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Chapter 16

Dual Ascent Methods; ADMM

This chapter is devoted to the presentation of one of the best methods
known at the present for solving optimization problems involving equality
constraints. In fact, this method can also handle more general constraints,
namely, membership in a convex set. It can also be used to solve a range of
problems arising in machine learning including lasso minimization, elastic
net regression, support vector machine (SVM), and v-SV regression. In
order to obtain a good understanding of this method, called the alternating
direction method of multipliers, for short ADMM , we review two precursors
of ADMM, the dual ascent method and the method of multipliers.

ADMM is not a new method. In fact, it was developed in the 1970’s. It
has been revived as a very effective method to solve problems in statistical
and machine learning dealing with very large data because it is well suited
to distributed (convex) optimization. An extensive presentation of ADMM,
its variants, and its applications, is given in the excellent paper by Boyd,
Parikh, Chu, Peleato and Eckstein [Boyd et al. (2010)]. This paper is
essentially a book on the topic of ADMM, and our exposition is deeply
inspired by it.

In this chapter, we consider the problem of minimizing a convex function
J (not necessarily differentiable) under the equality constraints Az = b. In
Section 16.1 we discuss the dual ascent method. It is essentially gradient
descent applied to the dual function G, but since G is maximized, gradient
descent becomes gradient ascent.

In order to make the minimization step of the dual ascent method more
robust, one can use the trick of adding the penalty term (p/2) ||Au — b||§
to the Lagrangian. We obtain the augmented Lagrangian

Lp(u,3) = () + AT (Au—b) + (p/2) | Au — |3,
with A € R™, and where p > 0 is called the penalty parameter. We obtain
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the minimization Problem (P,),
minimize J(u) + (p/2) || Au — b||
subject to Au = b,

which is equivalent to the original problem.

The benefit of adding the penalty term (p/2) || Au — b||§ is that by Propo-
sition 15.25, Problem (P,) has a unique optimal solution under mild con-
ditions on A. Dual ascent applied to the dual of (P,) is called the method
of multipliers and is discussed in Section 16.2.

The alternating direction method of multipliers, for short ADMM, com-
bines the decomposability of dual ascent with the superior convergence
properties of the method of multipliers. The idea is to split the function J
into two independent parts, as J(z,z) = f(x) + g(z), and to consider the
Minimization Problem (Pagmm),

minimize f(z) + g(2)
subject to Az 4+ Bz = ¢,

for some p x n matrix A, some p X m matrix B, and with x € R”, z € R™,
and ¢ € RP. We also assume that f and g are convex. Further conditions
will be added later.

As in the method of multipliers, we form the augmented Lagrangian

Ly(z,2,\) = f(z)+g(2) + )\T(Ax + Bz —c¢)+(p/2) ||Ax + Bz — c||§ ,

with A € RP and for some p > 0. The major difference with the method
of multipliers is that instead of performing a minimization step jointly
over x and z, ADMM first performs an x-minimization step and then a
z-manimization step. Thus x and z are updated in an alternating or sequen-
tial fashion, which accounts for the term alternating direction. Because the
Lagrangian is augmented, some mild conditions on A and B imply that
these minimization steps are guaranteed to terminate. ADMM is presented
in Section 16.3.

In Section 16.4 we prove the convergence of ADMM under the following
assumptions:

(1) The functions f: R — RU{+o0} and g: R — RU{+400} are proper and
closed convex functions (see Section 15.1) such that relint(dom(f)) N
relint(dom(g)) # 0.

(2) The n x n matrix AT A is invertible and the m x m matrix B' B is
invertible. Equivalently, the p X n matrix A has rank n and the p x m
matrix has rank m.
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(3) The unaugmented Lagrangian Lo(z,z,\) = f(z) + g(2) + AT (Az +
Bz — ¢) has a saddle point, which means there exists z*, z*, \* (not
necessarily unique) such that

Lo(l'*,z*,)\) < LO(Z*,Z*a)‘*) < Lo(.’E,Z,)\*)
for all x, z, \.

By Theorem 15.10, Assumption (3) is equivalent to the fact that the
KKT equations are satisfied by some triple (*, 2*, \*), namely

Ar*+Bz" —c=0 (*)
and
0€af(x*)+0g(z*) + ATA* + BT X", (1)

Assumption (3) is also equivalent to Conditions (a) and (b) of Theorem
15.10. In particular, our program has an optimal solution (z*, z*). By The-
orem 15.12, \* is maximizer of the dual function G(\) = inf, , Lo(x, 2, A)
and strong duality holds, that is, G(A*) = f(z*) + g(z*) (the duality gap
is zero).

We will show after the proof of Theorem 16.1 that Assumption (2) is
actually implied by Assumption (3). This allows us to prove a convergence
result stronger than the convergence result proven in Boyd et al. [Boyd
et al. (2010)] (under the exact same assumptions (1) and (3)). In partic-
ular, we prove that all of the sequences (z*), (¥), and (\*) converge to
optimal solutions (7, Z), and X. The core of our proof is due to Boyd et al.
[Boyd et al. (2010)], but there are new steps because we have the stronger
hypothesis (2).

In Section 16.5, we discuss stopping criteria.

In Section 16.6 we present some applications of ADMM, in particular,
minimization of a proper closed convex function f over a closed convex set
C in R™ and quadratic programming. The second example provides one
of the best methods for solving quadratic problems, including the SVM
problems discussed in Chapter 18, the elastic net method in Section 19.6,
and v-SV regression in Chapter 20.

Section 16.8 gives applications of ADMM to #!-norm problems, in par-
ticular, lasso regularization, which plays an important role in machine learn-
ing.
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16.1 Dual Ascent

Our goal is to solve the minimization problem, Problem (P),
minimize J(u)
subject to Au =0,
with affine equality constraints (with A an m x n matrix and b € R™). The
Lagrangian L(u, A) of Problem (P) is given by
L(u,\) = J(u) + AT (Au — b).
with A € R™. From Proposition 14.13, the dual function G(\) =
inf,ern L(u, A) is given by
—bTA—J(=AT)) if —ATX € dom(J*),
o - (~ATX) i AT\ € dom()
—00 otherwise,
for all A € R™, where J* is the conjugate of J. Recall that by Definition

14.11, the conjugate f* of a function f: U — R defined on a subset U of
R™ is the partial function f*: R™ — R defined by

fy)=sup(y'z - f(z)), yeR™
zelU

If the conditions of Theorem 14.7(1) hold, which in our case means that
for every A € R™, there is a unique u) € R” such that

G(A) = L(ux, A) = ien]]{n L(u, \),

and that the function A — wu) is continuous, then G is differentiable. Fur-
thermore, we have

VG = Auy — b,
and for any solution g = A* of the dual problem
maximize G()\)
subject to A € R™,

the vector u* = wu,, is a solution of the primal Problem (P). Furthermore,
J(u*) = G(A\*), that is, the duality gap is zero.

The dual ascent method is essentially gradient descent applied to the
dual function G. But since G is maximized, gradient descent becomes
gradient ascent. Also, we no longer worry that the minimization problem
infyegrn L(u, A) has a unique solution, so we denote by u™ some minimizer
of the above problem, namely

+

u™ = argmin L(u, \).
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Given some initial dual variable A\°, the dual ascent method consists of
the following two steps:
k41 — arg min L(u, \¥)

u
MFL = AP 1 oF (Auk T —b),
where a* > 0 is a step size. The first step is used to compute the “new
gradient” (indeed, if the minimizer «**1 is unique, then VG yx = Au*T1—b),
and the second step is a dual variable update.

u

Example 16.1. Let us look at a very simple example of the gradient ascent
method applied to a problem we first encountered in Section 6.1, namely
minimize J(z,y) = (1/2)(2% + y?) subject to 2z — y = 5. The Lagrangian
is

1
See Figure 16.1.

Fig. 16.1  The graph of J(z,y) = (1/2)(z2 + y2) is the parabolic surface while the
graph of 2z —y = 5 is the transparent blue plane. The solution to Example 16.1 is apex
of the intersection curve, namely the point (2, —1, g)

The method of Lagrangian duality says first calculate
G(A\) = inf L(z,y, ).
(N wint e, (z,y,7)

J(x,y) =%(73 v) (é (1)) (z)

Since
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we observe that J(x,y) is a quadratic function determined by the positive

definite matrix < O) , and hence to calculate G()), we must set VL, , = 0.

1
01
By calculating % =0 and g—i =0, we find that = —2) and y = A. Then
G(\) = —5/2)\% — 5\, and we must calculate the maximum of G()\) with
respect to A € R. This means calculating G'(\) = 0 and obtaining A = —1
for the solution of (z,y,\) = (—=2X\,\,\) = (2, -1, —1).

Instead of solving directly for A in terms of (x,y), the method of dual
assent begins with a numerical estimate for A, namely A°, and forms the
“numerical” Lagrangian

1
L(x,y,)\o) = 5(3:2 + y2) + )\O(Qx —y—2>5).

With this numerical value A°, we minimize L(x,y, \°) with respect to (x,y).
This calculation will be identical to that used to form G(\) above, and as
such, we obtain the iterative step (z1,y') = (—2X° \%). So if we replace \°
by A¥, we have the first step of the dual ascent method, namely

E+1
k+1 _ [T _ 2\ &
o= (o) = ()
The second step of the dual ascent method refines the numerical estimate
of A by calculating

AL = \E g o ((2 -1) (i,]i:) - 5) .
(Recall that in our original problem the constraint is 2z —y = 5 or
(2 -1) (x) —5,80 A= (2-1) and b = 5.) By simplifying the above
equation,ywe find that
Nl — (1 —p)N -3, B=5a"
Back substituting for A\* in the preceding equation shows that
AFL = (1= BRI (1 — gL 1

If 0 < B < 1, the preceding line implies that \**1 converges to A = —1,
which coincides with the answer provided by the original Lagrangian du-
ality method. Observe that if 3 = 1 or of = %, the dual ascent method
terminates in one step.
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With an appropriate choice of o, we have G(A\¥*1) > G()\¥), so the
method makes progress. Under certain assumptions, for example, that J is
strictly convex and some conditions of the o, it can be shown that dual
ascent converges to an optimal solution (both for the primal and the dual).
However, the main flaw of dual ascent is that the minimization step may
diverge. For example, this happens is J is a nonzero affine function of one
of its components. The remedy is to add a penalty term to the Lagrangian.

On the positive side, the dual ascent method leads to a decentralized
algorithm if the function J is separable. Suppose that u can be split as
U= Zf\;l u;, with u; € R™ and n = Zf\;l n;, that

Jw) = 3 Jiws)

and that A is split into N blocks A; (with A; a m X n; matrix) as A =
[A1 -+ An], so that Au = Zszl A;u;. Then the Lagrangian can be written

as
N

L(u,\) = ZLi(uiv A),
i=1
with
1
Li(ui, )\) = Jl(U;) + )\T <A1ul — Nb) .

it follows that the minimization of L(u, \) with respect to the primal vari-
able u can be split into N separate minimization problems that can be
solved in parallel. The algorithm then performs the N updates

uf ™ = argmin L; (u;, \F)

in parallel, and then the step
)\k+1 — )\k + ak(Auk+1 _ b)

16.2 Augmented Lagrangians and the Method of
Multipliers

In order to make the minimization step of the dual ascent method more
robust, one can use the trick of adding the penalty term (p/2) ||Au — b||§
to the Lagrangian.
Definition 16.1. Given the Optimization Problem (P),

minimize J(u)

subject to Au = b,
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the augmented Lagrangian is given by
Ly(,2) = J(u) + AT (Au—b) + (p/2) | Au — b2,
with A € R™, and where p > 0 is called the penalty parameter.

The augmented Lagrangian L,(u, \) can be viewed as the ordinary La-
grangian of the Minimization Problem (P,),

minimize J(u) + (p/2) || Au — b|
subject to Au = 0.

The above problem is equivalent to Program (P), since for any feasible
solution of (P,), we must have Au —b=0.

The benefit of adding the penalty term (p/2) || Au — b||§ is that by Propo-
sition 15.25, Problem (P,) has a unique optimal solution under mild con-
ditions on A.

Dual ascent applied to the dual of (P,) yields the the method of multi-
pliers, which consists of the following steps, given some initial A\°:

k+1

w1 = argmin L, (u, \¥)

ML= AP 1 p(AuPT —b).

Observe that the second step uses the parameter p. The reason is that
it can be shown that choosing a* = p guarantees that (u**1, \¥*1) satisfies
the equation

Vdyk+1 + AT\ = 0,
which means that (u**1, A1) is dual feasible; see Boyd, Parikh, Chu,
Peleato and Eckstein [Boyd et al. (2010)], Section 2.3.

Example 16.2. Consider the minimization problem
minimize y? 4 2z
subject to 2z —y = 0.

See Figure 16.2.
The quadratic function

J(@,y) =y*+2z = (zy) (8 ‘i) (z) 4 (20) (ayc)

is convex but not strictly convex. Since y = 2z, the problem is equivalent
to minimizing y? + 2z = 42?4+ 22, whose minimum is achieved for z = —1/4
(since setting the derivative of the function z — 422 + 2 yields 8z +2 = 0).
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Fig. 16.2 Two views of the graph of y2 + 2z intersected with the transparent red plane

2x — y = 0. The solution to Example 16.2 is apex of the intersection curve, namely the
L 115

point (—3,—35,— 13
Thus, the unique minimum of our problem is achieved for (z = —1/4,y =
—1/2). The Largrangian of our problem is
L(z,y,\) =y + 22 + A2z — ).

If we apply the dual ascent method, minimization of L(z,y, A) with respect
to x and y holding A\ constant yields the equations

242X=0

2y — A =0,
obtained by setting the gradient of L (with respect to x and y) to zero.
If A # —1, the problem has no solution. Indeed, if A # —1, minimizing
L(z,y,\) = y? + 2z + \(22 — y) with respect to x and y yields —oc.

The augmented Lagrangian is
Ly(z,y,A) = y* + 2x + M2z — y) + (p/2)(2z — )

= 2pz® — 2pzy + 2(1 + Nz — Ay + (1 + g) v?
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which in matrix form is

Ly, ) = (2 9) (ip; 11%) (Z) (2014 2) —)) (Z) .

2
The trace of the above matrix is 1 + £ + 2p% > 0, and the determinant is

2p? (1+§)—p2=p2(1+p)>07

since p > 0. Therefore, the above matrix is symmetric positive definite.
Minimizing L,(z,y,A) with respect to z and y, we set the gradient of
L,(z,y,\) (with respect to x and y) to zero, and we obtain the equations:
20 —py+(1+A)=0
—2pz+ (2+p)y—A=0.

The solution is

Thus the steps for the method of multipliers are
1 14\
LR +

4 2p
k1 _ L
2
k
N
_1 ’
2

and the second step simplifies to
ML= 1,

Consequently, we see that the method converges after two steps for any
initial value of \°, and we get

1 1
=S y=—= A=-_1.
rteTy YTy

The method of multipliers also converges for functions J that are not
even convex, as illustrated by the next example.

Example 16.3. Consider the minimization problem
minimize 20zy
subject to 2x —y =0,
with 5 > 0. See Figure 16.3.
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Fig. 16.3 Two views of the graph of the saddle of 2zy (8 = 1) intersected with the
transparent magenta plane 2z — y = 0. The solution to Example 16.3 is apex of the
intersection curve, namely the point (0,0, 0).

The quadratic function

om0 3) )

is not convex because the above matrix is not even positive semidefinite (the
eigenvalues of the matrix are —8 and +3). The augmented Lagrangian is
Ly(2,y, ) = 2Bzy + A2z — y) + (p/2)(2z — y)?
=2p2% +2(B8 — p)ry + 2 x — \y + gy2,
which in matrix form is

Ly(x,y,\) = (z y) <ﬁ2_pp ’ é p) ("D + (2A =)) <z> :

The trace of the above matrix is 2p + & = % p > 0, and the determinant is

PP = (B=p)*=B@2p— ).
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This determinant is positive if p > /2, in which case the matrix is sym-
metric positive definite. Minimizing L,(x,y, ) with respect to = and y, we
set the gradient of L,(x,y,\) (with respect to x and y) to zero, and we
obtain the equations:

202+ (B=p)y+A=0

2(8—p)x+py—A=0.
Since we are assuming that p > /2, the solutions are

A A

== Y= o
2(2p— ) (2p=5)
Thus the steps for the method of multipliers are

)\k
k+1 _
T 2(2p - B)
)\k
k+1 _
S ¢V )

—\k
W =N = @) (w) |

and the second step simplifies to
N P (Cany,

2(2p - B)

that is,
)\k-‘rl - _ B Ak.
2p—p

If we pick p > 8 > 0, which implies that p > £/2, then

p

<1,
2p—p

and the method converges for any intial value A° to the solution
x=0, y=0, A=0.
Indeed, since the constraint 2z —y = 0 holds, 2fxy = 482, and the
minimum of the function z +— 48z is achieved for z = 0 (since 5 > 0).
As an exercise, the reader should verify that dual ascent (with o* = p)
yields the equations

k
g A
26
gt N
B
2p
AR — (1 + ) Ak
B

and so the method diverges, except for A\ = 0, which is the optimal solution.
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The method of multipliers converges under conditions that are far more
general than the dual ascent. However, the addition of the penalty term
has the negative effect that even if J is separable, then the Lagrangian L,
is not separable. Thus the basic method of multipliers cannot be used for
decomposition and is not parallelizable. The next method deals with the
problem of separability.

16.3 ADMM: Alternating Direction Method of Multipliers

The alternating direction method of multipliers, for short ADMM, combines
the decomposability of dual ascent with the superior convergence properties
of the method of multipliers. It can be viewed as an approximation of the
method of multipliers, but it is generally superior.

The idea is to split the function J into two independent parts, as
J(x,z) = f(x) +g(z), and to consider the Minimization Problem (Paamm),

minimize f(z) + g(2)
subject to Ax + Bz =,

for some p X n matrix A, some p X m matrix B, and with x € R", z € R™,
and ¢ € RP. We also assume that f and g are convex. Further conditions
will be added later.

As in the method of multipliers, we form the augmented Lagrangian

L,(z,2,)) = f(x) + g(2) + \T (Az 4+ Bz — ¢) + (p/2) || Az + Bz — ¢||3,

with A € RP and for some p > 0.
Given some initial values (z°, A°), the ADMM method consists of the
following iterative steps:

2" = argmin L, (z, 2%, \¥)
x

k+1

2P = argmin L, (a1, 2, AF)
z

MAFL = AP 1 p(AzMT - B2 — o).

Instead of performing a minimization step jointly over z and z, as the
method of multipliers would in the step

(2", M) = argmin L,y(z, 2, A¥),

x,z
ADMM first performs an z-minimization step, and then a z-minimization
step. Thus x and z are updated in an alternating or sequential fashion,

which accounts for the term alternating direction.



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 572

572 Dual Ascent Methods; ADMM

The algorithm state in ADMM is (2%, A\F), in the sense that (251, \F+1)
is a function of (z*, \F). The variable z*+!
is used to compute zF*1 from (2%, A¥). The roles of = and z are not quite
symmetric, since the update of x is done before the update of A. By switch-
ing x and z, f and g and A and B, we obtain a variant of ADMM in which
the order of the z-update step and the z-update step are reversed.

is an auxiliary variable which

Example 16.4. Let us reconsider the problem of Example 16.2 to solve it
using ADMM. We formulate the problem as

minimize 2z 4 22
subject to 2z — 2z =0,
with f(z) = 2z and g(z) = 2z?. The augmented Lagrangian is given by

Ly(w,2,\) = 22 + 2> + 2\z — Az + 2p2® — 2pxz + ng.

The ADMM steps are as follows. The z-update is
"1 = arg min (2px2 — przk + 20z + 2x) ,

and since this is a quadratic function in z, its minimum is achieved when
the derivative of the above function (with respect to x) is zero, namely

k+1_1k_i)\k_i. (1)

2 2p 2p
The z-update is
2P = argmin (22 + gzz — 2pahtls — )\kz) ,

z
and as for the z-step, the minimum is achieved when the derivative of the
above function (with respect to z) is zero, namely

b1 2pzktl NG ‘ -
p+2 p+2
The A-update is
)\k—&-l — )\k +p(2$k+1 _ Zk+1). (3)
Substituting the right hand side of (1) for z**! in (2) yields
a1 "
p+2 p+2
Using (2), we obtain
Akt \E

okl _ k+1

p+2 p+2
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and then using (3) we get

)\k—&-l B 2k 4p.%‘k+1

= . 6
p+2 p+2 (6)

Substituting the right hand side of (1) for z**1 in (6), we obtain
AR+ 2p2" 2 1)

T p42 p+2

Equation (7) shows that z* determines A*+!1, and Equation (1) for k + 2,
along with Equation (4), shows that z* also determines 2**2. In particular,

we find that
e Lo L 1
2 2p 2p
(p—2)2* 1

T 20p+2) p+2

Thus is suffices to find the limit of the sequence (z*). Since we already
know from Example 16.2 that this limit is —1/2, using (4), we write

1 pzF 1 1 1 0 1
E+1_ 1 ot (F kY
: P R R R R A R

By induction, we deduce that

k+1
. 1 p 1
k+1 . _ — o - 0

and since p > 0, we have p/(p +2) < 1, so the limit of the sequence (z#*1)
is indeed —1/2, and consequently the limit of (\¥*1) is —1 and the limit of
oF+2 s —1/4.

For ADMM to be practical, the z-minimization step and the z-
minimization step have to be doable efficiently.

It is often convenient to write the ADMM updates in terms of the scaled
dual variable p = (1/p) . If we define the residual as

r=Ax + bz —c,
then we have

AT+ (p/2) 17113 = (0/2) IIr + (1/p)A13 — (1/(20)) |AII3
= (p/2) Ir + 1l = (p/2) ll1ell3 -
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The scaled form of ADMM consists of the following steps:
2
2**1 = arg min (f(gc) +(p/2) || Az + Bz" — c + ,ukHQ)
2P = arg min (g(z) + (p/2) ||Az* T + Bz — c + ,ukH§>

PR =k Agh Bk
If we define the residual v* at step k as
rk = Axk + B2F —c=pF — pF 1 = (1/p)(NF — AP,

then we see that

k
r=u’+ E rl.
=1

The formulae in the scaled form are often shorter than the formulae in
the unscaled form.
We now discuss the convergence of ADMM.

16.4 Convergence of ADMM &

Let us repeat the steps of ADMM: Given some initial (22, A?), do:

2 = argmin L,(z, 2%, \¥) (z-update)

A = argmin L, (2", 2, \F) (z-update)
z

ARFL = \F 4 p(AghH! + B2RHL o), (A-update)

The convergence of ADMM can be proven under the following three
assumptions:

(1) The functions f: R - RU{+o0} and g: R — RU{+4o0} are proper and
closed convex functions (see Section 15.1) such that relint(dom(f)) N
relint(dom(g)) # 0.

(2) The n x n matrix AT A is invertible and the m x m matrix B' B is
invertible. Equivalently, the p X n matrix A has rank n and the p x m
matrix has rank m.

(3) The unaugmented Lagrangian Lo(z,2,\) = f(z) + g(2) + AT (Az +
Bz — ¢) has a saddle point, which means there exists z*, z*, A\* (not
necessarily unique) such that

Lo(x*, 2", A\) < Lo(x*, 2", \*) < Lo(z, 2, \")

for all x, z, \.
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Recall that the augmented Lagrangian is given by
Ly(2,2,0) = f(@) + 9(2) + AT (Az + Bz — ) + (p/2) || Az + Bz — |2
For z (and \) fixed, we have

Ly(x,2,)) = f(x) + 9(z) + AT (Az + Bz — ¢)
+ (p/2)(Az + Bz — ¢) " (Az + Bz — ¢)
— f(@) + (p/2)2" AT Az + (AT + p(Bz — ) ) Az
+9(2) + AT (Bz —¢) + (p/2)(Bz — ¢) " (Bz —¢).
Assume that (1) and (2) hold. Since AT A is invertible, then it is sym-
metric positive definite, and by Proposition 15.25 the z-minimization step
has a unique solution (the minimization problem succeeds with a unique
minimizer).
Similarly, for z (and \) fixed, we have
Ly(z,2,A) = f(2) + g(2) + A" (Az + Bz — ¢)
+ (p/2)(Az + Bz — ¢) " (Az + Bz — ¢)
= g(2)+ (p/2)2 BT Bz+ (A" + p(Az—)T) Bz
+ flx) + N (Az —¢) + (p/2)(Az — ¢) T (Ax — ¢).
Since BT B is invertible, then it is symmetric positive definite, and by
Proposition 15.25 the z-minimization step has a unique solution (the min-
imization problem succeeds with a unique minimizer).

By Theorem 15.10, Assumption (3) is equivalent to the fact that the
KKT equations are satisfied by some triple (z*, z*, A\*), namely

Az* + Bz" —c=0 (*)
and
0€df(x*) +0g(z*) + AN + BT\, 1)

Assumption (3) is also equivalent to Conditions (a) and (b) of Theorem
15.10. In particular, our program has an optimal solution (z*, z*). By The-
orem 15.12, \* is maximizer of the dual function G(X) = inf, , Lo(x, 2, A)
and strong duality holds, that is, G(A\*) = f(z*) + ¢g(z*) (the duality gap
is zero).

We will see after the proof of Theorem 16.1 that Assumption (2) is
actually implied by Assumption (3). This allows us to prove a convergence
result stronger than the convergence result proven in Boyd et al. [Boyd
et al. (2010)] under the exact same assumptions (1) and (3).
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Let p* be the minimum value of f + g over the convex set {(x,z) €
R™*P | Az + Bz — ¢ = 0}, and let (p*) be the sequence given by p¥ =
f(x*) + g(2"%), and recall that r* = Az* + Bz¥ —c.

Our main goal is to prove the following result.

Theorem 16.1. Suppose the following assumptions hold:

(1) The functions f: R — RU{+o00} and g: R — RU{+oc} are proper and
closed convex functions (see Section 15.1) such that relint(dom(f)) N
relint(dom(g)) # 0.

(2) The n x n matriz AT A is invertible and the m x m matriz BT B is
invertible. Equivalently, the p x n matriz A has rank n and the p x m
matriz has rank m. (This assumption is actually redundant, because it
is implied by Assumption (3)).

(3) The unaugmented Lagrangian Lo(z,z,\) = f(z) + g(z) + AT (Az +
Bz — ¢) has a saddle point, which means there exists x*,z*, \* (not
necessarily unique) such that

Lo(l'*, Z*v >‘) < LO(x*v Z*a A*) < Lo(.’E, Z, )‘*)
for all x,z, \.
Then for any initial values (2°,\%), the following properties hold:

(1) The sequence (r*) converges to 0 (residual convergence).

(2) The sequence (p*) converge to p* (objective convergence).

(3) The sequences (%) and (2*) converge to an optimal solution (Z,Z) of
Problem (Paamm) and the sequence (\¥) converges an optimal solution
A of the dual problem (primal and dual variable convergence).

Proof. The core of the proof is due to Boyd et al. [Boyd et al. (2010)],
but there are new steps because we have the stronger hypothesis (2), which
yield the stronger result (3).

The proof consists of several steps. It is not possible to prove directly
that the sequences (z¥), (2¥), and (A¥) converge, so first we prove that
the sequence (r*+1) converges to zero, and that the sequences (Az**1) and
(BzF*1) also converge.

Step 1. Prove the inequality (A1) below.

Consider the sequence of reals (V*) given by

VE= /0 [N =X+ o[BG =2,
It can be shown that the V* satisfy the following inequality:
VRS VR B - (A
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This is rather arduous. Since a complete proof is given in Boyd et al. [Boyd
et al. (2010)], we will only provide some of the key steps later.

Inequality (A1) shows that the sequence (V*) in nonincreasing. If we
write these inequalities for k,k — 1,...,0, we have

VRS VE =P = p [ BET M

VRSV ety = ol BGR - Y,

Vi<V —plrtfl; = pllBG! — )5

and by adding up these inequalities, we obtain

k
VI <V o3 ([P + BT - 2))
=0

which implies that

k
P> ([P + 1B+ = 2)5) < Vo—vE <V, (B)
§=0

since VFT1 < V0,

Step 2. Prove that the sequence (r*) converges to 0, and that the
sequences (Az**1) and (BzF*1) also converge.

Inequality (B) implies that the series Y oo, 7¥ and Y, B(zF ! — 2F)
converge absolutely. In particular, the sequence (r*) converges to 0.

The nth partial sum of the series Yo, B(zF ! — 2%) is

ZB(zk—H _ Zk) — B(zn+1 _ ZO),
k=0

and since the series Y ;o B(zFT! — 2¥) converges, we deduce that the
sequence (Bz**1) converges. Since AxF*l + BzF+1 — ¢ = k1 the con-
vergence of (r**1) and (Bz**1) implies that the sequence (Az**!) also
converges.

Step 3. Prove that the sequences (z*!) and (2**!) converge. By
Assumption (2), the matrices AT A and BT B are invertible, so multiplying
each vector Az**! by (AT A)~1AT if the sequence (Az**!) converges to
u, then the sequence (z**1) converges to (AT A)~'ATw. Siimilarly, if the
sequence (Bz**1) converges to v, then the sequence (z**1) converges to
(B"B)"'BTw.

Step 4. Prove that the sequence (\*) converges.
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Recall that
ML= \F 4 oL
It follows by induction that
NP = Nb (Rt Ly Ry >,
As a consequence, we get
I = X< ol e (-

Since the series 220:1 ||7'kH converges, the partial sums form a Cauchy
sequence, and this immediately implies that for any ¢ > 0 we can find
N > 0 such that

I+ 4 [P < forall kop-t k> N,

so the sequence (A¥) is also a Cauchy sequence, thus it converges.

Step 5. Prove that the sequence (p¥) converges to p*.

For this, we need two more inequalities. Following Boyd et al. [Boyd
et al. (2010)], we need to prove that

pk+1_p* S —()\k+1)T’I“k+1—p(B(Zk+1—Zk))T(—Tk+1+B(Zk+1—Z*)) (AQ)
and
p* _pk+1 S ()\*)T,rlH»l' (Ag)

Since we proved that the sequence (r¥) and B(zF*! — 2*) converge to
0, and that the sequence (A\**1) converges, from

()\k+1)‘rrk+1 +p(B(Zk+1 o Zk))T(_,r,k-‘rl + B(Zk+1 _ Z*)) Sp* _pk-‘,-l
< ()Tt
we deduce that in the limit, p**1 converges to p*.

Step 6. Prove (A3).
Since (z*,y*, \*) is a saddle point, we have

Lo(z*, 2%, \%) < Lo(xkﬂ,zk“, A%).

Since Az* + Bz* = ¢, we have Lo(x*,2*,\*) = p*, and since p**! =
f(@FH) + g(2F 1), we have

Lo(.’bk+172k+17>\*) :pk+1 + ()\*)T,r,k-f-l’
S0 we obtain

p* gpk-i-l + ()\*)Trk-‘rl’
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which yields (A3).
Step 7. Prove (A2).
By Proposition 15.24, 2**1 minimizes L,(z**1, 2z, \F) iff
0€ dg(z") + BTA* + pBT (AzF ! 4 BFF1 —¢)
= 0g(z") + BTA* 4 pB T T!
— 9g(2"+1) + BT AR+
since rkTt = AxF+l 4 B2k+1 — ¢ and AFHL = \F 4 p(AxP T 4 B2FHL —¢).
In summary, we have
0 € ag(2") + BTAM, (t1)
which shows that z**! minimizes the function
2 g(z) + (AT Bz,
Consequently, we have
g(ZMh) + WO T B2 < g(2%) + (WD T B2, (B1)
! minimizes L, (z, 2, \*) iff
0€ af(a™™) + ATN 4+ pAT (Az*+! 4 B2F —¢)
— Of (") + ATOF 4 prf+ 4 pB(2F — 241y
— Of (e ) ¢ ATARHL 4 pAT B(2F — R+
since rF*! — B2kl = Axh+l —cand \FHL = 2\ 4 p(AxFH 4 B2FHL ) =
NP prhtt
Equivalently, the above derivation shows that
0€af (1) + AT — pB(M! - 2F)), (t2)
which shows that 2**! minimizes the function
x> flx) + (W — pB(F — M) T Az,

Consequently, we have

f(,’L‘k+1) + ()\k‘-‘rl _ pB(Zk+1 _ Zk))TAxk+1
< f@*) 4+ W — pB(FH — 2PN T Az*. (B2)

Adding up Inequalities (B1) and (B2), using the equation Az* 4+ Bz* = ¢,
and rearranging, we obtain inequality (A2).
Step 8. Prove that (z¥), (2¥), and (A*) converge to optimal solutions.
Recall that (r*) converges to 0, and that (z*), (2*), and (\*) converge

to limits Z, Z, and \. Since r* = Az* + BzF — ¢, in the limit, we have

AT +BZ—c=0. (%1)

Similarly, 2%+
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Using (11), in the limit, we obtain
0€dg(Z)+ BT\ (#2)
Since (B(zF*1 — zk)) converges to 0, using (t2), in the limit, we obtain
0€df(@) +A A (+3)
From (x2) and (x3), we obtain
0€df(®) +09(Z)+ A A+ BT (x4)

But (*1) and (x4) are exactly the KKT equations, and by Theorem 15.10,
we conclude that 7, Z,X are optimal solutions.

Step 9. Prove (Al). This is the most tedious step of the proof. We begin
by adding up (A2) and (A3), and then perform quite a bit or rewriting and
manipulation. The complete derivation can be found in Boyd et al. [Boyd
et al. (2010)]. O

Remarks:

(1) In view of Theorem 15.11, we could replace Assumption (3) by the
slightly stronger assumptions that the optimum value of our pro-
gram is finite and that the constraints are qualified. Since the con-
straints are affine, this means that there is some feasible solution in
relint(dom(f)) Nrelint(dom(g)). These assumptions are more practi-
cal than Assumption (3).

(2) Actually, Assumption (3) implies Assumption (2). Indeed, we know
from Theorem 15.10 that the existence of a saddle point implies that
our program has a finite optimal solution. However, if either AT A or
BT B is not invertible, then Program (P) may not have a finite optimal
solution, as shown by the following counterexample.

Example 16.5. Let
flay) =2z, g(z)=0, y—z=0.
Then
Ly(x,y,2,0) = 2+ My — 2) + (p/2)(y — 2)*,

but minimizing over (z,y) with z held constant yields —oo, which im-
plies that the above program has no finite optimal solution. See Figure
16.4.
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graph of f(x,y) = x

f(xy) = x intersected with y=z,
zfixed.

Fig. 16.4 A graphical representation of the Example 16.5. This is an illustration of
the £ minimization step when z is held fixed. Since the intersection of the two planes is
an unbounded line, we “see” that minimizing over = yields —oco.

The problem is that
A=(01), B=(-1),

. (00
4 A_<01

(3) Proving (A1), (A2), (A3), and the convergence of (7¥) to 0 and of (p*)
to p* does not require Assumption (2). The proof, using the ingeneous
Inequality (Al) (and (B)) is the proof given in Boyd et al. [Boyd
et al. (2010)]. We were also able to prove that (AF), (Az*) and (B2*)
converge without Assumption (2), but to prove that (2*), (y*), and
(AF) converge to optimal solutions, we had to use Assumption (2).

but

is not invertible.
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(4) Bertsekas discusses ADMM in [Bertsekas (2015)], Sections 2.2 and 5.4.
His formulation of ADMM is slightly different, namely

minimize f(x) + g(z)

subject to Az = z.

Bertsekas states a convergence result for this version of ADMM under
the hypotheses that either dom(f) is compact or that A" A is invertible,
and that a saddle point exists; see Proposition 5.4.1. The proof is given
in Bertsekas [Bertsekas and Tsitsiklis (1997)], Section 3.4, Proposition
4.2. It appears that the proof makes use of gradients, so it is not
clear that it applies in the more general case where f and g are not
differentiable.

(5) Versions of ADMM are discussed in Gabay [Gabay (1983)] (Sections 4
and 5). They are more general than the version discussed here. Some
convergence proofs are given, but because Gabay’s framework is more
general, it is not clear that they apply to our setting. Also, these proofs
rely on earlier result by Lions and Mercier, which makes the comparison
difficult.

(5) Assumption (2) does not imply that the system Ax 4+ Bz = ¢ has any
solution. For example, if

() o) (0

the system

has no solution. However, since Assumption (3) implies that the pro-
gram has an optimal solution, it implies that ¢ belongs to the column
space of the p x (n +m) matrix (4 B).

Here is an example where ADMM diverges for a problem whose optimum
value is —oco.

Example 16.6. Consider the problem given by
fl@)y=z, g(z)=0, z—z=0.

Since f(x) + g(z) = z, and x = z, the variable x is unconstrained and the
above function goes to —oo when x goes to —oo. The augmented Lagrangian
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is
Ly(z,2,\) =z 4+ XNz —2) + g(x —2)?

zng—pxz—l—ng—l—x—&—)\x—/\z.

The matrix

is singular and L,(z,z,\) goes to —oo in when (z,z) = t(1,1) and t goes
to —oo. The ADMM steps are:

1 1
b+l _ kDb _ 2

P P
R S })\k

T

z
)\k-‘rl _ )\k +p($k+1 o Zk+1),

and these equations hold for all & > 0. From the last two equations we
deduce that

1
NFL = AP o p(aP = 2Fh) = AP 4 p(==AF) =0, forall k >0,
p

S0
1
22 = ph 2 DR — R 2 forall k> 0.
p
Consequently we find that
o3 k2 Tykiz o1 k2 1
P p
By induction, we obtain
k+1
oht3 = g% — i, for all £ > 0,
p

which shows that 2*3 goes to —oo when k goes to infinity, and since

k2 = 2F+2 similarly 2F3 goes to —oo when k goes to infinity.

16.5 Stopping Criteria

Going back to Inequality (A2),

PP =pt < (W TR (BT =20)) T (—r M4 B(F T -2)), (A2)
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using the fact that Az* + Bz* — ¢ = 0 and r*+! = Az*+! 4+ B2F+1 — ¢ we
have
—rF L L B(2RT — 2%) = —Axhtt — BRL 44 B(2FTE — 2¥)
= —AzFtt ¢ — B2*
= —AzF Tt 4 Agt = — A2 — 2,
so (A2) can be rewritten as
PPt < () Tkl g Bk — )T A(ght1 — gy,
or equivalently as
PPt < (W) Tkt (k4L _ )T p AT B+ — oKy, (s1)
We define the dual residual as
Sk+1 _ pATB(zk+1 _ Zk),
the quantity r*+1 = Az*+1 + Bz*+1 — ¢ being the primal residual. Then
(s1) can be written as
PEFL < (R Tkl g (gl )T gkl (s)
Inequality (s) shows that when the residuals 7* and s* are small, then p*
is close to p* from below. Since z* is unknown, we can’t use this inequality,
but if we have a guess that ||ac’C —z* H < d, then using Cauchy—Schwarz we
obtain
PRt < ||)\lc+1H Hrk+1|| +dHSkﬂH .
The above suggests that a reasonable termination criterion is that HrkH and
HskH should be small, namely that
|TkH <™ and HSkH < edual,
dual

for some chosen feasibility tolerances eP*! and ed“®l. Further discussion for
choosing these parameters can be found in Boyd et al. [Boyd et al. (2010)]
(Section 3.3.1).

Various extensions and variations of ADMM are discussed in Boyd et
al. [Boyd et al. (2010)] (Section 3.4). In order to accelerate convergence of
the method, one may choose a different p at each step (say p*), although
proving the convergence of such a method may be difficult. If we assume
that p* becomes constant after a number of iterations, then the proof that

we gave still applies. A simple scheme is this:

S
A B
Pk otherwise,

where 717" > 1, 79" > 1 and p > 1 are some chosen parameters. Again,
we refer the interested reader to Boyd et al. [Boyd et al. (2010)] (Section
3.4).
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16.6 Some Applications of ADMM

Structure in f,g, A, and B can often be exploited to yield more efficient
methods for performing the z-update and the z-update. We focus on the
z-update, but the discussion applies just as well to the z-update. Since z
and A are held constant during minimization over z, it is more convenient
to use the scaled form of ADMM. Recall that

281 = arg min (f(x) +(p/2) | Az + B2" — e+ u’“H;)
(here we use u instead of p), so we can express the z-update step as
1t = arg;nin (f(at) +(p/2) || Az — UH%) )
with v = —B2* + ¢ — u*.

Example 16.7. A first simplification arises when A = I, in which case the
r-update is

zt = arg min (f(x) +(p/2) |z — U||§) = prox; ,(v).

The map v — proxfyp(v) is known as the proximity operator of f with
penalty p. The above minimization is generally referred to as proximal
minimization.

Example 16.8. When the function f is simple enough, the proximity op-
erator can be computed analytically. This is the case in particular when
f = I¢, the indicator function of a nonempty closed convex set C'. In this
case, it is easy to see that

vt = argmin (Ie(2) + (/2) |2 —vlf3) = T ().

the orthogonal projection of v onto C. In the special case where C' = R
(the first orthant), then

I+ = (U)-‘rv

the vector obtained by setting the negative components of v to zero.

Example 16.9. A second case where simplifications arise is the case where
f is a convex quadratic functional of the form

1
flz) = ixTPac +q x4+,
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where P is an n X n symmetric positive semidefinite matrix, ¢ € R™ and
r € R. In this case the gradient of the map

x = f(z)+ (p/2) |Az — v||§ = %xTPx +q'z+r+ ng(ATA)x

—pzT ATv+ gvTv
is given by

(P+ pAT Az +q—pATv,
and since A has rank n, the matrix AT A is symmetric positive definite, so
we get

et = (P+pATA)(pATv —q).

Methods from numerical linear algebra can be used so compute ™ fairly
efficiently; see Boyd et al. [Boyd et al. (2010)] (Section 4).

Example 16.10. A third case where simplifications arise is the variation
of the previous case where f is a convex quadratic functional of the form

1
flz) = ixTPx +q x4+,

except that f is constrained by equality constraints Cx = b, as in Section
14.4, which means that dom(f) = {z € R® | Cx = b}, and A = I. The
r-minimization step consists in minimizing the function

1
J(x) = ixTPx +q x4r+ ngx —pxv+ gvTU
subject to the constraint
Cx =0,

so by the results of Section 14.4, 7 is a component of the solution of the

KKT-system
P+pIl CT\ (2T  [(—q+pv
C 0 y ) b '
The matrix P + pl is symmetric positive definite, so the KKT-matrix is
invertible.

We can now describe how ADMM is used to solve two common problems
of convex optimization.
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(1) Minimization of a proper closed convex function f over a closed convex
set C' in R™. This is the following problem
minimize f(x)
subject to z € C,

which can be rewritten in AADM form as
minimize f(z) + Io(2)
subject to = — 2z = 0.
Using the scaled dual variable u = \/p, the augmented Lagrangian is

p P
Ly(x,2,u) = f(2) + Io(2) + 5 o = 2+ ully = 5 [Jul”.

In view of Example 16.8, the scaled form of ADMM for this problem is
2F = arg min (f(x) +(p/2) ||z — 2* + ukH§>

A = T (2T 4 uF)

B I S

The z-update involves evaluating a proximal operator. Note that the
function f need not be differentiable. Of course, these minimizations
depend on having efficient computational procedures for the proximal
operator and the projection operator.

(2) Quadratic Programming. Here the problem is

1
minimize §xTPa§ +q x4
subject to Az =b, x > 0,

where P is an n X n symmetric positive semidefinite matrix, ¢ € R”,
r € R, and A is an m X n matrix of rank m.
The above program is converted in ADMM form as follows:

minimize f(x) + g(z)

subject to x — 2z =0,

f(z)==2"Pr+q'z+r, dom(f)={xreR"|Azx=>0},
and

g = Ipn,
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the indicator function of the positive orthant R. In view of Example
16.8 and Example 16.10, the scaled form of ADMM consists of the
following steps:

P = argmin (7(0) + (o/2) e — 2+ o)

Zk—i—l _ ($k+1 + uk)+

S S L e R

u z

The z-update involves solving the KKT equations

() ) -( )

This is an important example because it provides one of the best meth-
ods for solving quadratic problems, in particular, the SVM problems
discussed in Chapter 18.

We programmed the above method in Matlab as the function qsolvel,
see Appendix B, Section B.1. Here are two examples.

Example 16.11. Consider the quadratic program for which

410 4
141 a=—4
014 4

11 -1 0
a=(40) 2= (o)

We see immediately that the constraints

Py

r+y—2=0
r—y—2=0

imply that z = x and y = 0. Then it is easy using calculus to find that
the unique minimum is given by (z,y,2) = (1,0,1). Running gsolvel on
P, q1,A1,b1 with p = 10, tolr = tols = 1072 and iternum = 10000, we
find that after 83 iterations the primal and the dual residuals are less than
10712, and we get

(z,y, z) = (1.000000000000149, 0.000000000000000, 1.000000000000148).
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Example 16.12. Consider the quadratic program for which

4100 4
1410 4
P=10141 ©2="14
0014 4

11 -10 0
A2_<1 -1 —10) b2_(0>'

Again, we see immediately that the constraints imply that z = x and y = 0.
Then it is easy using calculus to find that the unique minimum is given by
(z,y,2) = (28/31,0,28/31,24/31). Running qsolvel on P, g2, Az, by with
p = 10, tolr = tols = 10~'2 and iternum = 10000, we find that after 95
iterations the primal and the dual residuals are less than 10712, and we get

(2,y, 2, t) = (0.903225806451495, 0.000000000000000,
0.903225806451495, 0.774193548387264),

which agrees with the answer found earlier up to 11 decimals.

As an illustration of the wide range of applications of ADMM we show
in the next section how to solve the hard margin SVM (SVMps) discussed
in Section 14.6.

16.7 Solving Hard Margin (SVM},2) Using ADMM

Recall that we would like to solve the following optimization problem (see
Section 14.6):
Hard margin SVM (SVM3):

o 1 2
minimize 5 [lwl|
subject to

whu, —b>1  i=1,....p
—wT'UjerZl j=1,...,q.

The margin is 6 = 1/||lw||. The separating hyperplane H,,; is the
hyperplane of equation w2 — b = 0, and the margin hyperplanes are the
hyperplanes H,, p+1 (the blue hyperplane) of equation wlz—b—1=0
and H, 1 (the red hyperplane) of equation w'x —b+ 1 = 0. The dual
program derived in Section 14.10 is the following program:
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Dual of the Hard margin SVM (SVMy,5):

1
minimize 3 ()\T /J,T) X'X ()\) — ()\T /J,T) 1,44
1
subject to
P q

SEI ST,

i=1 j=1

A>0, u>0,

where X is the n X (p + ¢) matrix given by
X:(—ulonnfupvln.. vq).

Then w is determined as follows:
)\ p q
w=-x () = hu - Yy
i=1 j=1

To solve the dual using ADMM we need to determine the matrices P, g
A and c as in Section 16.6(2). We renamed b as ¢ to avoid a clash since b
is already used. We have

P=X"X, q= -1,

and since the only constraint is

the matrix A is the 1 x (p + ¢) row vector
— (1T _1T
A= (1p -1, ) )
and the right-hand side c is the scalar
c=0.

Obviously the matrix A has rank 1. We obtain b using any 4y such that
Aig > 0 and any jo such that p;, > 0. Since the corresponding constraints
are active, we have

wiuy, —b=1, —w v, +b=1,
so we obtain

b= ’lUT(’LLiO + Ujo)/z
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For improved numerical stability, we can average over the sets of indices
defined as Inso = {¢ € {1,...,p} | Ay > 0} and I,»0 = {j € {1,...,¢} |
w; > 0}. We obtain

b=w' < Z ui>/|I)\>0|+( Z Uj>/|fu>0| /2.

i€Ix>0 J€lu>0

The Matlab programs implementing the above method are given in Ap-
pendix B, Section B.1. This should convince the reader that there is very
little gap between theory and practice, although it is quite consuming to
tune the tolerance parameters needed to deal with floating-point arith-
metric.

Figure 16.5 shows the result of running the Matlab program implement-
ing the above method using ADMM on two sets of points of 50 points each
generated at random using the following Matlab code.

uld
vid

10.1*randn(2,50)+18;
-10.1*randn(2,50)-18;

The function SVMhard?2 is called with p = 10 as follows
[lamb,mu,w] = SVMhard2(10,ul4,v14)

and produces the output shown in Figure 16.5. Observe that there is one
blue support vector and two red support vectors.

16.8 Applications of ADMM to £'-Norm Problems

Another important application of ADMM is to £!-norm minimization prob-
lems, especially lasso minimization, discussed below and in Section 19.4.
This involves the special case of ADMM where f(z) = 7||z||; and A = I.
In particular, in the one-dimensional case, we need to solve the minimiza-
tion problem: find

z* = argmin (72| + (p/2)(z — v)?),
x
with z,v € R, and p,7 > 0. Let ¢ = 7/p and write
T

fa)=o

Minimizing f over x is equivalent to minimizing

(2¢]z| + (z —v)?).

g(z) = 2c|z| + (z — v)* = 2c|z| + 2% — 220 + V7,
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*
*
»*

Fig. 16.5 An example of hard margin SVM.

which is equivalent to minimizing
h(z) = 2° 4 2(c|z| — zv)
over xz. If z > 0, then
h(z) = 22 4+ 2(cx —2v) = 22 + 2(c —v)z = (z — (v —¢))? — (v — ¢)*.

If v — ¢ > 0, that is, v > ¢, since z > 0, the function z — (z — (v — ¢))?
has a minimum for x = v — ¢ > 0, else if v — ¢ < 0, then the function
z+ (z — (v —¢))? has a minimum for z = 0.

If x <0, then

h(z) = 22 +2(—cx —azv) = 22 = 2(c+v)z = (z — (v +¢))* = (v + o)
if v+c < 0, that is, v < —¢, since z < 0, the function z — (z—(v+c))? has a
minimum for x = v+, else if v+c¢ > 0, then the function z — (x—(v+c))?
has a minimum for z = 0.
In summary, inf, h(z) is the function of v given by
v—c ifv>c
Se(v) =<0 if v <e¢
v+c ifv<—ec
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Fig. 16.6  The graph of S. (when ¢ = 2).

The function S, is known as a soft thresholding operator. The graph of S,
shown in Figure 16.6.
One can check that

Se(v) = (v =) = (—v— )4,
and also
Se(v) = (1 =¢/|v])4v, v#0,

which shows that S, is a shrinkage operator (it moves a point toward zero).

The operator S, is extended to vectors in R™ component wise, that is,
if . = (x1,...,x,), then
Se(x) = (Se(z1), ..., Se(xn)).

We now consider several ¢£!-norm problems.

(1) Least absolute deviation.
This is the problem of minimizing ||Az — b||,, rather than || Az — bl|,.
Least absolute deviation is more robust than least squares fit because
it deals better with outliers. The problem can be formulated in ADMM
form as follows:

minimize ||z,

subject to Ax — z =0,
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with f = 0 and g = || ||;. As usual, we assume that A is an m x n

matrix of rank n, so that AT A is invertible. ADMM (in scaled form)
can be expressed as
.Tk+1 _ (ATA)_lAT(b—i— Zk _ uk)
=8y, (AxF ! — b+ uP)
uF Tt = ok 4 Aght Ry,
(2) Basis pursuit.
This is the following minimization problem:
minimize ||z|;
subject to Az = b,
where A is an m X n matrix of rank m < n, and b € R™, z € R".
The problem is to find a sparse solution to an underdetermined linear
system, which means a solution z with many zero coordinates. This
problem plays a central role in compressed sensing and statistical signal
processing.
Basis pursuit can be expressed in ADMM form as the problem
minimize Ic(z)+ ||2||,
subject to = — 2z =0,
with C = {z € R™ | Az = b}. Tt is easy to see that the ADMM
procedure (in scaled form) is
2P =TI (28 — )
P Sl/p(aslHl + u)

WFHL = F g ke

where Il is the orthogonal projection onto the subspace C. In fact, it
is not hard to show that

2P = (I — AT(AAT)TA) (2 —uF) + AT(AAT) b

In some sense, an ¢!-minimization problem is reduced to a sequence of
£2-norm problems. There are ways of improving the efficiency of the
method; see Boyd et al. [Boyd et al. (2010)] (Section 6.2)

(3) General *-regularized loss minimization.
This is the following minimization problem:

minimize (z) + 7 ||z||;,
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where [ is any proper closed and convex loss function, and 7 > 0. We
convert the problem to the ADMM problem:

minimize I(x) 4+ 72,
subject to z — 2 =0.

The ADMM procedure (in scaled form) is
2F T = arg min (l(a:) +(p/2) ||z — 2k 4 ukHz)

=5 (M +uF)

Rl gk g gkl kD

u = z

The z-update is a proximal operator evaluation. In general, one needs
to apply a numerical procedure to compute zF+1, for example, a version
of Newton’s method. The special case where I(z) = (1/2) || Az — b||§ is
particularly important.

(4) Lasso regularization.
This is the following minimization problem:

minimize (1/2) | Az —b||3 + 7 ||, .

This is a linear regression with the regularizing term 7 ||z||; instead of
7T ||z||5, to encourage a sparse solution. This method was first proposed
by Tibshirani around 1996, under the name lasso, which stands for
“least absolute selection and shrinkage operator.” This method is also
known as £'-reqularized regression, but this is not as cute as “lasso,”
which is used predominantly. This method is discussed extensively in
Hastie, Tibshirani, and Wainwright [Hastie et al. (2015)].

The lasso minimization is converted to the following problem in ADMM
form:

minimize || Az — b||5 + 7 ||z|,
subject to © — 2z =0.
Then the ADMM procedure (in scaled form) is
2P = (ATA 4 pD) Y (ATb + p(2* — b))
A= g (R 4 ub)

R R R R

u z

Since p > 0, the matrix AT A + pI is symmetric positive definite. Note
that the z-update looks like a ridge regression step (see Section 19.1).
There are various generalizations of lasso.
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(5) Generalized Lasso regularization.
This is the following minimization problem:
minimize (1/2) || Az — b||3 + 7 || Fz| ,
where A is an m X n matrix, F' is a p X n matrix, and either A has rank
n or F has rank n. This problem is converted to the ADMM problem
minimize || Az — b||5 + 7 ||z|,
subject to Fax — 2z =0,
and the corresponding ADMM procedure (in scaled form) is
2P = (ATA+ pFTF) Y (ATb+ pF T (2% — uF))
=5 (Fakth 4+ ub)
S S o e S
(6) Group Lasso.
This a generalization of (3). Here we assume that x is split as =
(z1,...,zN), with z; € R™ and ny1 +---+2zy = n, and the regularizing
term [|z||, is replaced by Zfil [lzi||,. When n; = 1, this reduces to (3).

