
Joseph W. Cutler

Christopher Watson

Philip Hilliard

Harrison Goldstein

Caleb Stanford (UC Davis)

Benjamin C. Pierce (University of Pennsylvania)


1

Ordered Types for Stream Processing

January 10, 2024
TFP

delta



Joseph W. Cutler

Christopher Watson

Philip Hilliard

Harrison Goldstein

Caleb Stanford (UC Davis)

Benjamin C. Pierce (University of Pennsylvania)


2

Ordered Types for Stream Processing

January 10, 2024
TFP

delta



Stream Processing
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• An ordered sequence
• arriving incrementally
• and possibly unbounded in size.
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What is Stream Processing?

5

sum 72 3EOS1 4

[2,1,4] [2,3,7]

2 EOS

Incremental List Processing
(with bounded memory)
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Programming Models for Streams
Manual State Machine

’s -> ’a -> ’s * (’b list)

❌ Low-Level

Functional Reactive Programming

✅ High-Level ❌ Not Resource-Aware

time -> ’a

Streaming eDSL
map : (’a -> ’b) -> ’a stream -> ’b stream

filter : (’a -> ’b) -> ’a stream -> ’b stream

window : (’a list -> ’b) -> int -> ’a stream -> ’b stream
✅ High-Level

❌ Not Expressive

✅ Resource Aware

fold : (’a -> ’b -> ’b) -> ’b -> ’a stream -> ’b stream
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What if I told you…

You can write a natural function on lists…

fun partialSums(acc : int, xs : int list) : int list =

  case xs of

    nil => acc

  | y::ys => let acc’ = y + acc in

             acc’::partialSums(acc’,ys)

… and run it as a streaming program?

7



Familiar functional syntax…
fun foo(xs : int list) =

   case xs of

     nil => …

     y :: ys => … foo(ys) …

S1S2S

✅ Expressive ✅ High-Level
8

delta

… with streaming semantics!



Familiar functional syntax…
fun foo(xs : int list) =

   case xs of

     nil => …

     y :: ys => … foo(ys) …

S1S2S

✅ Expressive ✅ High-Level

And static prevention of space leaks

fun foo(xs : int list) = …

Stateless Bounded 
State

Unbounded 
State

?

✅ Resource-Aware
8
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… with streaming semantics!



How?
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How?
With an Ordered Substructural Type System!

9



A Non-Example, for Inspiration

fun reverse(xs : s*) : s* =

case xs of

  nil => nil

| y :: ys => snoc(reverse(ys);y)

“Stream” is written with 
a star in delta, like 
regular expressions

10
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fun reverse(xs : s*) : s* =

case xs of

  nil => nil

| y :: ys => snoc(reverse(ys);y)

“Stream” is written with 
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regular expressions
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A Non-Example, for Inspiration

fun reverse(xs : s*) : s* =

case xs of

  nil => nil

| y :: ys => snoc(reverse(ys);y)

We have to save the entire stream in memory!

“Stream” is written with 
a star in delta, like 
regular expressions

10

… but is sent aftery arrives before ys…



Core Idea:
If all variables are used in order of arrival of 
the corresponding data, then the program 

is streamable with no auxiliary memory
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Core Idea:
If all variables are used in order of arrival of 
the corresponding data, then the program 

is streamable with no auxiliary memory

11

delta is stateless by default  
(programmers can selectively introduce state when needed)



Typing Judgment
<latexit sha1_base64="5wa7IY9e0vWeruvCLEUtjMVl6zw=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGbEDU9BD3qMaBZIhlDT05M06e4ZunsCQ4i/4sWDIl79EG/+jZ3loNEHBY/3qqiqFyScaeO6X05uaXlldS2/XtjY3NreKe7uNXScKkLrJOaxagWgKWeS1g0znLYSRUEEnDaDwfXEbw6p0iyWDyZLqC+gJ1nECBgrdYulzg0IAbgzDEH3McWX+L5bLLsVdwr8l3hzUkZz1LrFz04Yk1RQaQgHrduemxh/BMowwum40Ek1TYAMoEfblkoQVPuj6fFjfGiVEEexsiUNnqo/J0YgtM5EYDsFmL5e9Cbif147NdGFP2IySQ2VZLYoSjk2MZ4kgUOmKDE8swSIYvZWTPqggBibV8GG4C2+/Jc0jiveWeX07qRcvZrHkUf76AAdIQ+doyq6RTVURwRl6Am9oFfn0Xl23pz3WWvOmc+U0C84H9/OopOW</latexit>

� ` e : S
Stream Program Output TypeInput Types
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Typing Judgment
<latexit sha1_base64="5wa7IY9e0vWeruvCLEUtjMVl6zw=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGbEDU9BD3qMaBZIhlDT05M06e4ZunsCQ4i/4sWDIl79EG/+jZ3loNEHBY/3qqiqFyScaeO6X05uaXlldS2/XtjY3NreKe7uNXScKkLrJOaxagWgKWeS1g0znLYSRUEEnDaDwfXEbw6p0iyWDyZLqC+gJ1nECBgrdYulzg0IAbgzDEH3McWX+L5bLLsVdwr8l3hzUkZz1LrFz04Yk1RQaQgHrduemxh/BMowwum40Ek1TYAMoEfblkoQVPuj6fFjfGiVEEexsiUNnqo/J0YgtM5EYDsFmL5e9Cbif147NdGFP2IySQ2VZLYoSjk2MZ4kgUOmKDE8swSIYvZWTPqggBibV8GG4C2+/Jc0jiveWeX07qRcvZrHkUf76AAdIQ+doyq6RTVURwRl6Am9oFfn0Xl23pz3WWvOmc+U0C84H9/OopOW</latexit>

� ` e : S
Stream Program Output TypeInput Types

First variable to arrive

� = (x0 : S0); (x1 : S1); . . . ; (xn : Sn)

<latexit sha1_base64="LOhul0QkQJinWAmSvfulVkJXSgQ=">AAACIXicbVDLSgMxFM34rPVVdekmWIR2U2akYFWEogtdVrQPaIchk2ba0CQzJBmxlP6KG3/FjQtFuhN/xsy0C229EDiPe5Pc40eMKm3bX9bS8srq2npmI7u5tb2zm9vbb6gwlpjUcchC2fKRIowKUtdUM9KKJEHcZ6TpD64Tv/lIpKKheNDDiLgc9QQNKEbaSF6u0rlBnCN4CQtPng3P4b1nF+FFwpyUOQnrdEOtpqpIVVH0cnm7ZKcFF4EzA3kwq5qXm5hbcMyJ0JghpdqOHWl3hKSmmJFxthMrEiE8QD3SNlAgTpQ7Sjccw2OjdGEQSnOEhqn6e2KEuFJD7ptOjnRfzXuJ+J/XjnVQcUdURLEmAk8fCmIGdQiTuGCXSoI1GxqAsKTmrxD3kURYm1CzJgRnfuVF0DgpOeXS2V05X72axZEBh+AIFIADTkEV3IIaqAMMnsEreAcf1ov1Zn1ak2nrkjWbOQB/yvr+AcouncQ=</latexit>

Last variable to arrive

12



(Questions?)
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<latexit sha1_base64="zEf8+gv5oSVE+no6lMQwCVJxvr8=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBD1EnZ9oxfRgx4VjQayIfROZpMhM7vLTG8whHyIF3/FiwdFvHgQ/Bsnj4MaCxqKqm66u4JECoOu++WMjU9MTk1nZrKzc/MLi7ml5VsTp5rxIotlrEsBGC5FxIsoUPJSojmoQPK7oHnW8+9aXBsRRzfYTnhFQT0SoWCAVqrmdvxzUAroMfUlD3GT3tMjeu1rUW/gVk/t2xvUb9XANAZuNZd3C24fdJR4Q5InQ1xWcx9+LWap4hEyCcaUPTfBSgc0CiZ5N+unhifAmlDnZUsjUNxUOv3nunTdKjUaxtpWhLSv/pzogDKmrQLbqQAb5q/XE//zyimGh5WOiJIUecQGi8JUUoxpLylaE5ozlG1LgGlhb6WsARoY2jyzNgTv78uj5Ha74O0X9q528yenwzgyZJWskU3ikQNyQi7IJSkSRh7IE3khr86j8+y8Oe+D1jFnOLNCfsH5/AZs1Z58</latexit>

�; (x : S) ;�0 ` x : S

Variables

14



<latexit sha1_base64="zEf8+gv5oSVE+no6lMQwCVJxvr8=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBD1EnZ9oxfRgx4VjQayIfROZpMhM7vLTG8whHyIF3/FiwdFvHgQ/Bsnj4MaCxqKqm66u4JECoOu++WMjU9MTk1nZrKzc/MLi7ml5VsTp5rxIotlrEsBGC5FxIsoUPJSojmoQPK7oHnW8+9aXBsRRzfYTnhFQT0SoWCAVqrmdvxzUAroMfUlD3GT3tMjeu1rUW/gVk/t2xvUb9XANAZuNZd3C24fdJR4Q5InQ1xWcx9+LWap4hEyCcaUPTfBSgc0CiZ5N+unhifAmlDnZUsjUNxUOv3nunTdKjUaxtpWhLSv/pzogDKmrQLbqQAb5q/XE//zyimGh5WOiJIUecQGi8JUUoxpLylaE5ozlG1LgGlhb6WsARoY2jyzNgTv78uj5Ha74O0X9q528yenwzgyZJWskU3ikQNyQi7IJSkSRh7IE3khr86j8+y8Oe+D1jFnOLNCfsH5/AZs1Z58</latexit>

�; (x : S) ;�0 ` x : S

Variables

14

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x



<latexit sha1_base64="zEf8+gv5oSVE+no6lMQwCVJxvr8=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBD1EnZ9oxfRgx4VjQayIfROZpMhM7vLTG8whHyIF3/FiwdFvHgQ/Bsnj4MaCxqKqm66u4JECoOu++WMjU9MTk1nZrKzc/MLi7ml5VsTp5rxIotlrEsBGC5FxIsoUPJSojmoQPK7oHnW8+9aXBsRRzfYTnhFQT0SoWCAVqrmdvxzUAroMfUlD3GT3tMjeu1rUW/gVk/t2xvUb9XANAZuNZd3C24fdJR4Q5InQ1xWcx9+LWap4hEyCcaUPTfBSgc0CiZ5N+unhifAmlDnZUsjUNxUOv3nunTdKjUaxtpWhLSv/pzogDKmrQLbqQAb5q/XE//zyimGh5WOiJIUecQGi8JUUoxpLylaE5ozlG1LgGlhb6WsARoY2jyzNgTv78uj5Ha74O0X9q528yenwzgyZJWskU3ikQNyQi7IJSkSRh7IE3khr86j8+y8Oe+D1jFnOLNCfsH5/AZs1Z58</latexit>

�; (x : S) ;�0 ` x : S

Variables

14

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x



<latexit sha1_base64="zEf8+gv5oSVE+no6lMQwCVJxvr8=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBD1EnZ9oxfRgx4VjQayIfROZpMhM7vLTG8whHyIF3/FiwdFvHgQ/Bsnj4MaCxqKqm66u4JECoOu++WMjU9MTk1nZrKzc/MLi7ml5VsTp5rxIotlrEsBGC5FxIsoUPJSojmoQPK7oHnW8+9aXBsRRzfYTnhFQT0SoWCAVqrmdvxzUAroMfUlD3GT3tMjeu1rUW/gVk/t2xvUb9XANAZuNZd3C24fdJR4Q5InQ1xWcx9+LWap4hEyCcaUPTfBSgc0CiZ5N+unhifAmlDnZUsjUNxUOv3nunTdKjUaxtpWhLSv/pzogDKmrQLbqQAb5q/XE//zyimGh5WOiJIUecQGi8JUUoxpLylaE5ozlG1LgGlhb6WsARoY2jyzNgTv78uj5Ha74O0X9q528yenwzgyZJWskU3ikQNyQi7IJSkSRh7IE3khr86j8+y8Oe+D1jFnOLNCfsH5/AZs1Z58</latexit>

�; (x : S) ;�0 ` x : S

Variables

14

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x



<latexit sha1_base64="zEf8+gv5oSVE+no6lMQwCVJxvr8=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBD1EnZ9oxfRgx4VjQayIfROZpMhM7vLTG8whHyIF3/FiwdFvHgQ/Bsnj4MaCxqKqm66u4JECoOu++WMjU9MTk1nZrKzc/MLi7ml5VsTp5rxIotlrEsBGC5FxIsoUPJSojmoQPK7oHnW8+9aXBsRRzfYTnhFQT0SoWCAVqrmdvxzUAroMfUlD3GT3tMjeu1rUW/gVk/t2xvUb9XANAZuNZd3C24fdJR4Q5InQ1xWcx9+LWap4hEyCcaUPTfBSgc0CiZ5N+unhifAmlDnZUsjUNxUOv3nunTdKjUaxtpWhLSv/pzogDKmrQLbqQAb5q/XE//zyimGh5WOiJIUecQGi8JUUoxpLylaE5ozlG1LgGlhb6WsARoY2jyzNgTv78uj5Ha74O0X9q528yenwzgyZJWskU3ikQNyQi7IJSkSRh7IE3khr86j8+y8Oe+D1jFnOLNCfsH5/AZs1Z58</latexit>

�; (x : S) ;�0 ` x : S

Variables

14

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="R114Y8aPg4vmMIKuVvgzv2drTdY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA9hV3xdQx60GME84BkCb2T2WTIzOwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVhNZJzGPVClFTziStG2Y4bSWKogg5bYbD24nffKJKs1g+mlFCA4F9ySJG0Fip2blDIfCkWyp7FW8Kd5H4OSlDjlq39NXpxSQVVBrCUeu27yUmyFAZRjgdFzuppgmSIfZp21KJguogm547do+t0nOjWNmSxp2qvycyFFqPRGg7BZqBnvcm4n9eOzXRdZAxmaSGSjJbFKXcNbE7+d3tMUWJ4SNLkChmb3XJABUSYxMq2hD8+ZcXSeOs4l9WLh7Oy9WbPI4CHMIRnIIPV1CFe6hBHQgM4Rle4c1JnBfn3fmYtS45+cwB/IHz+QO7dI8w</latexit>

�0<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

15



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

15

<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

15

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil EOS



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

�;� ` e::e0 : S?

