it is necessary that the intersection of two
finitely generated ideals of Ox , be finitely generated for every x € X.

Proposition A.28 Suppose Ox is coherent and M is an arbitrary Ox ,-module of finite
presentation. Then there exists an open neighborhood U of x and a coherent Oy-module, F,
such that F, — M.

Proof. The sequence
O% . N O%e — M —0

is exact for some integers p and ¢. Since Oy is coherent, the module O% is of finite pre-
sentation, so the map ¢ is induced by a homomorphism u: O% | U — O% | U for some
open neighborhood U of z (by Proposition A.19). Let F = Coker u, then F is coherent and
F,— M. O

Theorem A.29 Let Ox be coherent and let J be a coherent sheaf of ideals. Then an Ox /T -
module F is coherent if and only if F is coherent as an Ox-module. In particular, Ox/J
1s coherent as a sheaf of rings.
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Proof. Clearly F is of finite type as Ox-module if and only if F is of finite type as Ox/J-
module. Suppose F is coherent as Ox-module, and let £: (Ox/J)" | U — F | U be a given
homomorphism. Let K” be the kernel of £ and let K be the kernel of the composed map

Ox U — (Ox/J)" U — F U
Then the commutative diagram

0 j" K K"

ol

00— J" —> Of — (Ox /)" —>0

R

0o—>0— fF—49 _F 0

(where we have assumed U = X) and the snake lemma yields the exact sequence

0—J"—K—K'—0.

This shows that K” is of finite type, i.e., F is Ox/J-coherent. In particular, since J is
coherent, Oy /J is Ox-coherent; hence Ox/J is coherent as Ox /J-module, i.e., as a sheaf
of rings.

Conversely, if F is Ox/J-coherent it is of finite presentation—and we may assume F
possesses a global finite presentation. Then the exact sequence

(Ox/T) — (Ox/T)! — F — 0,

the fact (proven above) that Ox/J is coherent (over Ox) and Corollary A.23, show that F
is Ox-coherent. ]

The inverse image of a coherent sheaf is, in general, not coherent. However, there is one
important case in which it is coherent.

Proposition A.30 Let ¢: (X,0x) — (Y,Oy) be a morphism of ringed spaces, and assume
Ox is a coherent sheaf of rings. Then the inverse image of any coherent Oy -module is a
coherent Ox-module.

Proof. Any coherent Oy-module, F, is of finite presentation. Since the problem is local on
X, we may assume JF possesses a global finite presentation:

0y — 0} — F — 0.
Apply the right-exact functor ¢* to this sequence; we deduce
O — 0% — ¢'F — 0
is exact. As Oy is coherent, we are done. [

Remarks:



A.7. QUASI-COHERENT AND COHERENT SHEAVES 493

(1) If F and G are two Ox-modules which are locally isomorphic (that is, for every z € X,
there is an open neighborhood U of x and an isomorphism ¢: F [ U — G | U), and
if one is QC, coherent, of finite type, or of finite presentation, so is the other. As the
reader has observed, this remark has been used extensively in the above proofs.

(2) The finiteness notions of this section do not behave well under direct image. In fact,
we shall give sufficient conditions for the direct image of a QC sheaf to be QC in
Chapter 3, only for the category of “preschemes.” The corresponding problem for

coherent sheaves is very much deeper, and we shall give the solution (due to Serre and
Grothendieck [?7]) in Chapter 7.

Problem A.17 Let Ox be coherent. Prove that an Ox-submodule of O% is coherent if
and only if it is of finite type. Deduce that the sheaf of relations among a finite number of
sections of a coherent sheaf is a coherent sheaf.

Problem A.18 Let F be an Ox-module, J a sheaf of ideals of Ox. Define a canonical
map J ®o, F — F. The image of this map will be called JF. Now assume F is coherent
and J is coherent. Show that [JF is coherent.

Problem A.19 There is a canonical homomorphism
OX — ’Homox(}",}")

for any Ox-module F. It is defined by sending s € Ox(U) to multiplication by s in
Homo,jw(F | U, F | U). By definition the annihilator of F is the kernel, J, of the
canonical homomorphism Ox — Hom o, (F,F). Suppose Ox is coherent and F is coher-
ent as Ox-module. Prove that the annihilator, [J, of F, is a coherent Ox-module. Prove
also that J, is the annihilator of the Ox ,-module F,.

Problem A.20 Let (X, Oyx) be a ringed space, and assume X is compact. Let F and G be
Ox-modules with G of finite type. If F is the direct limit of Ox-modules F, , and if there
is a surjection u: F — G, show that for some A, the induced map F\, — G is surjective.

Problem A.21 There is one case for which direct images behave well with respect to the
finiteness properties: finite type, QC, coherent. Let (V,Oy) - (X, Ox) be a morphism
of ringed spaces; assume that Y is a closed subspace of X and that Ox = ¢,0Oy. Show
that a necessary and sufficient condition that an Oy-module, F, be of finite type (resp. QC,
coherent) is that the Ox-module ¢, F be of finite type (resp., QC, coherent.).
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A.8 Locally Free Sheaves

Definition A.7 Let (X, Ox) be a ringed space. An Ox-module F is locally free if and only
if for each x € X, there is an open neighborhood U of x such that F [ U is isomorphic to
O_()g) I U for some index set I. (Of course, I may depend upon U). If for each U, I is a finite
set, then F is locally free of finite rank. If for each U the finite sets I have the same number
of elements, n, then F is locally free of rank n. A localy free sheaf of rank one is called an
invertible sheaf.

The following properties of locally free sheaves are easily deduced from Definition A.7
and the material of Section A.7.

(1) If F is a locally free Ox-module of finite rank, then for all € X, F, is a finitely
generated free Oy, -module, say of rank n(z). The function x — n(z) is locally
constant; hence if X s connected, any locally free Ox-module of finite rank is a localy
free Ox-module of rank n for a unique integer n.

(2) Every locally free Ox-module is QC. If Ox is coherent so is every locally free Ox-
module of finite rank.

(3) If F is locally free, the functor G ~» F ®p, G from Ox-modules to Ox-modules is
exact.

Henceforth, all locally free Ox-modules will be of finite rank, except for explicit mention
to the contrary.

Proposition A.31 Let F, G be Ox-modules. Then there is a canonical homomorphism (of

functors)
FP®oy G — Homo, (F,G).

(Recall, F = FP, the dual of F, is Homo. (F,Ox)). When F is locally free, this homo-

morphism is an isomorphism.

Proof . Since FP = Hom o, (F,Ox), we need to define a homomorphism
Hom o, (F,Ox) ®oy G — Homo, (F,G).

Let U be open in X, let u € I'(U, Hom o, (F,Ox)) = Homo,ju(F [ U,Ox [ U), and let
g € G(U). Assign to the pair (u,g) that homomorphism of F [ U into G | U which at x
maps f, € F, to uy(f.)g: (where g, is the image of g in G, and u, is the image of u in
Homo, , (Fz, Ox.)). To check that this mapping is an isomorphism when F is locally free,
note that as the problem is local on X, we may assume F = O%. Since the map is functorial,
we may even assume that n = 1. In this case, the lefthand side is canonically isomorphic to
G, as is the righthand side; and out map is the identity. []
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Corollary A.32 If F is an invertible Ox-module so is its dual FP. Moreover, there is a
canonical isomorphism
.FD ®(9X F :> Ox;

and FPP is isomorphic to F.

Proof. The question of invertibility being local, we may suppose that F = Oy. Then FP
is also Ox; hence FP is invertible. By Proposition A.31, we have a canonical isomorphism

FP @0y F — Homo, (F,F);

so we must prove that Hom o (F, F) is isomorphic to Ox. (It is certainly locally isomorphic
to Ox). However, we have define (Problem 3, Section A.7) a canonical homomorphism
Ox — Homo, (F,F) for any Ox-module F. Once a homomorphism is globally defined,
to check that it is an isomorphism is a local problem. Hence, we may assume that F = Oy;
in this case, the result is trivial.

Now for any Ox-module, F, there is a canonical homomorphism F ~ FPP. If F is
invertible, so is FPP| therefore, upon assuming (as we may) that F = Ox, we deduce that
FP oo, F— Ox. O

Proposition A.33 Suppose that (X, Ox) is a local ringed space and that F is an Ox-module
of finite type. If there exists an Ox-module G such that F o, G is isomorphic to Ox, then
forall x € X, F, is a module isomorphic to Ox .. If both Ox and F are coherent, then F
15 tnvertible.

Proof. For each z € X, we have (F ®oy §)s = Fz ®oy, G; s0 (for given ) our hypotheses
amount to: Let M and M’ be A-modules, where A is a local ring and M is of finite type
and assume M ®4 M’ ~ A. We must prove, M ~ A. Now,

A/mA ~ A/mA XA (M XA M/) ~ M/mAM ©A/m 4 M’/mAM’,

where, as usual, my is the maximal ideal of A. It follows from this that both M/m4M and
M'/maM' are one dimensional vector spaces over A/my. Thus, M = A¢ + mM, for some
element & of M not in maqM. Nakayama’s lemma implies that M = A& Moreover, the
annihilator of £ in A will also annihilate M ® 4 M’ ~ A; hence, it is zero. This proves a — £a
is an isomorphism of A onto M, as required. When Ox and F are coherent, they are of
finite presentation, so Proposition A.19 shows that F is invertible. [J

Remark: If F and F’ are invertible sheaves, so is their tensor product (the question is local,
so we may assume F = Ox and it becomes trivial). For n > 1, let F®" denote the tensor
product of n copies of F and let F®(=") = (F~1)®"2 [If we set F2° = Oy, then the foregoing
results yield a canonical functorial isomorphism

‘/~_'®m ® ‘/~_'®n ~ f@(m—l—n)

2F-1 = FD for invertible sheaves.
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for every pair of integers (m,n). Were the class of invertible sheaves on X a set, it would
form a group under the tensor product. (Actually, the equivalence classes of isomorphic
invertible sheaves on X form a group, as shown in Section 4.4.) Continuing to talk as
if invertible sheaves form a group, we see that Ox plays the role of the identity element,
and that Proposition A.33 shows that the terminology “invertible” is well chosen. For that
proposition shows that a “formally” invertible sheaf (in the sense of the “group under ®”)
over a local ringed space is really invertible, provided proper finiteness assumptions are made.

Proposition A.34 Let (X,Oyx) ELAN (Y,Oy) be a morphism of ringed spaces. Then the
inverse image of a locally free (resp. invertible) Oy -module is a locally free (resp. invertible)
Ox-module. For locally free Oy -modules, inverse image commutes with taking the duals.

Consequently, for every integer n, ©*(G®™) is canonically isomorphic to (¢*(G))®™ (for any
sheaf G on'Y ).

Proof. If two Oy-modules are locally isomorphic, so are their inverse images. Since inverse
image commutes with direct sums, and since *(Oy ) = Oy, the first statements are proved.

According to property (e) of Section A.6, there is a canonical homomorphism
(p*(HomOY (g’ OY)) — %Omox (30*(g)> OX)

When G is locally free, this map is an isomorphism as one sees by checking locally—in which
case one may assume G = Oy . The last statement follows from the definition and from the
fact that inverse image commutes with tensor product (property (c) of Section A.6). O

If (X,Oyx) is a local ringed space and U is an open set in X then for any Ox-module F
and any section s over U, we set 5(z) equal to the residue class of s(x) modulo m,F, (Here,
s(z) is the image of s in F,, for z € U; earlier, we also used the notation s,.) We shall say
that $(x) is the value of s at x, and that s vanishes at x if $(x) is zero, i.e., s(z) € m,F,.

Let Us be the set of all z € U such that 5(x) # 0.
Locally free sheaves have special properties on local ringed space. One such property is

expressed in Proposition A.33; here is another.

Proposition A.35 Let (X,Ox) be a local ringed space, let F be an invertible O x-module,
and let f be a global section of F (i.e., a section over X ). Then for each x € X the following
three properties are equivalent:

(a) f. generates F,.
(b) f(x) #0 (ie., x € X;).