The z-update of the ADMM procedure needs to modified. We define
the soft thresholding operator S.: R™ — R™ given by

So(v) = (1 - chg)Jr v,

with S¢(0) = 0. Then the z-update consists of the N updates

zf“ = ST/,,(gchrl +u¥), i=1,...,N.

The method can be extended to deal with overlapping groups; see Boyd
et al. [Boyd et al. (2010)] (Section 6.4).

There are many more applications of ADMM discussed in Boyd et al.
[Boyd et al. (2010)], including consensus and sharing. See also Strang
[Strang (2019)] for a brief overview.

16.9 Summary

The main concepts and results of this chapter are listed below:

e Dual ascent.
e Augmented Lagrangian.
e Penalty parameter.
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Method of multipliers.

ADMM (alternating direction method of multipliers).
z-update, z-update, A\-update.

Scaled form of ADMM.

Residual, dual residual.

Stopping criteria.

Proximity operator, proximal minimization.
Quadratic programming.

KKT equations.

Soft thresholding operator.

Shrinkage operator.

Least absolute deviation.

Basis pursuit.

General ¢!-regularized loss minimization.
Lasso regularization.

Generalized lasso regularization.

Group lasso.

16.10 Problems

Problem 16.1. In the method of multipliers described in Section 16.2,
prove that choosing o = p guarantees that (u**1, \¥1) satisfies the equa-
tion

Vi + ATAFL =0,

Problem 16.2. Prove that the Inequality (A1) follows from the Inequal-
ities (A2) and (A3) (see the proof of Theorem 16.1). For help consult
Appendix A of Boyd et al. [Boyd et al. (2010)].

Problem 16.3. Consider Example 16.8. Prove that if f = I, the indicator
function of a nonempty closed convex set C, then

ot = argmin (Io(@) + (o/2) |~ v]f3) = Te(v),

the orthogonal projection of v onto C. In the special case where C' = R
(the first orthant), then

I+ = (v)-‘rv

the vector obtained by setting the negative components of v to zero.
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Problem 16.4. Prove that the soft thresholding operator S, from Section
16.8 satisfies the equations
Se(v) = (0= )4 — (v —=0)4,
and
Se(v) = (L= c/Jo])sv, v#0.
Problem 16.5. Rederive the formula
v—c fv>c
Sc(v) =10 if v <e¢
v+ec ifv<—c

using subgradients.

Problem 16.6. In basis pursuit (see Section 16.8 (2)) prove that
o = (T — AT(AAT)7TA)(2F —uP) + AT (AAT) b

Problem 16.7. Implement (in Matlab) ADMM applied to lasso regular-
ization as described in Section 16.6 (4). The stopping criterion should be
based on feasibility tolerances eP! and €1"! say 1074, and on a maximum
number of iteration steps, say 10000. There is a build in Matlab function
wthresh implementing soft thresholding. You may use the Matlab com-
mand randn to create a random data set X and a random response vector
y (see the help menu in Matlab under lasso). Try various values of p and 7.
You will observe that the choice of p greatly affects the rate of convergence
of the procedure.
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Chapter 17

Positive Definite Kernels

This chapter is an introduction to positive definite kernels and the use of
kernel functions in machine learning.

Let X be a nonempty set. If the set X represents a set of highly nonlin-
ear data, it may be advantageous to map X into a space F' of much higher
dimension called the feature space, using a function ¢: X — F called a
feature map. This idea is that ¢ “unwinds” the description of the objects
in F in an attempt to make it linear. The space F' is usually a vector space
equipped with an inner product (—,—). If F' is infinite dimensional, then
we assume that it is a Hilbert space.

Many algorithms that analyze or classify data make use of the inner
products {¢(x), p(y)), where z,y € X. These algorithms make use of the
function k: X x X — C given by

i(zy) = (o(@),0(y), zyeX,

called a kernel function.

The kernel trick is to pretend that we have a feature embedding p: X —
F' (actually unknown), but to only use inner products (¢(x), ¢p(y)) that can
be evaluated using the original data through the known kernel function k.
It turns out that the functions of the form x as above can be defined in
terms of a condition which is reminiscent of positive semidefinite matrices
(see Definition 17.2). Furthermore, every function satisfying Definition 17.2
arises from a suitable feature map into a Hilbert space; see Theorem 17.1.

We illustrate the kernel methods on kernel PCA (see Section 17.4).

17.1 Feature Maps and Kernel Functions

Definition 17.1. Let X be a nonempty set, let H be a (complex) Hilbert
space, and let ¢: X — H be a function called a feature map. The function

601
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Kk: X x X — C given by

k(z,y) = (p(x), ¢(y)), z,y € X,

is called a kernel function.

Remark: A feature map is often called a feature embedding, but this ter-
minology is a bit misleading because it suggests that such a map is injective,
which is not necessarily the case. Unfortunately this terminology is used
by most people.

Example 17.1. Suppose we have two feature maps ¢;: X — R™
and @o: X — R™, and let x1(z,y) = (p1(x),01(y)) and ka(z,y) =
(pa(x), p2(y)) be the corresponding kernel functions (where (—, —) is the
standard inner product on R™). Define the feature map ¢: X — R™1+72
by

p(z) = (p1(2), p2(2)),
an (ny + ng)-tuple. We have

(p(2), () = ((p1(2), p2(2)), (P1(y), L2(¥)))

= (e1(2),01(y)) + (p2(2), p2(y))

= Hl(x7y) + HZ(xay%
which shows that the map x given by

K)(.’E, y) = Hl(xvy) + /432(1',:1/)
is the kernel function corresponding to the feature map ¢: X — R™1+72,
Example 17.2. Let X be a subset of R?, and let ¢, : X — R3 be the map
given by
p1(z1,22) = (ﬁ@g, \/5331302)-
Figure 17.1 illustrates ¢;: X — R® when X = {((z1,22) | —10 < 21 <
10,—10 < z9 < 10}.

Observe that linear relations in the feature space H = R3 correspond
to quadratic relations in the input space (of data). We have

<S01((E), @1(2/» = ("E%7 x%v \/ﬁxle)v (y%» y%» \/éyly2)>
= Ty} + 25y5 + 221229192

= (z1y1 + x2y2)2 = <93ay>2,
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Fig. 17.1 The parametric surface o1 (z1,22) = (m%,m%, V2z122) where —10 < x1 < 10
and —10 < z2 < 10.

where (x,y) is the usual inner product on R?. Hence the function

Kz, y) = (z,y)*
is a kernel function associated with the feature space R3.
If we now consider the map ¢5: X — R?* given by

pa(a1,a2) = (2,23, 2122, 1122),
we check immediately that
(pa(@), 02(y)) = Klz,y) = (z,9)%,

which shows that the same kernel can arise from different maps into different
feature spaces.

Example 17.3. Example 17.2 can be generalized as follows. Suppose we
have a feature map ¢1: X — R™ and let k1(x,y) = (v1(x), p1(y)) be the
corresponding kernel function (where (—, —) is the standard inner product
on R™). Define the feature map ¢: X — R™ x R™ by its n? components

p@) iy = (p1(@))iler(@));,  1<i,5<n,
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with the inner product on R™ x R™ given by

n

(u,0) = Y UiV

ij=1

Then we have

< Z P( 7J) 50(1,j)( )

Z ()); (e1(1)i(#1(1));
= (p1(z ZZ (¥));

i=1 j=1
= (r1(z,9)).

Thus the map & given by k(x,y) = (k1(x,y))? is a kernel map associated
with the feature map p: X — R"™ x R™. The feature map ¢ is a direct
generalization of the feature map o of Example 17.2.

The above argument is immediately adapted to show that if p;: X —
R™ and ¢3: X — R™ are two feature maps and if k1 (x, y) = (p1(x), p1(y))
and ka(z,y) = (p2(x), p2(y)) are the corresponding kernel functions, then
the map defined by

’i(xvy) = Kl(m7y)"{2(xvy)

is a kernel function for the feature space R™* x R"2 and the feature map
(@), = (pr())i(p2(x));,  1<i<ng, 1<j<no.

Example 17.4. Note that the feature map p: X — R™ x R™ is not very

economical because if i # j then the components ¢; jy(x) and ¢ ; (x) are

both equal to (¢1(z))i(¢1(x));. Therefore we can define the more econom-
¥1

ical embedding ¢’: X — R("3") given by

P = {m(w))% i=3,
v V2(p1(@))i(er(@); i<,

where the pairs (4, j) with 1 <4 < j < n are ordered lexicographically. The
feature map ¢ is a direct generalization of the feature map ¢; of Example
17.2.
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Observe that ¢’ can also be defined in the following way which makes
it easier to come up with the generalization to any power:

2

1

1/2 ) ) )
%> (Pr(@) (pa ()7 - -~ (e (@)1,

iv i+ +in =2 i; €N,

i@ =

where the n-tuples (i1,...,4,) are ordered lexicographically. Recall that
for any m > 1 and any (i1,...,4,) € N™ such that i; + i + -+ + i, = m,

we have
m m!
REEE ™ il iy

More generally, for any m > 2, using the multinomial theorem, we can
n+m-—1
define a feature embedding ¢: X — R defining the kernel function
k given by k(z,y) = (k1(z,y))™, with ¢ given by

1/2
m i i in
Plirenin) (T) = <i1 e > (p1(2))1 (1 ()7 -+ (pr ()1,
21+22++zn:m, ij EN,
where the n-tuples (i1, ...,4,) are ordered lexicographically.

Example 17.5. For any positive real constant R > 0, the constant function
k(z,y) = Ris a kernel function corresponding to the feature map ¢: X — R
given by o(z,y) = VR.

By definition, the function x}: R™ — R given by i (z,y) = (z,y) is a
kernel function (the feature map is the identity map from R to itself). We
just saw that for any positive real constant R > 0, the constant k5 (z,y) = R
is a kernel function. By Example 17.1, the function k}(z,y) = &} (z,y) +
kb4 (x,y) is a kernel function, and for any integer d > 1, by Example 17.4,
the function kq4 given by

nd(:c,y) = (Kg(x’y))d = (<m,y> + R)d7
is a kernel function on R™. By the binomial formula,

d

Ka(w,y) = Y Rz, y)™.

m=0

By Example 17.1, the feature map of this kernel function is the concate-
nation of the features of the d + 1 kernel maps R4~ (z,y)™. By Example
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17.3, the components of the feature map of the kernel map R~ (z,y)™
are reweightings of the functions

Plirnin) () = TP TG o2, it ip = m,
with (i1,...,4,) € N®. Thus the components of the feature map of the
kernel function kg are reweightings of the functions

Dlir,vin) (T) = Qflfﬂﬂlf coexin iy g e iy, < d,
with (41,...,4,) € N™. Tt is easy to see that the dimension of this feature
space is ("7).

There are a number of variations of the polynomial kernel k4; all-subsets

embedding kernels, ANOVA kernels; see Shawe-Taylor and Christianini
[Shawe-Taylor and Cristianini (2004)], Chapter III.

In the next example the set X is not a vector space.

Example 17.6. Let D be a finite set and let X = 2P be its power set. If
|D| = n, let H=RX = R?". We are assuming that the subsets of D are
enumerated in some fashion so that each coordinate of R?" corresponds to
one of these subsets. For example, if D = {1,2,3,4}, let

U =90 Uy = {1} Us = {2} Uy = {3}

Us = {4} Us = {1,2} Uz ={1,3} Us = {1,4}

Us = {2,3} Upo = {2,4} U ={3,4  Upn=1{1,2,3}
Uis ={1,2,4} Uy ={1,3,4} U5 =1{2,3,4} U =1{1,2,3,4}.

Let ¢: X — H be the feature map defined as follows: for any subsets
AUeX,

1 fUCA
Ao = {O otherwise.
For example, if A7 = {1, 2,3}, we obtain the vector
»({1,2,3})=(1,1,1,1,0,1,1,0,1,0,0,1,0,0,0,0),
and if A5 = {2,3,4}, we obtain the vector
»({2,3,4}) =(1,0,1,1,1,0,0,0,1,1,1,0,0,0,1,0).
For any two subsets A; and As of D, it is easy to check that

(p(A1), p(Ag)) = 2MAN4:l,



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 607

17.1. Feature Maps and Kernel Functions 607

the number of common subsets of A; and Ay. For example, A;NA; = {2,3},
and

(p(A1), p(A2)) = 4.
Therefore, the function x: X x X — R given by
K(A1, Ap) = 21004l A1, A2 C D

is a kernel function.
Kernels on collections of sets can be defined in terms of measures.

Example 17.7. Let (D, A) be a measurable space, where D is a nonempty
set and A is a o-algebra on D (the measurable sets). Let X be a subset of
A. If p is a positive measure on (D, A) and if p is finite, which means that
(D) is finite, then we can define the map k1: X x X — R given by

Hl(Al,AQ):/J,(Al ﬂAg), A17A2 e X.

We can show that # is a kernel function as follows. Let H = L2 (D, A, R)
be the Hilbert space of u-square-integrable functions with the inner product

(o) = [ £s)als)duto)
and let ¢: X — H be the feature embedding given by
©(A4) = xa, A€ X,

the characteristic function of A. Then we have

k1 (Ar, Az) = u(Ay N Ay) = /D Xnas(5) di(s)

= /DXA1<S>XA2(S) dp(s) = (xa,, XAz)
= (p(A1), p(A2)).

The above kernel is called the intersection kernel. If we assume that p
is normalized so that p(D) = 1, then we also have the union complement
kernel:

Ka(A1, Ag) = u(A1 N Ag) =1 — p(A; U Ay).
The sum x3 of the kernels k1 and ko is the agreement kernel:
ks(A1,Ag) =1 — u(A; — Ag) — u(As — Aq).
Many other kinds of kernels can be designed, in particular, graph ker-
nels. For comprehensive presentations of kernels, see Scholkopf and Smola

[Scholkopf and Smola (2002)] and Shawe—Taylor and Christianini [Shawe-
Taylor and Cristianini (2004)].
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Kernel functions have the following important property.

Proposition 17.1. Let X be any nonempty set, let H be any (complex)
Hilbert space, let o: X — H be any function, and let k: X x X — C be the
kernel given by

K(z,y) = (e(@), 0(y), wyeX.
For any finite subset S = {x1,...,x,} of X, if Kg is the p x p matriz
Ks = (k(zj, zi))1<ij<p = ((0(25), (@) 1<ij<p,
then we have

wKgu >0, for all uw € CP.

Proof. We have

1,7=1
p
=Y (@), pv)ui;
i5=1
P P P 2
i=1 j=1 i=1
as claimed. .

17.2 Basic Properties of Positive Definite Kernels

Proposition 17.1 suggests a second approach to kernel functions which does
not assume that a feature space and a feature map are provided. We will
see in Section 17.3 that the two approaches are equivalent. The second
approach is useful in practice because it is often difficult to define a feature
space and a feature map in a simple manner.

Definition 17.2. Let X be a nonempty set. A function k: X x X — C is
a positive definite kernel if for every finite subset S = {z1,...,2,} of X, if
Ky is the p X p matrix

Ks = (k(zj,7i))1<ij<p

called a Gram matriz, then we have

P
wKgu= Z K(xi, xj)ua; > 0, for all u € CP.

ij=1
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Observe that Definition 17.2 does not require that u*Kgu > 0 if u #£ 0,
so the terminology positive definite is a bit abusive, and it would be more
appropriate to use the terminology positive semidefinite. However, it seems
customary to use the term positive definite kernel, or even positive kernel.

Proposition 17.2. Let k: X x X — C be a positive definite kernel. Then
k(z,x) > 0 for all z € X, and for any finite subset S = {x1,...,z,} of X,
the p X p matriz Kg given by
Ks = (r(z),2:))1<i j<p

is Hermitian, that is, K§ = Kg.
Proof. The first property is obvious by choosing S = {z}. To prove that
K is Hermitian, observe that we have

(u+v)" Kg(u+v) =u"Ksu+ u"Kgv+ v*Kgu+ v*Kgv,
and since (u +v)*Kg(u + v),u*Kgu,v* Kgv > 0, we deduce that

2A =u"Kgv+v*Kgu (1)
must be real. By replacing u by iu, we see that
2B = —iuw*Kgv + iv* Kgu (2)

must also be real. By multiplying Equation (2) by ¢ and adding it to
Equation (1) we get

u* Kgv=A-+iB. (3)
By subtracting Equation (3) from Equation (1) we get

v’ Kqu=A—1iB.
Then

wWKiv=v*"Ksu=A—iB=A+iB=u"Kgv,
for all u,v € C*, which implies K§ = Kg. O

If the map x: X x X — R is real-valued, then we have the following
criterion for x to be a positive definite kernel that only involves real vectors.

Proposition 17.3. If k: X x X — R, then k is a positive definite kernel
iff for any finite subset S = {x1,...,xp} of X, the p x p real matriz Kg
given by
Ks = (k(@k, 7;))1<),k<p
18 symmetric, that is, K:g'— = Kg, and
P
uw Kgu= Z K(xj, xk)ujug > 0, for all u € RP.
jik=1
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Proof. If k is a real-valued positive definite kernel, then the proposition is
a trivial consequence of Proposition 17.2.

For the converse assume that « is symmetric and that it satisfies the
second condition of the proposition. We need to show that x is a positive
definite kernel with respect to complex vectors. If we write ur = ay + iby,

then
p
wWKgu= Z m(xj,xk)(aj + ibj)(ak — ibk)
j,k=1
p
Z a;jar + biby)k(z;, ) + 14 Z (bjar — ajbi)k(zj, k)
J,k=1 k=1
p
Z a;jar + biby)k(z;, k)
J,k=1
+1 Z bjar(k(zj, k) — K(TK, x5)).
1<j<k<p
Thus u* Kgu is real iff Kg is symmetric. O

Consequently we make the following definition.

Definition 17.3. Let X be a nonempty set. A function x: X x X — R is
a (real) positive definite kernel if k(x,y) = k(y,x) for all z,y € X, and for
every finite subset S = {z1,...,x,} of X, if Kg is the p X p real symmetric
matrix

Ks = (k(wi, z5))1<ij<ps

then we have
p

uw Kgu= Z k(xi, xj)uu; >0, for all u € RP.
i,j=1
Among other things, the next proposition shows that a positive definite
kernel satisfies the Cauchy—Schwarz inequality.

Proposition 17.4. A Hermitian 2 X 2 matriz

ab
= ()
is positive semidefinite if and only if a >0, d > 0, and ad — |b]*> > 0.

Let k: X x X — C be a positive definite kernel. For all z,y € X, we
have

k(x,y)* < Kz, 2)k(y, y).
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Proof. For all z,y € C, we have

__fab T\ a:r—l—gy
w9 (52) () -9 (o)
= ala|® + bay + bry + dly[*.
If A is positive semidefinite, then we already know that ¢ > 0 and d > 0.
If a = 0, then we must have b = 0, since otherwise we can make bzy + ba7,
which is twice the real part of bxy, as negative as we want. In this case,
ad — |b|* = 0.
If a > 0, then

— 2
I b 2
alz|* + bry + bay + dy|* = a |z + ay’ + %(ad — [b?).

If ad — |b]?> < 0, we can pick y # 0 and & = —(by)/a, so that the above
expression is negative. Therefore, ad — |b|?> > 0. The converse is trivial.

If z = y, the inequality |k(z,y)|? < k(z,2)k(y,y) is trivial. If x # y, the
inequality follows by applying the criterion for being positive semidefinite
to the matrix

as claimed. O

The following property due to I. Schur (1911) shows that the pointwise
product of two positive definite kernels is also a positive definite kernel.

Proposition 17.5. (I. Schur) If k1: X x X — C and ke: X x X — C
are two positive definite kernels, then the function k: X x X — C given by
k(z,y) = k1(z,y)ka(z,y) for all z,y € X is also a positive definite kernel.

Proof. It suffices to prove that if A = (a;x) and B = (b;x) are two Hermi-
tian positive semidefinite p X p matrices, then so is their pointwise product
C = Ao B = (ajxbji) (also known as Hadamard or Schur product). Re-
call that a Hermitian positive semidefinite matrix A can be diagonalized
as A = UAU*, where A is a diagonal matrix with nonnegative entries and
U is a unitary matrix. Let A2 be the diagonal matrix consisting of the
positive square roots of the diagonal entries in A. Then we have

A =UAU* = UNY2AV20% = UAV2(UAY2)*,
Thus if we set R = UAY/?, we have
A= RR",
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which means that
p

Qi = E TihTkh-

h=1

Then for any v € CP, we have

u* (Ao B)u

ajkbjkujfk

<
=

TinTERD U UL

s I

I
=%
= 11=

bjkujrjhukrkh.

>
Il
—
.
E
I
-

Since B is positive semidefinite, for each fixed h, we have

p p
5 bk Ui TR URTR: = E birzizr > 0,
J,k=1 j,k=1

as we see by letting z = (u1r1p, ..., UpTpn), O

In contrast, the ordinary product AB of two symmetric positive semidef-
inite matrices A and B may not be symmetric positive semidefinite; see
Section 7.9 in Volume I for an example.

Here are other ways of obtaining new positive definite kernels from old
ones.

Proposition 17.6. Letk1: X XX — C and ky: X x X — C be two positive
definite kernels, f: X — C be a function, ¥: X — RN be a function,
k3: RN x RN — C be a positive definite kernel, and a € R be any positive
real number. Then the following functions are positive definite kernels:

(1) K(z,y) = K1z, y) + ra(z,y).

(2) K(LL', y) = (llil(.f(}, y)

(3) k(z,y) = f(2)f(y).

(4) K(z,y) = r3(¥(x), ¥(y)).

(5) If B is a symmetric positive semidefinite n X n matriz, then the map
Kk: R™ X R™ = R given by

k(z,y) =" By

s a positive definite kernel.



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 613

17.2. Basic Properties of Positive Definite Kernels 613

Proof. (1) For every finite subset S = {x1,...,2z,} of X, if Kj isthe pxp
matrix

Ky = (k1 75))1<j,h<p
and if if K5 is the p x p matrix
Ky = (K2, 7)) 1<), k<ps
then for any u € CP, we have
uw (K1 + Ko)u=u" Kju+ u* Kou > 0,

since u*Kqu > 0 and u*Ksyu > 0 because ko and kg are positive definite
kernels, which means that K; and K are positive semidefinite.
(2) We have

u*(aK71)u = au* Kyu > 0,

since a > 0 and u*Kyu > 0.
(3) For every finite subset S = {x1,...,z,} of X, if K is the p x p matrix

K = (k(zk, 5))1<jh<p = (F@r) f(25))1<)k<p

then we have

p P
wKu=u'K'u= Z K(xj, Tr)u; T = Z ujf(xy)urf(xg)
J,k=1 j,k=1

2
> 0.

> uif(a))
j=1

(4) For every finite subset S = {x1,...,z,} of X, the p X p matrix K

given by
K = (k(xr, 25))1<jhep = (Ra((@n), ¥(25))1<)h<p

is symmetric positive semidefinite since k3 is a positive definite kernel.

(5) As in the proof of Proposition 17.5 (adapted to the real case) there
is a matrix R such that

B =RRT,
SO
kz,y)=2"By=a'RR"y=(R"2)"R'y = (R"z,R"y),

so  is the kernel function given by the feature map p(zr) = Rz from
R™ to itself, and by Proposition 17.1, it is a symmetric positive definite
kernel. O
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Proposition 17.7. Let k1: X x X — C be a positive definite kernel, and
let p(z) be a polynomial with nonnegative coefficients. Then the following
functions k defined below are also positive definite kernels.

(1) k(z,y) = p(r1(z,y)).

(2) lz,y) = emew),

(8) If X is real Hilbert space with inner product (—, —)x and corresponding
norm || ||,

_lle—vl%k
Kla,y) = =t

for any o > 0.
Proof. (1) If p(z) = amz™ + -+ - + a1z + ag, then
p(k1(z,y)) = amra(z,y)™ + -+ + ark1 (2, y) + ao.

Since a > 0 for k =0, ..., m, by Proposition 17.5 and Proposition 17.6(2),
each function ayr;(x,y)* with 1 < k < m is a positive definite kernel, by
Proposition 17.6(3) with f(z) = /ag, the constant function ao is a positive
definite kernel, and by Proposition 17.6(1), p(k1(z,y)) is a positive definite

kernel.
(2) We have
0 k
w1(zyy) _ K1(7,y)
et = kg —
=0

By (1), the partial sums

i K1 (l‘, y)k

k!

k=0

are positive definite kernels, and since e%(*¥) is the (uniform) pointwise
limit of positive definite kernels, it is also a positive definite kernel.

(3) By Proposition 17.6(2), since the map (x,y) — (z,y)x is obviously
a positive definite kernel (the feature map is the identity) and since o # 0,
the function (z,y) — (z,y)x/0? is a positive definite kernel (by Proposition
17.6(2)), so by (2),

(z,y)
Hl(’rvy) =e Usz

is a positive definite kernel. Let f: X — R be the function given by

_l=)?

fw) = e '5h
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Then by Proposition 17.6(3),

2 2
Lol lwl? el +lvik

ra(a,y) = F@)f(y) = e Som e SE — e o

is a positive definite kernel. By Proposition 17.5, the function kiks is a

positive definite kernel, that is

@y x el +lvi%k @y x el +lviik _lle—vl%
K1 (1‘7y)/~g2(m)y) =e 2 e 202 = e o2 202 =e 202
is a positive definite kernel. O

Definition 17.4. The positive definite kernel

(BRI
Rloy) =e =

is called a Gaussian kernel.

This kernel requires a feature map in an infinite-dimensional space be-
cause it is an infinite sum of distinct kernels.

Remark: If x4 is a positive definite kernel, the proof of Proposition 17.7(3)
is immediately adapted to show that

_ri(z)teg (v,y) =26 (2,y)
K(z,y) =e 207

is a positive definite kernel.
Next we prove that every positive definite kernel arises from a feature
map in a Hilbert space which is a function space.

17.3 Hilbert Space Representation of a Positive Definite
Kernel ®

The following result shows how to construct a so-called reproducing kernel
Hilbert space, for short RKHS, from a positive definite kernel.

Theorem 17.1. Let k: X x X — C be a positive definite kernel on a
nonempty set X. For every x € X, let k1 X — C be the function given by

Kz (y) = K(2,y), yeX.

Let Hy be the subspace of the vector space CX of functions from X to C
spanned by the family of functions (kz)ex, and let p: X — Hy be the map
given by () = Ky. There is a Hermitian inner product (—, —) on Hy such
that

k(@ y) = (@), 9(y)),  foralzyeX.
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The completion H of Hy is a Hilbert space, and the map n: H — CX given
by

() =(f k), zEX,

is linear and injective, so H can be identified with a subspace of CX. We
also have

Kz, y) = (p(z), 0(y)), Jor allz,y € X.
For all f € Hy and all z € X,
(fik2) = f(2), (*)

a property known as the reproducing property.

Proof.

Step 1. Define a candidate inner product.

For any two linear combinations f = >>0_, ajk,; and g = 371, Brky,
in Hy, with z;,y, € X and o, i, € C, define (f, g) by

> D aiBunlws u)- (1)

k=1

M@

-
Il
—

At first glance, the above expression appears to depend on the expression
of f and g as linear combinations, but since x(x;, yx) = K(yx, z;), observe
that

-
=
KH

P q P
= ZZ%/@M T, Yk) = Z%Q(Ij), (*)
i=1

j=1k=

[

and since the first and the third term are equal for all linear combinations
representing f and g, we conclude that (f) depends only on f and g and
not on their representation as a linear combination.

Step 2. Prove that the inner product defined by (1) is Hermitian semidef-
inite.

Obviously (1) defines a Hermitian sequilinear form. For every f € Hy,
we have

p
fy="Y ajapk(z;,z) =0,
jk=1

since k is a positive definite kernel.
Step 3. Prove that the inner product defined by () is positive definite.
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For any finite subset {f1,..., fn} of Hy and any z € C", we have

n

Z<f]afk szj7zzjf]>>0
Jj=1 Jj=1

k=1
which shows that the map (f,g) — (f,g) from Hy x Hy to C is a positive

definite kernel.
Observe that for all f € Hy and all x € X, () implies that

fa’iz Zaj xja f($)7

a property known as the reproducmg property. The above implies that

(Ko ky) = K(z,y). (%)
By Proposition 17.4 applied to the positive definite kernel (f,g) — (f, g),
we have
‘<fa K:m>|2 é <f7 f><"{m’7 K/x>7
that is,

[f(@)|* < (f, fir(z, ),
so (f, f) = 0 implies that f(x) = 0 for all z € X, which means that (—, —)
as defined by (t) is positive definite. Therefore, (—, —) is a Hermitian inner
product on Hy, and by (x*) and since ¢(x) = Kk, we have

k(z,y) = (p(x), o(y)), for all z,y € X.

Step 4. Define the embedding 7.
Let H be the Hilbert space which is the completion of Hy, so that Hy
is dense in H. The map n: H — CX given by

n(f)(x) = (f; ka)

is obviously linear, and it is injective because the family (k,)zex spans Hy
which is dense in H, thus it is also dense in H, so if (f,x,) = 0 for all
z € X, then f =0. O

Corollary 17.1. If we identify a function f € H with the function n(f),
then we have the reproducing property

(fykz) = f(2), forall f € H and all x € X.
If X is finite, then CX is finite-dimensional. If X is a separable topological

space and if K is continuous, then it can be shown that H is a separable
Hilbert space.
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Also, if k: X x X — R is a real symmetric positive definite kernel, then
we see immediately that Theorem 17.1 holds with Hy a real Euclidean space
and H a real Hilbert space.

® Remark: If X = @, where G is a locally compact group, then a
function p: G — C (not necessarily continuous) is positive semidefinite if
for all s1,...,s, € G and all &,...,&, € C, we have

p(s; tsr)érs > 0.
Gok=1
So if we define k: G x G — C by
k(s,t) = p(t™'s),

then « is a positive definite kernel on G. If p is continuous, then it is known
that p arises from a unitary representation U: G — U(H) of the group G

in a Hilbert space H with inner product (—, —) (a homomorphism with a
certain continuity property), in the sense that there is some vector o € H
such that

p(s) = (U(s)(xg), zo), for all s € G.

Since the U(s) are unitary operators on H,

p(t™'s) = (U(t™"s)(x0), w0) = (U(t™)(U(s)(0)), o)
= (U@ (U(s)(x0)), x0) = (U(s)(x0), U(t)(20)),

which shows that

K(s,t) = (U(s)(x0), U(t)(20)),

so the map ¢: G — H given by

p(s) = U(s)(xo)

is a feature map into the feature space H. This theorem is due to Gelfand
and Raikov (1943).

The proof of Theorem 17.1 is essentially identical to part of Godement’s
proof of the above result about the correspondence between functions of
positive type and unitary representations; see Helgason [Helgason (2000)],
Chapter IV, Theorem 1.5. Theorem 17.1 is a little more general since it
does not assume that X is a group, but when G is a group, the feature map
arises from a unitary representation.
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17.4 Kernel PCA

As an application of kernel functions, we discuss a generalization of the

method of principal component analysis (PCA). Suppose we have a set of

data S = {x1,...,2,} in some input space X, and pretend that we have

an embedding ¢: X — F of X in a (real) feature space (F,{—,—)), but

that we only have access to the kernel function k(z,y) = (p(z), ¢(y)). We

would like to do PCA analysis on the set ¢(S) = {¢(x1),...,p(zn)}-
There are two obstacles:

(1) We need to center the data and compute the inner products of pairs of
centered data. More precisely, if the centroid of ¢(.5) is

p= (@) + o+ plan),

then we need to compute the inner products {(p(x) — u, o(y) — u).

(2) Let us assume that F' = R? with the standard Euclidean inner product
and that the data points p(z;) are expressed as row wvectors X; of
an n x d matrix X (as it is customary). Then the inner products
k(zi,x;) = (p(z;), @(x;)) are given by the kernel matriz K = XX .
Be aware that with this representation, in the expression (p(z;), ¢(z;)),
¢(x;) is a d-dimensional column vector, while p(z;) = X,". However,
the jth component (Y%); of the principal component Y3, (viewed as a
n-dimensional column vector) is given by the projection of X i =X;—p
onto the direction uy, (viewing p as a d-dimensional row vector), which
is a unit eigenvector of the matrix (X —u) " (X — i) (where X=X-pu
is the matrix whose jth row is )?j = X; — p), is given by the inner
product

(Xj = pour) = (Vi)
see Definition 21.2 (Vol. I) and Theorem 21.11 (Vol. I). The problem is
that we know what the matrix (X — p)(X —p) " is from (1), because it

can be expressed in terms of K, but we don’t know what (X —u) T (X —
1) is because we don’t have access to X = X — p.

Both difficulties are easily overcome. For (1) we have

(o(x) — p,p(y) — p) = <s0(:v) - % > (), o(y) — % > w(xk)>
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For (2), if K is the kernel matrix K = (k(x;, x;)), then the kernel matrix
K corresponding to the kernel function k given by

k(z,y) = (p(@) = o(y) — p)
can be expressed in terms of K. Let 1 be the column vector (of dimension
n) whose entries are all 1. Then 117 is the n x n matrix whose entries are
all 1. If A is an n x n matrix, then 17 A is the row vector consisting of the
sums of the columns of A, A1 is the column vector consisting of the sums
of the rows of A, and 1T A1 is the sum of all the entries in A. Then it is
easy to see that the kernel matrix corresponding to the kernel function &
is given by
K-kK-111"k-1k117+ %(1TK1)11T.
n n n

Suppose X=X- 1 has rank r. To overcome the second problem, note

that if
X=vbDUT
is an SVD for X’, then
X'=uDp"v"

is an SVD for )?T, and the r x r submatrix of DT consisting of the first r
rows and r columns of DT (and D), is the diagonal ¥, matrix consisting
of the singular values o1 > -+ > o, of )/f, so we can express the matrix U,
consisting of the first r columns uy of U in terms of the matrix V. consisting
of the first r columns v, of V (1 <k <r) as

U, =XV,
Furthermore, a% >0 > Uf are the nonzero eigenvalues ofAI/i - XX T, and
the columns of V,. are corresponding unit eigenvectors of K. From
U,=X"v,x!
the kth column uy of U, (which is a unit eigenvector of XTX associated
with the eigenvalue o7) is given by

—

n n
up =Y o ()X = o (on)ipla), 1<k<r,
=1 =1

—

so the projection of ¢(x) onto wy is given by

CERtR EEd Y

|

o (o) <90/(f€\)<7($7)> = o, (ok)if(z, ;).
i=1

i=1
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Therefore, the jth component of the principal component Yy, in the principal
direction uy, is given by

(Yk) < Mauk Zak Uk {EJ,.’EZ Zak vk

The generalization of kernel PCA to a general embeddmg p: X - F
of X in a (real) feature space (F,(—,—)) (where F' is not restricted to be
equal to R?) with the kernel matrix K given by

Kij = (p(xi), p(x5)),
goes as follows.

e Let r be the rank of IA{, where
1

K-K-111"k-1k117 ¢ %(1TK1)11T,
n n n
let 07 > -+ > 02 be the nonzero eigenvalues of IA{, and let vq,...,v,
be corresponding unit eigenvectors. The notation
Qg =0y lvk
is often used, where the ay, are called the dual variables.
e The column vector Yy, (1 < k < r) defined by

Y, = (Z(ak)if(ij>
=1 j=1
is called the kth kernel principal component (for short kth kernel
PCA) of the data set S = {z1,...,2,} in the direction u; =

S o (v XT (even though the matrix X is not known).

17.5 Summary

The main concepts and results of this chapter are listed below:

Feature map, feature embedding, feature space.
Kernel function.

Positive definite kernel, real positive definite kernel.
Gram matrix.

Hadamard product, Schur product.

Gaussian kernel.

Reproducing kernel Hilbert space (RKHS).
Reproducing property.

Intersection kernel, union complement kernel, agreement kernel.
Kernel PCA.

k-th kernel PCA.
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17.6 Problems

Problem 17.1. Referring back to Example 17.3, prove that if ¢1: X —
R™ and ¢3: X — R™ are two feature maps and if k1 (x, y) = (p1(x), p1(y))
and ka(z,y) = (p2(x), p2(y)) are the corresponding kernel functions, then
the map defined by

k(@,y) = r1(x,y)r2(z,y)
is a kernel function, for the feature space R™* x R™2 and the feature map
e(@)(i,5) = (p1(2))i(p2(x));;  1<i<ng, 1<) <o

Problem 17.2. Referring back to Example 17.3, prove that the feature
n+m—1
embedding ¢: X — R given by

m

1/2 ] ] )
L) G @@ ),

i1+ + -+ i, =m, ijEN,

80(1‘1,...,1'")(95) = (

1

where the n-tuples (iy,...,4,) are ordered lexicographically, defines the
kernel function  given by k(z,y) = (k1(x,y))™.

Problem 17.3. In Example 17.6, prove that for any two subsets A; and
A2 of D,

(p(A1), p(Ag)) = 214Nl
the number of common subsets of A; and As.

Problem 17.4. Prove that the pointwise limit of positive definite kernels
is also a positive definite kernel.

Problem 17.5. Prove that if k1 is a positive definite kernel, then

_ ri(z®)try (¥,y) =2k (z,y)
K(z,y) =e

is a positive definite kernel.
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Chapter 18

Soft Margin Support Vector Machines

In Sections 14.5 and 14.6 we considered the problem of separating two
nonempty disjoint finite sets of p blue points {u;},_; and ¢ red points
{v; };1-:1 in R™. The goal is to find a hyperplane H of equation w2 —b =0
(where w € R™ is a nonzero vector and b € R), such that all the blue points
u; are in one of the two open half-spaces determined by H, and all the red
points v; are in the other open half-space determined by H. SVM picks
a hyperplane which maximizes the minimum distance from these points to
the hyperplane. See Figure 18.1.

Y
N 0U3
¢ u
6 | s
S, "
° *Yp
V2 :
I
°u, !
° ° V]
vy V3 .,
q
°
\')

Fig. 18.1 Two examples of the SVM separation problem. The left figure is SVM in R2,
while the right figure is SVM in R3.

In this chapter we return to the problem of separating two disjoint sets

623
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of points, {u;};_; and {v;}7_,, but this time we do not assume that these

two sets are separable. To cope with nonseparability, we allow points to
invade the safety zone around the separating hyperplane, and even points
on the wrong side of the hyperplane. Such a method is called soft margin
support vector machine. We discuss variations of this method, including
v-SV classification. In each case we present a careful derivation of the dual.

If the sets of points {u1,...,up} and {v1,...,v,} are not linearly sepa-
rable (with u;,v; € R™), we can use a trick from linear programming which

is to introduce nonnegative “slack variables” ¢ = (e1,...,€p) € RP and
&= (&1,...,&) € RY to relax the “hard” constraints
whu, —b>6 1=1,...,p
—w'v; +b>46 j=1,...,q

of Problem (SVMy,) from Section 14.5 to the “soft” constraints
wlu,—b>8—¢, >0 i=1,....p
—wij+bZ§—§j, 5320 ]:1,,(]

Recall that w € R™ and b,§ € R.

If ¢, > 0, the point u; may be misclassified, in the sense that it can
belong to the margin (the slab), or even to the wrong half-space classifying
the negative (red) points. See Figures 18.5 (2) and (3). Similarly, if £; > 0,
the point v; may be misclassified, in the sense that it can belong to the
margin (the slab), or even to the wrong half-space classifying the positive
(blue) points. We can think of ¢; as a measure of how much the constraint
w'u; —b > 4§ is violated, and similarly of &; as a measure of how much the
constraint fwT?)j + b > ¢ is violated. If e = 0 and £ = 0, then we recover
the original constraints. By making € and & large enough, these constraints
can always be satisfied. We add the constraint w'w < 1 and we minimize

—0.
If instead of the constraints of Problem (SVMy) we use the hard con-
straints
wlu; —b>1 i=1,...,p
—wijerzl i=1,...,q

of Problem (SVMps) (see Example 14.6), then we relax to the soft con-
straints

whu, —b>1—¢, >0 i=1,....p
—wlvj+b>1-&, &>0 j=1,...,q
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In this case there is no constraint on w, but we minimize (1/2)w ' w.

Ideally we would like to find a separating hyperplane that minimizes
the number of misclassified points, which means that the variables €; and
&; should be as small as possible, but there is a trade-off in maximizing the
margin (the thickness of the slab), and minimizing the number of misclas-
sified points. This is reflected in the choice of the objective function, and
there are several options, depending on whether we minimize a linear func-
tion of the variables €; and §;, or a quadratic functions of these variables,
or whether we include the term (1/2)b? in the objective function. These
methods are known as support vector classification algorithms (for short
SVC algorithms).

SVC algorithms seek an “optimal” separating hyperplane H of equation
w'z —b = 0. If some new data x € R” comes in, we can classify it by
determining in which of the two half spaces determined by the hyperplane
H they belong by computing the sign of the quantity w 'z —b. The function
sgn: R — {—1,1} is given by

41 ifz >0
@) =9 ) <o

Then we define the (binary) classification function associated with the hy-
perplane H of equation w'z —b =0 as

f(z) =sgn(w'z —b).

Remarkably, all the known optimization problems for finding this hy-
perplane share the property that the weight vector w and the constant b
are given by expressions that only involves inner products of the input data
points u; and v;, and so does the classification function

f(z) =sgn(w'z —b).

This is a key fact that allows a far reaching generalization of the support
vector machine using the method of kernels.

The method of kernels consists in assuming that the input space R™
is embedded in a larger (possibly infinite dimensional) Euclidean space
F (with an inner product (—,—)) usually called a feature space, using a
function

p:R*" - F
called a feature map. The function x: R™ x R™ — R given by

k(. y) = (p(x), ¢(y))
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is the kernel function associated with the embedding ¢; see Chapter 17.
The idea is that the feature map ¢ “unwinds” the input data, making it
somehow more linear in the higher dimensional space F'. Now even if we
don’t know what the feature space F' is and what the embedding map ¢
is, we can pretend to solve our separation problem in F' for the embedded
data points ¢(u;) and ¢(v;). Thus we seek a hyperplane H of equation

<w7C>_b:0> CEFa

in the feature space F, to attempt to separate the points ¢(u;) and the
points ©(v;). As we said, it turns out that w and b are given by expression
involving only the inner products s(u;,u;) = {(@(w;), (u;)), k(u;,v;) =
(p(u;), p(vy)), and (v, v;) = (p(vi),¢(v;)), which form the symmetric
(p+q) X (p+ ¢) matrix K (a kernel matrix) given by
(i, ) 1<i<p l<j<gq

—k(ujvj—p) 1<i<p, p+1<j<p+gq
—K(Vip,u;) p+1<i<p+q 1<j<p
K(Viep,Vj—g) P+1<i<p+q, p+t1l<j<p+q

Kij =

For example, if p = 2 and ¢ = 3, we have the matrix

k(ur,u1)  kK(ui,ue) —r(ug,vr) —k(u1,ve) —k(u1,vs)
K(ug,u1) kK(ug,u2) —kr(uz,v1) —k(ug,vs) —k(us2,vs)
K= | —r(v1,u1) —k(v1,u2) &(vi,v1)  k(vi,ve)  K(vp,vs)
—k(vo,u1) —K(vo,u2) K(ve,v1) K(ve,v2) K(va,v3)
—k(vs,u1) —k(vs,ug) kK(vs,v1) kKvs,v2) K(vs,vs)

Then the classification function

f(@) = sgn({w, p(x)) — b)

for points in the original data space R™ is also expressed solely in terms
of the matrix K and the inner products k(u;,x) = {(p(u;),¢(x)) and
k(vj,x) = (¢(v)), p(x)). As a consequence, in the original data space R,
the hypersurface

§={r e R" | (w,p(@)) —b=0}

separates the data points u; and v;, but it is not an affine subspace of R™.
The classification function f tells us on which “side” of S is a new data
point z € R™. Thus, we managed to separate the data points u; and v;
that are not separable by an affine hyperplane, by a nonaffine hypersurface
S, by assuming that an embdedding ¢: R™ — F exists, even though we
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don’t know what it is, but having access to F' through the kernel function
k: R™ x R™ — R given by the inner products «(x,y) = {(p(z), v(y)).

In practice the art of using the kernel method is to choose the right
kernel (as the knight says in Indiana Jones, to “choose wisely.”).

The method of kernels is very flexible. It also applies to the soft margin
versions of SVM, but also to regression problems, to principal component
analysis (PCA), and to other problems arising in machine learning.

We discussed the method of kernels in Chapter 17. Other comprehensive
presentations of the method of kernels are found in Schélkopf and Smola
[Schélkopf and Smola (2002)] and Shawe-Taylor and Christianini [Shawe-
Taylor and Cristianini (2004)]. See also Bishop [Bishop (2006)].

We first consider the soft margin SVM arising from Problem (SVMp,).

18.1 Soft Margin Support Vector Machines; (SVM;;)

In this section we derive the dual function G associated with the following
version of the soft margin SVM coming from Problem (SVMy), where the
maximization of the margin ¢ has been replaced by the minimization of —4,
and where we added a “regularizing term” K ( i€+ 5]-) whose
purpose is to make € € R? and £ € R? sparse (that is, try to make ¢; and &;
have as many zeros as possible), where K > 0 is a fixed constant that can be
adjusted to determine the influence of this regularizing term. If the primal
problem (SVMy;) has an optimal solution (w, d,b,¢,£), we attempt to use
the dual function G to obtain it, but we will see that with this particular
formulation of the problem, the constraint w'w < 1 causes troubles even
though it is convex.

Soft margin SVM (SVM,;):

p a
minimize — ¢+ K(Zei + Z§j>

i=1 j=1
subject to
wlu,—b>8—¢, €>0 i=1,...,p
—wlv+b>6—&, &>0  j=1,....q
w'w <1.
It is customary to write £ = p+¢q. Figure 18.2 illustrates the correct margin

half space associated with w 'z —b— ¢ = 0 while Figure 18.3 illustrates the
correct margin half space associated with w 'z — b+ 6 = 0. Ideally, all the
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points should be contained in one of the two correct shifted margin regions
described by affine constraints w'u; —b> 8§ —¢;, or —w v; +b> 5 — ;.

Incorrect side of Blue Margin

wTx-b-8<0

wWix-b-6>0

Correct side of Blue Margin

Fig. 18.2 The blue margin half space associated with w'z —b—§ = 0.

For this problem, the primal problem may have an optimal solution
(w,d,b,¢,8) with ||w| = 1 and § > 0, but if the sets of points are not
linearly separable then an optimal solution of the dual may not yield w.

The objective function of our problem is affine and the only nonaffine
constraint w'w < 1 is convex. This constraint is qualified because for any
w # 0 such that w'w < 1 and for any § > 0 and any b we can pick e
and £ large enough so that the constraints are satisfied. Consequently, by
Theorem 14.5(2) if the primal problem (SVMj,;) has an optimal solution,
then the dual problem has a solution too, and the duality gap is zero.

Unfortunately this does not imply that an optimal solution of the dual
yields an optimal solution of the primal because the hypotheses of The-
orem 14.5(1) fail to hold. In general, there may not be a unique vector
(w,€,€,b,d) such that

inf L(w,e,&b,6,\ e, 8,7) =G\ p,a, B,7).

w,6,,b,
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wix-b+8<0

Correct side of Red Margin

Incorrect side of Red Margin

wTx-b+8>0

Fig. 18.3 The red margin half space associated with w 'z —b+ 6 = 0.

If the sets {u;} and {v,} are not linearly separable, then the dual problem
may have a solution for which v =0,

1
i=1 j=1

and
p q
> Awi =Y pjvj,
i=1 j=1

so that the dual function G(\, pu, o, 8, «v), which is a partial function, is
defined and has the value G(\, i, @, 8,0) = 0. Such a pair (A, p) corresponds
to the coefficients of two convex combinations

D q
Z 2)\7;ui = Z 2,Uj’l)j
i=1 j=1

which correspond to the same point in the (nonempty) intersection of the
convex hulls conv(ui, ..., up) and conv(vy,...,vy). It turns out that the
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only connection between w and the dual function is the equation

p q
2yw = Z it — Zﬂjvjﬁ
i=1 j=1

and when v = 0 this is equation is 0 = 0, so the dual problem is useless to
determine w. This point seems to have been missed in the literature (for
example, in Shawe—Taylor and Christianini [Shawe-Taylor and Cristianini
(2004)], Section 7.2). What the dual problem does show is that 6 > 0.
However, if v # 0, then w is determined by any solution (A, ) of the dual.

It still remains to compute § and b, which can be done under a mild
hypothesis that we call the Standard Margin Hypothesis.

Let X € Ri be the Lagrange multipliers associated with the inequalities
wlu;, —b>6—¢,let ue R% be the Lagrange multipliers are associated
with the inequalities —wij +b>0—¢, let a € RY be the Lagrange
multipliers associated with the inequalities ¢; > 0, 5 € RY be the Lagrange
multipliers associated with the inequalities &; > 0, and let v € RT be the
Lagrange multiplier associated with the inequality ww < 1.

The linear constraints are given by the 2(p+ ¢) x (n+ p+ ¢+ 2) matrix
given in block form by

1
C = X' —Ip1q _fq 1pig ,

Optg.n —Ip+q Oprq Optg
where X is the n X (p + ¢) matrix
X: (_ul _upful P Uq)7

and the linear constraints are expressed by

1
X7 —Ipiq _i) 1ptq < <0p+q).
! Op+q

Op+q,n “iptq 0p+q Op+q

[STRES SN0 SN S
\
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More explicitly, C' is the following matrix:

—u{ =1--- 0 0 -~ 0 11
—uy 0 - =10 0 11
v 0 0 —1 0 —-11
T

o | v 0 00 —-1-11
0 —1 00 0 00
0 0----10 0 00
0 0 --- 0 —1 0 00
0 0--00----100

The objective function is given by
J(w,6,6,b,0) = =6+ K (e" £7) 1,44
The Lagrangian L(w,€,&,b,0, A\, 1, o, 8,7) with A\, € RY, p, 8 € R%, and
v € RT is given by
L(w,6,6,b,6, X\ p,a,3,7) = =6+ K (e £7) 1,44

+(w' (" ¢N)bo)CT +y(w w—1).

o0 T® >

Since

A
(wT (T €M) bo)CT =w'X <M) —e'A+a)—€ET(u+B)

@ L2 T >

F0(Ap A =1 p) + (1) A+ 1] ),
the Lagrangian can be written as

L(w,e,6,0,8, M\ 1,0, 8,7) = =0+ K(e' 1, +£'1,) +w' X (2)
Fyww—1)—e" A+a) =& (u+B) +bA A — 1) ) + (1 A+ 17 )
=1 A+ p—1)i+w'X (2) +y(w w — 1)

+e (K1, —(A+a)+ & (K1g— (u+B) + b1y A — 1, ).
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To find the dual function G(\, i, @, 8,~) we minimize L(w,¢€,£,b, 0, A, i,
a, B,7) with respect to w, €, £, b, and §. Since the Lagrangian is convex and
(w,6,€,b,0) e R®" x R? x R? x R x R, a convex open set, by Theorem 4.5,
the Lagrangian has a minimum in (w,€,&,b,6) iff VL, ceps = 0, so we
compute the gradient with respect to w, ¢, £, b,d, and we get

A
X + 2yw
()

Kl,— (A«
Kl_? —(n i B)

A
P q

By setting VL e ¢,5,6 = 0 we get the equations

2yvw = —X (A)
1

Vi6iyeebs =

Aa=K1, (*w)
p+ 5 =Kl

T T

1L,A=1,p

LA+1 =1
The second and third equations are equivalent to the inequalities
0< i,y <K, i=1,....p,j=1,...,q,
often called box constraints, and the fourth and fifth equations yield

1
Ty _ 1T, _
1P A= 1q o= 5
First let us consider the singular case v = 0. In this case, (x,,) implies

that
1

and the term y(w " w — 1) is missing from the Lagrangian, which in view of
the other four equations above reduces to

L(w,e,€,b,6,\, i, 3,0) =w ' X (2) =0.
In summary, we proved that if v = 0, then
f:l Ai = Z§:1 My = %
0 ifd 0<NM<K,i=1,...,p
G\ p,, 3,0) = 0<u;<K,j=1,....q
—o0o otherwise
and 377 ) Niui — 375 pyv5 = 0.
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Geometrically, (A, 1) corresponds to the coefficients of two convex combi-
nations

i 2)\111,1 = i 2}1,]‘1)]’
i=1 j=1

which correspond to the same point in the intersection of the convex hulls

conv(ui,...,up) and conv(vy,...,v,) iff the sets {u;} and {v;} are not
linearly separable. If the sets {w;} and {v;} are linearly separable, then
the convex hulls conv(ui,...,u,) and conv(vi,...,v,) are disjoint, which

implies that v > 0.
Let us now assume that v > 0. Plugging back w from equation (%)
into the Lagrangian, after simplifications we get

1 A A
G(/\,/J,O[,B,’)/) = _% ()‘T MT) XTX (/14) + 4l")/2 ()\T /ffT) XTX (N) -
1 A
=——\"u' XTX< ) :
el S L)

so if v > 0 the dual function is independent of «, 8 and is given by

G(/\,,U,OGBKY)
A f:l)‘izzgzlﬂj:%
= ‘ll’v()\TMT)XTX</‘>7 £y 0SAN<K i=1,....p
0<p; <K, j=1,....q

—00 otherwise.

Since X ' X is symmetric positive semidefinite and v > 0, obviously

G\ p,a,B,7) <0

for all v > 0.
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The dual program is given by

1 A
maximize —-— (AT pT XTX< )—7 ifv>0
™ (AT uh) P
0 if y=0
subject to

p q
doNi=D =0
i=1 j=1
p q
Z/\iJrZNj =1
i=1 j=1

0<N<K, i=1,....p

Also, if v =0, then X (2) =0.

