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2.3		Recursion	

Introduction to Programming in Java:  An Interdisciplinary Approach     ·     Robert Sedgewick and Kevin Wayne     ·     Copyright © 2002–2010     ·     2/16/16 9:19 PM
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Factorial	

The	factorial	of	a	posi6ve	integer	N	is	computed	as	
the	product	of	N	with	all	posi6ve	integers	less	
than	or	equal	to	N.	

	
	4!	=	4	×	3	×	2	×	1	=	24	

	
	30!	=	30	×	29	×	…	×	2	×	1	=	 	 	 	 	

					265252859812191058636308480000000	
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1.  int b = factorial(5); 

2.  static int factorial(int n) { 
3.    int f = 1; 
4.     
5.    for (int i=n; i>=1; i--) { 
6.      f = f * i; 
7.    } 
8.     
9.    return f; 
10.  } 

Trace it. 

Factorial - Iterative  Implementation	
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5! = 5 × 4 × 3 × 2 × 1 

4! = 4 × 3 × 2 × 1 

5! = 5 × 4! 

N! = N × (N-1)! 

Factorial can be defined in terms of itself 



Schools within the UniversityLOGO STYLE GUIDE

19

Recursion	
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Recursion	
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7 

Overview	

What	is	recursion?		When	one	func6on	calls	itself	
directly	or	indirectly.	
	
Why	learn	recursion?	
■  New	mode	of	thinking	
■  Powerful	programming	paradigm	

Many	computa6ons	are	naturally	self-referen6al:	
■  Mergesort,	FFT,	gcd,	depth-first	search	
■  Linked	data	structures	
■  A	folder	contains	files	and	other	folders	

Closely	related	to	mathema6cal		
induc6on	 Reproductive Parts 

M. C. Escher, 1948 



Schools within the UniversityLOGO STYLE GUIDE

19

1.  int b = factorial(5); 

2.  static int factorial(int n) { 
3.    if (n == 1) { 
4.      return 1; 
5.    } else { 
6.      int f = n * factorial(n-1); 
7.      return f; 
8.    } 
9.  } 

Factorial – Recursive Implementation 

Trace it. 
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Last In First Out (LIFO) Stack of Plates 
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Call Stack Executing Function Compiled Code 

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  void main(String[] args){ 
2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 
 

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 

Call Stack Executing Function Compiled Code 
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Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

1.  public static void main 
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1.  int factorial(int n=5) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 
 

Call Stack Executing Function Compiled Code 

main()	
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1.  int factorial(int n=5) { 
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8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 



Schools within the UniversityLOGO STYLE GUIDE

19

1.  int factorial(int n=5) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

factorial()	
n=5,	Line=5	

1.  public static void main 
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4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
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1.  int factorial(int n=4) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

factorial()	
n=5,	Line=5	
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7.    } 
8.  } 
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1.  int factorial(int n=4) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=4) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
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factorial()	
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factorial()	
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8.  } 
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1.  int factorial(int n=3) { 
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7.    } 
8.  } 
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1.  int factorial(int n=3) { 
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1.  int factorial(int n=3) { 
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1.  int factorial(int n=2) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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8.  } 
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1.  int factorial(int n=2) { 
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1.  int factorial(int n=2) { 
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1.  int factorial(int n=1) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

factorial()	
n=5,	Line=5	
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1.  int factorial(int n=1) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
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8.  } 
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1.  int factorial(int n=2) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 1; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

factorial()	
n=5,	Line=5	

factorial()	
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1.  public static void main 
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5.  } 
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2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=3) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 2; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

factorial()	
n=5,	Line=5	

factorial()	
n=4,	Line=5	

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=4) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 6; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

factorial()	
n=5,	Line=5	

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  int factorial(int n=5) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n * 24; 
6.      return f; 
7.    } 
8.  } 
 

Call Stack Executing Function Compiled Code 

main()	
a=10,	Line=3	

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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1.  void main(String[] args){ 
2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 
 

Call Stack Executing Function Compiled Code 

1.  public static void main 
(String[] args) { 

2.    int a = 10; 
3.    int b = factorial(5); 
4.    System.out.println(b); 
5.  } 

1.  static int factorial(int n) { 
2.    if (n == 1) { 
3.      return 1; 
4.    } else { 
5.      int f = n *       

 factorial(n-1); 
6.      return f; 
7.    } 
8.  } 
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The	Call	Stack	keeps	track	of	…	
1.  all	func6ons	that	are	suspended,	in	order	
2.  the	point	in	the	func6on	where	execu6on	should	resume	

aZer	the	invoked	subordinate	func6on	returns	
3.  a	snapshot	of	all	variables	and	values	within	the	scope	of	

the	suspended	func6on	so	these	can	be	restored	upon	
con6nuing	execu6on	
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Recursive	Graphics	
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L-systems	
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L-systems	

leZΔangle	
rightΔangle	

angle	

angle	

(x,y)	

(x	+	cos(angle)	*	length,	
	y	+		sin(angle)	*	length)	

void	drawTree(int	x,	int	y,	double	angle,	int	depth)	{	
				//	base	case	
	
				//	compute	end	coordinate	(x2,	y2)	
				//					(with	length	=	depth	)	
	
