EM

Consider the problem of Prepositional Phrase Attachment.
- Buy car with money ; buy car with wheel

There are several ways to generate features. Given the limited
representation, we can assume that all possible conjunctions of
the 4 attributes are used. (15 feature in each example).

Assume we will use naive Bayes for learning to decide between
[n,v]

Examples are: (xy,X,,...X,,[n,V])
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m To use naive Bayes, we need to use the data to estimate:

P(n) P(v)
P(x,[n) P(x,[v)
P(x,[n) P(x,[v)
P(x,|n) P(x,|V)

= Then, given an example (x,X,,...X,,,?), compare:
P(n|x)~=P(n) P(x,|n) P(x,|n)... P(x,|n)
and
P(v|x)~=P(v) P(x;|Vv) P(x,|V)... P(x,|V)
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EM

After seeing 10 examples, we have:

P(n) =0.5; P(v)=0.5

P(x,|n)=0.75;P(x,|n) =0.5; P(x5| n) =0.5; P(x,|n) =0.5
P(x,|v)=0.25; P(x,|v) =0.25;P(x5|v) =0.75;P(x,| v) =0.5

Then, given an example x=(1000), we have:
P.(x)¥=0.50.750.50.50.5=3/64
P,(x)~=0.50.25 0.75 0.25 0.5=3/256

Now, assume that in addition to the 10 labeled examples, we also
have 100 unlabeled examples.
Will that help?
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For example, what can be done with the example (1000) ?
1 We have an estimate for its label...

-1 But, can we use it to improve the classifier (that is, the estimation of the

probabilities that we will use in the future)?

m Option 1: We can make predictions, and believe them
2 Or some of them (based on what?)

m Option 2: We can assume the example x=(1000) is a
2 An n-labeled example with probability P (x)/(P,(x) + P (x))
2 A v-labeled example with probability P (x)/(P,(x) + P (x))

m Estimation of probabilities does not require working with
integers!
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The discussion suggests several algorithms:

1. Use athreshold. Chose examples labeled with high confidence.
Label them [n,v]. Retrain.

2. Use fractional examples. Label the examples with fractional
labels [p of n, (1-p) of v]. Retrain.
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EM

Both algorithms suggested can be used iteratively.

Both algorithms can be used with other classifiers, not only naive Bayes.
The only requirement — a robust confidence measure in the classification.

There are other approaches to Semi-Supervised learning: See included
papers (co-training; Yarowksy’s Decision List/Bootstrapping algorithm;
“graph-based” algorithms that assume “similar” examples have “similar
labels”, etc.)

What happens if instead of 10 labeled examples we start with 0 labeled
examples?

Make a Guess; continue as above; a version of EM
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EM

EM is a class of algorithms that is used to estimate a probability
distribution in the presence of missing attributes.

Using it, requires an assumption on the underlying probability
distribution.

The algorithm can be very sensitive to this assumption and to
the starting point (that is, the initial guess of parameters.

In general, known to converge to a local maximum of the
maximum likelihood function.
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= We observe a series of coin tosses generated in the following
way:

w A person has three coins.
1 Coin O: probability of Head is a
1 Coin 1: probability of Head p
1 Coin 2: probability of Head q

m  Consider the following coin-tossing scenarios:
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w  Scenario |: Toss one of the coins four times.
Observing HHTH
Question: Which coin is more likely to produce this sequence ?

m  Scenario ll: Toss coin 0. If Head — toss coin 1; o/w — toss coin 2
Observing the sequence HHHHT, THTHT, HHHHT, HHTTH
produced by Coin 0, Coinl and Coin2

Question: Estimate most likely values for p, q (the probability of H in each
coin) and the probability to use each of the coins (o)

N Scenario Ill: Toss coin 0. If Head — toss coin 1; o/w — toss coin 2
Observing the sequence HHHT, HTHT, HHHT, HTTH
produced by Coin 1 and/or Coin 2 Coin O
Question: Estimate most likely values for p, g and a

There is no known analytical solution to this problem (general
setting). That is, it is not known how to compute the values of
the parameters so as to maximize the likelihood of the data.  1sttoss 24 toss nth toss
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EM

If we knew which of the data points (HHHT), (HTHT), (HTTH) came from
Coinl and which from Coin2, there was no problem.