Maximizing with respect to v > 0 by setting %G()\,u,a,ﬂ,v) =0
yields

.y q.

5 1

_ 2T, Ty v T A
=107 x7x (2).

com = (0 un x7x ()

Finally, since G(A, ) = 0 and X <A> = 0if v = 0, the dual program is
1
equivalent to the following minimization program:

so we obtain

Dual of Soft margin SVM (SVMj; ):

minimize ()\T [I,T) X'X <A>
1
subject to

p q
Z/\,*Z/IJ:O
i=1 Jj=1
p q
Z/\i+ZNj:1
i=1 Jj=1
0< M<K, i=1,
0<p <K, j=1,..
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Observe that the constraints imply that K must be chosen so that

K > max {1, 1} .
2p 2q

If (w,d,b,¢,&) is an optimal solution of Problem (SVMjy;), then the
complementary slackness conditions yield a classification of the points wu;
and v; in terms of the values of A and . Indeed, we have €;a; = 0 for i =
1,...,pand §B; =0for j =1,...,q. Also, if A; > 0, then corresponding
constraint is active, and similarly if p; > 0. Since A\; + a; = K, it follows
that €;0; = 0 iff ;(K — \;) = 0, and since p; + 5; = K, we have §;8; = 0 iff
& (K —pj) =0. Thus if ¢, > 0, then A\, = K, and if §; > 0, then p; = K.
Consequently, if \; < K, then ¢, = 0 and w; is correctly classified, and
similarly if p; < K, then {; = 0 and v; is correctly classified. We have the
following classification:

(1) If 0 < A\; < K, then ¢; = 0 and the 4-th inequality is active, so
wlu;, —b—38=0.

This means that u; is on the blue margin (the hyperplane H,, p4s of
equation w'x = b+ 0) and is classified correctly.
Similarly, if 0 < p; < K, then ; = 0 and

wij—b+§:0,

so v; is on the red margin (the hyperplane H,, ;_; of equation wle =

b — ) and is classified correctly. See Figure 18.4.
(2) If \; = K, then the i-th inequality is active, so

wTui —b—6= —€;.

If ¢, = 0, then the point u; is on the blue margin. If ¢; > 0, then wu;
is within the open half space bounded by the blue margin hyperplane
H, p+5 and containing the separating hyperplane H,, p; if €; <, then
u; is classified correctly, and if ¢; > §, then w; is misclassified (u; lies on
the wrong side of the separating hyperplane, the red side). See Figure
18.5.

Similarly, if p; = K, then

wTUj,b+5:§j.

If £ = 0, then the point v; is on the red margin. If & > 0, then v,
is within the open half space bounded by the red margin hyperplane
H,, p—s and containing the separating hyperplane H,, p; if §; < 9, then
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0< M<K

wix-b+6=0 Case (1)

Fig. 18.4 When 0 < \; < K, u; is contained within the blue margin hyperplane. When
0 < p; < K, v; is contained within the red margin hyperplane.

v; is classified correctly, and if {; > d, then v; is misclassified (v; lies on
the wrong side of the separating hyperplane, the blue side). See Figure
18.5.

(3) If \; =0, then ¢; = 0 and the i-th inequality may or may not be active,
SO

wlu;, —b—238>0.

Thus u; is in the closed half space on the blue side bounded by the blue
margin hyperplane H,, p4s (of course, classified correctly).
Similarly, if 41; = 0, then

wivj—b+6<0

and v; is in the closed half space on the red side bounded by the red
margin hyperplane H,, ;_s (of course, classified correctly). See Figure
18.6.

Definition 18.1. The vectors u; on the blue margin H,, p4s5 and the vectors
v; on the red margin H, ;s are called support vectors. Support vectors
correspond to vectors u; for which wu; —b—6& = 0 (which implies ¢; = 0),
and vectors v; for which w v; —b+ & = 0 (which implies £; = 0). Support
vectors u; such that 0 < A; < K and support vectors v; such that 0 < p; <
K are support vectors of type 1. Support vectors of type 1 play a special
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0<A<K
AR
wix-b =0 (1) Correctly classified on margin

o 0<uj<K

wWix-b+6=0 §=0

j
0<g<s j
wix-b+8=0 wix-b+6=0
(2) Correctly classified in slab

u=K ;
J &0 1Y (3) Misclassified

Fig. 18.5 Figure (1) illustrates the case of u; contained in the margin and occurs when
€; = 0. Figure (1) also illustrates the case of v; contained in the margin when &; = 0.
The left illustration of Figure (2) is when u; is inside the margin yet still on the correct
side of the separating hyperplane w 'z —b = 0. Similarly, v; is inside the margin on the
correct side of the separating hyperplane. The right illustration depicts u; and v; on the
separating hyperplane. Figure (3) illustrations a misclassification of u; and v;.

role so we denote the sets of indices associated with them by
ILy={ie{l,....p}|0< \; < K}
I,={je{l,....q} |0 < pj < K}.

We denote their cardinalities by numsvly = |I,| and numsvm; = |I,].

Support vectors u; such that \; = K and support vectors v; such that

w; = K are support vectors of type 2. Those support vectors u; such that

A; = 0 and those support vectors v; such that p; = 0 are called exceptional

support vectors.

The vectors u; for which A\; = K and the vectors v; for which p; = K
are said to fail the margin. The sets of indices associated with the vectors
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Correctly classified outside margin
wix -b-6=0

wix-b =0

' wix-b+86=0

Fig. 18.6 When \; = 0, u; is correctly classified outside the blue margin. When p; = 0,
v; is correctly classified outside the red margin.

failing the margin are denoted by
Ky={ie{l,....p} | \i = K}
Ky={je{l,....q} | p; = K}.
We denote their cardinalities by py = |K,| and ¢5 = |K,|.
Vectors u; such that A\; > 0 and vectors v; such that p; > 0 are said

to have margin at most §. The sets of indices associated with these vectors
are denoted by

Deo={ie{l,....p} | \i >0}
IH>0:{j€{]—7'”7q}|Mj>0}'

We denote their cardinalities by pp, = |Ix>o| and ¢m = [Iu>0]-

Obviously, Inso = INUKy and I),~0 = [,UK,,, s0 py < pp, and g5 < gpm.
Intuitively a blue point that fails the margin is on the wrong side of the blue
margin and a red point that fails the margin is on the wrong side of the
red margin. The points in Ixsg not in K are on the blue margin and the
points in I,»0 not in K, are on the red margin. There are p — p,, points
u; classified correctly on the blue side and outside the §-slab and there are
g — ¢m points v; classified correctly on the red side and outside the d-slab.

It is easy to show that we have the following bounds on K:

11 ) 11
max{ —,— p < K <min< —, — 5.
2pm 2¢m 2py 2q5
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These inequalities restrict the choice of K quite heavily.
It will also be useful to understand how points are classified in terms of

€; (OI‘ E])

(1) If ¢; > 0, then by complementary slackness A; = K, so the ith equation
is active and by (2) above,

wlu, —b—08=—¢.

Since €; > 0, the point u; is within the open half space bounded by the
blue margin hyperplane H,, ;45 and containing the separating hyper-
plane H,, ; if €; < 4§, then wu; is classified correctly, and if €; > §, then
u; is misclassified.

Similarly, if & > 0, then v; is within the open half space bounded
by the red margin hyperplane H,, ;—s and containing the separating
hyperplane H,, p; if §; < §, then v; is classified correctly, and if &; > 9,
then v; is misclassified.

(2) If ¢, = 0, then the point u; is correctly classified. If A\; = 0, then by (3)

above, u; is in the closed half space on the blue side bounded by the
blue margin hyperplane H,, p15. If A; > 0, then by (1) and (2) above,
the point u; is on the blue margin.
Similarly, if {; = 0, then the point v; is correctly classified. If p; = 0,
then v; is in the closed half space on the red side bounded by the red
margin hyperplane H,, s, and if p; > 0, then the point v; is on the
red margin.

It shown in Section 18.2 how the dual program is solved using ADMM
from Section 16.6. If the primal problem is solvable, this yields solutions
for A and p.

If the optimal value is 0, then v = 0 and X <2> = 0, so in this case it

is not possible to determine w. However, if the optimal value is > 0, then
once a solution for A and p is obtained, by (), we have

(e ()

1 P q
w = 7 (Z /\iui — Z‘Ll,j?)j),
v i=1 j=1

1/2
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so we get

p q
E )\iui — E HjiU5
i=1 j=1

(wmx ()

which is the result of making Y>>0 \ju; — >-7_, pjv; a unit vector, since

X:(—ul--- —Up V1 v Uq).

It remains to find b and §, which are not given by the dual program and
for this we use the complementary slackness conditions.
The equations

P q 1
D= mi=5
i=1 j=1
imply that there is some 7y such that A;, > 0 and some jy such that p;, > 0,
but a priori, nothing prevents the situation where \; = K for all nonzero \;
or u; = K for all nonzero p;. If this happens, we can rerun the optimization
method with a larger value of K. If the following mild hypothesis holds,
then b and ¢ can be found.

Standard Margin Hypothesis for (SVM,;). There is some index i
such that 0 < A;;, < K and there is some index jo such that 0 < u;, < K.
This means that some u;, is a support vector of type 1 on the blue margin,
and some vy, is a support of type 1 on the red margin.

If the Standard Margin Hypothesis for (SVM;;) holds, then ¢;, = 0
and pj, = 0, and then we have the active equations

wTuiU —b=4 and -— wijo +b=4,
and we obtain the values of b and ¢ as

1
b= 5(w—'—uio +wvj,)

1
§= i(w—ruio —w ' vy,).

Due to numerical instability, when writing a computer program it is
preferable to compute the lists of indices I, and I, given by

I)\Z{Z'E{l,...,p}|0<>\i<K}
L=Ge(l g} |0<m <K}
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Then it is easy to see that we can compute b and § using the following
averaging formulae:

s=u (S )i+ (T w)imi) /2

i€l JEI,

s (S )= ()l | 12
TN an
As we said earlier, the hypotheses of Theorem 14.5(2) hold, so if the
primal problem (SVMj;) has an optimal solution with w # 0, then the
dual problem has a solution too, and the duality gap is zero. Therefore, for
optimal solutions we have

L(w7e7§7b767>\7u7a’/877) :G(A7M7a7/677)’

which means that
P q A\ 1/2
—5+K(Z€i+zgj>——<(>\—r ,uT)XTX <M>) ,
i=1 j=1

so we get

P q A\ 1/2
5:K<Zei+25j>+<(>\TuT)XTX( )) .
i=1 j=1 K

Therefore, we confirm that § > 0.
It is important to note that the objective function of the dual program

= (0 (1)

only involves the inner products of the u; and the v; through the matrix
X " X, and similarly, the equation of the optimal hyperplane can be written
as

P q A\ 1/2
Z /\iuiTx — Z ujv;x — <()\T ,uT) X'X (M)) b=0,
i=1 j=1

an expression that only involves inner products of  with the u; and the v;
and inner products of the u; and the v;.

As explained at the beginning of this chapter, this is a key fact that
allows a generalization of the support vector machine using the method
of kernels. We can define the following “kernelized” version of Problem
(SVM,1):
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Soft margin kernel SVM (SVMy):
P a
minimize — 4§+ K(Z € + ij)
i=1 j=1
subject to
<w790(uL)>7b26*617 6120 1217717
—(w,p(v)) +b=20-¢, &=0 j=1....¢
(w,w) < 1.

Tracing through the computation that led us to the dual program with
u; replaced by ¢(u;) and v; replaced by ¢(v;), we find the following version
of the dual program:

Dual of Soft margin kernel SVM (SVM;,):
minimize ()\T /I,T) K ()\)
1

subject to

p q
D Xi=D =0
i=1 j=1

p q

Z Ai + Zﬂj =1
i=1 j=1

0<N<SK, i=1,...,p

0<pu; <K, j=1,...,q,
where K is the £ x ¢ kernel symmetric matrix (with £ = p + ¢) given by
K(wis uj) 1<i<p 1<j<gq
—k(ui,vj—p) 1<i<p,p+1<j<p+gq
—K(Vip,uj) p+1<i<p+q, 1<j<p
K(Viep,Vj—q) P+1<i<p+qp+1<j<p+q

Kij =

We also find that
p q
D Nip(ui) = > uep(vy)
=1 j=1

w= 12

(0= ()
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Under the Standard Margin Hypothesis, there is some index iy such
that 0 < A\;; < K and there is some index jg such that 0 < p;, < K, and
we obtain the value of b and ¢ as

b %«w, (i) + (w, 0(v3,)))

1

o= §(<w,sﬁ(ulo)> - <w,(p(’t}j0)>).

Using the above value for w, we obtain

_ i Ml ) + R(ui vgo)) — 325 i (R(0, tig) + (05 050))

‘ (o))

It follows that the classification function

f(@) = sgn({w, p(x)) — b)

is given by

M*@

2/9 Uz; H(uivuio) - "{(uivvjo))

= (X

q
Z 2’1 v]? R(Uj’ uio) - H('Uj,UjO))),

which is solely expressed in terms of the kernel k.

Kernel methods for SVM are discussed in Scholkopf and Smola
[Schélkopf and Smola (2002)] and Shawe—Taylor and Christianini [Shawe-
Taylor and Cristianini (2004)].

18.2 Solving SVM (SVMy,;) Using ADMM

In order to solve (SVM;;) using ADMM we need to write the matrix cor-
responding to the constraints in equational form,

P q
D Xi=D =0
i=1 j=1
P q
Z/\i + Zﬂj =1
i=1 j=1

Nita, =K, i=1,...,p
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This is the (p + g + 2) x 2(p + q) matrix A given by
T _17 o7 oT
1, =15 0 04
T 17 o7 oT
L, 1, 0, O

A:
1

p Op7q

OQaP Iq O‘Iap Iq

I

p Op7q

We leave it as an exercise to prove that A has rank p+qg+2. The right-hand
side is
0
c= 1
Klpiq
The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is
P=2XTX, with X=(-ui - —upvi- vy,
and
4= Optq-

Since there are 2(p+¢q) Lagrange multipliers (A, u, «, 8), the (p+q) x (p+q)
matrix X " X must be augmented with zero’s to make it a 2(p+q) x 2(p-+q)
matrix P, given by

T

p—( XX Optgprq

a — 0 0 )
P+4:p+9 Vptq.ptq

and similarly ¢ is augmented with zeros as the vector g, = 03(,4q)-

Since the constraint w ' w < 1 causes troubles, we trade it for a different
objective function in which —§ is replaced by (1/2) |w|5. This way we
are left with purely affine constraints. In the next section we discuss a
generalization of Problem (SVM}y,5) obtained by adding a linear regularizing
term.

18.3 Soft Margin Support Vector Machines; (SVM;2)

In this section we consider the generalization of Problem (SVMps) where

we minimize (1/2)w’w by adding the “regularizing term” K(Zle €+

?:1 Q,) for some K > 0. Recall that the margin § is given by 6 = 1/ ||w]|.
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Soft margin SVM (SVM,;):
1
minimize iw—rw + K (T €7) 1ppq
subject to
wTui—bzlfq, € >0 1=1,...,p
—wlvj+b>1-¢&, &>0  j=1,...,q

This is the classical problem discussed in all books on machine learning
or pattern analysis, for instance Vapnik [Vapnik (1998)], Bishop [Bishop
(2006)], and Shawe—Taylor and Christianini [Shawe-Taylor and Cristianini
(2004)]. The trivial solution where all variables are 0 is ruled out because of
the presence of the 1 in the inequalities, but it is not clear that if (w, b, ¢, &)
is an optimal solution, then w # 0.

We prove that if the primal problem has an optimal solution (w, €, &, b)
with w # 0, then w is determined by any optimal solution (\, u) of the
dual. We also prove that there is some i for which A; > 0 and some j for
which p; > 0. Under a mild hypothesis that we call the Standard Margin
Hypothesis, b can be found.

Note that this framework is still somewhat sensitive to outliers because
the penalty for misclassification is linear in € and &.

First we write the constraints in matrix form. The 2(p+¢q) % (n+p+q+1)
matrix C' is written in block form as

1,
-1, |,

0p+q,n “iptq 0p+q

T
C = X —Ipiq
where X is the n x (p + ¢) matrix

X: (_ul P _upvl N qu)7
and the constraints are expressed by
1,
-1,
0p+q,n _Ip-i-q 0p+q

X' —Ipiq

IN

<_1p+q) .
Op-i-q

> a8

The objective function J(w, ¢, &,b) is given by

1
J(w, e &,b) = inw + K (" €M) 14
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The Lagrangian L(w,€,&,b,\, 1, «, §) with X\, v € RY and with p, 8 € RE
is given by

1
L(w7 €, ga b> >\a M, &, ﬁ) = iw—rw + K (ET ST) 1p+q

A A
M M

(T (TN b)) T+ (g 00g) | )
B B

Since
A Y 0 A
n,p+q
(wT (ET fT) b) c’ Z = (U’T (ET ET) b) —Iptq —Ipiq Z 5
B lz;r _qu Oz—qu B

we get

<(;)
) —T T | (A

T T
1L, A-1,p

(wT (GT 57) b) ol

@ L2 ' >

=w'X (2) —eTA+a) =& (u+B)+b(A A -1, p),

and since

A
A
(1;+q O;—Jrq) g = 1pT+q (N) = ()‘T NT) 1p4q,
B

the Lagrangian can be rewritten as

Ll e &b A B) = guTw X (V) 4K, - ()
HET (KL — (4 8) + b1 =170 + (AT pT) g

To find the dual function G(\, i, «, ) we minimize L(w,¢€,&,b, A, p, v, B)
with respect to w, €, and b. Since the Lagrangian is convex and (w,e,
£, b) € R"xRP xRY xR, a convex open set, by Theorem 4.5, the Lagrangian
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has a minimum in (w,€,§,b) iff VL, ¢ = 0, so we compute its gradient
with respect to w,€,£ and b, and we get

()

Vvae’g’b = K].p — (/\ + Ol)
K1g— (u+p)
T T
By setting VL, c¢» = 0 we get the equations

()

At a=K1,

p+5=Kl,
Ty _ 1T

1L,A=1,p.

The first and the fourth equation are identical to the Equations (%1) and
(#2) that we obtained in Example 14.10. Since A, u,«, 3 > 0, the second
and the third equation are equivalent to the box constraints

OS)\Z;,LLJSKv 2217727’]:17’(1

Using the equations that we just derived, after simplifications we get
1 A
G()\yﬂaa’ﬂ) = _5 ()\T /'LT) XTX <M) + ()\T MT) lp-‘rQa

which is independent of o and S and is identical to the dual function ob-
tained in (%4) of Example 14.10. To be perfectly rigorous,

1 A
G0 =5 (T WD) XX (3] £ 0T

HRPY =Z§:1 2%
it { 0<MN<K, i=1,...p

—oo otherwise.
As in Example 14.10, the the dual program can be formulated as

maximize — % (/\T ,uT) X'X (2) + ()\T ,uT) 1,44

subject to

P q
D A= =0
i=1 j=1

0<MN<K, i=1,...p
0§M]§K7 j:17"'aQ>
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or equivalently

Dual of Soft margin SVM (SVM;;):
1
minimize 3 ()\T /LT) XTx (2) — ()\T ,uT) 1,44

subject to

p q
DA=Y =0
i—1 i—1

0<N<SK, i=1,...,p
0<u; <K, j=1,...,q

If (w,€,&,b) is an optimal solution of Problem (SVMgs), then the com-
plementary slackness conditions yield a classification of the points u; and v;
in terms of the values of A and p. Indeed, we have ¢;a;, =0 fori=1,...,p
and &p; = 0 for j = 1,...,q. Also, if A\; > 0, then corresponding con-
straint is active, and similarly if p; > 0. Since A\; + a; = K, it follows that
€,0; = 0 iff EZ(K — Al) = 0, and since Hj + ﬂj = K, we have gjﬂj = 0 iff
& (K —pj) =0. Thus if ¢; > 0, then A\, = K, and if §; > 0, then p; = K.
Consequently, if A; < K, then ¢; = 0 and wu; is correctly classified, and
similarly if p1; < K, then £ = 0 and v; is correctly classified.

We have a classification of the points u; and v; in terms of A and
obtained from the classification given in Section 18.1 by replacing § with 1.
Since it is so similar, it is omitted. Let us simply recall that the vectors u;
on the blue margin and the vectors v; on the red margin are called support
vectors; these are the vectors u; for which w'u; —b—1=10 (which implies
€ = 0), and the vectors v; for which w'v; — b+ 1 = 0 (which implies
& = 0). Those support vectors u; such that A\; = 0 and those support
vectors such that u; = 0 are called exceptional support vectors.

We also have the following classification of the points u; and v; terms
of €; (or &;) obtained by replacing ¢ with 1.

(1) If ¢; > 0, then by complementary slackness A; = K, so the ith equation
is active and by (2) above,

wTui —-b—-1= —€;.

Since ¢; > 0, the point u; is within the open half space bounded by the
blue margin hyperplane H,, ;41 and containing the separating hyper-
plane H,, ; if ¢; <1, then wu; is classified correctly, and if €; > 1, then
u; is misclassified.
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Similarly, if §; > 0, then v; is within the open half space bounded
by the red margin hyperplane H, ;1 and containing the separating
hyperplane H,,; if {; < 1, then v; is classified correctly, and if ; > 1,
then v; is misclassified.

(2) If ¢; = 0, then the point w; is correctly classified. If A\; = 0, then by (3)

above, u; is in the closed half space on the blue side bounded by the
blue margin hyperplane Hy, p4y. If A; > 0, then by (1) and (2) above,
the point u; is on the blue margin.
Similarly, if £; = 0, then the point v; is correctly classified. If p; = 0,
then v; is in the closed half space on the red side bounded by the red
margin hyperplane Hy, y—y, and if p; > 0, then the point v; is on the
red margin. See Figure 18.5 (3).

Vectors u; for which A; = K and vectors v; such that {; = K are said
to fail the margin.

It is shown in Section 18.4 how the dual program is solved using ADMM
from Section 16.6. If the primal problem is solvable, this yields solutions
for A and p.

Remark. The hard margin Problem (SVM,3) corresponds to the special
case of Problem (SVMys) in which € = 0, £ = 0, and K = +o0. Indeed,
in Problem (SVMy,5) the terms involving € and £ are missing from the
Lagrangian and the effect is that the box constraints are missing; we simply
have A\; > 0 and p; > 0.

We can use the dual program to solve the primal. Once A > 0, > 0
have been found, w is given by

A p q
wz—X():Z)\iui—Zujvj.
H i=1 j=1

To find b we use the complementary slackness conditions.
If the primal has a solution w # 0, then the equation

p q
w = E )\Z’UJZ — E HjUj
i=1 7j=1

implies that either there is some index % such that A;, > 0 or there is some
index jg such that uj;, > 0. The constraint
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implies that there is some index % such that A;, > 0 and there is some index
Jo such that uj;, > 0. However, a priori, nothing prevents the situation
where \; = K for all nonzero A; or p; = K for all nonzero p;. If this
happens, we can rerun the optimization method with a larger value of K.
Observe that the equation

/\i—Zuj:O

i=1 j=1

implies that if there is some index 49 such that 0 < A\;, < K, then there is
some index jo such that 0 < p;, < K, and vice-versa. If the following mild
hypothesis holds, then b can be found.

Standard Margin Hypothesis for (SVM,3). There is some index i
such that 0 < A\;;, < K and there is some index jo such that 0 < p;, < K.
This means that some u;, is a support vector of type 1 on the blue margin,
and some vj, is a support vector of type 1 on the red margin.

If the Standard Margin Hypothesis for (SVM;2) holds, then ¢;, =0
and pj, = 0, and then we have the active equations

w'uy, —b=1 and — wijo +b=1,
and we obtain
1
b= §(wTui0 +w' ).

Due to numerical instability, when writing a computer program it is
preferable to compute the lists of indices I, and I,, given by

Lo={ie{l,...,p}|0< )\ < K}
I,={je{l,....q¢} |0 < p; < K}.

Then it is easy to see that we can compute b using the following averaging
formula

p=” [(Su)anl+ (X o)) /2

i€l Jjel,

Recall that 6 =1/ ||w]|.

Remark: There is a cheap version of Problem (SVMgs) which consists in
dropping the term (1/2)wTw from the objective function:
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Soft margin classifier (SVMq;):
P q
minimize Z € + Z &
i=1 j=1
subject to

whu, —b>1—¢, >0 i1=1,...,p
—wlvj+b>1-&, &>0  j=1,...4q.
The above program is a linear program that minimizes the number of

misclassified points but does not care about enforcing a minimum margin.
An example of its use is given in Boyd and Vandenberghe; see [Boyd and
Vandenberghe (2004)], Section 8.6.1.

The “kernelized” version of Problem (SVM,s) is the following:
Soft margin kernel SVM (SVM,5):

minimize §<w,w> + K (e" €M) 1,44
subject to

(w,p(ui)) —b>1-e;,

6120
—(w,p(v))) +b>1-¢,

1=1,...,p

G20 =14
Redoing the computation of the dual function, we find that the dual
program is given by

Dual of Soft margin kernel SVM (SVM,5):

. 1 A
minimize 3 ()\T MT) K (H) — ()\T uT) 1,44
subject to
p q
D Ni=D =0
i=1 j=1

OSM]SKa

where K is the ¢ x £ kernel symmetric matrix (with £ = p+ q) given at the
end of Section 18.1. We also find that

P q
w=>> Np(ui) = > pie(v;),
i=1 =1
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SO
q
(g )\ u27u20 +K’(u7/7v‘]0 E (UJ’UZO) +’%<UJ7UJO))>
Jj=1

and the classification function

f(z) = sen((w, p(x)) — b)
is given by

f(z) =sgn (Z Xi(26(us, ) — K(us, ui, ) — K(us, Ujo))

i=1

=3 i (@n(02) — vy — mj,%))).

j=1
18.4 Solving SVM (SVM,;) Using ADMM

In order to solve (SVM,s) using ADMM we need to write the matrix cor-
responding to the constraints in equational form,

p q
D Ni=2 m=0
i=1 j=1

N+oa, =K, 1=1,...,p
wi+ 6, =K, j=1,...,q
This is the (p+ ¢+ 1) x 2(p + ¢) matrix A given by
1, —1; 05 0g
A= 11, Opq I, Opyq
Ogp 1Iq Ogp Ig
We leave it as an exercise to prove that A has rank p+¢+1. The right-hand

= ()
K1y .

The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is

P=X"X, with X = (-up - —upvi - v,

side is

and

4= —1psq.
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Since there are 2(p+¢q) Lagrange multipliers (A, u, o, 8), the (p+q) x (p+q)
matrix X " X must be augmented with zero’s to make it a 2(p+q) x 2(p-+q)
matrix P, given by

.

P = XX Optgpta

a — 0 0 ?
P+4,p+q Vpt+a,ptq

and similarly ¢ is augmented with zeros as the vector
_1p+q)
q =
‘ ( Optq-
18.5 Soft Margin Support Vector Machines; (SVM;a/)

In this section we consider a generalization of Problem (SVMj,) for a ver-
sion of the soft margin SVM coming from Problem (SVMy2) by adding
an extra degree of freedom, namely instead of the margin § = 1/ ||w||,
we use the margin § = 7/ ||w|| where 7 is some positive constant that we
wish to maximize. To do so, we add a term —K,,n to the objective func-

tion (1/2)w"w as well as the “regularizing term” K <Zf_1 €i+>0_, §j)

whose purpose is to make € and £ sparse, where K, > 0 (m refers to mar-
gin) and K > 0 (s refers to sparse) are fixed constants that can be adjusted
to determine the influence of 7 and the regularizing term.

Soft margin SVM (SVM,y/):
1
minimize iw—rw - Ko+ K (eT §T) 1,44
subject to
wTui—bzn—ei, € >0 i=1,...,p
—wloy+b>n—¢&, &>0 j=1,....q
n>0.

This version of the SVM problem was first discussed in Scholkopf, Smola,
Williamson, and Bartlett [Scholkopf et al. (2000)] under the name of v-SVC
(or v-SVM), and also used in Scholkopf, Platt, Shawe—Taylor, and Smola
[Scholkopf et al. (2001)]. The v-SVC method is also presented in Schélkopf
and Smola [Schélkopf and Smola (2002)] (which contains much more). The
difference between the v-SVC method and the method presented in Section
18.3, sometimes called the C-SVM method, was thoroughly investigated by
Chan and Lin [Chang and Chih-Jen (2001)].
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For this problem it is no longer clear that if (w,7,b,¢,£) is an optimal
solution, then w # 0 and i > 0. In fact, if the sets of points are not linearly
separable and if K is chosen too big, Problem (SVM,2/ ) may fail to have
an optimal solution.

We show that in order for the problem to have a solution we must pick
K,, and K so that

K., < min{2pK,,2qK,}.
If we define v by
_ Km
(p+a)K,’
then K,, < min{2pK,,2qK} is equivalent to

2 2
ngin{p,q} <1
p+q ptyq

The reason for introducing v is that v(p + ¢)/2 can be interpreted as the

maximum number of points failing to achieve the margin 6 = n/ ||w||. We
will show later that if the points u; and v; are not separable, then we must
pick v so that v > 2/(p + ¢) for the method to have a solution for which
w # 0 and 7 > 0.

The objective function of our problem is convex and the constraints are
affine. Consequently, by Theorem 14.5(2) if the Primal Problem (SVM,2/)
has an optimal solution, then the dual problem has a solution too, and
the duality gap is zero. This does not immediately imply that an optimal
solution of the dual yields an optimal solution of the primal because the
hypotheses of Theorem 14.5(1) fail to hold.

We show that if the primal problem has an optimal solution (w, 7, €, £, b)
with w # 0, then any optimal solution of the dual problem determines A
and g, which in turn determine w via the equation

A p q
w:-X( ) ZZ)\iui—ZﬂjUj7 (*w)
H i=1 j=1

and n > 0.

It remains to determine b, 7, € and . The solution of the dual does not
determine b, 7, €, directly, and we are not aware of necessary and sufficient
conditions that ensure that they can be determined. The best we can do is
to use the KKT conditions.

The simplest sufficient condition is what we call the
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Standard Margin Hypothesis for (SVM;y/): There is some ig such that
0 < A\, < K, and there is some pj, such that 0 < p;, < K,. This means
that there is some support vector u;, of type 1 and there is some support
vector v;, of type 1.

In this case, then by complementary slackness, it can be shown that
€, = 0, &, = 0, and the corresponding inequalities are active, that is we
have the equations

wTuio b= m, _wTUjo +b= m,

so we can solve for b and 7. Then since by complementary slackness, if €; >
0, then A\; = K and if §; > 0, then p; = K, all inequalities corresponding
to such ¢; > 0 and p; > 0 are active, and we can solve for ¢; and &;.

The linear constraints are given by the (2(p+¢)+1) x (n+p+q+2)
matrix given in block form by

1
X7 —Ipiq _f 1piq
q

C - I
Op+an —Iptq Oprq Opig
T T
0, 0ppy 0 -1
where X is the n X (p + ¢) matrix
X:(_ul..._upful.../uq)7

and the linear constraints are expressed by

1 w
XT —Ipg _f 1pig € Op+q
! < | Optq
Op+g,n —Ip+q Optq Optq b - 0
T T
0, 0,4y 0 -1 0

The objective function is given by

1
J(w,e,ﬁ,b, 77) = in’UJ — Kpn+ K (6T gT) 1P+<1'

The Lagrangian L(w,€,&,b,m, A\, p, o0, 8,y) with \,a € RE, pi, 8 € R, and
v € R, is given by

1
L(w,e,{,b,n,)\,u,a,ﬂ,’y) = iw—rw - Kmﬁ + K (eT gT) 1p+q

+(w" (" €M) bny)CT

2 R T >
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Since
A
T " Ty (A T T
(w" ("N bn)C' |a| =w X<)e()\+a)§ (e+B)
o
B
v

F (1A =1y ) + (1 A+ 1 p) —m,

the Lagrangian can be written as
L(w,e,&,b,m,\, i,y B,7) = %w—rw + Ko(e"1, +€6"1,) +w' X <:)
~ K —e" (At a) =€ (p+8) + b1y A =15 0) +0(1y A+ 15 p1) =1
- %w—rw +uw'X (2) + (A A+ 1) p— K —7)n

+e (Kl — (A +a) + & (Klg— (u+B) +b(1, A — 1] p).

To find the dual function G(A, u, o, 8, v) we minimize L(w,€,&,b,n, A, 1,
a, B,7) with respect to w, €, &, b, and 7. Since the Lagrangian is convex and
(w,e,&,b,m) € R* x RP x R? x R x R, a convex open set, by Theorem 4.5,
the Lagrangian has a minimum in (w,€,§,b,n) iff VL cepn = 0, so we
compute its gradient with respect to w,¢€,&,b,n, and we get

()

B K1, — (A +a)
Vieeeon =1 g1 (u48)
T T
1L, A-1,u

LA+1p— Ky —7
By setting VL ¢ ¢p, = 0 we get the equations

o-x()

A a=Kl,
nw+ B8 =K.,
Ty _ 4T
1, A=1,pu,

and

LA +1) =Ky +7. (%)
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The second and third equations are equivalent to the box constraints
0<hijp; <Kg i=1,...,p, j=1,...,q,
and since v > 0 equation (%) is equivalent to
LA+ p> Ky,

Plugging back w from (x,,) into the Lagrangian, after simplifications we

get
Loyt 1y xT A T,T\ vT A
G()\,M,a,ﬁ):§()\ ph)X'X p ~(ATeN)Xx'Xx p
Loy xTx (2
=—= X'X
3 (A ) <u> ’
so the dual function is independent of «, 8 and is given by
1
G\ p)=—A\Tp")XTX <A> :
2 H
The dual program is given by

1
maximize — - (/\T ,uT) X'X </\>
2 1%
subject to

)4 q
D A= m =0
i=1 j=1

P q

DA+ ni = Kn
i=1 j=1

OSA'LSKS; 1:177p
OSM]SKM j:177q

Finally, the dual program is equivalent to the following minimization pro-

gram:
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Dual of Soft margin SVM (SVM,y/):

o 1 Ty (A
minimize > ()\T MT) X' X (H)

subject to

p q

D Ni=D =0
i=1 j=1

p q
DN+ > K

=1 j=1
OS)\ISsz 2:1,7])
OSIU‘JSng jzl,...7q.

If (w,m, €& b) is an optimal solution of Problem (SVM;o/) with w # 0
and n # 0, then the complementary slackness conditions yield a classifi-
cation of the points u; and v; in terms of the values of A and p. Indeed,
we have oy = 0 for i =1,...,pand §;B; =0for j =1,...,q. Also, if
A; > 0, then the corresponding constraint is active, and similarly if u; > 0.
Since \; + a; = K, it follows that €;o; = 0 iff €;(Ks — ;) = 0, and since
wi + B = K, we have &;3; = 0 iff §;(Ks — pj) = 0. Thus if ; > 0, then
Ai = K, and if § > 0, then pu; = K. Consequently, if \; < K, then
€; = 0 and w; is correctly classified, and similarly if p; < K, then £ =0
and v; is correctly classified.

We have the following classification which is basically the classification
given in Section 18.1 obtained by replacing ¢ with 1 (recall that > 0 and

6 =n/[lwl]) .
(1) If 0 < \; < K, then ¢; = 0 and the i-th inequality is active, so
w'u; —b—1n=0.
This means that u; is on the blue margin (the hyperplane H,, 44, of

equation w'x = b+ n) and is classified correctly.
Similarly, if 0 < p; < K, then {; = 0 and

wijbern:O,

so v; is on the red margin (the hyperplane H,, ,_, of equation w'z =

b —n) and is classified correctly.
(2) If \; = K, then the i-th inequality is active, so

wlu; —b—n=—¢.
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If ¢, = 0, then the point u; is on the blue margin. If ¢; > 0, then wu;
is within the open half space bounded by the blue margin hyperplane
H, »+n and containing the separating hyperplane H,, ; if €; < 7, then
u; is classified correctly, and if €; > 7, then u; is misclassified (u; lies
on the wrong side of the separating hyperplane, the red side).
Similarly, if p; = K, then

wij—b—i—n:fj.

If {; = 0, then the point v; is on the red margin. If §; > 0, then v,
is within the open half space bounded by the red margin hyperplane
H,, -y and containing the separating hyperplane H,, 3; if ; < n, then
v; is classified correctly, and if &; > 7, then v; is misclassified (v, lies
on the wrong side of the separating hyperplane, the blue side).

(3) If \; =0, then ¢; = 0 and the i-th inequality may or may not be active,
SO

wTui—b—nEO.

Thus u; is in the closed half space on the blue side bounded by the blue
margin hyperplane H,, p4, (of course, classified correctly).
Similarly, if p; = 0, then

wTUj—b+17§0

and v; is in the closed half space on the red side bounded by the red
margin hyperplane H,, ,_, (of course, classified correctly).

Definition 18.2. The vectors u; on the blue margin H,, 1, and the vectors
v; on the red margin H,, —, are called support vectors. Support vectors
correspond to vectors u; for which w ' u; —b—n = 0 (which implies ¢; = 0),
and vectors v; for which w'v; —b+7n = 0 (which implies ¢; = 0). Support
vectors u; such that 0 < \; < K, and support vectors v; such that 0 <
;< K are support vectors of type 1. Support vectors of type 1 play a
special role so we denote the sets of indices associated with them by

Iy={ie{l,...;p} |0< \; < K}
Lo={je{l....a} |0<p; <K}
We denote their cardinalities by numsvly = |I,| and numsvm; = |I,].
Support vectors u; such that A\; = K, and support vectors v; such that
w; = K are support vectors of type 2. Those support vectors u; such that

A; = 0 and those support vectors v; such that p; = 0 are called exceptional
support vectors.
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The vectors u; for which \; = K, and the vectors v; for which p; = K,
are said to fail the margin. The sets of indices associated with the vectors
failing the margin are denoted by

Ky={ie{l,....p}| N =K}

K,={je{l,....q} | nj = Ks}.
We denote their cardinalities by p; = |K,| and ¢f = |K,,|.

It will also be useful to understand how points are classified in terms of

€ (or &).

(1) If & > 0, then by complementary slackness \; = K, so the ith equation

is active and by (2) above,

wlu; —b—n=—¢.
Since ¢; > 0, the point wu; is strictly within the open half space bounded
by the blue margin hyperplane H,, ;, and containing the separating
hyperplane H,,; (excluding the blue hyperplane H., p4p); if € < 7,
then wu; is classified correctly, and if ¢; > 7, then w; is misclassified.
Similarly, if & > 0, then v; is strictly within the open half space
bounded by the red margin hyperplane H, 3, and containing the
separating hyperplane H, ; (excluding the red hyperplane H., p—p);
if £ <, then v; is classified correctly, and if & > 7, then v; is mis-
classified.

(2) If ¢; = 0, then the point u; is correctly classified. If A\; = 0, then by (3)

above, u; is in the closed half space on the blue side bounded by the
blue margin hyperplane Hy, p4,. If \; > 0, then by (1) and (2) above,
the point u; is on the blue margin.
Similarly, if {; = 0, then the point v; is correctly classified. If p; = 0,
then v; is in the closed half space on the red side bounded by the red
margin hyperplane H,, ;_,, and if p; > 0, then the point v; is on the
red margin.

Also observe that if A\; > 0, then u; is in the closed half space bounded
by the blue hyperplane H., 31, and containing the separating hyperplane
H, (including the blue hyperplane Hy, p4y).

Similarly, if u; > 0, then v; is in the closed half space bounded by
the red hyperplane H., 31, and containing the separating hyperplane H,,
(including the red hyperplane Hy, p4p).

Definition 18.3. Vectors u; such that A; > 0 and vectors v; such that
w; > 0 are said to have margin at most 0. The sets of indices associated
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with these vectors are denoted by
Diso={ie{l,....p} | \i >0}
Liso={je{l,....,q} [ n; >0}

We denote their cardinalities by pn, = |Ix>o| and ¢m = [Iu>0]-

Vectors u; such that €; > 0 and vectors v; such that & > 0 are said to
strictly fail the margin. The corresponding sets of indices are denoted by

Ex={ie{l,....p}| & >0}

E,={je{l,....,q} | & >0}
We write psy = |E\| and ¢s5 = |E,|.

We have the inclusions Fy C Ky and F, C K,,. The difference between
the first sets and the second sets is that the second sets may contain support
vectors such that \; = Ky and ¢; = 0, or ; = K and &; = 0. We also have
the equations Iy U K = Ixso and I, U K,, = I,,~¢, and the inequalities
Psf S Pf < pmoand gsp < g5 < gm.-

It is shown in Section 18.8 how the dual program is solved using ADMM
from Section 16.6. If the primal problem is solvable, this yields solutions
for A and p. Once a solution for A and p is obtained, we have

A 14 q
U}:—X< ):ZAiui—Zujvj.
K =1 j=1

As we said earlier, the hypotheses of Theorem 14.5(2) hold, so if the
primal problem (SVMjo/) has an optimal solution with w # 0, then the
dual problem has a solution too, and the duality gap is zero. Therefore, for
optimal solutions we have

L(w767£7b7n’A7l“1'70é5/87’>/) = G(A’/’L7a7ﬂ7ry),
which means that

1 u I 1 A
g0 w— K + K,;(Zei + Zgj) =5 (\Tuh)XTX (u) ,
i=1 j=1
and since
o-x().
I
we get

p q
% (AT ") XTX <2) - Kmn"‘rKs(Zei +Z£j>
i=1 j=1
T, T T )\)
(AT )X X(M :

N | =
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which yields

n—é‘;(ieﬁi@%ré@(ﬂ pT)XTX (:) (%)

i=1 j=1

Therefore, we confirm that n > 0.

Remarks: Since we proved that if the Primal Problem (SVM,o/) has an
optimal solution with w # 0, then n > 0, one might wonder why the
constraint n > 0 was included. If we delete this constraint, it is easy to see
that the only difference is that instead of the equation

LA+1p=Kp+7y (+1)
we obtain the equation

LA+ 1, 1=Ky, (*2)

If n > 0, then by complementary slackness v = 0, in which case (x1) and
(*2) are equivalent. But if 7 = 0, then v could be strictly positive.

The option to omit the constraint n > 0 in the primal is slightly ad-
vantageous because then the dual involves 2(p + ¢) instead of 2(p + ¢) + 1
Lagrange multipliers, so the constraint matrix is a (p + ¢ + 2) x 2(p + q)
matrix instead of a (p + ¢+ 2) X (2(p + ¢) + 1) matrix and the matrix
defining the quadratic functional is a 2(p + ¢) x 2(p 4 ¢) matrix instead of
a(2(p+q)+1) x (2(p+q) + 1) matrix; see Section 18.8.

Under the Standard Margin Hypothesis for (SVMo), there is some
1p such that 0 < \;; < K and some jg such that 0 < uj;, < K, and by the
complementary slackness conditions ¢;, = 0 and §;, = 0, so we have the
two active constraints

wTuiO —-b=mn, —wijO +b=n,
and we can solve for b and 1 and we get
wTuiO + wijO
2
’UJTUiO — ’U)T?)jo
2

b=

_ "
[[wl]
Due to numerical instability, when writing a computer program it is
preferable to compute the lists of indices I and I, given by
I)\:{ié{l,...,p}|0</\i<Ks}

Li={je{l,....q} | 0 < pj < K,}.
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Then it is easy to see that we can compute b and 7 using the following
averaging formulae:

s=u” (S )i+ (T w)m) /2

i€l jel,
n=u ((Sw)mi- (X v) ) 2
i€y jel,
The “kernelized” version of Problem (SVM;y) is the following:
Soft margin kernel SVM (SVM,y/):

1
minimize §<w,w> — Ko+ K, (" €7) 1,44
subject to
(w,p(wi)) =b>n—e, >0 i=1,...,p

_<w790(vj)>+b277_£j7 gjzo jzlv---7q
0> 0.

Tracing through the derivation of the dual program we obtain

Dual of the Soft margin kernel SVM (SVM,y/):

1
minimize 3 ()\T ;J,T) K (:)

subject to

P q
D Ni=D =0
i=1 j=1

p q
DA > K
i=1 j=1

OS)WSKG' 2:1‘71)
OSMQSKGa j:17"'7q7

where K is the kernel matrix of Section 18.1.
As in Section 18.3, we obtain

P q
w=>> Np(ui) = > pie(v;),
i=1 =1
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SO
q
(E Ai(Kug, uig) + K (ui, vj,)) § (K (v, wio ) +“(”J7“Jo))>
J=1

and the classification function

f(@) = sgn({w, p(x)) — b)

is given by

M*@

= ( i(2k(ui, o) — K(ug, wiy) — K(ui, vj,))
=1
q
- D ntantes "v(”ja“io)—fi(vmwo)))

18.6 Classification of the Data Points in Terms of v
(SVM;2/)

For a finer classification of the points it turns out to be convenient to
consider the ratio
J— Km
P+ 9K,
First note that in order for the constraints to be satisfied, some relationship
between K, and K, must hold. In addition to the constraints

0< N <K, 05 <K,

we also have the constraints

P
Z )\i + 12 > KnL
i=1 j=1
which imply that
P q
K, K,
;)\iZT and ;N;‘ZT- (1)

Since A, it are all nonnegative, if \; = K, for all ¢ and if p; = K, for all j,
then

<

K,
— Ai <pKs and

-

~
Il
—

<.
Il
—
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so these constraints are not satisfied unless K,,, < min{2pKs, 2¢K}, so we
assume that K, < min{2pK;,2¢K,}. The equations in (}) also imply that
there is some #¢ such that A\;, > 0 and some jp such that p;, > 0, and so
pm > 1 and g > 1.

For a finer classification of the points we find it convenient to define
v > 0 such that

K,
(r+ 9K’

so that the objective function J(w, €, &, b,n) is given by
)
Observe that the condition K, < min{2pKj, 2¢K;} is equivalent to

2 2
ygmin{p,q} <1
p+q p+q

2

1
J U},G,f,b, = 7wTw+ P+q Ks (_V +
(w,e,,5,1) (0 + ) (- +

Since we obtain an equivalent problem by rescaling by a common posi-
tive factor, theoretically it is convenient to normalize K as

1

p+dq’
in which case K,, = v. This method is called the v-support vector machine.
Actually, to program the method, it may be more convenient assume that
K is arbitrary. This helps in avoiding A; and j; to become to small when
p + q is relatively large.
The equations (f) and the box inequalities

S

0<\ <K, 0<p<K,
also imply the following facts:

Proposition 18.1. If Problem (SVMga/) has an optimal solution with w #
0 and n > 0, then the following facts hold:

(1) Let py be the number of points u; such that \; = K, and let g5 the
number of points v; such that u; = K,. Then py,qr <v(p+q)/2.

(2) Let py, be the number of points u; such that A\; > 0, and let g, the
number of points vj such that p1j > 0. Then pm, ¢m > v(p+q)/2. We
have pm > 1 and g > 1.

(8) If py > 1 orqp > 1, thenv >2/(p+q).



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 666

666 Soft Margin Support Vector Machines

Proof. (1) Recall that for an optimal solution with w # 0 and 1 > 0, we
have v = 0, so by (*,) we have the equations

P q
ZAZ:% and Z‘Ll,j:%
i=1 j=1

The point w; fails to achieve the margin iff \; = K, = K,,,/(v(p + q)), so if
there are py such points then

p
ﬁzz,\i > Kby
2 & T vlpta)

SO

vipt+4q
pfg%.

A similar reasoning applies if v; fails to achieve the margin § with > °F_, \;

replaced by > 7_, p;.
(2) A point u; has margin at most § iff A; > 0. If

Deo={ie{l,....p} | Xi >0} and p, = |Ixsol,
then

which yields

v(p+q
o > PFD.
2
A similar reasoning applies if a point v; has margin at most 6. We already
observed that (}) implies that p,, > 1 and ¢, > 1.

(3) This follows immediately from (1). O

Observe that py = g5 = 0 means that there are no points in the open
slab containing the separating hyperplane, namely, the points u; and the
points v; are separable. So if the points u; and the points v; are not
separable, then we must pick v such that 2/(p +q) < v < min{2p/(p +
q),2q/(p+ q)} for the method to succeed. Otherwise, the method is trying
to produce a solution where w = 0 and n = 0, and it does not converge (y
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is nonzero). Actually, Proposition 18.1 yields more accurate bounds on v
for the method to converge, namely
max{2pf, 2qf} <rv< min{me, 2qm}
pP+q pt+gq p+q pt+gq

By a previous remark, py < p,, and ¢f < g, the first inequality being
strict if there is some ¢ such that 0 < A\; < K, and the second inequality
being strict if there is some j such that 0 < u; < K. This will be the case
under the Standard Margin Hypothesis.

Observe that a small value of v keeps py and ¢y small, which is achieved
if the d-slab is narrow (to avoid having points on the wrong sides of the
margin hyperplanes). A large value of v allows p,, and g, to be fairly
large, which is achieved if the d-slab is wide. Thus the smaller v is, the
narrower the d-slab is, and the larger v is, the wider the d-slab is. This is
the opposite of the behavior that we witnessed in v-regression (see Section
20.1).

18.7 Existence of Support Vectors for (SVM;a/)

We now consider the issue of the existence of support vectors. We will
show that in the “generic case” there is always some blue support vector
and some red support vector. The term generic has to do with the choice
of v and will be explained below.

Given any real numbers u, v, z,y, if max{u,v} < min{z,y}, then u < x
and v < y. This is because u,v < max{u,v} < min{z,y} < z,y. Conse-
quently, since by Proposition 18.1, max{2ps/(p + q),2qs/(p + q)} < v, if
v < min{2p/(p+q),2q/(p+q)}, then py < p and ¢y < ¢, and since psy < ps
and g5y < gy, we also have psy < p and g5y < ¢g. This implies that there
are constraints corresponding to some ¢ ¢ E) (in which case ¢; = 0) and to
some j ¢ E, (in which case &; = 0), of the form

wlu; —b> n i¢ Ey
—w'v;+b>n J¢EE,.
If w'u; —b = n for some i ¢ Ey and —w'v; +b = n for some j ¢ E,,
then we have a blue support vector and a red support vector. Otherwise,
we show how to modify b and 7 to obtain an optimal solution with a blue
support vector and a red support vector.

Proposition 18.2. For every optimal solution (w,b,n,€,&) of Problem
(SVMs2/) with w # 0 and n > 0, if

v < min{2p/(p+ q),2q/(p+ q)}
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and if either no u; is a support vector or no v; is a support vector, then
there is another optimal solution (for the same w) with some ig such that
€ip, = 0 and w'u;y —b = n, and there is some jo such that &, = 0 and
fwijO +b =1, in other words, some u;, and some vj, is a support vector;
in particular, psy < p and qsr < q.

Proof. We just explained that p,y < p and gsy < ¢, so the following
constraints hold:

’wTUi—b:’I]—Gi € >0 i € By
—wij+b:77—§j €j>0 jEEH
wlu; —b>n 1 ¢ E)
—wijerZn j¢E,,

where there is some i ¢ F\ and some j ¢ E,,.

If our optimal solution does not have a blue support vector and a red
support vector, then either w'u; —b > n for all i ¢ Ey or —w'v; +b>1n
forall j ¢ E,.

Case 1. We have

whu; —b>n i ¢ Ey
~w'v;+b>1 ¢ B
There are two subcases.

Case 1a. Assume that there is some j ¢ F,, such that —w v; +b = 1.
Our strategy is to increase 1 and b by a small amount # in such a way that
some inequality becomes an equation for some i ¢ Fy. Geometrically, this
amounts to raising the separating hyperplane H,, ; and increasing the width

of the slab, keeping the red margin hyperplane unchanged. See Figure 18.7.
Let us pick @ such that

0= (1/2)min{w u; —b—1n|i¢ Ey\}.

Our hypotheses imply that § > 0. We can write

w g — (b+0) =040 — (¢ +20) € >0 i € E)
—wij+b+9=77+9—£j £ >0 JjEeLE,
wlu; — (b+6)>n+0 i ¢ Ey
—w v +b+0>n+0 j¢E,.

By hypothesis
~w'v;+b+0=n+0 forsome;j¢ E,,
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no blue support vectors

A
&7
o

Fig. 18.7 In this illustration points with errors are denoted by open circles. In the
original, upper left configuration, there is no blue support vector. By raising the pink
separating hyperplane and increasing the margin, we end up with a blue support vector.

and by the choice of 6,
w'u; — (b4+60)=n+0 forsomei¢ E.

The new value of the objective function is

w(@):lew—u(n+0)+1(2(@—#20)4— Z §j)

2 pP+q i€E> JEE,
=-w w—vn+—— ZeiJrZ{j)(V 0
2 p+q SN JjEE, p+q

By Proposition 18.1 we have

2 2
max{?ﬂf’qf}gy
p+q pt+gq

and psy < py and gs5 < gy, which implies that

2psf
v———2>0, *
pta”= (1)
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and so w(f) < w(0). If inequality (%1) is strict, then this contradicts the
optimality of the original solution. Therefore, v = 2p,s/(p + q), w(f) =
w(0), and (w,b+ 6,7+ 0, ¢+ 20,£) is an optimal solution such that

w'u; —(b+0)=n+06
—w'v;+b+0=n+0

for some i ¢ Ey and some j ¢ E,,.

Case 1b. We have —wij +b > nforall j ¢ E, Our strategy is to
increase 1 and the errors by a small 6 in such a way that some inequality
becomes an equation for some i ¢ E)\ or for some j ¢ E,. Geometrically,
this corresponds to increasing the width of the slab, keeping the separating
hyperplane unchanged. See Figures 18.8 and 18.9. Then we are reduced to
Case 1a or Case 2a.

Fig. 18.8 In this illustration points with errors are denoted by open circles. In the
original, upper left configuration, there is no blue support vector and no red support
vector. By increasing the margin, we end up with a red support vector and reduce to
Case la.
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no blue support vectors

Case 2a

Fig. 18.9 In this illustration points with errors are denoted by open circles. In the
original, upper left configuration, there is no blue support vector and no red support
vector. By increasing the margin, we end up with a blue support vector and reduce to

Case 2a.
We have
wlu, —b=n—¢ € >0 i€ Ey
—w'v;+b=n—¢ & >0 jEE,
wlu; —b>n i ¢ E)
—w'v;+b>n J¢E,.