				//	draw	tree	recursively	
					
					
	
}	
	
	
					
					
		

(x,y)	
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L-systems	

leZangle	
rightangle	

angle	

angle	

(x,y)	

(x	+	cos(angle)	*	length,	
	y	+		sin(angle)	*	length)	

void	drawTree(int	x,	int	y,	double	angle,	int	depth)	{	
				//	base	case	
	
				//	compute	end	coordinate	(x2,	y2)	
				//					(with	length	=	depth	)	
	
				//	draw	tree	recursively	
				StdDraw.line	(x,	y,	x2,	y2)	
				drawTree(x2,	y2,	angle		+	leZangle,	depth	–		0.01);	
				drawTree(x2,	y2,	angle		-	rightangle,	depth	–	0.01);	
}	
	
	
					
				At	each	stage	we	want	two	‘sub-trees’	to	be	created.	
One	grows	to	the	leZ		and	one	grows	to	the	right	.	
Also,	the	depth	controls	the	length	of	the	branch	
		

(x,y)	
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L-systems	

leZangle	
rightangle	

angle	

angle	

(x,y)	

(x	+	cos(angle)	*	length,	
	y	+		sin(angle)	*	length)	

	
					
								
				public	sta6c	void	drawTree(int	x,	int	y,	double	angle,	int	depth)	{	
								//	base	case	
								if	(depth	==	0)	return;	
									
								//	compute	end	coordinate	
								double	angleRadians	=	Math.toRadians(angle);	
								double	x2	=	x	+	(Math.cos(angleRadians)	*	
																																						depth);	
								double	y2	=	y	+		(Math.sin(angleRadians)	*	
																																						depth);	
									
								//	draw	tree	recursively	
								StdDraw.line(x,	y,	x2,	y2);	
								drawTree(x2,	y2,	angle	-	leZangle,	depth	-	1);	
								drawTree(x2,	y2,	angle	+	rightangle,	depth	-	1);	
				}	

(x,y)	

For the complete program refer to the cis110 
website 
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Crea6ng	a	maze,	recursively	
1.  Start	with	a	rectangular	region	defined	by	its	upper	leZ	

and	lower	right	corners	
2.  Divide	the	region	at	a	random	loca6on	through	its	more	

narrow	dimension	
3.  Add	an	opening	at	a	random	loca6on	
4.  Repeat	on	two	rectangular	subregions	

Inspired by http://weblog.jamisbuck.org/2011/1/12/maze-generation-recursive-division-algorithm 
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http://en.wikipedia.org/wiki/Image:Hanoiklein.jpg 

Towers	of	Hanoi	
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Towers	of	Hanoi	

Move	all	the	discs	from	the	leZmost	peg	to	the	
rightmost	one.	
■  Only	one	disc	may	be	moved	at	a	6me.	
■  A	disc	can	be	placed	either	on	empty	peg	or	on	top	of	a	
larger	disc.	

start finish 
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Towers	of	Hanoi	Legend	

Q.		Is	world	going	to	end	(according	to	legend)?	
■  64	golden	discs	on	3	diamond	pegs.	
■  World	ends	when	certain	group	of	monks	accomplish	task.	

Q.		Will	computer	algorithms	help?	
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Towers	of	Hanoi:		Recursive	Solu6on	

Move n-1 smallest discs right. 

Move n-1 smallest discs right. Move largest disc left. 
cyclic wrap-around 
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Towers	of	Hanoi:		Recursive	Solu6on	

public class TowersOfHanoi { 
 
   public static void moves(int n, boolean left) { 
      if (n == 0) return; 
      moves(n-1, !left); 
      if (left) System.out.println(n + " left"); 
      else      System.out.println(n + " right"); 
      moves(n-1, !left); 
   } 
 
   public static void main(String[] args) { 
      int N = Integer.parseInt(args[0]); 
      moves(N, true); 
   } 
 
} 

moves(n, true) : move discs 1 to n one pole to the left 
moves(n, false):  move discs 1 to n one pole to the right 

smallest disc 
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Towers	of	Hanoi:		Recursive	Solu6on	

% java TowersOfHanoi 4 
1 right 
2 left 
1 right 
3 right 
1 right 
2 left 
1 right 
4 left 
1 right 
2 left 
1 right 
3 right 
1 right 
2 left 
1 right 

% java TowersOfHanoi 3 
1 left 
2 right 
1 left 
3 left 
1 left 
2 right 
1 left 

subdivisions of ruler 

every other move is smallest disc 
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Towers	of	Hanoi:		Recursion	Tree	

3, true 

2, false 

1, true 1, true 

2, false 

1, true 1, true 

1 left 2 right 1 left 3 left 2 right 1 left 1 left 

n, left 

1 14 

2 7 

3 4 6 5 9 10 12 11 17 18 20 19 23 24 26 25 

13 8 16 21 27 22 

28 15 
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Towers	of	Hanoi:		Proper6es	of	Solu6on	

Remarkable	proper6es	of	recursive	solu6on.	
■  Takes	2n	-	1	moves	to	solve	n	disc	problem.	
■  Sequence	of	discs	is	same	as	subdivisions	of	ruler.	
■  Every	other	move	involves	smallest	disc.	

