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2.3	  	  Recursion	  
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Overview	  

What	  is	  recursion?	  	  When	  one	  func7on	  calls	  itself	  
directly	  or	  indirectly.	  
	  
Why	  learn	  recursion?	  
■  New	  mode	  of	  thinking	  
■  Powerful	  programming	  paradigm	  

Many	  computa7ons	  are	  naturally	  self-‐referen7al:	  
■  Mergesort,	  FFT,	  gcd,	  depth-‐first	  search	  
■  Linked	  data	  structures	  
■  A	  folder	  contains	  files	  and	  other	  folders	  

Closely	  related	  to	  mathema7cal	  	  
induc7on	   Reproductive Parts 

M. C. Escher, 1948 
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http://en.wikipedia.org/wiki/Image:Hanoiklein.jpg 

Towers	  of	  Hanoi	  
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Towers	  of	  Hanoi	  

Move	  all	  the	  discs	  from	  the	  leLmost	  peg	  to	  the	  
rightmost	  one.	  
■  Only	  one	  disc	  may	  be	  moved	  at	  a	  7me.	  
■  A	  disc	  can	  be	  placed	  either	  on	  empty	  peg	  or	  on	  top	  of	  a	  
larger	  disc.	  

start finish 

Edouard Lucas (1883) 



Schools within the UniversityLOGO STYLE GUIDE

19

7 

Towers	  of	  Hanoi	  Legend	  

Q.	  	  Is	  world	  going	  to	  end	  (according	  to	  legend)?	  
■  64	  golden	  discs	  on	  3	  diamond	  pegs.	  
■  World	  ends	  when	  certain	  group	  of	  monks	  accomplish	  task.	  

Q.	  	  Will	  computer	  algorithms	  help?	  
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Towers	  of	  Hanoi:	  	  Recursive	  Solu7on	  

Move n-1 smallest discs right. 

Move n-1 smallest discs right. Move largest disc left. 
cyclic wrap-around 
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Towers	  of	  Hanoi:	  	  Recursive	  Solu7on	  

public class TowersOfHanoi { 
 
   public static void moves(int n, boolean left) { 
      if (n == 0) return; 
      moves(n-1, !left); 
      if (left) System.out.println(n + " left"); 
      else      System.out.println(n + " right"); 
      moves(n-1, !left); 
   } 
 
   public static void main(String[] args) { 
      int N = Integer.parseInt(args[0]); 
      moves(N, true); 
   } 
 
} 

moves(n, true) : move discs 1 to n one pole to the left 
moves(n, false):  move discs 1 to n one pole to the right 

smallest disc 
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Towers	  of	  Hanoi:	  	  Recursive	  Solu7on	  

% java TowersOfHanoi 4 
1 right 
2 left 
1 right 
3 right 
1 right 
2 left 
1 right 
4 left 
1 right 
2 left 
1 right 
3 right 
1 right 
2 left 
1 right 

% java TowersOfHanoi 3 
1 left 
2 right 
1 left 
3 left 
1 left 
2 right 
1 left 

subdivisions of ruler 

every other move is smallest disc 
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Towers	  of	  Hanoi:	  	  Recursion	  Tree	  

3, true 

2, false 

1, true 1, true 

2, false 

1, true 1, true 

1 left 2 right 1 left 3 left 2 right 1 left 1 left 

n, left 

1 14 

2 7 

3 4 6 5 9 10 12 11 17 18 20 19 23 24 26 25 

13 8 16 21 27 22 

28 15 
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Towers	  of	  Hanoi:	  	  Proper7es	  of	  Solu7on	  

Remarkable	  proper7es	  of	  recursive	  solu7on.	  
■  Takes	  2n	  -‐	  1	  moves	  to	  solve	  n	  disc	  problem.	  
■  Sequence	  of	  discs	  is	  same	  as	  subdivisions	  of	  ruler.	  
■  Every	  other	  move	  involves	  smallest	  disc.	  