(c) There is an open neighborhood U of x and a section g of F~1 over U, such that the
canonical image of f ® g in T'(U, Ox) is the identity section.
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Proof. The problem is local on X; so we may assume that F = Ox. In this case (a) and
(b) are clearly equivalent, and (c) implies (b). If (b) holds, then f, is invertible at z; that
is, there is an element v € Ox, with f,7 = 1. But this implies that there is an open
neighborhood U of x, and a section g € I'(U, Ox) such that g, =+, and fg =1 on U. This
is property (c) for the case F = Ox. O

Corollary A.36 Let (X,Ox) be a local ringed space, and let f be a section of Ox over an
open set U. Then there exists a section g of Ox over Uy such that gf =1 on Uy. That is,
if a section f of Ox does not vanish on a set, it is invertible there.

Proof. By property (c) of Proposition A.35, f is locally invertible on U;. But all these
inverses may be patched together to give a “global” inverse on Uy because our module is
globally isomorphic to Ox (not just locally) and I'(U, Ox)* is a group for each open U.
(Here, T'(U, Ox)* is the set of invertible sections on U.) O

Corollary A.37 Under the hypotheses of Proposition A.35, the set Xy is open in X.

Problem A.22 Let 0 — F' — F — F” — 0 be an exact sequence of Ox-modules
and suppose that F” is locally free. Then for each x € X, there is an open set U containing
x such that F [ U is isomorphic to the direct sum F' [ U[[F" | U.

Problem A.23 Let the hypotheses be as in Proposition A.35, and let ' be a second in-
vertible sheaf on X with global section g. Prove that X; N X, = Xg,.

Problem A.24 Assume (X, Oy) is a local ringed space. Let F and G be locally free Ox-
modules and let £: F — G be a homomorphism. Then a necessary and sufficient condition
that there exist an open neighborhood U of x € U, such that £ | U be injective and G | U
be the direct sum of £(F) [ U and a locally free submodule H of G | U is that &,: F, — G,
induce an injection of vector spaces F,/m,F, — G,/m,G,.
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Appendix B

Cohomology

B.1 Flasques and Injective Sheaves, Resolutions

We shall lay the foundations, here, for the cohomology theories of the next two sections. In
what follows, (X, Ox) will be a ringed space and S(X, Ox) will denote the abelian category
of Ox-modules. Of course, S(X) is an abbreviations for S(X, Z).

The notion of injective resolution is basic to the foundations of cohomology theory. Let
C be an abelian category (the reader should think of C as S(X, Ox)). Recall that an object,
I, in C is an injective if for every pair of objects, A and B, in C, every morphism, f: A — I,
and every monomorphism, h: A — B, there is some (not necessarily unique) morphism,

~

f: B — I, so that R
f=T[oh,

as in the following commutative diagram:

0—=A-".pB

s f
I

It is well-known that [ is an injective iff Hom (—, I) is (right) exact.

Definition B.1 Let F' be an object of an abelian category, C. An acyclic resolution of F
is an exact sequence
0 —=F —=Qy—Q1 — Qs —---

in C. An injective resolution of F' is an acyclic resolution for which all the @; (with i > 0)
are injective objects of C.

We shall say that C has enough injectives whenever each object, F', of C is isomorphic
to a subobject of an injective (object) of C; that is, whenever we are given F', there should
be an injective, (), and an exact sequence

00— F —Q, in C.

499
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The standard sufficient condition for the existence of injective resolutions in C' is the
following;:

Proposition B.1 Let C be an abelian category with enough injectives. Then every object,
F, of C has an injective resolution.

Proof. By hypothesis there is an exact sequence

with @)y injective. If F} is the cokernel of 7, then F} may be embedded in an injective object,

@1,

O—>F1i—1>Q1.

Let F5 be the cokernel of i1, and repeat the argument. An obvious induction yields the exact
sequence

0—F -5 Q5 Fy—0,  j=0,1,-
with @); injective for all j > 0 and with Fy = F" and iy = i. If we set
uj =141 08 Qf — Qjt,
then the sequence

0—F—Qo—>0Q1 —Qy—> Qs — -

is the desired injective resolution of F'. []

Remark: Suppose X is a class of objects of C. We may speak of X-resolutions (acyclic
resolutions in which each ); is an object of X), and may also ask if C possesses enough
X-objects. The same argument as given in Proposition B.1 show that if C possesses enough
X-objects, then every object of C has an X-resolution.

Now, injective resolutions would be useless were it not for the fact that they possess a
“quasi-uniqueness” property. To explain this, we need the notion of homotopy between maps
of resolutions.

Definition B.2 Let F' and F’ be objects of C, and let
0— F— Q5 Q1 — - (¥
and

0— F' — Q) —% Q) — -~ ()’



B.1. FLASQUES AND INJECTIVE SHEAVES, RESOLUTIONS 501

be acyclic resolutions of ' and F’. Suppose that &: F' — F’ is a morphism. By a morphism
(&) from (x) to (x)" over £, we mean a collection of morphisms

£2Q2_>Q;7 7'20717

such that the diagram

0 F Qo o)
O
0 F Qo Q'
is commutative. A homotopy, s, between two morphisms (§;) and (7;) of (x) to (x)" (over &),
denoted (&;) ~ (1;), is a collection of morphisms

sit Qi = Qi 1=1,2,.-

such that for every ¢ > 1,
M — & = Uj_1 © S; + Sit1 0 U,

while ny — & = s1 o ug, as illustrated in the diagram below:

Ui—1 u;
Qi—l Qz Qi—l—l
Si Sit1
Pilk /PZI / kpiﬂ
/ / /
i—1 u;71 Qz u; i+1 )

where p; = n; — &. If a homotopy between (§;) and (n;) exists, we say they are homotopic.

Here is the“quasi-uniqueness” of injective resolutions.

Theorem B.2 Let F' and F' be objects of C, let (x) be an acyclic resolution of F' and assume
(x)" is an injective resolution of F'. If§: F — F' is a morphism then there exists a morphism
(&) from (x) to (%) over {. Any two morphisms over & are homotopic. Consequently, any
two injective resolutions of F' have the same homotopy type; that is, there are morphisms (&;)
and (n;) from one to the other and back over the identity whose compositions are homotopic
to the identity.

Proof. We shall construct the morphism (&;) by induction on i. To begin with, the mor-
phisms £: F' — F" and F' — @) yield a morphism F' — Q). Since @ is injective, and (x) is
acyclic, the diagram

0—=F— >

l /-/'"'....fo

Qo
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may be completed by the addition of the morphism &g, as shown. Now, assume by induction
that the morphisms &; have been constructed for ¢ < n in such a way that the required
diagram is commutative, and consider the following diagram:

Qn—2 Qn—l Qn

/

unlofnll
PR
/

@n

Since @/, is injective, since (x) is exact, and since the composition map

Qn—2 — Qn—l — Q;L

is zero, there is an extension of u) _; o &,_1 to a morphism §,: @, — Q). Existence of a
morphism over £ is thereby assured.

Suppose that (&;) and (n;) are morphisms over £. To construct a homotopy, we shall once
again proceed by induction on 7. The diagram

F—>Qo—> @

no—&o l o
p

o

may be completed by the addition of the morphism s; as shown, because the upper sequence
is exact, @ is injective, and F' — Qo — @) is the zero map. Assume by induction
that the morphisms s; have been constructed for ¢+ < n and that they satisfy the required
conditions. In diagram

Qn—2 Qn—l = Qn

|

/
n—1

where ( is the morphism 7, — &,—2 — u,,_, 0 5,1, the upper row is exact, the morphism

Qn-1 — Qn_1 N Q. is zero (as one checks), and @, _; is injective. It follows that there
exists a morphism s, : @, — @/,_; rendering the above diagram commutative. The sequence
(s,) constructed in this manner is the desired homotopy.

If we are given two injective resolutions of F'
0—F—Qy—Q — - ()
and

0—F — Q) — Q) — - (k)
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then the identity map may be raised in both directions to morphisms of resolutions, say
(&): (%x) — ()" and (n;): (*x)" — (*x). The compositions (& on;), (n; o &) must then be
homotopic to the identity, as the identity morphism is a lifting of F’ 9. F in each resolution
(xx), (xx)". O

Remarks:

(1) For the first two statements of Theorem B.2, (%)’ need not be an injective resolution
of I, but merely an injective complez over F’. That is, each @} should be injective
but in place of exactness, we require only that u/, o u!,_; = 0 for every n.

(2) The reader should not despair over the lack of intuitive meaning in the notions of
resolution and homotopy. We will see the intuitive content of these notions, as well as
an honest uniqueness theorem (to be deduced from Theorem B.2) in the next section.

Proposition B.3 Let 0 — F' — F — F” — 0 be an exact sequence in the category
C, and let
0—F —Qy— Q) — -

and
0—F'— Q) — Qf — -
be injective resolutions of F' and F". Then there exists an injective resolution

0 —F —Qy—CQ — -

of F, such that for each i, the sequence 0 — Q) — @Q; — Q7 — 0 is exact and the
obvious diagrams commute.

Proof. The proof is entirely straightforward, and is an excellent exercise in the techniques
of this section. It will be left to the reader. [

We now come back to earth and consider the category S(X, Ox) of Ox-modules.

Proposition B.4 The category S(X, Ox) possesses enough injectives. Consequently, every
Ox-module has an injective resolution of Ox-modules.

First Proof. The category S(X, Oy) is abelian with good direct sums and generators. (The
sheaves Ox [ U for all open U in X are generators as one checks.) It follows from [21],
Theorem 1.10.1, that S(X, Ox) possesses enough injectives. [

Second Proof. Given any Ox-module, F, for each x € X, choose an injective Ox ,-module
Q, and a monomorphism F, — Q.. Consider the sheaf, O, whose sections over the open
set U are given by [] ., Q.. Clearly, we have a monomorphism 0 — F — Q, and it
remains only to show that Q is an injective sheaf. This is the content of
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Lemma B.5 If for each v € X, the Ox z-module Q, is injective, then the sheaf
zeU
18 1njective.

Proof. Let Q" be the sheaf on X whose sections over U are given by

F(U,Qx):{gx ifxelU

0) ifzdU.

Then, Q is the product of the sheaves Q, for all x € X. However, to give a homomorphism
of a sheaf F into one of the sheaves Q7 is the same as giving a homomorphism of the stalks:
Fr — Q.. It follows immediately from this that each sheaf Q" is injective. The product of
injectives being an injective, we conclude that Q is an injective sheaf. []

Proposition B.6 Let p: (X, Ox) — (Y,Oy) be a morphism of ringed spaces and let Q be
an injective Ox-module. If p* is an exact functor (for example, if Ox = Oy = Z) then ¢, Q
1s an injective Oy -module.

Proof. If 0 — F' — F is an exact sequence of Oy-modules, we must prove that the
sequence

Hom o, (F, v Q) — Homoe, (F', 0.Q) — 0

is exact. By Theorem A.17,
Hom e, (¢*G, Q) ~ Hom o, (G, . Q).
Since ¢* is exact, and since Q is an injective Ox-module, the sequence
Hom o, (¢*F, Q) — Homo, (p*F', Q) — 0
is exact. This completes the proof. [J

Remark: Necessary and sufficient conditions for the exactness of ¢* will be investigated in
Chapter 7?7, when we discuss flatness and faithful flatness.

The analog of Proposition B.6 for inverse image is false in general. However, there is one
case in which it is true.

