CS446: Machine Learning Fall 2012

Final Exam

December 11%, 2012

e This is a closed book exam. FEverything you need in order to solve the problems is
supplied in the body of this exam. Note that there is an appendix with possibly useful
formulae and computational shortcuts at the end.

e This exam booklet contains five problems, out of which you are expected to answer
four problems of your choice.

e The exam ends at 10:45 AM. You have 75 minutes to earn a total of 100 points. You
can earn 25 additional (bonus) points if you successfully attempt all five problems.

e If you choose to attempt all five problems, the four problems with the highest points
will be considered for your final exam score and the lowest will be considered as bonus.

e Answer each question in the space provided. If you need more room, write on the
reverse side of the paper and indicate that you have done so.

e Besides having the correct answer, being concise and clear is very impor-
tant. For full credit, you must show your work and explain your answers.

Good Luck!

Name (NetID): (1 Point)

Short Questions /24
Support Vector Machines /25
Probability /25
Naive Bayes /25
Expectation Maximization /25
Total /100
Bonus /25




Short Questions [24 points]

(a) [10 points] We define a class C,.x,, of r-of-k functions in the following way. Let
X = {0,1}". For a chosen set of k relevant variables and a given number r, an -
of-k function f(x1,...,x,) is 1 if and only if at least r of the k relevant attributes
are 1. We assume that 1 <r <k <n.

1. [5 points] Phrase this problem as a problem of learning a Boolean disjunction
over some feature space. Define the feature space and the learning problem.
Use feature space of r-conjunctions over original variables. Now the final
hypothesis is the disjunction of the (f) features representing r-conjunctions
of the k relevant variables.

2. [5 points] Assume you are learning this function using Winnow. What
mistake bound do you obtain?
Winnow makes O(k'log n') mistakes, k' = (¥), n’ = ().
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(b) [8 points] According to the CDC, Women who smoke are 21 times more likely
to develop lung cancer compared to those who don’t smoke. Furthermore, CDC
tells us that about 10% of the total women smoke. If you learn that a woman has
been diagnosed with lung cancer, and you know nothing else about her, what is
the probability that she is a smoker?

Let A be the event that the women has cancer and let B be the event that she
smokes. We are given that and Pr[B] = 0.1 and that

Pr[A|B] = 21Pr[A|"B]. (1)
We want to find out Pr[B|A]. That is given by

Pr|A|B|Pr|B
PriBja] = PT[A|B]PT[1£] |+ }PT‘[LHB]PT[—‘B] Bayes rule
21Pr|[B]
21Pr[B] + 1 — Pr[B]
21x 0.1 21
1+20x01 3

from (1)

0.7



(c) [6 points] Fill in the blanks with options given below:

(a) 9 (b) € (c) 1/0 (d) 1/e (e) 1 () 1—e
(g) m (h) n (i) size(C) () Slze( )

(k) number of examples (1) instance size (m) computation time
(n) linear (o) polynomial (p) exponential

A concept class C defined over the instance space X (with instances of length n)
is PAC learnable by learner L using a hypothesis space H if

for all f €
{C|H}

for all distributions D over X, and fixed d,e € [0,1], given a sample of m
examples sampled independently according to the distribution D, the learner L
produces with a probability at least 1—9

{at least | at most | equal to}  {one of (a) to (f)}

a hypothesis g € = H
{C|H}

with error (Errorp = Prp|[f(x) # g(2)]) at most €

{at least | at most | equal to} {one of (a) to ()}

where the number of examples is  polynomial in
{one of (k) to (m)} {one of (n) to (p)}

n , 1/6 , 1/e ,and size(C)
{four of (a) to (j)}




Support Vector Machines [25 points]

We are given the following set of training examples D = {(935"), xg), yN}i=1,...,m,

where .ry) are integer-valued features, and y® are binary labels.
Ty | T2 |y
2 -4+
2210 |+
02|+
2| 2| -
2 | -2 -
0 (-4]|-

Our objective is to learn a hyperplane wix; + wexs + b = 0 using the hard-SVM

objective:

. 1
minimize 5

(wi 4+ w3)

subject to y (wlxgi) + nggi) + b) >1,1=1,...,m.

Use the grid below to answer the following questions (you will place a few points and

lines on this grid).