<latexit sha1_base64="odKPArwfIOlFjgVuOEd2JMWvBdc=">AAACGnicbVBNSyNBEO1Rd41xd4169NIYRE9hZhHUeAkq6FHRqJCJoaZTMY3dM0N3jRiG/A4v/hUvHhTxJl78N3ZiDn49KHi8V0VVvShV0pLvv3pj4xO/fk8WporTf/7+mynNzh3bJDMC6yJRiTmNwKKSMdZJksLT1CDoSOFJdLE98E8u0ViZxEfUS7Gp4TyWHSmAnNQqBeEuaA18k4c7qAh4eNkG2+XIQ8IrIsqr1T7HZV7lh2ehJTCtUtmv+EPw7yQYkTIbYb9Veg7bicg0xiQUWNsI/JSaORiSQmG/GGYWUxAXcI4NR2PQaJv58LU+X3JKm3cS4yomPlQ/TuSgre3pyHVqoK796g3En7xGRp31Zi7jNCOMxfuiTqY4JXyQE29Lg4JUzxEQRrpbueiCAUEuzaILIfj68ndy/L8SrFY2DlbLta1RHAW2wBbZCgvYGquxPbbP6kywa3bL7tmDd+PdeY/e03vrmDeamWef4L28AVoCnzo=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : S?

<latexit sha1_base64="k8fQn8gLNKrDSX1ItUooJcaoqyM=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA9hRkRXE5BPXiMaGIgE0NNT8U06VnorhFCCHjxV7x4UMSrP+HNv7ETc3B7UPB4r4qqekGqpCHX/XAmJqemZ2Zzc/n5hcWl5cLKas0kmRZYFYlKdD0Ag0rGWCVJCuupRogChVdB92ToX92iNjKJL6mXYjOCm1i2pQCyUquw7p+iIuD+bQimw3GbH/GLa98Q6Fah6JbcEfhf4o1JkY1RaRXe/TARWYQxCQXGNDw3pWYfNEmhcJD3M4MpiC7cYMPSGCI0zf7ohwHfskrI24m2FRMfqd8n+hAZ04sC2xkBdcxvbyj+5zUyah80+zJOM8JYfC1qZ4pTwoeB8FBqFKR6loDQ0t7KRQc0CLKx5W0I3u+X/5LabsnbKx2e7xXLx+M4cmyDbbId5rF9VmZnrMKqTLA79sCe2LNz7zw6L87rV+uEM55ZYz/gvH0CA4aWgA==</latexit>

15

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil EOS



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

�;� ` e::e0 : S?

<latexit sha1_base64="odKPArwfIOlFjgVuOEd2JMWvBdc=">AAACGnicbVBNSyNBEO1Rd41xd4169NIYRE9hZhHUeAkq6FHRqJCJoaZTMY3dM0N3jRiG/A4v/hUvHhTxJl78N3ZiDn49KHi8V0VVvShV0pLvv3pj4xO/fk8WporTf/7+mynNzh3bJDMC6yJRiTmNwKKSMdZJksLT1CDoSOFJdLE98E8u0ViZxEfUS7Gp4TyWHSmAnNQqBeEuaA18k4c7qAh4eNkG2+XIQ8IrIsqr1T7HZV7lh2ehJTCtUtmv+EPw7yQYkTIbYb9Veg7bicg0xiQUWNsI/JSaORiSQmG/GGYWUxAXcI4NR2PQaJv58LU+X3JKm3cS4yomPlQ/TuSgre3pyHVqoK796g3En7xGRp31Zi7jNCOMxfuiTqY4JXyQE29Lg4JUzxEQRrpbueiCAUEuzaILIfj68ndy/L8SrFY2DlbLta1RHAW2wBbZCgvYGquxPbbP6kywa3bL7tmDd+PdeY/e03vrmDeamWef4L28AVoCnzo=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : S?

<latexit sha1_base64="k8fQn8gLNKrDSX1ItUooJcaoqyM=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA9hRkRXE5BPXiMaGIgE0NNT8U06VnorhFCCHjxV7x4UMSrP+HNv7ETc3B7UPB4r4qqekGqpCHX/XAmJqemZ2Zzc/n5hcWl5cLKas0kmRZYFYlKdD0Ag0rGWCVJCuupRogChVdB92ToX92iNjKJL6mXYjOCm1i2pQCyUquw7p+iIuD+bQimw3GbH/GLa98Q6Fah6JbcEfhf4o1JkY1RaRXe/TARWYQxCQXGNDw3pWYfNEmhcJD3M4MpiC7cYMPSGCI0zf7ohwHfskrI24m2FRMfqd8n+hAZ04sC2xkBdcxvbyj+5zUyah80+zJOM8JYfC1qZ4pTwoeB8FBqFKR6loDQ0t7KRQc0CLKx5W0I3u+X/5LabsnbKx2e7xXLx+M4cmyDbbId5rF9VmZnrMKqTLA79sCe2LNz7zw6L87rV+uEM55ZYz/gvH0CA4aWgA==</latexit>

15

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil

Early inputs used for 
first output

Later inputs used for 
rest of outputs

EOS



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

�;� ` e::e0 : S?

<latexit sha1_base64="odKPArwfIOlFjgVuOEd2JMWvBdc=">AAACGnicbVBNSyNBEO1Rd41xd4169NIYRE9hZhHUeAkq6FHRqJCJoaZTMY3dM0N3jRiG/A4v/hUvHhTxJl78N3ZiDn49KHi8V0VVvShV0pLvv3pj4xO/fk8WporTf/7+mynNzh3bJDMC6yJRiTmNwKKSMdZJksLT1CDoSOFJdLE98E8u0ViZxEfUS7Gp4TyWHSmAnNQqBeEuaA18k4c7qAh4eNkG2+XIQ8IrIsqr1T7HZV7lh2ehJTCtUtmv+EPw7yQYkTIbYb9Veg7bicg0xiQUWNsI/JSaORiSQmG/GGYWUxAXcI4NR2PQaJv58LU+X3JKm3cS4yomPlQ/TuSgre3pyHVqoK796g3En7xGRp31Zi7jNCOMxfuiTqY4JXyQE29Lg4JUzxEQRrpbueiCAUEuzaILIfj68ndy/L8SrFY2DlbLta1RHAW2wBbZCgvYGquxPbbP6kywa3bL7tmDd+PdeY/e03vrmDeamWef4L28AVoCnzo=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : S?

<latexit sha1_base64="k8fQn8gLNKrDSX1ItUooJcaoqyM=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA9hRkRXE5BPXiMaGIgE0NNT8U06VnorhFCCHjxV7x4UMSrP+HNv7ETc3B7UPB4r4qqekGqpCHX/XAmJqemZ2Zzc/n5hcWl5cLKas0kmRZYFYlKdD0Ag0rGWCVJCuupRogChVdB92ToX92iNjKJL6mXYjOCm1i2pQCyUquw7p+iIuD+bQimw3GbH/GLa98Q6Fah6JbcEfhf4o1JkY1RaRXe/TARWYQxCQXGNDw3pWYfNEmhcJD3M4MpiC7cYMPSGCI0zf7ohwHfskrI24m2FRMfqd8n+hAZ04sC2xkBdcxvbyj+5zUyah80+zJOM8JYfC1qZ4pTwoeB8FBqFKR6loDQ0t7KRQc0CLKx5W0I3u+X/5LabsnbKx2e7xXLx+M4cmyDbbId5rF9VmZnrMKqTLA79sCe2LNz7zw6L87rV+uEM55ZYz/gvH0CA4aWgA==</latexit>

15

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil

<latexit sha1_base64="ZhR7B3NUZjpnm4ztc9bvQOWFLP0=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUH0FGbEjZyCXjxGMAskQ+jpVJImPQvdNcEw5E+8eFDEq3/izb+xk8xBEx8UPN6roqqeH0uh0XG+rdzK6tr6Rn6zsLW9s7tn7x/UdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/eTf3GCJQWUfiI4xi8gPVD0ROcoZE6tg20jfCEiGm5PKFw2rGLTsmZgS4TNyNFkqHasb/a3YgnAYTIJdO65ToxeilTKLiESaGdaIgZH7I+tAwNWQDaS2eXT+iJUbq0FylTIdKZ+nsiZYHW48A3nQHDgV70puJ/XivB3o2XijBOEEI+X9RLJMWITmOgXaGAoxwbwrgS5lbKB0wxjiasggnBXXx5mdTPS+5V6fLholi5zeLIkyNyTM6IS65JhdyTKqkRTkbkmbySNyu1Xqx362PemrOymUPyB9bnD5KOkvs=</latexit>

e::e0

Early inputs used for 
first output

Later inputs used for 
rest of outputs

EOS



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

�;� ` e::e0 : S?

<latexit sha1_base64="odKPArwfIOlFjgVuOEd2JMWvBdc=">AAACGnicbVBNSyNBEO1Rd41xd4169NIYRE9hZhHUeAkq6FHRqJCJoaZTMY3dM0N3jRiG/A4v/hUvHhTxJl78N3ZiDn49KHi8V0VVvShV0pLvv3pj4xO/fk8WporTf/7+mynNzh3bJDMC6yJRiTmNwKKSMdZJksLT1CDoSOFJdLE98E8u0ViZxEfUS7Gp4TyWHSmAnNQqBeEuaA18k4c7qAh4eNkG2+XIQ8IrIsqr1T7HZV7lh2ehJTCtUtmv+EPw7yQYkTIbYb9Veg7bicg0xiQUWNsI/JSaORiSQmG/GGYWUxAXcI4NR2PQaJv58LU+X3JKm3cS4yomPlQ/TuSgre3pyHVqoK796g3En7xGRp31Zi7jNCOMxfuiTqY4JXyQE29Lg4JUzxEQRrpbueiCAUEuzaILIfj68ndy/L8SrFY2DlbLta1RHAW2wBbZCgvYGquxPbbP6kywa3bL7tmDd+PdeY/e03vrmDeamWef4L28AVoCnzo=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : S?

<latexit sha1_base64="k8fQn8gLNKrDSX1ItUooJcaoqyM=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA9hRkRXE5BPXiMaGIgE0NNT8U06VnorhFCCHjxV7x4UMSrP+HNv7ETc3B7UPB4r4qqekGqpCHX/XAmJqemZ2Zzc/n5hcWl5cLKas0kmRZYFYlKdD0Ag0rGWCVJCuupRogChVdB92ToX92iNjKJL6mXYjOCm1i2pQCyUquw7p+iIuD+bQimw3GbH/GLa98Q6Fah6JbcEfhf4o1JkY1RaRXe/TARWYQxCQXGNDw3pWYfNEmhcJD3M4MpiC7cYMPSGCI0zf7ohwHfskrI24m2FRMfqd8n+hAZ04sC2xkBdcxvbyj+5zUyah80+zJOM8JYfC1qZ4pTwoeB8FBqFKR6loDQ0t7KRQc0CLKx5W0I3u+X/5LabsnbKx2e7xXLx+M4cmyDbbId5rF9VmZnrMKqTLA79sCe2LNz7zw6L87rV+uEM55ZYz/gvH0CA4aWgA==</latexit>

15

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil

<latexit sha1_base64="ZhR7B3NUZjpnm4ztc9bvQOWFLP0=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUH0FGbEjZyCXjxGMAskQ+jpVJImPQvdNcEw5E+8eFDEq3/izb+xk8xBEx8UPN6roqqeH0uh0XG+rdzK6tr6Rn6zsLW9s7tn7x/UdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/eTf3GCJQWUfiI4xi8gPVD0ROcoZE6tg20jfCEiGm5PKFw2rGLTsmZgS4TNyNFkqHasb/a3YgnAYTIJdO65ToxeilTKLiESaGdaIgZH7I+tAwNWQDaS2eXT+iJUbq0FylTIdKZ+nsiZYHW48A3nQHDgV70puJ/XivB3o2XijBOEEI+X9RLJMWITmOgXaGAoxwbwrgS5lbKB0wxjiasggnBXXx5mdTPS+5V6fLholi5zeLIkyNyTM6IS65JhdyTKqkRTkbkmbySNyu1Xqx362PemrOymUPyB9bnD5KOkvs=</latexit>

e::e0
<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S

Early inputs used for 
first output

Later inputs used for 
rest of outputs

EOS



Nil and Cons

� ` nil : S?