Let us pick @ such that
0 =min{w u; —b—n, —w' v;+b—n|i¢ Ex,j¢E,}.

Our hypotheses imply that § > 0. We can write

w'ui—b=n4+0— (e +0) € >0 i € E,
—w'vj+b=n+0— (& +0) & >0 jEE,
wu; —b>n+0 i ¢ Ey

—wTUj+bZ77+9 j¢Eu7
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and by the choice of 8, either
w'u; —b=n+0 for somei ¢ E\
or
~w'vj+b=n+0 forsomej¢ E,.

The new value of the objective function is

w(6) ;wTw—Z/(n—FQ)—&-l(Z(ei—F@)—i— Z(§j+9)>

ptq i€ Ey JjEE,
1 - 1 ( Dsf t qss
S S Zeﬁzgj)(,, 0.
2 pP+q i€ By JEE, p+q

Since max{2p¢/(p+q),2qs/(p+q)} < v implies that (ps +q5)/(p+q) <v
and psy < pr, ¢s5 < gy, we have

v — pSf + qu Z O’ (*2)
p+q
and so w(f) < w(0). If inequality (x2) is strict, then this contradicts the
optimality of the original solution. Therefore, v = (psf + ¢sf)/(p + q),
w(f) = w(0) and (w,b,n + 0,e + 6,£ + 0) is an optimal solution such that
either
w'u; —b=n+60 for some i ¢ Ey
or
~w'vj+b=n+0 forsomej¢ E,.
We are now reduced to Case Ia or Case 2a.
Case 2. We have
wlu; —b>n i ¢ By
—w'v;+b>1n j¢ E,.
There are two subcases.

Case 2a. Assume that there is some i ¢ E) such that w'u;—b = 7. Our
strategy is to increase 17 and decrease b by a small amount 6 in such a way
that some inequality becomes an equation for some j ¢ E,,. Geometrically,
this amounts to lowering the separating hyperplane H, ; and increasing
the width of the slab, keeping the blue margin hyperplane unchanged. See

Figure 18.10.
Let us pick @ such that

0= (1/2)min{—w'v; +b—n|j¢ E.}.
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In this illustration points with errors are denoted by open circles. In the

original, upper left configuration, there is no red support vector. By lowering the pink
separating hyperplane and increasing the margin, we end up with a red support vector.

Our hypotheses imply that § > 0. We can write

wTui—(b—H):n+9—ei € >0 1€ F)y
—w'vj+b—0=n+0— (& +20) & >0 jEE,
w'u;—(b—0)>n+0 i ¢ By
—wij+b—9277+9 j¢E,.

By hypothesis

w'u;— (b—0) =n+0 for somei¢ Ej,

and by the choice of 6,

_wTUj+b_9:77—|—9 fOI‘SOme,ngu'

The new value of the objective function is

1 1
w®) =-w'w—vn+6 Jr(
O =guTu v+ 0+ (3

1+ N 1 (
=-w w-—V R
2 1 p+q

i€ B\ JEE,

Zei—i—ij)—(u

et > +20))

JEE,

2¢s
_qf>9
p+q
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The rest of the proof is similar to Case 1a with pss replaced by gsy.

Case 2b. We have w'u; — b > n for all i ¢ E\. Since by hypothesis
—w'vj+b>nforall j ¢ E,, Case 2b is identical to Case 1b, and we are
done. O

A subtle point here is that Proposition 18.2 shows that if there is an
optimal solution, then there is one with a blue and a red support vector,
but it does not guarantee that these are support vectors of type 1. Since
the dual program does not determine b and 7 unless these support vectors
are of type 1, from a practical point of view this proposition is not helpful.

The proof of Proposition 18.2 reveals that there are three critical values
for v:

2psf 2(]5]" Psf + qsf

ptq pta  ptg
These values can be avoided by requiring the strict inequality

2D 2.
max{w,qsf}@
p+q p+gq

Then the following corollary holds.

Theorem 18.1. For every optimal solution (w,b,n,¢,&) of Problem
(SVMsa/) with w # 0 and n > 0, if

max{2ps/(p + q),2q7/(p+ q)} <v <min{2p/(p+q),2¢/(p + 9)},
then some u;, and some vj, s a support vector.

Proof. We proceed by contradiction. Suppose that for every optimal so-
lution with w # 0 and 1 > 0 no w; is a blue support vector or no v; is a
red support vector. Since v < min{2p/(p+q),2q/(p+q)}, Proposition 18.2
holds, so there is another optimal solution. But since the critical values
of v are avoided, the proof of Proposition 18.2 shows that the value of the
objective function for this new optimal solution is strictly smaller than the
original optimal value, a contradiction. O

We also have the following proposition that gives a sufficient condition
implying that n and b can be found in terms of an optimal solution (A, 1)
of the dual.

Proposition 18.3. If (w,b,n,¢€,&) is an optimal solution of Problem
(SVMs2/) with w # 0 and n > 0, if

max{2ps/(p+ q),2qr/(p+ q)} <v <min{2p/(p+q),2¢/(p + 9)},
then n and b can always be determined from an optimal solution (A, p) of
the dual in terms of a single support vector.
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Proof. By Theorem 18.1 some u;, and some v;, is a support vector. As
we already explained, Problem (SVM,o/) satisfies the conditions for having
a zero duality gap. Therefore, for optimal solutions we have

L(w7€’§7b7n7A7u7a7/6) :G(A’u7a7ﬂ)’

which means that
luﬂ—w—vn—kL zp:e-—kzq:f- _ ! (AT ") XTXx A
9 : 7 J 9 M )

and since

we get

piq(Z+Z€) —- (T xTx (M)

i=1 j=1

Let Ky={ie{l,....p} | i =K} and K, = {j € {1,...,q} | pj = K,}.
By definition, py = |K)| and ¢ = |K,| (here we assuming that K, =
1/(p+q)). By complementary slackness the following equations are active:

wTui—b:n—ei i€ Ky
—wij—&-b:n—fj jeK,.

But (%) can be written as

(Zee g ) ()

p+q 1€EK ) jEI(}J
and since
eizn—w—rui—i—b i € Ky
&=n+w v —b j€e K,

by substituting in the Equation (x*) we get

— 1
<1/—pf+qf>77:pf qu+ wT<ZUj_ZUi)

p+q Pty p+q €K, i€K )

+ (AT ") XX (2) :
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We also know that w u;, —b = 1 and —w v, + b = 5 for some iy and

some jo. In the first case b = —n + w ' u;,, and by substituting b in the
above equation we get the equation

<U_pf+Qf) __br=dp,  Prodr,T,
p+q erq p+yq
A
TR (Zw Zuz) LT T)XTX(>
p+q ZEK €Ky H
that is,
2%“) Pr—as, T, 1 T(
- Yy g (T Y
( Pty p+a pt+a i€k, i€K
+ (AT ,J)XTX(’\).
1
In the second case b = n +w' vj,, and we get the equation
<fo+qf> _Przdr,  PrdpT,
p+q P+q p+q
A
+7w v, U; )\T T XTX(>
p+q (Z 2 ) ) p

€K, i€ K
that is,

2p Pr—q 1
(V_ f>n:f FwT o, + T<
pP+q pP+q p+yq ,

T oYy Ty (A

+ (AT ") XX L)

We need to choose v such that 2p¢/(p+¢q) —v # 0 and 2¢¢/(p+¢q) —v # 0.
Since by Proposition 18.1, we have max{2p;/(p + ¢),2qs/(p + q)} < v, it
suffices to pick v such that max{2p¢/(p + ¢),2q¢/(p + ¢)} < v. If this

condition is satisfied we can solve for 7, and then we find b from either
b=-n+w u, orb=mn+wv. O

Remark: Of course the hypotheses of the proposition imply that w " u;, —
b=nand —wijO + b = n for some iy and some jg. Thus we can also
compute b and 7 using the formulae
w' (uio + Ujo)

2
w' (u’io — Ujo)
— e

b=

’r}:
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The interest of Proposition 18.3 lies in the fact that it allows us to compute
b and 7 knowing only a single support vector.

In practice we can only find support vectors of type 1 so Proposition
18.3 is useful if we can only find some blue support vector of type 1 or some
red support vector of type 1.

As earlier, if we define I) and I, as

Ly={ic{l,...,p} |0 <\ < K}
L={je{l,....q} |0 < u; < K},

then we have the following cases to compute n and b.

(1) If Iy # 0 and I, # 0, then

b= (S )inl+ (X

i€y GI#

AT

<.

p=o" [(Zo)/mi- (S w)iml] 2

i€l JEI

(2) If I # 0 and I, = 0, then

1

((p+q)v—2q7)n = ( f_waT( m)/A
i€y
(- yw)
€K, iE€EKy

(g (AT AT XTX (2) |

(3) If Iy = 0 and I, # 0, then

b=n T (5 0) /i

€L

((p+ v — 20)n = (py — ap)uw” (Z vj)/lu

S
T Z Z
< A ul)
iEKM 1€K )

g (AT AT XTX (2) |
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The above formulae correspond to K5 = 1/(p + ¢). In general we have
to replace the rightmost (p + ¢) by 1/K.

We have examples where there is a single support vector of type 1 and
v = 2q;/(p+q), so the above method fails. Curiously, perturbing v slightly
yields a solution with some blue support vector of type 1 and some red
support vector of type 1, and so we have not yet found an example where the
above method succeeds with a single support vector of type 1. This suggests
to conduct some perturbation analysis but it appears to be nontrivial.

Among its advantages, the support vector machinery is conducive to
finding interesting statistical bounds in terms of the VC dimension, a notion
invented by Vapnik and Chernovenkis. We will not go into this here and
instead refer the reader to Vapnik [Vapnik (1998)] (especially, Chapter 4
and Chapters 9-13).

18.8 Solving SVM (SVM;2/) Using ADMM

In order to solve (SVM,o/) using ADMM we need to write the matrix cor-
responding to the constraints in equational form,

)\i—FOZi:KS, izl,...,p

M]+ﬂj:KS7 jzla"'7Q7
with K,,, = (p+ ¢)K,v. This is the (p + ¢ +2) x (2(p+ ¢) + 1) matrix A
given by

1, -1, 05 0J 0

1 17 ol o] -1

A= p g “p Vq

Iy Opq Ip Opgq Op

Ogp Iq Ogqp Ig 04
Observe the remarkable analogy with the matrix arising in v-regression in

Section 20.3, except that p = ¢ = m and that —1 is replaced by +1. We
leave it as an exercise to prove that A has rank p 4+ ¢ + 2. The right-hand
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The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is

P=XTX,

and

4= Optq-

with X = (—uy -

_up /1}1.-. /l}q)’

Since there are 2(p 4+ q) + 1 Lagrange multipliers (\, u, «, 3,7), the (p +
q) % (p + ¢) matrix XX must be augmented with zero’s to make it a
(2(p+q) +1) x (2(p+ q) + 1) matrix P, given by

XTx
P =
= (,

Op+q,p+q+1 )
b

p+a+1,p+q Op+a+1,p+q+1

and similarly ¢ is augmented with zeros as the vector g, = Oz(p4q)+1-

As we mentioned in Section 18.5, since > 0 for an optimal solution,

we can drop the constraint n > 0 from the primal problem. In this case
there are 2(p + g) Lagrange multipliers (A, p, a, ). It is easy to see that
the objective function of the dual is unchanged and the set of constraints

1S

NE
&

|
&

[
jan}

i=1 j=1
D q
S K
i=1 j=1

Ai +a; = K,

t=1,...,p
jzla"'a%

with K, = (p+¢)Ksv. The constraint matrix corresponding to this system
of equations is the (p + ¢ + 2) x 2(p + ¢) matrix A given by

T T 0T T
1p _1q Op Oq

T T T T
117 1q OP Oq

O‘Zal)

p 0P7q

Iq O(LP Iq

p Opvq
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We leave it as an exercise to prove that Ay has rank p+¢g+2. The right-hand
side is
0
C2 = K,
]{slp+q

The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is

P:XTX, with X = (ful Cee U VL vq),
and
q = Opiq-

Since there are 2(p + ¢) Lagrange multipliers the (p + ¢) x (p + ¢) matrix
X T X must be augmented with zero’s to make it a 2(p+¢q) x 2(p+¢q) matrix

Ps, given by
Py, = (OXTX 0P+Q7P+Q> 7

ptrapta Optapta
and similarly ¢ is augmented with zeros as the vector gaq = O2(p4q)-

The Matlab programs implementing the above method are given in
Appendix B, Section B.2. We ran our program on two sets of 30 points
each generated at random using the following code which calls the function
runSVMs2pbva3:

rho = 10;

ulé = 10.1*randn(2,30)+7 ;

v16 = -10.1*randn(2,30)-7;

-,~,7,~,7,7,w3] = runSVMs2pbv3(0.37,rho,ul6,v16,1/60)

We picked K = 1/60 and various values of v starting with v = 0.37,
which appears to be the smallest value for which the method converges; see
Figure 18.11.

In this example, py = 10,95 = 11,p,, = 12,¢, = 12. The quadratic
solver converged after 8121 steps to reach primal and dual residuals smaller
than 10719,

Reducing v below v = 0.37 has the effect that ps,qs, pm,gm decrease
but the following situation arises. Shrinking 7 a little bit has the effect that
pf = 9,q9r = 10,pp, = 10,¢y = 11. Then max{py, ¢s} = min{pm,¢mn} =
10, so the only possible value for v is v = 20/60 = 1/3 = 0.3333333---.
When we run our program with v = 1/3, it returns a value of n less than
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10713 and a value of w whose components are also less than 1073, This
is probably due to numerical precision. Values of v less than 1/3 cause the
same problem. It appears that the geometry of the problem constrains the
values of pf,qf, Pm,¢m in such a way that it has no solution other than
w=0and n=0.

30

-20 -

30 I I I I I I |
-30 -20 -10 0 10 20 30 40

Fig. 18.11 Running (SVM;y/) on two sets of 30 points; v = 0.37.

Figure 18.12 shows the result of running the program with v = 0.51.
We have py = 15,q¢ = 16, p,, = 16, ¢, = 16. Interestingly, for v = 0.5, we
run into the singular situation where there is only one support vector and
v=2ps/(p+q).

Next Figure 18.13 shows the result of running the program with v =
0.71. We have py = 21,qy = 21,py, = 22,q,, = 23. Interestingly, for
v = 0.7, we run into the singular situation where there are no support
vectors.
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30

20 -

20 |

30 I I I I I I )
-30 -20 -10 0 10 20 30 40

Fig. 18.12 Running (SVM,5/) on two sets of 30 points; v = 0.51.

30

20 F
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-30 -20 -10 0 10 20 30 40

Fig. 18.13 Running (SVM,5/) on two sets of 30 points; v = 0.71.
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For our next to the last run, Figure 18.14 shows the result of running
the program with v = 0.95. We have py = 28, ¢5 = 28, p,, = 29, ¢, = 29.

30

20 -

-20 -

_30 1 1 1 1 1 1 1
-30 -20 -10 0 10 20 30 40

Fig. 18.14 Running (SVM,y/) on two sets of 30 points; v = 0.95.

Figure 18.15 shows the result of running the program with v = 0.97.
We have py = 29, q; = 29, pp, = 30, ¢, = 30, which shows that the largest
margin has been achieved. However, after 80000 iterations the dual resid-
ual is less than 107! but the primal residual is approximately 10=* (our
tolerance for convergence is 10710, which is quite high). Nevertheless the
result is visually very good.

18.9 Soft Margin Support Vector Machines; (SVM;3)

In this section we consider a variation of Problem (SVM;o/) by adding the
term (1/2)b? to the objective function. The result is that in minimizing the
Lagrangian to find the dual function G, not just w but also b is determined
and 7 is determined under a mild condition on v. We also suppress the
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30 I I I I I I |
-30 -20 -10 0 10 20 30 40

Fig. 18.15 Running (SVM,5/) on two sets of 30 points; v = 0.97.

constraint n > 0 which turns out to be redundant.

Soft margin SVM (SVM3):

L. 1 T 1 2 1 T T
—_ 7b Ks - 1
minimize 9 w w+ 9 (p q) ( vn (6 5 ) P+Q>

subject to

whu, —b>n—¢€, €>0 i=1,...,p

To simplify the presentation we assume that Kg = 1/(p + q). When
writing a computer program it is more convenient to assume that K is
arbitrary. In this case, v needs to be replaced by (p + ¢)Kv in all the
formulae.

The Lagrangian L(w,€,&,b,m,\, p, o, f) with \,a € RE, 1, 8 € R% is
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given by
L+ Ty (A b* T T
L(w,e,g,b,n,)\,u,a,ﬂ)ziw w+w X L +54»]:{3(6 1P+§ 1(1)
—e' (A ta)—wn—& (u+B)+bA A =1 p) + (1) A +1,] )

1 A\ b2
— inw +w' X (u) +5+ bApA =1 p) + (A A+ 1, p—v)

+e (K1, — (A +a) + &N (Kdg— (u+B)).

To find the dual function G(A, p,«, ), we minimize L(w,e,&,b,n,
A, 1, ar, B) with respect to w,€,&,b, and 1. Since the Lagrangian is convex
and (w,€,&,b,n) € R" x RP x R? x R x R, a convex open set, by Theorem
4.5, the Lagrangian has a minimum in (w,€,&,b,n) iff VLy c¢pn = 0, so
we compute its gradient with respect to w, €, &, b, n, and we get

X (A) +w
i
K1, — (A +a)
K1, — (n+B)
b+1;)\—1un
1;/\4—1;#—1/

VLw,e,g,b,n =

By setting VL, ¢, = 0 we get the equations

o-x()

A oa=Kl,
[l B= Ks]-q
T T, _
1L, A+1,u=v,
and
b= —(1;)\ — l;ru). (*p)
The second and third equations are equivalent to the box constraints
0<,pj <K, t=1,...,p,5=1,...,q

Since we assumed that the primal problem has an optimal solution with

()

w # 0, we have
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Plugging back w from (x,,) and b from (x;) into the Lagrangian, we get

G\ p,a,B) = % AT ") XTX <2> ~ (AT XTX @) + %bQ —b?

T yvTy (M) L2
(\ u)xx(u b

1,17 —1,17 A
arun) (e (2 e )) ()
(B ) 14 1))

so the dual function is independent of «, 8 and is given by

fil T, T T 1171; _lplg A
GO = 1 (AT )<X X+<_1q1; i .

N = N =

I
The dual program is given by

o 1 T 1,1, —1,1, A
maximize —i(AT ) <X X+<—qu; 1qpquq)> (N)
subject to

p q

DN+ pw=v

i=1 j=1

0<N<K,, i=1,....p
0<p; <K, j=1,...,q

Finally, the dual program is equivalent to the following minimization pro-
gram:

Dual of the Soft margin SVM (SVM3):

1 1 1T -1 1T A
minimize = (AT p' <XTX+ ( pip P q)) ( >
2( ) -1,1) 1,1] m

subject to

P q
Z i+ Z pi =v
i=1 j=1

0< N <K, i=1,....p
0<pu; <K,, j=1,...,q

The classification of the points u; and v; in terms of the values of A and
1 and Definition 18.2 and Definition 18.3 are unchanged.
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It is shown in Section 18.12 how the dual program is solved using ADMM
from Section 16.6. If the primal problem is solvable, this yields solutions
for A and p. Once a solution for A and p is obtained, we have

A p q
wz—X()zZ/\iui—Zujvj
H i=1 j=1

P a
i=1 J=1

We can compute 1 using duality. As we said earlier, the hypotheses of
Theorem 14.5(2) hold, so if the primal problem (SVM,3) has an optimal
solution with w # 0, then the dual problem has a solution too, and the
duality gap is zero. Therefore, for optimal solutions we have

L(w7 67 f? b?n’ A? M?a?/B) = G()\’ Iu’7 a? ﬂ)?

which means that

2 2 -
=1

__1 T, T T 1p1; _1p1:1r A
= 0mn (B )) )

We can use the above equation to determine 7.
Since

I+ ¥ 1,4+ 1 T 1,1, —1,1] A
g Wty =y (e (XX —1,17 1,17 ) ) \p)>

1 b2 L 1
s E ks (S s 36
j=1

1,17 —1,17 A
+ (AT " (XTX+< pop pq))() (%)
(O ul) 11 11 )

1,1 —1,10
XTX+< prp_ P Q>
-1,1) 1,1/

Since

is positive semidefinite, we confirm that n > 0.
Since nonzero ¢€; and &; may only occur for vectors u; and v; that fail
the margin, namely \; = K, u; = K, the corresponding constraints are
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active and we can solve for ¢; and §; in terms of b and 1. Let K and K,
be the sets of indices corresponding to points failing the margin,

K)\:{ZG{L,p}‘)‘l:KG}
K,={je{l,....¢} | pj = K}

By definition py = |Ky|, ¢y = |K,|. Then for every i € K we have
€ =n+b— w ' u;

and for every j € K, we have
&=n—b+ wij.

Using the above formulae we obtain

datd =)+ Y &
i=1 j=1

1€EK ) JjEK,
= Z(n—f—b—w—rui)—i— Z (n—b+w'v;)
€Ky jGKu
= (pr+an+(pr—a)b+w’ (Z DEDY uL>
JEK, €Ky

Substituting this expression in (*) we obtain

(p+q)Kon =K (ZeﬁZﬁ;)

i=1

conn (e () ()
:KS<(pf+Qf)77+( pr—apb+tw’ (Z Vi Z u))

jeK, i€EK

1,17 —1,17 A
oman) (e (B nr ) G):
(A" aT) 17 1,1))
which yields

(p+a)v—ps—ap)n=(ps —ap)b+w’ (Z OEDY u)

JEK, iEK

1 1,17 —1,17 A
e (o (5 35) )
KS( ) -1,1) 1,1, u
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We show in Proposition 18.4 that py +¢q5 < (p+ q)v, so if v > (p; +
qr)/(p + q), we can solve for 7 in terms of b, w, and A, . But b and w are
expressed in terms of \, y as

()
7
P q
b== N+Y p=—1 A A+1p
i=1 j=1

so 1 is also expressed in terms of A, p.

The condition v > (ps+qy)/(p+¢q) cannot be satisfied if py +q; = p+gq,
but in this case all points fail the margin, which indicates that ¢ is too big,
so we reduce v and try again.

Remark: The equation

P q
Z)\i + Zﬂj =V
i=1 j=1

implies that either there is some i¢ such that \;; > 0 or there is some jg
such that j;, > 0, which implies that p,, + gm > 1.

Another way to compute 7 is to assume the Standard Margin Hypothesis
for (SVMs3). Under the Standard Margin Hypothesis for (SVM,3),
either there is some ¢ such that 0 < \;, < K or there is some jy such
that 0 < p;, < K, in other words, there is some support vector of type 1.
By the complementary slackness conditions ¢;, = 0 or §;, = 0, so we have

wTuio —-b=mn, or -— wijO +b=n,
and we can solve for 7.
Due to numerical instability, when writing a computer program it is

preferable to compute the lists of indices I and I, given by
I,\:{ie {1,...,p}|0<)\i <K5}
I#:{j€{1a~"aQ}|0<:u‘j < K}

Then it is easy to see that we can compute 7 using the following averaging
formulae: If T # (), then

n=u (X u )l

i€y

and if I, # (), then

n=b-w" (3 )

jel,
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Theoretically the condition v > (py + ¢5)/(p + q) is less restrictive
that the Standard Margin Hypothesis but in practice we have never
observed an example for which v > (ps+qyf)/(p+q) and yet the Standard
Margin Hypothesis fails.

The “kernelized” version of Problem (SVM,3) is the following:

Soft margin kernel SVM (SVM;;3):
minimize %(w,w) + %bQ —vn+ K (7 €7) 1,44
subject to
(w,p(u;))) —b>n—¢€;, €>0 i=1,...,p
—(wp(v) +bzn—-¢&, &§=0  j=1....q

with K =1/(p+ q).
Tracing through the derivation of the dual program, we obtain

Dual of the Soft margin kernel SVM (SVM,3):

1 1,17 —1,17 A
R - )\T T K P~p P—q
mwize 0700 (1 (2305 G)

subject to

14 q
Z )\2 —+ Z /Lj =V
i=1 j=1

OS)\lSKSj /L:l/p
OS,UUSKS* .7:17"'aQ7

where K is the kernel matrix of Section 18.1.
‘We obtain

w= Z Aip(u;) — Zuj@(w)

p q
== 3on Y
i=1 j=1
The classification function

f(x) = sgn((w, p(x)) - b)

is given by
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18.10 Classification of the Data Points in Terms of v
(SVM33)

The equations (f) and the box inequalities
OSAZ‘SK& OSN]'SKS
also imply the following facts (recall that § =/ ||w|):

Proposition 18.4. If Problem (SVM,3) has an optimal solution with w #
0 and n > 0 then the following facts hold:

(1) Let py be the number of points u; such that \; = K, and let g5 the
number of points v; such that u; = K,. Then py+q5 < (p+q)v.

(2) Let py, be the number of points u; such that A\; > 0, and let g, the
number of points v; such that p; > 0. Then py + ¢m > (p+ q)v. We
have pm + qm > 1.

(3) Ifpf >1 orqp>1, thenv >1/(p+q).

Proof. (1) Recall that for an optimal solution with w # 0 and n > 0 we
have the equation

p q
Z >\7, + Z ,uj = V.
i=1 j=1

Since there are py points u; such that \; = K, = 1/(p+ ¢) and ¢y points
vj such that p; = K, = 1/(p + ¢), we have

P q
_ , o Prtay
V=D N 2T
i=1 j=1

SO
pr+ar <vip+9q)
2) Tt
Doo={ie{l,....,p} [\ >0} and pm = [Ixsof
and
Lo ={j€{l,....q} [ u; >0} and  gm = [I>0l,
then

p q
2D WIED IR D
i=1 j=1

1€1x>0 J€ILu>0
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and since \;, u; < Ky =1/(p+ q), we have

_|_
V= Z Ai + Z Mjéw’
i€Ix>0 J€lu>o0 b
which yields

Pm +qm > v(p+q).
We already noted earlier that p,, + ¢, > 1.
(3) This follows immediately from (1). O

Note that if v is chosen so that v < 1/(p + ¢), then py = g5 = 0, which
means that none of the data points are misclassified; in other words, the
u;s and v;s are linearly separable. Thus we see that if the u;s and v;s are
not linearly separable we must pick v such that 1/(p + ¢q) < v <1 for the
method to succeed. In fact, by Proposition 18.4, we must choose v so that

by +qy <y< pmJFQm.

ptq — T pta
Furthermore, in order to be able to determine b, we must have the strict
inequality
T T
p+q

18.11 Existence of Support Vectors for (SVM,3)

The following proposition is the version of Proposition 18.2 for Problem
(SVM3).

Proposition 18.5. For every optimal solution (w,b,n,€,&) of Problem
(SVMg3) with w # 0 and n > 0, if v < 1 and if no wu; is a support vector
and no v; s a support vector, then there is another optimal solution such
that some u;, or some vj, is a support vector.

Proof. We may assume that Ks = 1/(p + ¢) and we proceed by contra-
diction. Thus we assume that for all ¢ € {1,...,p}, if ¢, = 0, then the
constraint w'u; — b > 7 is not active, namely w'u; — b > 7, and for all
je{l,...,q}, if & = 0, then the constraint —w ' v; + b > 7 is not active,
namely —wij +b>n.

Let Ex ={ie{l,...,p} |e >0} and let E, = {j € {1,...,¢} | & >
0}. By definition, psy = [Ex|, ¢sy = |Eul, psy < py and gsf < gy, so by
Proposition 18.1,

Psf tasf _Prtas ”
p+q — p+qg
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Therefore, if v < 1, then py¢ + ¢s5 < p + ¢, which implies that either there
is some ¢ ¢ E such that ¢; = 0 or there is some j ¢ E,, such that §; = 0.

By complementary slackness all the constraints for which ¢ € Ey and
Jj € E, are active, so our hypotheses are

wTuifb:nfq e >0 1 € By
—U}T’U]‘-Fb:’ﬂ—gj €j>0 jEEM
wlu; —b>n i ¢ By
—wij+b>77 Jé¢E

and either there is some ¢ ¢ Ey or there is some j ¢ E,. Our strategy, as
illustrated in Figures 18.8 and 18.9, is to increase the width 7 of the slab
keeping the separating hyperplane unchanged. Let us pick 6 such that

0 =min{w u; —b—n, —w'v;+b—nl|i¢ Ex,j¢ E.}.
Our hypotheses imply that 6 > 0. We can write

wTui—bzn—i-H—(ei—i-H) € +60>0 1€ FE)
—wTvj+b=n+0— (& +0) &+6>0 jEE,
whu; —b>n+6 i ¢ Ey
—wij—i—bzn—l—@ j¢E,

and by the choice of 8, either
wlu;—b=n+0 for some i ¢ E)
or
~w'vj+b=n+0 forsomej¢ E,.
The original value of the objective function is
w(0) = %wTw + %bz — v+ piq(Z € + Z §j>,
i€Ey JEE,

and the new value is

w(@)zlew+;b2—y(n+9)+1(2(@—1—9)—1— Z(£j+9)>

2 p+q ST N jGEu

1 + 1, 1 < Dsf + qsf
=—w w+ =b* —vn4+ —— ZeiJrZﬁj —|lv—————=10

2 2 p+q i€ B\ JEEL pta

By Proposition 18.1,

Dsf T qsf S;Df+<1f <,
p+q p+q
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SO

v Dsf +Qsf >0,
p+q
and so w(f) < w(0). If the inequality is strict, then this contradicts the
optimality of the original solution. Therefore, w(8) = w(0) and (w,b,n +
0,e+0,£ + 0) is an optimal solution such that either

wTui—bzn—i—Q for some i ¢ E)
or
~w'vj+b=n+0 forsome j¢ E,,
as desired. O
Proposition 18.5 cannot be strengthened to claim that there is some
support vector u;, and some support vector v;,. We found examples for
which the above condition fails for v large enough.

The proof of Proposition 18.5 reveals that (psf+¢sf)/(p+q) is a critical
value for v. if this value is avoided we have the following corollary.

Theorem 18.2. For every optimal solution (w,b,n,€,&) of Problem
(SVM,3) with w # 0 and n > 0, if

(psf +asp)/(p+q) <v <1,

then some u;, or some vj, is a support vector.

The proof proceeds by contradiction using Proposition 18.5 (for a very
similar proof, see the proof of Theorem 18.1).

18.12 Solving SVM (SVM,3) Using ADMM

In order to solve (SVM,3) using ADMM we need to write the matrix cor-
responding to the constraints in equational form,

p q
DX+ Y ny =K
i=1 j=1

Nitoa,=Kg, i=1,...,p
i +B;i =K, 7=1,...,q
with K, = (p+ q)Ksv. This is the (p+¢g+ 1) x 2(p+ ¢) matrix A given by
1, 15 0; 05
A= I, Opq Ip Opgq
Ogp Iq Ogp Ig
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We leave it as an exercise to prove that A has rank p+¢-+1. The right-hand

side is
Ky

The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is
1,1, —1,1,

P=X"X
M <_1q1; 1‘11;

), with X:(—u1~--—up111"'vq)a

and
4= Opq-

Since there are 2(p+¢q) Lagrange multipliers (A, u, o, 8), the (p+q) x (p+q)
matrix P must be augmented with zero’s to make it a 2(p 4+ ¢) x 2(p + q)

matrix P, given by
P, = ( P 0p+q7p+q) ,
Op+a.p+q Opta.pta

and similarly ¢ is augmented with zeros as the vector

Ga = O2(p+q) .

The Matlab programs implementing the above method are given in Ap-
pendix B, Section B.3. We ran our program on the same input data points
used in Section 18.8, namely

ulé 10.1*randn(2,30)+7 ;
v16 = -10.1*randn(2,30)-7;
[-,~,~,~,”,”,w3] = runSVMs3b(0.365,rho,ul6,v16,1/60)

We picked K = 1/60 and various values of v starting with v = 0.365,
which appears to be the smallest value for which the method converges; see
Figure 18.16.

We have py = 10,qf = 10,p,, = 12 and g¢,, = 11, as opposed to py =
10,qf = 11,pm = 12,¢,n, = 12, which was obtained by running (SVM,y);
see Figure 18.11. A slightly narrower margin is achieved.

Next we ran our program with v = 0.5, see Figure 18.17. We have
pr =13,qr = 16, p,, = 14 and ¢, = 17.

We also ran our program with v = 0.71, see Figure 18.18. We have
pr = 21,q5 = 21,pp, = 22 and ¢, = 22. The value v = 0.7 is a singular
value for which there are no support vectors and v = (ps + ¢¢)/(p + q).
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Fig. 18.17 Running (SVM;3) on two sets of 30 points; v = 0.5.
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Fig. 18.18 Running (SVM,3) on two sets of 30 points; v = 0.71.

Finally we ran our program with v = 0.98, see Figure 18.19. We have
vy = 28,qr = 30,pym = 29 and g, = 30.

Because the term (1/2)b? is added to the objective function to be min-
imized, it turns out that (SVM,3) yields values of b and n that are smaller
than the values returned by (SVM,o/). This is the reason why a smaller
margin width could be obtained for v = 0.365. On the other hand, (SVM,3)
is unable to achieve as big a margin as (SVM,y/) for values of v > 0.97,
because the separating line produced by (SVM3) is lower than the the
separating line produced by (SVM;y/).

18.13 Soft Margin SVM; (SVM,,)

In this section we consider the version of Problem (SVM;y) in which instead
of using the function K (Zf_l € + Zj-:l §j> as a regularizing function we

use the quadratic function K (|le||5 + [|£]13).
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Fig. 18.19 Running (SVM,3) on two sets of 30 points; v = 0.98.

Soft margin SVM (SVM,y):

minimize %wTw +(p+q)Ks (—W] + » i q(€T€ + fo))
subject to
whu;—b>n—e, t=1,...,p
fwij+b2777§j, j=1...,q

n >0,

where v and K are two given positive constants. As we saw earlier, the-
oretically, it is convenient to pick Ks = 1/(p + ¢). When writing a com-
puter program, it is preferable to assume that K is arbitrary. In this case
v needs to be replaced by (p + ¢)Kv in all the formulae obtained with
Ks=1/(p+q).

The new twist with this formulation of the problem is that if ¢; < 0,
then the corresponding inequality w ' u; — b > n — ¢; implies the inequality
w T u;—b > n obtained by setting €; to zero while reducing the value of |||,
and similarly if £; < 0, then the corresponding inequality —wij +b>n—¢;
implies the inequality —’lUT’Uj + b > n obtained by setting &; to zero while
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reducing the value of ||¢]|>. Therefore, if (w, b, €, £) is an optimal solution of
Problem (SVM,y), it is not necessary to restrict the slack variables €; and
&; to the nonnegative, which simplifies matters a bit. In fact, we will see
that for an optimal solution, € = A/(2K) and § = u/(2K,). The variable
7 can also be determined by expressing that the duality gap is zero.

One of the advantages of this methods is that € is determined by A, £
is determined by u, and 1 and b are determined by A and . This method
does not require support vectors to compute b. We can omit the constraint
7 > 0, because for an optimal solution it can be shown using duality that
7 > 0; see Section 18.14.

A drawback of Program (SVMy,) is that for fixed K, the quantity
0 =n/||lw|| and the hyperplanes Hy, 1, Hy p+n and Hy, p—p, are independent
of v. This will be shown in Theorem 18.3. Thus this method is less flexible
than (SVM,a/) and (SVMy3).

The Lagrangian is given by

L(w,e,&b,m, A, p1,7y)

%w—rw v+ K(eTe+ T +w' X (2) —

— e A= ETp+bA A= 1] ) + (A A+ 1] )

2
+Ko(eTe+ €T —e'X—€Tpu+ b(l;)\ - l;ry).

1 A
—w'w+w' X <M> + 77(1;)\ + l;ru —v—")

To find the dual function G(A,u,7y) we minimize L(w,e¢,&, b,n, A, u,7y)
with respect to w,e,&, b, and 7. Since the Lagrangian is convex and
(w,€6,£,b,n) € R™ x RP x R? x R x R, a convex open set, by Theorem
4.5, the Lagrangian has a minimum in (w,€,&,b,n) iff VLy c¢pn = 0, so
we compute VL, ¢ ¢p . The gradient VL, ¢ 5, is given by

wrx ()

2K,e — A

Vieastn =1 ke —p
T T
1L, A-1,u

1;/\4—1;”—1/—7
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By setting VL ¢, = 0 we get the equations

ox(l)

2K, =\
2K & = p
Ty _ 1T
1L, A=1,p

1;—)\—1—1;“:1/—&—7.

The last two equations are identical to the last two equations obtained in
Problem (SVM;a/). We can use the other equations to obtain the following
expression for the dual function G(\, u, ),

1 1 A
-~ AT == (AT Y XTx

i A At 5 (AT wT) h

1 1 A
=\ ") ([ XTX +—1 .
5 O ) (X7 4 ) (0
Consequently the dual program is equivalent to the minimization pro-
gram

G\ ) =

Dual of the Soft margin SVM (SVM,y):

1 1 A
minimize -~ (AT p' (XTX + —1 ) ( )
2< ) 2K, ) \p

subject to

p q
D Ni=2 m=0
i=1 j=1

p q
Z/\i + Zﬂj >v
i=1 j=1

)\1207 1:1,71)
N]ZU, 7:1a7q

The above program is similar to the program that was obtained
for Problem (SVMgo/) but the matrix XX is replaced by the matrix
XTX + (1/2K;)1, 44, which is positive definite since K > 0, and also
the inequalities A; < K and p; < K no longer hold.

It is shown in Section 18.14 how the dual program is solved using ADMM
from Section 16.6. If the primal problem is solvable, this yields solutions
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for A and p. We obtain w from A and y, as in Problem (SVM;o/); namely,

Y p q
’LU:—X<)=Z/\Z‘UZ'—Z[LJ'U]‘.
p i=1 j=1

Since the variables ¢; and &; are not restricted to be nonnegative we
no longer have complementary slackness conditions involving them, but we

know that
A
€=, =k
2K, 2K,
Also since the constraints
p q
v v
Z;)\i > 5 and 231 i > 3
i— =

imply that there is some 7o such that A;; > 0 and some jo such that p;, > 0,
we have €;; > 0 and £, > 0, which means that at least two points are
misclassified, so Problem (SVM,,) should only be used when the sets {u;}
and {v;} are not linearly separable.

Because ¢; = A\;/(2K5), & = pj/(2K5), and there is no upper bound K
on \; and p;, the classification of the points is simpler than in the previous
cases.

(1) If \; = 0, then ¢; = 0 and the inequality w " u;—b—n > 0 holds. If equal-
ity holds then u; is a support vector on the blue margin (the hyperplane
Hy ptr). Otherwise u; is in the blue open half-space bounded by the
margin hyperplane H,, p4, (not containing the separating hyperplane
Hy ). See Figure 18.20.
Similarly, if 4; = 0, then ¢ = 0 and the inequality —wv; + b —
1 > holds. If equality holds then v; is a support vector on the red
margin (the hyperplane H., ;). Otherwise v; is in the red open half-
space bounded by the margin hyperplane H,, ;—, (not containing the
separating hyperplane H,, ;). See Figure 18.20.

(2) If A; > 0, then ¢; = \;/(2K,) > 0. The corresponding constraint is
active, so we have

wTui—b:n—ei.

If ¢, < n, then the points w; is inside the slab bounded by the blue
margin hyperplane H., 34, and the separating hyperplane H,p. If
€; > 1, then the point u; belongs to the open half-space bounded by
the separating hyperplane and containing the red margin hyperplane
(the red side); it is misclassified. See Figure 18.21.
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uj A=0
! g=0
o Ui, Correctly classified on blue margin
wix -b-n=0
wix-b =0
. 'ij Correctly classified on red margin
' wix-b+n=0
v M7 0
1 €=0

Fig. 18.20 When \; = 0, u; is correctly classified on or outside the blue margin. When
i = 0, v; is correctly classified on or outside outside the red margin.

Similarly, if p; > 0, then & = p;/(2K,) > 0. The corresponding
constraint is active, so we have
—wij—l—b:n—fj.

If &5 <, then the points v; is inside the slab bounded by the red margin
hyperplane Hy, ,—, and the separating hyperplane Hy, 3. If £ > 7, then
the point v; belongs to the open half-space bounded by the separating
hyperplane and containing the blue margin hyperplane (the blue side);
it is misclassified. See Figure 18.21.

We can use the fact that the duality gap is 0 to find . We have

L T Ty _LoToT T e A
FW W vn+ Kq(e'e+§'E) = 2()\ ph) (X X—|—2KSIp+q R

- x()

v =Ky(e'e+ €&+ (N u') (XTX + 1Ip+q> (/\>

4K, L
1 A
= ()\T /LT) (XTX + 2Kslp+q> (,u) .

and since

we get
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10 ‘l.l\
: €<n 2.0
i #>0 SRR €i-n
U>0 ‘wix-b =0 Ej_n wix-b =0
]
£J-<r1 Yi
wix-b+n=0 wix-b+n=0

(1) Correctly classified in slab

0

u.>0 4
Vepn £ (2) Misclassified
wix-b=0 -
+u A>0
e
wix-b+n=0 " h

Fig. 18.21 The classification of points for SVMg4 when the Lagrange multipliers are
positive. The left illustration of Figure (1) is when wu; is inside the margin yet still on
the correct side of the separating hyperplane w'2 — b = 0. Similarly, v; is inside the
margin on the correct side of the separating hyperplane. The right illustration depicts
u; and v; on the separating hyperplane. Figure (2) illustrations a misclassification of u;
and vj;.

The above confirms that at optimality we have n > 0.

Remark: If we do not assume that K; = 1/(p+¢q), then the above formula
must be replaced by
(p+q)Kam= (A" u") (XTX + %&Iﬁq) (2) -

Since 7 is determined independently of the existence of support vectors,
the margin hyperplane H,, y4, may not contain any point u; and the margin
hyperplane H,, ;—, may not contain any point v;.

We can solve for b using some active constraint corresponding to any ig
such that A;; > 0 and any jo such that p;, > 0 (by a previous remark, the
constraints imply that such iy and j, must exist). To improve numerical
stability we average over the following sets of indices. Let I and I, be the

set of indices given by
Lo={ie{l,....p} |\ > 0}
I.={je{1l,...,q} | uj >0},
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and let p,, = |I\| and ¢,, = |I,|. We obtain the formula

() (5 )

el jel,
’ <<Ze§£ €i>/pm - <j§ fj) /qm>/2.

We now prove that for a fixed K, the solution to Problem (SVM,y) is
unique and independent of the value of v.

Theorem 18.3. For K, and v fized, if Problem (SVMs4) succeeds, then
it has a unique solution. If Problem (SVMgy) succeeds and returns
(A, gy myw, b) for the value v and (A", p*, 0, w*, b*) for the value kv with
Kk >0, then

K

A" = kA, p® =k, n® =kn, w*=rw, b = kb.

As a consequence, 6 = n/||w| = 0%/ ||w*|| = 0%, and the hyperplanes
Hyp, Hyptn and Hyp—yy are independent of v.

Proof. We already observed that for an optimal solution with n > 0, we
have v = 0. This means that (A, ) is a solution of the problem

1 1 A
i Z(\T T T
minimize 2 (AT ul) (X X+ K. Ip+q> (H)

subject to

p q

D Xi=D =0
i=1 j=1

p q
Z)\i + Zﬂj =v
i=1 j=1

N>0, i=1,....p
ni20, j=1...4q

Since K, > 0 and X T X is symmetric positive semidefinite, the matrix
P=XTX+ ﬁqu is symmetric positive definite. Let 2 = RPT¢ and let

I} be lhe convex Se( gl\/en by
P q (A) ( )

o {) e
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Since the matrix P is symmetric positive definite, the functional
1 A
lﬁxu)=—%ﬂku)=2(ATuT)P(u)

is strictly convex and U is convex, so by Theorem 4.5(2,4), if it has a
minimum, then it is unique. Consider the convex set

{0 x| ) 6= (i)

Observe that
1, -1, (m) ( 0 ) .
= = U .
1] 1] K (p+q)Kskv

kU = {(HA) € ]Rffq
KL

By Theorem 4.5(3), (A, 1) € U is a minimum of F over U iff

r_ /
dFy (2, _ 2) >0 for all (2,) eU.

N — A N — A
o <u’ - u) —(rep <u’ - u)

the above conditions are equivalent to

/_
oe(5 )

<1§ ]3;> (2) - <@r+2)K;v>

M eRE, pp/ e RY.

Since

Since k£ > 0, by multiplying the above inequality by 2 and the equations
by &, the following conditions hold:

N — KA
()

11—: _1;— EA\ 0
1 1] ) \su - \(p+q)Kkv

kX KN € RY, kp, sy’ € RY.

>0

By Theorem 4.5(3), (kA, ku) € U is a minimum of F' over U", and because
F is strictly convex and U" is convex, if F' has a minimum over U”, then
(kA, k) € U" is the unique minimum. Therefore, A\® = kA, p* = ku.
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Since w is given by the equation

- x()

and since we just showed that \* = g\, u* = kpu, we deduce that w" = Kw.
We showed earlier that 7 is given by the equation

1 A
(p+@Kwn= (AT ul) <XTX - 2stp+q> <u> :

If we replace v by kv, since A is replaced by kA and u by kv, we see that
n™ = kn. Finally, b is given by the equation
wT(uio + Ujo) + €y — £j0

2
for and ig such that A\;, > 0 and any jg such that p;, > 0. If A is replaced
by kA and p by kpu, since € = \/(2K,) and £ = u/(2Ky), we see that € is
replaced by ke and £ by k&, so b = kb.

Since w" = kw and N = kn we obtain § = n/ ||w| = n"/||w"|| = o".
Since w" = kw, n® = kn and b® = kb, the normalized equations of the
hyperplanes Hy, 4, Hy pty and Hy p—p (obtained by dividing by |Jw]||) are
all identical, so the hyperplanes H,, 1, Hy p4n and Hy, p—y are independent
of v. O

b:

The width of the slab is controlled by K. The larger K is the smaller
is the width of the slab. Theoretically, since this method does not rely
on support vectors to compute b, it cannot fail if a solution exists, but in
practice the quadratic solver does not converge for values of K that are
too large. However, the method handles very small values of K, which can
yield slabs of excessive width.

The “kernelized” version of Problem (SVM,4) is the following:

Soft margin kernel SVM (SVMgy):
1
minimize §<w w) — v+ K(e'e+£7¢)
subject to
(w,p(u;)) —b>n—¢, i=1,....,p
_<wa<p(vj)>+b2n_€ja jzla'-'aq
n =0,

with K, =1/(p+ q).
By going over the derivation of the dual program, we obtain
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Dual of the Soft margin kernel SVM (SVM,,):

1 A
T,T L
()\ 1 ) <K+ K. Ip+q> (/1/)
subject to

P q
D Ni=2 m=0
i=1 j=1

p q
Z/\i + Zﬂj >v
i=1 j=1

)\LZO, Zil,p
/1’720, jzla"'v(b

minimize

N =

where K is the kernel matrix of Section 18.1. Then w, b, and f(x) are
obtained exactly as in Section 18.5.

18.14 Solving SVM (SVM,,4) Using ADMM

In order to solve (SVM,4) using ADMM we need to write the matrix cor-
responding to the constraints in equational form,

p q
i=1 Jj=1

with K, = (p+ ¢)Ksv. This is the 2 X (p + ¢ + 1) matrix A given by

T T
A(l” -1, 0)

T 1T '

1, 1, -1

We leave it as an exercise to prove that A has rank 2. The right-hand side

is
o 0
=k )

The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is

1
P:XTX+ﬁIp+q7 with X = (—ul Cee —Up VL e vq),
S
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and
q=0ptq-

Since there are p+ g+ 1 Lagrange multipliers (A, p,7y), the (p+¢q) x (p+q)
matrix P must be augmented with zero’s to make it a (p+¢+1) x (p+q+1)
matrix P, given by

P, = (XTX 0p+q) ,

T
Op+q 0

and similarly ¢ is augmented with zeros as the vector ¢, = 0p4q+1-

As in Section 18.8, since > 0 for an optimal solution, we can drop
the constraint n > 0 from the primal problem. In this case, there are p + ¢
Lagrange multipliers (A, 1). It is easy to see that the objective function of
the dual is unchanged and the set of constraints is

P q

D A= =0
i=1 j=1

P q

Z )\z + Z,U,] = Km,
i=1 j=1

with K, = (p + ¢)Ksv. The matrix corresponding to the above equations
is the 2 x (p + ¢) matrix As given by

T T
A=)
117 1‘1

We leave it as an exercise to prove that A, has rank 2. The right-hand side

18
Cy =
Km .

The symmetric positive semidefinite (p+ ¢) X (p+ ¢) matrix P defining the
quadratic functional is

1
P:XTX+ﬁIp+q7 with X = (—ul Cee —Up VL e vq),
S

and
q= Op—‘rq .

Since there are p+ ¢ Lagrange multipliers (A, ), the (p+¢) x (p+¢) matrix
P need not be augmented with zero’s, so P>, = P and similarly g2, = Op44-



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 709

18.15. Soft Margin SVM; (SVMgs) 709

We ran our Matlab implementation of the above version of (SVMg4) on
the data set of Section 18.12. Since the value of v is irrelevant, we picked
v = 1. First we ran our program with K = 190; see Figure 18.22. We have
Pm = 23 and ¢, = 18. The program does not converge for K > 200.

20 -

20

-30 -20 -10 0 10 20 30 40

Fi

—

g. 18.22 Running (SVM,4) on two sets of 30 points; K = 190.

Our second run was made with K = 1/12000; see Figure 18.23. We
have p,, = 30 and ¢, = 30 and we see that the width of the slab is a
bit excessive. This example demonstrates that the margin lines need not
contain data points.

18.15 Soft Margin SVM; (SVM;s5)
In this section we consider the version of Problem (SVMgy) in which we

add the term (1/2)b? to the objective function. We also drop the constraint
7 > 0 which is redundant.
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30

20 -

30 I I I I I I |
-30 -20 -10 0 10 20 30 40

Fig. 18.23 Running (SVMs4) on two sets of 30 points; K = 1/12000.

Soft margin SVM (SVM;;):

1+ 1 1
s s - *b2 K _ T T
minimize  Sw w—|—2 +(p+q) S( 1/77+p+q(€ e+£'¢€)
subject to
wlu; —b>n—¢, 1=1,...,p

*wTUj“i“bZn*gja jzla"w(L

where v and K are two given positive constants. As we saw earlier, it is
convenient to pick Ky = 1/(p+¢). When writing a computer program, it is
preferable to assume that K is arbitrary. In this case v must be replaced
by (p+ q)Ksv in all the formulae.

One of the advantages of this methods is that € is determined by A, & is
determined by 4 (as in (SVM,4)), and both n and b determined by A and
. As the previous method, this method does not require support vectors
to compute b. We can omit the constraint > 0, because for an optimal
solution it can be shown using duality that n > 0.
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A drawback of Program (SVMys) is that for fixed K, the quantity
0 =n/||lw|| and the hyperplanes Hy, 1, Hy p+n and Hy, p—y, are independent
of v. This will be shown in Theorem 18.4. Thus this method is less flexible
than (SVM;o/) and (SVM,3).

The Lagrangian is given by

1 1
L(w,e,&,b,n, 1) = —w ' w+ §b2 —vn+ K" e+ T +w' X <A>

2 1%

— e A= u+bA A= 1) ) + (A A+ 1] )

1 1
= inw +w' X (:) + 77(1;)\ + 1;“ —v)+ §b2

+ Ko(eTe+€T6)—e"N—€Tp+ b(l;/\ - 1qT,u).
To find the dual function G(\, 1) we minimize L(w,¢€,&,b,n, \, u) with re-
spect to w, €,€, b, and 7). Since the Lagrangian is convex and (w,€,£,b,m) €
R"xRPxRIxR xR, a convex open set, by Theorem 4.5, the Lagrangian has
a minimum in (w,€,&,0,n) iff VL cepn = 0, so we compute VL c ¢ by
The gradient VL, ¢ 5.5 is given by

x()

2K.e — A\
2Ks€ —H
b+ 1;)\ — quu

T T
1L, A+1,pu—v
By setting VL c¢,5,, = 0 we get the equations

-5 (l)

2K.e = A
2K 8 =p
b= —(1;)\ - 1;#)
1; A+ 1;— uw=v.
As we said earlier, both w an b are determined by A and pu. We can
use the equations to obtain the following expression for the dual function

G()\7IJ" ,7))
1

1 A\ b2
GOAmy) === WA+l = 5 (AT pT) XTX (u) -5

1,4+ 4 T 1,1, —1,1] 1 A

Viyeebn =
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Consequently the dual program is equivalent to the minimization pro-
gram

Dual of the Soft margin SVM (SVM,;):

1 1,1 —1,1/) 1 A
minimize -~ (AT p' (XTX+ ( PP P q) + —1I,4 > < )
2< ) -1,1) 1,1) 2K, 7T ) \p

subject to

P q
Z/\i + Zﬂj =V
i=1 i=1

uwi >0, 7=1...,q
It is shown in Section 18.16 how the dual program is solved using ADMM
from Section 16.6. If the primal problem is solvable, this yields solutions

for A and p.
The constraint

p q
Z)\i + Z,uj =v
i=1 =1

implies that either there is some ¢y such that X\;; > 0 or there is some
Jjo such that p;, > 0, so we have ¢;, > 0 or {;, > 0, which means that
at least one point is misclassified. Thus Problem (SVM;5) should only be
used when the sets {u;} and {v;} are not linearly separable.

We can use the fact that the duality gap is 0 to find . We have

1 b2
—wlw4 — —vn+ K (eTe+ 7€)

2 2
1, - 4 T 1,1, —1,1; 1 A
= 2(/\ w )<X X+(_1q1; 1,17 +2KSIp+q W)

so we get

vn = [(s(eT6 + ng)
+ (AT (XX + Ll L), 1, A
~-1,1) 1,1] 4K, P ) \

1,10 —1,1] 1 A
=T u' (XTX+< p7p M>+I+>(>.
( ) —-1,1) 1,1/ 2K, ") \p

The above confirms that at optimality we have n > 0.
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Remark: If we do not assume that K, = 1/(p+¢), then the above formula
must be replaced by

1,17 —1,17 1 A
_ T T T P~p PZq —
(p+a)Kwn= (A" pu') <X X+ (_1(11; 1,1, ) * 2Kst+q> (M) .