Recursive	  algorithm	  yields	  non-‐recursive	  solu7on!	  
■  	  Alternate	  between	  two	  moves:	  

– move	  smallest	  disc	  to	  right	  if	  n	  is	  even	  
– make	  only	  legal	  move	  not	  involving	  smallest	  disc	  

Recursive	  algorithm	  may	  reveal	  fate	  of	  world.	  
■  Takes	  585	  billion	  years	  for	  n	  =	  64	  (at	  rate	  of	  1	  disc	  per	  
second).	  

■  Reassuring	  fact:	  	  any	  solu7on	  takes	  at	  least	  this	  long!	  

to left if n is odd 
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Factorial	  

The	  factorial	  of	  a	  posi7ve	  integer	  N	  is	  computed	  as	  
the	  product	  of	  N	  with	  all	  posi7ve	  integers	  less	  
than	  or	  equal	  to	  N.	  

	  
	  4!	  =	  4	  ×	  3	  ×	  2	  ×	  1	  =	  24	  

	  
	  30!	  =	  30	  ×	  29	  ×	  …	  ×	  2	  ×	  1	  =	   	   	   	   	  

	  	  	  	  	  265252859812191058636308480000000	  
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1.  int b = factorial(5); 

2.  static int factorial(int n) { 
3.    int f = 1; 
4.     
5.    for (int i=n; i>=1; i--) { 
6.      f = f * i; 
7.    } 
8.     
9.    return f; 
10.  } 

Trace it. 

Factorial - Iterative  Implementation	  
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5! = 5 × 4 × 3 × 2 × 1 

4! = 4 × 3 × 2 × 1 

5! = 5 × 4! 

N! = N × (N-1)! 

Factorial can be defined in terms of itself 
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1.  int b = factorial(5); 

2.  static int factorial(int n) { 
3.    if (n == 1) { 
4.      return 1; 
5.    } else { 
6.      int f = n * factorial(n-1); 
7.      return f; 
8.    } 
9.  } 

Factorial – Recursive Implementation 

Trace it. 
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Last In First Out (LIFO) Stack of Plates 
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Call Stack Executing Function Compiled Code 

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  void main(String[] args){ 
2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 
 

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 

Call Stack Executing Function Compiled Code 
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1.  int factorial(int n=5) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=5) { 
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1.  int factorial(int n=5) { 
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1.  int factorial(int n=4) { 
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1.  int factorial(int n=2) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

factorial()	  
n=5,	  Line=5	  

factorial()	  
n=4,	  Line=5	  

factorial()	  
n=3,	  Line=5	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 



Schools within the UniversityLOGO STYLE GUIDE

19

1.  int factorial(int n=2) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

factorial()	  
n=5,	  Line=5	  

factorial()	  
n=4,	  Line=5	  

factorial()	  
n=3,	  Line=5	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 



Schools within the UniversityLOGO STYLE GUIDE

19

1.  int factorial(int n=2) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

factorial()	  
n=5,	  Line=5	  

factorial()	  
n=4,	  Line=5	  

factorial()	  
n=3,	  Line=5	  

factorial()	  
n=2,	  Line=5	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 



Schools within the UniversityLOGO STYLE GUIDE

19

1.  int factorial(int n=1) { 
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1.  int factorial(int n=1) { 
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 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=2) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 1; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

factorial()	  
n=5,	  Line=5	  

factorial()	  
n=4,	  Line=5	  

factorial()	  
n=3,	  Line=5	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=3) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 2; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

factorial()	  
n=5,	  Line=5	  

factorial()	  
n=4,	  Line=5	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=4) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 6; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

factorial()	  
n=5,	  Line=5	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=5) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 24; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	  
a=10,	  Line=3	  

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  void main(String[] args){ 
2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 
 