Recall that the “simple” estimation is the ML estimation:
Assume that you toss a (p,1-p) coin m times and get k Heads m-k Tails.

log[P(D|p)] = log [ p* (1-p)™* ]=k log p + (m-k) log (1-p)

To maximize, set the derivative w.r.t. p equal to O:
d log P(D|p)/dp = k/p — (m-k)/(1-p) = 0

Solving this for p, gives:  p=k/m
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w  If we knew which of the data points (HHHT), (HTHT), (HTTH) came from
Coinl and which from Coin2, there was no problem.

w  Instead, use an iterative approach for estimating the parameters:

Q Guess the probability that a given data point came from Coin 1 or 2;
Generate fictional labels, weighted according to this probability.

Q Now, compute the most likely value of the parameters. [recall NB example]
Compute the likelihood of the data given this model.

(]

Q Re-estimate the initial parameter setting: set them to maximize the likelihood
of the data.

(Labels €= Model Parameters)& -2 Likelihood of the data

w  This process can be iterated and can be shown to converge to a local
maximum of the likelihood function
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We will assume (for a minute) that we know the parameters 5,6,5
and use it to estimate which Coin it is (Problem 1)

Then, we will use this “label” estimation of the observed tosses, to
estimate the most likely parameters

Q and so on...

Notation: n data points; in each one: m tosses, h. heads.
What is the probability that the ith data point came from Coin1 ?

STEP 1 (Expectation Step): (Here h=h;)
Pl =P(Coin1|D') = P(D |C0|n1) P(Coinl) _
P(D")
75 1)

ap"(1-p)" " +(1-a)g" (1-g)""
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EM

L=, log 2o, P(D,y | p,a, &) =
=Y, log 2o P(D'|p,g, o )P(y|D'p,g,a) =
E M AI - h =Y., log E_y P(D' |p,q, o) >
80 Il t > 210 E_ylog P(D' |p,q, o)
Where the inequality is due to Jensen’s Inequality.
We maximize a lower bound on the Likelihood.

Now, we would like to compu
parameters that maximize it.

We will maximize the log likelihood of 1 data points)
LL=2., ,logP(D' |p,q,a)
But, one of the variables — the coin’s nai dden. We can
marginalize:
L= 2., log Zy=0,1 P(D,y | p,a, o)
However, the sum is inside the log, making lution difficult.
Since the latent variable y is not observed, \ nnot use the complete-

data log likelihood. Instead, we use the expe on of the complete-data
log likelihood under the posterior distributior,  the latent variable to
approximate log p(D'| p’,q’,a’)

We think of the likelihood logP(D'| p’,g’,a’) as a\ ndom variable that
depends on the value y of the coin in the it" tos | Therefore, instead of
maximizing the LL we will maximize the expectat on of this random

variable (over the coin’s name). [Justified using Jensen’s Inequality; later & above]
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E[LL] = E[Y_ logP(D'|p,q,0)] )

i=1

=Y EllogP(D'[p.q,)] )
i=1

= pilogP(D'[p,g,0) + (1 - p)logP(D'|p, g, ) (3)
i=1

= Zn:p‘i log ?Eﬁ;} li’ Z Z; +(1-n )logipgi’)p'i : 3 Z; @)

®  We maximize the expectatic = ... oo
:Zp'lagi’p. ——+(1-p; i)logilfp (5)
1 1

the coin name).