<latexit sha1_base64="KojVFlUoAd/1m5GfuZaA2zSQrrY=">AAACDXicbVA9SwNBEN2LXzF+RS1tFqNgFe5E8KMSLbSMaEwgF8PcZpMs7u4du3NiOPIHbPwrNhaK2Nrb+W/cxBR+PRh4vDfDzLwokcKi7394uYnJqemZ/Gxhbn5hcam4vHJp49QwXmWxjE09Asul0LyKAiWvJ4aDiiSvRdfHQ792w40Vsb7AfsKbCrpadAQDdFKruBGegFJAw5s22B4Nkd8iYqaFHNADen4VWgTTKpb8sj8C/UuCMSmRMSqt4nvYjlmquEYmwdpG4CfYzMCgYJIPCmFqeQLsGrq84agGxW0zG30zoJtOadNObFxppCP1+0QGytq+ilynAuzZ395Q/M9rpNjZa2ZCJylyzb4WdVJJMabDaGhbGM5Q9h0BZoS7lbIeGGDoAiy4EILfL/8ll9vlYKe8f7ZTOjwax5Ena2SdbJGA7JJDckoqpEoYuSMP5Ik8e/feo/fivX615rzxzCr5Ae/tExDGm5U=</latexit>

�;� ` e::e0 : S?

<latexit sha1_base64="odKPArwfIOlFjgVuOEd2JMWvBdc=">AAACGnicbVBNSyNBEO1Rd41xd4169NIYRE9hZhHUeAkq6FHRqJCJoaZTMY3dM0N3jRiG/A4v/hUvHhTxJl78N3ZiDn49KHi8V0VVvShV0pLvv3pj4xO/fk8WporTf/7+mynNzh3bJDMC6yJRiTmNwKKSMdZJksLT1CDoSOFJdLE98E8u0ViZxEfUS7Gp4TyWHSmAnNQqBeEuaA18k4c7qAh4eNkG2+XIQ8IrIsqr1T7HZV7lh2ehJTCtUtmv+EPw7yQYkTIbYb9Veg7bicg0xiQUWNsI/JSaORiSQmG/GGYWUxAXcI4NR2PQaJv58LU+X3JKm3cS4yomPlQ/TuSgre3pyHVqoK796g3En7xGRp31Zi7jNCOMxfuiTqY4JXyQE29Lg4JUzxEQRrpbueiCAUEuzaILIfj68ndy/L8SrFY2DlbLta1RHAW2wBbZCgvYGquxPbbP6kywa3bL7tmDd+PdeY/e03vrmDeamWef4L28AVoCnzo=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : S?

<latexit sha1_base64="k8fQn8gLNKrDSX1ItUooJcaoqyM=">AAACA3icbVDJSgNBEO1xjXGLetNLYxA9hRkRXE5BPXiMaGIgE0NNT8U06VnorhFCCHjxV7x4UMSrP+HNv7ETc3B7UPB4r4qqekGqpCHX/XAmJqemZ2Zzc/n5hcWl5cLKas0kmRZYFYlKdD0Ag0rGWCVJCuupRogChVdB92ToX92iNjKJL6mXYjOCm1i2pQCyUquw7p+iIuD+bQimw3GbH/GLa98Q6Fah6JbcEfhf4o1JkY1RaRXe/TARWYQxCQXGNDw3pWYfNEmhcJD3M4MpiC7cYMPSGCI0zf7ohwHfskrI24m2FRMfqd8n+hAZ04sC2xkBdcxvbyj+5zUyah80+zJOM8JYfC1qZ4pTwoeB8FBqFKR6loDQ0t7KRQc0CLKx5W0I3u+X/5LabsnbKx2e7xXLx+M4cmyDbbId5rF9VmZnrMKqTLA79sCe2LNz7zw6L87rV+uEM55ZYz/gvH0CA4aWgA==</latexit>

15

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="sFNqpHawx7EQL2i6Z86thiz4aDw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3hCxEwJOemWK27VnYEuEy8nFZKj3i1/+b2YpxEo5JIZ0/HcBIOMaRRcwqTkpwYSxkdsAB1LFYvABNns5gk9sUqP9mNtSyGdqb8nMhYZM45C2xkxHJpFbyr+53VS7F8HmVBJiqD4fFE/lRRjOg2A9oQGjnJsCeNa2FspHzLNONqYSjYEb/HlZdI8q3qX1Yv780rtJo+jSI7IMTklHrkiNXJH6qRBOEnIM3klb07qvDjvzse8teDkM4fkD5zPH+HPkkA=</latexit>

nil

<latexit sha1_base64="ZhR7B3NUZjpnm4ztc9bvQOWFLP0=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUH0FGbEjZyCXjxGMAskQ+jpVJImPQvdNcEw5E+8eFDEq3/izb+xk8xBEx8UPN6roqqeH0uh0XG+rdzK6tr6Rn6zsLW9s7tn7x/UdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/eTf3GCJQWUfiI4xi8gPVD0ROcoZE6tg20jfCEiGm5PKFw2rGLTsmZgS4TNyNFkqHasb/a3YgnAYTIJdO65ToxeilTKLiESaGdaIgZH7I+tAwNWQDaS2eXT+iJUbq0FylTIdKZ+nsiZYHW48A3nQHDgV70puJ/XivB3o2XijBOEEI+X9RLJMWITmOgXaGAoxwbwrgS5lbKB0wxjiasggnBXXx5mdTPS+5V6fLholi5zeLIkyNyTM6IS65JhdyTKqkRTkbkmbySNyu1Xqx362PemrOymUPyB9bnD5KOkvs=</latexit>

e::e0
<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="85C7j7cmphwRW1iNUNVnLI2HR2w=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzqwWME84BkCbOT3mTM7OwyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+WDGSXoR7QvecgZNVZqdG5RGNotld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirn92fl6nUeRwEO4QhOwINLqMId1KAODB7hGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A2PMjwY=</latexit>

�
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="ZCwj6J++V7Y80+D5No+Aqk1sJBc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJGmYns8mQ2dllplcISz7CiwdFvPo93vwbJ8keNFrQUFR1090VJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFqpdffQNUh1r1xxq+4M5C/xclKBHPVe+bPbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NzJ+TIKn0SxtqWQjJTf05kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMy/Z30heYM5dgSyrSwtxI2pJoytAmVbAje4st/SfOk6p1Xz25PK7WrPI4iHMAhHIMHF1CDG6hDAxiM4Ale4NVJnGfnzXmftxacfGYffsH5+AZO0I+R</latexit>

S?

Early inputs used for 
first output

Later inputs used for 
rest of outputs

EOS



Star-Case

�; (xs : S?);�0 ` case(xs, e, y.ys.e0) : T

<latexit sha1_base64="DkXPhccJrflRm4br3x0j0fPBUt8="></latexit>

�;�0 ` e : T

<latexit sha1_base64="aNUFqqs7b7SgUCoHgTwwcZYgjb0=">AAACBnicbZDLSgMxFIYz9VbrrepShGARXZUZKXjbFF3oskJv0BnKmUzahiYzQ5IplNKVG1/FjQtF3PoM7nwb03YW2vpD4OM/53Byfj/mTGnb/rYyS8srq2vZ9dzG5tb2Tn53r66iRBJaIxGPZNMHRTkLaU0zzWkzlhSEz2nD799O6o0BlYpFYVUPY+oJ6IaswwhoY7Xzh+4dCAH4Gs/gBLuDAFQPU3yFq+18wS7aU+FFcFIooFSVdv7LDSKSCBpqwkGplmPH2huB1IxwOs65iaIxkD50actgCIIqbzQ9Y4yPjRPgTiTNCzWeur8nRiCUGgrfdArQPTVfm5j/1VqJ7lx4IxbGiaYhmS3qJBzrCE8ywQGTlGg+NABEMvNXTHoggWiTXM6E4MyfvAj1s6JTKl4+lArlmzSOLDpAR+gUOegcldE9qqAaIugRPaNX9GY9WS/Wu/Uxa81Y6cw++iPr8wfpUJbe</latexit>

�; (y : S); (ys : S?);�0 ` e0 : T

<latexit sha1_base64="GSBPcoA/AZdhg2Wf2Z/xPqZOEtQ=">AAACInicbZDLTgIxFIY7XhFvqEs3jcSAGzJjSBTdEF3oEiO3hEFyphRoaGcmbYeEEJ7Fja/ixoVGXZn4MHaAhYInafLl/8/J6fm9kDOlbfvLWlpeWV1bT2wkN7e2d3ZTe/tVFUSS0AoJeCDrHijKmU8rmmlO66GkIDxOa17/OvZrAyoVC/yyHoa0KaDrsw4joI3UShXcGxAC8CXODvEFvj+ZkIrxwVUaZCxMezLYHbRB9TDNGLvcSqXtnD0pvAjODNJoVqVW6sNtByQS1NeEg1INxw51cwRSM8LpOOlGioZA+tClDYM+CKqao8mJY3xslDbuBNI8X+OJ+ntiBEKpofBMpwDdU/NeLP7nNSLdOW+OmB9GmvpkuqgTcawDHOeF20xSovnQABDJzF8x6YEEok2qSROCM3/yIlRPc04+V7jLp4tXszgS6BAdoSxy0BkqoltUQhVE0CN6Rq/ozXqyXqx363PaumTNZg7Qn7K+fwAk3J8o</latexit>



Filter

fun filter[s](p : s -> Bool)(xs : s*) : s* =

  case xs of

    nil => nil

  | y::ys => let zs = filter(p)(ys) in

             if p(y) then y::zs else zs

17

Looks like list 
filter, runs like 
stream filter!



Filter

fun filter[s](p : s -> Bool)(xs : s*) : s* =

  case xs of

    nil => nil

  | y::ys => let zs = filter(p)(ys) in

             if p(y) then y::zs else zs

17

We can recover all the standard list combinators as 
stream combinators in this style! 🎉🎉

Looks like list 
filter, runs like 
stream filter!



But Wait, There’s More!

18



<latexit sha1_base64="NuQu6BKrtKO4K1omif3PJcLlzGM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUmyhNnZ2WTIzM4yMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwVoU0iuVSdAGvKWUybhhlOO4miWASctoPR7dRvP1GlmYwbZpxQX+BBzCJGsLHS4wPqkVAa1OiXK27VnQEtEy8nFchR75e/eqEkqaCxIRxr3fXcxPgZVoYRTielXqppgskID2jX0hgLqv1sdvAEnVglRJFUtmKDZurviQwLrccisJ0Cm6Fe9Kbif143NdG1n7E4SQ2NyXxRlHJkJJp+j0KmKDF8bAkmitlbERlihYmxGZVsCN7iy8ukdVb1LqsX9+eV2k0eRxGO4BhOwYMrqMEd1KEJBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1eSPyw==</latexit>

S · T
Concatenation Type

19

Ordered Structure Yields Rich Stream Types



<latexit sha1_base64="NuQu6BKrtKO4K1omif3PJcLlzGM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUmyhNnZ2WTIzM4yMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwVoU0iuVSdAGvKWUybhhlOO4miWASctoPR7dRvP1GlmYwbZpxQX+BBzCJGsLHS4wPqkVAa1OiXK27VnQEtEy8nFchR75e/eqEkqaCxIRxr3fXcxPgZVoYRTielXqppgskID2jX0hgLqv1sdvAEnVglRJFUtmKDZurviQwLrccisJ0Cm6Fe9Kbif143NdG1n7E4SQ2NyXxRlHJkJJp+j0KmKDF8bAkmitlbERlihYmxGZVsCN7iy8ukdVb1LqsX9+eV2k0eRxGO4BhOwYMrqMEd1KEJBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1eSPyw==</latexit>

S · T
Concatenation Type

<latexit sha1_base64="Vp90FMcl2a/SKbZu5cqD+hIMcjk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMqu+HUsevFYsdsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJOiYcYJDWI8ECxiBBsr+Y/oDDV65YpbdWdAy8TLSQVy1Hvlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREN0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSfO86l1VLx8uKrXbPI4iHMExnIIH11CDe6iDDwQYPMMrvDnCeXHenY95a8HJZw7hD5zPH2i9jcg=</latexit>

S + T
Sum Type

19
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<latexit sha1_base64="NuQu6BKrtKO4K1omif3PJcLlzGM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUmyhNnZ2WTIzM4yMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwVoU0iuVSdAGvKWUybhhlOO4miWASctoPR7dRvP1GlmYwbZpxQX+BBzCJGsLHS4wPqkVAa1OiXK27VnQEtEy8nFchR75e/eqEkqaCxIRxr3fXcxPgZVoYRTielXqppgskID2jX0hgLqv1sdvAEnVglRJFUtmKDZurviQwLrccisJ0Cm6Fe9Kbif143NdG1n7E4SQ2NyXxRlHJkJJp+j0KmKDF8bAkmitlbERlihYmxGZVsCN7iy8ukdVb1LqsX9+eV2k0eRxGO4BhOwYMrqMEd1KEJBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1eSPyw==</latexit>

S · T
Concatenation Type

<latexit sha1_base64="Vp90FMcl2a/SKbZu5cqD+hIMcjk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMqu+HUsevFYsdsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJOiYcYJDWI8ECxiBBsr+Y/oDDV65YpbdWdAy8TLSQVy1Hvlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREN0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSfO86l1VLx8uKrXbPI4iHMExnIIH11CDe6iDDwQYPMMrvDnCeXHenY95a8HJZw7hD5zPH2i9jcg=</latexit>