Call Stack Executing Function Compiled Code 

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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The	  Call	  Stack	  keeps	  track	  of	  …	  
1.  all	  func7ons	  that	  are	  suspended,	  in	  order	  
2.  the	  point	  in	  the	  func7on	  where	  execu7on	  should	  resume	  

aLer	  the	  invoked	  subordinate	  func7on	  returns	  
3.  a	  snapshot	  of	  all	  variables	  and	  values	  within	  the	  scope	  of	  

the	  suspended	  func7on	  so	  these	  can	  be	  restored	  upon	  
con7nuing	  execu7on	  
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// Fibonacci sequence  
// 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ... 
 
void setup() {} 
void draw() {} 
 
void mousePressed() { 
  int f = fibonacci(12); 
  println(f); 
} 
 
// Compute and return the nth Fibonacci number 
int fibonacci(int n) { 
  if (n == 0) { 
    return 0; 
  } else if (n == 1) { 
    return 1; 
  } else { 
    int f = fibonacci(n-1) + fibonacci(n-2); 
    return f; 
  } 
} 
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Recursive	  Graphics	  
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L-‐systems	  
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L-‐systems	  
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L-‐systems	  

leLΔangle	  
rightΔangle	  

angle	  

angle	  

(x,y)	  

(x	  +	  cos(angle)	  *	  length,	  
	  y	  +	  	  sin(angle)	  *	  length)	  

void	  drawTree(int	  x,	  int	  y,	  double	  angle,	  int	  depth)	  {	  
	  	  	  	  //	  base	  case	  
	  
	  	  	  	  //	  compute	  end	  coordinate	  (x2,	  y2)	  
	  	  	  	  //	  	  	  	  	  (with	  length	  =	  depth	  )	  
	  
	  	  	  	  //	  draw	  tree	  recursively	  
	  	  	  	  	  
	  	  	  	  	  
	  
}	  
	  
	  
	  	  	  	  	  
	  	  	  	  	  
	  	  

(x,y)	  
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L-‐systems	  

leLangle	  
rightangle	  

angle	  

angle	  

(x,y)	  

(x	  +	  cos(angle)	  *	  length,	  
	  y	  +	  	  sin(angle)	  *	  length)	  

void	  drawTree(int	  x,	  int	  y,	  double	  angle,	  int	  depth)	  {	  
	  	  	  	  //	  base	  case	  
	  
	  	  	  	  //	  compute	  end	  coordinate	  (x2,	  y2)	  
	  	  	  	  //	  	  	  	  	  (with	  length	  =	  depth	  )	  
	  
	  	  	  	  //	  draw	  tree	  recursively	  
	  	  	  	  StdDraw.line	  (x,	  y,	  x2,	  y2)	  
	  	  	  	  drawTree(x2,	  y2,	  angle	  	  +	  leLangle,	  depth	  –	  	  0.01);	  
	  	  	  	  drawTree(x2,	  y2,	  angle	  	  -‐	  rightangle,	  depth	  –	  0.01);	  
}	  
	  
	  
	  	  	  	  	  
	  	  	  	  At	  each	  stage	  we	  want	  two	  ‘sub-‐trees’	  to	  be	  created.	  
One	  grows	  to	  the	  leL	  	  and	  one	  grows	  to	  the	  right	  .	  
Also,	  the	  depth	  controls	  the	  length	  of	  the	  branch	  
	  	  

(x,y)	  
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L-‐systems	  

leLangle	  
rightangle	  

angle	  

angle	  

(x,y)	  

(x	  +	  cos(angle)	  *	  length,	  
	  y	  +	  	  sin(angle)	  *	  length)	  

	  
	  	  	  	  	  