Proposition B.7 Let U be an open subset of X and let ¢: (U,Ox | U) = (X,Ox) be the
canonical inclusion map. If Q is an injective Ox-module then ¢*Q is an injective Oy -module.
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Proof. Let 0 — F' — F be an exact sequence of Op-modules. Because U is open in X,
it follows from the discussion in Section A.5 that there is an isomorphism

Hom o, (G, ¢*Q) ~ Home, (G, Q)

for any Op-module G. Since 0 — F' — F is exact, and since Q is Ox-injective, the
sequence B o
Homo, (F, Q) — Home, (F', Q) — 0

is exact. Thus, the sequence
Hom o, (F, ¢*Q) — Home, (F,¢*Q) — 0

is exact, as required. []

Injective sheaves, while perfect for foundations, are too large to be handled in a com-
putable way. We shall see that in order to compute cohomology groups of a sheaf, one is
required in principle to find an injective resolution of this sheaf. This is practically impossi-
ble to do in an explicit manner. Consequently, we wish to find a more manageable class of
sheaves in which to take resolutions, being assured that at the same time the cohomology
groups which will arise from these new resolutions will agree with those coming from injec-
tive resolutions. A class of sheaves having just these properties has been introduced by R.
Godement [18]. This is the class of flasque' sheaves.

Definition B.3 An Ox-module, F, is flasque if and only if, for every open subset U of X,
the map
F(X)— F(U)

is surjective.

The requirement in Definition B.3 is that every section of F over an open subset of X
be extendable to a global section of F. This requirement does appear to be of local nature.
Appearances are deceiving, however, as the following proposition shows.

Proposition B.8 Let F be an Ox-module. If F is flasque, so is F | U for every open
subset U of X. Conversely, if for every x € X, there is a neighborhood, U, such that F | U
1s flasque, then F is flasque.

Proof. The first statement is trivial, let us prove the converse. Given any open set V' of X,
let s be a section of F over V. Let T' be the set of all pairs (U, o), where U is an open in
X containing V', and o is an extension of s to U. Partially order T in the obvious way, and
observe that T is inductive. Zorn’s lemma provides us with a maximal extension of s to a
section o over an open set Uy. Were Uy not X, there would exist an open set W in X not
contained in Uy such that F [ W is flasque. Thus we could extend the section pggnw(a) to
a section ¢’ of F. Since o and ¢’ agree on Uy N W by construction, their common extension
to Uy U W extends s, a contradiction. ]

LA very loose translation of the French word flasque is “fabby” or “limp.”
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Proposition B.9 Every Ox-module may be embedded in a canonical functorial way into a
flasque Ox-module. Consequently, every Ox-module has a canonical flasque resolution (i.e.,
a resolution by flasque Ox-modules.)

Proof. Let F be an Ox-module, and define a presheaf C°(X, F) by

U~ 1]

zeU

It is immediate that C°(X,F) is actually a sheaf and that we have an injection of Ox-
modules F — C%(X, F). A section of C°(X,F) over any open set U is a collection (s,)
of elements indexed by U, each s, lying over the Ox ,-module F,. Clearly, such a sheaf is
flasque; hence, S(X, Ox) possesses enough flasque sheaves.

If Z, is the cokernel of the canonical injection F — C%(X, F), we define C'(X, F) to
be the flasque sheaf C°(X, Z;). In general, Z, is the cokernel of the injection
Zp1 — C%X, Z,_1), and C"(X, F) is the flasque sheaf C°(X, Z,). Putting all this infor-
mation together, we obtained the desired flasque resolution of F

0—F —CUX,F) — CYX,F) — C*(X, F) —> -+ . O

Remark: The resolution of F constructed in Proposition B.9 will be called the canonical
flasque resolution of F or the Godement resolution of F.

Here is the principal property of flasque sheaves.

Theorem B.10 Let 0 — F' — F — F” — 0 be an exact sequence of Ox-modules,
and assume F' is flasque. Then this sequence is exact as a sequence of presheaves. If both
F' and F are flasque, so is F". Finally, any direct factor of a flasque sheaf is flasque.

Proof. Given any open set, U, we must prove that
0— FU)— FU) — F'(U) —0

is exact. Of course, the sole problem is to prove that F(U) — F”(U) is surjective. By
restricting attention to U, we may assume U = X; hence, we are going to prove that a global
section of F” may be lifted to a global section of F. Let s” be a global section of F”, then,
locally, s” may be lifted to sections of F. Let T" be the family of all pairs (U, o) where U is
an open in X, and o is a section of F over U whose image, ¢”, in F”(U) equal p}(,,(U)(s”).
Partially order 7" in the obvious way, and observe that 7" is inductive. Zorn’s lemma provides
us with a maximal lifting of s” to a section o € F(Uy).

Were Uy not X, there would exist x € X — Uy, a neighborhood, V', of z, and a section
7 of F over V which is a local lifting of pi¥(s”). The sections pggm/(a), Plorv (T) have the
same image in F”(Uy N'V). Consequently, there is a section ¢ of F'(Uy N V') such that

Prsew () = plyev (T) + .
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Since F' is flasque, the section t is the restriction of a section ¢ € F'(V'). Upon replacing 7 by
T+t (which does not affect the image in F”(V')), we may assume that pggm/(a) = Plorv (7);
that is, that ¢ and 7 agree on the overlap Uy N V. Clearly, we may extend o (via T) to
Up UV, contradicting the maximality of (Up, 0); hence, Uy = X.

Now suppose that F' and F are flasque. If s” € F"(U), then by the above, there is a
section s € F(U) mapping onto s”. Since F is also flasque, we may lift s to a global section,
t, of F. The image, t”, of t in F”(X) is the required extension of s” to a global section of

F.

Finally, assume that F is flasque, and that F” is a direct factor of F. Let F' be the
kernel of the map F — F”, then by hypothesis, F is the product of the sheaves F’ and
F". Tt follows from this that the sequence

0— FU)— FU) — F'(U) —0

is exact for every open set U of X. (The presheaf direct product is already a sheaf!) Precisely
the same argument as in the paragraph above, now shows that F” is a flasque Ox-module.
O

Proposition B.11 If ¢p: (X,O0x) — (Y, Oy) is a morphism of ringed spaces and if F is a
flasque Ox-module, then v, F is a flasque Oy -module.

Proof. Let V be open in Y, we must show that ¢, F(Y) — @, F(V) is surjective. But
P F(Y) =F(lel ' (Y)) = F(X) and @ F(V)=F(le| (V).
Since F is flasque, we are done. []

Proposition B.12 Let (X, Ox) be a ringed space, and assume that X is irreducible. If F
1s the Ox-module associated to a constant presheaf of Ox-modules, then F is flasque.

Proof. By Exercise 3 of Section A.4, F is a constant presheaf on X. Hence, F(X) = F(U)
for every open U in X, which ends the proof. [J

A topological space is called noetherian if and only if it has the descending chain condition
on closed sets. Equivalently, a space is noetherian if and only if each open subset is compact.
(An algebraic variety is a noetherian space as we have seen in Chapter 1, Section 1.2).

Theorem B.13 Let (X,Ox) be a ringed space, and let (Fy) be an inductive system of
sheaves of sets on X. Let Fy be the presheaf direct limit of the family (Fy), and let

0: Fo— ]-"éﬂ be the canonical mapping introduced in Section A.2.

(a) If X is compact, then 0(X): Fo(X) — Fé+)(X) is bijective and Fo(X) — Fi(X) is
mjective.
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(b) If X is noetherian, then 0 is an isomorphism and, therefore, Fy is a sheaf.

(c) If X is noetherian, the direct limit of flasque Ox-modules is a flasque Ox-module.

Proof. (a) By definition, Fé+) is the direct limit

Since X is compact, the finite coverings {U; — X} form a cofinal subset of the family of all
coverings of X. Consequently, in the above limit, we may always assume the given covering
{U; — X} to be finite. This being said, consider the exact sequence

AX) — [[AO) = [[Auin)

ij

of sets. Since direct limits commute with finite products, we obtain the eract sequence

FolX) B[ R@) = [[FR@n0).

ij

From passing to the limit over the coverings {U; — X}, we obtain the bijection
0(X): Fo(X) — féﬂ (X). Now we know from the proof of Theorem A.3 that the natural
map ]-"(SH(X ) — FIF(X) is always injective; this yields the second statement of (a).

(b) To say that X is noetherian is to say that every open subset, U, of X is compact.
By (a), the mappings 6(U): Fo(U) — ]-"é”(U) are all bijective; hence, the presheaves F
and .7:(5” are isomorphic.

(c) By (b), the presheaf direct limit of the family of flasque Ox-modules is an O x-module
(i.e., a sheaf!). The limiting Ox-module is flasque because the functor hﬂ is exact. [J

Remarks:

(1) The proof of Theorem B.13 is another instance of the technical superiority of one
method of defining associated sheaves to another—in this case the double limit method
is superior to the stalk method. A proof via the stalk method may be found in
(Grothendieck [21], page 162), and the reader should compare this proof with ours.

(2) It is true that if X is compact and Hausdorff, then Fo(X) — F (X) is a bijection-but
the proof (77, page 162) requires a deeper investigation of the local equality of sections
on normal spaces (Grothendieck [21], page 158 ff).
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Problem B.1 Let (X,Ox) be a ringed space and let Y be a closed subspace. Suppose
that Q is an injective Oy (= Ox [ Y)-module. Show that Q extended by zero outside Y
is an injective Ox-module. Show by specific example that the restriction of an injective
Ox-module to the closed set Y need mot be an injective Oy-module. If Y is open in X,
need the extension of an injective Oy-module by zero outside Y be an injective Ox-module?
Proof or counterexample. Answer the same questions for flasque sheaves.

Problem B.2 Let 0 — F' — F — F” — 0 be an exact sequence of Ox-modules.
Prove that the sequence

0— C"(X,F)— C"X,F) — C"(X,F") — 0

is exact for all n > 0. In other words, prove that F ~» C™(X,F) is an exact functor on
Ox-modules.

B.2 Cohomology of Sheaves

As in Section B.1, (X, Ox) will be a ringed space, and we will be interested in the category,
S(X,Ox), of Ox-modules. However, we will start (as in B.1) with a more general situation.

Let C and C’ be abelian categories (the reader is urged to think of the case
C =8(X,0x), C' = AB-which is the important one for what follows). In C’, we have the
notion of a cochain complex, that is, a sequence

Qo Q1 Qo 5 Q2 - (1)

of objects of C’ having the property §°*! o §* = 0 for every i > 0. Of course, this condition
is equivalent to the existence of a monomorphism

B'=Im 6! — Ker §' = Z".

The object B* (where i > 1) is called the object of i coboundaries (in case C' = AB, we
speak of the group of i® coboundaries), and the object Z* is called the object of i*" cocycles
(resp. group of i cocycles). If necessary, we write B(Q) or Z'(Q), where (Q) denotes
sequence (). Since there is a monomorphism B' — Z° for i > 1, the quotient object
H' = Z;/B; exists. (We set H° equal to Z°.) Now the general idea is that the objects H' for
i > 1 measure the defect from ezactness of the sequence (T)—in fact, H* = (0) for i > 1 if and
only if (1) is exact in the i*" place. In view of this, the objects H' are important invariants
of the complex (1); H® is called the i*® cohomology object (resp. group when C' = AB) of
the complex (7).

The reader may well ask: Where do complexes (}) arise naturally, and what significance
does the exactness or non-exactness of (f) have for the situation from which it arose? The
answer is that such complexes arise in all parts of mathematics—originally having been recog-
nized in algebraic topology—and most often the exactness (or lack of it) in (}) is of profound
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significance. To give concrete examples of many such phenomena would take too much space.
We hope that the use of these techniques in the book will convince the doubting reader of
their importance, and that further reading in the literature will show the ubiquity of such
situations in mathematics.