Recursive	algorithm	yields	non-recursive	solu6on!	
■  	Alternate	between	two	moves:	

– move	smallest	disc	to	right	if	n	is	even	
– make	only	legal	move	not	involving	smallest	disc	

Recursive	algorithm	may	reveal	fate	of	world.	
■  Takes	585	billion	years	for	n	=	64	(at	rate	of	1	disc	per	
second).	

■  Reassuring	fact:		any	solu6on	takes	at	least	this	long!	

to left if n is odd 
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Htree	

H-tree	of	order	n.	
■  Draw	an	H.	
■  Recursively	draw	4	H-trees	of	order	n-1,	one	connected	to	each	6p.	

and half the size 

order 1 order 2 order 3 

tip 

size 
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20% 40% 60% 80% 100% 

Animated	H-tree	

Animated	H-tree.		Pause	for	1	second	aZer	drawing	
each	H.	
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public class Htree { 
   public static void draw(int n, double sz, double x, double y) { 
      if (n == 0) return; 
      double x0 = x - sz/2, x1 = x + sz/2; 
      double y0 = y - sz/2, y1 = y + sz/2; 
 
      StdDraw.line(x0,  y, x1,  y); 
      StdDraw.line(x0, y0, x0, y1); 
      StdDraw.line(x1, y0, x1, y1); 
 
      draw(n-1, sz/2, x0, y0);       
      draw(n-1, sz/2, x0, y1);       
      draw(n-1, sz/2, x1, y0);       
      draw(n-1, sz/2, x1, y1); 
   } 
 
   public static void main(String[] args) { 
      int n = Integer.parseInt(args[0]); 
      draw(n, .5, .5, .5); 
   } 
} 

62 

Htree	in	Java	

draw the H, centered on (x, y) 

recursively draw 4 half-size Hs 
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Frac6onal	Brownian	Mo6on	
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Frac6onal	Brownian	Mo6on	

Physical	process	which	models	many	natural	and	
ar6ficial	phenomenon.	
■  Price	of	stocks.	
■  Dispersion	of	ink	flowing	in	water.	
■  Rugged	shapes	of	mountains	and	clouds.	
■  Fractal	landscapes	and	textures	for	computer	graphics.	
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Simula6ng	Brownian	Mo6on	

Midpoint	displacement	method.	
■  Maintain	an	interval	with	endpoints	(x0,	y0)	and	(x1,	y1).	
■  Divide	the	interval	in	half.	
■  Choose	δ	at	random	from	Gaussian	distribu6on.	
■  Set	xm	=	(x0	+	x1)/2	and	ym	=	(y0	+	y1)/2	+	δ.	
■  Recur	on	the	leZ	and	right	intervals.	
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Simula6ng	Brownian	Mo6on:		Java	Implementa6on	

Midpoint	displacement	method.	
■  Maintain	an	interval	with	endpoints	(x0,	y0)	and	(x1,	y1).	
■  Divide	the	interval	in	half.	
■  Choose	δ	at	random	from	Gaussian	distribu6on.	
■  Set	xm	=	(x0	+	x1)/2	and	ym	=	(y0	+	y1)/2	+	δ.	
■  Recur	on	the	leZ	and	right	intervals.	
	
public static void curve(double x0, double y0, 
                         double x1, double y1, double var) { 
   if (x1 - x0 < 0.01) { 
      StdDraw.line(x0, y0, x1, y1); 
      return; 
   } 
   double xm = (x0 + x1) / 2; 
   double ym = (y0 + y1) / 2; 
   ym += StdRandom.gaussian(0, Math.sqrt(var)); 
   curve(x0, y0, xm, ym, var/2); 
   curve(xm, ym, x1, y1, var/2); 
} 

variance halves at each level; 
change factor to get different shapes 
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Recursive	subdivision	

•  Divide	your	original	area	into	smaller	segments	

•  Recurse	inside	each	of	the	segments	

•  With	each	recursive	step	add	a	liple	bit	of	
randomness	

•  Paperns	like	Brownian	mo6on,	Plasma	Clouds	etc	

77 
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Plasma	Cloud	

Plasma	cloud	centered	at	(x,	y)	of	size	s.	
■  Each	corner	labeled	with	some	grayscale	value.	
■  Divide	square	into	four	quadrants.	
■  The	grayscale	of	each	new	corner	is	the	average	of	others.	

–  center:	average	of	the	four	corners	+	random	displacement	
– others:		average	of	two	original	corners	

■  Recurse	on	the	four	quadrants.	

€ 

c2+c4
2

€ 

c1+c2
2

€ 

c3+c4
2

€ 

c1+c3
2

€ 

(c1+c2+c3+c4 )
4 + δ

c1 c2 

c3 c4 
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Plasma	Cloud	
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Brownian	Island	

80 
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Brownian	Landscape	

Reference:  http://www.geocities.com/aaron_torpy/gallery.htm 