S + T
Sum Type

Singleton Type

<latexit sha1_base64="eUFwcsVs+Hp3v0gONoxjK4hSmhg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imAdklzA7mSRDZmeXmV4xLPkNLx4U8erPePNvnCR70GhBQ1HVTXdXmEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpH11O/9cC1EbG6x3HCg4gOlOgLRtFKvo/8ERGzW4WTbrniVt0ZyF/i5aQCOerd8qffi1kacYVMUmM6nptgkFGNgkk+Kfmp4QllIzrgHUsVjbgJstnNE3JklR7px9qWQjJTf05kNDJmHIW2M6I4NIveVPzP66TYvwwyoZIUuWLzRf1UEozJNADSE5ozlGNLKNPC3krYkGrK0MZUsiF4iy//Jc2TqndePbs7rdSu8jiKcACHcAweXEANbqAODWCQwBO8wKuTOs/Om/M+by04+cw+/ILz8Q29EpIo</latexit>

Int
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<latexit sha1_base64="NuQu6BKrtKO4K1omif3PJcLlzGM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUmyhNnZ2WTIzM4yMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwVoU0iuVSdAGvKWUybhhlOO4miWASctoPR7dRvP1GlmYwbZpxQX+BBzCJGsLHS4wPqkVAa1OiXK27VnQEtEy8nFchR75e/eqEkqaCxIRxr3fXcxPgZVoYRTielXqppgskID2jX0hgLqv1sdvAEnVglRJFUtmKDZurviQwLrccisJ0Cm6Fe9Kbif143NdG1n7E4SQ2NyXxRlHJkJJp+j0KmKDF8bAkmitlbERlihYmxGZVsCN7iy8ukdVb1LqsX9+eV2k0eRxGO4BhOwYMrqMEd1KEJBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1eSPyw==</latexit>

S · T
Concatenation Type

<latexit sha1_base64="Vp90FMcl2a/SKbZu5cqD+hIMcjk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMqu+HUsevFYsdsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJOiYcYJDWI8ECxiBBsr+Y/oDDV65YpbdWdAy8TLSQVy1Hvlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNjt2gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREN0HGRJIaKsh8UZRyZCSafo76TFFi+NgSTBSztyIyxAoTY/Mp2RC8xZeXSfO86l1VLx8uKrXbPI4iHMExnIIH11CDe6iDDwQYPMMrvDnCeXHenY95a8HJZw7hD5zPH2i9jcg=</latexit>

S + T
Sum Type

Singleton Type

<latexit sha1_base64="eUFwcsVs+Hp3v0gONoxjK4hSmhg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imAdklzA7mSRDZmeXmV4xLPkNLx4U8erPePNvnCR70GhBQ1HVTXdXmEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpH11O/9cC1EbG6x3HCg4gOlOgLRtFKvo/8ERGzW4WTbrniVt0ZyF/i5aQCOerd8qffi1kacYVMUmM6nptgkFGNgkk+Kfmp4QllIzrgHUsVjbgJstnNE3JklR7px9qWQjJTf05kNDJmHIW2M6I4NIveVPzP66TYvwwyoZIUuWLzRf1UEozJNADSE5ozlGNLKNPC3krYkGrK0MZUsiF4iy//Jc2TqndePbs7rdSu8jiKcACHcAweXEANbqAODWCQwBO8wKuTOs/Om/M+by04+cw+/ILz8Q29EpIo</latexit>

Int
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Empty Stream Type

<latexit sha1_base64="F4wvb0t/kPAIk9hhBZD/UtuPS0o=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gGbJcxOZpMhszPLTG8ghHyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbETFMcMkayFGwdqoZSSLBWtHwfua3RkwbruQTjlMWJqQvecwpQSsFnRHRLDVcKNktV7yqN4e7SvycVCBHvVv+6vQUzRImkQpiTOB7KYYTopFTwaalTmZYSuiQ9FlgqSQJM+FkfvLUPbNKz42VtiXRnau/JyYkMWacRLYzITgwy95M/M8LMoxvwwmXaYZM0sWiOBMuKnf2v9vjmlEUY0sI1dze6tIB0YSiTalkQ/CXX14lzYuqf129erys1O7yOIpwAqdwDj7cQA0eoA4NoKDgGV7hzUHnxXl3PhatBSefOYY/cD5/AL0PkZE=</latexit>"



Quiz
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<latexit sha1_base64="39AYsdpH6UqPNtn0xqVULqSmShU=">AAACF3icbVDLSgMxFM34rPU16tJNsAiCMMyIr2XRje4q2Ae0pWQyaRuaSYbkjliG/oUbf8WNC0Xc6s6/MX0sbOuBCyfn3EvuPWEiuAHf/3EWFpeWV1Zza/n1jc2tbXdnt2JUqikrUyWUroXEMMElKwMHwWqJZiQOBauGveuhX31g2nAl76GfsGZMOpK3OSVgpZbrNYA9AkB2K2GAj/HUs0EjBVNSyy34nj8CnifBhBTQBKWW+92IFE1jJoEKYkw98BNoZkQDp4IN8o3UsITQHumwuqWSxMw0s9FdA3xolQi3lbYlAY/UvxMZiY3px6HtjAl0zaw3FP/z6im0L5sZl0kKTNLxR+1UYFB4GBKOuGYURN8SQjW3u2LaJZpQsFHmbQjB7MnzpHLiBefe2d1poXg1iSOH9tEBOkIBukBFdINKqIwoekIv6A29O8/Oq/PhfI5bF5zJzB6agvP1C2LBoLY=</latexit>

Int+ Int · Int
<latexit sha1_base64="V+YD/nfPfTbg5/mDBrYIoXKGaVc=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEJECLviC0+iF70pmChkQ5id9CaDszPLTK8YlvyLF3/FiwdFvHjwX5w8DmosaCiquunuilIpLPr+pzcxOTU9Mzs3X1hYXFpeKa6u1azODIcq11Kb24hZkEJBFQVKuE0NsCSScBPdnfX9m3swVmh1jd0UGglrKxELztBJzeJxiPCAiPmFwh4NeUsjDSXEWP5l7NDwnhlIrZBahUa0O7jdLJb8ij8AHSfBiJTICJfN4nvY0jxLQCGXzNp64KfYyJlBwSX0CmFmIWX8jrWh7qhiCdhGPvixR7ec0qKxNq4U0oH6cyJnibXdJHKdCcOO/ev1xf+8eobxUSMXKs0QFB8uijNJUdN+YLQlDHCUXUcYN8LdSnmHGcbRxVpwIQR/Xx4ntd1KcFDZv9ornZyO4pgjG2STlElADskJOSeXpEo4eSTP5JW8eU/ei/fufQxbJ7zRzDr5Be/rG46hpXM=</latexit>

Int · (Int+ ")

What streams do these types describe?
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Separation LogicStream Types

<latexit sha1_base64="tltK8sg7yBD1DF9GItlIqkLnBVQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040ao9CntUDKZTBuax5BkhDJ0796t/oI7cetv+Ad+hmk7C9t6IHA4517uyQliRrVx3W8nt7K6tr6R3yxsbe/s7hX3D5paJgqTBpZMqnaANGFUkIahhpF2rAjiASOtYHg78VtPRGkqRd2MYuJz1Bc0ohgZKz3WYBeH0sB6r1hyy+4UcJl4GSmBDNVe8acbSpxwIgxmSOuO58bGT5EyFDMyLnQTTWKEh6hPOpYKxIn202ngMTyxSggjqewTBk7Vvxsp4lqPeGAnOTIDvehNxP+8TmKiaz+lIk4MEXh2KEoYNBJOfg9Dqgg2bGQJworarBAPkELY2I7mrtyLmg0g2bhgq/EWi1gmzbOyd1m+eDgvVW6ykvLgCByDU+CBK1ABd6AKGgADDl7AK3hznp1358P5nI3mnGznEMzB+foFiuuY9w==</latexit>

S ⋅ T <latexit sha1_base64="bUmNDyu6bgUZf/XrkmC9rwPtZ7w=">AAACBXicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cSNU+oR2KJk004ZmkiHJCGXo2r1b/QV34tbv8A/8DNN2Frb1QOBwzr3ckxPEnGnjut/Oyura+sZmbiu/vbO7t184OGxomShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsO7id98okozKWpmFFM/wn3BQkawsVKrijpYG1TrFopuyZ0CLRMvI0XIUOkWfjo9SZKICkM41rrtubHxU6wMI5yO851E0xiTIe7TtqUCR1T76TTvGJ1apYdCqewTBk3VvxspjrQeRYGdjLAZ6EVvIv7ntRMT3vgpE3FiqCCzQ2HCkZFo8nnUY4oSw0eWYKKYzYrIACtMjK1o7sqDqNoAko/zthpvsYhl0jgveVely8eLYvk2KykHx3ACZ+DBNZThHipQBwIcXuAV3pxn5935cD5noytOtnMEc3C+fgHGIpiL</latexit>

S ∗ T
Separation in (heap) spaceSeparation in time

vs.

Technical footnote:



Rich types  
let us build stream programs  

compositionally
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Example

Compute the average of each run above 3
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Example

2

Compute the average of each run above 3
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Example

2 4

Compute the average of each run above 3
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Example

2 4 5

Compute the average of each run above 3
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Example

2 4 5 1

Compute the average of each run above 3
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Example

2 4 5 1 4.5

Compute the average of each run above 3
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Example

2 4 5 1 4.5

Compute the average of each run above 3

6
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Example

2 4 5 1 4.5

Compute the average of each run above 3

6 2
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Example

2 4 5 1 4.5 6

Compute the average of each run above 3

6 2
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“Compute averages of runs above 3”

In Flink:

24



“Compute averages of runs above 3”

xs.flatMapWithState((x : Int, st : Option[Int,Int]) =>
  st match {
    case None => if x > 3 then ([],Some(1,x)) else ([],None)
    case Some(num, tot) =>
      if x > 3 then
        ([],Some(num + 1, tot + x))
      else
        ([(x + tot) / (num + 1)], None)
  }
)

In Flink:

24



“Compute averages of runs above 3”

xs.flatMapWithState((x : Int, st : Option[Int,Int]) =>
  st match {
    case None => if x > 3 then ([],Some(1,x)) else ([],None)
    case Some(num, tot) =>
      if x > 3 then
        ([],Some(num + 1, tot + x))
      else
        ([(x + tot) / (num + 1)], None)
  }
)

In Flink:

24



In delta:

<latexit sha1_base64="b0v+gg60E5i9odU6cqtIT61sStI=">AAACDnicbVC7TsNAEDyHVwgvAyXNiSgSVWQjXmUEDXRBIg8pNtH5cklOOZ+tuzUisvIFNPwKDQUI0VLT8TdcEhchYaSVRjO72t0JYsE1OM6PlVtaXlldy68XNja3tnfs3b26jhJFWY1GIlLNgGgmuGQ14CBYM1aMhIFgjWBwNfYbD0xpHsk7GMbMD0lP8i6nBIzUtksesEcASG8kjLBHOxHgWene00BU2y46ZWcCvEjcjBRRhmrb/vY6EU1CJoEKonXLdWLwU6KAU8FGBS/RLCZ0QHqsZagkIdN+OnlnhEtG6eBupExJwBN1diIlodbDMDCdIYG+nvfG4n9eK4HuhZ9yGSfAJJ0u6iYCQ4TH2eAOV4yCGBpCqOLmVkz7RBEKJsGCCcGdf3mR1I/L7ln59PakWLnM4sijA3SIjpCLzlEFXaMqqiGKntALekPv1rP1an1Yn9PWnJXN7KM/sL5+Acm9nTk=</latexit>

Int · Int?

<latexit sha1_base64="Bj9XtrHc8zI+lQGhKoHtOjcXVbM=">AAACIXicbVDJSgNBEO1xjXEb9eilMQh6CTPikmPQi94imChkYujp1CSNPT1Dd40YhvyKF3/FiwdFchN/xs5ycHtQ8Pq9KrrqhakUBj3vw5mZnZtfWCwsFZdXVtfW3Y3NhkkyzaHOE5nom5AZkEJBHQVKuEk1sDiUcB3enY3863vQRiTqCvsptGLWVSISnKGV2m4lkBDhXoDwgIj5hcIBDXgnQfpdug0MMh1o0e3h/uTRdkte2RuD/iX+lJTIFLW2Oww6Cc9iUMglM6bpeym2cqZRcAmDYpAZSBm/Y11oWqpYDKaVjy8c0F2rdGiUaFsK6Vj9PpGz2Jh+HNrOmGHP/PZG4n9eM8Oo0sqFSjMExScfRZmkmNBRXLQjNHCUfUsY18LuSnmPacbRhlq0Ifi/T/5LGgdl/7h8dHlYqp5O4yiQbbJD9ohPTkiVnJMaqRNOHskzeSVvzpPz4rw7w0nrjDOd2SI/4Hx+AevZpT0=</latexit>

(Int · Int?)?

“Nonempty run of Ints”

“Stream of nonempty runs of Ints”

25

delta gives you 
types to help 
think about the 
problem!



