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1. INTRODUCTION

As digital systems become smaller and cheaper, their use to control and
interact with physical processes will inevitably increase. These systems must
meet hard real-time constraints: it is not sufficient for landing gear to
descend “eventually”---there are lower and upper bounds on when the
event can occur relative to other events. Since bugs in these systems can be
subtle and expensive (possibly even life-threatening), correctness is critical.
However, traditional methods for temporal reasoning about reactive
systems (34, 33, 16, 30) abstract away from quantitative time, preserving
only qualitative properties (such as “eventually p holds”). In this paper, we
extend these qualitative techniques to reason about quantitative timing
behavior as well.

One of the most successful techniques for automatic verification of finite-
state systems has been model-checking: a property is given as a formula of
a propositional temporal logic and automatically compared with a state-
transition graph representing the actual behavior of the system. One of the
advantages of this method is its efficiency: model-checking is linear in the
product of the size of the state-transition graph and the size of the formula,
when the logic is the branching-time temporal logic CTL (computation tree
logic) (12). CTL model-checking has been used to prove the correctness of
concurrent systems such as circuits and communication protocols. Our
approach is to augment both the state-transition graph and logical
formulas with quantitative timing information.

First, we incorporate time explicitly in the underlying formal semantics
for processes. There are three basic approaches to modeling real-time
systems. Discrete-time models use the domain of integers to model time
(e.g., 1, 23, 18). This approach accurately describes the behavior of
synchronous systems, where all components are driven by a common global
clock. However, to model asynchronous systems it becomes necessary to
discretize continuous time by choosing some fixed quantum a priori, which
limits the accuracy with which the system can be modeled. In theory, this
allows the possibility that interesting behaviors (e.g., bugs) will be over-
looked. For instance, Brzozowski and Seger show that the reachability
problem for asynchronous circuits with bounded delays cannot be solved
correctly using the discrete-time model (9). Also the choice of a sufliciently
small time quantum to be “reasonably” safe may blow up the state space
to the point where verification is no longer feasible.

The fictitious-clock approach introduces a special tick transition in the
model. Here time is viewed as a global state variable that ranges over the
domain of natural numbers, and is incremented by one with every
tick transition (e.g., 32, 6, 10, 19). This model allows arbitrarily many
transitions of any process between two successive tick transitions. (The
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discrete-time model can be viewed as a special case where the events
happen only in lockstep with the ticks.) The timing delay between two
events is measured by counting the number of ticks between them. When
we require that there be k ticks between two transitions, we can only infer
that the delay between them is at least (kK — 1) time units and at most
(k + 1) time units. Consequently, it is impossible to state precisely certain
simple requirements on the delays such as “the delay between two
transitions equals 2 seconds.”

The third approach to modeling real-time behavior models time, more
realistically, as a continuous quantity (e.g., 25, 29, 27, 14). We prefer to use
this dense-time model (see (2) for some advantages of the dense-time model
over the discrete models). With each transition we associate a time value
chosen from the set of nonnegative reals R. We regard computations as
continuous trees, in which the paths are maps from the time domain R to
states of the system. This model differs from the discrete-time model
because it allows an unbounded number of environment events to happen
between two successive system transitions. It differs from the fictitious-
clock approach because the exact bounds on the actual delays between the
transitions can be expressed.

We propose a real-time extension of CTL, which we call timed CTL
(TCTL), and interpret formulas over continuous computation trees. We
model systems with delays using timed graphs. The main result of the paper
is a model-checking algorithm for determining the truth of a TCTL-
formula with respect to a timed graph. Our results show that the choice of
a dense domain to model time, instead of a discrete one, does not
significantly affect the complexity of the model-checking problem. On the
other hand, we show that questions such as satisfiability and finite
satisfiability (satisfiability with respect to some timed graph) are
undecidable for TCTL.

Outline

In Section 2, we review the definition and the relevant results about the
branching-time logic CTL. In Section 3, we define the logic TCTL. We
extend the syntax of CTL to allow subscripts of time constants on the tem-
poral operators, limiting their scope in time. For instance, we write 3¢ _sp
to mean “there is a p-state along some computation path within 5 time
units.” To define the semantics of the logic, we generalize the notion of
computation paths from w-sequences of states to maps from R to states.
We show that because of the denseness of the underlying domain, the
satisfiability question for TCTL is X }-hard.

In Section 4, we propose the concept of a timed graph to model a finite-
state real-time system. Timed graphs can express constant bounds on the
delays .between the transitions of a system. We imagine that the system is
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equipped with a finite set of real-valued clocks. The clocks can be reset to
0 (independently of each other) with the state-transitions of the system,
and keep track of the time elapsed since the last reset. To express the
timing delays of the system, we associate with each transition an enabling
condition which puts certain constraints on the values of the clocks, and
require that the transition may be taken only if the current values of the
clocks satisfy this condition. To interpret TCTL-formulas over a timed
graph we can associate with it a continuous computation tree over the
states of the system: a state gives a node in the timed graph, and an assign-
ment of time values to all its clocks. We prove that the problem of deciding
whether a given TCTL-formula is satisfiable with respect to some timed
graph is unsolvable.