—ZpllogPD 1|p,q. @) — pilogpi + (1 - pi)legP(D*, 0lp.q, @) — (1 - p})log(1 - p})

E[LL] = E[2_, , log P(D'| p,q, a)] = 2, (E[log P(D'| p,q, at)] =
= 210 Piilog P(D), 1| p,q, a)] + (1+P4i) log P(D', O | p,q, a)]

(Does not matter when we maximize)

w Thisis due to the linearity of the expectation and the random
variable definition:

log P(D,y | p,g, @) = logP(D', 1] p,q, &) with Probability P;i
log P(D', 0 | p,q, &) with Probability (1-P,i)
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= Explicitly, we get:

E(Z|09 P(D'|p.q,a)=
T RI0gPLD 15.4.8)+(1-P)Iog P(,D |5,d.4) -
= iPilog(& p" (1-p)" ") +(1-P)log((1-&) g™ (1-§)" ") =
:iPi(Iog& +hlogp +(m-h)log(1-p))+

(1-P))(log(1-&) +hlogd+(m-h;)log(1-q))
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When computing the derivatives,
notice P,i here is a constant; it was

: ] computed using the current
EM AIgO rlthm (CO parameters in the E step

Finally, to find the most likely param e maximize the

derivatives with respect to
STEP 2: Maximization Step
(Sanity check: Think of th

eighted fictional points)

2P

— = — = _~:O p— &:

da ‘T a 1-a n h

dE & . h m-h _ 2P
CEoyp@-Tyo0 = paT

d =1 p 1_p ZP]_ h
dE & . h m-h _ 2P
Coyar)@E-Thoo = §- i
d i=1 q 1_q Z(l_Pl)
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e Now say we have two sets X and )/, and a joint distribution
P(X,Y | ©)

e If we had fully observed data, (X}, Y;) pairs, then
L(©) = S log P(X,,Y; | ©)

e If we have partially observed data, X; examples, then
L(O®) = > logP(X;|O)

— Zlog Y P(X;,Y | ©)

Yey

e The EM (Expectation Maximization) algorithm is a method
for finding

Oy = argmaxg » _log > P(X,,Y | ©)
i Yey
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EM

The EM algorithm is a general purpose algorithm for finding the
maximum likelihood estimate in latent variable models.

In the E-Step, we “fill in” the latent variables using the posterior,

and in the M-Step, we maximize the expected complete log

likelihood with respect to the complete posterior distribution.

0 LetD=(Xy, -+, Xy) be the observed data, and
2 Let Z denote hidden random variables.

= (We are not committing to any particular model.)

1 Let © be the model parameters. Then
0" = argmax, p(x|6) = argmax, 2., p(x,z |0) =
= argmax, 2., [p(z|0)p(x|z, 0)]
This expression is called the complete log likelihood.
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EM

Jensen’s Inequality for
convex functions:

EM: General Setting .o tconon

E(log(x)) < log (E(x))

To derive the EM objective function, we re-write the complete
log likelihood function by multiplying it by q(z)/q(z), where q(z)
is an arbitrary distribution for the random variable z.

log p(x|0) =log 2., p(x,z |0) = log 2., p(z|0) p(x|z,0) a(z)/a(z) =
= log E, [p(z|0) p(x|2,0) /a(z)] >
> E, log [p(z]0) p(x|z,0) /a(z)],

Where the inequality is due to Jensen’s inequality applied to the
concave function, log.

We get the objective:
L(0, a) = E, [log p(z|0)] + E, [log p(x|z,0)] - E, [log a(z)]
The last component is an Entropy component; it is also possible

to write the objective so that it includes a KL divergence (a
distance function between distributions) of q(z) and p(z]|x,0).
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Other g’s can be chosen [samdani & Roth2012] to give other EM algorithms. Specifically, you can choose a
g that chooses the most likely z in the E-step, and then continues to estimate the parameters (called
Truncated EM, or Hard EM).

(Think back to the semi-supervised case)

Matively, as a gradient accent algorithm,

where we choose q = p(z|x, 6).

At the t-th step, we have gt and 6,

E-Step: update the posterior g, while holding 6% fixed:
q**? = argmax, L(q, %) = p(z|x, 61).