	  	  	  	  	  	  	  	  
	  	  	  	  public	  sta7c	  void	  drawTree(int	  x,	  int	  y,	  double	  angle,	  int	  depth)	  {	  
	  	  	  	  	  	  	  	  //	  base	  case	  
	  	  	  	  	  	  	  	  if	  (depth	  ==	  0)	  return;	  
	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  //	  compute	  end	  coordinate	  
	  	  	  	  	  	  	  	  double	  angleRadians	  =	  Math.toRadians(angle);	  
	  	  	  	  	  	  	  	  double	  x2	  =	  x	  +	  (Math.cos(angleRadians)	  *	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  depth);	  
	  	  	  	  	  	  	  	  double	  y2	  =	  y	  +	  	  (Math.sin(angleRadians)	  *	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  depth);	  
	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  //	  draw	  tree	  recursively	  
	  	  	  	  	  	  	  	  StdDraw.line(x,	  y,	  x2,	  y2);	  
	  	  	  	  	  	  	  	  drawTree(x2,	  y2,	  angle	  -‐	  leLangle,	  depth	  -‐	  1);	  
	  	  	  	  	  	  	  	  drawTree(x2,	  y2,	  angle	  +	  rightangle,	  depth	  -‐	  1);	  
	  	  	  	  }	  

(x,y)	  

For the complete program refer to the cis110 
website 
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Crea7ng	  a	  maze,	  recursively	  
1.  Start	  with	  a	  rectangular	  region	  defined	  by	  its	  upper	  leL	  

and	  lower	  right	  corners	  
2.  Divide	  the	  region	  at	  a	  random	  loca7on	  through	  its	  more	  

narrow	  dimension	  
3.  Add	  an	  opening	  at	  a	  random	  loca7on	  
4.  Repeat	  on	  two	  rectangular	  subregions	  

Inspired by http://weblog.jamisbuck.org/2011/1/12/maze-generation-recursive-division-algorithm 
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// RecursiveMaze 
 
int N = 25;     // Grid dimension 
int gsize = 20; // Grid size 
 
int V = 1;      // Vertical constant 
int H = 2;      // Horizontal constant 
 
void setup() { 
  // Setup sketch 
  size(N*gsize+1, N*gsize+1); 
  noLoop(); 
  background(255); 
  stroke(0); 
   
  // Kick off the recursive divide 
  // on entire sketch window 
  divide(0,0,N,N); 
} 

// Determine the direction for dividing 
// Stop when too small. 
int divDir(int r1, int c1, int r2, int c2) { 
  int dr = r2 - r1;        // Deltas 
  int dc = c2 - c1; 
  if (dr <= 1 || dc <= 1)  // Too small 
    return 0;              // No division 
  else if (dr < dc)        // Flat and wide 
    return V;              // Vertical division 
  else                     // Tall and narrow 
    return H;              // Horizontal div 
} 
 
// Return a random integer in the range 
int randomInt(int min, int max) { 
  return round(random(min-0.5,max+0.5)); 
} 
 
// Draw a line on a grid segment 
void gridLine(int r1, int c1, int r2, int c2) { 
  line(r1*gsize, c1*gsize, r2*gsize, c2*gsize); 
} 
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// Divide the region given upper left and  
// lower right grid corner points 
 
void divide(int r1, int c1, int r2, int c2) 
{ 
  int cr, rr; 
 
  // Get divide direction (V, H or 0) 
  int dir = divDir(r1, c1, r2, c2); 
 
  // Divide in vertical direction   
  if (dir == V) { 
     
    // Wall and opening locations 
    cr = randomInt(c1+1, c2-1); 
    rr = randomInt(r1, r2-1); 
     
    // Draw wall   
    gridLine(cr,r1,cr,rr); 
    gridLine(cr,rr+1,cr,r2); 
     
    // Recursively divide two subregions 
    divide(r1,c1,r2,cr); 
    divide(r1,cr,r2,c2); 
 

 
  // Divide in horizontal direction 
  } else if (dir == H) { 
     
    // Wall and opening locations 
    cr = randomInt(c1, c2-1); 
    rr = randomInt(r1+1, r2-1); 
     
    // Draw wall   
    gridLine(c1,rr,cr,rr); 
    gridLine(cr+1,rr,c2,rr); 
     
    // Recursively divide two subregions 
    divide(r1,c1,rr,c2); 
    divide(rr,c1,r2,c2); 
       
  // No division. We're done. 
  } else { 
    return; 
  } 
} 
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Greatest	  Common	  Divisor	  

Gcd.	  	  Find	  largest	  integer	  that	  evenly	  divides	  into	  p	  
and	  q.	  
	  