@ @ positive example
4HO O negative example

>< >< support vectors
— max-margin hyperplane

T . R— S —_—
T — — S— S —
T o /o R

—4 -2 0 2 4




(a) [10 points] Finding the hard-SVM hyperplane:

1. [2 points] Place the training examples on the grid, and indicate the support
vectors.
See the figure.
2. [3 points] Draw the hyperplane produced by the hard-SVM on the grid.
See the figure.
3. [5 points| Find the values of wy,wy,b € R that optimize the hard-SVM
objective.
The support vectors are at (—2, —4), (0, 2), (0, —4), (2,2). At the support vectors,
the constraints in the optimization of the hard-SVM will be an equality. This
gives us the following system of equations:

+1(—2w1 — 4’(1)2 + wg) =1
+1(0w; + 2wy +w3) =1
—1(011)1 - 4’(1)2 + wg) =1.
By solving this system of equations, we get wy = —1,wy = %, w3 = %



(b) [10 points] Experimental evaluation:

1. [2 points| Provide the classification rule used to classify an example with
features x1, xo, using the hyperplane produced by hard-SVM.

+1 if wizy + wexg +6>0
Y= )
—1 otherwise.

2. [2 points] What will the error of your classifier be on the training examples
D (expressed as the fraction of training examples misclassified)?

0

3. [2 points] Draw on the grid, the hyperplane that will be produced by hard-
SVM when you use all training examples except a = (0,2,4). Using this
hyperplane, will you classify a correctly?

The hyperplane will be 21 = —1. No, a will be misclassified.

4. [2 points] Draw on the grid, the hyperplane that will be produced by hard-
SVM when you use all training examples except b = (2,2, —). Using this
hyperplane, will you classify b correctly?

The hyperplane will be the same as the one you computed in (a). Yes, b will
be classified correctly.

5. [2 points] What will be the average error if you use 6-fold cross validation
on the training set D?
The classifier will make an error when either the support vector at (0,2), or
(0, —4) is left out for validation. In these two cases, the error will be %, and

2 1 1

in all other cases, the error will be 0. The average error will be = x ¢ = 12

(c) [5 points] Soft-SVM formulation:
1. [3 points] Write the soft-SVM objective below. Circle either min or max.

m

min 2 HUJHQ + CZ; max <07 1— y(”(wlxﬁ )+ wz:L'g) + b))

2. [2 points] For what range of positive C' values, will the hyperplane produced
by this soft-SVM objective be most similar to the hyperplane produced by
hard-SVM. Circle one of the following.

very small moderate very large



Probability [25 points]

You are given the following sample S of data points in order to learn a model. This
question will use this data.

Example | A | B | C
1 11110
2 011
3 11010
4 01010
) 11110
6 0[01]0
7 11071
8 011
9 11110
10 01010
11 11171
12 01010

(a) [3 points] What would be your estimate for the probability of the following data
points, given the sample S, if you were not given any information on a model?
(That is, you would estimate the probability directly from the data.)

1. PIA=1,B=1,C=0)
We just count the number of times A = 1, B = 1, and C' = 0 occurs in the
dataset. By counting we get P(A=1,B=1,C=0) = % = 0.25.
2. P(A=0,B=1,C =1)
By counting we get P(A=0,B=1,C=1)= 2 = %
3. PIA=0,B=0,C=1)
By counting we get P(A=0,B=0,C =1) =0.



(b) [10 points| Consider the following graphical model M over three variables A, B,

and C.
A—B—=C

1. [5 points] What are the parameters you need to estimate in order to com-
pletely define the model M7 Circle these parameters from Table 1.

1] () P[B = 1] ©) P[C = 1]

(2) PIA=1B=b]be {0,1} (6) P[B=1C=¢ ce{0,1} (10) P[C =1]A=d] a€ {0,1}

(3)PI[A=1/C =clce{0,1} (7) P[B=1A=dlac{0,1} (11) P[C=1B=0bbe {0,1}

(4) P[A=1|B,C = b, (| (8) P[B=1|A,C =a,d (12) P[C =1|A, B = a,b]
b,c €{0,1} a,c € {0,1} a,be {0,1}

Table 1: Options to choose from to explain model M.

2. [5 points| Use the data to estimate the parameters you have circled in (b).1.

The parameters we need to estimate are Py[A = 1|, Py[B = 1|A = 1], Py[B =

1|A = 0], Py[C = 1|B = 1] and Py[C = 1|B = 0]. We estimate these parameters
as:

1
PmA:u:§:05

4 2
Py[B=1lA=1]=-==
w[B=1A=1] =2 =2
2 1
PylB=1A=0]=-=-
B =114=0]=¢ =

3

2

PylC=1B=0=-=¢

Wl =




(c) [6 points] Use the parameters chosen in (b).1 to write down expressions for the
probabilities of the same data points according to model M and compute these
probabilities using the estimated parameters.