Typeful Programming in delta

avgRun<latexit sha1_base64="b0v+gg60E5i9odU6cqtIT61sStI=">AAACDnicbVC7TsNAEDyHVwgvAyXNiSgSVWQjXmUEDXRBIg8pNtH5cklOOZ+tuzUisvIFNPwKDQUI0VLT8TdcEhchYaSVRjO72t0JYsE1OM6PlVtaXlldy68XNja3tnfs3b26jhJFWY1GIlLNgGgmuGQ14CBYM1aMhIFgjWBwNfYbD0xpHsk7GMbMD0lP8i6nBIzUtksesEcASG8kjLBHOxHgWene00BU2y46ZWcCvEjcjBRRhmrb/vY6EU1CJoEKonXLdWLwU6KAU8FGBS/RLCZ0QHqsZagkIdN+OnlnhEtG6eBupExJwBN1diIlodbDMDCdIYG+nvfG4n9eK4HuhZ9yGSfAJJ0u6iYCQ4TH2eAOV4yCGBpCqOLmVkz7RBEKJsGCCcGdf3mR1I/L7ln59PakWLnM4sijA3SIjpCLzlEFXaMqqiGKntALekPv1rP1an1Yn9PWnJXN7KM/sL5+Acm9nTk=</latexit>

Int · Int? <latexit sha1_base64="eUFwcsVs+Hp3v0gONoxjK4hSmhg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imAdklzA7mSRDZmeXmV4xLPkNLx4U8erPePNvnCR70GhBQ1HVTXdXmEhh0HW/nMLS8srqWnG9tLG5tb1T3t1rmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpH11O/9cC1EbG6x3HCg4gOlOgLRtFKvo/8ERGzW4WTbrniVt0ZyF/i5aQCOerd8qffi1kacYVMUmM6nptgkFGNgkk+Kfmp4QllIzrgHUsVjbgJstnNE3JklR7px9qWQjJTf05kNDJmHIW2M6I4NIveVPzP66TYvwwyoZIUuWLzRf1UEozJNADSE5ozlGNLKNPC3krYkGrK0MZUsiF4iy//Jc2TqndePbs7rdSu8jiKcACHcAweXEANbqAODWCQwBO8wKuTOs/Om/M+by04+cw+/ILz8Q29EpIo</latexit>

Int

<latexit sha1_base64="Bj9XtrHc8zI+lQGhKoHtOjcXVbM=">AAACIXicbVDJSgNBEO1xjXEb9eilMQh6CTPikmPQi94imChkYujp1CSNPT1Dd40YhvyKF3/FiwdFchN/xs5ycHtQ8Pq9KrrqhakUBj3vw5mZnZtfWCwsFZdXVtfW3Y3NhkkyzaHOE5nom5AZkEJBHQVKuEk1sDiUcB3enY3863vQRiTqCvsptGLWVSISnKGV2m4lkBDhXoDwgIj5hcIBDXgnQfpdug0MMh1o0e3h/uTRdkte2RuD/iX+lJTIFLW2Oww6Cc9iUMglM6bpeym2cqZRcAmDYpAZSBm/Y11oWqpYDKaVjy8c0F2rdGiUaFsK6Vj9PpGz2Jh+HNrOmGHP/PZG4n9eM8Oo0sqFSjMExScfRZmkmNBRXLQjNHCUfUsY18LuSnmPacbRhlq0Ifi/T/5LGgdl/7h8dHlYqp5O4yiQbbJD9ohPTkiVnJMaqRNOHskzeSVvzpPz4rw7w0nrjDOd2SI/4Hx+AevZpT0=</latexit>

(Int · Int?)?
<latexit sha1_base64="2ti3sa0oWTSmrN0z3H+nxnyET/U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1l0o7sK9gFNLJPppB06mYSZG2kJ+RU3LhRx64+482+cPhbaeuDC4Zx7ufeeIBFcg+N8W4WV1bX1jeJmaWt7Z3fP3i83dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemJK81g+wDhhfkT6koecEjBS1y57wEYAkN1JyB89DUR17YpTdabAy8Sdkwqao961v7xeTNOISaCCaN1xnQT8jCjgVLC85KWaJYQOSZ91DJUkYtrPprfn+NgoPRzGypQEPFV/T2Qk0nocBaYzIjDQi95E/M/rpBBe+RmXSQpM0tmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVp1L6rn92eV2vU8jiI6REfoBLnoEtXQLaqjBqJohJ7RK3qzcuvFerc+Zq0Faz5zgP7A+vwB8CmVCQ==</latexit>

Int?
<latexit sha1_base64="2ti3sa0oWTSmrN0z3H+nxnyET/U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiTia1l0o7sK9gFNLJPppB06mYSZG2kJ+RU3LhRx64+482+cPhbaeuDC4Zx7ufeeIBFcg+N8W4WV1bX1jeJmaWt7Z3fP3i83dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemJK81g+wDhhfkT6koecEjBS1y57wEYAkN1JyB89DUR17YpTdabAy8Sdkwqao961v7xeTNOISaCCaN1xnQT8jCjgVLC85KWaJYQOSZ91DJUkYtrPprfn+NgoPRzGypQEPFV/T2Qk0nocBaYzIjDQi95E/M/rpBBe+RmXSQpM0tmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVp1L6rn92eV2vU8jiI6REfoBLnoEtXQLaqjBqJohJ7RK3qzcuvFerc+Zq0Faz5zgP7A+vwB8CmVCQ==</latexit>

Int?
map(avgRun)parseRuns

avgAbove3

26



Typeful Programming in delta

fun average1Run(w : Int . Int*) : Int =

  let (x;xs) = w in

  let (k,n) = (sum(xs), length(xs)) in

  (k + x) / (n + 1)

fun avgAbove3(XS : Int*) : Int* =

  map(average1Run)(parseRuns(geq3)(xs))

27



Typeful Programming in delta

fun average1Run(w : Int . Int*) : Int =

  let (x;xs) = w in

  let (k,n) = (sum(xs), length(xs)) in

  (k + x) / (n + 1)

fun avgAbove3(XS : Int*) : Int* =

  map(average1Run)(parseRuns(geq3)(xs))

27

Exact same semantics as the fold in Flink!



But Wait, There’s Even More!

28



What about 

multiple parallel inputs?
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What about 

multiple parallel inputs?
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<latexit sha1_base64="5coW10tvP99hmi468qu016uVHwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVZqNPpev1xxq+4c5C/xclKBHPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmxyoCEsbIlDZmrPycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xvWg42F</latexit>

S1
<latexit sha1_base64="XiduhfK0wvcy++HPkWMz++VDS7Q=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0cM8khgQ2aHXpgwO7uZmTUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM07Qj+hA8pAzaqxUr/cqvWLJLbtzkFXiZaQEGWq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+anTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwht/wmWSGpRssShMBTExmf1N+lwhM2JsCWWK21sJG1JFmbHpFGwI3vLLq6RZKXtX5cuHi1L1NosjDydwCufgwTVU4R5q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz/YB42G</latexit>

S2
<latexit sha1_base64="8w7ZkTB4Yy0uHTZdbkClS185yvI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKQRwIbMjs0MGF2djMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6acYx+SAeS9zmjxkq1Wve8Wyy5ZXcGsky8jJQgQ7Vb/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ojt1Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/FTLuPEoGTzRf1EEBOR6d+kxxUyI8aWUKa4vZWwIVWUGZtOwYbgLb68TBpnZe+qfPlwUarcZnHk4QiO4RQ8uIYK3EMV6sBgAM/wCm+OcF6cd+dj3ppzsplD+APn8wfZi42H</latexit>

S3

<latexit sha1_base64="KsZrinurS2SqSbMk9qeTiO9IJNs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRt/rlytu1Z2D/CVeTiqQo94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8st/Seus6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDExgM4Qle4NURzrPz5rwvWgtOPnMIv+B8fAPYCY2G</latexit>

T1

<latexit sha1_base64="RkklwfqlUsHP3FTwUn/DwERU/B0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48R84JkCbOT3mTI7OwyMyuEkE/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdzfzWEyrNY1k34wT9iA4kDzmjxkqP9V6lVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzUKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeONPuExSg5ItFoWpICYms79JnytkRowtoUxxeythQ6ooMzadgg3BW355lTQrZe+qfPlwUareZnHk4QRO4Rw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj0Zpzsplj+APn8wfZjY2H</latexit>

T2
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Multiple inputs are products!

<latexit sha1_base64="9LrUaLOWcs0MpQkyjyZlr9yl42U=">AAAB+nicbVDLTgIxFL3jE/E16NJNIzFxRWbwuSS6cYlBHglMJp3SgYZOZ9J2NAT4FDcuNMatX+LOv7HALBQ8yc09Oefe9PYECWdKO863tbK6tr6xmdvKb+/s7u3bhYOGilNJaJ3EPJatACvKmaB1zTSnrURSHAWcNoPB7dRvPlKpWCwe9DChXoR7goWMYG0k3y7UfBd1xqjml+ftzLeLTsmZAS0TNyNFyFD17a9ONyZpRIUmHCvVdp1EeyMsNSOcTvKdVNEEkwHu0bahAkdUeaPZ6RN0YpQuCmNpSmg0U39vjHCk1DAKzGSEdV8telPxP6+d6vDaGzGRpJoKMn8oTDnSMZrmgLpMUqL50BBMJDO3ItLHEhNt0sqbENzFLy+TRrnkXpYu7s+LlZssjhwcwTGcggtXUIE7qEIdCDzBM7zCmzW2Xqx362M+umJlO4fwB9bnD3/Xkjs=</latexit>

S1kS2kS3
<latexit sha1_base64="EIUeeWHakWpBp/WF5fr07XJ867U=">AAAB8XicbVDLSgNBEOzxGeMr6tHLYBA8hd3g6xj04jFCXpgsy+xkNhkyO7vMzAphzV948aCIV//Gm3/jJNmDJhY0FFXddHcFieDaOM43WlldW9/YLGwVt3d29/ZLB4ctHaeKsiaNRaw6AdFMcMmahhvBOoliJAoEawej26nffmRK81g2zDhhXkQGkoecEmOlh4bv4t4TbvhVv1R2Ks4MeJm4OSlDjrpf+ur1Y5pGTBoqiNZd10mMlxFlOBVsUuylmiWEjsiAdS2VJGLay2YXT/CpVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xjc14bWXcZmkhkk6XxSmApsYT9/Hfa4YNWJsCaGK21sxHRJFqLEhFW0I7uLLy6RVrbiXlYv783LtJo+jAMdwAmfgwhXU4A7q0AQKEp7hFd6QRi/oHX3MW1dQPnMEf4A+fwDqWo/J</latexit>

T1kT2

What about 

multiple parallel inputs?
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“Parallel Substreams” Type

"A stream of type S interleaved with a stream of type T”


(with elements tagged to indicate their source)

<latexit sha1_base64="RR36jsbc1x67OHDGRexNexLXF/E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LXjxW7Be0S8mm2TY2myxJVihr/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXxJxp47rfTm5ldW19I79Z2Nre2d0r7h80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLRzdRvPVKlmRR1M46pH+GBYCEj2FipeY+6T6jeK5bcsjsDWiZeRkqQodYrfnX7kiQRFYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUsFjqj209m1E3RilT4KpbIlDJqpvydSHGk9jgLbGWEz1IveVPzP6yQmvPJTJuLEUEHmi8KEIyPR9HXUZ4oSw8eWYKKYvRWRIVaYGBtQwYbgLb68TJpnZe+iXLk7L1WvszjycATHcAoeXEIVbqEGDSDwAM/wCm+OdF6cd+dj3ppzsplD+APn8weWFY5/</latexit>

SkT



Parallel inputs risk 
nondeterminism!