Ex.	  	  gcd(4032,	  1272)	  =	  24.	  
	  
	  
	  
	  
	  
	  
	  
Applica7ons.	  
■  Simplify	  frac7ons:	  	  1272/4032	  	  =	  	  53/168.	  	  
■  RSA	  cryptosystem.	  

4032  =  26 × 32 × 71 

 1272  =  23 × 31 × 531 

  gcd  =  23 × 31 = 24 
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Greatest	  Common	  Divisor	  

Gcd.	  	  Find	  largest	  integer	  d	  that	  evenly	  divides	  into	  p	  
and	  q.	  
	  
Euclid's	  algorithm.	  	  [Euclid	  300	  BCE]	  

gcd(4032, 1272)  = gcd(1272, 216) 
  = gcd(216, 192) 
  = gcd(192, 24) 
  = gcd(24, 0) 
  = 24. 

€ 

gcd(p, q) =
p if  q = 0
gcd(q, p % q) otherwise

⎧ 
⎨ 
⎩ 

base case 

reduction step, 
converges to base case 

4032 = 3 × 1272 + 216 
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Greatest	  Common	  Divisor	  

Gcd.	  	  Find	  largest	  integer	  d	  that	  evenly	  divides	  into	  p	  
and	  q.	  
	  

p 

p  %  q q 

x x x x x x x x 

p = 8x 
q = 3x 
gcd(p, q) = x 

q 

gcd 

€ 

gcd(p, q) =
p if  q = 0
gcd(q, p % q) otherwise

⎧ 
⎨ 
⎩ 

base case 
reduction step, 
converges to base case 
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Greatest	  Common	  Divisor	  

Gcd.	  	  Find	  largest	  integer	  d	  that	  evenly	  divides	  into	  p	  
and	  q.	  
	  
	  
	  
	  
	  
	  
Java	  implementa7on.	  
	  

base case 
reduction step 

public static int gcd(int p, int q) { 
   if (q == 0) return p; 
   else return gcd(q, p % q); 
} 

€ 

gcd(p, q) =
p if  q = 0
gcd(q, p % q) otherwise

⎧ 
⎨ 
⎩ 

base case 
reduction step, 
converges to base case 
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Htree	  

H-‐tree	  of	  order	  n.	  
■  Draw	  an	  H.	  
■  Recursively	  draw	  4	  H-‐trees	  of	  order	  n-‐1,	  one	  connected	  to	  each	  7p.	  

and half the size 

order 1 order 2 order 3 

tip 

size 
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Taplin Auditorium Ventilation System 



Schools within the UniversityLOGO STYLE GUIDE

19

61 

20% 40% 60% 80% 100% 

Animated	  H-‐tree	  

Animated	  H-‐tree.	  	  Pause	  for	  1	  second	  aLer	  drawing	  
each	  H.	  
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public class Htree { 
   public static void draw(int n, double sz, double x, double y) { 
      if (n == 0) return; 
      double x0 = x - sz/2, x1 = x + sz/2; 
      double y0 = y - sz/2, y1 = y + sz/2; 
 
      StdDraw.line(x0,  y, x1,  y); 
      StdDraw.line(x0, y0, x0, y1); 
      StdDraw.line(x1, y0, x1, y1); 
 
      draw(n-1, sz/2, x0, y0);       
      draw(n-1, sz/2, x0, y1);       
      draw(n-1, sz/2, x1, y0);       
      draw(n-1, sz/2, x1, y1); 
   } 
 
   public static void main(String[] args) { 
      int n = Integer.parseInt(args[0]); 
      draw(n, .5, .5, .5); 
   } 
} 

62 

Htree	  in	  Java	  

draw the H, centered on (x, y) 

recursively draw 4 half-size Hs 
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Divide-‐and-‐Conquer	  

Divide-‐and-‐conquer	  paradigm.	  
■  Break	  up	  problem	  into	  smaller	  subproblems	  of	  same	  
structure.	  