In Section 5, we develop an algorithm for model-checking—-the problem
of determining the truth of a TCTL-formula with respect to a timed graph.
The main difficulty in developing such an algorithm is that a timed graph
has infinitely many states due to its real-valued clock variables. The basic
idea behind the algorithm is to define an equivalence relation over
the states of the system such that any two equivalent states are
indistinguishable by TCTL-formulas. There are only a finite number of
equivalence classes under this relation, and this enables us to obtain an
ordinary finite Kripke structure from a timed graph.

The complexity of the model-checking algorithm is exponential in the
number of clocks and the length of the timing constraints, but linear in the
size of the state-transition graph and the length of the formula. We show
the problem to be PSPACE-complete.

Finally, in Section 6, we discuss various ways to extend our results.

Related Work

There have been several temporal logics with quantitative time (see (7)
for a survey). These include linear-time logics with discrete semantics (23,
32, 6, 19), linear-time logics with dense semantics (8, 25), and branching-
time logics with discrete semantics (18). The syntax of our logic is very
similar to that of the Real-Time CTL of (18). Verification algorithms have
been developed for logics with discrete semantics, but in the case of dense-
time models the only previously known result i1s an undecidability result: in
(6) it is shown that the satisfiability problem for a real-time extension of
the linear-time temporal logic PTL is undecidable (£ |-hard) in the dense-
time model.

Different ways of incorporating timing constraints in the state-transition
graph model of a system have been studied recently. Perhaps the most
standard way of introducing timing information in a process model is by
associating lower and upper bounds with transitions. Examples of these
are timed transition systems (32, 20), timed [/O automata (29), and



6 ALUR, COURCOUBETIS, AND DILL

Modecharts (24). Our definition of timed graphs is based on the formalism
of timed automata (14, 4). Timed automata accept timed traces——sequences
of events in which each element has an associated real-valued time of
occurrence. The semantics of timed automata is linear-time and event-
based, whereas the semantics of timed graphs is branching-time and
state-based. An automata-theoretic approach to verification of timing
requirements of real-time systems has been developed using timed
automata (4). .

A model similar to ours was independently proposed and studied by
Lewis (27). He defines state-diagrams, and gives a way of translating a
circuit description to a state-diagram. A state-diagram is a finite-state
machine where every edge is annotated with a matrix of intervals
constraining various delays. Both the formalisms, state-diagrams and timed
graphs, have the same expressiveness. In (28), Lewis defines a branching-
time logic similar to TCTL: the syntax extends CTL with time-bounded
versions of temporal operators, and the formulas are interpreted over the
state-diagrams. Lewis presents an algorithm for model-checking for a
special class of state-diagrams; the ones in which only a bounded number
of transitions can happen in a time interval of unit length. Our algorithm
does not need the latter assumption, and has a better worst-case complexity.
We note that the decidability and lower bound results presented here carry
over to his formalism also.

2. CompuUTATION TREE LOGIC

Computation tree logic (CTL) was introduced by Emerson and Clarke
(16) as a specification language for finite-state systems. Let us briefly review
its syntax and semantics.

Let AP be a set of atomic propositions. The formulas of CTL are
inductively defined as

¢ = plfalse| ¢, = ¢,13 O ¢,|3(d, % $,)I¥($, U &),

where pe AP, and ¢,, ¢, are CTL-formulas.

3 O ¢ intuitively means that there is an immediate successor state,
reachable by executing one step, in which ¢ holds. 3(¢, % ¢,) means that
for some computation path, there exists an initial prefix of the path such
that ¢, holds at the last state of the prefix and ¢, holds at all the inter-
mediate states. V(¢, % ¢,) means that for every computation path the above
property holds.

Some of the commonly used abbreviations are 3¢ ¢ for I(true# @), vO@
for V(true# ¢), 30¢ for 7V g, and V¢ for IO g
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Formally, the semantics of CTL is defined with respect to a Kripke
structure .# = (%, u, E), where ¥ is a countable set of states, u:.% - 2*°
gives an assignment of truth values to propositions in each state, and E is
a binary relation over & giving the possible transitions. A path is an
infinite sequence of states (sq, 5, ...) such that {s;,s,,,>€E for all i>0.
Given a CTL-formula ¢ and a state se %, the satisfaction relation
(-#,s5) = ¢ (meaning ¢ is true in .# at s) is defined inductively as follows
(since the structure is fixed, we abbreviate (.#, s) = ¢ to s = ¢):

sk piff peu(s).

s b false.

sE¢ ~giff s g orsE g,

sk 30 ¢ iff t = ¢ for some state 1€ % such that {s,t>€eE.

s = A, % ¢,) iff for some path (s, s, ...) with s=5,, for some
i20, s, =¢,and s, = ¢, for 0< j<i.

s = V{¢, % ¢p,) iff for every path (sq, $;, ..} with s=s,, for some
iz0, 5, F=¢,and s, |= ¢, for 0< j<i.