32

Careful…
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1 ‘a’ ‘b’ 2 1 2 ‘a’ ‘b’ ‘a’ 1 ‘b’ 2

Problem: Multiple Equivalent Interleavings
<latexit sha1_base64="ULLSRHj/cmxTOBHgKPGtTl8MVCk="></latexit>

Int��Char�
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1 ‘a’ ‘b’ 2 1 2 ‘a’ ‘b’ ‘a’ 1 ‘b’ 2

Problem: Multiple Equivalent Interleavings

1 2

‘a’ ‘b’

Streams with parallel are actually 
partially ordered

<latexit sha1_base64="ULLSRHj/cmxTOBHgKPGtTl8MVCk="></latexit>

Int��Char�



We don’t want to be able to write this:

fun imposeOrder(x : Int || Char) : Int =

 <… if the Int arrives first, 

       send it along and drop the Char; 

    if the Char arrives first, 

       send 42 and drop the Int…>

34



Core Idea 2:
If variables corresponding to unordered 
parts of the data are never used in an 

ordered way, the program is deterministic

35



Core Idea 2:
If variables corresponding to unordered 
parts of the data are never used in an 

ordered way, the program is deterministic

35

delta is deterministic by default 


(programmers can selectively introduce nondeterminism)



Parallel Right Rule
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� ` (e, e0) : SkT

<latexit sha1_base64="BM7z8pw1Fru9OaUV/XGdCKKvbyo=">AAACCHicbVA9SwNBEN3zM8avU0sLF4OoIOFOBD+qoIWWEU0i5EKY20ySJbt3x+6eEGJKG/+KjYUitv4EO/+Nm5hCjQ8GHu/NMDMvTATXxvM+nYnJqemZ2cxcdn5hcWnZXVkt6zhVDEssFrG6CUGj4BGWDDcCbxKFIEOBlbBzNvArt6g0j6Nr002wJqEV8SZnYKxUdzeCc5ASaHDbAN2mO0j3KG7v0hN6RYM7el13c17eG4KOE39EcmSEYt39CBoxSyVGhgnQuup7ian1QBnOBPazQaoxAdaBFlYtjUCirvWGj/TpllUatBkrW5GhQ/XnRA+k1l0Z2k4Jpq3/egPxP6+amuZRrcejJDUYse9FzVRQE9NBKrTBFTIjupYAU9zeSlkbFDBjs8vaEPy/L4+T8n7eP8gfXx7kCqejODJknWySHeKTQ1IgF6RISoSRe/JInsmL8+A8Oa/O23frhDOaWSO/4Lx/Af3ilsU=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : T

<latexit sha1_base64="KUrRd1tMaUkyM5zgreMXGrdrbxQ=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxA9hRkJuJyCHvQYIRskIdT09CRNunuG7p5AHIK/4sWDIl79D2/+jZ3loIkPCh7vVVFVz48508Z1v52l5ZXVtfXMRnZza3tnN7e3X9NRogitkohHquGDppxJWjXMcNqIFQXhc1r3+7djvz6gSrNIVswwpm0BXclCRsBYqZM7bN2BEIBbgwB0D9NTfI0rnVzeLbgT4EXizUgezVDu5L5aQUQSQaUhHLRuem5s2ikowwino2wr0TQG0ocubVoqQVDdTifXj/CJVQIcRsqWNHii/p5IQWg9FL7tFGB6et4bi/95zcSEl+2UyTgxVJLpojDh2ER4HAUOmKLE8KElQBSzt2LSAwXE2MCyNgRv/uVFUjsveMXC1UMxX7qZxZFBR+gYnSEPXaASukdlVEUEPaJn9IrenCfnxXl3PqatS85s5gD9gfP5AzcKk8o=</latexit>



Parallel Right Rule

36

� ` (e, e0) : SkT

<latexit sha1_base64="BM7z8pw1Fru9OaUV/XGdCKKvbyo=">AAACCHicbVA9SwNBEN3zM8avU0sLF4OoIOFOBD+qoIWWEU0i5EKY20ySJbt3x+6eEGJKG/+KjYUitv4EO/+Nm5hCjQ8GHu/NMDMvTATXxvM+nYnJqemZ2cxcdn5hcWnZXVkt6zhVDEssFrG6CUGj4BGWDDcCbxKFIEOBlbBzNvArt6g0j6Nr002wJqEV8SZnYKxUdzeCc5ASaHDbAN2mO0j3KG7v0hN6RYM7el13c17eG4KOE39EcmSEYt39CBoxSyVGhgnQuup7ian1QBnOBPazQaoxAdaBFlYtjUCirvWGj/TpllUatBkrW5GhQ/XnRA+k1l0Z2k4Jpq3/egPxP6+amuZRrcejJDUYse9FzVRQE9NBKrTBFTIjupYAU9zeSlkbFDBjs8vaEPy/L4+T8n7eP8gfXx7kCqejODJknWySHeKTQ1IgF6RISoSRe/JInsmL8+A8Oa/O23frhDOaWSO/4Lx/Af3ilsU=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : T

<latexit sha1_base64="KUrRd1tMaUkyM5zgreMXGrdrbxQ=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxA9hRkJuJyCHvQYIRskIdT09CRNunuG7p5AHIK/4sWDIl79D2/+jZ3loIkPCh7vVVFVz48508Z1v52l5ZXVtfXMRnZza3tnN7e3X9NRogitkohHquGDppxJWjXMcNqIFQXhc1r3+7djvz6gSrNIVswwpm0BXclCRsBYqZM7bN2BEIBbgwB0D9NTfI0rnVzeLbgT4EXizUgezVDu5L5aQUQSQaUhHLRuem5s2ikowwino2wr0TQG0ocubVoqQVDdTifXj/CJVQIcRsqWNHii/p5IQWg9FL7tFGB6et4bi/95zcSEl+2UyTgxVJLpojDh2ER4HAUOmKLE8KElQBSzt2LSAwXE2MCyNgRv/uVFUjsveMXC1UMxX7qZxZFBR+gYnSEPXaASukdlVEUEPaJn9IrenCfnxXl3PqatS85s5gD9gfP5AzcKk8o=</latexit>

<latexit sha1_base64="HHsPUYjKV/jFR6zad9qyli8ROuI=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoMYQcKu+DoGvXiMYB6QLGF20puMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz328ktLa+sruXXCxubW9s7xd29hpaJolCnkkvVCogGzgTUDTMcWrECEgUcmsHwduI3n0BpJsWDGcXgR6QvWMgoMVZqlOEUjk+6xZJbcafAi8TLSAllqHWLX52epEkEwlBOtG57bmz8lCjDKIdxoZNoiAkdkj60LRUkAu2n02vH+MgqPRxKZUsYPFV/T6Qk0noUBbYzImag572J+J/XTkx47adMxIkBQWeLwoRjI/HkddxjCqjhI0sIVczeiumAKEKNDahgQ/DmX14kjbOKd1m5uD8vVW+yOPLoAB2iMvLQFaqiO1RDdUTRI3pGr+jNkc6L8+58zFpzTjazj/7A+fwBGteOLg==</latexit>

(e, e0)



Parallel Right Rule

36

� ` (e, e0) : SkT

<latexit sha1_base64="BM7z8pw1Fru9OaUV/XGdCKKvbyo=">AAACCHicbVA9SwNBEN3zM8avU0sLF4OoIOFOBD+qoIWWEU0i5EKY20ySJbt3x+6eEGJKG/+KjYUitv4EO/+Nm5hCjQ8GHu/NMDMvTATXxvM+nYnJqemZ2cxcdn5hcWnZXVkt6zhVDEssFrG6CUGj4BGWDDcCbxKFIEOBlbBzNvArt6g0j6Nr002wJqEV8SZnYKxUdzeCc5ASaHDbAN2mO0j3KG7v0hN6RYM7el13c17eG4KOE39EcmSEYt39CBoxSyVGhgnQuup7ian1QBnOBPazQaoxAdaBFlYtjUCirvWGj/TpllUatBkrW5GhQ/XnRA+k1l0Z2k4Jpq3/egPxP6+amuZRrcejJDUYse9FzVRQE9NBKrTBFTIjupYAU9zeSlkbFDBjs8vaEPy/L4+T8n7eP8gfXx7kCqejODJknWySHeKTQ1IgF6RISoSRe/JInsmL8+A8Oa/O23frhDOaWSO/4Lx/Af3ilsU=</latexit>

� ` e : S

<latexit sha1_base64="SmDm3BTCeR0fWkriVYngZCL/qB0=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGZEcDkFPegxolkgM4Sank7SpLtn6O4JDCH+ihcPinj1Q7z5N3aWgyY+KHi8V0VVvTDhTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDm4mfnNIlWaxfDRZQgMBPcm6jICxUqdY8m9BCMD+MALdxxRf4YdOsexW3CnwMvHmpIzmqHWKX34Uk1RQaQgHrduem5hgBMowwum44KeaJkAG0KNtSyUIqoPR9PgxPrZKhLuxsiUNnqq/J0YgtM5EaDsFmL5e9Cbif147Nd2LYMRkkhoqyWxRN+XYxHiSBI6YosTwzBIgitlbMemDAmJsXgUbgrf48jJpnFa8s8rl/Vm5ej2PI48O0RE6QR46R1V0h2qojgjK0DN6RW/Ok/PivDsfs9acM58poT9wPn8Az0KTmA==</latexit>

� ` e0 : T

<latexit sha1_base64="KUrRd1tMaUkyM5zgreMXGrdrbxQ=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxA9hRkJuJyCHvQYIRskIdT09CRNunuG7p5AHIK/4sWDIl79D2/+jZ3loIkPCh7vVVFVz48508Z1v52l5ZXVtfXMRnZza3tnN7e3X9NRogitkohHquGDppxJWjXMcNqIFQXhc1r3+7djvz6gSrNIVswwpm0BXclCRsBYqZM7bN2BEIBbgwB0D9NTfI0rnVzeLbgT4EXizUgezVDu5L5aQUQSQaUhHLRuem5s2ikowwino2wr0TQG0ocubVoqQVDdTifXj/CJVQIcRsqWNHii/p5IQWg9FL7tFGB6et4bi/95zcSEl+2UyTgxVJLpojDh2ER4HAUOmKLE8KElQBSzt2LSAwXE2MCyNgRv/uVFUjsveMXC1UMxX7qZxZFBR+gYnSEPXaASukdlVEUEPaJn9IrenCfnxXl3PqatS85s5gD9gfP5AzcKk8o=</latexit>

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="HHsPUYjKV/jFR6zad9qyli8ROuI=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoMYQcKu+DoGvXiMYB6QLGF20puMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz328ktLa+sruXXCxubW9s7xd29hpaJolCnkkvVCogGzgTUDTMcWrECEgUcmsHwduI3n0BpJsWDGcXgR6QvWMgoMVZqlOEUjk+6xZJbcafAi8TLSAllqHWLX52epEkEwlBOtG57bmz8lCjDKIdxoZNoiAkdkj60LRUkAu2n02vH+MgqPRxKZUsYPFV/T6Qk0noUBbYzImag572J+J/XTkx47adMxIkBQWeLwoRjI/HkddxjCqjhI0sIVczeiumAKEKNDahgQ/DmX14kjbOKd1m5uD8vVW+yOPLoAB2iMvLQFaqiO1RDdUTRI3pGr+jNkc6L8+58zFpzTjazj/7A+fwBGteOLg==</latexit>

(e, e0)
<latexit sha1_base64="EqeA+mbLkNRXGR722P9vRZdlcXk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cE8oJkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdz/zWEyrNY1k34wT9iA4kDzmjxkq1eq9YcsvuHGSVeBkpQYZqr/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS96/JV7bJUucviyMMJnMI5eHADFXiAKjSAAcIzvMKb8+i8OO/Ox6I152Qzx/AHzucPsumM4g==</latexit>

T



Parallel Left Rule, Take 1

�; z : SkT ;�0 ` let (x, y) = z in e : R

<latexit sha1_base64="O9zvKed8+w5JVAOrQAoOIyc/7+w="></latexit>

�; ???;�! ! e : R

<latexit sha1_base64="GTsZRAweShqKVjAZH2QJfdI30Hk=">AAACFXicbVBNSyNBEO3R/dC4u87q0UuzQXYPS5gRwVUPET3oMYr5gEwINZ1K0tg9M3TXyIYhf8KLf8WLB0W8Ct7232zn4+DqPih4/V4VXfXiTElLQfDHW1h89/7Dx6Xl0sqnz19W/a9rDZvmRmBdpCo1rRgsKplgnSQpbGUGQccKm/HF0cRvXqKxMk3OaZRhR8MgkX0pgJzU9X9Gx6A18H0eEf4moqJarY4nz6n+nUeXPbBDjnyPn3X9clAJpuBvSTgnZTZHres/R71U5BoTEgqsbYdBRp0CDEmhcFyKcosZiAsYYNvRBDTaTjG9asw3ndLj/dS4SohP1ZcTBWhrRzp2nRpoaF97E/F/Xjun/q9OIZMsJ0zE7KN+rjilfBIR70mDgtTIERBGul25GIIBQS7IkgshfH3yW9LYqoTbld3T7fLB4TyOJbbBvrEfLGQ77ICdsBqrM8Gu2A27Y/fetXfrPXiPs9YFbz6zzv6B9/QXu/6cqw==</latexit>



Parallel Left Rule, Take 1

(x : S); (y : T)

<latexit sha1_base64="CgfsIAb4TrtyRlnkCwhiSxIpYFQ=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M198RBforoQuUTHRVC/1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpcSRCg==</latexit>

�; z : SkT ;�0 ` let (x, y) = z in e : R

<latexit sha1_base64="O9zvKed8+w5JVAOrQAoOIyc/7+w="></latexit>

�; ???;�! ! e : R

<latexit sha1_base64="GTsZRAweShqKVjAZH2QJfdI30Hk=">AAACFXicbVBNSyNBEO3R/dC4u87q0UuzQXYPS5gRwVUPET3oMYr5gEwINZ1K0tg9M3TXyIYhf8KLf8WLB0W8Ct7232zn4+DqPih4/V4VXfXiTElLQfDHW1h89/7Dx6Xl0sqnz19W/a9rDZvmRmBdpCo1rRgsKplgnSQpbGUGQccKm/HF0cRvXqKxMk3OaZRhR8MgkX0pgJzU9X9Gx6A18H0eEf4moqJarY4nz6n+nUeXPbBDjnyPn3X9clAJpuBvSTgnZTZHres/R71U5BoTEgqsbYdBRp0CDEmhcFyKcosZiAsYYNvRBDTaTjG9asw3ndLj/dS4SohP1ZcTBWhrRzp2nRpoaF97E/F/Xjun/q9OIZMsJ0zE7KN+rjilfBIR70mDgtTIERBGul25GIIBQS7IkgshfH3yW9LYqoTbld3T7fLB4TyOJbbBvrEfLGQ77ICdsBqrM8Gu2A27Y/fetXfrPXiPs9YFbz6zzv6B9/QXu/6cqw==</latexit>



Parallel Left Rule, Take 1

(x : S); (y : T)

<latexit sha1_base64="CgfsIAb4TrtyRlnkCwhiSxIpYFQ=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M198RBforoQuUTHRVC/1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpcSRCg==</latexit>