The most typical case in which () arises is the following: Let T" be a left-exact functor
from C to C’ (think of C = §(X,Ox), C' = AB, and T is the functor F ~» F(X)). If F'is
an object of C, and if C possesses enough injectives, then F' has an injective resolution

0 —=F —=Q)—0Q1 — Qs —---.
If we apply T to the injective resolution of F', we get
0 —T(F)—T(Qo) —T(Q1) —T(Qs) — -+~

Now, the sequence T(Qo) — T(Q1) — T(Q2) — --- is a complex, so (in at least one
way) we have associated with each left-exact functor on C to C’, and each object F' of C,
a complex in C’. (Of course, we assume C’ possesses enough injectives.) Why do we need
an injective resolution? Any acyclic resolution will do, and any complex over F will do!
The point is this: The cohomology objects of the complex T'(Qy) — - -+ depend a priori
on T and the resolution of F. If we resolve F' with injectives, then the cohomology objects
will depend only upon T and F (NOT upon the particular resolution employed to obtain
them); hence, they may be considered invariants of 7" and F. This uniqueness property is
a consequence of the quasi-uniqueness of injective resolutions (Section B.1, Theorem B.2),
and is the main content of

Proposition B.14 Let C and C’ be abelian categories, and assume C possesses enough
injectives. If T is a left exact functor from C to C' and if F is any object of C, then the
objects, (R"T)(F), of C', defined by

R'T(F) = H*(T(Q)),
where T'(Q) 1is the complex
T(Qo) — T(Q1) — T(Q2) — -

arising from any injective resolution of I, depend only upon T and F'. Each R"T is a functor
from C to C', and we have an isomorphism of functors T — R°T.

Proof. Choose two injective resolutions of F
0—F —Qy— Q1 — Qy — - (a)
and

0—F —Q,— Q] — Q) — - (B)
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and form the complexes

T(Qo) — T(Q1) — T(Q2) — - -~ (T'(e))

and

T(Qy) — T(Q) — T(Qy) — -+ (T'(8))

By Theorem B.2, resolutions (a) and (/) are of the same homotopy type, so that there
are maps (&), (n;) from («) to (8) (resp. (B) to («)) over the identity whose compositions
are homotopic to the identity. Since 7' is a functor, those maps induce maps of complexes
(T'(&)) = (&), etc. Moreover, in virtue of the commutativity requirement in the definition
of a map of resolutions, the maps £/, etc., induce maps (again denoted &, etc.) on the
cohomology of the complexes T'(«), T'(5)

& H(T(Q) — H(T(@Q))
nit H(T(Q) — H(T(Q)).

Since £ om; ~ id and n; 0 & ~ id (here, ~ denotes “homotopic to”), our first conclusion
will follow from the statement: Homotopic maps of complexes induce the same map on
cohomology.

To obtain the italicized statement, let (u;) and (v;) be homotopic maps of complexes; let
let u} and v} denote the induced maps on the i*® cohomology object, for all 3. If (s;) is the
homotopy, we have

vi—u; = (0) " tosi+si 06, i>0

Vo — Uy = 81050.

Now, u} and v} are defined on Ker ¢ modulo Im §°~!; so it follows immediately from the
above equations that u; = v} for all ¢+ > 0.

Suppose F T Gisa map of objects in C. According to Theorem B.2, for any injective
resolution of F' and G there is a map over f. This morphism induces a map on cohomology,
and hence we obtain a map (R"T")(F) — (R"T)(G). The map on cohomology is indepen-
dent of the resolution and the particular lifting of f to a map of resolutions. (Theorem B.2
shows that any two liftings are homotopic, and the italicized statement above gives us the
uniqueness.) The axioms for a functor are trivially verified by the same methods.

Finally, as T is left-exact, the sequence

0 — T(F) — T(Qo) 5 T(Q1) — - -
shows that T'(F) — Ker ¢° = (RT)(F) is an isomorphism, and it is obviously functorial.
]

The functors R™T are called the right derived functors of T'. When T is fixed, the objects
(groups in case C' = AB) (R™T)(F) are important invariants of the object F'.
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Proposition B.15 Let

Qo — Q) — Qy — -+ (@)
Qo —Q1—Qy — -+~ (Q)
s QY Q- (@")

be three complexes, and assume that for each i > 0 we have an exact sequence
0—Q — Qi — QY — 0.
Assume moreover that the diagram
0 Q; Qi Q7 0

.

0—Qip1 —>Qint i —=0

commutes for each © > 0. Then there is a map
o HY(Q") — HHY(Q')
for each i > 0, and the sequence

0— H(Q') — H(Q) —— H(Q")
( 5
HY(Q) —— -

( . e . e Hn—l(Q//)

§*

n—1

N

(@) — 00— () — -

18 exact.

Remark: One compresses the hypotheses of Proposition B.15 by saying that

0 — (@) — (Q) — (Q") — 0is an exact sequence of complexes. The maps J} are con-
necting homomorphisms, and the exact sequence of the conclusion is called the cohomology
sequence or the long exact sequence of cohomology.

Proof. An application of the snake lemma to the commutative diagram in the hypothesis
yields a map

Ker (§")" — Coker (&')"*
However, a moment’s thought shows that this map factors through H*(Q") and H™(Q’);
so it yields the connecting homomorphism 0. The exactness of the cohomology sequence is
straight-forward and will be left as an exercise. []
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Corollary B.16 Let 0 — F' — F — F” — 0 be an exact sequence in the abelian
category C, and let T: C — C’ be a left-exact functor. Then for everyn > 0, there is a map

(R'T)(F") 5 (R™T)(F),
and the sequence

0
- (R'T)(F)

<—> (R"T)(F") —— (R"T)(F) — (R"T)(F")

<—> (R™IT)(F)

is exact. If 0 — G — G — G” — 0 is another exact sequence in C, and if there is a
commutative diagram

T(F")

T(F)

T(F//)

)
—

0 P F fal 0
0 G’ GG 0,

then the induced diagram

0 —=T(F) T(F) T(F") — (R'T)(F') —= - — (R"T)(F") —

U T T, |

0 —T(¢") T(G) (@) —= (R'T)(G) —=- - —= (R"T)(G") — -~

18 also commutative.

Proof. This is an immediate consequence of Theorem B.2 and Propositions B.3 and B.15.
O

Remark: A sequence {T"} of functors having the properties expressed by the conclusions
of the corollary is called an ezact, connected sequence of functors or a cohomological functor
(or a d-functor).

Corollary B.17 The functor T is exact if and only if R™T is zero for n > 0.

Proof. If T is exact then clearly R"T vanishes for positive n. Conversely suppose R"T
vanishes for n > 0, then in particular R'T is identically zero. Hence, for any exact sequence

0—F —F—F —0
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we obtain
0 — T(F) — T(F) — T(F") — (R'T)(F")

is exact. This completes the proof. [J

Now if ) is any injective object of C then the sequence 0 — @ -, @ — 0 is an injec-
tive resolution of @; hence, for any functor 7" (left-exact, of course) we obtain (R"T")(Q) = (0)
for n > 0. The three properties

(a) R°T =T
(b) R™I vanishes on injectives for n > 0
(c) {R"T'} is a cohomological functor

serve to characterize the sequence { R"T'}. This is a straightforward argument, however, it
also follows from a more general line of reasoning which will be useful later on. We now turn
to this more general reasoning.

Suppose we have a functor T: C — C’. We say that T is effacable in C if and only if for
each object, F', of C there is a monomorphism into an object, Mg, of C’

u: F'— Mp

such that T'(u) = 0. (In particular, this will be the case if T'(Mp) is the zero object of C'.) Let
{T"}) be a cohomological functor. The sequence {T"} is a universal cohomological functor if
and only if for any cohomological functor, {S™}, and for any map, T° — S of functors there
exists a unique family of maps of functors 7" — S™ (having appropriate commutativity
conditions) for n > 0 which reduces, when n = 0, to the given map 7° — S°. An obvious
consequence of this rather long condition is the fact that two universal cohomological functors
are isomorphic if and only if their zero™ terms are isomorphic.

Proposition B.18 Let C,C’ be abelian categories and let {T"}) be a cohomological functor
from C to C'. Suppose T" is effacable for n > 0. Then, {T"} is a universal cohomological
functor. Consequently, properties (a), (b), (¢) of the sequence {R"T'} characterize it as a
cohomological functor.

Proof. The proof is by induction on n; we shall treat only the case n = 1 for the other cases
are very similar. Let ug: T° — S° be the given map of functors. If I is an object of C, the
effacability of T shows that there is an exact sequence

0—F —Mpr—F' —0

such that the map ¢ in the induced sequence

TO(M;) — TO(F") -2 TY(F) — T (Mp)



B.2. COHOMOLOGY OF SHEAVES 515

is surjective. Were a map u;: T" — S! to exist, the commutative diagram

TO(Mp) —=T(F") —2> TYF) — T (Mp)

luo(MF) luo(F”) lul

SO (M) —— SO(F") — SY(F)

and the surjectivity of 6 would show that u; is completely determined by the maps uo(Mp),
uo(F"). This argument proves the uniqueness of the map u;.

Now we need to prove the existence of a map u;. Since the lower line of the above diagram
is exact (all that is necessary is that it be a complex), this diagram with u; removed implies
that the map uo(F”) induces a map TY(F) — S'(F) in such a way that our diagram
commutes. However, it is a prior: possible that the induced map depends upon the choice
of exact sequence

00— F — Mp — F"—0.

We claim that this is not the case. Observe first that a simple argument establishes: If
0—F —M,—G—0

is another exact sequence, and if this sequence dominates the former in the sense that there
is a commutative diagram

0 F My F” 0

L

0 F M}, G 0,

then the maps u;: TY(F) — S*(F) induced by these sequences are the same. From this it
follows that given two sequences

0—F—Mp—F'"—0 and 0—F — M, — G —0,

we need only find a common dominant. If € is the composed map F' — Mprp — Mp[[ M}
and 7 is the composed map F — M} — Mp [ M}, then & — 7 is an injection of F' into
Mp [ Mj. Let M be the cokernel of £ — 7, then the exact sequence

O—>F—>M—>F”HG,
is the required dominant. The verification that w; is a map of functors is now trivial and

the proof is complete. [

The main point of Proposition B.18 is that it does away with the need for injectives
in establishing the uniqueness of a cohomological functor. Frequently, one will have two
cohomological functors which agree in dimension zero. To establish that they are isomorphic
on the category C, one need only be able to efface them in C.

We need just one more abstract proposition.
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Proposition B.19 Let T be a functor from the abelian category C to the abelian category
C’, and suppose that C has enough injectives. Let X be a class of objects in C which satisfies
the following conditions:

(i) C possesses enough X -objects,

(i) If F is an object of C and F is a direct factor of some object in X, then F belongs to
X,

(iii) If 0 — F' — F — F” — 0 is exact and if F' belongs to X, then
0 —T(F") —T(F)— T(F") — 0 is exact, and if F' also belongs to X, then F"
belongs to X.

Under these conditions, every injective object belongs to X, for each M in X we have
(R"TY(M) = (0) for n > 0, and finally the functors R™T may be computed by taking X -
resolutions.

Proof. Let @ be an injective of C. By (i), @ admits a monomorphism into some object M
of the class X. As @ is injective, @ is a direct factor of M; hence (ii) implies @ lies in X.
Let us now show that (R"T)(M) = (0) for n > 0 if M lies in X. Now, C possesses enough
injectives, so we have (with obvious notations) the exact sequences

00— M —Qy— Zy — 0
0—2y—Q — 72— 0
0—721 —Qy— Zy — 0

Here, each @; is injective, so lies in X. As M belongs to X, (iii) show that Zj lies in X. By
induction, Z; belongs to X for every i > 0. Again, by (iii), the sequences

0 —T(M) —T(Qy) — T(Zy) — 0

are exact. Consequently, the sequence
0—T(M)—T(Qy) —T(Q1) —T(Qs) —> -+~

is exact, and this proves that (R"T)(M) = (0) for positive n. Finally, we must show that
the functors R™T may be computed from arbitrary X-resolutions (which exist by (i)). Given
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F', we construct an X-resolution via the usual exact sequences

0—F —My— Zy—0
0—2y— M, — Z; — 0

If we apply the sequence of cohomology to each of these sequences and make use of
(R"T)(M) = (0) for n > 0, we deduce

(R"T)(Zy) = (RPT)(Zmsn—p) = (R"T"T)(F)
for m > 0. Consequently, we deduce exact sequences

0 — T(F) — T(My) — T(Zy) — (R'T)(F) — 0
0 — T(Zy) — T(My) — T(Z,) — (R*T)(F) — 0
0 — T(Z)) — T(My) — T(Zy) — (R*T)(F) — 0

etc. These sequences prove that the cohomology of
0 —T(F)— T(My) — T(My) — T(My) — ---

is exactly {(R"T))(F)}2,, as required. O
At last we forsake arbitrary abelian categories and assume C = S(X,Ox) and C' = AB.