A CTL-formula ¢ is called satisfiable iff there are a Kripke structure .#
and a state s of it such that (.#, s) = ¢. CTL has the finite-model property :
if a CTL-formula is satisfiable, then it is satisfiable in a structure with a
finite set of states (in fact, in a structure of size exponential in the size of
the formula) (17). Consequently, the satisfiability question for CTL is
decidable. It has been shown that it is deterministic exponential-time
complete. However, the model-checking problem is in PTIME—given a
CTL-formula ¢ and a Kripke structure .# = (&, u, E) together with a state
se &, there is an algorithm for deciding whether or not (.#, s) = ¢ which
runs in time O[|g] - (|1 + |E|}] (16).

Finite-state concurrent systems can be modeled as finite Kripke struc-
tures. Given a system modeled as a Kripke structure and the specification
as a CTL-formula, the model-checking aigorithm can be used to decide
whether or not the implementation satisfies the specification.

In verifying concurrent systems, we are generally interested only in
correctness along the fair computation paths (26). For example, in a
system with two processes, we may wish to consider only those computa-
tion sequences in which each process executes infinitely often.

Since CTL cannot express correctness along fair paths, Clarke et al. have
defined CTL* by changing the semantics of CTL (12). The syntax of CTL”
is the same as that of CTL; however, a CTL*-structure .# has an
additional component F< 2. A path (sg, 5;, ..} is called F-fair if for each
a & F, there are infinitely many i such that 5, a. Given a CTL*-formula ¢,
we change the meaning of (#, s) = ¢ so that the path-quantifiers range
only over F-fair paths. The model-checking algorithm for CTL can be
modified to handle this extension of CTL at a cost of a factor of |F].
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3. TCTL: SYNTAX AND SEMANTICS

In CTL we can write a formula 3< p, which says along some computa-
tion path, p eventually becomes true. CTL does not provide a way to put
a bound on the time at which p will become true. A natural and
straightforward extension is to put subscripts on the temporal operators to
limit their scope in time (25, 18). For example, we can write 3¢ _p to say
that along some computation path p becomes true within 5 time units. We
use this approach to introduce explicit time in the syntax of TCTL.

To define the semantics, first we need to generalize the notion of a
computation path. Recall that in the qualitative case, a path is simply an
w-sequence of states. In the quantitative case, if we assume that along any
particular computation path there is a unique state at every instant of time,
then we can view the computation paths as maps from the time domain R *
to states of the system. Formally,

DermNITION (s-Path). For a set & of states and se ., an s-path through
& is a map p from R to & satisfying p(0)=s.

A structure for a branching-time logic should specify a set of labeled
states and should associate a computation tree with each state. In discrete
time, a structure can be described by associating a set of “next” states with
each state; that is, by a binary relation over the set of states. In dense time,
there is always a third state between any pair of states on a path, so
another characterization of trees must be used. An alternative way to
describe a tree is by specifying a collection of computation paths satisfying
certain closure conditions (15). We use this approach to define the
structures for TCTL. To state the precise definition of a “dense” tree
consisting of “dense” paths, we need some auxiliary definitions.

Let .¥ be a set of states, p be an s-path through %, and re R be any
time. The prefix of p up to time ¢, denoted by p,, is a map from [0, 1) to
& obtained by restricting the domain of p. The suffix of p at time ¢,
denoted by p’, 1s a p(r)-path defined by p(¢')=p(r 4+ 1') for every r'eR.
Furthermore, if p’ is some map from [0, ) to &, then its concatenation
with p, denoted by p’ - p, is defined by:

, o, At if <t
fors’eR:(p"-p)1) = {p(z’ —1t)  otherwise.
If 17 is a set of s-paths, then p’-IT is defined to be the set {p'-p:pell}.

Now we can define the notion of a TCTL-structure. Let AP be a set of
atomic propositions.

4 Instead of R we can choose the set of rational numbers to model time. Our results rely
on the fact that the underlying domain is a dense linear order.
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DErFINITION (TCTL-Structure). A structure for TCTL is a triple . # =
(& u [, where

e % is a set of states.
» u: % — 2% is a labeling function which assigns to each state the set

of atomic propositions true in that state.