�; z : SkT ;�0 ` let (x, y) = z in e : R

<latexit sha1_base64="O9zvKed8+w5JVAOrQAoOIyc/7+w="></latexit>

�; ???;�! ! e : R

<latexit sha1_base64="GTsZRAweShqKVjAZH2QJfdI30Hk=">AAACFXicbVBNSyNBEO3R/dC4u87q0UuzQXYPS5gRwVUPET3oMYr5gEwINZ1K0tg9M3TXyIYhf8KLf8WLB0W8Ct7232zn4+DqPih4/V4VXfXiTElLQfDHW1h89/7Dx6Xl0sqnz19W/a9rDZvmRmBdpCo1rRgsKplgnSQpbGUGQccKm/HF0cRvXqKxMk3OaZRhR8MgkX0pgJzU9X9Gx6A18H0eEf4moqJarY4nz6n+nUeXPbBDjnyPn3X9clAJpuBvSTgnZTZHres/R71U5BoTEgqsbYdBRp0CDEmhcFyKcosZiAsYYNvRBDTaTjG9asw3ndLj/dS4SohP1ZcTBWhrRzp2nRpoaF97E/F/Xjun/q9OIZMsJ0zE7KN+rjilfBIR70mDgtTIERBGul25GIIBQS7IkgshfH3yW9LYqoTbld3T7fLB4TyOJbbBvrEfLGQ77ICdsBqrM8Gu2A27Y/fetXfrPXiPs9YFbz6zzv6B9/QXu/6cqw==</latexit>



Parallel Left Rule, Take 1

(x : S); (y : T)

<latexit sha1_base64="CgfsIAb4TrtyRlnkCwhiSxIpYFQ=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M198RBforoQuUTHRVC/1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpcSRCg==</latexit>

(y : T); (x : S)

<latexit sha1_base64="mevNYLzvg0LoQNAvaGfRBywSvmw=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M19M0AWql9AlKj5quiv1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpdiRCg==</latexit>

�; z : SkT ;�0 ` let (x, y) = z in e : R

<latexit sha1_base64="O9zvKed8+w5JVAOrQAoOIyc/7+w="></latexit>

�; ???;�! ! e : R

<latexit sha1_base64="GTsZRAweShqKVjAZH2QJfdI30Hk=">AAACFXicbVBNSyNBEO3R/dC4u87q0UuzQXYPS5gRwVUPET3oMYr5gEwINZ1K0tg9M3TXyIYhf8KLf8WLB0W8Ct7232zn4+DqPih4/V4VXfXiTElLQfDHW1h89/7Dx6Xl0sqnz19W/a9rDZvmRmBdpCo1rRgsKplgnSQpbGUGQccKm/HF0cRvXqKxMk3OaZRhR8MgkX0pgJzU9X9Gx6A18H0eEf4moqJarY4nz6n+nUeXPbBDjnyPn3X9clAJpuBvSTgnZTZHres/R71U5BoTEgqsbYdBRp0CDEmhcFyKcosZiAsYYNvRBDTaTjG9asw3ndLj/dS4SohP1ZcTBWhrRzp2nRpoaF97E/F/Xjun/q9OIZMsJ0zE7KN+rjilfBIR70mDgtTIERBGul25GIIBQS7IkgshfH3yW9LYqoTbld3T7fLB4TyOJbbBvrEfLGQ77ICdsBqrM8Gu2A27Y/fetXfrPXiPs9YFbz6zzv6B9/QXu/6cqw==</latexit>



Parallel Left Rule, Take 1

(x : S); (y : T)

<latexit sha1_base64="CgfsIAb4TrtyRlnkCwhiSxIpYFQ=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M198RBforoQuUTHRVC/1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpcSRCg==</latexit>

(y : T); (x : S)

<latexit sha1_base64="mevNYLzvg0LoQNAvaGfRBywSvmw=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M19M0AWql9AlKj5quiv1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpdiRCg==</latexit>

�; z : SkT ;�0 ` let (x, y) = z in e : R

<latexit sha1_base64="O9zvKed8+w5JVAOrQAoOIyc/7+w="></latexit>

�; ???;�! ! e : R

<latexit sha1_base64="GTsZRAweShqKVjAZH2QJfdI30Hk=">AAACFXicbVBNSyNBEO3R/dC4u87q0UuzQXYPS5gRwVUPET3oMYr5gEwINZ1K0tg9M3TXyIYhf8KLf8WLB0W8Ct7232zn4+DqPih4/V4VXfXiTElLQfDHW1h89/7Dx6Xl0sqnz19W/a9rDZvmRmBdpCo1rRgsKplgnSQpbGUGQccKm/HF0cRvXqKxMk3OaZRhR8MgkX0pgJzU9X9Gx6A18H0eEf4moqJarY4nz6n+nUeXPbBDjnyPn3X9clAJpuBvSTgnZTZHres/R71U5BoTEgqsbYdBRp0CDEmhcFyKcosZiAsYYNvRBDTaTjG9asw3ndLj/dS4SohP1ZcTBWhrRzp2nRpoaF97E/F/Xjun/q9OIZMsJ0zE7KN+rjilfBIR70mDgtTIERBGul25GIIBQS7IkgshfH3yW9LYqoTbld3T7fLB4TyOJbbBvrEfLGQ77ICdsBqrM8Gu2A27Y/fetXfrPXiPs9YFbz6zzv6B9/QXu/6cqw==</latexit>



Parallel Left Rule, Take 1

(x : S); (y : T)

<latexit sha1_base64="CgfsIAb4TrtyRlnkCwhiSxIpYFQ=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M198RBforoQuUTHRVC/1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpcSRCg==</latexit>

(y : T); (x : S)

<latexit sha1_base64="mevNYLzvg0LoQNAvaGfRBywSvmw=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxgQ2ZMSTeNkQ3LjFyS2BCOqUDDZ1L2o46QR7FjQuNceuTuPNtLDALBf+kyZf/nJNz+rsRZ1JZ1reRWVldW9/Ibua2tnd298z8flOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN66p0KyMKirJKKOjwcB8xjBSls9M19M0AWql9AlKj5quiv1zIJVtmZCy2CnUIBUtZ751e2HJPZpoAjHUnZsK1LOGAvFCKeTXDeWNMJkhAe0ozHAPpXOeHb6BB1rp4+8UOgXKDRzf0+MsS9l4ru608dqKBdrU/O/WidW3pkzZkEUKxqQ+SIv5kiFaJoD6jNBieKJBkwE07ciMsQCE6XTyukQ7MUvL0PzpGxXyue3lUL1Ko0jC4dwBEWw4RSqcAM1aACBB3iGV3gznowX4934mLdmjHTmAP7I+PwBpdiRCg==</latexit>

�; z : SkT ;�0 ` let (x, y) = z in e : R

<latexit sha1_base64="O9zvKed8+w5JVAOrQAoOIyc/7+w="></latexit>

�; ???;�! ! e : R

<latexit sha1_base64="GTsZRAweShqKVjAZH2QJfdI30Hk=">AAACFXicbVBNSyNBEO3R/dC4u87q0UuzQXYPS5gRwVUPET3oMYr5gEwINZ1K0tg9M3TXyIYhf8KLf8WLB0W8Ct7232zn4+DqPih4/V4VXfXiTElLQfDHW1h89/7Dx6Xl0sqnz19W/a9rDZvmRmBdpCo1rRgsKplgnSQpbGUGQccKm/HF0cRvXqKxMk3OaZRhR8MgkX0pgJzU9X9Gx6A18H0eEf4moqJarY4nz6n+nUeXPbBDjnyPn3X9clAJpuBvSTgnZTZHres/R71U5BoTEgqsbYdBRp0CDEmhcFyKcosZiAsYYNvRBDTaTjG9asw3ndLj/dS4SohP1ZcTBWhrRzp2nRpoaF97E/F/Xjun/q9OIZMsJ0zE7KN+rjilfBIR70mDgtTIERBGul25GIIBQS7IkgshfH3yW9LYqoTbld3T7fLB4TyOJbbBvrEfLGQ77ICdsBqrM8Gu2A27Y/fetXfrPXiPs9YFbz6zzv6B9/QXu/6cqw==</latexit>

(x : S), (y : T)

<latexit sha1_base64="YtE9ImGDoZpNW/o1SytonOHHV0U=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EitCAlkYKXVdGNy4q9QRvKZDpph04uzEyKIfRN3LhQxK1v4s63cdpmoa0/DHz85xzOmd+NOJPKsr6N3Nr6xuZWfruws7u3f2AeHrVkGAtCmyTkoei4WFLOAtpUTHHaiQTFvstp2x3fzertCRWShUFDJRF1fDwMmMcIVtrqm2bpCd2gx/I5KiUaGuW+WbQq1lxoFewMipCp3je/eoOQxD4NFOFYyq5tRcpJsVCMcDot9GJJI0zGeEi7GgPsU+mk88un6Ew7A+SFQr9Aobn7eyLFvpSJ7+pOH6uRXK7NzP9q3Vh5V07KgihWNCCLRV7MkQrRLAY0YIISxRMNmAimb0VkhAUmSodV0CHYy19ehdZFxa5Wrh+qxdptFkceTuAUSmDDJdTgHurQBAITeIZXeDNS48V4Nz4WrTkjmzmGPzI+fwA2OZDR</latexit>



“Bunched” Contexts
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! ::= á |x : S | ! , ! | ! ; !

<latexit sha1_base64="xAkJ+O/9FLondx4JK6bbW+lf4Ck=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJQyIwW1IhRd2GVFe4HOUDJp2oYmM0OSEcvYV3Ljm4ibLhRx60uYtoPY1h8CH/85h5PzeyGjUlnWyEgtLa+srqXXMxubW9s75u5eTQaRwKSKAxaIhockYdQnVUUVI41QEMQ9Rupe/3pcrz8QIWng36tBSFyOuj7tUIyUtlpm2blBnCNYLF5CB7cDBZ3ck5ODj7AI7xJOWn5hxr1IoGVmrbw1EVwEO4EsSFRpma9OO8ARJ77CDEnZtK1QuTESimJGhhknkiREuI+6pKnRR5xIN55cPIRH2mnDTiD08xWcuH8nYsSlHHBPd3KkenK+Njb/qzUj1TlzY+qHkSI+ni7qRAyqAI7jg20qCFZsoAFhQfVfIe4hgbDSIWd0CPb8yYtQO8nbhfz5bSFbukriSIMDcAiOgQ1OQQmUQQVUAQbP4A28gw/jxRgZn8bXtDVlJDP7YEbG9w/5PKVJ</latexit>



“Bunched” Contexts
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! , "

<latexit sha1_base64="jQlKcmPR/MYcXqfXlVPRzbje/II=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkUlBvRQU9VrAf0IQy2W7apbtJ2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VVlbX1jeKm6Wt7Z3dsr2331JxKgltkpjHshOAopxFtKmZ5rSTSAoi4LQdjK6nfvuRSsXi6EGPE+oLGEQsZAS0kXp22bsFIQCfYu+Gcg09u+JUnRnwMnFzUkE5Gj37y+vHJBU00oSDUl3XSbSfgdSMcDopeamiCZARDGjX0AgEVX42O3yCj43Sx2EsTUUaz9TfExkIpcYiMJ0C9FAtelPxP6+b6vDCz1iUpJpGZL4oTDnWMZ6mgPtMUqL52BAgkplbMRmCBKJNViUTgrv48jJpnVXdWvXyvlapX+VxFNEhOkInyEXnqI7uUAM1EUEpekav6M16sl6sd+tj3lqw8pkD9AfW5w9QypI+</latexit>

! ; "

<latexit sha1_base64="lcybgXs2D34NoZE4WV8+0mRnUmM=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBRUvRQU9VrAf0IQy2W7apbtJ2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VVlbX1jeKm6Wt7Z3dsr2331JxKgltkpjHshOAopxFtKmZ5rSTSAoi4LQdjK6nfvuRSsXi6EGPE+oLGEQsZAS0kXp22bsFIQBfYu+Gcg09u+JUnRnwMnFzUkE5Gj37y+vHJBU00oSDUl3XSbSfgdSMcDopeamiCZARDGjX0AgEVX42O3yCj43Sx2EsTUUaz9TfExkIpcYiMJ0C9FAtelPxP6+b6vDcz1iUpJpGZL4oTDnWMZ6mgPtMUqL52BAgkplbMRmCBKJNViUTgrv48jJpnVbdWvXivlapX+VxFNEhOkInyEVnqI7uUAM1EUEpekav6M16sl6sd+tj3lqw8pkD9AfW5w9n75JN</latexit>

Unordered Ordered

! ::= á |x : S | ! , ! | ! ; !