Definition B.4 Let F be an Ox-module, and let U be an open set of X. By the n'-
cohomology group of U with coefficients in F we mean the abelian group (R"['y)(F), where
[y is the functor: O(X,Ox) — AB given by F ~» F(U). In particular, the cohomology
groups of X with coefficients in F are the values of the derived functors R"I" on F, where I'
is the “global section” functor, i.e., I'(F) = I'(X, F) = F(X).

The notation for the n'® cohomology group of U with coefficients in F is H"(U, F).

Upon putting together Propositions B.9, B.14, B.15, B.18, B.19, and Theorems B.2 and
B.10, we may state the following grand theorem.

Theorem B.20 Cohomology groups of a ringed space X in any Ox-module exist. If
0 —F —wF —>F —0and0 — G — G — G" — 0 are exact sequences of
Ox-modules, and the diagram

0—>F —=F —=F'——0

L

0 g g g” 0
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1s commutative then we have a commutative diagram of cohomology

0 — HY(X, F') —= H(X, F) —= H(X, F") —= H'(X, F/) — - --

! | l l

0—=H(X,¢')—= H(X,§) —= H(X,§") — H'(X,§') —— - -

The positive dimensional cohomology groups of X wvanish for flasque (in particular, for injec-
tive) sheaves, and the cohomology groups are characterized by the above properties. One can
compute the cohomology groups of F using any flasque resolution of F; in particular, they
may be computed from the Godement resolution of F. For any Ox-module, F, the zero™
cohomology group, H°(X, F), is exactly the group of global sections, F(X) =T'(X,F), of F.

Another easy consequence of our results is the following theorem which is of use in
algebraic geometry.

Theorem B.21 Let (X, Ox) be a ringed space, and assume X is noetherian. If (Fy) is a
direct mapping family of Ox-modules and F is its limit, then we have the canonical isomor-
phism

liﬂH”(X,}",\) — H"(X,F)

A

for every n > 0. In other words, cohomology commutes with direct limits of sheaves over
noetherian spaces.

Proof. For each F) construct its Godement resolution. According to Problem 2 of Section
B.1, the Godement resolution of a sheaf is a functor of that sheaf; consequently, we have a
direct family of flasque resolutions

{0 — F, — C' X, F\) — CHX, F)) — -+ }.

The direct limit of these resolutions is a flasque resolution of F by Theorem B.13. Since
direct limits of complexes commute with cohomology of complexes our theorem now follows
immediately from Theorem B.20. O

We now wish to examine the cohomology of sheaves concentrated on closed subspaces of
X. For this we need

Lemma B.22 Let Y be a closed subspace of X and let F be an Ox-module. Then the
canonical map

DX Fy) = TV, F 1Y)

s an isomorphism.
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Proof. The map ~ is the restriction of sections from X to Y. From the definition of Fy each
element of the lefthand group has support contained in Y’; this proves that 7 is injective.
Conversely as Y is closed in X, each section of F [ Y has support closed in X; hence, the
map € which extends a section by zero outside Y is an inverse to v. [J

Obviously if G is an Oy-module (Oy = Ox | Y) then Lemma B.22 yields the isomorphism
r(y,G) — T(X,3).

Theorem B.23 LetY be closed in X and let G be an Oy -module. Then there exist canonical
1somorphisms

H™(Y,G) — H"(X,G)

for every n > 0. In particular for an Ox-module, F, there are isomorphisms
H"Y,Fl1Y) — H"(X, Fy).
Moreover, we have the exact relative cohomology sequence

0——=HYX, Fx_y)——=H'(X,F)—=H(Y,F | Y)
)
<—> HY(X, Fx_y)
)

<—>H”(X, Fx-y) ——=H"(X, F) — H"(Y, F | Y) )
<—>H"+1(X, Fx_v)

Proof. The functor G ~» G is exact, and when composed with the cohomological functor
{H™(X,—)} it gives a cohomological functor

G~ H"(X,G)

on S(Y, Oy). Now there is a universal cohomological functor on S(Y, Oy ), namely
G ~ {H"(Y,G)}. Since we have a map H°(Y,G) — H°(X,G) we deduce the canonical
isomorphisms

H™(Y,G) — H"(X,G) forn > 0. (o)

Each Oy-module, G, is embeddable in an injective Oy-module Q. By Problem 1 of Section
B.1 (see also Proposition B.6), Q is an injective Ox-module. Hence, G admits a monomor-
phism into a sheaf Q for which H"(X, Q) vanishes when n > 0. That is, the functors
G ~ H"(X,G) are effacable for n > 0. It follows from Proposition B.18 that
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G ~ {H"(X,G)} is a universal cohomological functor; so the homomorphisms (a) are iso-
morphisms. From Theorem A.12, we deduce the exact sequence

0—>.FX_y—>f—>.Fy—>0. (ﬁ)

Upon writing G = F [ Y, using the cohomology sequence associated to (), and employing
the isomorphisms (a), we deduce the exact relative cohomology sequence. []

There is an interesting application of Theorem B.23 to the notion of cohomological di-
mension of an algebraic variety. We say that a cohomological space X has cohomological
dimension less than or equal to n if for every sheaf, F, of abelian groups on X, the group
H"(X,F) vanishes when r > n. The following theorem (due to Grothendieck [21]) provides
a test for cohomological dimension on noetherian spaces.

Theorem B.24 Let X be a noetherian space. In order that X have a cohomological dimen-
sion less that or equal to n, it is necessary and sufficient that

H" (X, Zy) = (0)
for all v > n and all open U in X.

Proof. Every sheaf is a homomorphic image of a direct sum of sheaves, Zy,, for open sets
U; (the Zy are generators of S(X, Ox)). Such a direct sum is a direct limit of finite direct
sums, and, since X is noetherian, Theorem B.21 show that we may restrict attention to
homomorphic images of finite direct sums of Z;’s.

If F is such a sheaf, it follows immediately that F possesses a composition series
0)=FCHC---CF,=F

whose factors F;/F;_1 are homomorphic images of the generating Zy. Were the theorem
true for sheaves of composition length at most m — 1, we could prove it for sheaves of
composition length m as follows: The sequence 0 — F,, 1 — F — F/Fpn1 — 0
yields the cohomology sequence

o — H'(X, Frm1) — H'(X,F) — H' (X, F/Fin-1) — - -+

Since the extremes of the latter sequence vanish for » > n by the induction hypothesis, the
middle term also vanishes, as required. Thus, in proving the theorem, we may assume that
the sequence

0 — K —=2y —F —0

is exact for some open set U of X. By Theorem A.16, the sheaf has a composition series

KoCKiC---CK, =K
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whose quotients have the form Zy for locally closed subspaces Y of X. We need to prove
H"(X,K) = (0) for r > n, and the same argument as above shows that we may assume
IC = Zy for Y locally closed in X.

Now, Y has the form U — V for open sets V C U in X, and it follows from Theorem
A.12 that the sequence
0— 2y — Zy — Zy — 0

is exact. But an application of the cohomology sequence and the hypothesis to the last exact
sequence yields

H"(X,2y)=(0) forr>n. O

Let X be a noetherian space. We say that X has combinatorial dimension less than or
equal to n if the least upper bound of the integers r for which there exists a strictly increasing
chain

XoCX1CX2CX3C"'CXr:X

of closed, nonempty, irreducible subsets of X is less than or equal to n. When X is an affine
variety in the sense of Chapter 1, dimension theory shows that the combinatorial dimension
of X equals its dimension as a variety.

Theorem B.25 Let X be a noetherian space. Then the cohomological dimension of X is
bounded by its combinatorial dimension.

Proof. We prove this by induction on the combinatorial dimension of X. When X has
dimension zero it is a finite union of points and the theorem is trivial. Suppose X has
dimesnion n and the theorem has been proved for smaller combinatorial dimensions. Let
X;, with j = 1,--- r be the irreducible components of X (= maximal irreducible closed
subspaces of X, which exist as X is noetherian), let 7 be a sheaf on X, and let F; = Fy;.
As each X is closed in X, we have a homomorphism F — F; for each j; consequently we
deduce the exact sequence

0—>]—"—>Hfj—>g—>0

J

on X. Now G is zero outside of the union (J,;(X; N X;) =Y, and Y has combinatorial
dimension at most n — 1. It follows from the induction hypothesis and Theorem B.23 that
H™(X,G) = (0) for m > n — 1. The cohomology sequence then shows that we need prove
only that

H™(X,F;)=(0), forall jand all m > n.

However, by Theorem B.23 again, H™(X;, F;) = H™(X, F;); hence, we may assume that X
is irreducible.



522 APPENDIX B. COHOMOLOGY

Let U be open (nonempty) in X, and consider the exact sequence of sheaves on X:
00— 2y — 2 — Zx_y— 0.

From the cohomology sequence and Theorem B.23, we obtain
H" Y X -U 2) — H™(X,Zy) — H™(X, 2).

As X is irreducible, the combinatorial dimension of X — U is strictly smaller than n, and
the constant sheaf Z on X is flasque (see Proposition B.12). It follows from this that the
extremes of our sequence vanish for m > n; hence, an application of Theorem B.24 completes
the proof. [

Problem B.3 (Buchsbaum). Let T be a left-exact functor from the abelian category C to
AB. We say that T is locally effacable if and only if for every F' in C and every £ € T'(F),
there exists an object, Mp¢, of C and a monomorphism w: F' — Mg such that T'(u)(£) = 0.
Prove that a cohomological functor {7"} on C to AB is universal if T™ is locally effacable
for all n > 0.

Problem B.4 Suppose C is an abelian category with enough injectives and {7} is a uni-
versal cohomological functor from C to another abelian category C’. If @ is an injective
object of C prove that 7"(Q) = (0) for n > 0.

Problem B.5 Let X be an irreducible affine variety and let A be its coordinate ring. Let
(Y, Oy) be the ringed space associated to A (Example 3 of Section A.6), and let M be the
sheaf of meromorphic functions on Y. If D denotes the sheaf of germs of divisors on Y (i.e.,
the quotient sheaf M*/O3 ), then as we shall show later on, D is flasque. Assume this fact
and establish

(a) An isomorphism T'(Y, D)/T(Y, M*) — H'(Y,0%), i.e., a classification of the classes
of divisors on Y as elements of the first cohomology group of Y with coefficients in the
germs of invertible holomorphic functions, and

(b) H(Y,0%) = (0) for n > 2.

Problem B.6 Give an example of a noetherian space X of zero cohomological dimension
but infinite (or arbitrarily large) combinatorial dimension.
Hint. Let X be a well-ordered set and let a set S C X be closed if and only if

S =S5, where S,={yeX|y<uz}.



B.3. CECH COHOMOLOGY 523

B.3 Cech Cohomology

The cohomology groups of Section B.2 are apparently still hard to compute. Even more
important is the question: What are they good for? We shall develop a cohomology theory
for presheaves which is, in a mild way computable. In some instances it agrees with the
cohomology of Section B.2. However, its biggest advantage is that the groups lend themselves
to geometric interpretation as classifying groups for certain structures and constructs on a
ringed space. An important example of this phenomenon is given in Section 4.4 (Theorem
5.11).