1. Py(A=1,B=1,C=0)
Using the conditional independence structure of the graphical model M, we

1] =05%2%05=

C=1
O =1)= Py[A=0Py[B=1A=0Py[C=1B=1] =

0.5% 5 %0.5 = .
3. Pu(A=0,B=0,C=1)
0.5*%*%:%.

(d) [6 points] Use the parameters chosen in (b).1 to write down the expressions for
the following probabilities for model M and compute these probabilities.

1. Py(B=1)
Py(B=1)=Py(B=1A4=1)Py(A=1)+ Py(B = 1A = 0)Py(A =
0) =0.52 4+ 0.55 = 0.5

2. Py(A=1|B=0)

P (B=0|A=1)Py;(A=1 0.5% 3

3. Py(A=0/B=0,C=0)
Since A is independent of C' given B, so we have Py (A =1/B=0,C =0) =
Py(A=0B=0)=1-Py(A=1B=0)=2.

o] =
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Naive Bayes [25 points]

You would like to study the effects of irrigation, fertilization and pesticide use with
respect to the yield of a farm. Suppose you are provided with a collection D =
{Ds,..., Dy} of m data points corresponding to m different farms. Each farm has
three binary attributes Islrrigated (X1), IsFertilized (X3) and UsesPesticide (X3), and
each has either a high yield (V = 1) or a low yield (V = 0). The label is Yield. A
natural model for this is the multi-variate Bernoulli model.

Below is a table representing a specific collection S of data points for 8 farms to
illustrate how a collection might look like.

| # | IsIrrigated (X,) | IsFertilized (X) | UsesPesticide (X3) | Yield (V) |

1 No (0) Yes (1) No (0) High (1)
2 Yes (1) Yes (1) No (0) High (1)
3 No (0) Yes (1) No (0) Low (0)
4 No (0) Yes (1) No (0) High (1)
5 No (0) No (0) Yes (1) Low (0)
6 Yes (1) No (0) Yes (1) Low (0)
7 No (0) No (0) No (0) Low (0)
8 No (0) Yes (1) No (0) High (1)

(a) [6 points] Circle all the parameters from the table below that you will need
to estimate in order to completely define the model. You may assume that i €
{1,2,3} for all entries in the table.

We need (3), (4), (5), (6), (7), (8).
(b) [3 points] How many independent parameters do you have to estimate to learn
this model?

Each of X;, X5 and X3 are binary, so we need to learn 2 — 1 = 1 independent
parameters for each value of V' = v for the associated conditional distribution
Pr(X; | V =wv). We also need to learn one parameter for Pr(V') (say Pr(V = 1))
since V' is binary also.

This means we need a total of 2 4+ 24 2 + 1 = 7 independent parameters.

11



(c) [5 points] Write explicitly the naive Bayes classifier for this model as a function
of the model parameters selected in (a):

Pr(V =v|X) =21, Xy = 29, X3 = 73)
B Pr(V:v)H? Pr(Xs =2, |V =)
o PI‘(Xl X27X3)

x Pr(V HPr i=x; | V=)

b))

(d) [5 points] Write the expression for L, the log likelihood of the entire data set D,
using the parameters that you have identified in (a).

Since we wrote the naive Bayes classifier in (b), we can easily write

in(z}j ln/3+z< Inp; + (1 — x; ))lnn)
(1—wv;) 11190—1—2( Int; + 1—£(J))111’wi>]>

+

where mfj ) refers to value of X; for D;.

(e) [6 points] We would like to train a Naive Bayes classifier on S to help us predict
the yield on a new farm Sy.

1. [3 points] What is the decision rule for the Naive Bayes classifier trained on
S?
UNB = arg MaXyefo,1} Pr(V = v) H?Zl Pr(X; =x; |V =)

2. [3 points] Predict the yield for the following farm using the decision rule
written earlier.
| # | IsIrrigated (X,) | IsFertilized (X5) | UsesPesticide (X3) | Yield (V) |
IER Yes (1) \ Yes (1) \ Yes (1) \ ? |
We observe that Pr(X; = 1|V =1) =
function for V' =1 is 0.
Computing for V' = 0, we get s 7°1° 71> 0. So by the decision rule we
predict the yield of this farm to be Low.