■  Solve	  subproblems	  recursively	  using	  same	  method.	  
■  Combine	  results	  to	  produce	  solu7on	  to	  original	  problem.	  

	  
	  
	  
Many	  important	  problems	  succumb	  to	  divide-‐and-‐conquer.	  

■  FFT	  for	  signal	  processing.	  
■  Parsers	  for	  programming	  languages.	  
■  Mul7grid	  methods	  for	  solving	  PDEs.	  
■  Quicksort	  and	  mergesort	  for	  sor7ng.	  
■  Hilbert	  curve	  for	  domain	  decomposi7on.	  
■  Quad-‐tree	  for	  efficient	  N-‐body	  simula7on.	  
■  Midpoint	  displacement	  method	  for	  frac7onal	  Brownian	  mo7on.	  

Divide et impera.   Veni, vidi, vici.     - Julius Caesar 
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Fibonacci	  Numbers	  
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Fibonacci	  Numbers	  

Fibonacci	  numbers.	  	  0,	  1,	  1,	  2,	  3,	  5,	  8,	  13,	  21,	  34,	  …	  	  

Fibonacci rabbits 

L. P. Fibonacci 
(1170 - 1250) 

€ 

F(n) =

0 if  n = 0
1 if  n =1
F(n−1)  +  F(n−2) otherwise

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 
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Fibonacci	  Numbers	  and	  Nature	  

Fibonacci	  numbers.	  	  0,	  1,	  1,	  2,	  3,	  5,	  8,	  13,	  21,	  34,	  …	  	  

€ 

F(n) =

0 if  n = 0
1 if  n =1
F(n−1)  +  F(n−2) otherwise

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

pinecone 

cauliflower 
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A	  Possible	  Pitall	  With	  Recursion	  

Fibonacci	  numbers.	  	  0,	  1,	  1,	  2,	  3,	  5,	  8,	  13,	  21,	  34,	  …	  	  
	  
	  
	  
	  
	  
A	  natural	  for	  recursion?	  

public static long F(int n) { 
   if (n == 0) return 0; 
   if (n == 1) return 1; 
   return F(n-1) + F(n-2); 
}  

€ 

F(n) =

0 if  n = 0
1 if  n =1
F(n−1)  +  F(n−2) otherwise

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 
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Recursion	  Challenge	  1	  (difficult	  but	  important)	  

Q.	  	  	  Is	  this	  an	  efficient	  way	  to	  compute	  F(50)?	  
	  
	  
	  
	  
	  
	  
A.	  	  No,	  no,	  no!	  This	  code	  is	  spectacularly	  inefficient.	  

public static long F(int n) { 
   if (n == 0) return 0; 
   if (n == 1) return 1; 
   return F(n-1) + F(n-2); 
}  

F(50) 

F(49) F(48) 

F(48) 

F(47) F(46) 

F(47) 

F(46) F(45) 

F(46) 

F(45) F(44) 

F(47) 

F(46) F(45) 

F(50) is called once. 
F(49) is called once. 

F(48) is called 2 times. 
F(47) is called 3 times. 

F(46) is called 5 times. 
F(45) is called 8 times. 
... 

F(1) is called 12,586,269,025 times. recursion tree for naïve Fibonacci function 

F(50) 
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Recursion	  Challenge	  2	  (easy	  and	  also	  important)	  

Q.	  	  	  Is	  this	  a	  more	  efficient	  way	  to	  compute	  F(50)?	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
A.	  	  Yes.	  This	  code	  does	  it	  with	  50	  addi7ons.	  	  
Lesson.	  	  Don’t	  use	  recursion	  to	  engage	  in	  
exponen7al	  waste.	  
	  
	  
Context.	  	  This	  is	  a	  special	  case	  of	  an	  important	  
programming	  technique	  known	  as	  dynamic	  
programming	  (stay	  tuned).	  