Let F be a presheaf of abelian groups on X, and let {U; — X} be a covering. Given
indices 1, ...,%,, we have n + 1 maps

UpN---NUy, — Uy N N0, N---N 0,

n n

(where (7; means “omit U;,”) corresponding to the omission of each one of the n + 1 sets
Ui;, with 7 =0,...,n. Let 5? denote the map from U;,N---NU;, to Uy, N---NU;N---NUj,,,
then our array of sets and maps may be schematically depicted as follows:

— P
X%Uio : UioﬂUil <<: UioﬂUilﬂUi2 :

If we let C"({U; — X}, F) be the product [[F (U, N---NU;, ) taken over all tuples
(0, ..,1,) of n+ 1 indices, then we obtain a diagram

s
C'{Ui = X}, F) = C'({Ui = X}, F) — C*({U; — X}, F)

I

Each of the arrows in this diagram has the form F(07) for some n and some j, with 0 < j < n.
Given n, upon defining 6% by the formula

n+1
0= (F1YF(EH,
7=0
we get the diagram
COUU, — X}, F) 255 CY{Us = X}, F) 22 C2({U; — X}, F)--- . (%)

As an exercise, the reader should prove that the diagram (x) is a complex for every
presheaf F and every covering {U; — X} (DX).

As an aid in understanding the complicated symbolism above (and in doing the exercise!),
let us render more explicit the nature of the groups C"({U; — X}, ) and the maps §%. An
element of C"({U; — X}, F) is a collection of objects

flioy ..., in)
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each lying in F(U;,N---NU;,). If I is the index set for the covering {U; — X}, then such an
element is obviously a “function” on I"*! with “value” at (i, ..., int1) in F(UiyN---NU;, ).
By tracing through the definition of ¢%, we find

n+1

(6% f) oy - ving1) = D (=1) o, - s -y ingr), (%)

Jj=0
where 7; means “omit ¢;.” In particular

0%, 5) = f()— f@)
(0x)i,5.k) = f(, k) — fi,k)+ f(i,j), etc.

The group C*({U; — X}, F) is called the group of Cech n-cochains for the covering
{U; = X} with values in F, the mappings 0% are called coboundary operators, and the
cohomology groups of the complex () are called the Cech cohomology groups of F for the
covering {U; — X}. Observe that H°({U; — X}, F) is exactly the group introduced in
Section A.2; hence, when F is a sheaf we have the isomorphism

F(X)~ H({U; = X}, F).

Also, when F is a sheaf, a Cech n-cochain of F for the covering {U; — X'} may be considered
as a family {s(ig, ..., i,)} of sections of F, each section s(ig,...,1%,) being defined over
Uyiy,N---NU;

Now, the correspondence F ~» C™"({U; — X}, F) is obviously functorial, and moreover

a trivial check shows that F ~» C"({U; — X}, F) is an exact functor from P(X) to AB. It
follows that

n*

F o H'({U; = X}, F) ()
is a cohomological functor on P(X).

Theorem B.26 The functors F ~» H"({U; — X}, F) are effacable for n > 0; consequently,
the cohomological functor (1) is universal. The functors H"({U; — X}, —) are the right
derived functors of the left-exact functor H({U; — X}, —).

Proof. Let Zy (for open U) be the presheaf introduced in Example 4 of Section A.1. If F
is an injective presheaf, we must show that the complex

COUU = XV, F) 25 U (U, = X}, F) 5 C2({U; = X}, F) —> -

is acyclic (i.e., exact). Now for any open set U, Hom (Zy, F) = F(U); hence, our complex
amounts to
HHom (Zy,, F) — HHom (Zy,nv;, F) — -+

i7j
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But we know

H Hom (Zy,,, F) = Hom (H Ly, F);
hence our complex becomes:
Hom ([ [ Zv,, F) — Hom ([ [ Zu,rv,. F) — -+ .
i irj

As F is injective, the latter will be acyclic if we can prove that

11z, «— 11 Zviow, < T Zorwsowe — -
i ,J 1,5,k
is exact.

Now, by definition of Zy,, etc., we see that it is necessary to prove that the sequence

O I z)—M{ I 2]

i Hom (U,U;) 1,J Hom (U,U;NUy)
is exact. However, the last sequence is induced by the maps of the diagram
H
[[Hom (U, v3) = [[Hom (U.U;nT;) — - (1)
i i

(as follows from the definition of Zy, as a presheaf). If we let J = [[, Hom (U, U;), then (1)
becomes the diagram

m

%
J T IxJ $— IxJIxJ T IxIxJIxJ -
H

and here the maps really are obvious: Consequently, we are reduced to proving that a
diagram of the form

% %
[z & [z & 25 102
J J2 J3 — J4
is exact.

An element of [[;.Z is a function f on J" to Z with finite support. Its image 7" f in
[1,.-1 Z is given by

n

(") o) = > (=1 flon, .o iy, B, . 0y).

i=1 BeJ
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Consequently, f is a “cycle”, i.e., 7" f = 0, when and only when

n

Z(_l)l Zf(oq, .. .,Oéi_l,ﬁ,Oéi, P ,Oén_l) = O

i=1 BeJ

We must show that every cycle is a “boundary,” i.e., 7" f = 0 implies f = 7""1g for some g.
To this end, given f, define f* by

. B 0 ifan—i—l#)\
f(O{l’..-,an—l—l)_{f'(al"‘.’an) if(){n+1:)\

where X is a chosen element of J, fixed once and for all. (we may assume J # ().) Then,
7" f* has the form

n+1
(T s o) = Y (DY fan i, B, an)
i=1 BeJ
=D (=D i B, o) + (1) o, an).
=1 pedJ

When «,, # A\, we deduce
(7" Y a, .. on) = (D" (o, an).

So, assume «,, = A, then

n

F ) s o) = D ()Y flon, i, B amen) + (1) faa, o)

i=1 BeJ
= (7" f)ar,...,0pn_1) + (=1)" T flay, ..., o)
= (=" flay, ..., o),
since we are assuming 7" f = 0. This completes the proof. O
Let {U; — X} be a refinement of {U; — X}, say by the map e. As described in Section
A.2, the map € induces a map

€:C"{Uy— X}HLF) = C"({U; — X}, F)

for each n > 0. One easily checks that the mapping € commute with the coboudary operators
07; hence, we obtain mappings

H"{Uy = X} F) — H"{U; = X}, F)

for every n > 0.

Since the functor H"({U; — X}, F) is universal, any map from H°({U} — X}, F) to
H°({U; — X}, F) may be extended uniquely to maps of the H". However, Lemma A.2 of
Section A.2 shows that the map € induced by e is independent of e. We have proven
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Proposition B.27 Let {U;, — X} —— {U; — X} be a refinement of coverings. Then, for
each n > 0, € induces a mapping

e: H'{Uy — X}, F) — H"({U; — X}, F).

Any two refining maps between the same coverings induce the same map on cohomology.

Just as in Section A.2, we may now pass to the direct limit over the family of all coverings
partially ordered by domination. When this is done we obtain

Definition B.5 The Cech cohomology groups of X with coefficients in the presheaf F, de-
noted H"(X,F), are defined by

H"(X,F)= lim H"({U;— X}, F)
{Ui—>X}

(the direct limit over all coverings {U; — X}.)

Observe that JF ~ H°(X,F) is a left-exact functor from P(X) to AB, and that
F ~ H"(X, F) is its n™® right-derived functor (DX).

Cech cohomology groups lend themselves to geometric interpretation on ringed spaces.
A good example of this phenomenon is given in Section 4.4. If (X, Ox) is a ringed space, it
is proved in Theorem 5.11 that the Picard group Pic(X) (the group of isomorphism classes
of invertible sheaves on (X, Ox)) is isomorphic to H'(X, O%).

It turns out that the set, LF,(Ox), of isomorphism classes of locally free Ox-modules
of rank n on a ringed space (X, Ox) is also classified by a Cech cohomology object, namely
H'(X,GL(n)) (see Corollary 5.12). However, H' is a set, and not a group. Thus, we need
to develop nonabelian cohomology. Here is how we proceed for Cech cohomology, in the
special case of H', which is the only convenient case.

Let G be a sheaf of nonabelian groups and let Y = {U, — X} be a cover of X. We define
the sets C°({U, — X},G) and C*({U, — X},G) by

C'({Us = X},G) = [ [ G(Wa),

and
C'({Ua — X},G) = [[ G(U. n U™,
a,p

which means that g = [g§]~" for every (¢95) € C'({Us — X},G). Then, we define the
1-cocycles by

Z'({Us — X},G) ={(92) € C"({Ua = X},G) | g2 =9} 92}
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on U,NUzNU,. The equivalence relation ~ on Z'({U, — X}, G) is defined as follows: Given
(¢%) and (%) in Z'({U, — X },G), we say that (¢°) and (g?) are cohomologous, denoted by

(92) ~ (92),
iff there exist some O-cocycle (hy) in C°({U, — X}, G) so that
o ="hs ga ha'
for all o, 8. Then, set
H'({Uy = X},6) = Z'({Us = X},G)/ ~.

Note that H*({U, — X}, G) contains a distinguished element, namely, the equivalence class
of 1, i.e.,
{(92) | g2="hs-h3'}.

Under refinements of covers, all maps work correctly, and by taking the inductive limit, we
obtain the Cech cohomology set, H*(X,G), given by

HY(X,G) =lim H'U,G),
u

where U ranges over all covers of X.

Problem B.7 A complex
C(]—>Cl—>02—>"'

is homotopically trivial if and only if the identity map is homotopic to the zero map. (Any
homotopy which effects this is usually called a contracting homotopy.) Show that if the
above complex is homotopically trivial, it is acyclic. Show that the complex

[z = [z & [z = ]z
J J2 J3 — J4

is homotopically trivial. Does this imply that any two maps on the Cech cochain complexes
are homotopic? Is the converse true?

Problem B.8 Let A be a commutative ring with unity and let Spec A be the ringed space
introduced in Section A.6 (Example 3) for A. If Spec A = (X, Ox), then we denote Pic(X)
by Pic(A).

(a) Compute Pic(A) when A is a Dedekind domain.

(b) Compute Pic(A) when A is a noetherian local ring.
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(c) Compute Pic(A) when A is a unique factorization domain.

Problem B.9 Let A = k[T] be the polynomial ring in one variable. If (X, Ox) = Spec A,
show that H'(X, Ox) = (0).

Problem B.10 Show that for every covering {U; — X}, the mapping
H'({U; = X}, F) — HY (X, F)
is an injection if F is a sheaf.

Problem B.11 Let F be a flasque sheaf on X. Show that for every open covering
{U; — U} of the open U, we have

H"({U; = U}, F) = (0)

for n > 0. Is the converse true?

B.4 Spectral Sequences

There is a non-trivial connection between the cohomology of Section B.2 and the Cech
cohomology of Section B.3. This connection is in the form of a “limiting procedure” starting
at one and ending at the other. The precise form of this “limiting (or approximating)
procedure” is technical, and the procedure itself is called a spectral sequence. A spectral
sequence is the device used most often to connect various cohomology theories.

Let C be an abelian category (think of C as AB) and let A be an object of C. A
decreasing filtration on A is a family, {A" | n € Z}, of subobjects of A with A" C A" for
every n. Let A= = A and A* = (0). The object, A, together with a given filtration on
it will be called a filterered object of C. If we have a filtered object, say A, we can form its
associated graded object gr(A) as follows:

]_[gr Jui  gr(A), = A"/ATH

Typically, A is a complex in C considered an object of C. That is, A is a sequence
A(] Al A2 A3 —_—

and to make A an object of C we form the direct sum [], A, and call it A. (We assume
that C possesses direct sums.) Now the object A is naturally graded by the A, ; hence if we
have a filtration { AP} on A there must be a connection between it and the grading or chaos
will reign. We shall say that the filtration {AP} is compatible with the grading A =[], A, if
and only if, for every p,

A =TT 4N Ay

q
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Moreover, we set AP? equal to the intersection A N A,.,. (We assume of our category C
that intersections exist with the usual properties.) Note that if only a grading on A is given
there is a natural filtration { AP} on A which is compatible with the grading. Namely, set

AP = HAm.

m>p

Of course, this filtration is not the only one compatible with the grading.