<latexit sha1_base64="xAkJ+O/9FLondx4JK6bbW+lf4Ck=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJQyIwW1IhRd2GVFe4HOUDJp2oYmM0OSEcvYV3Ljm4ibLhRx60uYtoPY1h8CH/85h5PzeyGjUlnWyEgtLa+srqXXMxubW9s75u5eTQaRwKSKAxaIhockYdQnVUUVI41QEMQ9Rupe/3pcrz8QIWng36tBSFyOuj7tUIyUtlpm2blBnCNYLF5CB7cDBZ3ck5ODj7AI7xJOWn5hxr1IoGVmrbw1EVwEO4EsSFRpma9OO8ARJ77CDEnZtK1QuTESimJGhhknkiREuI+6pKnRR5xIN55cPIRH2mnDTiD08xWcuH8nYsSlHHBPd3KkenK+Njb/qzUj1TlzY+qHkSI+ni7qRAyqAI7jg20qCFZsoAFhQfVfIe4hgbDSIWd0CPb8yYtQO8nbhfz5bSFbukriSIMDcAiOgQ1OQQmUQQVUAQbP4A28gw/jxRgZn8bXtDVlJDP7YEbG9w/5PKVJ</latexit>



“Bunched” Contexts
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! , "

<latexit sha1_base64="jQlKcmPR/MYcXqfXlVPRzbje/II=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkUlBvRQU9VrAf0IQy2W7apbtJ2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VVlbX1jeKm6Wt7Z3dsr2331JxKgltkpjHshOAopxFtKmZ5rSTSAoi4LQdjK6nfvuRSsXi6EGPE+oLGEQsZAS0kXp22bsFIQCfYu+Gcg09u+JUnRnwMnFzUkE5Gj37y+vHJBU00oSDUl3XSbSfgdSMcDopeamiCZARDGjX0AgEVX42O3yCj43Sx2EsTUUaz9TfExkIpcYiMJ0C9FAtelPxP6+b6vDCz1iUpJpGZL4oTDnWMZ6mgPtMUqL52BAgkplbMRmCBKJNViUTgrv48jJpnVXdWvXyvlapX+VxFNEhOkInyEXnqI7uUAM1EUEpekav6M16sl6sd+tj3lqw8pkD9AfW5w9QypI+</latexit>

! ; "

<latexit sha1_base64="lcybgXs2D34NoZE4WV8+0mRnUmM=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBRUvRQU9VrAf0IQy2W7apbtJ2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VVlbX1jeKm6Wt7Z3dsr2331JxKgltkpjHshOAopxFtKmZ5rSTSAoi4LQdjK6nfvuRSsXi6EGPE+oLGEQsZAS0kXp22bsFIQBfYu+Gcg09u+JUnRnwMnFzUkE5Gj37y+vHJBU00oSDUl3XSbSfgdSMcDopeamiCZARDGjX0AgEVX42O3yCj43Sx2EsTUUaz9TfExkIpcYiMJ0C9FAtelPxP6+b6vDcz1iUpJpGZL4oTDnWMZ6mgPtMUqL52BAgkplbMRmCBKJNViUTgrv48jJpnVbdWvXivlapX+VxFNEhOkInyEVnqI7uUAM1EUEpekav6M16sl6sd+tj3lqw8pkD9AfW5w9n75JN</latexit>

Unordered Ordered

Corresponds to parallel Corresponds to concat

! ::= á |x : S | ! , ! | ! ; !

<latexit sha1_base64="xAkJ+O/9FLondx4JK6bbW+lf4Ck=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJQyIwW1IhRd2GVFe4HOUDJp2oYmM0OSEcvYV3Ljm4ibLhRx60uYtoPY1h8CH/85h5PzeyGjUlnWyEgtLa+srqXXMxubW9s75u5eTQaRwKSKAxaIhockYdQnVUUVI41QEMQ9Rupe/3pcrz8QIWng36tBSFyOuj7tUIyUtlpm2blBnCNYLF5CB7cDBZ3ck5ODj7AI7xJOWn5hxr1IoGVmrbw1EVwEO4EsSFRpma9OO8ARJ77CDEnZtK1QuTESimJGhhknkiREuI+6pKnRR5xIN55cPIRH2mnDTiD08xWcuH8nYsSlHHBPd3KkenK+Njb/qzUj1TlzY+qHkSI+ni7qRAyqAI7jg20qCFZsoAFhQfVfIe4hgbDSIWd0CPb8yYtQO8nbhfz5bSFbukriSIMDcAiOgQ1OQQmUQQVUAQbP4A28gw/jxRgZn8bXtDVlJDP7YEbG9w/5PKVJ</latexit>
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<latexit sha1_base64="GqvnTdl+Vjc9v8SDK0ZZzTAhRdU="></latexit>

(x : S) , (y : T) ! (x; y) : S áT

Unordered data can’t be used in 
an ordered way

Formally: Cat-R rule 
requires semicolon context

<latexit sha1_base64="yXawQxlD4ypGGQkMKkTv1Hr1ilI=">AAACA3icbVC7SgNBFJ31GddX1NJmMQhWYVfw0YhBGxshonlAsoTZ2dlkzOzMMnM3EEJKe1ttLe3E1tpPEP/Az3DyKEzigYHDOfdyz5wg4UyD635bc/MLi0vLmRV7dW19YzO7tV3WMlWElojkUlUDrClngpaAAafVRFEcB5xWgvblwK90qNJMijvoJtSPcVOwiBEMRirXO6EE3cjm3Lw7hDNLvDHJnX/aZ8nLl11sZH/qoSRpTAUQjrWueW4Cfg8rYITTvl1PNU0waeMmrRkqcEy13xum7Tv7RgmdSCrzBDhD9e9GD8dad+PATMYYWnraG4j/ebUUolO/x0SSAhVkdChKuQPSGXzdCZmiBHjXEEwUM1kd0sIKEzAFTVy5FrcmgOR921TjTRcxS8qHee84f3Tj5QoXaIQM2kV76AB56AQV0BUqohIi6B49oif0bD1Yr9ab9T4anbPGOztoAtbHLyKam7Y=</latexit>

!
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<latexit sha1_base64="GqvnTdl+Vjc9v8SDK0ZZzTAhRdU="></latexit>

(x : S) , (y : T) ! (x; y) : S áT

Unordered data can’t be used in 
an ordered way

Formally: Cat-R rule 
requires semicolon context

<latexit sha1_base64="yXawQxlD4ypGGQkMKkTv1Hr1ilI=">AAACA3icbVC7SgNBFJ31GddX1NJmMQhWYVfw0YhBGxshonlAsoTZ2dlkzOzMMnM3EEJKe1ttLe3E1tpPEP/Az3DyKEzigYHDOfdyz5wg4UyD635bc/MLi0vLmRV7dW19YzO7tV3WMlWElojkUlUDrClngpaAAafVRFEcB5xWgvblwK90qNJMijvoJtSPcVOwiBEMRirXO6EE3cjm3Lw7hDNLvDHJnX/aZ8nLl11sZH/qoSRpTAUQjrWueW4Cfg8rYITTvl1PNU0waeMmrRkqcEy13xum7Tv7RgmdSCrzBDhD9e9GD8dad+PATMYYWnraG4j/ebUUolO/x0SSAhVkdChKuQPSGXzdCZmiBHjXEEwUM1kd0sIKEzAFTVy5FrcmgOR921TjTRcxS8qHee84f3Tj5QoXaIQM2kV76AB56AQV0BUqohIi6B49oif0bD1Yr9ab9T4anbPGOztoAtbHLyKam7Y=</latexit>

!



A Stream Partitioner

fun partition[s](p : s->Bool)(xs : s*) : s*||s* =

  case xs of

    nil => nil

  | y::ys => let (zs,ws) = partition(p)(ys) in

             if p(y) then (y::zs,ws) else (zs,y::ws)

40

Looks like list 
partition, runs like 
stream partition!



A Stream Partitioner

fun partition[s](p : s->Bool)(xs : s*) : s*||s* =

  case xs of

    nil => nil

  | y::ys => let (zs,ws) = partition(p)(ys) in

             if p(y) then (y::zs,ws) else (zs,y::ws)

40

Again, we can recover many standard parallelism 
combinators as stream programs in this style! 🎉🎉

Looks like list 
partition, runs like 
stream partition!



Deterministic Merging of Parallel Streams
fun merge[s](xs : s*, ys : s*) : (s || s)* =

  case xs of

    nil => nil

  | x’::xs’ =>

      case ys of

        nil => nil

      | y’::ys’ => (x’,y’) :: merge(xs’,ys’)

41

A B C

X Y Z
A X

<latexit sha1_base64="BTEH+Ay2gCQXu+GLoibRNE/1Q94="></latexit>

(
<latexit sha1_base64="ClFXEdS6k7C5K1dfjKKWnaZZ0LM="></latexit>

)<latexit sha1_base64="S9I6W4o5jHzYwt9/Sl2axcY5IvQ="></latexit>, B Y

<latexit sha1_base64="BTEH+Ay2gCQXu+GLoibRNE/1Q94="></latexit>

(
<latexit sha1_base64="ClFXEdS6k7C5K1dfjKKWnaZZ0LM="></latexit>

)<latexit sha1_base64="S9I6W4o5jHzYwt9/Sl2axcY5IvQ="></latexit>, C Z

<latexit sha1_base64="BTEH+Ay2gCQXu+GLoibRNE/1Q94="></latexit>

(
<latexit sha1_base64="ClFXEdS6k7C5K1dfjKKWnaZZ0LM="></latexit>

)<latexit sha1_base64="S9I6W4o5jHzYwt9/Sl2axcY5IvQ="></latexit>,



Execution model

42
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Today

Single-node 
Haskell interpreter

Soon
Compiler to Rust-based 

runtime above Hydro 
dataflow engine
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fun foo(x : s) : t = …

Single-Node Compiler

fun foo(x : s) : t =

  let (y,z) = (e1,e2)

  in e3

Multi-Node Compiler
e1

e2

e3

foo
Vec<Data> Vec<Data>

split



Wrapping up…
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Future Directions
Compile Targets Case Studies

Theory

<Your Application Here>

46

Hardware Streaming DBsDistributed Systems IoT and Edge Financial Data

Denotational 
Semantics

<latexit sha1_base64="E0+tYHahg6l/Ej1KKBlx/Wao+yU=">AAACGnicbVC7TsMwFHV4lvIKMHaxqJCYqgTxGitYGItEH1ITVY7jtlbtJLJvkKKoA//Bzgq/wIZYWfgDPgO3zUBbjmTr6Jz7sE+QCK7Bcb6tldW19Y3N0lZ5e2d3b98+OGzpOFWUNWksYtUJiGaCR6wJHATrJIoRGQjWDka3E7/9yJTmcfQAWcJ8SQYR73NKwEg9u+IJEShCRwywR8PY3EoVQs+uOjVnCrxM3IJUUYFGz/7xwpimkkVABdG66zoJ+DlRwKlg47KXapaY0WTAuoZGRDLt59NPjPGJUULcj5U5EeCp+rcjJ1LrTAamUhIY6kVvIv7ndVPoX/s5j5IUWERni/qpwBDjSSI45IpREJkhhCpu3orpkJgIwOQ2t0WDJCpT4bhsonEXg1gmrbOae1m7uD+v1m+KkEqogo7RKXLRFaqjO9RATUTRE3pBr+jNerberQ/rc1a6YhU9R2gO1tcvTi+hpg==</latexit>

! á"

FRP 
Connections

Rewriting & 
Optimization

<latexit sha1_base64="vq0mZwQXw4lWekCebNqQgY5SYIM=">AAACEXicbVDLSgNBEJz1GeNrjUcvg0H0FHbF1zHoxWME84AkhN7JJBkyO7vM9ErCkq/w7lV/wZt49Qv8Az/DyeNgEgsaiqpuqqkglsKg5307K6tr6xubma3s9s7u3r57kKuYKNGMl1kkI10LwHApFC+jQMlrseYQBpJXg/7d2K8+cW1EpB5xGPNmCF0lOoIBWqnl5hrIB4iYngI1oqtAjlpu3it4E9Bl4s9InsxQark/jXbEkpArZBKMqftejM0UNAom+SjbSAyPgfWhy+uWKgi5aaaT30f0xCpt2om0HYV0ov69SCE0ZhgGdjME7JlFbyz+59UT7Nw0U6HiBLli06BOIilGdFwEbQvNGcqhJcC0sL9S1gMNDG1dcykGQ9BD3R5lbTX+YhHLpHJe8K8Klw8X+eLtrKQMOSLH5Iz45JoUyT0pkTJhZEBeyCt5c56dd+fD+Zyurjizm0MyB+frF26kngE=</latexit>

Õa signal
<latexit sha1_base64="1IlWe5M0T1vx4Lu3INzYwvEAuTI=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLCOYByRLmJ2dTYbMi5lZcQlp7W31F+zE1v/wD/wMJ8kWJvHAhcM593LvPZFi1Fjf//YKK6tr6xvFzdLW9s7uXnn/oGlkqjFpYMmkbkfIEEYFaVhqGWkrTRCPGGlFw9uJ33ok2lApHmymSMhRX9CEYmSd1OoipbR86pUrftWfAi6TICcVkKPeK/90Y4lTToTFDBnTCXxlwxHSlmJGxqVuaohCeIj6pOOoQJyYcDQ9dwxPnBLDRGpXwsKp+ndihLgxGY9cJ0d2YBa9ifif10ltch2OqFCpJQLPFiUpg1bCye8wpppgyzJHENbU3QrxAGmErUtobouxHOlMx+OSiyZYDGKZNM+qwWX14v68UrvJQyqCI3AMTkEArkAN3IE6aAAMhuAFvII379l79z68z1lrwctnDsEcvK9fcJiZMQ==</latexit>!

ML Streaming



https://github.com/alpha-convert/delta
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https://www.seas.upenn.edu/~jwc/assets/stream-types.pdf

jwc@seas.upenn.edu

bcpierce@seas.upenn.edu

Thank you!!

Questions?

mailto:jwc@seas.upenn.edu
mailto:jwc@seas.upenn.edu