There is a version of Theorem 18.3 stating that for a fixed K, the
solution to Problem (SVMys5) is unique and independent of the value of v.

Theorem 18.4. For K, and v fized, if Problem (SVMgs5) succeeds then
it has a unique solution. If Problem (SVMys5) succeeds and returns
(A pym,w, b) for the value v and (A%, ", n", w", b*) for the value kv with
k> 0, then

A" = l‘<5>\; NK = K, 77H = K7, w" = Rw, b" = kb.

As a consequence, 6 = n/||w| = 0%/ ||w*|| = 6%, and the hyperplanes
Hyp Hypptn and Hyyp—yy are independent of v.

Proof. The proof is an easy adaptation of the proof of Theorem 18.3 so
we only give a sketch. The two crucial points are that the matrix

1,1 —1,1) 1
P:XTX—i—( pep M)JFI+
1,1 1,1, 2K, 7T

is symmetric positive definite and that we have the single equational con-
straint

L A+1 = (p+qKw

defining the convex set
A
U= {<u> ERFLIN+1] = (p—i—q)KsV}.

The proof is essentially the proof of 18.3 using the above SPD matrix and
convex set. O

The “kernelized” version of Problem (SVM;s5) is the following:
Soft margin kernel SVM (SVM;;5):
minimize %(w, w) + %bQ —un+ K, (eTe+£7€)
subject to

(w,p(ug)) =b>n—e€, i=1,...,p
—(w,p(v))) +b>n—&, j=1,...,q
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with Ky = 1/(p + q).
Tracing through the derivation of the dual program, we obtain

Dual of the Soft margin kernel SVM (SVM;5):

1,17 —1,17 1 A
T T Pp b_a —
(AT uh) <K+ (1 17 1,1) ) N 2KSI”+"> (,1)

q9=p q9=q

minimize

DN =

subject to

P q
Z Ai + Z M =V
i=1 j=1

NS>0, i=1,...,p
/,L720 j:17'~'7q7

where K is the kernel matrix of Section 18.1. Then w, b, and f(z) are
obtained exactly as in Section 18.13.

18.16 Solving SVM (SVM,5) Using ADMM

In order to solve (SVM5) using ADMM we need to write the matrix corre-
sponding to the constraints in equational form,

P q
YA+ py =K,
i=1 j=1

with K, = (p + ¢)K,sv. This is the 1 X (p + ¢) matrix A given by
A=(1)1]).
Obviously, A has rank 1. The right-hand side is
c=K,,.

The symmetric positive definite (p + ¢) X (p + ¢) matrix P defining the
quadratic functional is

1,1, —1,1; 1
P——XTX+( PP pq)+I :
-1,1) 1,1] 2K, T

with
X=(-u - —upvy - vy and ¢=0p4q.

Since there are p+ ¢ Lagrange multipliers (A, ), the (p+¢q) x (p+ ¢) matrix
P does not have to be augmented with zero’s.
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Fig. 18.24 Running (SVMss5) on two sets of 30 points; K = 190.

30

20 -

Fig. 18.25 Running (SVM;5) on two sets of 30 points; K = 1/13000.
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We ran our Matlab implementation of the above version of (SVMgs5) on
the data set of Section 18.14. Since the value of v is irrelevant, we picked
v = 1. First we ran our program with K = 190; see Figure 18.24. We have
Pm = 23 and ¢, = 18. The program does not converge for K > 200.

Our second run was made with K = 1/13000; see Figure 18.25. We
have p,, = 30 and ¢, = 30 and we see that the width of the slab is a
bit excessive. This example demonstrates that the margin lines need not
contain data points.

Method (SVMgs) always returns a value for b and 7 smaller than the
value returned by (SVMgy4) (because of the term (1/2)b? added to the objec-
tive function) but in this example the difference is too small to be noticed.

18.17 Summary and Comparison of the SVM Methods

In this chapter we considered six variants for solving the soft margin bi-
nary classification problem for two sets of points {u;};_, and {v;}7_, using
support vector classification methods. The objective is to find a separating
hyperplane H,, ; of equation w2z —b=0. We also try to find two “margin
hyperplanes” Hy, 15 of equation w'z —b— § = 0 (the blue margin hyper-
plane) and H,, y—s of equation w'x—b+0 = 0 (the red margin hyperplane)
such that ¢ is as big as possible and yet the number of misclassified points
is minimized, which is achieved by allowing an error ¢; > 0 for every point
u;, in the sense that the constraint

wlu, —b>68—¢

should hold, and an error £; > 0 for every point v;, in the sense that the
constraint

—wTUj+b26—§j

should hold.

The goal is to design an objective function that minimizes € and ¢ and
maximizes d. The optimization problem should also solve for w and b, and
for this some constraint has to be placed on w. Another goal is to try
to use the dual program to solve the optimization problem, because the
solutions involve inner products, and thus the problem is amenable to a
generalization using kernel functions.

The first attempt, which is to use the objective function

J(wv €, 57 b7 6) =—0+K (ET gT) 1p+q
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and the constraint w ' w < 1, does not work very well because this constraint
needs to be guarded by a Lagrange multiplier v > 0, and as a result,
minimizing the Lagrangian L to find the dual function G gives an equation

A
2wXT( >
K I

but if the sets {u;};_; and {vj}g-zl are not linearly separable, then an

for solving w of the form

optimal solution may occurs for v = 0, in which case it is impossible to
determine w. This is Problem (SVMj;) considered in Section 18.1.

Soft margin SVM (SVMy;):
P q
minimize — 4§+ K(Z € + ij)
i=1 j=1
subject to
wlu;—b>8—¢, >0 i=1,...,p
—wlvj+b>6—-¢&, &>0  j=1,....q
w'w <1.
It is customary to write £ = p + q.

It is shown in Section 18.1 that the dual program is equivalent to the
following minimization program:

Dual of the Soft margin SVM (SVM,;):

minimize ()\T ,uT) X'x (2)

subject to

P q
Z /\, - Z My = 0
i=1 j=1

P q
Z Ai + Zﬂj =1
i=1 j=1

0<pu; <K, j=1,...,q.

The points u; and v; are naturally classified in terms of the values of A;
and ;. The numbers of points in each category have a direct influence on
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the choice of the parameter K. Let us summarize some of the keys items
from Definition 18.1.

The vectors u; on the blue margin H,, ;45 and the vectors v; on the red
margin H,, ;s are called support vectors. Support vectors correspond to
vectors u; for which w'u; — b — 6 = 0 (which implies ¢; = 0), and vectors
v; for which w'v; — b+ = 0 (which implies £; = 0). Support vectors u;
such that 0 < A; < K and support vectors v; such that 0 < pu; < K are
support vectors of type 1. Support vectors of type 1 play a special role so
we denote the sets of indices associated with them by

I)\Z{iE{l,...,p}|O</\i <K}
Li={je{l,....q} |0 <p; < K}.
We denote their cardinalities by numsvl; = |I| and numsvmy = |I,|.
The vectors u; for which A; = K and the vectors v; for which p; = K

are said to fail the margin. The sets of indices associated with the vectors
failing the margin are denoted by

Ky={ie{l,....p} | M=K}
Kp={jef{l,....a} | n = K}.
We denote their cardinalities by py = |K| and ¢5 = |K,|.

Vectors u; such that A\; > 0 and vectors v; such that p; > 0 are said
to have margin at most 6. The sets of indices associated with these vectors
are denoted by

Diso={ie{l,....p} | \i >0}
Liso={je{l,....q} [ n; >0}
We denote their cardinalities by pp, = [Ixso| and g, = [I,>0-

Obviously, ps < pn, and ¢f < gy,. There are p — p,, points u; classified
correctly on the blue side and outside the §-slab and there are ¢ — g,,, points
v; classified correctly on the red side and outside the d-slab. Intuitively a
blue point that fails the margin is on the wrong side of the blue margin and

a red point that fails the margin is on the wrong side of the red margin.
It can be shown that that K must be chosen so that

1 1 . 1 1
max{ —,— ¢ < K <min< —, — .
2pm 2qm 2py 2qy

If the optimal value is 0, then v = 0 and X <2> = 0, so in this case it

is not possible to determine w. However, if the optimal value is > 0, then
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once a solution for A and p is obtained, we have

1/2
_1 T, T T A
7_2((A n)X X(u))
1 p q
w = (Z)\zuz — Z,Uj’()j),
27 i=1 j=1

so we get

p q
E )\iui — E /J,jUj
i=1 j=1

)

If the following mild hypothesis holds, then b and § can be found.

Standard Margin Hypothesis for (SVM,;). There is some index i
such that 0 < A;;, < K and there is some index jo such that 0 < u;, < K.
This means that some u;, is a support vector of type 1 on the blue margin,
and some vy, is a support vector of type 1 on the red margin.

If the Standard Margin Hypothesis for (SVM;;) holds, then ¢;, = 0
and pj, = 0, and we have the active equations

wluy, —b=6 and —w'v, +b=4,

1/2°

and we obtain the value of b and ¢ as

1
b= §wT(Uio + vja)

d= %w—r(uio - vjo)'

The second more successful approach is to add the term (1/2)w'w to
the objective function and to drop the constraint w'w < 1. There are
several variants of this method, depending on the choice of the regularizing
term involving € and £ (linear or quadratic), how the margin is dealt with
(implicitly with the term 1 or explicitly with a term 7), and whether the
term (1/2)b? is added to the objective function or not.

These methods all share the property that if the primal problem has an
optimal solution with w # 0, then the dual problem always determines w,
and then under mild conditions which we call standard margin hypotheses,
b and n can be determined. Then € and £ can be determined using the
constraints that are active. When (1/2)b? is added to the objective function,
b is determined by the equation

b=—(1,A—1,p).
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All these problems are convex and the constraints are qualified, so the
duality gap is zero, and if the primal has an optimal solution with w # 0,
then it follows that n > 0.

We now consider five variants in more details.

(1) Basic Soft margin SVM: (SVM,,).
This is the optimization problem in which the regularization term
K (e" €7) 1,44 is linear and the margin ¢ is given by 6 = 1/|[jwl]:

1
minimize iw—rw + K (eT fT) 1,44
subject to
wiu,—b>1—¢, >0 i=1..p
—wl+b>1-¢, &>0  j=1,....q

This problem is the classical one discussed in all books on machine
learning or pattern analysis, for instance Vapnik [Vapnik (1998)],
Bishop [Bishop (2006)], and Shawe-Taylor and Christianini [Shawe-
Taylor and Cristianini (2004)]. It is shown in Section 18.3 that the
dual program is

Dual of the Basic Soft margin SVM: (SVM,,):

O XX () = (0T ) 1

minimize

N =

subject to

p q
Z Ai — Zuj =0
i=1 j=1

0<N<K, i=1,...,p
0<pu; <K, j=1,...,q.

We can use the dual program to solve the primal. Once A > 0, > 0
have been found, w is given by

Y p q
’LU:—X( ):Z)\iui—Zujvj,
H =1 j=1

but b is not determined by the dual.
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The complementary slackness conditions imply that if ¢, > 0, then
A = K, and if & > 0, then p; = K. Consequently, if A\; < K, then
€; = 0 and u; is correctly classified, and similarly if y; < K, then & =0
and v; is correctly classified.

A priori nothing prevents the situation where A\; = K for all nonzero
A; or p; = K for all nonzero ;. If this happens, we can rerun the
optimization method with a larger value of K. If the following mild
hypothesis holds then b can be found.

Standard Margin Hypothesis for (SVM;,). There is some support
vector u;, of type 1 on the blue margin, and some support vector vj,
of type 1 on the red margin.

If the Standard Margin Hypothesis for (SVM;2) holds then €;, = 0
and pj, = 0, and then we have the active equations

wluy, —b=1 and —w'v, +b=1,
and we obtain

(2) Basic Soft margin »-SVM Problem (SVM;y).
This a generalization of Problem (SVM,s) for a version of the soft
margin SVM coming from Problem (SVMjy,), obtained by adding an
extra degree of freedom, namely instead of the margin § = 1/ ||w||, we

Uy + Ujo)'

use the margin 6 = n/ ||w| where 7 is some positive constant that we
wish to maximize. To do so, we add a term —K,,n to the objective
function. We have the following optimization problem:

1
minimize iw—rw - Ko+ K (eT ET) 1,44
subject to
wTui—bzn—e,;, € >0 i=1,...,p
n=0,

where K,, > 0 and K > 0 are fixed constants that can be adjusted to
determine the influence of 7 and the regularizing term.

This version of the SVM problem was first discussed in Schélkopf,
Smola, Williamson, and Bartlett [Schélkopf et al. (2000)] under the
name of v-SVC, and also used in Schélkopf, Platt, Shawe—Taylor, and
Smola [Schélkopf et al. (2001)].
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In order for the problem to have a solution we must pick K,, and K
so that

K, <min{2pK,,2qK,}.
It is shown in Section 18.5 that the dual program is

Dual of the Basic Soft margin »~-SVM Problem (SVM;y):

1
minimize 3 ()\T MT) X'x (/\)
I

subject to

P q
Z /\z’ - Z i = 0
i=1 j=1

P q
ZA[ + Z,u‘j Z Km
i=1 j=1

OS)\LSKé‘ 121,7])
OgﬂjSst Jj=1....q

If the primal problem has an optimal solution with w # 0, then using
the fact that the duality gap is zero we can show that n > 0. Thus
constraint n > 0 could be omitted. As in the previous case w is given
by

Y P q
’LU:—X< )ZZ)\iui—Zuj’Uj,
H i=1 j=1

but b and 7 are not determined by the dual.
If we drop the constraint n > 0, then the inequality

p q
i=1 j=1

is replaced by the equation

p q
i=1 j=1

It convenient to define v > 0 such that
K,
(p + Q)Ks ,



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 723

18.17. Summary and Comparison of the SVM Methods 723

so that the objective function J(w, €, &, b,n) is given by

P+q (GT fT) 1p+q> :

Since we obtain an equivalent problem by rescaling by a common pos-

1
J(w, €,&,b,m) = §wTw + (p+ ) K (—W) +

itive factor, theoretically it is convenient to normalize K as
1

p+q’
in which case K,, = v. This method is called the v-support vector
machine.
Under the Standard Margin Hypothesis for (SVM,y), there is some
support vector u;, of type 1 and some support vector vj, of type 1, and
by the complementary slackness conditions ¢;, = 0 and &;, = 0, so we
have the two active constraints

S

wlu, —b=mn, —w' v, +b=mn,

and we can solve for b and n and we get

w’ (uio + Ujo)

b=
2
_ w' (uio - Ujo)
= 2

Due to numerical instability, when writing a computer program it is
preferable to compute the lists of indices I and I, given by

Ly={ie{l,....p}|0< X\ <K/}, I,={j€e{l,...,q} |0<p; <K}

Then b and n are given by the following averaging formulae:

b=w'" <Zui)/l>\|+ (Zvj)/lf,tl /2

= jel,
— <2ui)/|n|(2vj>/|fu| 2.
i€l jel,

Proposition 18.1 yields bounds on v for the method to converge, namely
2 2 2D 2qm
max{pf, qf} <v< min{p, q} .
p+q pt+gq p+q p+q

In Section 18.7 we investigate conditions on v that ensure that some
point u;, and some point vj, is a support vector. Theorem 18.1 shows
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that for every optimal solution (w,b,n, €, ) of Problem (SVMgo/) with
w # 0 and n > 0, if

max{2ps/(p+q),2q5/(p+ q)} <v <min{2p/(p + q),29/(p + )},

then some u;, and some vj, is a support vector. Under the same condi-
tions on v Proposition 18.3 shows that 1 and b can always be determined
in terms of (A, ) using a single support vector.

(3) Soft margin »~-SVM Problem (SVMg3). This is the variation of
Problem (SVM;y) obtained by adding the term (1/2)b* to the objective
function. The result is that in minimizing the Lagrangian to find the
dual function G, not just w but also b is determined. We also suppress
the constraint 7 > 0 which turns out to be redundant. If v > (ps +
q¢)/(p + q), then 7 is also determined. The fact that b and 7 are
determined by the dual seems to be an advantage of Problem (SVMg3).
The optimization problem is

o 1 + 15
minimize —-w w4+ =b"+ (p+q)Ks | —vn+
ze 3 50"+ (P +q) < (rr

(eTﬁT)lerq)
subject to
wiu;—b>n—e, >0 i=1...,p
—wlu+b>n-§, &>0 j=1...4q

Theoretically it is convenient to assume that Ks = 1/(p+¢q). Otherwise,
v needs to be replaced by (p + q)K,v in all the formulae below.
It is shown in Section 18.13 that the dual is given by

Dual of the Soft margin »-SVM Problem (SVMg;):

. 1+ 1 T 1p1T _1P1T A
minimize (AT uT) (X X+ <—1qi—f 1q1qTq )) <M>
subject to

» q
SN+ pi=v
i=1 Jj=1

0< N <Kg, i=1,...,p
0<pu; <K,, j=1,...,q
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Once a solution for \ and p is obtained, we have

A p q
U)Z—X( )ZZ)\iui—Zuj’l}j
K i=1 j=1
P q
b=—Y N+ uy
i=1 j=1

Note that the constraint

P q
I S
i=1 j=1

occurring in the dual of Program (SVM;y ) has been traded for the

equation

P q
bZ—Z/\Z‘—FZ,u]‘
i=1 j=1

determining b.
If v > (pr+qr)/(p+ q), then n is determined by expressing that the
duality gap is zero. We obtain

(p+qv—pr—ap)n = (Pf_Qf)b‘HUT(Z UEDY u)

jeK, i€k

1 1,17 —1,17 A
e (e () ()
KS( ) -1,1, 1,1, [

In practice another way to compute 7 is to assume the Standard Margin
Hypothesis for (SVM,3). Under the Standard Margin Hypothesis
for (SVM,3), either some u;, is a support vector of type 1 or some vj, is
a support vector of type 1. By the complementary slackness conditions
€, =0 or &, =0, so we have

wluy, —b=mn, or —w'vj,+b=mn,
and we can solve for 7. As in (SVM,o/) we get more numerically stable
formulae by averaging over the sets Iy and I,,.
Proposition 18.4 gives bounds v, namely

pier(Jf <rv< pier(Im'

p+q —  — ptgq
In Section 18.11 we investigate conditions on v that ensure that either

there is some blue support vector w;, or there is some red support vector
vj,- Theorem 18.2 shows that for every optimal solution (w,b,n,¢€,§)
of Problem (SVM;3) with w # 0 and n > 0, if

sy +asp)/(p+q) <v <1,
then some u;, or some vj, is a support vector.
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(4) Basic Quadratic Soft margin »~-SVM Problem (SVM,). This is
the version of Problem (SVM;s/) in which instead of using the lin-
ear function K, (e" ¢7) 1,44 as a regularizing function we use the
quadratic function K(||6H§ + ||§H§) The optimization problem is

minimize %wTw + (p+q) K <—V77 + » j_ q(ﬁTE + €T5))
subject to
wlu; —b>n—¢, i=1,...,p
—wT’Uj+bZ77—§j, j=1,...,q

n >0,

where v and K are two given positive constants. As we saw earlier,
theoretically, it is convenient to pick Ky = 1/(p + ¢). When writing
a computer program, it is preferable to assume that K is arbitrary.
In this case v needs to be replaced by (p + ¢q)Ksv in all the formulae
obtained with K, = 1/(p + q).

In this method, it is no longer necessary to require ¢ > 0 and & > 0,
because an optimal solution satisfies these conditions.

One of the advantages of this methods is that € is determined by A,
¢ is determined by p, and n and b are determined by A and pu. We
can omit the constraint > 0, because for an optimal solution it can
be shown using duality that n > 0; see Section 18.14. For K and v
fixed, if Program (SVMg,) has an optimal solution, then it is unique;
see Theorem 18.3.

A drawback of Program (SVM,y) is that for fixed K, the quantity § =
n/ |lw|| and the hyperplanes Hy, p, Hy ptrn and Hy, p—y are independent
of v. This is shown in Theorem 18.3. Thus this method is less flexible
than (SVM;o/) and (SVMg3).

It is shown in Section 18.9 that the dual is given by

Dual of the Basic Quadratic Soft margin »-SVM Problem
(SVl\’IS4)Z

minimize

N =

1 A
T .7 T o
07 (75 ) ()

subject to
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i=1 j=1
P q

SRR SR
i=1 =1

Hj Z 07 ] = 17 » q

The above program is similar to the program that was obtained for
Problem (SVM,2) but the matrix XX is replaced by the matrix
XTX + (1/2K)1,14, which is positive definite since K > 0, and also
the inequalities \; < K and p; < K no longer hold. If the constraint
1 > 0 is dropped, then the inequality

is replaced by the equation

/4 q
Z )\z —+ Z,uj = V.
i=1 Jj=1

We obtain w from A and u, and ~, as in Problem (SVM;a/); namely,

A P q
’U.)_X< >_Z)\ZUZZ,U,]’U]
H i=1 j=1

and 7 is given by

(p+aKawn= (AT u) (XTX - 21]:{5[;04-11) (2) :
The constraints imply that there is some ¢, such that \;;, > 0 and
some jo such that p;, > 0, which means that at least two points are
misclassified, so Problem (SVM,4) should only be used when the sets
{u;} and {v;} are not linearly separable. We can solve for b using the
active constraints corresponding to any ip such that A;, > 0 and any
jo such that p;, > 0. To improve numerical stability we average over
the sets of indices Iy and 1.
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(5) Quadratic Soft margin v-SVM Problem (SVM,5). This is the
variant of Problem (SVMy,) in which we add the term (1/2)b? to the
objective function. We also drop the constraint n > 0 which is redun-
dant. We have the following optimization problem:

. 1 + 1.5 1 . -
minimize —-w w4+ =b"+ (p+q)Ks|—vn+ € €+
3 50"+ (P +4q) ( 1 ijq( £¢)
subject to
wTuibenfq, i=1,...,p

_wTU]+b2n_§]? jzla"'7qa

where v and K are two given positive constants. As we saw earlier,
it is convenient to pick Ky = 1/(p + ¢). When writing a computer
program, it is preferable to assume that K is arbitrary. In this case v
must be replaced by (p + ¢) Ksv in all the formulae.

One of the advantages of this methods is that € is determined by A, &
is determined by p (as in (SVMgy)), and both 1 and b determined by
A and p. We can omit the constraint 7 > 0, because for an optimal
solution it can be shown using duality that n > 0. For K, and v fixed,
if Program (SVMg5) has an optimal solution, then it is unique; see
Theorem 18.4.

A drawback of Program (SVMys5) is that for fixed K, the quantity 6 =
n/|lw| and the hyperplanes Hy, p, Hy p+n and Hoy, p—p are independent
of v. This is shown in Theorem 18.4. Thus this method is less flexible
than (SVM,2/) and (SVMy3).

It is shown in Section 18.15 that the dual of Program (SVMgs) is given
by

Dual of the Quadratic Soft margin »-SVM Problem (SVM;s):

o 1 1,10 —1,1] 1 A
minimize 7 (AT uT) (XTX + (_i {T lqlquq) + pr+q> ( )

qtp H

subject to

P q
Z i + Z/Lj =v
i=1 j=1

AN >0, i=1,...,p
i >0, 7=1,...,q
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This time we obtain w, b, 1, € and £ from X\ and pu:

p q
w = Z)\ZUz - Z,ujvj
i=1 j=1
p q
b==> X+ >
i=1 j=1

and
1,17 —1,17 1 A
_ T T T pp PZq —
(p+q)Kam= (AT u )(X X+(_1q1g 1q1j>+2KsI”+q> <u>

The constraint

implies that either there is some %y such that A\;;, > 0 or there is some
Jo such that p;, > 0, we have ¢;, > 0 or &, > 0, which means that
at least one point is misclassified, so Problem (SVM;5) should only be
used when the sets {u;} and {v,} are not linearly separable.

These methods all have a kernelized version.

We implemented all these methods in Matlab, solving the dual using
ADMM.

From a theoretical point of view, Problems (SVMg,) and (SVMgj5) seem
to have more advantages than the others since they determine w, b, and b
without requiring any condition about support vectors of type 1. However,
from a practical point of view, Problems (SVM,4) and (SVM,5) are less
flexible that (SVM,a/) and (SVM,3), and we have observed that (SVMgy)
and (SVM;s5) are unable to produce as small a margin § as (SVM;o/) and
(SVM€3)

18.18 Problems

Problem 18.1. Prove the following inequality

1 1 i 1 1
max4—,— ¢ <K <minq —, —
2Pm 2Gm 2py - 2qy

stated just after Definition 18.1.
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Problem 18.2. Prove the averaging formulae

bzw(;)aﬂm+<ghﬁﬂm 2
6=w(;¥0Am—<;?QA&|m

stated at the end of Section 18.1.

Problem 18.3. Prove that the matrix

1) -1, 0] 0)
1 1, 0) 0
A— p “a p
Iy 0pq Ip Opg
Ogp Iy Ogp Iq
has rank p+ ¢ + 2.
Problem 18.4. Prove that the dual program of the kernel version of
(SVMy;) is given by:
Dual of Soft margin kernel SVM (SVMy;):
. . . T T A
minimize ()\ I ) K i
subject to
P q 1
2 A= 1=
=1 7j=1
OS)\ZSK, iil,...,p
OSM]§K7 j:17"'aq,
where K is the ¢ x ¢ kernel symmetric matrix (with ¢ = p + ¢) given by
K (Ui, uj) 1<i<p,1<j<gq
—k(ui,vj—p) 1<i<p,p+1<j<p+gq

—k(Vi—p,uj) p+1<i<p+gq 1<j<p
K(Viep,vj—q) PH+1<i<p+q p+1<j<p+gq.

K'L'j =
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Problem 18.5. Prove the averaging formula
b= | (S )i+ (S )il ] 12
i€l JEI,

stated in Section 18.3.

Problem 18.6. Prove that the kernel version of Program (SVM;z2) is given
by:

Dual of Soft margin kernel SVM (SVM,,):
i Lot 7 A T,T
minimize > ()\ I ) K i — ()\ I ) 1,44

subject to

p q
D N=2 m=0
i=1 j=1
0<N<K, i=1...p
0<p <K, j=1....q

where K is the ¢ x £ kernel symmetric matrix (with £ = p + ¢) given at the
end of Section 18.1.

Problem 18.7. Prove that the matrix

1, —1; 0, 0
A= I, Opq Ip Opg
Ogp Ig Ogp Ig

has rank p + g + 1.

Problem 18.8. Prove that the matrices

1, —1] 05 0, 0 1, -1, 0] 0)
1, 1, 0) o) -1 1, 1, 0) 0F
A= p q p q and A2: p q p q
IP 0107(1 IP OP#Z OP IID 0P7q IP Op7q
Oq,l) Iq O(JJ) Iq Oq Oq,P Iq Oq,l) LI

have rank p + ¢ + 2.
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Problem 18.9. Prove that the kernel version of Program (SVMgs/) is given
by:

Dual of the Soft margin kernel SVM (SVM;y):
1
minimize 3 ()\T uT) K (2)

subject to

p q
D Xi=D =0
i=1 j=1

p q

i=1 j=1

0<N<K,, i=1,....p
OSNjSKsa j=1...,q,
where K is the kernel matrix of Section 18.1.

Problem 18.10. Prove the formulae determining b in terms of 7 stated
just before Theorem 18.3.

Problem 18.11. Prove that the matrix
T 14T AT T
1p 1q Op Oq
A= Iy Opq Ip Opg

Ogp Ig Ogp g
has rank p+ ¢ + 1.

Problem 18.12. Prove that the kernel version of Program (SVM,s) is
given by:

Dual of the Soft margin kernel SVM (SVM,3):
1 1 1T -1 1T )\
minimize = (AT ' <K+( pip p q)> ( >
2 ( ) _lqlz—?r 1q1;— 1%

subject to

P q
Z)\i + ZMJ' =v
i=1 j=1

OS)\'LSKm 2217,]7
OgﬂjSst J=1...,q
where K is the kernel matrix of Section 18.1.
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Problem 18.13. Prove that the matrices
1) -1 0 1) -1
A=[" ! and A; = b !
17 17 —1 1 17

Problem 18.14. Implement Program (SVM,,) in Matlab. You may adapt
the programs given in Section B.2 and Section B.3.

have rank 2.

Problem 18.15. Prove that the kernel version of Program (SVMy,) is
given by:

Dual of the Soft margin kernel SVM (SVM,,):

T 1 p+yq A
minimize 7 ()\T uT) (K + 2Ip+q> (N)

subject to

p q
Do A=Y =0
i=1 j=1

p q

Z/\i + Zﬂj > v
i=1 j=1

)\ZZO, izl,...,p

MJZO> jzla"'aqa
where K is the kernel matrix of Section 18.1.

Problem 18.16. Implement Program (SVM;5) in Matlab. You may adapt
the programs given in Section B.2 and Section B.3.

Problem 18.17. Prove that the kernel version of Program (SVMg;s) is
given by:

Dual of the Soft margin kernel SVM (SVM;5):

1 1,1) 1,17\  p+gq A
minimize = (AT p' <K+< Pp Pq>+1+
2( ) -1,1) 1,1] 2 P\

subject to

p q
Z/\i + Zﬂj =V
i=1 j=1

)\720, i=1,...,p
MJZ()? j:17"'7q7
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where K is the kernel matrix of Section 18.1.
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Chapter 19

Ridge Regression, Lasso, Elastic Net

In this chapter we discuss linear regression. This problem can be cast as
a learning problem. We observe a sequence of (distinct) pairs ((z1,y1),
ooy (T, ym)) called a set of training data (or predictors), where xz; € R
and y; € R, viewed as input-output pairs of some unknown function f that
we are trying to infer. The simplest kind of function is a linear function
f(x) = Tw, where w € R™ is a vector of coefficients usually called a weight
vector. Since the problem is overdetermined and since our observations
may be subject to errors, we can’t solve for w exactly as the solution of the
system Xw =y, where X is the m X n matrix

]

X = .

2T

I are the rows of X, and thus the z; € R™ are col-

umn vectors. So instead we solve the least-squares problem of minimizing

where the row vectors x

| Xw — y||§ In general there are still infinitely many solutions so we add
a regularizing term. If we add the term K ||wH§ to the objective function
J(w) = || Xw — y||§, then we have ridge regression. This problem is dis-
cussed in Section 19.1 where we derive the dual program. The dual has a
unique solution which yields a solution of the primal. However, the solution
of the dual is given in terms of the matrix XX T (whereas the solution of
the primal is given in terms of X ' X), and since our data points z; are
represented by the rows of the matrix X, we see that this solution only
involves inner products of the x;. This observation is the core of the idea
of kernel functions, which were discussed in Chapter 17. We also explain
how to solve the problem of learning an affine function f(x) = 2Tw + b.
In general the vectors w produced by ridge regression have few zero
entries. In practice it is highly desirable to obtain sparse solutions, that is

735
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vectors w with many components equal to zero. This can be achieved by re-
placing the regularizing term K ||w||§ by the regularizing term K |lw||,; that
is, to use the £'-norm instead of the £2-norm; see Section 19.4. This method
has the exotic name of lasso regression. This time there is no closed-form
solution, but this is a convex optimization problem and there are efficient
iterative methods to solve it. One of the best methods relies on ADMM
(see Section 16.8) and is discussed in Section 19.4. The lasso method has
some limitations, in particular when the number m of data is smaller than
the dimension n of the data. This happens in some applications in genetics
and medicine. Fortunately there is a way to combine the best features of
ridge regression and lasso, which is to use two regularizing terms:

(1) An ?-term (1/2)K ||w||§ as in ridge regression (with K > 0).
(2) An ¢*-term 7 ||wl|; as in lasso.

This method is known as elastic net regression and is discussed in Section
19.6. It retains most of the desirable features of ridge regression and lasso,
and eliminates some of their weaknesses. Furthermore, it is effectively
solved by ADMM.

19.1 Ridge Regression

The problem of solving an overdetermined or underdetermined linear sys-
tem Aw = y, where A is an m X n matrix, arises as a “learning problem”
in which we observe a sequence of data ((a1,¥y1),---, (Gm,Ym)), viewed as
input-output pairs of some unknown function f that we are trying to infer,
where the a; are the rows of the matrix A and y; € R. The values y; are
sometimes called labels or responses. The simplest kind of function is a
Tw, where w € R™ is a vector of coefficients usually
called a weight vector, or sometimes an estimator. In the statistical liter-
ature w is often denoted by . Since the problem is overdetermined and
since our observations may be subject to errors, we can’t solve for w exactly
as the solution of the system Aw = y, so instead we solve the least-square
problem of minimizing ||Aw — y||§

In Section 21.1 (Vol. I) we showed that this problem can be solved using
the pseudo-inverse. We know that the minimizers w are solutions of the
normal equations AT Aw = ATy, but when AT A is not invertible, such a
solution is not unique so some criterion has to be used to choose among
these solutions.

One solution is to pick the unique vector w™ of smallest Euclidean norm

linear function f(x) =z
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|w* ||, that minimizes || Aw — y||2. The solution w is given by wt = Aty,
where AT is the pseudo-inverse of A. The matrix AT is obtained from an
SVD of A, say A = VXU'. Namely, AT = UStVT, where % is the
matrix obtained from ¥ by replacing every nonzero singular value o; in X
by o, ! leaving all zeros in place, and then transposing. The difficulty with
this approach is that it requires knowing whether a singular value is zero or
very small but nonzero. A very small nonzero singular value ¢ in ¥ yields
a very large value o~ ! in £, but o = 0 remains 0 in 2.

This discontinuity phenomenon is not desirable and another way is to
control the size of w by adding a regularization term to ||Aw — ZUHQ, and a

natural candidate is [|w]|”.
; as z; (where z; € R™)
K

)

It is customary to rename each column vector a
and to rename the input data matrix A as X, so that the row vector x
are the rows of the m x n matrix X

Our optimization problem, called ridge regression, is
Program (RR1):

minimize |jy — Xw|® + K ||Jw|?,

which by introducing the new variable £ = y — Xw can be rewritten as
Program (RR2):
minimize ¢'¢& 4+ Kw'w
subject to
Yy— Xw = 57

where K > 0 is some constant determining the influence of the regularizing

T

term w ' w, and we minimize over ¢ and w.

The objective function of the first version of our minimization problem
can be expressed as

J(w) = ly — Xw|* + K wl?
=@y—Xw)  (y—Xw)+Kw'w
=y'y—2w' XTy+w X" Xw+ Kw'w
—w (X' X +KL)w—2w'X"y+y'y.
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The matrix X T X is symmetric positive semidefinite and K > 0, so the
matrix X ' X + K1, is positive definite. It follows that

Jw)=w (X" X +KL)w—-2w'X"y+y'y

is strictly convex, so by Theorem 4.5(2)-(4), it has a unique minimum iff
VJ, = 0. Since

Ve =2XTX + KI,)w—2X"y,
we deduce that
w=(X"X+KIL)'XTy. (*up)
There is an interesting connection between the matrix

(XTX +KI,) "' X T and the pseudo-inverse X+ of X.

Proposition 19.1. The limit of the matriz (X ' X +K1I,) ' X" when K >
0 goes to zero is the pseudo-inverse X of X.

Proof. To show this let X = VXU be a SVD of X. Then
(X"X+KIL)=UX"V'VSU" + KI, =UX"S+ KI,)U,
SO
(X'"X+KL)'X"=UX"s+KI,)'v'Uux'vV’
US4+ KIL) 2TV’
The diagonal entries in the matrix (XY + K1,,)'X T are

gi

W, lfO',L >0,

and zero if o; = 0. All nondiagonal entries are zero. When o; > 0 and

K > 0 goes to 0,
. ;i -1
lim ——— = o;
K—00? + K v
S0

lim (2T + KI,)"'2T = 5t

K—0

which implies that

lim (X' X +KIL,)"'X" = X7, O
K—0
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The dual function of the first formulation of our problem is a constant
function (with value the minimum of J) so it is not useful, but the sec-
ond formulation of our problem yields an interesting dual problem. The
Lagrangian is

Lgw, ) =€+ Kw w+ (y — Xw—§)"A
=+ Kuww—w X" A=A+ 2Ty,
with A\, &,y € R™. The Lagrangian L(£, w, A), as a function of £ and w with
A held fixed, is obviously convex, in fact strictly convex.

To derive the dual function G(\) we minimize L(, w, \) with respect to
¢ and w. Since L(&,w, \) is (strictly) convex as a function of £ and w, by
Theorem 4.5(4), it has a minimum iff its gradient VL ,, is zero (in fact, by
Theorem 4.5(2), a unique minimum since the function is strictly convex).
Since

26—
View= <2Kw — XT)\) ’
we get
A =2¢

R S SIS
w= = XTA=XT2

The above suggests defining the variable « so that £ = Ka, so we have
A =2Ka and w = X "a. Then we obtain the dual function as a function
of a by substituting the above values of £, A and w back in the Lagrangian
and we get

Gla)=K*aTa+ Ka' XX Ta-2Ka' XX Ta—2K%aTa+2Ka Ty
=Ko (XX" +KI,)a+2Ka y.

This is a strictly concave function so by Theorem 4.5(4), its maximum is
achieved iff VG, = 0, that is,

2K(XX" + KI,,))a = 2Ky,
which yields
a=(XXT+KI,) 'y
Putting everything together we obtain
a=(XXT+KI,) 'y
w=X"a

§=Ka,
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which yields
w=X"(XX"+KI,) 'y. (*wd)
Earlier in (s,y) we found that
w=(X"X+KI) X"y,
and it is easy to check that
(XX +KL)'XT=XT"(XX" + KI,,)"%

If n < m it is cheaper to use the formula on the left-hand side, but if m < n
it is cheaper to use the formula on the right-hand side.

19.2 Ridge Regression; Learning an Affine Function

It is easy to adapt the above method to learn an affine function f(z) =
xTw + b instead of a linear function f(z) = z"w, where b € R. We have
the following optimization program
Program (RR3):
minimize ¢+ Kw'w
subject to
y—Xw—>bl=¢,

with ,€,1 € R™ and w € R™. Note that in Program (RR3) minimization
is performed over &, w and b, but b is not penalized in the objective function.

As in Section 19.1, the objective function is strictly convex.
The Lagrangian associated with this program is

LEwb )= ¢+ Kw'w—w XTA—"A=b1"TA+ 2Ty,

Since L is (strictly) convex as a function of &, b, w, by Theorem 4.5(4), it
has a minimum iff VL¢3, = 0. We get

A= 2¢
1"A=0

R S N S 3
w—2KX A=X e

As before, if we set £ = Ka we obtain A = 2K«a, w = X ' «, and
G(a)=—-Ka' (XX 4+ KI,)a+2Ka'y.

Since K > 0 and A = 2K, the dual to ridge regression is the following
program
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Program (DRR3):
minimize o (XX 4+ KI,,)a—2ay
subject to
1Ta =0,
where the minimization is over a.

Observe that up to the factor 1/2, this problem satisfies the conditions
of Proposition 6.3 with

XXT +KI,)™ !

—

and z renamed as a. Therefore, it has a unique solution (¢, ) (beware
that A = 2K« is not the A used in Proposition 6.3, which we rename as
1), which is the unique solution of the KKT-equations

(XXT + K1, 1m> (a> B (y)
1) 0 w) \0/J°
Since the solution given by Proposition 6.3 is
pw=(BTAB)\(BTAb— f), a=A(b- By),
we get
p=01"(XXT +KI,)"'1)" "1 (XX + KI,) Yy
a=(XX"+KI,) " (y — pl).

Note that the matrix BT AB is the scalar 1T (XX " + K1,,,)~'1, which is
the negative of the Schur complement of XX " + K1,,,.
Interestingly b = p, which is not obvious a priori.

Proposition 19.2. We have b = p.

Proof. To prove this result we need to express « differently. Since u is a
scalar, 1 = 1pu, so

pl=1p=1"(XX" +KIL,) ') ""11" (XX + KI,,) "y,
and we obtain
a=(XX"+KIL,) ‘I, - A" (XXT +KIL,)"'1)"t11"
(XXT + Klm)_l)y- (*as)
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Since w = X "o, we have
w=X"(XX"+KIL,) "I, - A" (XX" + KI,)"'1)"'11"
(XXT 4 KL) ™y, (xuy)
From ¢ = K«, we deduce that b is given by the equation
bl =y — Xw - Ka.
Since w = X "o, using (,,) We obtain
bl=y—Xw—-Ka

=y— (XX" +KI,)«

=y— (I - (A" (XX" +KL,) ') """ (XX + KI,) M)y

= 1(XXT +KL,) ') " "11"(XX" + KI,) Yy

= pl,
and thus

b=p=1"(XX"+KIL,) ') "1 (XX + KI,,)"y, (5,
as claimed. O

In summary the KKT-equations determine both a and u, and so w =
X T and b as well.

There is also a useful expression of b as an average.

Since 171 =m and 1Ta = 0, we get

1
- =1
m

1 —

1
b=—1" TXw-— —-K1 a=7— o
o Y w -~ a=7y Z wj,

where 7 is the mean of y and X7 is the mean of the jth column of X.

Therefore,
b:y—waj =7— (X! - Xn)w,
j=1
where (X1 ... X7) is the 1 x n row vector whose jth entry is X7.

We will now show that solving the dual (DRR3) for o and obtaining
w = X Ta is equivalent to solving our previous ridge regression Problem
(RR2) applied to the centered data § = y —71,, and X=X — X, where X
is the mxn matrix whose jth column is X71,,, the vector whose coordinates
are all equal to the mean X7 of the jth column X7 of X.
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The expression
b—7— (XT ... X

suggests looking for an intercept term b (also called bias) of the above form,
namely

Program (RR4):
minimize ¢'¢+ Kw'w
subject to
y— Xw—bl=¢
b=b+7— (X - X")w,
with b € R. Again, in Program (RR4), minimization is performed over &,

w, b and 6, but b and b are not penalized.
Since

b1 =0b1+71l — (X1 - X"1)w,

if X = (X11 --- X"1) is the m x n matrix whose jth column is the vector
X71, then the above program is equivalent to the program

Program (RR5):
minimize ¢'¢+ Kw'w
subject to
y— Xw—71+ Xw—bl =&,
whereA minimization is performed over £, w and b. If we write y=y—7l
and X = X — X, then the above program becomes
Program (RR6):
minimize £'¢+ Kw ' w
subject to
y— Xw—bl = £,
minimizing over &, w and b. If the solution to this program is w, then b is
given by
b=7— (X' - X")@ =0,
since the data y and X are centered. Therefore (RR6) is equivalent to ridge

regression without an intercept term applied to the centered data § = y—7y1
and X = X — X,
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Program (RR6'):
minimize ¢'¢4+ Kw'w
subject to
g-Xw=¢
minimizing over ¢ and w.
If @ is the optimal solution of this program given by
o=X"(XXT+KI,)" '3, (*uw;)
then b is given by
b=7— (X! --- X")w.

Remark: Although this is not obvious a priori, the optimal solution w*
of the Program (RR3) given by (#.,) is equal to the optimal solution @
of Program (RR6') given by (k,,). We believe that it should be possible
to prove the equivalence of these formulae but a proof eludes us at this
time. We leave this as an open problem. In practice the Program (RR6')
involving the centered data appears to be the preferred one.

Example 19.1. Consider the data set (X, y;) with

~10 11 0
6 5 —25
2 4 0.5
0 0 —9

X=1 1 o =] o5
2 -5 —42
6 —4 1
10 —6

as illustrated in Figure 19.1. We find that 7 = —0.0875 and (X1, X2) =
(0.125,0.875). For the value K = 5, we obtain

0.9207
w = <0.8677> , b=—0.9618,

for K = 0.1, we obtain

1.1651
w = (1.1341> , b= —1.2255,
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Fig. 19.1 The data set (X, y1) of Example 19.1.

and for K = 0.01,

3 (1.1709

1.1405> . b= —12318.

See Figure 19.2.

Fig. 19.2 The graph of the plane f(z,y) = 1.17092+1.1405y —1.2318 as an approximate
fit to the data (X, y1) of Example 19.1.
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We conclude that the points (X;,y;) (where X; is the ith row of X)
almost lie on the plane of equation

r+y—2—-1=0,

and that f is almost the function given by f(z,y) = 1.1z 4+ 1.1y — 1.2. See
Figures 19.3 and 19.4.

Fig. 19.3 The graph of the plane f(z,y) = 1.1z + 1.1y — 1.2 as an approximate fit to
the data (X, y1) of Example 19.1.

Fig. 19.4 A comparison of how the graphs of the planes corresponding to K =
1,0.1,0.01 and the salmon plane of equation f(z,y) = 1.1z + 1.1y — 1.2 approximate the
data (X,y1) of Example 19.1.
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If we change y; to

y=(0-21-12-413)",

as evidenced by Figure 19.5, the exact solution is

1
w—<1>, b=-—1,

and for K = 0.01, we find that
_ (0.9999

&%%>,b:—0%%.

Fig. 19.5 The data (X, y2) of Example 19.1 is contained within the graph of the plane
fl@y)=z+y—1

We can see how the choice of K affects the quality of the solution (w, b)
by computing the norm [|£||, of the error vector £ = 7 — Xw. We notice
that the smaller K is, the smaller is this norm.

It is natural to wonder what happens if we also penalize b in program
(RR3). Let us add the term Kb? to the objective function. Then we obtain
the program

P T T 2
minimize &'+ Kw w+ Kb
subject to

y— Xw—01=¢,
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minimizing over £, w and b.

This suggests treating b an an extra component of the weight vector w
and by forming the m x (n 4 1) matrix [X 1] obtained by adding a column
of 1’s (of dimension m) to the matrix X, we obtain

Program (RR3b):

minimize ¢' &4 Kw'w 4 Kb?

w
v (}) =<
minimizing over &, w and b.

This program is solved just as Program (RR2). In terms of the dual
variable o, we get

subject to

a=(X1X1"+KIL,) 'y

(Z’) = X1

¢E=Ka.

Thus b = 1"Ta. Observe that [X 1][X 1]T = XX " +11".
If n < m, it is preferable to use the formula

(Z’) = (X' [X 1]+ KL) ' [X 1] Ty.

Since we also have the equation

y—Xw—0bl =¢,

we obtain
1 1 1 1
1Ty — —1"Xw—- =bp1"1=—1"Ko,
m m m m
SO
— 1
7— (X!  X?)w—b= —Kb,
m
which yields
b=—" (7 (XT .. X")w).
m+ K

Remark: As a least squares problem, the solution is given in terms of the
pseudo-inverse [X 1]7 of [X 1] by

(IZ) =[X 1]"y.
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Example 19.2. Applying Program (RR3b) to the data set of Example
19.1 with K = 0.01 yields
1.1706
w= (1.1401> , b= —-1.2298.
See Figure 19.6. We can see how the choice of K affects the quality of

Fig. 19.6 The graph of the plane f(z,y) = 1.17062+1.1401y —1.2298 as an approximate
fit to the data (X, y1) of Example 19.1.

the solution (w,b) by computing the norm [|£||, of the error vector & =
y — Xw — bl,,. As in Example 19.1 we notice that the smaller K is, the
smaller is this norm. We also observe that for a given value of K, Program
(RR6’) gives a slightly smaller value of ||¢[|, than (RR3b) does.

As pointed out by Hastie, Tibshirani, and Friedman [Hastie et al. (2009)]
(Section 3.4), a defect of the approach where b is also penalized is that the
solution for b is not invariant under adding a constant ¢ to each value y;.
This is not the case for the approach using Program (RR6').

19.3 Kernel Ridge Regression

One interesting aspect of the dual (of either (RR2) or (RR3)) is that it
shows that the solution w being of the form X "¢, is a linear combination

m
w = E Q5
i=1
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of the data points x;, with the coefficients «; corresponding to the dual
variable A = 2K« of the dual function, and with

a=(XX"+KI,) .

If m is smaller than n, then it is more advantageous to solve for a. But
what really makes the dual interesting is that with our definition of X as

ol

X = :
T
Tm

the matrix XX consists of the inner products z, z;, and similarly the

T

function learned f(x) = 2w can be expressed as

f(il') = zm:aix;rxa
i=1

namely that both w and f(x) are given in terms of the inner products x;'—xj
and 2, z.

This fact is the key to a generalization to ridge regression in which
the input space R™ is embedded in a larger (possibly infinite dimensional)
Euclidean space F' (with an inner product (—, —)) usually called a feature
space, using a function

p: R* > F.
The problem becomes (kernel ridge regression)
Program (KRR2):
minimize §T§ + K{w,w)
subject to
i — (w,0(z)) =&, i=1,...,m,

minimizing over £ and w. Note that w € F. This problem is discussed
in Shawe-Taylor and Christianini [Shawe-Taylor and Cristianini (2004)]
(Section 7.3).

We will show below that the solution is exactly the same:

a=(G+KI,) y

w = Z a;p(x;)
i=1

§=Ka,
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where G is the Gram matrix given by G;; = (p(x;), ¢(z;)). This matrix is
also called the kernel matriz and is often denoted by K instead of G.

In this framework we have to be a little careful in using gradients since
the inner product (—, —) on F' is involved and F' could be infinite dimen-
sional, but this causes no problem because we can use derivatives, and by
Proposition 3.5 we have

d<_a _>(u,v)(xa y) = <'T7U> + <U7y>
This implies that the derivative of the map u — (u, u) is

(=, =)ul@) = 2(z, ). (d1)
Since the map u — (u,v) (with v fixed) is linear, its derivative is
d(=, v)u(z) = (z,v). (d2)
The derivative of the Lagrangian
L(&w, ) = £T6+ K(w,w) = > Xilp(wi),w) —€TA+ ATy
i=1

with respect to & and w is
e €)= 2076~ @A+ (2K =3 Nipla) 0 ),
i=1
where we used (d;) to calculate the derivative of ¢'¢ + K(w,w) and

(d2) to calculate the derivative of — 37", Ai{p(2;), w) — ¢TA. We have
dL¢., (¢, w) = 0 for all £ and w iff

2Kw = Z Aip(x;)
i=1

A =2¢.
Again we define £ = Ka, so we have A = 2K «a, and

m
w=> aip(x;).
=1

Plugging back into the Lagrangian we get

Glo) = K*aTa+ K Y aaj{e(a), o(x;) — 2K Y aio{plas), o(;))

i,j=1 1,5=1
—2K%aTa+2Ka'y

=-K%'a-K Z i {p(xi), p(x;)) + 2KaTy.

4,j=1
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If G is the matrix given by G;; = (p(x;), ¢(z;)), then we have
G(a) = —-Ka' (G + KI,,)a+2Ka'y.

The function G is strictly concave, so by Theorem 4.5(4) it has a maximum
for

a=(G+KI,) 'y,

as claimed earlier.

As in the standard case of ridge regression, if F = R™ (but the inner
product (—, —) is arbitrary), we can adapt the above method to learn an
affine function f(w) = z"w + b instead of a linear function f(w) = x ' w,

where b € R. This time we assume that b is of the form
b:?_<wa(ﬁ ﬁ»a

where X7 is the j column of the m x n matrix X whose ith row is the
transpose of the column vector ¢(z;), and where (X1T --- X7) is viewed as
a column vector. We have the minimization problem

Program (KRR6'):

minimize ¢'& 4+ K (w,w)
subject to
U — (w,0(x)) =&, i=1,...,m,
minimizing over { and w, where ¢(;) is the n-dimensional vector ¢(z;) —
(X1 ... Xn),
The solution is given in terms of the matrix G defined by

as before. We get
a=(G+KI,)" '3,

and according to a previous computation, b is given by
1 ~
b=7—- —1Ga.
m

We explained in Section 17.4 how to compute the matrix G from the
matrix G.

Since the dimension of the feature space F' may be very large, one
might worry that computing the inner products (¢(z;),¢(z;)) might be
very expensive. This is where kernel functions come to the rescue. A
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kernel function k for an embedding ¢: R™ — F isamap k: R® xR*” - R
with the property that

k(u,v) = (p(u),p(v)) for all u,v € R™

If x(u,v) can be computed in a reasonably cheap way, and if ¢(u)
can be computed cheaply, then the inner products (p(x;),¢(z;)) (and
(p(zi), (x))) can be computed cheaply; see Chapter 17. Fortunately there
are good kernel functions. Two very good sources on kernel methods are
Schélkopf and Smola [Schélkopf and Smola (2002)] and Shawe—Taylor and
Christianini [Shawe-Taylor and Cristianini (2004)].

19.4 Lasso Regression (£!-Regularized Regression)

The main weakness of ridge regression is that the estimated weight vector
w usually has many nonzero coefficients. As a consequence, ridge regression
does not scale up well. In practice we need methods capable of handling
millions of parameters, or more. A way to encourage sparsity of the vector
w, which means that many coordinates of w are zero, is to replace the

Tw=r ||wH§ by the penalty function 7 ||w||;,

quadratic penalty function 7w
with the ¢2-norm replaced by the ¢!-norm.

This method was first proposed by Tibshirani around 1996, under the
name lasso, which stands for “least absolute selection and shrinkage oper-
ator.” This method is also known as ¢! -reqularized regression, but this is
not as cute as “lasso,” which is used predominantly.

Given a set of training data {(x1,y1),..., (Zm,ym)}, with z; € R”™ and

y; € R, if X is the m x n matrix

in which the row vectors z, are the rows of X, then lasso regression is the
following optimization problem

Program (lassol):
1
minimize §§T§ + 7 ||wl|,
subject to
Y- Xw = 57

minimizing over ¢ and w, where 7 > 0 is some constant determining the
influence of the regularizing term ||w||;.
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The difficulty with the regularizing term |lw||; = |wi| + -+ + |wy| is
that the map w — ||w||; is not differentiable for all w. This difficulty can
be overcome by using subgradients, but the dual of the above program can
also be obtained in an elementary fashion by using a trick that we already
used, which is that if z € R, then

|z| = max{x, —x}.
Using this trick, by introducing a vector € € R™ of nonnegative variables,
we can rewrite lasso minimization as follows:

Program lasso regularization (lasso2):

1
minimize §§T§ + Tlle
subject to
y—Xw=¢
w < €
—w < €.
minimizing over ¢, w and €, with y,¢ € R™, and w,¢,1,, € R™.