» fis a map giving for each s€ % a set of s-paths through .
/ satisfies the following closure properties:

1. Suffix closure:
Vse ¥ Vpe f(s).VeeR.p'e f[p(1)].
2. Fusion closure:

Vse S Vpe f(s).VieR [p,- fLpl{t)1< f(s)]

The fusion-closure condition says that the behavior of the system does
not depend on the past but only on the current state. If a state s appears
along a path at time ¢, the set of all possible computation paths can be
obtained by concatenating the prefix up to time f with all the computations
in f(s). This requirement ensures that the reachability relation over &
induced by f is transitive.

Since the states of a TCTL-structure are labeled with propositions, every
computation path p has an associated map (u - p) from R to subsets of AP.
Note that the definition of a TCTL-structure admits any variation of truth
values of propositions along a computation path (for instance, one may
define a path along which p is true at all rational times and false at all
irrational times). The computation paths of a real-time system should
satisfy the finite variability condition: along a computation path the truth
value of a proposition should change at most w number of times. One can
include this requirement in the definition of a TCTL-structure, but this
choice does not change the complexity results to be presented.

Now we proceed to define the syntax and semantics of TCTL. Let N
be the set of constants {0, 1,2,..} denoting the natural numbers.’
Throughout the paper we use ~ to mean one of the binary relations <,
<, =, =, 0r >.

DEeriNITION (Syntax). The formulas ¢ of TCTL are inductively defined
as follows,

¢ :=p|false|d, — ¢, |I(P, % _ $,)|V(¢,%_. $),
where pe AP and ce N,

*Instead of N we can choose a set which has a constant symbol corresponding to each
rational number. With suitable scaling the model-checking algorithm can still be used.
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Informally, 3(¢, # .. ¢,) means that for some computation path, there
exists an initial prefix of time duration less than ¢ such that ¢, holds at the
last state of the prefix and ¢, holds at all its intermediate states.
V(g ¥ ¢,) means that for every computation path, there is an initial
prefix with the above property. We define below what it means for a
TCTL-formula to be true in a state of a TCTL-structure.

DerFmviTiON (Satisfiability). For a TCTL-structure .# ={¥%,u, >, a
state se.%, and a TCTL-formula ¢, the satisfaction relation (.#, s) = ¢ is
defined inductively as follows:

sk piff peu(s).

s | false.

sE(@ —¢) il s @ or s ¢,

sk 3P, % . ¢,) iff for some pe f(s), for some t~c, p(t) &= ¢,
and for all 0< ' <1, p(!') = ¢,.

sENV(g,%_ $,) iff for every pe f(s), for some t~¢, p(1) E ¢,,
and forall 0< ' <1, p(t') E ¢,.

A TCTL-formula ¢ is called satisfiable \fl there are a TCTL-structure .#
and a state s of .#, such that (%, s) E ¢.

The other logical connectives can be defined as usual. We define
abbreviations 3¢ _ ¢ for (true#_ . ¢), V< _ ¢ for V(true#_ . ¢), 30 _ ¢
for 7VO _ ¢, and YO __ ¢ for 13O _ ¢ The unrestricted temporal
operators correspond to TCTL operators subscripted with >0. For
example, 30 ¢ corresponds to 3O .44 In TCTL we can also define
temporal operators subscripted with time intervals. For instance, 3¢, ,,9,
which says that “¢ holds at least once during the time interval (a, b) along
some computation path,” can be written as 3¢ _, 3¢ _, ,,¢4. Note that
TCTL has no next-time operator O, because if time is dense then, by
definition, there is no unique next time.

The denseness of the underlying time domain allows us to encode com-
putations of 2-counter machines in TCTL-formulas. Consequently, unlike
other logics with similar syntax but discrete-time semantics (e.g., RTCTL
of (18)), the satisfiability question for TCTL is undecidable—Z |-hard.®
The proof is similar to the proof of undecidability of a linear-time dense
real-time logic (6).

THEOREM (Undecidability of TCTL). The satisfiability question for
TCTL is X |-hard.

®The class | consists of highly undecidable problems, including some nonarithmetical
sets. See, for instance, (35) for an exposition of the analytical hierarchy.
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Proof. The problem of deciding whether a nondeterministic 2-counter
machine has a computation in which the starting location is visited
infinitely often is known to be X |-hard. We reduce this problem to TCTL-
satisfiability.

Let M be a 2-counter machine with counters « and f, and »n program
instructions. Each instruction may increment or decrement one of the
counters, or may be a conditional jump depending on one of them being
zero, or may be a nondeterministic jump selecting between two locations.

A configuration of the machine is represented by a triple (i, ¢, d>, where
i gives the instruction to be executed next, and ¢ and d give the contents
of the counters « and f, respectively. A computation of the machine is an
infinite sequence of triples starting with (1,0, 0).

We encode the computations of M in our logic using the propositions
P. Pg» and py, ..., p,. Let us say that a path p in a given structure encodes
a configuration {i, ¢, d) over the interval [a, b), with a, be R and a < b, iff
the following hold:

+ The proposition p, changes its value exactly ¢ times in the interval
[a, b) along p.