0, so the value of the objective

12



Expectation Maximization [25 points]

Assume that a set of 3-dimensional points (z,y, z) is generated according to the fol-
lowing probabilistic generative model over Boolean variables X, Y, Z € {0,1}:

Y~ X -7

(a) [4 points] What parameters from Table 2 will you need to estimate in order to
completely define the model?

(1) PX=1) (2) P(Y=1) (3) P(z=1)
(4) P(XIY=b) (5) P(XIZ=b) (6) P(Y|X=b) (7) P(Y|Z=Db)
(8) P(ZIX=b) (9) P(ZIY=b) (10) P(XIY=b,Z=c) (11)3

Table 2: Options to choose from. b,c € {0,1}.

Parameters needed are P(X =1) = o, P(Y = 1|X =1) =y, P(Y = 1|X =
()) - A/10./P(Z - HX - 1) - 511,P(Z - 1‘X - ()) - 510

(b) [4 points] You are given a sample of m data points sampled independently at
random. However, when the observations are given to you, the value of X is always
omitted. Hence, you get to see {(y',21),..., (y™,2™)}. In order to estimate the
parameters you identified in part (a), in the course of this question you will derive
update rules for them via the EM algorithm for the given model.

Express Pr(y?, 27) for an observed sample (37,27) in terms of the unknown pa-
rameters.

p(y:i7 z’) — p(y:i’ 2 7l = 0) + p(yj’ 2 7l = 1)
= Py, 22! =0)P(x? =0) + P(y, 27 |a? = 1)P(2? = 1)
= P(y|2? =0)P(Z |27 = 0)P(z7 = 0)+
Pyl |zl = 1)P(Z |27 = 1)P(2? = 1)
= mo¥ (1— “/10)(17yj> o™ (1 — 510>(172j> (1 —a)+

Wnyj (1 - ﬂ/u)(l_yj) 511z]’ (1 B 511)(1_2.7) N

13



(c) [4 points] Let p/ = Pr(X =i | y’, 2%) be the probability that hidden variable X
has the value ¢ € {0,1} for an observation (y’,27),7 € {1,...,m}. Express p] in
terms of the unknown parameters.

ph = Pz =0[y, )

P(y7,27 |27 =0) P(27=0)
P(yd,z7)

P(y7 |27 =0)P(27 |27 =0) P(27=0)
P(y7|29=0)P(27 |21 =0)P (27 =0)+P(yl |x1=1)P(27 |27 =1) P(z7=1)

e 0n) e () |
(1—a)y10¥’ (1*“/10)(1_7“’7)5102] (1*510)(1_ZJ)+0¢711W (1*711)(1_1’])511‘” (1*511)(1_2])

(d) [4 points] Let (27,7, 27) represent the completed j example, j € {1,...,m}.
Derive an expression for the expected log likelihood (LL) of the completed data
set {(27,97,27)}™,, given the parameters in (a).

=15
E(LL) = E (2;’;1 logP(a7, 4/, zj))
= 7w logP(a?d = 0,7, 29) + p] logP(a? = 1,37, 27)
= Y7 ph (logP(y/ |27 = 0) 4 logP(27|z7 = 0) + logP(a? = 0)) +
Z;”:lp{ (logP(y|2? = 1) + logP (2|27 = 1) + logP(2/ = 1))
= ST wgy’ logo + w(1 — o) log(1 — 710) + w527 logdio + (1 — 27) log(1 — dio)-
2y’ logyn + 25 (1 — y7) log(1 — y11) + @127 logdyy + 25 (1 — 27) log(1 — 611)+

p{ loga + pé log(1 — «)

14



(e) [9 points] Maximize LL, and determine update rules for any two unknown pa-
rameters of your choice (from those you identified in part (a)). We will determine
a and 7o by differentiating £ (LL) by a and 7.

For a, we get

S =0
71=1 o l—-ax

J
o m  py
o - Zj:l m

For v19, we get

Sy s — (1 —y) s = 0

710

ST Py

Y10 =
pIY i Py

15



Some formulae you may need

P(A, B) = P(A|B)P(B)

k

Entropy(S) = —p*log(pt) —p~ log(p™) = — Zp,- log(p;), where k is number of values
i=1

Gain(S, A) = Entropy(S) — Z %Entropy(&j)
(4)

veValues

e log (%) = log(a) — log(b)

N W

log,(3) ~
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This page is intentionally left blank. You may use it as additional space for some of the solutions.
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