The constraints w < € and —w < € are equivalent to |w;| < ¢; for
it =1,...,n, so for an optimal solution we must have ¢ > 0 and |w;| = ¢;,
that is, ||w|; = €1 + - + €n.

The Lagrangian L(§, w, €, A\, ay, a_) is given by

1
L(f,w, €, Ay Ay, Oé_) = ig—rg + T].IG + )‘T(y - Xw— 5)
+aj(w—e€ +al(—w—e¢)
1
= 3€TE—€TA+ 2Ty
+e (tly—ay —a)+w (ay —a_ — XN,
with A € R™ and ay,a_ € RY}. Since the objective function is convex
and the constraints are affine (and thus qualified), the Lagrangian L has a
minimum with respect to the primal variables, &, w, € iff VL¢ 4, c = 0. Since
the gradient VL¢ .,  is given by
E—A
Viewe=|ar—a-—XTA],
Tl, —0y —a_
we obtain the equations
£=A
ay —a_=X")\

ay +a_ =711,



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory

With Applications to Machine Learning ws-book-11-9x6  page 755

19.4. Lasso Regression (£'-Regularized Regression) 755

Using these equations, the dual function G(A, ey, —) = ming ,, . L is given
by

1 1
GO\ag,a-) = 2€7€ =€ A+ ATy = SATA=ATA+ ATy

1 1
~SATA ATy = =2 (lly = A5~ i)
2 2
SO
1 2 2
GOvarsa-) == (lly = A3 = llol3)

Since a4, a— >0, for any ¢ € {1,...,n} the minimum of (a4); — (a-);
is —7 , and the maximum is 7. If we recall that for any z € R",

lelloe = max |z,
it follows that the constraints
ay +a_ =11,
X" A=a, —a_
are equivalent to
XA <7
The above is equivalent to the 2n constraints
< (XTA; <7, 1<i<n.
Therefore, the dual lasso program is given by
maximize £ (|ly ~ M2~ [1y]2)
subject to
XA <
which (since ||y||§ is a constant term) is equivalent to
Program (Dlasso2):
minimize % ly — )\Hg
subject to
XA <7

minimizing over A € R™.
One way to solve lasso regression is to use the dual program to find
A =&, and then to use linear programming to find w by solving the linear
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program arising from the lasso primal by holding £ constant. The best way
is to use ADMM as explained in Section 16.8(4). There are also a number
of variations of gradient descent; see Hastie, Tibshirani, and Wainwright
[Hastie et al. (2015)].

In theory, if we know the support of w and the signs of its components,
then w is determined as we now explain.

In view of the constraint y — Xw = £ and the fact that for an optimal
solution we must have £ = A, the following condition must hold:

| X" (Xw -y < (%)
Also observe that for an optimal solution, we have
3 Iy = Xul + Xy = Xu) = 5yl — 0T XTy+ 0 X Xw
+ wTXTy —w' X" Xw
5 (I = 1xwl?)

= 2 (Il — Iy = AI2) = o).

Since the objective function is convex and the constaints are qualified,

by Theorem 14.7(2) the duality gap is zero, so for optimal solutions of the
primal and the dual, G(\) = L(§, w, €), that is

1 2 12 1 2
Ly = Xl o X7 (g=Xw) = el full, = &y — Xwlr

which yields the equation

w' X (y— Xw) =7 |wl|, . (x%1)

The above is the inner product of w and X ' (y — Xw), so whenever

w; # 0, since ||w|; = |wi] + -+ + |wy|, in view of (x), we must have
(X T(y — Xw)); = msgn(w;). If

S={ie{l,...,n} | w; #0}, (1)

if Xg denotes the matrix consisting of the columns of X indexed by S, and
if wg denotes the vector consisting of the nonzero components of w, then
we have

X{ (y — Xsws) = msgn(wg). (#x2)
We also have

| X5 (y — Xsws)|| <, (#%3)
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where S is the complement of S.
Equation (xx3) yields

X;—ngs = X;—y — 7sgn(wg),

so if XJ X is invertible (which will be the case if the columns of X are
linearly independent), we get

ws = (Xg Xg) ™M (Xgy — msgn(ws)). (#4)

In theory, if we know the support of w and the signs of its components,
then wg is determined, but in practice this is useless since the problem is
to find the support and the sign of the solution.

19.5 Lasso Regression; Learning an Affine Function

In the preceding section we made the simplifying assumption that we were
trying to learn a linear function f(z) = 2"w. To learn an affine function
f(x) = 2 "w + b, we solve the following optimization problem

Program (lasso3):

1
minimize §§T§ +71)€
subject to
y—Xw—-01,=¢
w<e€
—w < €.
Observe that as in the case of ridge regression, minimization is performed
over &, w, € and b, but b is not penalized in the objective function.
The Lagrangian associated with this optimization problem is
1
L(&w,e,b, X ap o) = 2676 — €T A+ ATy — b1,
+e (tly—ay —a)+w (ay —a_ — X"\,
so by setting the gradient VL¢ . . to zero we obtain the equations
£=A
ay —a_=XT\
ap +a_ =11,
1)1 =0.
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Using these equations, we find that the dual function is also given by

1 2 2
GOarian) = =3 (Ily = A3 = lvl3)
and the dual lasso program is given by
o 1
maximize  — o (|ly = A3 = llul3)
subject to
XA =7
1)A=0,
which is equivalent to
Program (Dlasso3):

1 -
minimize 5 lly — /\||§

subject to

XA <7
1A =0,

minimizing over A € R™.
Once A = ¢ and w are determined, we obtain b using the equation
b1, =y — Xw —¢,
and since 1,11, =m and 1,,¢ = 1) A = 0, the above yields

1+ JR e g
b:Elmy—alme‘almfw—;Xﬂwj,

where 7 is the mean of y and X7 is the mean of the jth column of X.
The equation

b=b+7— > Xiw;=b+7— (X1 -+ Xn)w,

j=1
can be used as in ridge regression, (see Section 19.2), to show that the Pro-
gram (lasso3) is equivalent to applying lasso regression (lasso2) without
an intercept term to the centered data, by replacing y by ¥ = y — y1 and
X by X = X — X. Then b is given by

b= (X7 .. X7
where @ is the solution given by (lasso2). This is the method described
by Hastie, Tibshirani, and Wainwright [Hastie et al. (2015)] (Section 2.2).

Example 19.3. We can create a data set (X, y) where X a 100 x 5 matrix
and y is a 100 x 1 vector using the following Matlab program in which the
command randn creates an array of normally distributed numbers.
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X = randn(100,5);
ww = [0; 2; 0; -3; 0];
y = X*xww + randn(100,1)*0.1;

The purpose of the third line is to add some small noise to the “output”
X x ww. The first five rows of X are

—1.1658 —0.0679 —1.6118 0.3199 0.4400

—1.1480 —0.1952 —0.0245 —0.5583 —0.6169

0.1049 —0.2176 —1.9488 —0.3114 0.2748 |,

0.7223 —0.3031 1.0205 —0.5700 0.6011

2.5855 0.0230 0.8617 —1.0257 0.0923

and the first five rows of y are

—1.0965
1.2155
y=| 04324
1.1902
3.1346

We ran the program for lasso using ADMM (see Problem 16.7) with various
values of p and 7, including p = 1 and p = 10. We observed that the
program converges a lot faster for p = 10 than for p = 1. We plotted
the values of the five components of w(r) for values of 7 from 7 = 0 to
7 = 0.5 by increment of 0.02, and observed that the first, third, and fifth
coordinate drop basically linearly to zero (a value less that 10~%) around
7 = 0.2. See Figures 19.7, 19.8, and 19.9. This behavior is also observed in
Hastie, Tibshirani, and Wainwright [Hastie et al. (2015)] (Section 2.2).
For 7 = 0.02, we have

0.00003
2.01056
w= | —0.00004 | , b=0.00135.
—2.99821
0.00000

This weight vector w is very close to the original vector ww =
[0;2;0; —3; 0] that we used to create y. For large values of 7, the weight
vector is essentially the zero vector. This happens for 7 = 235, where every
component of w is less than 1075,

Another way to find b is to add the term (C/2)b? to the objective func-
tion, for some positive constant C, obtaining the program
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Fig. 19.7 First and second component of w.

Program(lasso4):

1 1
minimize §§T§ + Tll—é + §Cb2
subject to

y—Xw-—>bl,, =¢

w < €
—w < e,
minimizing over &, w, ¢ and b.
This time the Lagrangian is
1 C
L(&w e,b Ay, o) = €76 =€ A+ ATy + b7 — b1\

+e (Tl —ar —a_)+w' (ap —a- — X TN),
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Fig. 19.8 Third and fourth component of w.

so by setting the gradient VL¢ ., ¢ to zero we obtain the equations

E=A
ap —a_=X"X\
ay +oa_ =11,

Cb=1,\

Thus b is also determined, and the dual lasso program is identical to the
first lasso dual (Dlasso2), namely

1
minimize - ||y - Al

subject to

AL =7
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Fig. 19.9 Fifth component of w.

minimizing over \.
Since the equations & = A and

y—Xw—>bl, =¢

hold, from Cb =1, \ we get

1 1 1 1
—1)y— =1 Xw-b—171=—171,
m m m m

that is

which yields
m - _
= 7— (X1 - X™w).
@ ( )
As in the case of ridge regression, a defect of the approach where b is also
penalized is that the solution for b is not invariant under adding a constant

¢ to each value y;
It is interesting to compare the behavior of the methods:

(1) Ridge regression (RR6') (which is equivalent to (RR3)).

(2) Ridge regression (RR3b), with b penalized (by adding the term Kb? to
the objective function).

(3) Least squares applied to [X 1].

(4) (lasso3).
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When n < 2 and K and 7 are small and of the same order of magnitude,
say 0.1 or 0.01, there is no noticeable difference. We ran out programs on
the data set of 200 points generated by the following Matlab program:

X14 = 15*randn(200,1);
wwld = 1;
y14 = X14*wwld + 10*randn(200,1) + 20;

The result is shown in Figure 19.10, with the following colors: Method (1)
in magenta, Method (2) in red, Method (3) in blue, and Method (4) in
cyan. All four lines are identical.
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Fig. 19.10 Comparison of the four methods with K = 7 = 0.1.

In order to see a difference we also ran our programs with K = 1000
and 7 = 10000; see Figure 19.11.

As expected, due to the penalization of b, Method (3) yields a signifi-
cantly lower line (in red), and due to the large value of 7, the line corre-
sponding to lasso (in cyan) has a smaller slope. Method (1) (in magenta)
also has a smaller slope but still does not deviate that much from least
squares (in blue). It is also interesting to experiment on data sets where n
is larger (say 20, 50).
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Fig. 19.11 Comparison of the four methods with K = 1000, 7 = 10000.

19.6 Elastic Net Regression

The lasso method is unsatisfactory when n (the dimension of the data) is
much larger than the number m of data, because it only selects m coordi-
nates and sets the others to values close to zero. It also has problems with
groups of highly correlated variables. A way to overcome this problem is to
add a “ridge-like” term (1/2) Kw " w to the objective function. This way we
obtain a hybrid of lasso and ridge regression called the elastic net method
and defined as follows:

Program (elastic net):

PR LT Lo T T
minimize 5{ &+ §Kw w71, €
subject to

y—Xw—>bl, =¢
w<e

—w <€,

where K > 0 and 7 > 0 are two constants controlling the influence of the
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(?-regularization and the ¢'-regularization.® Observe that as in the case

of ridge regression, minimization is performed over &, w, € and b, but b is
not penalized in the objective function. The objective function is strictly
convex so if an optimal solution exists, then it is unique; the proof is left
as an exercise.

The Lagrangian associated with this optimization problem is

1 1
L(&w,e,b X ap,0) = 2676~ A+ ATy — bl A+ S Kw'w
+e (tly—ap —a)+w (ay —a_ — XN,

so by setting the gradient VL¢ . 5 to zero we obtain the equations

£=\

Kw=—(ay —a_ — X)) (%)
oy +a_—711, =0
1/ =0

We find that (%) determines w. Using these equations, we can find the
dual function but in order to solve the dual using ADMM, since A € R™,
it is more convenient to write A = A, — A_, with A, A_ € R (recall that
ap,a_ € RY). As in the derivation of the dual of ridge regression, we
rescale our variables by defining 84, 8_, p4, u— such that
ar =KBp, am =KB_, Ay =Kpy, Ao =Kpu_.
We also let = i — p— so that A = Kp. Then 1)\ = 0 is equivalent to
Ly — Lype =0,
and since £ = A = K, we have
§=K(py —p-)
T
_==1,.
B+ K
Using (#,,) we can write
w=—Br —B-—X"p) =By +B-+XTpy — X p_
By
B
H+
L

1 Some of the literature denotes K by Ay and 7 by A1, but we prefer not to adopt this
notation since we use A, i etc. to denote Lagrange multipliers.

= (I, I, XT —XT)
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Then we have

(I, I, XT =XT) (=, I, XT —=XT) = (~I, I, XT —XT)

-X
I, -I, - XT XT
~I, I, X' —-XT
-X X XXT —-xXxT
X —X -XXT XXT

If we define the symmetric positive semidefinite 2(n+m) x 2(n+m) matrix

Q as
I, -I, - XT XT
0= -1, I, X' —-XxT
Tl -X X XXT —XxT)’
X - X -XXT xxT7
then
B+
1+ 1 B
W w:§(51ﬂjﬂlﬂi)Q 1
e

As a consequence, using (x,,) and the fact that £ = Kpu, we find that the
dual function is given by

1 1
G By, ) = 56T €= €A+ ATy + w0y —a- = XN + S Kw'w
1 1
= € € K p+ Kply+ Ko (By — - =~ X ") + 5 Kw'w

1 1
=K pn—K*u p+ Ky 'p— Kw'w+ inTw

2
Lo T 1 T T
:—§K,u u—in w+ Ky p.

But

H+

w=In —In ( >a
( )

SO
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so we get
B+ B
G _—EK TaT 4T TP B _KT p-
(ﬂJr,ﬁ,,,qu,,U/,) - (ﬂ-{- ﬂ— Hy H—) q
2 M Moy
f— f—
with

P:Q—‘rK n,n

Om,n Om,n Im Im

Om,n Om,n _Im Im
I, —I, -XT X7
-1, I, X7 -XT

-X X XX"+KI, - XXT-KI,, |’
X —-X —XXT"-KI, XX"+KI,,

and
0r,
0r
q =
-y
Y
The constraints are the equations
-
ﬂ-‘r + /8— = Eln

Lopy —1ype =0,

which correspond to the (n + 1) x 2(n + m) matrix

In In On,m On,m
A= <OT OT 1T _1T>

and the right-hand side

=1
:Kn
o= (F).

Since K > 0, the dual of elastic net is equivalent to
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Program (Dual Elastic Net):

B+ B+
1 _ _
minimize — (31 6L /LI ,uj) P s +q" 8
2 [t T
[ .
subject to
By
A B- =,
M
L

6—0—,5— € Riaﬂ’-‘mp’— € RT
Once £ = K= K(uy — p—) and w are determined by (x,,), we obtain
b using the equation

which as in Section 19.5 yields

where 7 is the mean of y and X7 is the mean of the jth column of X.

We leave it as an easy exercise to show that A has rank n + 1. Then
we can solve the above program using ADMM, and we have done so. This
very similar to what is done in Section 20.3, and hence the details are left
as an exercise.

Observe that when 7 = 0, the elastic net method reduces to ridge re-
gression. As K tends to 0 the elastic net method tends to lasso, but K =0
is not an allowable value since 7/0 is undefined. Anyway, if we get rid of
the constraint

T
=1
ﬁ++ﬂ K n

the corresponding optimization program not does determine w. Experi-
menting with our program we found that convergence becomes very slow
for K < 1072, What we can do if K is small, say K < 1073, is to run lasso.
A nice way to “blend” ridge regression and lasso is to call the elastic net
method with K = C(1 —0) and 7 = C6, where 0 < 6 < 1 and C > 0.
Running the elastic net method on the data set (X14,y14) of Section
19.5 with K = 7 = 0.5 shows absolutely no difference, but the reader should
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conduct more experiments to see how elastic net behaves as K and 7 are
varied (the best way to do this is to use 0 as explained above). Here is an
example involving a data set (X20,420) where X20 is a 200 x 30 matrix
generated as follows:

X20 = randn(50,30);

ww20 = [0; 2; 0; -3; 0; -4; 1; 0; 2; 0; 2; 3; 0; -5; 6; 0; 1;
2; 0; 10; 0; 0; 3; 4; 5; 0; 0; -6; -8; 0];

y20 = X20*ww20 + randn(50,1)*0.1 + 5;

Running our program with K = 0.01 and K = 0.99, and then with
K =0.99 and K = 0.01, we get the following weight vectors (in the left
column is the weight vector corresponding to K = 0.01 and K = 0.99):

0.0254 0.2007
1.9193 2.0055
0.0766 0.0262
-3.0014 -2.8008
0.0512 0.0089
-3.8815 -3.7670
0.9591 0.8552
-0.0086 -0.3243
1.9576 1.9080
-0.0077 -0.1041
1.9881 2.0566
2.9223 2.8346
-0.0046 -0.0832
-4.9989 -4.8332
5.8640 5.4598
-0.0207 -0.2141
0.8285 0.8585
1.9310 1.8559
0.0046 0.0413
9.9232 9.4836
-0.0216 0.0303
0.0453 -0.0193
2.9384 3.0004
4.0525 3.9753
4.8723 4.6530

0.0767 0.1192
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0.0132 -0.0203
-5.9750 -5.7537
-7.9764 -7.7594
-0.0054 0.0528

Generally, the numbers in the left column, which are more “lasso-like,”
have clearer zeros and nonzero values closer to those of the weight vector
ww?20 that was used to create the data set. The value of b corresponding to
the first call is b = 5.1372, and the value of b corresponding to the second
call is b = 5.208.

We have observed that lasso seems to converge much faster than elas-
tic net when K < 1073, For example, running the above data set with
K = 1072 and 7 = 0.999 requires 140520 steps to achieve primal and
dual residuals less than 10~7, but lasso only takes 86 steps to achieve the
same degree of convergence. We observed that the larger K is the faster
is the convergence. This could be attributed to the fact that the matrix
P becomes more “positive definite.” Another factor is that ADMM for
lasso solves an n x n linear system, but ADMM for elastic net solves a
2(n 4+ m) x 2(n + m) linear system. So even though elastic net does not
suffer from some of the undesirable properties of ridge regression and lasso,
it appears to have a slower convergence rate, in fact much slower when K is
small (say K < 1072). It also appears that elastic net may be too expensive
a choice if m is much larger than n. Further investigations are required to
gain a better understanding of the convergence issue.

19.7 Summary

The main concepts and results of this chapter are listed below:

e Ridge regression.
Kernel ridge regression.
Kernel functions.
Lasso regression.

Elastic net regression.

19.8 Problems

Problem 19.1. Check the formula
(X" X+KL)'XT=XT"(XX" +KI,)" ",
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stated in Section 19.1.

Problem 19.2. Implement the ridge regression method described in Sec-
tion 19.1 in Matlab. Also implement ridge regression with intercept and
compare solving Program (DRR3) and Program (RR6’) using centered
data.

Problem 19.3. Implement the ridge regression with intercept method
(RR3b) in Matlab and compare it with solving (RR6’) using centered
data.

Problem 19.4. Verify that (lasso3) is equivalent to (lasso2) applied to
the centered data j =y — 7l and X = X — X.

Problem 19.5. Verify the fomulae obtained for the kernel ridge regression
program (KRR#6').

Problem 19.6. Implement in Matlab and test (lasso3) for various values
of p and 7. Write a program to plot the coordinates of w as a function of
7. Compare the behavior of lasso with ridge regression (RR6'), (RR3b) (b
penalized), and with least squares.

Problem 19.7. Check the details of the derivation of the dual of elastic
net.

Problem 19.8. Write a Matlab program, solving the dual of elastic net;
use inspiration from Section 20.3. Run tests to compare the behavior of
ridge regression, lasso, and elastic net.

Problem 19.9. Prove that if an optimal solution exists for the elastic net
method, then it is unique.

Problem 19.10. Prove that the matrix
I, —1I, -XT X'

-1, I, X7 -XT

-X X XX"+KIL, - XX"-KI,
X -X -XX"-KI, XX"+KI,
is almost positive definite, in the sense that
B+
B
H+

P:

(8L 8L uipl) P =0

1
if and only if 54 = f_ and py = p_, that is, 6 =0 and p = 0.
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Chapter 20

v-SV Regression

20.1 v-SV Regression; Derivation of the Dual

Let {(z1,91), .-, (Tm,Ym)} be a set of observed data usually called a set
of training data, with x; € R™ and y; € R. As in Chapter 19, we form the
m x n matrix X where the row vectors x; are the rows of X. Our goal
is to learn an affine function f of the form f(x) = x"w + b that fits the
set of training data, but does not penalize errors below some given € > 0.
Geometrically, we view the pairs (z;,y;) are points in R"*! and we try to

fit a hyperplane H,,; of equation

(w" —1) <j) +b=w'x—2z+b=0
that best fits the set of points (x;,v;) (where (z,z) € R**1). We seek an
€ > 0 such that most points (z;,y;) are inside the slab (or tube) of width
2e bounded by the hyperplane H,, ;_. of equation

(w" —1) <i>+b—e:wTJE—z+b—€=O

and the hyperplane H,, 4 of equation
(w' —1) (z) +bte=w'z—2+b+e=0.
z

Observe that the hyperplanes Hy p—c, Hyp and Hy, py intersect the z-axis
when z = 0 for the values (b — €,b,b + €). Since € > 0, the hyperplane
H,, p—¢ is below the hyperplane H,, ; which is below the hyperplane H,, p ..
We refer to the lower hyperplane H,, ;_. as the blue margin, to the upper
hyperplane Hy, p+. as the red margin, and to the hyperplane H,, ; as the best
fit hyperplane. Also note that since the term —z appears in the equations

773
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of these hyperplanes, points for which w'z — z + b < 0 are above the
hyperplane H, ;, and points for which w'z — z +b > 0 are below the
hyperplane H,, ; (and similarly for H,, y_ and Hyi.). The region bounded
by the hyperplanes Hy, . and Hyi. (which contains the best fit hyperplane
Hy, ) is called the e-slab.

We also allow errors by allowing the point (x;,y;) to be outside of the
e-slab but in the slab between the hyperplane Hy, ;_._¢, of equation

(w" —1) (i)—i—b—e—&:w—'—x—z—i—b—e—&:O

for some & > 0 (which is below the blue margin hyperplane H,, ;_.) and
the hyperplane Hy, 1 y¢; of equation

(w" —1) (j)+b+e+§§:wai—z+b+e+§;—:0

for some &, > 0 (which is above the red margin hyperplane Hy, pte),
sothat w'a; —y; +b—e€—& <0 and wTwi—yi—}—b—l—e—i—fZ/» > 0, that is,
f@)—yi=w zi+b—y <e+&,

—(f(x) —yi) = —w 'z —b+y <e+ &
Our goal is to minimize € and the errors §; and &. See Figure 20.1. The
trade off between the size of € and the size of the slack variables & and
&l is achieved by using two constants v > 0 and C' > 0. The method of
v-support vector regression, for short v-SV regression, is specified by the
following minimization problem:

Program v-SV Regression:
P 1 ,
minimize jw ' w + C(VE + - ;(@ + 52))
subject to
wizi+b—y; <et+&, >0  i=1,...,m
—w' b4y <e+€, >0 1=1,...,m
€>0,
minimizing over the variables w, b, €, &, and £'. The constraints are affine.
The problem is to minimize e and the errors &;, &) so that the ¢-error is
“squeezed down” to zero as much as possible, in the sense that the right-
hand side of the inequality

m m m
lyi—wlw—b <me+ Y &+ &
=1 =1 =1
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Fig. 20.1 The e-slab around the graph of the best fit affine function f(z) =z w + b.

is as small as possible. As shown by Figure 20.2, the region associated with
the constraint w'x; — 2z + b < € contains the e-slab.

T

Fig. 20.2 The two blue half spaces associated with the hyperplane w' z; — 2z 4+ b =¢e.
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wlx-z +b <-€

Fig. 20.3 The two red half spaces associated with the hyperplane w'z; — z + b = —e.

Similarly, as illustrated by Figure 20.3, the region associated with the
constraint w' x; — 2z +b > —e¢, equivalently —w " x; + 2z —b < €, also contains
the e-slab.

Observe that if we require ¢ = 0, then the problem is equivalent to
minimizing

1
ly — Xw — 01|, + inw.

Thus it appears that the above problem is the version of Program (RR3)
(see Section 19.2) in which the ¢*-norm of y — Xw — bl is replaced by
its /!-norm. This a sort of “dual” of lasso (see Section 19.5) where
(1/2)wTw = (1/2) |w]|3 is replaced by 7 [[w]|,, and |y — Xw — b1|; is re-
placed by |ly — Xw — b1][3.

Proposition 20.1. For any optimal solution, the equations
L& =0, i=1,....m (&gh
hold. If € > 0, then the equations

w'azi+b—yi=e+&
—w' i —btyi=e+§

cannot hold simultaneously.
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Proof. For an optimal solution we have
—e—g<wzi+b—y <e+&.
If w'a; +b—y; >0, then &l = 0 since the inequality
—e—&<wizi+b—y;
is trivially satisfied (because €&/ > 0), and if w'z; +b —y; < 0, then
similarly &; = 0. See Figure 20.4.

wTx-z+b <0

wTx-z+b >0

Fig. 20.4 The two pink open half spaces associated with the hyperplane w | z; —z+b = 0.
Note, & > 0 is outside of the half space w'z; — z+b — e < 0, and &L > 0 is outside of
the half space w ' z; —z+ b+ € > 0.

Observe that the equations
wlzi+b—y; =€+
—w'w; —b+y =e+E
can only hold simultaneously if
et+&=—e-¢,
that is,
2e+& +& =0,
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and since €,&;, &, > 0, this can happen only if e = & = £, = 0, and then
waZ- +b=y;.
In particular, if € > 0, then the equations
wlr+b—y; =€+
—w'x; — bty =e+¢&
cannot hold simultaneously. O

Observe that if ¥ > 1, then an optimal solution of the above program
must yield € = 0. Indeed, if € > 0, we can reduce it by a small amount § > 0
and increase §; + &, by 0 to still satisfy the constraints, but the objective
function changes by the amount —vd + §, which is negative since v > 1, so
€ > 0 is not optimal.

Driving € to zero is not the intended goal, because typically the data is
not noise free so very few pairs (z;, ;) will satisfy the equation w ' z; +b =
yi, and then many pairs (x;,y;) will correspond to an error (§; > 0 or
& > 0). Thus, typically we assume that 0 < v < 1.

To construct the Lagrangian, we assign Lagrange multipliers A\; > 0 to
the constraints w ' x; + b — y; < € + &, Lagrange multipliers j; > 0 to the
constraints —w 'z; — b+ y; < €+ &), Lagrange multipliers a; > 0 to the
constraints & > 0, Lagrange multipliers 3; > 0 to the constraints &, > 0,
and the Lagrange multiplier v > 0 to the constraint e > 0. The Lagrangian
is

1 1 &
L(wab,)\aM>77£,£/,67a76) = iw—rw + C<l/6 + E Z(fl +££)) — Y€
=1

- Z(az‘fi +BED + D Ni(wTmi+b—yi—e— &)
=1 =1

+ > pi(—wTw = b4y —e— &)
i=1
The Lagrangian can also be written as

1 m
L(wa b, )‘a 7Yy 575/, €, Q, B) = iw—rw + wT (Z()‘Z - Ml)xl>

i=1

+€<CV—7—§;(M+M)> +Z§i <Z—)\i—%‘>

=1

+> ¢ (S; — i — Bi) +b (Z(Ai - m)) = (i — i)y
i=1

i=1 i=1
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To find the dual function G(A, u,7, @, ), we minimize L(w,b, A, y,
v,&,& e, a, B) with respect to the primal variables w,e,b,& and £. Ob-
serve that the Lagrangian is convex, and since (w,¢,&,£,b) € R™ x R x
R™ x R™ x R, a convex open set, by Theorem 4.5, the Lagrangian has a
minimum iff VL, ¢ ¢ ¢ = 0, so we compute the gradient VL ¢p¢e. We

obtain
w370 (i — i)
Cv—~y =" (N + 1)
Vigepee = > iy (N = i) ;
C_N—o
s—n=p
where
C C C c
(—)\—04> =——A -, and <—M—5> =——pi— b
m ,om m , om
Consequently, if we set VL, ¢ pe,er = 0, we obtain the equations
w:Z(Mz’ — Az =X (u—N), (*w)
i=1

Cv—y—=) Ni+p)=0

i=1
Z(Ai_ﬂz)zo

i=1

gf)\fa: , gfufﬂ:O.
m m

Substituting the above equations in the second expression for the La-
grangian, we find that the dual function G is independent of the variables
v,a, B and is given by

m m

GO =3 D (= p) Oy — el a5 = SO =

ij=1 i=1

D Ni=) =0

=1 i=1
SA+> mity=Cr
=1 =1

C C
)\+Oé:*, ,u+ﬁ:7a
m m

if
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and —oo otherwise.

The dual program is obtained by maximizing G(a, pt) or equivalently by
minimizing —G (o, ), over a, pu € R, Taking into account the fact that
o, >0 and v > 0, we obtain the following dual program:

Dual Program for v-SV Regression:

m

1 m
minimize 5 Z (N — i) (N — )y + Zl()\l — Wi)Yi

ij=1

subject to
m m
S-S
i=1 i=1
m m
)IEES PEges
i=1 i=1

m m
minimizing over o and p.

Solving the dual program (for example, using ADMM, see Section 20.3)
does not determine b, and for this we use the KKT conditions. The KKT
conditions (for the primal program) are

)\i(wai+b—yi—e—£i) =0, 21=1,...,m
pi(—w 'z —b+y; —e—€)=0, i=1,...,m
ve=10
;& =0, 1=1,...,m
Bi&i =0, i=1,...,m.
If € > 0, since the equations
wlz+b—y =€+
—w'w; —b+y =e+E
cannot hold simultaneously, we must have
Aip; =0, i=1,...,m. (M)

From the equations
C C
Aitoi=—, pwi+fi=—, ®&=0, Bi&=0,
m m

we get the equations

m



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 781

20.1. v-SV Regression; Derivation of the Dual 781

Suppose we have optimal solution with e > 0. Using the above equations
and the fact that \;u; = 0 we obtain the following classification of the points
x; in terms of A and p.

(1) 0< X\ < C/m. By (%), & = 0, so the equation w ' x; +b—y; = € holds
and z; is on the blue margin hyperplane H,, ;_.. See Figure 20.5.

(2) 0 < pi < C/m. By (x), & = 0, so the equation —w ' x; —b+y; = €
holds and z; is on the red margin hyperplane H,, yy.. See Figure 20.5.

(3) \i =C/m. By (M), u; =0, and by (x), & = 0. Thus we have

wlzi+b—y =e+&
—w'z; — b4y <e.

The second inequality is equivalent to —e < w'x; + b — y;, and since
€ > 0 and & > 0 it is trivially satisfied. If £ = 0, then z; is on the
blue margin H,, p_., else x; is an error and it lies in the open half-space
bounded by the blue margin H, ;_. and not containing the best fit
hyperplane H,,; (it is outside of the e-slab). See Figure 20.5.

(4) p; =C/m. By (Aw), A; =0, and by (x), & = 0. Thus we have

wlai+b—y <e
—w'x; — b4y =e+E.

The second equation is equivalent to w ' z; +b—1y; = —e — &/, and since
e > 0 and & > 0, the first inequality it is trivially satisfied. If & =0,
then z; is on the red margin H,, ., €else z; is an error and it lies in the
open half-space bounded by the red margin H,, ;_. and not containing
the best fit hyperplane H,,; (it is outside of the e-slab). See Figure

20.5.
(5) Ai =0and u; =0. By (%), §& =0 and & = 0, so we have

wal-erfyige
—w'z; —b+y; <e,
that is
—eSwTaci—i—b—yige.

If wz;+b—vy; = €, then z; is on the blue margin, and if w ' z;+b—1y; =
—e¢, then x; is on the red margin. If —e < w'z; + b —y; < €, then z;
is strictly inside of the e-slab (bounded by the blue margin and the red
margin). See Figure 20.6.
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wix-z+b+e=0

0<N<C/m

wix-z+b-e=0

wTx-z+b-€=0

Case (1)

Case (2)

Aj=C/m wix-z+b+e=0

§=0

wix-z+b+e=0

wTx-z+b-e=0
wTx-z+b-e=0
Case (3)

Hj=C/m
=0

Hy= Cm .y

wTx-z+b+e=0 !
£i>0

wix-z+b+e=0

Case (4)
wTx-z+b-e=0

wTx-z+b-e=0

Fig. 20.5 Classifying z; in terms of nonzero A and p.

The above classification shows that the point x; is an error iff A; = C'/m
and & > 0 or or p; = C/m and & > 0.

As in the case of SVM (see Section 14.6) we define support vectors as
follows.

Definition 20.1. A vector z; such that either w'a; +b—1y; = € (which
implies & = 0) or —w'2; — b+ y; = ¢ (which implies & = 0) is called a
support vector. Support vectors x; such that 0 < \; < C//m and support
vectors x; such that 0 < p; < C/m are support vectors of type 1. Sup-
port vectors of type 1 play a special role so we denote the sets of indices
associated with them by

Ly={ie{l,...,m}|0< X <C/m}
I,={je{l,....m} |0 < p; <C/m}.

We denote their cardinalities by numsvl; = |I| and numsvm; = |I,|.
Support vectors x; such that A\; = C'//m and support vectors z; such that
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wix-z+b >

wTx-z+b <€

Fig. 20.6 The closed e- tube associated with zero multiplier classification, namely A\; = 0
and p; = 0.

w; = C/m are support vectors of type 2. Support vectors for which \; =
w; = 0 are called exceptional support vectors.

The following definition also gives a useful classification criterion.

Definition 20.2. A point z; such that either \; = C/m or u; = C/m
is said to fail the margin. The sets of indices associated with the vectors
failing the margin are denoted by

K,\z{ie{l,...,m}|)\i:C/m}
Ku={j € {L,...,m} | u = C/m}.

We denote their cardinalities by py = |K| and ¢5 = |K,|.

Vectors u; such that A\; > 0 and vectors v; such that u; > 0 are said to
have margin at most €. A point x; such that either A; > 0 or u; > 0 is said
to have margin at most e. The sets of indices associated with these vectors
are denoted by

Doso={ie{l,...,m} [\ >0}
Iiso={je{l,...,m} | u; > 0}.
We denote their cardinalities by pn, = |Ix>o| and ¢m = [Iu>0]-
Points that fail the margin and are not on the boundary of the e-slab

lie outside the closed e-slab, so they are errors, also called outliers; they
correspond to & > 0 or & > 0.
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Observe that we have the equations I\UK = Iy~ and I, UK, = I,,~0,
and the inequalities py < pr, and ¢ < gp,.

We also have the following results showing that p¢, ¢f, Py, and gy, have
a direct influence on the choice of v.

Proposition 20.2.

(1) Let p; be the number of points z; such that \; = C/m, and let q; be the
number of points x; such that pu; = C/m. We have py,qr < (mv)/2.

(2) Let py, be the number of points x; such that \; > 0, and let q,, be the
number of points x; such that p; > 0. We have D, gm > (mv)/2.

(8) If py > 1 or gy > 1, thenv > 2/m.

Proof. (1) Recall that for an optimal solution with w # 0 and € > 0 we
have v = 0, so we have the equations

i)‘i = % and i,uj = %
i=1 j=1

If there are p; points such that A\; = C'/m, then

Cr & C
I . > —
2 X:Z_:l)\z_pfm7

S0
<™
P> 9
A similar reasoning applies if there are g¢ points such that y; = C'//m, and
we get
qy < @
- 2

(2) If hiso={ie{1,...,m} | \; >0} and p,, = [Ix>0]|, then

and since A; < C'/m, we have
Cv C
= >\z < m ™
9 , Z >p m
i€Ix>0

which yields
vm
DPm 2 5
A similar reasoning applies if p; > 0.

(3) This follows immediately from (1). O
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Proposition 20.2 yields bounds on v, namely

X 2y 245 < v < min 2m 24m
m’' m |~ = m ' m |’

with pr < pm, ¢ < @m, Pr +qr < m and p,, + ¢, <m. Also, pf =gy =0
means that the e-slab is wide enough so that there are no errors (no points
strictly outside the slab).

Observe that a small value of v keeps p; and ¢y small, which is achieved
if the e-slab is wide. A large value of v allows p,,, and ¢, to be fairly large,
which is achieved if the e-slab is narrow. Thus the smaller v is, the wider
the e-slab is, and the larger v is, the narrower the e-slab is.

20.2 Existence of Support Vectors

We now consider the issue of the existence of support vectors. We will show
that in the generic case, for any optimal solution for which € > 0, there is
some support vector on the blue margin and some support vector on the
red margin. Here generic means that there is an optimal solution for some
v<(m—1)/m.

If the data set (X,y) is well fit by some affine function f(z) = w'x +b,
in the sense that for many pairs (z;,y;) we have y; = w'z; + b and the
0 -error

Z lw'z; +b—
i=1

is small, then an optimal solution may have ¢ = 0. Geometrically, many
points (x;,y;) belong to the hyperplane H,, ;. The situation in which ¢ = 0
corresponds to minimizing the #!-error with a quadratic penalization of w.
This is a sort of dual of lasso. The fact that the affine function f(z) =
w'x + b fits perfectly many points corresponds to the fact that an ¢'-
minimization tends to encourage sparsity. In this case, if C' is chosen too
small, it is possible that all points are errors (although “small”) and there
are no support vectors. But if C' is large enough, the solution will be sparse
and there will be many support vectors on the hyperplane Hy, 4.

Let Ex = {i € {1,...,m} | & >0}, B, = {j € {1,...,m} | §; > O},
psy = |E\| and g5y = |E,|. Obviously, Ey and E,, are disjoint.

Given any real numbers u, v, z,y, if max{u,v} < min{z,y}, then u < x
and v < y. This is because u,v < max{u,v} < min{z,y} < z,y.

Proposition 20.3. If v < (m —1)/m, then py < [m/2] and qy < |[m/2].
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Proof. By Proposition 20.2, max{2p;/m,2q;/m} < v. If m is even, say
m = 2k, then
2pp/m =2p;/(2k) <v < (m—1)/m=(2k—1)/2k,
so 2py < 2k — 1, which implies py < k = [m/2]. A similar argument shows
that ¢r < k= [m/2].
If m is odd, say m = 2k + 1, then
2pp/m =2ps/(2k+1) <v < (m—1)/m=2k/(2k+1),

so 2py < 2k, which implies py < k = |m/2]|. A similar argument shows
that ¢y < k= |m/2]. O

Since psy < py and g5y < gy, we also have psy < |m/2] and ¢s5 <
|m/2]. This implies that {1,...,m} — (E\x U E,) contains at least two
elements and there are constraints corresponding to at least two i ¢ (Ey U
E,) (in which case & = &, = 0), of the form

w'azi+b—y; <e i¢ (ExUE,)
—w'm —b+y <e i ¢ (ExUE),).
Ifwla; +b—y; =efor somei ¢ (E\xUE,) and —w'z; —b+y; = € for
some j ¢ (E\U E,) with i # j, then we have a blue support vector and a
red support vector. Otherwise, we show how to modify b and € to obtain
an optimal solution with a blue support vector and a red support vector.

Proposition 20.4. For every optimal solution (w,b, €, &, &) with w # 0
and € > 0, if
v<(m-—1)/m

and if either no x; is a blue support vector or no x; is a red support vector,
then there is another optimal solution (for the same w) with some iy such
that £, = 0 and w' x;, +b—y;, = €, and there is some jo such that 5;0 =0
and —wajO —b+y;, = €; in other words, some x;, is a blue support vector
and some x;, is a red support vector (with ig # jo). If all points (z;,y;)
that are not errors lie on one of the margin hyperplanes, then there is an
optimal solution for which € = 0.

Proof. By Proposition 20.3 if v < (m — 1)/m, then py < |m/2] and
g5 < |m/2], so the following constraints hold:

w' i+ b—yi=e+& & >0 i € By
—mej—b—l—yj:e—i—f; §}>0 JjEeE,
w'r; +b—yi <e i¢ (ExUE,)

—w'la; —b+y <e i ¢ (ExUE,),
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where [{1,...,m} — (E\UE,)| > 2.

If our optimal solution does not have a blue support vector and a red
support vector, then either w'z; +b—y; < € for all i ¢ (E\ U E,) or
—w'x; —b+y; <eforali¢ (E\UE,).

Case 1. We have

w'm+b—y <e i¢ (ExUE,)
—w' 'z — b4y <e i ¢ (ExUE),).

There are two subcases.

Case la. Assume that there is some j ¢ (E\ U E,,) such that —w ' z; —
b+1y; = e. Our strategy is to decrease € and increase b by a small amount 6
in such a way that some inequality w " 2;+b—1; < € becomes an equation for
some i ¢ (E\U E,). Geometrically, this amounts to raising the separating
hyperplane H,,; and decreasing the width of the slab, keeping the red
margin hyperplane unchanged. See Figure 20.7.

o biue support vector ¢

Fig. 20.7 In this illustration points within the e-tube are denoted by open circles. In
the original, upper left configuration, there is no blue support vector. By raising the
pink separating hyperplane and decreasing the width of the slab, we end up with a blue
support vector.
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The inequalities imply that
fengzier—yi < €.
Let us pick € such that
0= (1/2)min{e —w'z; —b+y; |i¢ (ExUE,)}.
Our hypotheses imply that § > 0, and we have 6 < ¢, because (1/2)(e —
w'x; —b+y;) < eis equivalent to e —w " x; —b+1y; < 2¢ which is equivalent

to —w'x; — b+ y; < €, which holds for all i ¢ (Ey U E,,) by hypothesis.
We can write

wT:z:i—s—b—i—H—yi:e—G—i—fi—&—QH & >0 1 € By

—wla;— (b+0)+y;=e—0+& §>0 jeE,
wTaci+b+t9—yi<e—9 i¢ (ExUE,)
—w i~ (b+0)+yi<e—0 i ¢ (ExUE,).

By hypothesis
—w'z; —(b+0)+y; =e—0 forsomej¢ (E\UE,)
and by the choice of 0,
w'zi+b+0—y; =c—0 for some i ¢ (ExUE),).

The value of C' > 0 is irrelevant in the following argument so we may
assume that C' = 1. The new value of the objective function is

w(@):;w—rw-ky(e—ﬂ)—&-;(Z (& +20) + Zf)

<IN JjEE,

1 2psf
i Tw4ve+ — (Z@—&-Zf) ( m)@.

1€ By JjEE,

By Proposition 20.2 we have

2 2
max{pf,qf}gy
m m

and psr < py and gs5 < gy, which implies that

v— st >0, (%1)
m
and so w(f) < w(0). If inequality (*1) is strict, then this contradicts the
optimality of the original solution. Therefore, v = 2p,;/m, w(f) = w(0)
and (w,b+ 6, —0,& +20,¢’) is an optimal solution such that

w'x; +b+0—yi=e—0
—w'x; —(b+0)+y; =e—0
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for some 4,5 ¢ (Ex U E),) with i # j.

Observe that the exceptional case in which § = € may arise. In this case
all points (x;,y;) that are not errors (strictly outside the e-slab) are on the
red margin hyperplane. This case can only arise if v = 2ps/m.

Case 1b. We have —w " x; —b+y; < e for all i ¢ (E\UE,,). Our strategy
is to decrease € and increase the errors by a small 6 in such a way that some
inequality becomes an equation for some ¢ ¢ (EyUE,,). Geometrically, this
corresponds to decreasing the width of the slab, keeping the separating
hyperplane unchanged. See Figures 20.8 and 20.9. Then we are reduced to
Case 1a or Case 2a.

i no red support vector

1o blue support vector

Fig. 20.8 In this illustration points within the e-tube are denoted by open circles. In
the original, upper left configuration, there is no blue support vector and no red support
vector. By decreasing the width of the slab, we end up with a red support vector and
reduce to Case la.

We have
wai—Fb—y,»:e—i—& & >0 1€ FE)
—mej—b—l—yj:e—i—f; §}>0 JjEeE,
wai+b—y,-<e i%(E)\UEH)
T

—w x;—b+y; <e€ ’L'¢(E)\UEH).
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no red support vector

§+6

o red support vector

Fig. 20.9 In this illustration points within e-tube are denoted by open circles. In the
original, upper left configuration, there is no blue support vector and no red support
vector. By decreasing the width of the slab, we end up with a blue support vector and
reduce to Case 2a.

Let us pick 6 such that
0 =min{e — (w'z; +b—y;), e+w v, +b—y; |i ¢ (ExUE,)},
Our hypotheses imply that 0 < 8 < e. We can write

wzi+b—yi=e—0+&+0 &>0 i€ Ey
*wTIj*b+yj:€*0+£;’+0 £ >0 jekE,

w'wi+b—y; <e—0 i¢ (ExUE,)
—w 'z —b+y; <e—0 i ¢ (BExUE,),

and by the choice of 8, either
w'x;+b—y; =e—0 forsomei¢ (E\UE,)
or

~w'x; —b+y; =e—0 forsomei¢ (E\UE,).
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The new value of the objective function is

w(G):;wTw—i-u(e—H)—i—;(Z(fi-ﬁ-e)—l- Z(£;+0))

i€ EN JEE,
1 T 1 / Psf + qsf
= 5w w+1/e+m(‘z &+ Z Ej) - (1/— e 6.
SN JjEE,
Since max{2ps/m,2qs/m} < v implies that (ps +¢r)/m < v and ps¢ < py,
gsf < qy, we have

v — péf + q::f Z O’ (*2)
m

and so w(f) < w(0). If inequality (x2) is strict, then this contradicts the
optimality of the original solution. Therefore, v = (psf + gsf)/m, w() =
w(0) and (w,b,e — 0, +0,&" + 0) is an optimal solution such that either
w'z;+b—y; =e—0 forsomei¢ (E\UE,)
or
—w'z; —b+y; =e—0 forsomeig¢ (EyUE,).
We are now reduced to Case Ia or or Case 2a.
Case 2. We have
wia; +b—y <e i ¢ (ExUE,)
—w'z, —b4y; <e i¢ (ExUE,).
Again there are two subcases.
Case 2a. Assume that there is some i ¢ (EyUE,,) such that w'z; +b—
y; = €. Our strategy is to decrease € and decrease b by a small amount 6 in
such a way that some inequality —waj — b+ y; < € becomes an equation
for some j ¢ (Ex U E,). Geometrically, this amounts to lowering the
separating hyperplane H,,; and decreasing the width of the slab, keeping
the blue margin hyperplane unchanged. See Figure 20.10.
The inequalities imply that
—e<w' z;+b—y <e
Let us pick 0 such that
0= (1/2)min{e — (—w @, —b+y;) | i ¢ (ExUE,)}

Our hypotheses imply that § > 0, and we have 6 < ¢, because (1/2)(e —
(—w'x; —b+1y)) < eis equivalent to € — (—w ' x; — b+ 1) < 2¢ which
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no red support vector

Py
oo O
o

blue support vector

Fig. 20.10 In this illustration points within the e-tube are denoted by open circles. In
the original, upper left configuration, there is no red support vector. By lowering the
pink separating hyperplane and decreasing the width of the slab, we end up with a red
support vector.

is equivalent to w'z; +b — y; < € which holds for all i ¢ (E\ U E,) by
hypothesis.
We can write

w i +b—0—yi=e—0+& >0 i€,
—wla;—(b—0)+y;=€e—0+&+20 & >0 jeE,

w'x +b—0—y; <e—0 i ¢ (ExUE,)
—w' i —(b—0)+y; <e—0 i ¢ (ExUE),).

By hypothesis
w 'z +(b—0)—yi=e—0 forsomei¢ (ExUE,),
and by the choice of 6,

—w'x; —(b—0)+y; =e—0 forsome j¢ (E\UE,).
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The new value of the objective function is

w(9):;wTw+V(e—9>+;(Z£i+ Z(§;+29))

1€E JEE,

1 1 / 295
2wTw+1/e—|—m(Z§i+ Z §j) —(V—Zlf)ﬁ.

1€E) JjEE,

The rest of the proof is similar except that 2p,r/m is replaced by 2¢ss/m.
Observe that the exceptional case in which § = € may arise. In this case
all points (x;,y;) that are not errors (strictly outside the e-slab) are on the
blue margin hyperplane. This case can only arise if v = 2¢,y/m.

Case 2b. We have w' x; +b—y; < e for alli ¢ (E\UE),). Since we also
assumed that —w ' @; —b+y; < efor alli ¢ (E\UE,), Case 2b is identical
to Case 1b and we are done. O

The proof of Proposition 20.4 reveals that there are three critical values

for v:
2psf 2qsf Psf + qsf

) )

m m m

These values can be avoided by requiring the strict inequality

20sr 2qq¢
max{m7w} -
m m

Then the following corollary holds.

Theorem 20.1. For every optimal solution (w,b, €, & &) with w # 0 and
€>0, if

2psy 2¢s
max{p‘f,q‘f} <v<(m-—1)/m,
m’ m

then some x;, is a blue support vector and some x;, s a red support vector

(wz'th io ?é jo)

Proof. We proceed by contradiction. Suppose that for every optimal so-
lution with w # 0 and € > 0 no z; is a blue support vector or no z; is a
red support vector. Since v < (m — 1)/m, Proposition 20.4 holds, so there
is another optimal solution. But since the critical values of v are avoided,
the proof of Proposition 20.4 shows that the value of the objective function
for this new optimal solution is strictly smaller than the original optimal
value, a contradiction. O
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Remark: If an optimal solution has € = 0, then depending on the value of
C' there may not be any support vectors, or many.

If the primal has an optimal solution with w # 0 and € > 0, then by
(*w) and since

zm:)\l—iﬂlzo and )\7,/1'1:07
=1 i=1

there is ig such that A;; > 0 and some jy # ip such that p;, > 0.

Under the mild hypothesis called the Standard Margin Hypothesis
that there is some iy such that 0 < «;, < % and there is some jo # ig
such that 0 < pj, < %, in other words there is a blue support vector of
type 1 and there is a red support vector of type 1, then by (x) we have

&ip = 0, = 0, and we have the two equations
waio +b—yi, =¢
—w' zj — b4y, = e

so b and € can be computed. In particular,

1
b= 5 (yio + Yjo — wT(mio +xj0))

1 T
€= 5 (yjo — Yip T W (mio - xjo)) :
The function f(x) = w 'z + b (often called regression estimate) is given
by

m
f(z) = Z(Mz‘ — Nz +b.
i=1
In practice, due to numerical inaccurracy, it is complicated to write
a computer program that will select two distinct indices as above. It is
preferable to compute the list I of indices i such that 0 < A; < C//m and
the list I,, of indices j such that 0 < p; < C'/m. Then it is easy to see that

b= (( > y¢0>/|f,\ + (Z yjo)/llﬂl)/2

i0E€1N joGI“,

—«J(( 3 xio)/w + (Z xj0>/|fu|)/2

i0€1N Jjo€1l,

= ((Z o)) = () 0)

Jo€l, i0E€1N

(X w0 )= (X o)) 2

i0€ly jOEIu
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These formulae are numerically a lot more stable, but we still have to
be cautious to set suitable tolerance factors to decide whether \; > 0 and
Ai < C/m (and similarly for ;).

The following result gives sufficient conditions for expressing € in terms
of a single support vector.

Proposition 20.5. For every optimal solution (w,b, e, &,&) with w # 0
and € > 0, if

2psp 2¢s
max{pf,qf} <v<(m-—1)/m,
m’ m

then € and b are determined from a solution (\, ) of the dual in terms of
a single support vector.

Proof sketch. If we express that the duality gap is zero we obtain the
following equation expressing € in terms of b:

(-5 e () )
—SLQ"T(Z T ) xj)— vt Y yj+(pf—qf)b)-

/,:GK)\ jEKu ieK}\ jeKu
The proof is very similar to the proof of the corresponding formula in Sec-
tion 20.5. By Theorem 20.1, there is some suppor vector x;, say
w'xiy +b—y, =€ or —U)T:L‘jo —b+y;, =€
Then we find an equation expressing € in terms of A, 4 and w, provided
that v # 2py/m and v # 2qf/m. The proof is analogous to the proof of
Proposition 18.3 and is left as an exercise. O

20.3 Solving v-Regression Using ADMM

The quadratic functional F'(A, u) occurring in the dual program given by

1 m m
F(\p) = 3 Z (i = ) (N = )] + Z()\i — Wi)Yi
ij=1 i=1

is not of the form % (/\—r ,uT) P (:) +q7 (2), but it can be converted in

such a form using a trick. First, if we let K be the m x m symmetric matrix
K=XX" = (2] z;), then we have

1
Fwp) =5 = KA =) +y A=y p.
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Consequently, if we define the 2m x 2m symmetric matrix P by
p_ XXT —xx™ (K -K
S \-XXT XxT ) \-K K

and the 2m x 1 matrix ¢ by

it is easy to check that

F(\p) = % (AT uh)P (2) +q" (2)

1 1
= 5ATKA + iuTKp AT Ku+y A=y (%)

Since

A

% (AT uT)P (u) = %(AT — KA = p)

and the matrix K = X X T is symmetric positive semidefinite, the matrix P
is also symmetric positive semidefinite. Thus we are in a position to apply
ADMM since the constraints are

m m

D A=Y ni=0

=1 =1
Z)\H-Z/M-F’Y:CV
i=1 i=1

C C
)‘+a:77 N+B:77
m m

namely affine. We need to check that the (2m + 2) x (4m + 1) matrix A
corresponding to this system has rank 2m + 2. Let us clarify this point.
The matrix A corresponding to the above equations is
1. 17 0l ol o
. o1 ool o) 1
Im Om,m Im Om,m Om

Om,m Im Om,m Im Om
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For example, for m = 3 we have the 8 x 13 matrix

111-1-1-10000000

1111 1 10000001
1000 0 01000000
0100 0 00100000
0010 0 00010000
0001 0 00001000
0000 1 00000100
0000 0O 10000010

We leave it as an exercise to show that A has rank 2m + 2. Recall that

(%)

and we also define the vector ¢ (of dimension 2m + 2) as

0

%12771
The constraints are given by the system of affine equations Az = ¢, where
T
= ()\T uTal g7 ’y) _
Since there are 4m + 1 Lagrange multipliers (A, u, o, 8,7), we need to
pad the 2m x 2m matrix P with zeros to make it into a (dm+1) x (dm+1)

matrix
p_ P O2m, 2m+1
= )
02m+1,2m O2m+1,2m+1

Similarly, we pad g with zeros to make it a vector g, of dimension 4m + 1,

_ q
fa (O2m+ 1 ) ’

In order to solve our dual program, we apply ADMM to the quadractic
functional

1
§xTPax + ana:,
subject to the constraints

Ar=c¢, x>0,

with P,,qq, A, b and x, as above.