M-Step: update the model parameters to maximize the expected
complete log-likelihood function:

01 = argmax, L(q™Y, 6)
To wrap it up, with the right g:
L(0, q) = E, log [p(z]0) p(x|z,0) /a(z)]
=, p(z|x, 6) log [p(x, 210)/p(z|x, 0)] =
=2, p(z]x, 0) log [p(x, z|0) p(x|0)/p(z, X|0)] =
=2, P(z]x, 0) log [p(x| )] = log [p(x|0)] 2, P(z|X, 0) = log [p(x|0)]
So, by maximizing the objective function, we are also maximizing

the log likelihood function.
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e Initially, the parameter # is set as 6

@ In E step
e We use the current parameter values pold to find the posterior
distribution of the latent variables given by p(Z\X,QOId)
o Use p(Z|X. 9°|d) to compute the expectation of the complete-data log

likelihood In p(X, Z|6) under p(Z\X,GOId)

Q(8.6°9)|= 3" p(Z1X. %) In p(X. Z 6) :
4

e In M step, we need to compute MW which maximizes Q(#, 9°|d)

"W = arg max, Q(¥. {90|d) M
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EM

EM is a general procedure for learning in the presence of unobserved
variables.

We have shown how to use it in order to estimate the most likely density
function for a mixture of (Bernoulli) distributions.

EM is an iterative algorithm that can be shown to converge to a local
maximum of the likelihood function.

It depends on assuming a family of probability distributions.

In this sense, it is a family of algorithms. The update rules you will derive
depend on the model assumed.

It has been shown to be quite useful in practice, when the assumptions
made on the probability distribution are correct, but can fail otherwise.
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w  EM is a general procedure for learning in the presence of unobserved
variables.

m  The (family of ) probability distribution is known; the problem is to
estimate its parameters

m Inthe presence of hidden variables, we can often think about it as a
problem of a mixture of distributions — the participating distributions are
known, we need to estimate:

0 Parameters of the distributions
0 The mixture policy

w  Our previous example: Mixture of Bernoulli distributions
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K- means is a clustering algorithm.
We are given data points, known to be sampled independently

from a mixture of k Normal distributions, with
means L, i=1,...k and the same standard variation o

p(x)

SZAI NN

H; Hy X
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EM

First, notice that if we knew that all the data points are taken
from a normal distribution with mean p, finding its most likely

value is easy.

1 1 ,
p(XllLl): Wexp[_zaz (X—,Ll) ]

We get many data points, D = {x,,...,X,,}

IN(LO| 1) =InPO] 1) = - 2(1;2 (X — 1)

Maximizing the log-likelihood is equivalent to minimizing:
: 2
Hw = argmlnyzi(xi — 1)

Calculate the derivative with respect to u, we get that 1_;|_he
minimal point, that is, the most likely meanis H=—> X
m |
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As in the coin example, the problem is that data is sampled from a
mixture of k different normal distributions, and we do not know,
for a given data point x,, where is it sampled from.

Assume that we observe data point x. ;what is the probability that it
was sampled from the distribution p,  ?

Ry =P )= ) HPo=xlu=pm) _
P) Y BPo=x =)

/Jj)z]

Z:zle :un)z]
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As in the coin example, the problem is that data is sampled from a
mixture of k different normal distributions, and we do not know,
for a given each data point xi, where is it sampled from.

For a data point x,, define k binary hidden variables, z,,,z,,,...,z, s.t
z; =1 iff x; is sampled from the j-th distribution.