Now A also possesses a natural “differentiation” (i.e., endomorphism whose square is
zero), namely d = [[, d,. We assume of our filtration that it is compatible with d in the
sense that d(AP) C AP, for every p. In this case, AP forms a complex; hence, one can talk of
the (co)homology H*®(AP) of AP as well as that of A. Moreover, there is an important class of
filtrations—the ones most often arising in practice—which can be defined when d(A?) C AP.
These are the regular filtrations. We say that a filtration is regular if and only if, for each
n, there exists an integer, p(n), such that

H'(A,) = (0) for p > pu(n).

Observe that a filtration is regular if we know that A? N A,, = (0) for p > p(n) (this is the
criterion which one commonly meets).

The inclusion map A? — A induces a map of (co)homology H*(AP) — H*(A), whose
image will be denoted H*(A)?. Thus,

Tm (H*(AP) — H*(A)) = H*(A).

The subobjects H*(A)? filter H*(A); so we may form gr(H®(A)). In general, in the graded
and filtered case, we let

gr(A)yP1 = Ap,q/ApH,q—l'

Observe that it is the sum p + ¢ which is the invariant in many of these doubly indexed
objects. The reason for this will be apparent when we study double complexes. (The reader
who is experiencing difficulty in keeping track of all the indices is advised not to worry about
this matter but read just a little further when, we hope, matters will be clarified.) From the
above terminology and notation, we obtain several objects:

(1) gr(A)—bigraded via gr(A)P? = AP/APTLa=1 where AP7 = AP N A,
(2) H*(A)-bigraded via HP1(A) = H*(A)» N HPT(A).
(3) gr(H*(A))—bigraded via gr(H®*(A))P4 = HP(A)/HPT1471(A).

(4) H*(gr(A))—bigraded via HP(gr(A)) = HP™(gr(A),) = HPTI(AP/APTY).
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The central problem is the following: We are given A and wish to compute H*(A). What
we know is gr(A) and H®(gr(A)). Hence we ask: Given H*®(gr(A)), can we “compute”
H*(A)? The answer is that we cannot do precisely this, but in a large number of cases,
we can “compute” gr(H®(A)).2 The object gr(H®(A)) (bigraded as above) is the “limit”
of a sequence (the spectral sequence) of objects each constructed from the previous one by
passing to (co)homology and all starting from H*®(gr(A)).

Definition B.6 A (cohomological) spectral sequence is a system
E = (EP dpi oPi E, gP7) formed of

(a) Objects EP9 of C for p,q > 0 and r > 2

(b) Morphisms dP4: EP4 — Eptma-r+l
such that @¢+"7" 1 o P? = ( for all p, q,r

(¢) Isomorphisms a??: (Ker dP?/Im d¢="9t"=1) — EY

(d) E =1], E, is a graded and filtered object in C with decreasing filtration {E?}, so
that each E? is graded by the EP? = EP N E,,;

(e) pP9: EP9 — gr(E)P? is an isomorphism for all p, ¢, where
gr(E) = (EPN Ep+q)/(Ep+l N Epq) = Ep’q/EpH’q_la
and EP9 is the common value of EP for large r.

(Observe that from (a) and (c) we have EP¢ ~ E™ for every r > max{p,q+ 1},

hence the common value of the EP¢ exists for large r. In particular, E5° = E%° and
Oty

The object E =[], E, is called the ending of the spectral sequence and the whole definition
is written in the compact form
EP? = E,

which means that there exists objects EPY, morphisms d’s, a’s, (’s, etc. so that E with its
filtration satisfies (e).

Remark: It is customary to define spectral sequence beginning from r = 2, even though the terms
EP are often defined and meaningful for » = 1, and even for » = 0. However, in the case of double
complexes, the natural starting point is indeed r = 2, as pointed out in Cartan and Eilenberg [8]
(Chapter XV, page 332).

2Passing from gr(H®(A)) to H*(A) is the subject of “deformation theory,”, see ?7.
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Theorem B.28 Let A be a complex in the abelian category C and assume that A has a
reqular filtration compatible with both its grading and differentiation. Then there exists a
spectral sequence

EY = H*(A),
where H*(A) is filtered as described above and ES is the homology of H®(gr(A))—so that
EPT = HP(gr(A)) = HPHI(AP [APHY),

In the course of proving Theorem B.28, we shall make heavy use of the following simple
lemma whose proof will be left as an exercise (or see Cartan and Eilenberg [8], Chapter XV,
Lemma 1.1):

Lemma B.29 (Lemma L) Let
C

N
©
A/—/>A—n>z4//

@

be a commutative diagram with exact bottom row. Then, n induces an isomorphism
Im ¢/Im ¢ — Tm .

Proof of Theorem B.28. Consider the exact sequence
0 — AP — APTTHE o APTTRLIAP ),
Upon applying cohomology, we obtain
oy HPRCL (AP Ly grraslgperHl ) Ay N HP(AP) — ...

There is also the natural map HPT9(AP) — HPT(AP/APT) induced by the projection
AP — AP /APTL Moreover, we have the projection AP/APT" —s AP/AP*L which induces a

map on cohomology
HP+Q(AP/AP+T) — HP'H](AP/AP-Fl).

Set

Zpyq — Im (HIH“](AP/AP'H“) - Hp-i-q(AP/Ap-i—l))

BPY — Im (Hp+q—1(Ap—r+1/Ap) — Hp+q(Ap/Ap+1))’
the latter map being the composition of §* and the projection (where r > 1).

The inclusion AP~"T1 C AP~ yields a map AP~"T1/AP — AP~"/AP: hence we obtain
the inclusion relation B?? C B, In a similar way, the projection AP/APT™+1 — AP /APHT
yields the inclusion Z2¥, C ZP4. When r = oo, the coboundary map yields the inclusion
Bpa C 7P (remember, A> = (0)). Consequently, we can write

, P.q , , Pyq :
- CBMCBY, C..CBRICZPIC . C 2P C P
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Set
EPt = 7ZP1/BP where 1 < r < oo.

When r =1, B = (0) and
Zf’q — HP+Q(AP/A;D+1>;

We obtain EP? = HPTI(AP/APT!) = HP4(gr(A)). On the other hand, when 7 = oo (remem-
ber, A= = A), we get

Z&q = Im (Hp-l-q(Ap) — Hp-i—q(Ap/Ap—i-l))
B&q = Im (Hp-i-q—l(A/Ap) — Hp-i—q(Ap/Ap-i-l))‘

Now the exact sequence 0 — AP /APTL —s A/APYT — A/AP — () yields the cohomology
sequence

o HPTTL(A)AP) N HPYU(AP JAPTYY —5 HPH(AJAPTY) — .

and the exact sequence 0 — AP — A — AJAP — 0 gives rise to the connecting
homomorphism

HPHI71( A/ AP) LN HPHI(AP).

Consequently, we obtain the commutative diagram (with exact bottom row)

HP+1(AP)

] T

HP -1 (A)AP) s HPHa( AP APHL) s Fpta( A/ APH)
and Lemma B.29 yields an isomorphism
P9 EP = 704/ BPa y Tm (HPTI(AP) — HPYI(A/APTY).
But another application of Lemma B.29 to the diagram

HPT1(AP)

Hp-i-q(Ap—irl) - Hp—irq(A) - Hp-i—q(A/AzH—l)
gives us the isomorphism
nP: gr(H*(A))P1 — Im (HPTY(AP) — HPTI(A/APT).

Thus, (n79)~! o €74 is the isomorphism [P required by part (e) of Definition B.6.

Only two things remain to be proven to complete the proof of Theorem B.28. They are
the verification of (b) and (c) of Definition B.6, and the observation that F., in Definition
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B.6 is equal to E as computed above. The verification of (b) and (c¢) depends upon Lemma
B.29. Specifically, we have the two commutative diagrams (with obvious origins)

HP+II(AP/AP+T)

Hp+q(Ap/Ap+r+1) - Hp-i—q(Ap/Ap-i-l) — Hp+q+l(Ap+l/Ap+r+1)
] *

HP+II(AP/AP+T)
©
p+q( Ap+1/ Ap+r . Fp+at+l( Ap+r /) Ap+r+1\ ___ . [Fp+e+l( Ap+1/ Ap+r+1
HPPA(APTJAPTT) — o HPPTH(APTT JAPTTTS) — o HPTOT(APTS [ APTT)
Here, the map 6 is the composition
Hp-i-q(Ap/Ap-i-r) N Hp-i—q-‘rl(Ap-i-r) — Hp-i—q-i—l(Ap-i-l/Ap—i-r-i-l)‘
Now, Lemma B.29 yields the following facts:
zZr 7z — Im 6,
Bpii“vq_T’-i-l/Bp-i-r,q—r-i-l —— Im 9’

that is,
D,q . p,q P9 < p+r,qg—r+1 p+r,q—r+1
§Pa: Zpa)zpt = Brira-T+lpr ,

As BP4 C ZP1 for every r and s, there is a surjection
Pa. EPd L 7P | 7P
o Er Zr /Zr-l—l
with kernel Z7'%, /BP?; and there exists an injection
p+rq—r+l. ppt+rq—r+1l/ pptr,g—r+1 y fptrg—r+l
Ort1 : Br—i—l /BT’ ET’ :

" —rt1 . _ .
The composition afi{’q "o P9 o 7P is the map dP? from EP9 to EPTT4 T+ required by

(b). Observe that,
o @207 = BY B C 22/ BYY = Ker 42

hence
HP9(EP9) = Ker d29/Tm 2"+~ = 228, [BYS, = EPf),
as required by (c).

To prove that EZ? as defined above is the common value of EP for large enough r, we
must make use of the regularity of our filtration. Consider then the commutative diagram

Hp+q(Ap/Ap+r)

e T

HPT(AP) —= HPTI(AP JAPTY) — HPtatl(Aptl)
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where A is the composition
Hp+q(Ap/Ap+r) L Hp+q+1(Ap+r) _ Hp+q+1(Ap+1).

By Lemma B.29, we have ZP4/ZP4 —— Tm \. However, if p+7 > p(p +q+ 1) — p, then ¢*
is the zero map. This shows Im A = (0); hence, we have proven

zZPt =709 forr > u(p+q+1) —p.
It is easy to see that |, B2 = BE:4; hence, we obtain maps
BP9 = 7P [BPa _y 700 [ BPA — [P

for s >r > u(p+q+ 1) — p, and these maps are surjective. (The maps are in fact induced
by the dP~"4t"~1’s hecause of the equality

EP4/Tm &y~ = (Z2) BP) /(B ) BYY) = BV
for r > p(p+ q+ 1) — p.) Obviously, the direct limit of the mapping family
EPY— EPY — o — EP—
is the object Z21/(|J BP?) = EP4, and this completes the proof. [
Remark: Observe from the definition of £ that
B = HPH(A) 0 H (AP P (A) (AP,
so that, for p + ¢ = n, the E%? = EP"P are the composition factors in the filtration
H™(A) 2 H™(A)' 2 H'(A) 2+ 2 H™(A) 2 -

A pictorial representation of the above situation is very convenient. In this representation,
the groups EP? (for fixed r) are represented as points in the pq plane, viz:

[ ] ([ ] [ [ ] ([ ] [ ]
[

[

[ ]

[ @ L L & *—

Figure B.1: The EPY terms of a spectral sequence
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and the differentiation d?? is represented as an arrow “going over r and down r — 1.” So,
the situation above may be represented

points = composition factors in H"

Figure B.2: The EP:? terms of a spectral sequence

Moreover, the index p tells us that we are looking at the p* composition factor; consequently,
p is usually called the filtration index (or filtration degree). The index p + ¢ is called the
total degree and q is the complementary degree. If p > n then g < 0; hence E?? = (0) for
p > n. This shows that H"(A)"*! = H"(A)"™ = ... and since this filtration is regular, we
deduce that H"(A)"™! = (0). Consequently,

EMY = H'(A)" C H"(A), EXY =H"(A)""/H"(A)",..

and

HY" = H"(A)/H"(A)', a homomorphic image of H"(A).
As an example, suppose we could show EZ:? = (0) for p+ ¢ > n and all p. It would follow
that H"(A) = (0) for every r > n.