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 798

798 v-SV Regression

Since for an optimal solution with € > 0 we must have v = 0 (from the
KKT conditions), we can solve the dual problem with the following set of
constraints only involving the Lagrange multipliers (X, u, a, 8),

S-S0
=1 =1

m m

S+ pi=Cv

=1 =1
rta=S prp=S
m m

which corresponds to the (2m + 2) x 4m A, given by
1T 71T OT OT
1T ]_T OT OT
AQ _ m m m m

Im Om,m Im Om,m

Om,m Im Om,m ]m
We leave it as an exercise to show that A, has rank 2m + 2. We define
the vector co (of dimension 2m + 2) as

0
o =c= Cv
%12771
Since there are 4m Lagrange multipliers (A, i, «, 8), we need to pad the
2m x 2m matrix P with zeros to make it into a 4m x 4m matrix

P 02m 2m
Py, = ’ .
2 (OZm,2m 02m,2m>

Similarly, we pad ¢ with zeros to make it a vector go, of dimension 4m,

_ q
42a = <02m) .

We implemented the above methods in Matlab; see Appendix B, Section
B.4. Choosing C' = m is typically a good choice because then the values
of A\; and p; are not too small (C/m = 1). If C is chosen too small, we
found that numerical instability increases drastically and very poor results
are obtained. Increasing C' tends to encourage sparsity.

We ran our Matlab implementation of the above method on the set of
50 points generated at random by the program shown below with C' = 50
and various values of v starting with v = 0.03:
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X13 = 15%randn(50,1);
wwl3 = 1;
y13 = X13*wwl3 + 10*randn(50,1) + 20;
r,~,~,~,~,”,”,7,wl] = runuregb(rho,0.03,X13,y13,50)

Figure 20.11 shows the result of running the program with v = 0.03.
We have py = 0,9y = 0,p,,, = 2 and g,,, = 1. There are 47 points strictly
inside the slab. The slab is large enough to contain all the data points, so

none of them is considered an error.

80

60 -

40

20

20 -

40 I I I I I I I I I ]
-40 -30 -20 -10 0 10 20 30 40 50 60

Fig. 20.11 Running v-SV regression on a set of 50 points; v = 0.03.

The next value of v is v = 0.21, see Figure 20.12. We have py =4, qy =
5,pm = 6 and ¢, = 6. There are 38 points strictly inside the slab.

The next value of v is v = 0.5, see Figure 20.13. We have py = 12,qy =
12, p,, = 13 and g,,, = 14. There are 23 points strictly inside the slab.

The next value of v is v = 0.7, see Figure 20.14. We have py = 17, ¢y =
17, p,, = 18 and g,,, = 19. There are 13 points strictly inside the slab.

The last value of v is v = 0.97, see Figure 20.15. We have py = 23,¢y =
24, py, = 25 and ¢, = 25. There are 0 points strictly inside the slab. The
slab is so narrow that it does not contain any of the points z; in it.
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Fig. 20.12 Running v-SV regression on a set of 50 points; v = 0.21.
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Fig. 20.13 Running v-SV regression on a set of 50 points; v = 0.5.
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Fig. 20.14 Running v-SV regression on a set of 50 points; v = 0.7.
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Fig. 20.15 Running v-SV regression on a set of 50 points; v = 0.97.
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Running the program with any value v > 0.97 yields € = 0.

20.4 Kernel v-SV Regression

Since the formulae for w, b, and f(z),

only involve inner products among the data points x; and z, and since the
objective function —G(a, p) of the dual program also only involves inner
products among the data points x;, we can kernelize the v-SV regression
method.

As in the previous section, we assume that our data points {z1, ...,z }
belong to a set X’ and we pretend that we have feature space (F, (—, —)) and
a feature embedding map ¢: X — F, but we only have access to the kernel
function k(z;, z;) = (p(x:), ¢(z;)). We wish to perform v-SV regression in
the feature space F on the data set {(¢(z1),v1),-- -, (©(Tm),Ym)}. Going
over the previous computation, we see that the primal program is given by

Program kernel v-SV Regression:

1 1 &
minimize §<w, w) + C’<1/e +— Zl(fz + 5;))
subject to
(wyp(x))y+b—y; <e+&, & >0 i=1,....m
—(w,w(ml)>—b+y1§e+fg, 5;20 Z:Lam
€e>0,

minimizing over the variables w, €, b, £, and £'.
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The Lagrangian is given by

L(U}, b7 )\7 7, 5? Elv €, @, ﬂ) = %<wa ’LU> + <’U), Z()‘Z - Ml)@(x’b)>

=1

+e<cu—y—§;()\i+m)> +§:gi (2—/\1-—%—)

~.

i=1
+) & (SL — Hi — ﬁz‘) +b (Z(/\i - M)) = (i — i)y
=1 =1 =1

Setting the gradient VL, ¢ ¢,¢ of the Lagrangian to zero, we also ob-
tain the equations

m m =
ZM - Zui =0
=1 =1
SN+ pi+y=Cr
=1 =1

C C
>‘+a:77 u-}-ﬁ:f
m m

Using the above equations, we find that the dual function G is indepen-
dent of the variables (3, «, 3, and we obtain the following dual program:
Dual Program kernel v-SV Regression:

m m
1

minimize 5 Z (Ni — i) (Nj — pj)R(mi, ) + Z()‘i — 1i)Yi

i,j=1 i=1

subject to

D Ni=) =0
i=1 i=1

m m

Z)\, + ZM,‘, S Cv
i=1 i=1

C
0§A7S7, OS,U”L’Sia izlv"':ma
m m

minimizing over o and p.
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Everything we said before also applies to the kernel v-SV regression

method, except that z; is replaced by ¢(x;) and that the inner product
(—, —) must be used, and we have the formulae

3

w =

§= A)elw:)

(1
% ( Yio + Yjo — Z( P — i) (k(24, w4, ) —|—/<;(xl,xjo))>
=1

T) = Z(Mz’ — \i)k(zi, ) + D,

expressions that only involve .

o
Il

Remark: There is a variant of v-SV regression obtained by setting v = 0
and holding € > 0 fixed. This method is called €-SV regression or (linear)
e-insensitive SV regression. The corresponding optimization program is

Program ¢-SV Regression:

RS N O :
minimize §w w + o ;(fz + &)
subject to

wizi+b—y <e+&, &>0 i=1,....m

minimizing over the variables w, b, £, and &', holding € fixed.
It is easy to see that the dual program is

Dual Program e-SV Regression:

m

L 1 T - -
minimize 3 i;}& — /Ji)(/\j — ,Uzj)l'q‘, xj+ Z;(/\z i )Yi + € Z i+ i)
subject to

IR
C C

0<N<—, 0 <—, i=1,...,m,
m m

minimizing over o and p.

Fundamentals of Optimization Theory
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The constraint

zm:)\i + ilh‘ <Cv
i=1 i=1

is gone but the extra term e ., (A; + ;) has been added to the dual
function, to prevent A\; and u; from blowing up.

There is an obvious kernelized version of e-SV regression. It is easy
to show that v-SV regression subsumes e-SV regression, in the sense that
if v-SV regression succeeds and yields w,b,e > 0, then SV regression
with the same C' and the same value of € also succeeds and returns the
same pair (w,b). For more details on these methods, see Scholkopf, Smola,
Williamson, and Bartlett [Schélkopf et al. (2000)].

Remark: The linear penalty function Y ;" | (& +¢&!) can be replaced by the
quadratic penalty function > ;" (€2 +£/?); see Shawe—Taylor and Christian-
ini [Shawe-Taylor and Cristianini (2004)] (Chapter 7). In this case, it is easy
to see that for an optimal solution we must have & > 0 and & > 0, so we
may omit the constraints & > 0 and & > 0. We must also have v = 0
so we omit the variable v as well. It can be shown that & = (m/2C)\
and ¢ = (m/2C)u. This problem is very similar to the Soft Margin SVM
(SVM,4) discussed in Section 18.13.

20.5 v-Regression Version 2; Penalizing b

Yet another variant of v-SV regression is to add the term %bZ to the ob-
jective function. We will see that solving the dual not only determines w
but also b and e (provided a mild condition on v). We wish to solve the
following program:

Program v-SV Regression Version 2

1 1 m
minimize iw—rw + 51)2 +C (z/e + ;(fz + 5;))
subject to
wla,+b—y; <e+&, &>0 1=1,...,m
_wal_b_FylSG—i_f;? 57{20 Zzlaama
minimizing over the variables w,b,¢,&, and ¢. The constraint ¢ > 0 is
omitted since the problem has no solution if € < 0.
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We leave it as an exercise to show that the new Lagrangian is

L(w, b, \ 1, €,€ 6,0, B) = 1w Tw+w’ (Z(&-Mw)

i=1
e(CV—ZA +ul>+Z§,(—/\ )
i=1
+Z§;— (Tcr; — i —ﬁz) + %bQ +0b (Z(AZ —/M)) - Z()\z — Wi)Yi
i=1

i=1 i=1
If we set the Laplacian VL, ¢ p¢. ¢ to zero we obtain the equations

w = Z(Hi — )z =X (n =) (*w)
Cl/—i()\i—‘rui) =0

b+Z()\z’ —pi) =0
i—1

¢y uco C sns
m m

We obtain the new equation

m

b= =30 ) = (1~ 10 ()

i=1
determining b, which replaces the equation

Z)\ —Zuz_o

Plugging back w from (%) and b from (%p) into the Lagrangian we get

G\ po,B) = §(>‘T ph)p <> T(M>+ 2"
- %(/\T p') P () qT()")2
5o (e (2 ) () ()
with

p_ (XXT -XXT\_ (K K
T l-xxT xxT ) (-K K
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and

The new dual program is

Dual Program r-SV Regression Version 2

1 1,17 —1,,1 A /A
It M \ _ )\ P m-+m m--m
e 2( : )( - (—1m1; 1,1, w) T\

subject to

m m

DA+ pi=Cv
i=1 i=1
C

C
OS)\ZSf, O§/14<*. i=1,...7m.

m m-

Definition 20.1 and Definition 20.2 are unchanged. We have the follow-
ing version of Proposition 20.2 showing that py,qf,pm an g, have direct
influence on the choice of v.

Proposition 20.6.

(1) Let py be the number of points z; such that \; = C/m, and let q; be
the number of points x; such that pu; = C/m. We have py + q5 < mv.

(2) Let py, be the number of points x; such that \; > 0, and let q,, be the
number of points x; such that pu; > 0. We have py, + gm > mu.

(8) If py > 1 orqf > 1, thenv > 1/m.

Proof. (1) Let K and K, be the sets of indices corresponding to points
failing the margin,

Ky={ie{l,....m} |\ =C/m}
K,={ie{l,...,m}|p=C/m}.
By definition py = |Ky|, ¢y = |K,|. Since the equation

Z)\Z + Zﬂj =Cv
i=1 J=1

holds, by definition of K and K, we have

(pf+qf)%= Z Ai + Z MjSZ/\i+Zuj=Cy,
=1 j=1

i€K jEK, i
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which implies that
Py tqr < mv.

(2) Let Inso and I,,»0 be the sets of indices
Liso={ie{1,....,m} |\ >0}
Iiso={ie{l,....,m} | pu; > 0}.

By definition pp, = [Ixso|, ¢gm = [Iu>0|. We have

Z)\i+2uj: Z Ai + Z i = C.
i=1 =1

1€I1x>0 J€Iu>0

Since A; < C/m and p; < C/m, we obtain

C
CVS(%n+Qm%%7

that is, py, + qm > mu.
(3) follows immediately from (1). O

Proposition 20.6 yields the following bounds on v:

m - m

Again, the smaller v is, the wider the e-slab is, and the larger v is, the
narrower the e-slab is.

Remark: It can be shown that for any optimal solution with w # 0 and
e > 0, if the inequalities (ps 4+ ¢¢)/m < v < 1 hold, then some point z; is a
support vector. The proof is essentially Case 1b in the proof of Proposition
20.4. We leave the details as an exercise.

The new dual program is solved using ADMM. The (2m + 1) x 4m
matrix Ag corresponding to the equational constraints

DA+ d mi=Cv
i=1 i=1

C C
)\+Oé:*, H’+B:7a
m m
is given by
1), 1) oL oL

A3: Im Om,m Im Om,m

Om,m Im Om,m Im
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We leave it as an exercise to show that Az has rank 2m + 1. We define
the vector ¢z (of dimension 2m + 1) as

Cv
C3 = Q]_Q .

Since there are 4m Lagrange multipliers (\, u, «, 3), we need to pad the
1,1} —1,1"

2m X 2m matrix P3 = P + (_1m1; 1m1;1

> with zeros to make it into

a 4m x 4m matrix

Py, — ( Py 02m,2m> .

02m,2m 02m72m

Similarly, we pad ¢ with zeros to make it a vector g3, of dimension 4m,

_ (4
43a = (02m) .

It remains to compute €. Ther are two methods to do this.

The first method assumes the Standard Margin Hypothesis, which
is that there is some i such that 0 < A;; < C/m or there is some jo such
that 0 < pj, < C/m; in other words, there is some support vector of type
1. By the complementary slackness conditions, &;, = 0 or & = 0, so we
have either w " x;, +b—y;, = € or —w ' xj, — b+ y;, = €, which determines
€.

Due to numerical instability, when writing a computer program it is
preferable to compute the lists of indices I and I, given by

Ly={ie{l,....m}|0< X\, <C/m}
I,={je{l,...,m} |0 < pu; <C/m}.

Then it is easy to see that we can compute € using the following averaging
formulae: if I, # 0, then

€= uﬁ(; xi)/|IA| +b— <§ yi>/|fx|,

and if I, # (), then

c= —wT<Z xj)/fu —b+ (Z yz-)/llul-

jel, iel,

The second method uses duality. Under a mild condition, expressing
that the duality gap is zero, we can determine € in terms of A, p and b.
This is because points x; that fail the margin, which means that A, = C/m
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or pu; = C/m, are the only points for which & > 0 or & > 0. But in this
case we have an active constraint
wlzi+b—y =€+ & (%¢)
or
T _ /
—w r;—b+y =€+, (*¢r)
so & and & can be expressed in terms of w and b. Since the duality gap is

zero for an optimal solution, the optimal value of the primal is equal to the
optimal value of the dual. Using the fact that

w=X"(n— N

-1
b=—1 A -1 =" ") ( m)
1,
we obtain an expression for the optimal value of the primal. First we have

lew + 1b2 AT = HXXTO\—p)

1
2 27 2
1 1,17 —1,,1T\ /A
- T, T m-m m-itm
30 (e o) ()
1,4 4 1,1, —1,1) A
=5 )<P+<—1m1; 1,17 w)’

po ((XXT —XXT
T \-xxT xxT )

Let Ky and K, be the sets of indices corresponding to points failing the

with

margin,
K, = {iE {1,...,m} ‘ A :C/m}
K,={ie{l,...,m}|p=C/m}.
Because Ajp; = 0, the sets Ky and K, are disjoint. Observe that from
Definition 20.2 we have p; = |K,| and ¢y = |K,,|. Then by (x¢) and (x¢),

we have
G+ = &+ > ¢
i=1 i€K jEK,
= Z (w'a; +b—y; —€) + Z (—w'z; —b+y; —e)
i€Ky JEK,
:wT(Z T; — Z a:j) - Z Yi + Z Y
€K JjEK, €K\ JEK,

+ (pf — qr)b — (P + qy)e.
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The optimal value of the dual is given by
1.+ T 1,1} —1,1] A T (A
() (PJF <—1m1§1 L1y, w) T \u)

(")

Expressing that the duality gap is zero we have

with

m

1+ 1., C ,
W w+2b +C’l/e+m;(&+§i)

1, ¢ 4 1,1}, —1,1) A T (A
=5 0min (P (At o)) () - ()
that is,

1 1,17 —1,,17 A
20 (P (U ) () v
; (AT 1,1 1,1 "

+§;<WT(Z T — Z%)- vt D>y

i€K jEK, i€K jEK,

+ (pr —qr)b— (py + qf)€)

1 1,17 —1,17 A A
3w (e (5 230) ) )
5 (A7) 1,1 1,1) )~ \y

Solving for € we get

prtar\ T oT 1,1) —1,1) A
o vt )e=- o (P (U ) ()

()£ (e 5

1€ K\ JEK,

= wit > yj+(pf_Qf)b>7

i€ K JEK,
so we get

(mv —py —qyle=

(B (e ) () =670 ()

+wT<Z x; — Z x]) — Zyi—i— Z yj+(pf—qf)b>.

€K JEK, 1€EK ) JEK,
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Using the equations
w=X"(n=2)
-1,,
b= —(1IA— 150 = (AT 47) ( . )
we see that € is determined by A and p provided that (py + gr)/m < v.
By Proposition 20.6(1),
brvdy tas <v,

m
therefore the condition (ps + ¢y)/m < v is very natural.

We have implemented this method in Matlab, and we have observed
that for some examples the choice of v caused the equation v(ps +q5) =m
to hold. In such cases, running the program again with a slightly perturbed
value of v always succeeded.

The other observation we made is that b tends to be smaller and € tends
to be bigger in v-SV Regression Version 2, so the fit is actually not as good
as in v-SV Regression without penalizing b. Figure 20.16 shows the result
of running our program on the data set of Section 20.3. Compare with
Figure 20.13.

60 -
40 -

20 -

20 -

40 I I I I I I I I I |
-40 -30 -20 -10 0 10 20 30 40 50 60

Fig. 20.16 Running v-SV regression version 2 on a set of 50 points; v = 0.5.
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20.6 Summary

The main concepts and results of this chapter are listed below:

v-support vector regression (v-SV regression).
Regression estimate.

€-SV regression, e-insensitive SV regression,

[ ]

[ ]

e Kernel v-SV regression.

[ ]

e 1-SV regression Version 2; penalizing b.

20.7 Problems

Problem 20.1. Prove that if v-SV regression succeeds and yields w, b, e >
0, then e-SV regression with the same C and the same value of € also
succeeds and returns the same pair (w, b).

Problem 20.2. Prove the formulae

o= (3w sl + (3 ) 2

i0€1N jo€l,

_wT(( > xio)/|f>\ + ( ) xjo)/lful)ﬂ

i0E€T1N joEIH

(5 )m) (5

jo€1l, 10ETN

(X ) nl= (X o) )2

t0€IN jo€l,

stated just before Proposition 20.5.

Problem 20.3. Give the details of the proof of Proposition 20.5. In par-
ticular, prove that

(22890 )
i<wT(Z zi— Yy Z'j) - > vt Y, yj+(pqu)b),

i€K jeK, i€k JEK,

Problem 20.4. Prove that the matrices
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1l —1r o0l ol o 1. -1 0ol ol

o1 ool o) 1 i1 ool o
A= , Ay =

Im Om,m Im Om,m Om Im Om,m Im Om,m

Om,m Im Om,m Im Om Om,m Im Om,m Im

have rank 2m + 2.

Problem 20.5. Derive the version of v-SV regression in which the linear
penalty function Y ", (& +¢&}) is replaced by the quadratic penalty function
S (€2 4 ¢?). Derive the dual program.

Problem 20.6. The linear penalty function >/~ (& + &) can be replaced
by the quadratic penalty function >\, (£24&/?). Prove that for an optimal
solution we must have & > 0 and & > 0, so we may omit the constraints
& > 0and & > 0. We must also have v = 0 so we may omit the variable
as well. Prove that £ = (m/2C)A and & = (m/2C)u. This problem is very
similar to the Soft Margin SVM (SVM,,) discussed in Section 18.13.

Problem 20.7. Consider the version of v-SV regression in Section 20.5.
Prove that for any optimal solution with w # 0 and € > 0, if the inequalities
(pf +q5)/m < v <1 hold, then some point x; is a support vector.

Problem 20.8. Prove that the matrix

A3: Im Om,m Im Om,m

Om,m Im Om,m Im

has rank 2m + 1.

Problem 20.9. Consider the version of v-SV regression in Section 20.5.
Prove the following formulae: If I # @, then

esz<in)/|fA| +b— (Zm)/ml,

= i€l
and if I, # (), then

=0T ( S a )l - v+ (S w) i

jel, iel,
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Problem 20.10. Implement v-Regression Version 2 described in Section
20.5. Run examples using both the original version and version 2 and
compare the results.
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Appendix A

Total Orthogonal Families in Hilbert
Spaces

A.1 Total Orthogonal Families (Hilbert Bases), Fourier
Coefficients

We conclude our quick tour of Hilbert spaces by showing that the notion
of orthogonal basis can be generalized to Hilbert spaces. However, the
useful notion is not the usual notion of a basis, but a notion which is an
abstraction of the concept of Fourier series. Every element of a Hilbert
space is the “sum” of its Fourier series.

Definition A.1l. Given a Hilbert space E, a family (uj)rex of nonnull
vectors is an orthogonal family iff the wy are pairwise orthogonal, i.e.,
(uj,uj) = 0 for all i # j (i,j € K), and an orthonormal family iff
(ui,uj) = 6; 4, for all 4,5 € K. A total orthogonal family (or system)
or Hilbert basis is an orthogonal family that is dense in E. This means that
for every v € E, for every € > 0, there is some finite subset I C K and
some family (\;);er of complex numbers, such that

HU— E )\iui
icl

Given an orthogonal family (ug)rer, for every v € E| for every k € K,
the scalar ¢, = (v, ug) /||ux||? is called the k-th Fourier coefficient of v over

< €.

(Uk)keK-

Remark. The terminology Hilbert basis is misleading because a Hilbert
basis (uk)rek is not necessarily a basis in the algebraic sense. Indeed, in
general, (up)rex does not span E. Intuitively, it takes linear combinations
of the uy’s with infinitely many nonnull coefficients to span E. Technically,
this is achieved in terms of limits. In order to avoid the confusion between

817
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bases in the algebraic sense and Hilbert bases, some authors refer to al-
gebraic bases as Hamel bases and to total orthogonal families (or Hilbert
bases) as Schauder bases.

Given an orthogonal family (uy)rek, for any finite subset I of K, we
often call sums of the form ), _; Aiu; partial sums of Fourier series, and
if these partial sums converge to a limit denoted as ), crug, we call
ZkeK crur a Fourier series.

However, we have to make sense of such sums! Indeed, when K is
unordered or uncountable, the notion of limit or sum has not been defined.
This can be done as follows (for more details, see Dixmier [Dixmier (1984)]):

Definition A.2. Given a normed vector space E (say, a Hilbert space), for
any nonempty index set K, we say that a family (ug)gex of vectors in E
is summable with sum v € E iff for every € > 0, there is some finite subset
I of K, such that,

-

=
for every finite subset J with I C J C K. We say that the family (ug)rex
is summable iff there is some v € E such that (uy)rex is summable with
sum v. A family (ug)rek is a Cauchy family iff for every e > 0, there is a
finite subset I of K, such that,

[ 2w
jEJ

for every finite subset J of K with I NJ = 0,

<€

<e€

If (ug)rex is summable with sum v, we usually denote v as ZkGK U
The following technical proposition will be needed:

Proposition A.1. Let E be a complete normed vector space (say, a Hilbert
space).

(1) For any nonempty index set K, a family (ug)rex is summable iff it is
a Cauchy family.

(2) Given a family (ri)rex of nonnegative reals v, > 0, if there is some
real number B > 0 such that ), ;r; < B for every finite subset I of
K, then (ry)rex is summable and ), .- v, = 1, where r is least upper

bound of the set of finite sums ), ;ri (I C K).
Proof. (1) If (ug)kex is summable, for every finite subset I of K, let

’U,I:E u; and uzg Up,

el keK
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For every € > 0, there is some finite subset I of K such that
|lu—url < e€/2

for all finite subsets L such that I C L C K. For every finite subset J of
K such that INJ =0, since ] CIUJ C K and I U J is finite, we have

lu—urusl| <€/2 and ||u—uf| <e€/2,
and since
luros —urll < |lurur — ul| + ||lu — ug|
and uyuy —ur = uy since I NJ =0, we get
lusll = lluros —url <e,

which is the condition for (ug)xex to be a Cauchy family.

Conversely, assume that (ug)rex is a Cauchy family. We define induc-
tively a decreasing sequence (X,,) of subsets of F, each of diameter at most
1/n, as follows: For n = 1, since (ug)rex is a Cauchy family, there is some
finite subset J; of K such that

lugll <1/2

for every finite subset J of K with J; NJ = (). We pick some finite subset
J1 with the above property, and we let I; = J; and

X, ={ur | CICK, I finite}.
For n > 1, there is some finite subset J, 1 of K such that
usll <1/(2n+2)

for every finite subset J of K with J,;1NJ = (). We pick some finite subset
Jn+1 with the above property, and we let I,,11 = I,, U J,,+1 and

XTLJrl = {U/I ‘ ITL+1 g I g K, I ﬁnlte}.

Since I,, C I, 41, it is obvious that X, 11 C X,, for all n > 1. We need to
prove that each X,, has diameter at most 1/n. Since J,, was chosen such
that

Jugll < 1/(2n)

for every finite subset J of K with J,, NJ = (), and since J,, C I,,, it is also
true that

[usll < 1/(2n)
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for every finite subset J of K with I,,NJ = ( (since I,NJ =@ and J,, C I,
implies that J, N'J = (). Then for every two finite subsets J, L such that
I, C J,L C K, we have

lws-r,ll <1/(2n) and |lug_p,[| <1/(2n),

and since

lwy —urll < lluy —ur, | + [Jur, —urll = lJus-r, | + llur—1,

we get
|us —url <1/n,

which proves that §(X,,) < 1/n. Now if we consider the sequence of closed
sets (X,,), we still have X,,,; C X, and by Proposition 12.3, §(X,,) =
§(X,) < 1/n, which means that lim,_,~, §(X,,) = 0, and by Proposition
12.3, N2, X,, consists of a single element u. We claim that u is the sum
of the family (ug)rexk-

For every € > 0, there is some n > 1 such that n > 2/e, and since
u € X,, for all m > 1, there is some finite subset J, of K such that I, C Jy
and

lu = wyll < €/2,

where I, is the finite subset of K involved in the definition of X,,. However,
since §(X,,) < 1/n, for every finite subset J of K such that I,, C J, we have

lug —ug |l <1/n <e€/2,
and since
lu = wgll < [lu =gl + g, —usl,
we get
lu—us| <e

for every finite subset J of K with I,, C J, which proves that w is the sum
of the family (uk)keK.

(2) Since every finite sum » ., 7; is bounded by the uniform bound B,
the set of these finite sums has a least upper bound r < B. For every € > 0,
since 7 is the least upper bound of the finite sums ), r; (where I finite,
I C K), there is some finite I C K such that

T—E T

icl

< €,
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and since r > 0 for all k£ € K, we have
Yn<Yn
iel jeJ

whenever I C J, which shows that

T—er <

jeJ

’I“—E T

icl

<€

for every finite subset J such that I C J C K, proving that (rg)rex is
summable with sum >, . rp = 7. O

Remark. The notion of summability implies that the sum of a family
(ug)rex is independent of any order on K. In this sense it is a kind of
“commutative summability.” More precisely, it is easy to show that for ev-
ery bijection ¢: K — K (intuitively, a reordering of K), the family (u)rex
is summable iff the family (u;);c, () is summable, and if so, they have the
same sum.

The following proposition gives some of the main properties of Fourier
coefficients. Among other things, at most countably many of the Fourier
coefficient may be nonnull, and the partial sums of a Fourier series converge.
Given an orthogonal family (uy)rex, we let Uy = Cuy, and py, : E — Uy
is the projection of E onto Uy.

Proposition A.2. Let E be a Hilbert space, (uy)rex an orthogonal family
in E, and 'V the closure of the subspace generated by (ug)rer . The following
properties hold:

(1) For every v € E, for every finite subset I C K, we have
Do lel® < ol
il
where the ¢ are the Fourier coefficients of v.
(2) For every vector v € E, if (ck)rex are the Fourier coefficients of v, the
following conditions are equivalent:
(2a) veV
(2b) The family (cyur)rex is summable and v =),  x CrUk-
(2¢c) The family (|ck|*)kex is summable and ||[v|* =37, o lex|?;

(3) The family (|cx|?)kex is summable, and we have the Bessel inequality :

> el < lolf®.

keK
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As a consequence, at most countably many of the cx may be nonzero.
The family (cyuk)rex forms a Cauchy family, and thus, the Fourier
series Y . i Crkup converges in E to some vector u = ), o crug. Fur-
thermore, u = py (v).

See Figure A.1.

Fig. A.1 A schematic illustration of Proposition A.2. Figure (i.) illustrates Condition
(2b), while Figure (ii.) illustrates Condition (3). Note F is the purple oval and V is the
magenta oval. In both cases, take a vector of E, form the Fourier coefficients cg, then
form the Fourier series Y, - cxug. Condition (2b) ensures v equals its Fourier series
since v € V. However, if v ¢ V, the Fourier series does not equal v. Eventually, we will
discover that V = E, which implies that that Fourier series converges to its vector v.
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Proof. (1) Let
uy = Z CiUg
iel
for any finite subset I of K. We claim that v — u; is orthogonal to u; for
every i € I. Indeed,

(v—ur,u;) = <v — chuj,ui>

jel
= <Uvui> - ZC] <uj7ui>
JjeI

= (v,u;) — ciflus?

= <’U,U,i> - <’U7’U/7;> = 07
since (uj,u;) = 0 for all i # j and ¢; = (v,u;) /||wil|?. As a consequence,
we have
2

[v]]* = ||v — Zciui + Zciui

el el

2
=|lv— g CiU; —&—H E CiU;
iel il
2
- 2
= v — E ciugl| + g leil*s

i€l i€l

2

since the u; are pairwise orthogonal, that is,

ol = o =3 e[+ S ferl

icl i€l

Thus,
> leil® <l
iel
as claimed.
(2) We prove the chain of implications (a) = (b) = (¢) = (a).
(a) = (b): If v € V, since V is the closure of the subspace spanned by
)

(uk)kek, for every e > 0, there is some finite subset I of K and some family
(M\i)ier of complex numbers, such that

H’U— E )\iui
icl

< €.
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Now for every finite subset J of K such that I C .J, we have

2 2
H’U*Z)\iui = HU*ZCjUj‘FZCjUj 72)\1711
i€l j€d jed icl
2 2
= H’U—ZC]‘UJ‘H +HZC]‘UJ‘ —Z/\Z‘Ui s
j€T j€T i€l
since I C J and the u; (with j € J) are orthogonal to v — . ; cju; by

the argument in (1), which shows that
S e
jeJ iel

and thus, that the family (cxug)rex is summable with sum v, so that

v = E CrUk.

keK

<€,

(b) = (c): If v = >, i crug, then for every e > 0, there some finite
subset I of K, such that

Hv - chuj < Ve,

JjeJ

for every finite subset J of K such that I C .J, and since we proved in (1)
that

lol* =

2
0= L + Xl

jeJ jeJ

we get
ol =D leil® <,
jeJ
which proves that (|cx|?)xesx is summable with sum [jv||%.
(¢) = (a): Finally, if (Jck|?)kex is summable with sum ||v||?, for every
€ > 0, there is some finite subset I of K such that

2 2 _ 2
lol> = > " lesl? < e
jeJ
for every finite subset J of K such that I C J, and again, using the fact
that

2
ol = o= Y | + D lesl?,
jeJ

jeJ
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we get

<€,

HU — E CjUj

jeJ

which proves that (crux)rex is summable with sum ), . cpup = v, and
velV.

(3) Since Y,/ |es]* < |Jv]|? for every finite subset I of K, by Proposition
A.1(2), the family (|cx|?)rex is summable. The Bessel inequality

D lel® < Jolf?

keK

is an obvious consequence of the inequality >, |ci|* < [[v]|? (for every
finite I C K). Now for every natural number n > 1, if K, is the subset of
K consisting of all ¢ such that |cx| > 1/n, the number of elements in K,

is at most
> Inel? <0 Y el < n?foff?,
keK, keK

which is finite, and thus, at most a countable number of the c; may be
nonzero.

Since (|cx|?)kex is summable with sum ¢, by Proposition A.1(1) we
know that for every € > 0, there is some finite subset I of K such that

D el <€
jeJ
for every finite subset J of K such that I N.J = (). Since
2
2
HZCJ‘UJ‘H => gl
jeJ jeJ

we get
H ZC]'UJ'H < €.
jeJ

This proves that (crpuk)rex is a Cauchy family, which, by Proposition
A.1(1), implies that (cxug)kex is summable since F is complete. Thus,
the Fourier series ZkeK cruy is summable, with its sum denoted u € V.

Since ),k crur is summable with sum u, for every e > 0, there is
some finite subset I; of K such that

HU7 E CjUjH < €
jeJ
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for every finite subset J of K such that I; C J. By the triangle inequality,
for every finite subset I of K,

< Hu — uni

i€l

u=v

+ H uni — ’UH
el

By (2), every w € V is the sum of its Fourier series ), ., Apur, and for
every € > 0, there is some finite subset Iy of K such that

Hw — Z)\JU]H < €
jeJ

for every finite subset J of K such that Is C J. By the triangle inequality,
for every finite subset I of K,

v — Z Alui
il
Letting I = I U I, since we showed in (2) that

Hv — Z cuill < Hv — Z il
iel iel

for every finite subset I of K, we get

< v —wl| + Hw - Z Aitl;
iel

lu— o] < uchiui +HZciuiva
iel il
< u—ZCiui —&—HZ/\iui—vH
il i€l
< u—Zciui +||’U—w||+Hw—Z>\iui )
il icl

and thus
lu—vf| < [l —w| + 2e.
Since this holds for every e > 0, we have
Ju = oll < Jjo—w]

for all w € V, ie. |lv —u| = d(v,V), with u € V, which proves that
u = py(v). O
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A.2 The Hilbert Space ¢£2(K) and the Riesz—Fischer
Theorem

Proposition A.2 suggests looking at the space of sequences (z)rex (Where
2, € C) such that (|2x|?)kex is summable. Indeed, such spaces are Hilbert
spaces, and it turns out that every Hilbert space is isomorphic to one of
those. Such spaces are the infinite-dimensional version of the spaces C"
under the usual Euclidean norm.

Definition A.3. Given any nonempty index set K, the space (?(K) is
the set of all sequences (zx)rex, where 2, € C, such that (Jzx|*)rerx is
summable, i.e., >, e |2k]? < o0.

Remarks.

(1) When K is a finite set of cardinality n, £*(K) is isomorphic to C™.

(2) When K = N, the space £2(N) corresponds to the space £? of Example
2 in Section 13.1 (Vol. I). In that example, we claimed that ¢? was a
Hermitian space, and in fact, a Hilbert space. We now prove this fact
for any index set K.

Proposition A.3. Given any nonempty index set K, the space (*(K) is a
Hilbert space under the Hermitian product
((@r)ker (Yr)ker) = Z kY-
keK
The subspace consisting of sequences (zx)ger such that zr = 0, except
perhaps for finitely many k, is a dense subspace of (*(K).

Proof. First we need to prove that ¢?(K) is a vector space. Assume
that (21)rere and (yp)rex are in (2(K). This means that (|74]?)rex
and (Jyx|*)kex are summable, which, in view of Proposition A.1(2), is
equivalent to the existence of some positive bounds A and B such that
Sierlwil® < Aand Y., |yi|* < B, for every finite subset I of K. To
prove that (|2 + yx|?)kex is summable, it is sufficient to prove that there
is some C > 0 such that >, |z; +y;|* < C for every finite subset I of K.
However, the parallelogram inequality implies that

Z s + yil* < Z 2(|;|* + |yil*) < 2(A+ B),

iel i€l
for every finite subset I of K, and we conclude by Proposition A.1(2).
Similarly, for every A\ € C,

S < SO APl < [APA,

i€l icl
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and (Ar7k)rex is summable. Therefore, £2(K) is a vector space.
By the Cauchy-Schwarz inequality,

S el < Y laillyal < (3 aal) 2 (O lewif?) 2

il il il il
<Y (il +1wil*)/2 < (A+ B)/2,
il

for every finite subset I of K. For the third inequality we used the fact
that

4CD < (C + D)?,
(with C =Y, [#s]* and D = Y7, |yi|*) which is equivalent to
(C —D)*>0.

By Proposition A.1(2), (|2x¥k|)kex is summable. The customary language
is that (z1Jk)kex is absolutely summable. However, it is a standard fact
that this implies that (x;7x)kex is summable (For every e > 0, there is
some finite subset I of K such that
>l <e
jeJ
for every finite subset J of K such that I NJ =}, and thus
1> @il <) eyl <e
jeJ ieJ
proving that (z;7k)rek is a Cauchy family, and thus summable). We still
have to prove that ¢2(K) is complete.
Consider a sequence ((A})rck),~; of sequences (A})rex € ¢*(K), and
assume that it is a Cauchy sequence. This means that for every ¢ > 0, there
is some NN > 1 such that

DN <
keK

for all m,n > N. For every fixed k € K, this implies that
IAE— AR <e

for all m,n > N, which shows that (A}),>1 is a Cauchy sequence in C.
Since C is complete, the sequence (A}),>1 has a limit A\, € C. We claim
that (A\x)rex € ¢2(K) and that this is the limit of (Ao kek ) ps1-
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Given any € > 0, the fact that ((A})rex),>; is a Cauchy sequence
implies that there is some N > 1 such that for every finite subset I of K,
we have

ST AP <e/d
i€l
for all m,n > N. Let p = |I|. Then
Ve
27
for every i € I. Since A; is the limit of (Al),>1, we can find some n large
enough so that

A" =A<

AT — i < Ve
2\/p

for every i € I. Since
AT = Al SN = AT A = Al

we get

A< Y
VP
and thus,
ST =N <,
il
for all m > N. Since the above holds for every finite subset I of K, by
Proposition A.1(2), we get

ST =Ml <,

keK
for all m > N. This proves that (A’ — A\g)rek € (*(K) for all m > N, and
since (2(K) is a vector space and (A7"),ex € (2(K) for all m > 1, we get
(Ak)kex € F2(K). However,

DRl <e
keK

for all m > N, means that the sequence (A\]")rcx converges to (Ay)rex €
(?(K). The fact that the subspace consisting of sequences (zx)rex such
that 2;, = 0 except perhaps for finitely many k is a dense subspace of £2(K)
is left as an easy exercise. O
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Remark: The subspace consisting of all sequences (2 )rex such that z, =
0, except perhaps for finitely many k, provides an example of a subspace
which is not closed in #2(K). Indeed, this space is strictly contained in
(*(K), since there are countable sequences of nonnull elements in ¢?(K)
(why?).

We just need two more propositions before being able to prove that
every Hilbert space is isomorphic to some £?(K).

Proposition A.4. Let E be a Hilbert space, and (ug)rex an orthogonal
family in E. The following properties hold:

(1) For every family (\x)rex € (?(K), the family (A\gur)rex is summable.
Furthermore, v = ZkeK Awug @s the only vector such that ¢, = \g for
all k € K, where the c are the Fourier coefficients of v.

(2) For any two families (\p)rex € 2(K) and (ug)rex € (*(K), if v =
ZkeK AUy and w = ZkeK wrug, we have the following equation, also
called Parseval identity:

(v, w) = Z Al -

keK

Proof. (1) The fact that (Ax)rex € ¢*(K) means that (|Ai|?)kex is
summable. The proof given in Proposition A.2 (3) applies to the family
(|\e|?)rex (instead of (|ck|?)rex), and yields the fact that (Agug)rex is
summable. Letting v = Y, o Awuk, recall that ¢ = (v, ug) /|lugl|®. Pick
some k € K. Since (—,—) is continuous, for every e > 0, there is some
7n > 0 such that

| (v, k) — (w,up) | < eflug?
whenever
[0 —wl| <.
However, since for every 1 > 0, there is some finite subset I of K such that
HU — Z)\jujH <n
jeJ
for every finite subset J of K such that I C J, we can pick J = I U {k}

and letting w = ZjeJ Aju; we get

(v, ug) — <Z Ajuj7Uk> < effu .

jeJ
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However,

(v,ur) = cxllug||®  and <Z Aj“jauk> = Nllur ]|,
jeJ
and thus, the above proves that |cy — Agx| < € for every e > 0, and thus,
that ¢, = \g.
(2) Since (—,—) is continuous, for every e > 0, there are some 7, > 0
and 72 > 0, such that

|{z,y) | <e
whenever |lz|| < m1 and [[y|| < n2. Since v = >, g Apup and w =
> kek Mruk, there is some finite subset I; of K such that

HU — E )\j’u]‘
jeJ

for every finite subset J of K such that Iy C J, and there is some finite
subset I of K such that
Hw > i
jed

for every finite subset J of K such that I C J. Letting I = I U I3, we get

<m

<72

<v — Zx\iui,w - Zﬂiui> < €.
iel il
Furthermore,
(v,w) = <v — Z A + Z)\iui,w — Zuiui + Zulul>
el iel iel iel
= <U — Z )\iui,w — Z‘LLZU1> + Z )\zm,
iel iel iel

since the u; are orthogonal to v —3 .., \ju; and w— ) ., piu; for all 7 € I.
This proves that for every € > 0, there is some finite subset I of K such
that

< €.

(v, wy — Z NiTt;

iel

We already know from Proposition A.3 that (Afix)kex is summable, and
since € > 0 is arbitrary we get

(v, w) = Z A el -

keK
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The next proposition states properties characterizing Hilbert bases (to-
tal orthogonal families).

Proposition A.5. Let E be a Hilbert space, and let (ug)xex be an orthog-
onal family in E. The following properties are equivalent:

(1) The family (ug)kex is a total orthogonal family.
(2) For every vector v € E, if (ck)rex are the Fourier coefficients of v,
then the family (cxur)rer s summable and v =3 ) o Crug.
(8) For every vector v € E, we have the Parseval identity:
lol> = lexl*.
keK
(4) For every vector w € E, if (u,ur) =0 for all k € K, then u = 0.

See Figure A.2.

E-= V=span(u,)

Fig. A.2 A schematic illustration of Proposition A.5. Since (ug)rek is a Hilbert basis,
V = E. Then given a vector of E, if we form the Fourier coefficients ¢, then form the
Fourier series ;. c K CkUk, we are ensured that v is equal to its Fourier series.

Proof. The equivalence of (1), (2), and (3) is an immediate consequence
of Proposition A.2 and Proposition A.4.

(4) If (ug)rex is a total orthogonal family and (u, ug) = 0 for all k € K,
since u = Y, o ckup where ¢, = (u, ug)/|luxl|?, we have ¢ = 0 for all
ke K, and u=0.
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Conversely, assume that the closure V' of (ug)xek is different from E.
Then by Proposition 12.6, we have E = V@ VL, where V1 is the orthogonal
complement of V, and V* is nontrivial since V' # E. As a consequence,
there is some nonnull vector v € V+. But then v is orthogonal to every
vector in V', and in particular,

(u,ug) =0
for all k € K, which, by assumption, implies that u = 0, contradicting the
fact that u # 0. O
Remarks:

(1) If E is a Hilbert space and (ug)xeck is a total orthogonal family in E,
there is a simpler argument to prove that u = 0 if (u,u;) = 0 for all
k € K based on the continuity of (—, —). The argument is to prove
that the assumption implies that (v,u) = 0 for all v € E. Since (—, —)
is positive definite, this implies that « = 0. By continuity of (—, —),
for every e > 0, there is some 1 > 0 such that for every finite subset I
of K, for every family (\;);cr, for every v € E,

(v,u)y — <Z i, u>

el

<€

whenever

<.

Hv — Z il

el

Since (ug)rek is dense in E, for every v € E, there is some finite subset
I of K and some family (\;);c; such that

HU — Z )\/dz

iel

<1,

and since by assumption, <Zi€] A, u> =0, we get
(v, )] < e.

Since this holds for every € > 0, we must have (v,u) =0

(2) If V is any nonempty subset of E, the kind of argument used in the
previous remark can be used to prove that V1 is closed (even if V is
not), and that V4 is the closure of V.
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We will now prove that every Hilbert space has some Hilbert basis.
This requires using a fundamental theorem from set theory known as Zorn’s
lemma, which we quickly review.

Given any set X with a partial ordering <, recall that a nonempty
subset C of X is a chain if it is totally ordered (i.e., for all z,y € C, either
z <yory<z). A nonempty subset Y of X is bounded iff there is some
b € X such that y < b for all y € Y. Some m € X is mazimal iff for every
z € X, m < x implies that x = m. We can now state Zorn’s lemma. For
more details, see Rudin [Rudin (1987)], Lang [Lang (1993)], or Artin [Artin
(1991)].

Proposition A.6. (Zorn’s lemma) Given any nonempty partially ordered
set X, if every (nonempty) chain in X is bounded, then X has some maz-
tmal element.

We can now prove the existence of Hilbert bases. We define a partial
order on families (ug)rex as follows: for any two families (ug)rer, and
(vk)kek,, we say that

(ur)rer, < (Vr)rek,

iff K1 C K5 and uy = v for all £ € K;. This is clearly a partial order.

Proposition A.7. Let E be a Hilbert space. Given any orthogonal family
(ug)rex in E, there is a total orthogonal family (u;)icr, containing (ux)kex -

Proof. Consider the set S of all orthogonal families greater than or equal
to the family B = (ug)rer- We claim that every chain in S is bounded.
Indeed, if C' = (C})ier is a chain in S, where C; = (ug,1)kek,, the union
family

(uk)kEUleL k,, where up = uy; whenever k € K,

is clearly an upper bound for C, and it is immediately verified that it is an
orthogonal family. By Zorn’s Lemma A.6, there is a maximal family (u;);er,
containing (ug)gex . If (u;)er is not dense in E, then its closure V' is strictly
contained in E, and by Proposition 12.6, the orthogonal complement V+
of V is nontrivial since V # E. As a consequence, there is some nonnull
vector u € V1. But then u is orthogonal to every vector in (u;);cr, and we
can form an orthogonal family strictly greater than (u;);cr, by adding u to
this family, contradicting the maximality of (w;);cr. Therefore, (u;);ecr, is
dense in F, and thus it is a Hilbert basis. O
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Remark: It is possible to prove that all Hilbert bases for a Hilbert space
FE have index sets K of the same cardinality. For a proof, see Bourbaki
[Bourbaki (1981)].

Definition A.4. A Hilbert space FE is separable if its Hilbert bases are
countable.

At last, we can prove that every Hilbert space is isomorphic to some
Hilbert space ¢?(K) for some suitable K.

Theorem A.1l. (Riesz—Fischer) For every Hilbert space E, there is some
nonempty set K such that E is isomorphic to the Hilbert space ¢*(K). More
specifically, for any Hilbert basis (ug)rex of E, the maps f: (*(K) — E
and g: E — (*(K) defined such that

f((Ak)kek) = Z Meu and g(u) = ((w,un)/[u]?) o e = (Crrex,
ek

are bijective linear isometries such that go f =1id and fog=id.

Proof. By Proposition A.4 (1), the map f is well defined, and it is clearly
linear. By Proposition A.2 (3), the map g is well defined, and it is also
clearly linear. By Proposition A.2 (2b), we have

Flg(u) =u="Y" cxu,

keK
and by Proposition A.4 (1), we have

9(f (Me)rek)) = Ar)rex
and thus go f =id and f o g =id. By Proposition A.4 (2), the linear map
g is an isometry. Therefore, f is a linear bijection and an isometry between
(?(K) and E, with inverse g. O

Remark: The surjectivity of the map g: E — (?(K) is known as the
Riesz—Fischer theorem.

Having done all this hard work, we sketch how these results apply to
Fourier series. Again we refer the readers to Rudin [Rudin (1987)] or Lang
[Lang (1996, 1997)] for a comprehensive exposition.

Let C(T) denote the set of all periodic continuous functions f: [—m, 7] —
C with period 2. There is a Hilbert space L?(T') containing C(T") and such
that C(T) is dense in L?(T"), whose inner product is given by

(f,9) = ’ f(z)g(x)dx.

—T
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The Hilbert space L2(T) is the space of Lebesgue square-integrable periodic
functions (of period 27).

It turns out that the family (e?**),cz is a total orthogonal family in
L2(T), because it is already dense in C(T') (for instance, see Rudin [Rudin
(1987)]). Then the Riesz—Fischer theorem says that for every family (ci)rez
of complex numbers such that

> lerl* < oo,

kEZ

there is a unique function f € L?(T) such that f is equal to its Fourier
series

f(ac) _ cheikw7

kez
where the Fourier coefficients ¢j of f are given by the formula

IR
=5 . (t)e~*tdt,

The Parseval theorem says that

—+oo

S =5 | st

k=—o0

for all f,g € L*(T), where ¢ and dj, are the Fourier coefficients of f and g.

Thus, there is an isomorphism between the two Hilbert spaces L*(T)
and (?(Z), which is the deep reason why the Fourier coefficients “work.”
k% of a function f €
L*(T) converges to f in the L?-sense, i.e., in the mean-square sense. This

Theorem A.1 implies that the Fourier series ), , cxe

does not necessarily imply that the Fourier series converges to f pointwise!
This is a subtle issue, and for more on this subject, the reader is referred
to Lang [Lang (1996, 1997)] or Schwartz [Schwartz (1993a,b)].

We can also consider the set C(]—1,1]) of continuous functions
f:[=1,1] = C. There is a Hilbert space L*([—1,1]) containing C([-1,1])
and such that C([—1,1]) is dense in L?([—1, 1]), whose inner product is given
by

(f.g) = / fa)glads

The Hilbert space L2([—1, 1]) is the space of Lebesgue square-integrable
functions over [—1,1]. The Legendre polynomials P, (z) defined in Example



December 11, 2020 17:56 ws-book9x6 Fundamentals of Optimization Theory
With Applications to Machine Learning ws-book-11-9x6  page 837

A.8. Summary 837

5 of Section 11.2 (Chapter 11, Vol. I) form a Hilbert basis of L*([—1, 1]).
Recall that if we let f,, be the function

fulz) = (@* = 1)",
P, (x) is defined as follows:
1
— (n)
T onpl fa" (@),
where f,(Ln) is the nth derivative of f,,. The reason for the leading coefficient
is to get P,(1) = 1. It can be shown with much efforts that

2(n —k))! n—
IAOENDY (1)k2”(n(—(k)!k!(7)l)—2k)!x -
0<k<n/2

Py(z) =1, and P,(z)

A.3 Summary

The main concepts and results of this chapter are listed below:

Hilbert space

Orthogonal family, total orthogonal family.
Hilbert basis.

Fourier coefficients.

Hamel bases, Schauder bases.
Fourier series.

Cauchy family, summable family.
Bessel inequality.

The Hilbert space £2(K).
Parseval identity.

Zorn’s lemma.

Riesz—Fischer theorem.

Legendre polynomials.

A.4 Problems

Problem A.1. Prove that the subspace consisting of sequences (zj)rek
such that zx = 0 except perhaps for finitely many k is a dense suspace of

C(K).

Problem A.2. If V is any nonempty subset of E, prove that V1 is closed
(even if V is not) and that V1 is the closure of V' (see the remarks following
Proposition A.5).
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Appendix B

Matlab Programs

B.1 Hard Margin (SVM32)

The following Matlab programs implement the method described in Section
16.7.