» The proposition p,; changes its value exactly d times in the interval
[a, b) along p.

« Each proposition p;, j#1, is false everywhere in the interval [a, b)
along p.

» The proposition p; is true everywhere in the interval [a, b) along p.

We construct a TCTL-formula ¢ such that for all structures .# and states
s, (.#,s) | ¢ iff there exists a computation {{i,, ¢;,d;>: j=0} of M such
that every s-path p in .# encodes the jth configuration over the interval
[/, j+1)forall j>=0.

The nature of the initial configuration can be easily expressed in TCTL.
To relate one configuration to the next, we establish a one-to-one
correspondence between the states separated by distance 1. The desired
formula ¢ has one conjunct for each program instruction. For instance,
if the second instruction is to increment § (and proceed to instruction 3),
¢ has the following conjunct:

VD[l.zu(PaA /\ ”‘Pf) A

I<igsni#3

Yo, yeopy(py) A
V[COP)’(P/;)”?/< 1 v(mggk’(Pﬂ)“?/>op3)]

YO | Uponyp2—

The abbreviation copy(p) stands for the conjunction

(p=VO_ i p) A (TTp VO Tp),
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and roggle(p) stands for the conjunction
(po> VO _p)Aa(mp-VYS _ p)

The first conjunct requires the propositions representing the instruction
counter change according to the desired scheme. The second conjunct
makes sure that the number of times the value of p, changes is the same
in the next configuration as in the current one. The third conjunct holds at
time 1, iff the number of changes in the value of p, in the interval
[t+ 1, 2+ 2) is precisely one greater than the corresponding number for the
interval [, 14 1).

The conjunction of ¢ with the recurrence requirement VI VO p, is
satisfiable iff M has a computation with the location counter equal to 1
infinitely often. Consequently, TCTL-satisfiability is X |-hard. |

4. TiIMED GRAPHS

In this section we introduce timed graphs to model finite-state real-time
systems. A timed graph operates with finite control--a finite set of nodes
and a finite set of real-valued clocks. All clocks proceed at the same rate
and measure the amount of time that has elapsed since they were started
(or reset). Each transition of the system may reset some of the clocks. With
each transition we associate an enabling condition which puts certain
constraints on the values of the clocks, and require that the transition may
be taken only if the current values of the clocks satisfy this condition.

For example, Fig. 1 shows a system with four nodes and two clocks, x
and y. The clock x is reset on the transition from s, to s,. At any instant,
the value of x equals the time elapsed since the last time this transition was
taken. The enabling condition associated with the s, to s, transition
expresses the following timing constraint: the delay between the transition
from s, to s, and the transition from s, to s; has lower bound ! and upper
bound 2. Similarly, the clock y constrains the transition from s; to s, to
occur at least 2 time units later than the s, to s, transition.

Thus to express a bound on the delay between two transitions, we reset

(r>2)?

= 0 y:=0 (lex<2)?

Fig. 1. Timed graph.
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a clock with the first transition, and associate an enabling condition with
the other transition. Note that different clocks can be started at different
times, and there is no lower bound on the difference between their readings.
Thus having multiple clocks allows modeling of muitiple concurrent delays.

DEerFmNITION (Timed Graph). A timed graph is a tuple G = (S, g, S, E,
C, n, T, where

« S is a finite set of nodes.
» 4:S -2 is a labeling function assigning to each node the set of

atomic propositions true in that node.
* S €S is the start node.
« EcS xS is a set of edges.
+ C is a finite set of clocks.
« 1:E - 2C tells which clocks should be reset with each edge.

» 7 is a function labeling each edge with an enabling condition built
using the boolean connectives from the atomic formulas of the form x<¢
or ¢ <x, where xeC and ce N7

The system starts at node s,,, with all its clocks initialized to 0. The
values of all the clocks increase uniformly with time. At any point in time,
the system can make a transition if the associated condition is satisfied by
the current values of the clocks. The transitions are instantaneous. With
each transition e, the clocks in n(e) are reset to 0 and start counting time
with respect to that transition. At any instant, the state of the system can
fully be described by specifying the current node and the values of all its
clocks. Any behavior of the system gives a map from R to such states.

A clock assignment for a set of clocks C is a function from C to R. Let
I'(G) denote the set of all clock assignments for the clocks of G. A srate
of the system is of the form (s, v), where s€S and ve I'(G).

Some notation: Let ve 7 (G) and reR. Then v+ denotes the clock
assignment which assigns to each clock y the value v(y)++ and [x+> 1] v
denotes the clock assignment for Cu {x} which assigns ¢ to x and agrees
with v on the values of the rest of the clocks.

Now we define a run of a timed graph to formally capture its behavior.
An (s, v)-run records the states at time instants at which the transitions
occur along a possible computation of the system started in (s, v).