E[z;]=1eP(x; was sampled from ;) +
OeP(x; was not sampled from ;) =P,

E[Y] = ZYiP(Y — Yi)

E[X+ Y] =E[X]+E[Y]
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Expectation: (here: h =0, ty, ts ..., 1)
1

p(yiIh)=p(xi,zi1,---,zikIh)=\/2—exp[—2 ZZ, i = 2)°]
TO

Computing the likelihood given the observed data D = {x,...,x.}
and the hypothesis h (w/o the constant coefficient)

InPeY [h) =>T" - 26
E[In(P(Y )] =ED> "

J IJ(X _luj

ijij(xi _,Uj) 1=

|1 2 2
= 221 25? Z;E[Zij](xi — 1)
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Maximization: Maximizing

Qhlh)=>"

with respect to 4; we get that:

1;)°

|1 20_ i

32 CY" Elz,](x, - 1) =0
Which yields: Z E[Z IX.
o ZizlE[Zij]
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Given a set D = {x,,...,x,,} of data points,
guess initial parameters o, 1, ..y L
Compute (for all i,j) 1

exp[- 2(Xi_:uj)2]
2
Pi; :E[Zij] = ) = 1 ,
anlexp[_z 2 (Xi _:un) ]
and a new set of means: m o
" ZizlE[Zij]Xi
> Elz,)

repeat to convergence

Notice that this algorithm will find the best k means in the
sense of minimizing the sum of square distance.
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EM

EM is a general procedure for learning in the presence of
unobserved variables.

We have shown how to use it in order to estimate the most likely
density function for a mixture of probability distributions.

EM is an iterative algorithm that can be shown to converge to a
local maximum of the likelihood function. Thus, might requires
many restarts.

It depends on assuming a family of probability distributions.

It has been shown to be quite useful in practice, when the
assumptions made on the probability distribution are correct, but
can fail otherwise.

As examples, we have derived an important clustering algorithm,
the k-means algorithm and have shown how to use it in order to
estimate the most likely density function for a mixture of
probability distributions.
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m Training: a sample of data points, (X,, X, ,..., X,,) € {0,131

m Task: predict the value of X,, given assignments to all n
variables.
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EM

Assume that a set X' € {0,1}"*! of data points is generated
as follows:

Postulate a hidden variable Z, with k values, 1 <z <k
with probability o, 2., @, = 1

Having randomly chosen a value z for the hidden variable,
we choose the value X, for each observable X, tobe 1
with probability p7 and 0 otherwise, [i=0, 1, 2, ....n]

Training: a sample of data points, (X,, X, ,..., X,) € {0,1}+
Task: predict the value of X,, given assignments to all n

variables.
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EM

m Two options:

m Parametric: estimate the model using EM.

Once a model is known, use it to make pyedictions.

2 Problem: Cannot use EM directly without a
assumption on the way data is generated.

ditional

Non-Parametric: Learn X, directly a ction of
the other variables.

2 Problem: which function to try and le

X, turns out to be a linear functi her

variables, when k=2 (what doe

W Another important distinction to attend to is the fact that, once you

q| estimated all the parameters with EM, you can answer many prediction
.| problems e.g., p(Xo, X5,-.-,Xg Xy, X, ..., X,) While with Perceptron (say)
l you need to learn separate models for each prediction problem. ]
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e Iterative procedure is defined as ©' = argmaxgQ(©, O ). where

QO,0)=>">" P(Y|X;,0" ) log P(X;,Y | ©)

i Yey
¢ Key ponts:

— Intuition: fill in hidden variables Y according to P(Y | X;,0)

— EM is guaranteed to converge to a local maximum. or saddle-point.
of the likelihood function

— In general, if
argmaxg Z log P(X;,Y; | ©)

has a simple (analytic) solution. then

argmaxe » Y P(Y | X;,0)log P(X;,Y | ©)
i Y

also has a simple (analytic) solution.
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EM

Algorithm:

e QGuessinitial values for the hypothesis h= o, 1, 15 ..., 14,
e Expectation: Calculate Q(h’,h) =E(Log P(Y|h’) | h, X)
using the current hypothesis h and the observed data X.

e Maximization: Replace the current hypothesis h by h’, that
maximizes the Q function (the likelihood function)

set h =h’, such that Q(h’,h) is maximal
e Repeat: Estimate the Expectation again.

CS446 —Spring ‘17 36