The first program is the heart of the method; it implements ADMM for

quadratic programming.

function [x,u,nr,ns,k] = gsolvel(P, q, A, b, rho, tolr, tols,

iternum)
Solve a quadratic programming problem
min (1/2) x TP x + x"T q + r
subject to Ax = b, x >= 0 using ADMM
Pnxn, q, r, in R"n, Amxn, binR™m
A of rank m

m = size(A,1); fprintf(’m = %4 ’,m)

n = size(P,1); fprintf(’ n= % \n’,n)

u = ones(n,1); u(1,1) = 0; % to initialize u

z = ones(n,1); % to initialize =z

% iternum = maximum number of iterations;

% iternum = 80000 works well

k =0; nr=1; ns = 1;

% typically tolr = 107(-10); tols = 107(-10);

% Convergence is controlled by the norm nr of the primal
% residual r

% and the norm ns of the dual residual s

while (k <= iternum) && (ns > tols || nr > tolr)

839
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z0 = z;
k = k+1;

% Makes KKT matrix

KK = [P + rho* eye(n) A’; A zeros(m,m)];
% Makes right hand side of KKT equation
bb = [-q + rho*x(z - u); bl;

% Solves KKT equation

xx = KK\bb;
% update x, z, u (ADMM update steps)
= xx(1:n);

poslin(x + w;

N
]

u+x -z
% to test stopping criterion

r=x- z; % primal residual
nr = sqrt(r’*r); % norm of primal residual
s = rhox(z - z0); % dual residual
ns = sqrt(s’*s); % norm of dual residual
end
end

The second program SBVMhard2 implements hard margin SVM (v2).
function [lamb,mu,w] = SVMhard2(rho,u,v)
%  Runs hard margin SVM version 2

% p green vectors u_l, ..., u_p in n x p array u
yA q red vectors v_1l, ..., v_q in n x q array v

% First builds the matrices for the dual program

p = size(u,2); q = size(v,2); n = size(u,1);

[A,c,X,Pa,qal = buildhardSVM2(u,v);

pA

% Runs quadratic solver

pA

tolr = 10°(-10); tols = 107 (-10); iternum = 80000;

[lam,U,nr,ns,kk] = gsolvel(Pa, qa, A, c, rho, tolr, tols,
iternum) ;
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fprintf (’nr = %d ’,nr)
fprintf(®° ns = J%d \n’,ns)
fprintf (’kk = %d \n’,kk)
if kk > iternum
fprintf (’** gsolve did not converge. Problem
not solvable ** \n’)

end

w = —-X*lam;

nw = sqrt(w’*w); % norm of w
fprintf (’nw = %.15f \n’,nw)
delta = 1/nw;

fprintf(’delta = %.15f \n’,delta)
if delta < 10°(-9)
fprintf (’** Warning, delta too small, program

does not converge ** \n’)

end

b

lamb = lam(1l:p,1);

mu = lam(p+1l:p+q,1);

b = 0;

tols = 107 (-10);

% tols < lambda_i; finds the nonzero lambda_i

[lambnz,numsvl1l] = countmlu2(lamb,tols);

% tols < mu_i; finds the nonzero mu_j

[munz,numsvml] = countmlv2(mu,tols);

fprintf (numsvll = %d ’,numsvll)

fprintf(° numsvml = %d \n’,numsvml)

if numsvll > O && numsvml > O

sxl = zeros(n,1); numl = O;
sx2 = zeros(n,1); num2 = 0;
for i = 1:p
if lambnz(i) > O
sxl = sx1 + u(:,1i);
numl = numl + 1;
end
end
for j = 1:q

if munz(j) > O
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sx2 = sx2 + v(:,j);
num?2 = num2 + 1;
end
end
b = (w*(sx1/numl + sx2/num2))/2;
fprintf(’b = %.15f \n’,b)
else
fprintf (’** Not enough support vectors ** \n’)
end

if n ==
[11,mm] = showdata(u,v);
if numsvll > O && numsvml > O
showSVMs2(w,b,1,11,mm,nw)
end
end
end

The function buildhardSVM2 builds the constraint matrix and the ma-
trices defining the quadratic functional.

function [A,c,X,Xa,q] = buildhardSVM2(u,v)

% Dbuilds the matrix of constraints A for

% hard SVM h2, and the right hand side c

% Aso builds X and Xa = X’*X, and the vector q = -1_{p+q}
%  for the linear part of the quadratic function

% The right-hand side is ¢ = 0 (Ax = 0).

p = size(u,2); q = size(v,2);
A = [ones(1,p) -omnes(1,q)];

c = 0;

X = [~u v];

Xa = X’xX;

q = -ones(p+q,1);

end

The function countmlu2 returns a vector consisting of those A; such
that A; > 0, and the number of such \;.

function [lambnz, mlu] = countmlu2(lambda,tols)
% Counts the number of points u_i (in u)
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% such that lambda_i > O and returns a vector
% of these lambda_i

% tols = 10~ (-11);
p = size(lambda,1); lambnz = zeros(p,1);
mlu = 0;
for i = 1:p
if lambda(i) > tols
mlu = mlu + 1;
lambnz (i) = lambda(i);
end
end
end

The function countmlv2 returns a vector consisting of those p; such
that p; > 0, and the number of such p;. It is similar to countmlu2. Here a
judicious choice of tols is crucial and one has to experiment with various
values.

The function showdata displays the data points (the u; and the v;) and
the function showSVMs2 displays the separating line and the two margin
lines.

function showSVMs2(w,b,eta,ll,mm,nw)

b

% Function to display the result of running SVM
% on p blue points u_l, ..., u_p in u

% and q red points v_1, ..., v_q in v

1 = makeline(w,b,11,mm,nw); % makes separating line
Iml
1m2

makeline(w,b+eta,ll,mm,nw); 7% makes blue margin line
makeline(w,b-eta,ll,mm,nw); 7% makes red margin line

% plots separating line
plot(1(1,:),1(2,:),’-m’,’LineWidth’,1.2)

% plots blue margin line
plot(1m1(1,:),1m1(2,:),’-b’,’LineWidth’,1.2)
% plots red margin line
plot(Im2(1,:),1m2(2,:),’-r’,’LineWidth’,1.2)
hold off
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end

Actually, implementing the above function is not entirely trivial. It is
necessary to write a function makeline to plot the line segment which is
part of the line of equation wiz + woy = b inside a box containing the data
points. We leave the details an exercises.

B.2 Soft Margin SVM (SVM,,/)

The following Matlab programs implement the method described in Section
18.8.

The function doSVMs2pbv3 calls the function solvel given in Section
16.7.

function [lamb,mu,alpha,beta,lambnz,munz,numsvll,numsvml,badnu,
w,nw,b,eta] = doSVMs2pbv3(nu,rho,u,v,K)

% Best version
% Uses the duality gap to compute eta
% In principle, needs a single support vector of type 1

%  Soft margin nu-SVM version s2’

% with the constraint

%o \sum_{i = 1}7p + \sum_{j = 1}"q mu_j =K.m
%  (without the variable gamma)

% p green vectors u_l, ..., u_p in n x p array u
yA q red vectors v_1l, ..., v_q in n x q array v

% First builds the matrices for the dual program
A K is a scale factor

p = size(u,2); q = size(v,2); n = size(u,1);

[A,c,X,Pa,qa] = buildSVMs2pb(nu,u,v,K);

yA

% Runs quadratic solver

pA

tolr = 10°(-10); tols = 107 (-10); iternum = 80000;

[x,U,nr,ns,kk] = gsolvel(Pa, qa, A, c, rho, tolr, tols, iternum);
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fprintf (’nr = %d ’,nr)

fprintf(®° ns = J%d \n’,ns)

fprintf (’kk = %d \n’,kk)

noconv = 0;

if kk > iternum

noconv = 1;
fprintf (’** gsolve did not converge. Problem

not solvable ** \n’)

end

lam = x(1:(p+tq),1);

alpha = x((p+q+1) :2%p+q,1);

beta = x(2xp+q+1:2*x(p+q),1);

w = —X*xlam;

nw = sqrt(w’*w); % norm of w

fprintf (Cnw = %d \n’,nw)

A

lamb = x(1:p,1);

mu = x(p+l:p+q,1);

tols = 10°(-10); tolh = 107 (-9);

% tols < lambda_i < K - tolh

[lambnz,numsvl1] = findpsv2(lamb,X,tols,tolh);

% tols < mu_i < K - tolh

[munz,numsvm1] = findpsv2(mu,K,tols,tolh);

fprintf (numsvll = %d ’,numsvll)

fprintf(°  numsvml = %d \n’,numsvml)

% lambda_i >= K - tolh

% number of blue margin failures

[lamK,pf] = countumf2(lamb,K,tolh);

% mu_j >= K - tolh

% number of red margin failures

[muK,qf] = countvmf2(mu,K,tolh);

fprintf (’pf = %4 ’,pf)

fprintf(° qf = ¥%d \n’,qf)

% number of points such that lambda_i > tols

[7,pm] = countmlu2(lamb,tols);

% number of points such that mu_i > tols

[7,qm] = countmlv2(mu,tols);

fprintf (’pm = %d ’,pm)

fprintf(’ gm = %d \n’,qm)
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fprintf(’p - pm = %4 ’,p - pm)
fprintf(® q - gm = %d \n’,q - gm)
lnu = max(2*pf/(p+q),2*qf/(p+q));
unu = min(2*pm/(p+q) ,2*qm/ (p+q));
fprintf (’lnu = ¥%d ’,lnu)
fprintf (° unu = %d \n’,unu)
if nu < lnu
fprintf (’** Warning; nu is too small ** \n’)
else
if nu > unu
fprintf (’** Warning; nu is too big ** \n’)
end
end

sxl = zeros(n,1); numl = 0;
sKku = zeros(n,1); Knuml = 0;
for i = 1:p
if lambnz(i) > O
sx1 = sx1 + u(:,i);
numl = numl + 1;
end
if lamK(i) > O
sKu = sKu + u(:,i);
Knuml = Knuml + 1;
end
end
% Knumil
sx2 = zeros(n,1); num2 = O;
sKv = zeros(n,1); Knum2 = O;
for j = 1:q
if munz(j) > O
sx2 = sx2 + v(:,3);
num?2 = num2 + 1;
end
if muK(j) > O
skv = skv + v(:,3);
Knum2 = Knum2 + 1;
end
end
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% Knum?2

b = 0; eta = 0;
epsilon = 0; xi = 0;
P2 = X’*X;
badnu = 0;
if numsvll > O
if numsvml > O
b = (w*(sxl/numl + sx2/num2))/2;
fprintf (’b = %.15f \n’,b)
eta = (w’*(sx1/numl - sx2/num2))/2;
fprintf(’eta = ¥%.15f \n’,eta)
else
errterm = w’*(sKv - sKu) + (pf - qf)*w’*(sx1/numl);
Pterm = (1/K)*(lam’*P2*lam) ;
denomqf = (p+q)*nu -2*qf;
fprintf (’denomqf = ¥%.15f \n’,denomqf)
if denomqgf > O
eta = (errterm + Pterm)/denomqf;
fprintf(’eta = ¥%.15f \n’,eta)
b = -eta + w’*sx1/numi;
else
badnu = 1;
fprintf (’** Warning: numsvll > O,
numsvml = 0 and nu = 2xqf/(p+q) ** \n’)
end
end
else
if numsvml > O
errterm = w’*(sKv - sKu) + (pf - qf)*w’*(sx2/num?);
Pterm = (1/K)*(lam’*P2%lam) ;
denompf = (p+q)*nu -2*pf;
fprintf (’denompf = ¥%.15f \n’,denompf)
if denompf > O
eta = (errterm + Pterm)/denompf;
fprintf(’eta = ¥%.15f \n’,eta)
b = eta + w’*sx2/num?2;
else
badnu = 1;
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fprintf (’** Warning: numsvml > O,
numsvll = O and nu = 2*pf/(p+q) ** \n’)
end
else
fprintf (’** Not enough support vectors ** \n’)
end
end

Km = (p+q)*nu*K;

fprintf (°’K = 9%.15f ’,K)

fprintf (° (p+tq) *nu*Ks/2 = %.15f \n’,Km/2)
fprintf (’sum(lambda) = %.15f ’,sum(lamb))
fprintf (° sum(mu) = %.15f \n’,sum(mu))

if (numsvll > O || numsvml > 0) && badnu ==

if eta < 10°(-9)
fprintf (’** Warning, eta too small or negative *x \n’)
eta = 0;

end

delta = eta/nw;

fprintf(’delta = %.15f \n’,delta)

tolxi = 107 (-10);

% tols < lambda_i < K - tolh or K - tolh <= lambda_i

% and epsilon_i < tolxi

[lamsv,psf,epsilon] = findsvl2(lamb,w,b,u,eta,K,tols,

tolh,tolxi);

% tols < mu_i < K - tolh or K - tolh <= mu_i

% and xi_i < tolxi

[musv,qsf,xi] = findsvm2(mu,w,b,v,eta,K,tols,tolh,tolxi);

fprintf (Cpsf = %d ’,psf)

fprintf(° gsf = %d \n’,gsf)

fprintf(’pf - psf = Jd ’,pf - psf)

fprintf(® qf - gsf = %d \n’,qf - gsf)

% computes eta from the duality gap
errterm = w’*(sKv - sKu) + (pf - qf)x*b;
(1/K) *(lam’*P2+*1lam) ;

denom = (p+q)*nu - pf -qf;
fprintf(’denom = %.15f \n’,denom)

Pterm
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if denom > O
etal = (errterm + Pterm)/denom;
fprintf(’etal = %.15f \n’,etal)
end
end
end

The constraint matrix and the matrices defining the quadratic program
are constructed by the function buildSVMs2pb.

function [A,c,X,Pa,q] = buildSVMs2pb(nu,u,v,K)

% builds the matrix of constraints A for

% soft margin nu-SVM s2’

% with the constraint

% \sum_{i = 1}"p + \sum_{j = 1}"q mu_j = K_m

% (without the variable gamma) and the right-hand side c
% u: vector of p blue points (each an n-dim vector)
% v: vector of q red points (each an n-dim vector)
% builds the matrix X = [-u_l ... -u_p vl .... v_q]
% and the matrix Pa as 2(p+q) matrix obtained

% by augmenting X’*X with zeros

%» K is a scale factor (K = Ks)

p = size(u,2); q = size(v,2);

h Ks = 1/(p+q);

Ks = K; Km = (p+q)*K*nu;

A = [ones(1,p) -ones(1,q) zeros(1l,p+q);
ones(1,p) ones(1l,q) zeros(l,p+q) ;
eye(p) zeros(p,q) eye(p) zeros(p,q);
zeros(q,p) eye(q) =zeros(q,p) eye(q) 1;

c = [0; Km; Ks*ones(p+q,1)];

[-u v];

XX = X’*X;

Pa = [XX zeros(p+q,p+q); zeros(p+q, 2*(p+q))];

q = zeros(2x(p+q),1);

end

The function findpsv2 makes a vector of A; (and p;) corresponding to
support vectors of type 1.
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function [lampsv,num] = findpsv2(lambda,K,tols,tolh)

yA This function find the vector of
%  lambda_i’s such that O < lambda_i < K
% and the number of such lambda_i.

% tols = 107(-11); Y the smaller this is, the larger
% the number of points on the margin
% tolh = 10°(-9); %
m = size(lambda,l1); lampsv = zeros(m,1);
num = O;
for i = 1:m
if lambda(i) > tols && lambda(i) < K - tolh
lampsv(i) = lambda(i);
num = num + 1;

end
end
end

The function countumf?2 finds those A; such that A\; = K.

function [lamK,mf] = countumf2(lambda,K,tolh)
% Counts the number of margin failures, that is,
% points u_i (in u) such that lambda_i = K

p = size(lambda,1);
mf = 0; lamK = zeros(p,1);

for i = 1:p
if lambda(i) >= K - tolh
mf = mf + 1;
lamK(i) = lambda(i);
end
end
end

Similarly, the function countvmf2 finds those p; such that p; = K.
The function countmlu2 finds those \; such that \; > 0.

function [lambnz, mlu] = countmlu2(lambda,tols)
% Counts the number of points u_i (in u)
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% such that lambda_i > O and returns a vector
% of these lambda_i

% tols = 10~ (-11);
p = size(lambda,1); lambnz = zeros(p,1);
mlu = 0;
for i = 1:p
if lambda(i) > tols
mlu = mlu + 1;
lambnz (i) = lambda(i);
end
end
end

Similarly, the function countmlv2 finds those 1; such that ;1; > 0. The
function findsvl2 finds the A; corresponding to blue support vectors of
type 1 and 2 and the error vector e. The number of blue errors is psf
(the w; for which e; > 0). Similarly the function findsvm2 finds the p;
corresponding to red support vectors of type 1 and 2 and the error vector
&. The number of red errors is ¢sf (the v; for which &; > 0).

The main function runSVMs2pbv3 calls doSVMs2pbv3 and displays the
separating line (or plane) and the two margin lines (or planes).

function [lamb,mu,alpha,beta,lambnz,munz,w]
= runSVMs2pbv3(nu,rho,u,v,K)

% Best version
%  Uses the duality gap to compute eta
yA In principle, needs a single support vector of type 1

% Runs soft margin nu-SVM version s2’

% with the constraint

% \sum_{i = 1}"p + \sum_{j = 1}°q mu_j = K_m
%  (without the variable gamma)

% p greemn vectors u_l, ..., u_p in n x p array u
% qred vectors v_1l, ..., v_.q in n x q array v

%  First builds the matrices for the dual program
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yA K is a scale factor

p = size(u,2); q = size(v,2); n = size(u,1);

[lamb,mu,alpha,beta,lambnz,munz,numsvll,numsvml,badnu,w,
nw,b,etal = doSVMs2pbv3(nu,rho,u,v,K);

if n ==
[11,mm] = showdata(u,v);
if (numsvll > O || numsvml > 0) && badnu ==
showSVMs2 (w,b,eta,1l,mm,nw)
end
else
if n ==
showpointsSVM(u,v)
if (numsvll > O || numsvml > 0) && badnu ==
offset = 10;
Ct =[10 1]; % magenta
plotplaneSVM(u,v,w,b,offset,C1)
C2 = [0 0 1]; % blue
plotplaneSVM(u,v,w,b+eta,offset,C2)
C3 = [1,0,0]; % red
plotplaneSVM(u,v,w,b-eta,offset,C3)
end
axis equal
view([-1 -1 1]);
xlabel(°X’,’fontsize’,14);ylabel(’Y’, ’fontsize’,14);
zlabel(’Z’,’fontsize’,14);
hold off
end
end
end

B.3 Soft Margin SVM (SVM,3)

The following Matlab programs implement the method described in Section
18.12. The main function doSVMs3b is given below.

function [lamb,mu,alpha,beta,lambnz,munz,lamK,muK,w,b,eta,
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nw,fail] = doSVMs3b (nu,rho,u,v,K)
% Soft margin nu-SVM version s3

% Computes eta using the duality gap
% Needs a single support vector of type 1

% p green vectors u_l, ..., u_p in n x p array u
% qred vectors v_l, ..., v_.q in n x q array v

%  First builds the matrices for the dual program
A K is a scale factor

p = size(u,2); q = size(v,2); n = size(u,1);
[A,c,X,P2,Pa,qal] = buildSVMs3b (nu,u,v,K);
pA
% Runs quadratic solver
pA
tolr = 107(-10); tols = 10°(-10); iternum = 80000;
[x,U,nr,ns,kk] = gsolvel(Pa, qa, A, c, rho, tolr, tols,
iternum) ;
fprintf (’nr = %d ’,nr)
fprintf (° ns = %d ’,ns)
fprintf (’ kk = %d \n’,kk)
noconv = 0;
if kk > iternum
noconv = 1;
fprintf (’** gsolve did not converge. Problem
not solvable ** \n’)
end
lam = x(1:(p+tq),1);
alpha = x((p+q+1) :2*p+q,1);
beta = x(2xp+q+1:2x(p+q),1);
w = —-Xx*lam;
nw = sqrt(w’*w); % norm of w
fprintf (’nw = %d \n’,nw)
lamb = x(1:p,1);
mu = x(p+l:p+q,1);
b = -(sum(lamb) - sum(mu));
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fprintf(°’b = ¥%.15f \n’,b)
A

tols = 107(-10); tolh = 10°(-9);
% tols < lambda_i < K - tolh
[lambnz,numsv11] = findpsv2(lamb,K,tols,tolh);
% tols < mu_i < K - tolh
[munz,numsvml] = findpsv2(mu,K,tols,tolh);
fprintf (’numsvll = %d ’,numsvll)
fprintf (° numsvml = %d \n’,numsvml)
% lambda_i >= K - tolh
% number of blue margin failures
[lamK,pf] = countumf2(lamb,K,tolh);
% mu_j >= K - tolh
% number of red margin failures
[muK,qf] = countvmf2(mu,K,tolh);
fprintf Cpf = %d ’,pf)
fprintf(° qf = %d \n’,qf)
% number of points such that lambda_i > tols
[7,pm] = countmlu2(lamb,tols);
% number of points such that mu_i > tols
[",qm] = countmlv2(mu,tols);
fprintf(’pm = %d ’,pm)
fprintf(° gm = %d \n’,qm)
fprintf(’p - pm = %d ’,p - pm)
fprintf(®° g -qgm = %d \n’,q - qm)
lnu = (pf + qf)/(p+q); unu = (pm + gm)/(p+q);
fprintf (’1lnu = ¥%d ’,lnu)
fprintf (° unu = %d \n’,unu)
if nu < lnu
fprintf (’** Warning; nu is too small ** \n’)
else
if nu > unu
fprintf (’** Warning; nu is too big ** \n’)
end
end

sxl = zeros(n,1); numl = 0;
sKku = zeros(n,1); Knuml = 0;
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for i = 1:p
if lambnz(i) > 0
sxl = sx1 + u(:,i);
numl = numl + 1;
end
if lamK(i) > O
sKu = sKu + u(:,1i);
Knuml = Knuml + 1;
end
end
% Knumil
sx2 = zeros(n,1); num2 = 0;
sKv = zeros(n,1); Knum2 = 0;
for j = 1:q
if munz(j) > O
sx2 = sx2 + v(:,3);
num2 = num2 + 1;
end
if muK(j) > O
skv = sKv + v(:,j);
Knum2 = Knum2 + 1;
end
end
% Knum2

% computes eta from the duality gap

Fundamentals of Optimization Theory
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errterm = w’*(skKv - sKu) + (pf - qf)x*b;

(1/K)*(lam’*P2%*1lam) ;
(p+tq)*nu - pf -qf;

Pterm

denom

fprintf(’denom = %.15f \n’,denom)

epsilon = 0; xi = 0;
if denom > O

eta = (errterm + Pterm)/denom;
fprintf(’eta = ¥%.15f \n’,eta)

if eta < 107(-10)

fprintf (’** Warning; eta is too small

or negative ** \n’)

end

tolxi 107 (-10);

855
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% tols < lambda_i < K - tolh or K - tolh <= lambda_i
% and epsilon_i < tolxi
[lamsv,psf,epsilon] = findsvl2(lamb,w,b,u,eta,K,tols,
tolh,tolxi);
% tols < mu_i < K - tolh or K - tolh <= mu_i
% and xi_i < tolxi
[musv,qgsf,xi] = findsvm2(mu,w,b,v,eta,K,tols,tolh,tolxi);
fprintf(’psf = %d ’,psf)
fprintf (> gsf = %d \n’,gsf)
fprintf(’pf - psf = Jd ’,pf - psf)
fprintf(® qf - gsf = %d \n’,qf - gsf)
else
eta = 0;
denom = O;
fprintf (’** Warning, nu = (pf + qf)/(p+tq) ** \n’)
end

Km = (p+q)*nux*K;

fprintf (’K = %.15f ’,K)

fprintf (° (ptq)*nu*xKs = %.15f \n’,Km)

fprintf (’sum(lambda) + sum(mu)= %.15f \n’,sum(lamb) + sum(mu))

etal = 0;
if numsvll > O || numsvml > O
if numsvll > numsvml
etal = w’*sxl/numl - b;
else
etal = b - w’*sx2/num?2;
end
fprintf(’etal = %.15f \n’,etal)
else
fprintf (’** Warning: not enough support vectors ** \n’)
end
if denom ==
if numsvll > O || numsvml > O
eta = etal;
fail = 0;
else

fail

1;
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fprintf (’** Warning, denom = 0 and
not enough support vectors ** \n’)
end
else
fail = 0;
end
end

The main function doSVMs3Db is executed by the following function:

function [lamb,mu,alpha,beta,lambnz,munz,w]
= runSVMs3b(nu,rho,u,v,K)

% Runs soft margin nu-SVM version s3

% Computes eta using the duality gap
% Needs a single support vector of type 1

% p green vectors u_1,
% q red vectors v_1,

., u_p inn x p array u
., V_.q in n x q array v

% First builds the matrices for the dual program
YA K is a scale factor

p = size(u,2); q = size(v,2); n = size(u,1);

[lamb,mu,alpha,beta,lambnz,munz,lamK,muK,w,b,eta,nw,faill
= doSVMs3b(nu,rho,u,v,K);

if n ==
[11,mm] = showdata(u,v);
if fail ==
showSVMs2(w,b,eta,1l,mm,nw)
end
else
if n ==
showpointsSVM(u,v)
if fail ==
offset = 10;
Cit =[10 1]; % magenta
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plotplaneSVM(u,v,w,b,offset,C1)
C2 =1[00 1]; Y% blue
plotplaneSVM(u,v,w,b+eta,offset,C2)
C3 = [1,0,0]; % red
plotplaneSVM(u,v,w,b-eta,offset,C3)

end

axis equal

yA axis([11(1) mm(1) 11(2) mm(2)]1);

view([-1 -1 1]);

xlabel(’X’,’fontsize’,14);ylabel(’Y’,’fontsize’,14);

zlabel(’Z’,’fontsize’,14);

hold off

end
end
end

The function buildSVMs3b builds the constraint matrix and the matri-
ces defining the quadratic program.

function [A,c,X,P2,Pa,q] = buildSVMs3b(nu,u,v,K)

% builds the matrix of constraints A for

% soft margin nu-SVM s3 and the right-hand side c
% u: vector of p blue points (each an n-dim vector)
% v: vector of q red points (each an n-dim vector)
% builds the matrix X = [-u_1l ... -u_p vl .... v_q]
% and the matrix Xa as 2(p+q) matrix obtained

% Dby augmenting X’*X with zeros

% K is a scale factor (K = Ks)

p = size(u,2); q = size(v,2);

% Ks = 1/(p+q);

Ks = K; Km = (p+q)*K+*nu;

A = [ones(1,p) omnes(l,q) zeros(l,p+q) ;
eye(p) zeros(p,q) eye(p) zeros(p,q);
zeros(q,p) eye(q) zeros(q,p) eye(q) 1;

¢ = [Km; Ks*ones(p+q,1)];
X = [-u vl;
XX1 = X’*X;

XX2 = [ones(p,1)*ones(p,1)’ -ones(p,1)*ones(q,1)’;
-ones(q,1)*ones(p,1)’ ones(q,1)*ones(q,1)’];
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P2 = XX1 + XX2;
Pa = [P2 zeros(p+q,p+q); zeros(p+q, 2*(p+q))];

q = zeros(2*(p+q),1);
end

B.4 v-SV Regression
g The main function donuregb is given below.

function
[lamb,mu,alpha,beta,lambnz,munz,lamk,muK,numsvll,numsvml,w,
epsilon,b] = donuregb (rho,nu,X,y,C)

%  Soft margin nu-regression

%  with the constraint

pA \sum_{i = 1}™m + \sun_{j = 1}’ m mu_j = C nu
%  (Without the variable gamma)

% Input: an m x n matrix of data points represented as
% as the rows of X, and y a vector in R™n

% First builds the matrices for the dual program
h C is a scale factor

m = size(X,1); n = size(X,2);

[A,c,P,Pa,qa] = buildnuregb(nu,X,y,C);

yA

% Runs quadratic solver

yA

tolr = 10°(-10); tols = 10" (-10); iternum = 80000;

[x,U,nr,ns,kk] = gsolvel(Pa, qa, A, c, rho, tolr, tols,
iternum) ;

% fprintf(’nr = Yd ’,nr)

% fprintf(’ ns = Y%d \n’,ns)

fprintf (’nr = %d4’,nr)

%d’ ,ns)

% \n’,kk)

fprintf(’ ns
fprintf(° kk
noconv = 0;

if kk > iternum
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noconv = 1;

fprintf (’*x gsolve did not converge.

not solvable ** \n’)
end
lamb = x(1:m,1);

mu = x(m+1:2%m,1);
alpha = x((2*m+1):3%m,1);
beta = x(3*m+1:4%m,1);

w = X’*(mu - lamb);

pA

b = 0; epsilon = 0;

tols = 107(-10); tolh = 107(-9);
% tols < lambda_i < C/m - tolh

Fundamentals of Optimization Theory
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[lambnz,numsv11] = findpsv2(lamb,C/m,tols,tolh);

% tols < mu_i < C/m - tolh

[munz,numsvml] = findpsv2(mu,C/m,tols,tolh);

fprintf (’numsvll = %d’,numsvll)
fprintf (° numsvml = %d \n’,numsvml)
% lambda_i >= C/m - tolh

% number of blue margin failures
[lamK,pf] = countumf2(lamb,C/m,tolh);
% mu_j >= C/m - tolh

% number of red margin failures

[muK,qf] = countvmf2(mu,C/m,tolh);
fprintf (pf = %d4’,pf)
fprintf gf = %d \n’,qf)

% number of points such that lambda_i > tols

[7,pm] = countmlu2(lamb,tols);

% number of points such that mu_i > tols

[7,qm] = countmlv2(mu,tols);
fprintf(Cpm = %d’,pm)
fprintf (° gqmn = %d \n’,qm)

% lambda_i <= tols
[1lmz,nz] = countlLzero(lamb,mu,tols);

pm2 = numsvll + pf; gm2 =

numsvml + qf;

fprintf Cpm2 = Y%d’,pm2)
fprintf(° gm2 = %d \n’,qm2)
lnu = max(2*pf/m,2*qf/m); unu = min(2*pm/m,2%qm/m) ;

fprintf (’lnu = ¥%d’,lnu)
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fprintf(® wunu = %d \n’,unu)
fprintf (’nz = %d \n’,nz)
if nu < lnu
fprintf (’** Warning; nu is too small ** \n’)

else
if nu > unu
fprintf (’** Warning; nu is too big ** \n’)
end
end
fprintf(°C/m = %.15f ’,C/m)

fprintf (° (C nuw)/2 = %.15f \n’, (C*nu)/2)
fprintf (’sum(lambda) = %.15f ’,sum(lamb))
fprintf (° sum(mu) = %.15f \n’,sum(mu))
lamsv = 0; musv = 0; xi = 0; xip = 0;

if numsvll > O && numsvml > O

sx1 = zeros(n,1); syl = 0; numl = O;
sx2 = zeros(n,1); sy2 = 0; num2 = 0;
for i = 1:m
if lambnz(i) > O
sx1 = sx1 + X(i,:)’; syl = syl + y(i);
numl = numl + 1;
end
if munz(i) > O
sx2 = sx2 + X(i,:)’; sy2 = sy2 + y(i);

num?2 = num2 + 1;
end
end
% numl
% num?2
b = (syl/numl + sy2/num2 - w’*(sx1/numl + sx2/num2))/2;
fprintf (b = %.15f \n’,b)
epsilon = (w’*(sx1/numl - sx2/num2)
+ sy2/num2 - syl/numl)/2;
fprintf (’epsilon = ¥%.15f \n’,epsilon)
if epsilon < 107(-10)
fprintf (’** Warning; epsilon is too small
or negative ** \n’)
end
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nw = sqrt(w’*w); % norm of w

fprintf (’nw = %.15f \n’,nw)

%

tolxi = 107 (-10);

% tols < lambda_i < C/m - tolh or C/m - tolh <= lambda_i

% and xi_i < tolxi

[lamsv,psf,xi] = findnuregsvl2(lamb,w,b,X,y,epsilon,C/m,
tols,tolh,tolxi);

% tols < mu_i < C/m - tolh or C/m - tolh <= mu_i

% and xi_i’ < tolxi

[musv,qgsf,xip] = findnuregsvm2(mu,w,b,X,y,epsilon,C/m,tols,
tolh,tolxi);

fprintf(’psf = %d ’,psf)

fprintf(° gsf = %d \n’,qsf)

else

fprintf (’** Not enough support vectors ** \n’)

end

end

To run donuregb use the function runuregb listed below.

function [lamb,mu,alpha,beta,lambnz,munz,lamK,muK,w]

b
b
b
h
h

h
h

h

= runuregb (rho,nu,X,y,C)

Runs soft margin nu-regression

with the constraint

\sum_{i = 1}"m + \sum_{j = 1}*m mu_j = C nu
(Without the variable gamma)

Input: an m x n matrix of data points represented as
as the rows of X, and y a vector in R™n

First builds the matrices for the dual program
C is a scale factor

= size(X,1); n = size(X,2);

[lamb,mu,alpha,beta,lambnz,munz,lamk,muK,numsvll,numsvml,w,

epsilon,b] = donuregb(rho,nu,X,y,C);
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if n ==
[11,mm] = showgraph(X,y);
ww = [w;-1]; nl = sqrt(ww’*ww);
if numsvll > O && numsvml > O
showSVMs2 (ww,-b,epsilon,1l,mm,nl)
end
else
if n ==
offset = 10;
[11,mm] = showpoints(X,y,offset);
if numsvll > O && numsvml > O
showplanes(w,b,11,mm,epsilon)
end
axis equal
axis([11(1) mm(1) 11(2) mm(2)]1);
view([-1 -1 11);
xlabel(’X’,’fontsize’,14);ylabel(’Y’,’fontsize’,14);
zlabel(’Z’,’fontsize’,14);
end
end
end

The function buildnuregb creates the constraint matrix and the ma-
trices defining the quadratic functional.

function [A,c,P,Pa,qal = buildnuregb (nu,X,y,C)

% builds the matrix of constraints A for

% soft margin nu-regression

% with the constraint

% \sum_{i = 1}"'m + \sum_{j = 1} m mu_j = C nu

% (without the variable gamma)

% and the right-hand side c.

% Input: an m x n matrix X of data points represented as
% as the rows of X, and y a vector in R"n.

% builds the m x m matrix X*X"T, the 2m x 2m matrix

% P = [X#X"T -X#X"T; -X*X"T X*X"T],

% and the matrix Pa as the 4m x 4m matrix obtained
% by augmenting with zeros.
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% Also builds the vector q_a (q augmented with zeros).
% C is a scale factor.

m = size(X,1); n = size(X,2);
% Ks = 1/(p+q);
Ks = C; Km = C*nu;

A = [ones(1,m) -ones(1,m) zeros(1l,2*m);
ones(1,m) ones(1,m) =zeros(1,2*m) ;
eye(m) zeros(m,m) eye(m) zeros(m,m);
zeros(m,m) eye(m) zeros(m,m) eye(m)];

¢ = [0; Km; (Ks/m)*ones(2+%m,1)];

XX1 = XxX’;

P = [XX1 -XX1; -XX1 XX1];

Pa = [P zeros(2+*m,2+*m); zeros(2*m, 4*m )];
qa = ly; -y; zeros(2*m,1)];

end
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A-conjugate, see conjugate vectors,

see conjugate vectors
C-function, 90
C*-function, 90
C*°-function, 104
C™-diffeomorphism, 104
C™-function, 104
Ts-separation axiom, see Hausdorff
arg max, . J(v), see maximizer
arg min, c;; J(v), see minimizer
0 -regularized regression, see lasso
e-SV regression

dual program, 804
e-SV regression, 804
e-insensitive SV regression, 804
e-subdifferential, 541
e-subgradient, 541
ReLU, 534
aff(.9), see affine hull
conv(S), see convex hull
span(.S), see linear span
v-SV regression

dual program, 780

kernel version

dual program, 803

v-SV regression version 2

dual program, 807
v-SV regression, 774

e-slab, 774

best fit hyperplane, 773

blue margin, 773

869

error, 773
errors, 774
exceptional support vector, 783
fail the margin, 783
kernel version, 802
margin at most €, 783
outliers, 783
point classification, 781
red margin, 773
regression estimate, 794
standard margin hypothesis, 794
support vectors of type 1, 782
numsvly, 782
numsvmsy, 782
support vectors of type 2, 783
training data, 773
variant, 805
v-SV regression version
standard margin hypothesis, 809
v-SV regression version 2, 805
v-SVC, see SV M ;5653
v-SVM, see SV M 45,653
v-support vector regression, see v-SV
regression
v-support vector machine, 665
‘H-cones, 415
‘H-polyhedron, 210
k-dimensional face, 228
edge, 228
facet, 228
vertex, 228
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‘H-polytope, 210
V-cone, 415
V-polyhedron, 212
k-dimensional face, 228
m-multilinear map
symmetric, 104
mth-order vector derivative, 105
(real) positive definite kernel, 610
‘Faa di Bruno’s formula, 111
“Little Riesz Theorem”, see Riesz
representation theorem

absolute value, 18
adjoint map, 335, 336
ADMM, see alternating direction
method of multipliers
affine combination, 206
affine constraints C" z = ¢, 185, 189
affine extended real-valued function,
508
affine form, 208, 519
affine hyperplane, 208
affine hull, 206
affine hyperplane, 208, 519
half spaces, 208, 519
affine map, 76
associated linear map, 76
affine subspace, 134, 206
dimension, 206
direction, 206
agreement kernel, 607
alternating direction method of
multipliers, 571
convergence, 576
dual residual, 584
primal residual, 584
proximity operator, 585
residual, 573
alternating method of multipliers
scaled form, 574
analytic centering problem, 503
augmented Lagrangian, 566
penalty parameter, 566

Banach fixed point theorem, 64, 354
Banach space, 52

Index

basis
topology, 32
basis pursuit, 594
ADMM form, 594
Bessel inequality, 821
bilinear map
continuous, 49
symmetric, 100
Boolean linear program, 504
bounded linear functional, 332
bounded linear operator, 332
Boyd and Vandenberghe, 171, 193,
196

Cauchy sequence, 52, 63, 318
chain rule, 78
characteristic function, 506
closed ball
metric space, 18
closed half-space, 134
closure of a set, 321
coercive, 345
bilinear form, 354
complementary slackness conditions,
426, 528
complete metric space, 52
computer graphics, 180
computer vision, 180
concave
extended real-valued function, 508
concave function, 134
strictly concave, 134
cone, 209, see cone with apex 0
polyhedral cone, 209, 337
primitive cone, 213
ray, 210
cone of feasible directions, 409
cone with apex 0, 408
cone with apex u, 408
conjugate function, 481, 562
convex quadratic, 482
exponential, 482
Fenchel’s inequality, 481
log-determinant, 483
log-sum-exp function, 484
negative entropy, 482
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negative logarithm, 481

norm function, 483

norm squared, 483

Young’s inequality, 481
conjugate gradient method, 381

error, 391

Fletcher—Reeves, 393

Polak—Ribiere, 393

residual, 390
conjugate vectors, 383, 385
constrained local extremum

real-valued function, 120
constrained minimization problems,

173
constrained quadratic optimization

general case, 183

on the sphere, 187
constraint, 173

active, 415

inactive, 415

qualified, 417

convex function, 427

constraints, 218
continuous bilinear map, 49, 77
continuous function, 35

continuous at a, 34

metric space version, 36

normed vector space version, 36
continuous linear map, 45, 72
continuous on a subset, 35
continuous on the left, 43
continuous on the right, 43
contraction map, 62

Lipschitz constant, 62
contraction mapping, 63, 354
contraction mapping theorem, 63
converges weakly, 346
convex

extended real-valued function, 508
convex combination, 207
convex function, 133

strictly convex, 133
convex hull, 207

definition, 207
convex set, 133, 207

dimension, 207
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extremal point, 208

normal cone, 522

normal vector, 522

support function, 533

supporting hyperplane, 521
critical point

nondegenerate, 132, 133

real-valued function, 117

dense set, 321
derivative
real-valued function, 68
derivative of linear map, 72, 76
derivative of inversion, 80
derivative on left
real-valued function, 69
derivative on right
real-valued function, 69
descent direction, 360
diffeomorphism
global, 94
local, 94
differentiable
at point, 72
real-valued function, 68
differential, see derivative of linear
map
Dirac notation, 333
directional derivative, 70
disconnected, 24
distance, see metric
point and set, 276
dual ascent method, 562
method of multipliers, 566
parallel version, 565
dual feasibility equations, 435
dual norm, 375, 483
dual problem, 178, 455
dual space
Hilbert space, 332
duality gap, 464

edge, 228
effective domain

extended real-valued function, 509
elastic net regression, 764
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dual program, 768
elliptic, 357
energy function, 169
entropy minimization, 487
epigraph, 134
extended real-valued function, 507
equilibrium equations, 175, 176
equilibrium theorem, see linear
programming, see linear
programming
equivalent metrics, 32
equivalent norm, 32
Euclidean metric, 18
Euclidean norm, 20
extended real-valued function, 344,
507
e-subdifferential, 541
e-subgradient, 541
inf f, 544
affine, 508
closed, 513
closure, 513
concave, 508
convex, 508
differentiable, 537
proper, 511
effective domain, 509
epigraph, 507
finite, 507
improper, 511
lower semi-continuous, 512
lower semi-continuous hull, 513
minimum set, 544
one-sided directional derivative,
532
polyhedral, 550
positively homogeneous, 533
proper, 511
continuous, 515
subdifferential, 523
subgradient, 523
sublevel sets, 512

facet, 228
Farkas lemma, 275, 423
Farkas—Minkowski, 274

Index

Farkas—Minkowski lemma, 274, 337,
423

feasible start Newton method, 439
equality constraints, 439

feature embedding, see feature map

feature map, 601

feature space, 601, 750

Fenchel conjugate, see conjugate
function

Fourier coefficient, 817

Fourier coefficients, 320

Fourier series, 320, 818
Bessel inequality, 821
partial sum, 818

Fréchet derivative, see total
derivative, derivative of linear map

Frobenius norm, 75

frontier, see boundary

Gateaux derivative, see directional
derivative
Gauss—Seidel method, 363
general ¢'-regularized loss
minimization, 595
ADMM form, 595
generalized Lagrange multipliers, 426,
458
generalized Lasso regularization, 596
ADMM form, 596
generalized mean value theorem, 106
generalized Newton method, 150
Golub, 187
gradient, 87, 110
gradient V f,, 346
gradient descent method, 364
backtracking lines search, 364
conjugate gradient method, 381
extrapolation, 374
fixed stepsize parameter, 364
momentum term, 376
Nesterov acceleration, 376
Newton descent, 377
feasible start, 439
infeasible start, 439
Newton decrement, 377
Newton step, 377
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Newton’s method, 378
damped Newton phase, 379
pure Newton phase, 379
quadratically convergent
phase, 379
normed steepest descent, 374, 375
-norm, 376
£2-norm, 375
Newton descent, 377
symmetric positive definite
matrix, 375
optimal stepsize parameter, 364
scaling, 374
variable stepsize parameter, 364
greatest lower bound, 342
group lasso, 596

Hadamard product, 611
Hamel bases, 818
Hard Margin Support Vector

Machine, 441

(SVMp,), 443

solution, 443
(SVMp1), 488
(SVMy2), 445, 476
slab, 452

margin, 442
Hausdorff separation axiom, 24
Hausdorff space, 25
Hessian, 101, 110
Hessian V?2f,, 347
higher-order derivative, 103
Hilbert bases

separable, 835
Hilbert basis, 320, 817
Hilbert space, 318

22,318

2(K), 827

L*(T), 836

L%([-1,1]), 836

L%([a, b)), 319

adjoint map, 335, 336

dual space, 332

Hilbert basis, 320

orthogonal family, 817

orthonormal family, 817
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Fourier coefficient, 817, 818
parallelogram law, 321
Projection lemma, 322
projection lemma, 277
projection map px: E — X, 326
projection vector px (u), 326
real, 318
Riesz representation theorem, 332
separable, 835
total orthogonal family, 817

properties, 832

homeomorphism, 39
global, 94
local, 94

Horn and Johnson, 195

immersion, 95
implicit function theorem, 92
indicator function, 506
subdifferential, 526
infeasible start Newton method, 439
intersection kernel, 607
inverse function theorem, 95
isolated point, 37
isometry, 55
isomorphism
linear map, 150

Jacobian, 83
Jacobian matrix, 83

Karush—Kuhn—Tucker conditions, 424

kernel function, 601, 602, 753
polynomial kernel, 606

kernel matrix, 619, 751

KKT conditions, see
Karush-Kuhn—-Tucker conditions

KKT-matrix, 435

Krein and Milman’s theorem, 208

Kronecker product, 160

Krylov subspace, 391

Lagrange dual function, 461

Lagrange dual problem, 462

Lagrange multipliers, 121, 169
definition, 175
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Lagrangian, 121, 175, 430, 458
dual function, 176
Lagrangian dual, 455
Langrangian, 455
lasso regression, 753
lassol, 753
lasso2, 754
lasso3, 757
lasso4, 760
dual Dlasso2, 755
dual Dlasso3, 758
lasso regularization, 595
ADMM form, 595
Lax-Milgram’s theorem, 356
learning problem, 735, 736
elastic net, 736
estimator, 736
labels, 736
lasso regression, 736
linear regression, 735
predictors, 735
responses, 736
ridge regression, 735
training data, 735
weight vector, 735, 736
least absolute deviation, 593
ADMM form, 594
least squares problem, 330
normal equations, 331
least upper bound, 343
Lebesgue square-integrable periodic
functions, see L*(T)
Legendre polynomial, 837
Legendre transform, see conjugate
function
lemniscate of Bernoulli, 39
limit for function
metric space, 42
normed vector space, 42
limit for functions, 41
line minimization, see line search
line search, 360
backtracking, 361
exact, 360
stepsize parameter, 360
linear combination, 206

Index

linear constraints C'' z = 0, 184, 187
linear form, 206
linear hyperplane, 208
linear map
continuous, 45
linear program
restricted primal, 301
linear programming, 204, 431
basic column, 225
basic feasible solution, 224
basic index, 225
basic variables, 225
basis, 225, 238
complementary slackness
conditions, 290
cost function, 204
degenerate solution, 238
dual problem, 281
bounded below, 283
dual variables, 281
maximization form, 283
dual program
standard form, 291
dual simplex algorithm, 293
feasible solutions, 204, 219
full tableaux, 296
interior point method, 433
linear program, 217, 218
standard form, 222
unbounded, 220
objective function, 218
optimal solution, 205, 221, 249
primal problem, 281
primal variables, 281
primal-dual algorithm, 302
primal-dual method, 290
standard form, 431
strong duality, 283
equilibrium theorem, 289, 293
unbounded above, 249
weak duality, 283
linear regression, 735
linear separable, 440
linear span, 206
linear subspace, 206
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Index

Lions—Stampacchia, 354
Lipschitz condition, 517
Lipschitz constant, 62, 354
Lipschitzian, see Lipschitz condition
little o notation, 74
local extremum
real-valued function, 116
local extremum with respect to U
real-valued function, 119
local homeomorphism, 94
local maximum
real-valued function, 116
local maximum with respect to U
real-valued function, 119
local minimum
real-valued function, 116
local minimum with respect to U
real-valued function, 119
log-determinant function, 135
lower bounds, 342
unbounded below, 342
lower semi-continuous, 512
lower semi-continuous hull, 513

matrix

positive definite, 131
matrix inversion lemma, 196
max function, 135
maximization problem, 455
maximizer, 344
maximum

real-valued function, 141
mean value theorem, 89

vector-valued function, 89
measurable space, 607
method of kernels, 625

feature map, 625

feature space, 625

kernel function, 625
method of multipliers, 566
method of relaxation, 362
metric, 17

discrete, 18

equivalent, 32

Euclidean, 18

subspace, 29
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metric space, 17
bounded subset, 19
Cauchy sequence, 52, 318
closed ball, 18
closed set, 20, 321
complete, 52, 318
completion, 55
diameter of a set, 322
distance from a set, 322
isometry, 55
metric, 17
open ball, 18
open set, 20
sphere, 19
triangle inequality, 17
minimization of a quadratic function,
169
minimization problem, 454
dual problem, 455, 462, 474
dual feasible, 462
duality gap, 464
strong duality, 464
weak duality, 464
primal problem, 454, 462
minimizer, 343
minimum
real-valued function, 141
minimum set
extended real-valued function, 544

neighborhood, 35
Newton’s method, 147
Newton—Kantorovich theorem, 152,
155
nondegenerate, 132
norm, 19
fP-norm, 20
bilinear map, 50
equivalent, 32
Euclidean, 20
linear map, 47
one-norm, 20
sup-norm, 20
normal cone, 522
normed vector space, 19
absolutely summable, 828
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Cauchy family, 818
completion, 61
summable family, 818

one-sided directional derivative, 532
connection to subgradient, 535
open ball
metric space, 18
optimization
constraints, 344
functional, 344
linear, see linear programming
nonlinear, 345
optimization problem
equality constraints, 120
feasible solution, 119
inequality constraints, 120
ordinary convex program, 551
dual function, 554
feasible solutions, 551
qualified constraint, 553
zero duality gap, 554
ordinary convex programs, 551

parametric curve, 84
parametric surface, 86
Parseval identity, 830
partial derivative, see directional
derivative
jth argument, 81
partial ordered set
maximal element, 834
partially ordered set
bounded, 834
chain, 834
penalized objective function, 396
penalty function, 396
polyhedral cone, 209, 337
polyhedral function, 550
polyhedron, see H-polyhedron
positive definite
symmetric matrix, 169, 170, 196
positive definite kernel, 608
Cauchy—Schwarz inequality, 610
Gaussian kernel, 615
Gram matrix, 608
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pointwise product, 611
positive kernel, see positive definite
kernel
positive semidefinite
locally compact group, 618
symmetric matrix, 170, 198
positive semidefinite cone ordering,
171
potential energy, 179
preconditioning, 393
primal feasibility equations, 435
primal problem, 178, 454
principal component analysis
kernel version, 619, 621
kth kernel, 621
dual variable, 621
product rule, 80
product space
projection function, 37
product topology, 31
projected-gradient method with
variable stepsize parameter, 394
Projection lemma, 322
projection lemma
Hilbert space, 277
proper
extended real-valued function, 511
proximal minimization, 585
proximity operator, 585
pseudo-inverse, 181

quadratic constrained minimization
problem, 174
quadratic functional, 350
quadratic optimization
on the ellipsoid, 186
on the unit sphere, 185
the general case, 180
the positive definite case, 169
quadratic programming, see
quadratic optimization
ADMM form, 587

ramp function, see ReLU
real-valued function
constrained local extremum, 120
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local extremum with respect to U,

119
local maximum, 116

local maximum with respect to U,

119
local minimum, 116
local minimum with respect
119
maximum in u, 141
maximum respect to U, 141
minimum in w, 141
minimum respect to U, 141
strict local maximum, 116
strict local minimum, 116
strict maximum in w, 141

to U,

strict maximum respect to U, 141

strict minimum in wu, 141

strict minimum respect to U, 141

regular value, 126

relative boundary, 514

relative extremum, see local
maximum

relative interior, 513

relative maximum, see local
maximum

relative minimum, see local minimum
reproducing kernel Hilbert space, 615

reproducing property, 616
ridge regression

RR1, 737

RR3, 740

RR3b, 748

RR4, 743

RRS5, 743

RR6, 743

RR6’, 744

dual of RR3, 741

kernel, 750

kernel KRR6', 752
Riesz—Fischer theorem, 835
rigde regression

bias, 743
RKHS, see reproducing kernel

Hilbert space
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Rolle’s theorem, 89

saddle point, 179, 456
Schauder bases, see total orthogonal
family
Schur, 193
complement, 193, 194
Schur product, 611
Schur’s trick, 196
Schwarz’s lemma, 100
generalization, 104
second-order derivative, 98
self-concordant
(partial) convex function, 380
self-concordant function
on R, 380
sequence, 40
convergence in metric space, 40
convergence normed vector space,
40
convergent, 40
limit, 40
sesquilinear map
continuous, 334
shrinkage operator, 593
simplex algorithm, 237, 247
computational efficiency, 269
Hirsch conjecture, 269
cycling, 237, 252
eta factorization, 258
eta matrix, 258
full tableaux, 258
pivot element, 259
iteration step, 256
Phase I, 254
Phase 11, 254
pivot rules, 251
Bland’s rule, 252
lexicographic rule, 252
random edge, 253
steepest edge, 253
pivot step, 250
pivoting step, 240, 247
reduced cost, 259
strong duality, 285
skew-Hermitian
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matrix, 187
skew-symmetric matrix, 187
slack variables, 223
Slater’s conditions, 428

smooth function, see C°°-function

smooth submanifold, 126
tangent space, 126

soft margin support vector machine,

see Soft Margin SVM
Soft Margin SVM, 624

SVM;;

dual, 634

kernel dual, 642
SVM o

dual program, 658

kernel dual, 663
SVM;o

dual program, 648

kernel dual, 651
SVM;s3

dual program, 686

kernel dual, 690
SVM;4

dual program, 700

kernel dual, 707
SVM,s, 710, 728

dual, 712

kernel dual, 714
SVMq1, 627

kernel, 642

Standard Margin Hypothesis,

640
SVM;q/, 653
box constraints, 657

exceptional support vectors,

659
fail the margin, 660
kernel, 663

margin at most ¢, 660
point classification, 658
Standard Margin Hypothesis,

655

strictly fail the margin, 661

support vectors, 659

support vectors type 1, 659
support vectors type 2, 659
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SVM,o;, 651
SVM,z2, 645
box constraints, 647
exceptional support vectors,
648
fail the margin, 649
kernel, 651
Standard Margin Hypothesis,
650
support vectors, 648
SVM;3, 684
box constraints, 685
kernel, 690
standard margin hypothesis,
689
SVM,4, 698
kernel, 706
SVM,s
kernel, 713
(binary) classification function, 625
fail the margin, 637, 718
margin at most 4, 718
misclassified point, 625
point classification, 635
Standard Margin Hypothesis, 630
support vectors, 636, 637, 718
type 1, 636, 718
type 2, 637
SVC algorithm, 625
Soft margin SVM
SVM,1
box constraints, 632
soft thresholding operator, 593
sphere
metric space, 19
steepest descent direction
normalized, 375
unnormalize, 375
steepest descent method, 364
stiffness matrix, 176
strict local maximum
real-valued function, 116
strict local minimum
real-valued function, 116
strict maximum
real-valued function, 141
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strict minimum
real-valued function, 141
strictly separating hyperplane, 274
subbasis, 33
subdifferential, 523
subgradient, 523
connection to one-sided directional
derivative, 535
subgradient inequality, 523
submersion, 95
subspace topology, 29
support function, 533
Support Vector Machine, 440, 623
class labels, 440
classification(separation) problem,
440
linear separable, 440
margin, 442
maximal margin hyperplane, 441
support vectors, 450
training data, 441
support vectors, 636, 659, 718
supporting hyperplane, 521
SVD, 181
SVM, see Support Vector Machine
Sylvester equation, 161
symmetric bilinear map, 100

Taylor’s formula
integral remainder, 108
Lagrange remainder, 106
Taylor—Maclaurin formula, 107
Taylor—Young formula, 106
tensor product, see Kronecker
product
topological space, 24
isolated point, 37
topology
basis, 32
boundary of a set, 26
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closed set, 24
closure of a set, 25
definition, 23
discrete, 25
interior of a set, 26
open sets, 24
product, 31
subbasis, 33
subspace, 29
total derivative, see derivative of
linear map
total differential, see total derivative,
derivative of linear map
triangle inequality, 17, 19
trust region, 402

unbounded below, see lower bounds
uniformly continuous, 45

extension, 52
union complement kernel, 607
unique global minimum, 170
unitary representation, 618
upper bounds, 342
Uzawa’s method, 496

variational inequalities, 354, 356
variational problem, 173
vector
sparsity, 753
vector derivative, 84
vector space
closed segment, 90
open segment, 90
velocity vector, 84
vertex, 228

weak duality, 283, 464
weakly compact, see converges weakly

Zorn’s lemma, 834
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