?We could generalize the enabling conditions to allow ail quantifier-free formufas
built using the primitive of linear order, constants, and addition by constants, but allowing
addition of variables makes model-checking undecidable (2).
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DEFINITION ({s, v)-Run). Given a state (s, v of G, an (s, v>-run of G
is an infinite sequence

({S0s Vou to)s {8, Via b0y {82, Vo, 120, 000)

of nodes s,€8S, clock assignments v,e /(G), and times 7,€ R satisfying the
following constraints:

e Initialization: The run starts in state {s, v) at time 0: s;=3, vo=v,
and ¢,=0.
* Consecution: For each i20:

— The time of the (i+ 1)th transition is strictly greater than the
time of the ith transition: ¢, , >¢,.

~-e;={8;, 8,y 1s an edge in E.

— The clock assignment v, , at time ¢,,, equals [n(e;)r—0]
(vi+ i — 1)

— The clock assignment (v,+¢;,,—1;) satisfies the enabling
condition t(e;).

» Progress of time: Every time value is eventually reached; that is, for
any t€R, there exists some j such that 7,>1.

The last restriction in the above definition rules out the behaviors in
which an infinite number of transitions occur in a bounded interval of time.

An (s, v>-run gives an <s, v y-path p as a map from R to the states of
the system: for reR, if ¢,<t<zt;,,, then the state p(s) at time s is
(S vt t—1.

The paths generated by a timed graph have certain noteworthy proper-
ties. First, the state {s,,(v;+1,,,—¢,)) is the left limit of p as time
approaches ¢, ;. At the transition point there is a possible discontinuity
because of resetting of some of the clocks. The clock assignment at time
t; ., shows the values of the clocks in n(e;) as 0. We can view p as a map
giving the truth assignment to propositions at every time constant. Then
the values of all the propositions remain the same over the time interval
(¢, t; 1) (thus, p is right-continuous). Hence, the value of any proposition
changes at most w times along p.

Now that we have defined the computation paths generated by a timed
graph, we can associate a TCTL-structure with it.

DEeriNITION (TCTL-Structure of a Timed Graph). Given a timed graph
G, the corresponding TCTL-structure is #; = {Sx I(G), y', f>, where
the labeling function is defined by p'({s, v>) = u(s), and f({s, v>) consists
of the paths corresponding to the <s, v >-runs of G.



MODEL-CHECKING IN REAL-TIME 15

It is straightforward to verify that the collection f of paths in the above
definition satisfies suffix-closure and fusion-closure requirements. Now we
can interpret TCTL-formulas over a timed graph.

DerFINITION (Finite Satisfiability). For a TCTL-formula ¢ and a timed
graph G, we define G |= ¢ precisely when (g, {Sinit» Vinia ») E ¢, Where
vinie 18 defined by v, (x)=0 for all xeC.

A TCTL-formula ¢ is called finitely satisfiable iff there exists a timed
graph G such that G  ¢.

It turns out that the finite satisfiability question is also undecidable.
Consequently, automatic synthesis of a timed graph meeting the
constraints specified by a TCTL-formula is not possible in general.

THeEOREM (Undecidability of Finite Satisfiability). The set of finitely
satisfiable TCTL-formulas is not recursive.

Proof. We reduce the halting problem for 2-counter machines to the
finite satisfiability question.

While proving the undecidability of TCTL-satisfiability, we encoded the
computations of a given 2-counter machine M using a formula ¢. Now
let us assume that M is deterministic and its halting corresponds to the
location counter taking a specific value, say, n. Let i be the conjunction of
¢ and the halting requirement Y p,. If M does not halt, then ¥ is not
satisfiable. If M halts, then it does so in, say, m steps, with the counter
value never exceeding m. In this case, we construct a timed graph with just
one run, which corresponds to the encoding of the finite computation of M.
Thus, ¥ is finitely satisfiable iff M halts.

S. MODEL-CHECKING

In this section we develop an algorithm for deciding whether a finite-
state real-time system presented as a timed graph meets its specification
given as a TCTL-formula. We also study the complexity of the model-
checking problem.

5.1. Equivalence of Clock Assignments

Suppose the system is described by a timed graph G = (S, #, snit» E, C,
7, 7. The timed graph has infinitely many states, and the TCTL-structure
corresponding to it is infinite. However, not all of these states are
distinguishable by our logic. If two states corresponding to the same node
agree on the integral parts of all the clock values, and also on the ordering
of the fractional parts of all the clocks, then the computation trees rooted

643:104;1-2
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at these two states cannot be distinguished by TCTL-formulas. The integral
parts of the clocks in a state are needed to determine whether or not a
particular enabling condition is met, whereas the ordering of the fractional
parts is needed to decide which clock will change its integral part first. For
example, if two clocks x and y are between 0 and 1 in a state, then whether
or not a transition with enabling condition x=1 can be followed by a
transition with enabling condition y = 1, depends on whether or not the
state satisfies x < y.