€ 

F(n) =
φ n − (1−φ)n

5
= φ n 5⎣ ⎦

φ = golden ratio  ≈  1.618 

FYI:  classic math 
public static long F(int n) { 
   if (n == 0) return 0; 
   long[] F = new long[n+1]; 
   F[0] = 0; 
   F[1] = 1; 
   for (int i = 2; i <= n; i++) 
       F[i] = F[i-1] + F[i-2]; 
   return F[n]; 
}  
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Summary	  

How	  to	  write	  simple	  recursive	  programs?	  
■  Base	  case,	  reduc7on	  step.	  
■  Trace	  the	  execu7on	  of	  a	  recursive	  program.	  
■  Use	  pictures.	  
	  
Why	  learn	  recursion?	  
■  New	  mode	  of	  thinking.	  
■  Powerful	  programming	  tool.	  
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Collatz	  Sequence	  

Collatz	  sequence.	  
■  If	  n	  is	  1,	  stop.	  
■  If	  n	  is	  even,	  divide	  by	  2.	  
■  If	  n	  is	  odd,	  mul7ply	  by	  3	  and	  add	  1.	  

Ex.	  	  35	  106	  53	  160	  80	  40	  20	  10	  5	  16	  8	  4	  2	  1.	  
	  
 public static void collatz(int n) {
    System.out.print(n + " ");
    if (n == 1) return;
    if (n % 2 == 0) collatz(n / 2);
    collatz(3*n + 1);
 } 
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Frac7onal	  Brownian	  Mo7on	  

Physical	  process	  which	  models	  many	  natural	  and	  
ar7ficial	  phenomenon.	  
■  Price	  of	  stocks.	  
■  Dispersion	  of	  ink	  flowing	  in	  water.	  
■  Rugged	  shapes	  of	  mountains	  and	  clouds.	  
■  Fractal	  landscapes	  and	  textures	  for	  computer	  graphics.	  
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Simula7ng	  Brownian	  Mo7on	  

Midpoint	  displacement	  method.	  
■  Maintain	  an	  interval	  with	  endpoints	  (x0,	  y0)	  and	  (x1,	  y1).	  
■  Divide	  the	  interval	  in	  half.	  
■  Choose	  δ	  at	  random	  from	  Gaussian	  distribu7on.	  
■  Set	  xm	  =	  (x0	  +	  x1)/2	  and	  ym	  =	  (y0	  +	  y1)/2	  +	  δ.	  
■  Recur	  on	  the	  leL	  and	  right	  intervals.	  
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Simula7ng	  Brownian	  Mo7on:	  	  Java	  Implementa7on	  

Midpoint	  displacement	  method.	  
■  Maintain	  an	  interval	  with	  endpoints	  (x0,	  y0)	  and	  (x1,	  y1).	  
■  Divide	  the	  interval	  in	  half.	  
■  Choose	  δ	  at	  random	  from	  Gaussian	  distribu7on.	  
■  Set	  xm	  =	  (x0	  +	  x1)/2	  and	  ym	  =	  (y0	  +	  y1)/2	  +	  δ.	  
■  Recur	  on	  the	  leL	  and	  right	  intervals.	  
	  
public static void curve(double x0, double y0, 
                         double x1, double y1, double var) { 
   if (x1 - x0 < 0.01) { 
      StdDraw.line(x0, y0, x1, y1); 
      return; 
   } 
   double xm = (x0 + x1) / 2; 
   double ym = (y0 + y1) / 2; 
   ym += StdRandom.gaussian(0, Math.sqrt(var)); 
   curve(x0, y0, xm, ym, var/2); 
   curve(xm, ym, x1, y1, var/2); 
} 

variance halves at each level; 
change factor to get different shapes 
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Brownian	  Landscape	  

Reference:  http://www.geocities.com/aaron_torpy/gallery.htm 
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Brown	  

Robert Brown (1773-1858)
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Brownian	  Mo7on	  

(Brown University Men’s Ultimate Frisbee Team)