The notion of a morphism of spectral sequences is completely obvious; and if A and A’
are graded and filtered complexes, one has the (also obvious) notion of a morphism from
A to A'. Tt is trivial that a morphism of graded, filtered complexes, f: A — A’ induces a
morphism of their associated spectral sequences.

Theorem B.30 Let A and A’ be graded, filtered complexes whose filtrations are reqular, and
let f: A— A" be a morphism from A to A'. If f; denotes the induced morphism

and if for some k > 1, the map f; is an isomorphism, then for all v with k <r < oo, fr is
an isomorphism. Moreover,
f*: H*(A) — H*(A")

s also an isomorphism.
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Proof. Since f¥d, = d.f}, the d, cohomology of E, is isomorphic (by f* ) to E. i if f;

is itself an isomorphism. Hence, induction proves the first statement of the theorem for

k <r < oo. When r = oo, we have

z/By = [z By

r>k

BL/BY = (\(BrY/BLY)

r>k

This implies the result for » = co. The interpretation of E%? given in the remarks above
shows that the case r = oo yields the isomorphism

H" (A~ [H"(A)? — H™"(A)'~/H"(A)
for all p > 0. By induction, we deduce the isomorphism
H™ (AP [H"(A)P — H™(A')"™"/H"(A)?
for all » > 1; hence the isomorphism
H™(A)/H"(A)" — H"(A)/H"(A")".
As our filtration is regular, the theorem follows by choosing p large enough. [J

The conclusion of Theorem B.30 is in the nature of a uniqueness theorem; it says that the
cohomology of A is “determined by” the spectral sequence associated to A. In certain special
cases we can say more. For example, we say that a spectral sequence {EP?} is degenerate
(or degenerates) if and only if there exists an integer r > 2, such that for every n,

EF41=(0) if ¢ # q(n)

where ¢(n) is an integer perhaps dependent upon n. The most common case is when r = 2
and g(n) = 0 for every n. Now, observe that for regular filtrations, Theorem B.28 shows
that EP? = (0) implies EP? = (0) for r < s < oo. Hence, for a degenerate spectral
sequence, we may conclude that E% %7 = (0) for all ¢ # ¢(n); in fact E'~%9 = EI %4
under these circumstances. However, H"(A) is filtered and its associated graded object is
the direct sum [[ E5 9. As only one term is nonzero in this direct sum, we deduce that

H"(A) = E& ™™ This proves

Proposition B.31 If the filtration of A is reqular and the spectral sequence
EY?T— H*(A)

degenerates at r, then we have isomorphisms

Erama) = g A).
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If there exist integers n, pg, p1 with p; > py and E%"~" = (0) for v # py and v # p, then
our description of F., yields an exact sequence

0 N Egolyn_Pl N Hn N E'ggvn_p() 5 0’

which should be viewed as a generalization of Proposition B.31.

We shall now give a series of technical propositions which will result in three exact
sequences (I), (II), (III) below. These three sequences will then yield several important
theorems about spectral sequences which are very useful for applications. The advantage of
this method is that the important theorems are proved simultaneously, the disadvantage is
that the treatment is technical and abstract. For this reason we advise the reader to skip
the proof of Propositions B.32, B.33, B.34 on the first reading.

Proposition B.32 Let {EP?} be a spectral sequence with reqular filtration. Assume that
there exist integers r, pg, p1,n such that

u+v=mn, u#p()apl
E =(0) for utv=n+1,u>p +r
ut+v=n—1 u<py—r.

Then we have an exact sequence
grenTee — g — pPonTPo, (1)
Proof. The first hypothesis on E/"? yields the exact sequence
0 — EPUPL — H" — EPOnTP0 — ().

If <t < 0o, then BP""7°/BP" 70 = Im df°—tn Pttt
Since u = py—t, v = n—p+t—1 satisfies the third hypothesis on E*, we deduce By " =
BP0 hence, BPomTPo = BPon—Po There results a monomorphism FEPO-"~P0 — fPon=po,
Dually, the second hypothesis yields an epimorphism EP*"~P1 — EPI"7P15 and completes

the proof. I

Proposition B.33 Let {EP?} be a spectral sequence with reqular filtration. Assume that
there exist integers r, s, p,n such that s > r and

ut+v=n—1Lup—r
EYY =(0) for utv=n,u#p, u<<p+s—r
utv=n+1,p+r<u#p+s.

Then we have an exact sequence

H" — Ef,n—p — Ef+s,(n+1)—(p+s). (ID



B.4. SPECTRAL SEQUENCES 539

Proof. We first claim that if EP~*"~P+s=1 = (()) then we have an exact sequence

0 — B 2 e B sttt
S

For, the assertion EP~*"~P+5=1 = (0) implies the assertion EP~*"PTs~1 = (0) for all s > r.
Hence d?~%"~P*s~1 vanishes, as does its image BY}”/B?" P, Consequently,

E?fl P __ Z?fl p/Bffl p s Z;Dm p/Bé’fl p__ Z;DJL p/Bp,n yZ— Epvn p
The kernel of d?"~? is Z2"\7P/BP""P = EPP ) as required.
It follows from the first and third hypothesis on E" that
() EIS™ = Bop,
(b) EP"P = EP""P and

( ) 0 —s Ep+s ;(n+1)—(p+s) . Ef+s,(n+1)—(p+s) is exact.

Hence, all that is necessary to prove (II) is the existence of a surjection H" — EP"7P,
This is trivial in virtue of the second hypothesis on E” and our remarks concerning the
relationship of E?"~P with the composition quotients of H". [J

In exactly the same manner, one proves

Proposition B.34 Let {EP?} be a spectral sequence with reqular filtration. Assume that
there exist integers r,s (> 1), p,n such

utv=n+1l,u>p+r
EYY =(0) for utv=n,p+r—s<u#p
ut+tv=n—1p—s#u<p—r.

Then we have an exact sequence

Eps(n=D=(=s) _y prn—p __y gn. (III)

Here are the main applications of Propositions B.32, B.33, B.34.

Theorem B.35 If {EP1} is a spectral sequence with reqular filtration and if there exist
integers po,p1,r with r > 1, p1 — po > 1 such that E** = (0) for all u # py,u # py then we
have an exract sequence

}Eflyn_pl s H™ }Efom—po ;Efl,nﬂ—m >H"+1 N

Dually, if there exist integers qo, q1,7 with r > 2 and g1 — qo > r — 1 such that E*" = (0) for
all v # qo,v # q1 then we have an exact sequence

n—qo,q n n—qi,q n+1-qo,q n+1
— BT — Y — BT — B 00— T — e
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Proof. Let s = p; — pg > r, then Propositions B.32 and B.33 yield the required exact
sequence. Let s =1+ g; — gy > r, then again the hypothesis of Propositions B.32 and B.33
are satisfied; hence (I) and (II) yield the desired sequence. [

Theorem B.36 Let {EPY} be a spectral sequence with reqular filtration. Assume
EP9 = (0) for all ¢ with 0 < ¢ < n (n > 0)—no hypothesis if n = 1. Then Ey° ~ H" for
r=20,1,....,n—1 and

0— By — H" — Ey" — B0 — gt

is exact. In particular, with no hypothesis on q, we have the “exact sequence of terms of low
degree”
0— B, — H' — By — E° — 02,

Proof. It follows easily from our hypotheses that E;”O ~ E0 for 0 < r < n—1, and we
know that E79 ~ H" under the hypotheses of the theorem. Moreover, one checks trivially
that F5° ~ E™0 so that there is a monomorphism

0— Ey° — H™
Exact sequence (I) applies to yield the exact sequence
0— E}° — H" — EJ™.
Now take s =n +1 > 2 and p = n. Then (II) yields
H" — Ey" — B30
is exact. Lastly, choose s =n + 1, p=n+ 1 and apply (III). We obtain the exact sequence
Ey" — EytNY — g

and a combination of all these sequences completes the proof. [J

To use spectral sequences to connect cohomology theories depends on the notion of
a double complex. By definition, a double (cochain) complex is a doubly graded object
C = an Ch.q, With p, ¢ > 0, together with two differentials d’ and d”, where

/. s

d: Cp,q Cp+1,q
", .
d: Cp,q ? Cp,q+1a

and we assume that d' o d” + d” od = 0. Under these conditions, if we write

Co= ][ Gy d=d+d",

p+q=n
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then C' =[], C, is a complex with differentiation d. The complex C' =[], C,, is called the
associated single complex to C' =[], Cpq, and d = d'+d" is called its total differentiation.

Given p > 0, let C? =[5, ; Cij, and given ¢ > 0 let "C7 =[], ;- Ci;. This gives us two
filtrations of C' considered as a single complex, each compatible with the total differential d.
The former is called the first filtration; the latter is called the second filtration. By Theorem
B.28, we get two spectral sequences

B = H'(C)
p

B = H(C)
q

with ending the cohomology of C' under d, called the (first, second) spectral sequence of the
double complex C'.

Theorem B.37 Let C' = [[,50,50Cpq be a double compler. Then the 'Ey? term of its
first spectral sequence is canonically isomorphic to 'HP("H(C')), where "H(C') means the
q'" cohomology object of C with respect to d”, and 'HP("H(C)) means the p™ cohomology
object of "H*(C') considered as a complex with differentiation induced by d' from C. Hence,

we obtain
'HP("HY(C)) = H*(C).

Proof. Consider only the first filtration on C. The object gr(C) is ]_[p 'CP /'CPT1; hence, is
exactly [[, [, Cpq = C. Moreover, d induces the differentiation d” on gr(C), as one sees
immediately. It follows from this that

BT = HP(gr(C)) = "H" (][] Cy)-
J
Now, the differentiation di’? on 'E}Y? is the connecting homomorphism for the cohomology of
the exact sequence

0 — ‘Crtjort?: s lorjort: — or )Pt — 0.
If ¢ is an element of bidegree (p,q) in "H (gr(C')), then £ is represented by an element o of
Cpq- As d"(a) = 0, we have d(«) = d'(«); so, we see that d induces the differentiation d’ on
"H('gr(C)). Upon recalling that the connecting homomorphism of cohomology is induced by

the differentiation via the snake lemma, we obtain that d'? on 'E}*? corresponds exactly to
the map induced on "H (‘gr(C')) by the differentiation d’ on C.

Therefore, the object 'Ey is canonically isomorphic to the cohomology, 'H("H(C)), of
"H (C') with respect to the differentiation d’ induced on it by C'. From the above description of
d? one finds that the elements of 'EY? are exactly those of 'HP("H(C')) which are represented
by elements of 'CP/CP*1 of total degree p + q. These are the elements represented by the
object C, 4; and we finally obtain the isomorphism

By = HY('HY(C)). =

The most frequently use corollary of Theorem B.37 is
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Corollary B.38 Let C' = Hp207q20 Cp.q be a double (cochain) complex; suppose that for all

D
'HP("HY(C)) = (0) for all ¢ > 1.

Let D be the subcomplex of C'" which consists of [[, D, where D, = {§ € Cpo | da(§) = 0}.
(Of course d' is the differentiation on D.) Then the cohomology of C with respect to d is
isomorphic to the cohomology of D with respect to d'.

Remark: This corollary is clearly a comparison theorem for cohomology.

Proof. By Theorem B.37 and Proposition B.31,
H™(C) = 'H"("H(C)) = E3°(C).
The same is also true (for trivial reasons) for the complex D, where we obtain
H™(D) = E}°(D).

Since D — "H°(C) is an isomorphism, we are done. []

Actually, this corollary is usually applied under a slightly different guise. The double
complex may be regarded as an array on the lattice points in the first quadrant of the plane
as illustrated in Figure B.3:

l ([ ] [ [ ([ ] ([ ]

Figure B.3: A double complex

Suppose that the columns are acyclic. Then "H?(C') vanishes for every ¢ > 1; conse-
quently the corollary applies.
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