The integral readings of the clocks can get arbitrarily large. But if a clock
x is never compared with a constant greater than ¢ then its actual value,
once it exceeds ¢, is of no consequence in deciding the allowed paths.

Now we formalize this notion and prove our claim. For xeC, let ¢, be
the largest constant that x is compared with in any enabling condition. For
te R, fraci(t) denotes the fractional part of ¢, and | 7 | denotes its integral
part.

DerFINITION (Equivalence of Clock Assignments). For clock assignments
v and v’ in I'(G), v=v' iff the following conditions are met:

e For each clock xeC, either | v(x)] and | v'(x) | are the same, or
both v(x) and v'(x) are greater than c,.

» For every pair of clocks x, y € C such that v(x)<c, and v(y)<c,,

1. fract(v(x)) < fract(v(y)) iff fract{v'(x)) < fract(v'(y)), and
2. fract(v(x)) =0 iff fract(v'(x))=0.

Let us consider an example with two clocks x and y with ¢, =2
and ¢, =1. The equivalence classes are shown in Fig. 2. Corner points
(e.g., (1,1)), open line segments (e.g. {(x, y):(0<x<l1)A (x=y)},
{(x,1):x>2}), and open regions (e.g., {(x, ¥):0<x<y<1}, {(x, ¥):
(1 <x<2) A (y>1)}) represent different equivalence classes.

We use [v] to denote the equivalence class of I'(G) to which v belongs.
A region is a pair (s, [v]), where s€S and ve I'(G). Observe that there
are only finitely many such regions. The next lemma says that states
belonging to the same region satisfy the same set of TCTL-formulas.

LemMA (Equivalence of Clock Assignments). Let se S, and v, v' e I'(G)

T

< X

FiG. 2. Equivalence of clock assignments.



MODEL-CHECKING IN REAL-TIME 17

with v =v'. For every TCTL-formula ¢, (Mg, {s,v)) = ¢ iff
(M, (VD) E ¢

Proof. Before we prove the lemma we need to show that the runs
starting at (s, v) and {s, v') are similar in the following sense. Let r be an
{s,vy-run {<s,, v, 1,>:i20}. We show that there exists an (s, v' >-run 7’
with the same sequence of state-transitions as r taken at “almost” the same
times.

Let us extend the equivalence relation over clock assignments to pairs of
the form (v, ¢, where v is a clock assignment and ¢ is a time value. Define
(v, 1ty = (v, ') iff the following conditions hold:

« The clock assignments v and v’ are equivalent: v = v'".

« The time values 1 and ¢’ agree on their integral parts: (i) [ 7 |=| 1" |,
and (ii) fract(t) =0 1iff fract(t')=0.

« The fractional part of the time value has the same relationship to
that of the clocks in both elements: for each clock x, (1} fract(v(x))<
Sract(r) ff fract(v'(x)) < fract(t'), and (i) fract(v(x)) > fract(t) iff
Sract(v'(x))> fract(t’).

We show that there is an (s, v')>-run r': {{s;, v/, #;>:i=0} such that
(v, t>=Lvi, 1> forall i=0.

Given r we construct the desired run r’ step by step. The base case
follows since vV’ and 7,=1;,=0. Now suppose we have constructed r’
up to i steps. Let d=1,,, ¢, be the delay between the (i+ 1)th and ith
transitions of r. We try to find 6’ such that we can extend r’ using the edge
e;=<{s;,5;,,, at time ¢+ 6" so that equivalence is maintained at the
(i + 1)th step.

Let 4 be the set {7,} U {v,(x): xeC}. The set 4’ is defined similarly.
Because of the equivalence at the ith step, the necessary and sufficient
requirement of the desired &’ is that each element in 4’ should cross the
same number of integer boundaries (due to the addition of &) as the
corresponding element from 4 crosses (due to the addition of d).

For example, let C= {x, y}. Let v;=[0.3, 1.7], t,=1¢{ =2, v;=[0.8, 1.9],
t;,1 =34, and v,, , =[1.7,3.17]. In this case 6 =14, and ¢’ should satisfy
08+d'€e(1,2),1.9+8€(3,4), and 2+ d" € (3, 4). So choosing ' e (1.1, 1.2}
serves the purpose.

The reader can convince himself that the existence of &' meeting the
constraints depends only on the ordering of the fractional parts of the
elements in 4’, which is the same as the ordering of the fractional parts of
the elements in 4. Hence, the existence of é guarantees the existence of §'.

Now we proceed to prove the lemma. The proof is by induction on the
structure of ¢. The base case and the cases corresponding to the logical
connectives follow immediately. We will consider the case ¢ =3(¢, .. ¢,).
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Suppose (s, v) | ¢. There exists an s, v)-run r: {{s;, v, ;>:i=0}
with the corresponding path p and time value ¢ such that r~¢, and
p(t) E ¢, and p(u) = ¢, for all u< .

Let +:{{s;, v, t;>:i=0} be the corresponding (s, v')-run with the
associated path p’ constructed as above. Let ¢, <t<t;,,. We know that
{v, t;> and (v}, ;> are equivalent. By an argument identical to the
one used in construction of r’, we can find ¢;<¢ <¢;,, such that
vitt—t,ty= v+ 1, t' ). Clearly, t' ~c.

Note that p(¢)={s;, v,+t—1t;> and p'(¢')= (s;, v/ + ' — ;). Hence, by
the induction hypothesis and p(¢) = ¢,, we obtain p'(¢') E ¢,.

Let u' be such that «' <. Suppose 1, <u' <t;,,, k< j. Now using
the equivalence of (v, ;> and (v, ¢,>, we can find « such that
vi+u —t,u>={vy,+u—1t,,uy Notethat p(u)= {(s;, v, +u—1; ) and
p(u')= (s, v +u —t;>. Using the fact that p(u) |= ¢, and the induction
hypothesis, we get p'(¢') = ¢,.

Thus p’ fulfills ¢, #__¢,, and hence, {(s,v'> = ¢. |}

5.2. The Region Graph

The basic idea of our algorithm is to construct a finite structure from the
finitely many regions and then to employ the usual discrete-time model-
checking techniques.

Let ¢ be any TCTL-formula. A subformula of ¢ is simply a syntactic
subformula of ¢. We want to label the regions with all the subformulas of
¢ such that (s, [v]) is labeled with ¢ iff (A5, (s, v)>) E ¥.

Suppose we want to determine whether (s, [v]) should be labeled with
3O (¢, We try to find a run starting at {s, v) such that the associated
path satisfies < _ . As time progresses, the state of the system changes,
but the truth of the subformula y can change only when the state moves
to a new region. Hence, instead of the desired run we search for a finite
sequence of regions starting at (s, [v]) such that each region can be
reached from the previous one by a state-transition or increase in the
values of clocks. Furthermore, i should be true in the last region in the
desired sequence, and the total time elapsed in traversing it must be less
than c.

We could define an edge relation over the regions, and label each region
with the subformulas of ¢ using the above idea. However, the complexity
of the algorithm can be improved using the following trick: To keep track
of the time elapsed in traversing a sequence of regions we introduce an
extra clock x¢ C. Let C*=Cu {x} and let '*(G) denote the set of all
assignments from C* to R. Let ¢(¢) denote the largest constant appearing
in 4. We define an equivalence relation ~* over /'*(G) similar to the
relation = on I'(G) with ¢, = c(¢). Furthermore, for a clock assignment
ve I'*(G), let [v]* denote its equivalence class with respect to =*.
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Let us call an element of the form (s, [v]*), where seS and ve I'*(G),
an augmented region. Note that each region is refined into many augmented
regions. Now to determine the truth of a formula 3< _ ¢ in a region v,
we try to find a region v’ where  holds, and a path from the region v
augmented with x =0 to an augmented region which is a refinement of v’
and satisfies x < ¢. The new clock x is never reset along this path, and is
updated consistently with the other clocks. This ensures that the path can
indeed be traversed within time ¢. If  itself is a temporal formula, say,
3¢, ¢, we search for an appropriate path starting at the region v’
augmented with x =0. Thus the clock x gets reused for evaluating all sub-
formulas. Note that the value of x is used to evaluate the subscripts on the
temporal operators, and is of no importance once it crosses c(¢), and hence
while defining =* over I"*(G) we take ¢, = c(¢).

The edge relation between augmented regions captures two different
types of events: (1) transitions in G, and (2) moving into a new equivalence
class of clock assignments because of the passage of time. We define a
successor function over equivalence classes of clock assignments to capture
the second type of transitions.

DEerFINITION (Successor Region). Let a and f be distinct equivalence
classes of I'*(G). The class fB is said to be the successor of a, written
succ(o) = B, iff for each v e a, there exists a positive 1€ R such that v+ teff,
and v+ t'eauf forall i<t

Successor is defined for every equivalence class except the end class—the
equivalence class satisfying x > ¢, for all clocks x.

Let us consider the equivalence classes shown in Fig.2 again. The
successor of any class « is the class to be hit first by a line drawn from
some point in « in the diagonally upwards direction. For example, the
successor of the class {(1,0)} is the class {(x, y): (I <x<2) A (y=x-1)}.
The successor of {(x, y):0< y<x<1} is the class {(1, y):0<y<1}.

Let us call an equivalence class o a boundary class, if for each ve a and
for any positive ¢, v and v + ¢ are not equivalent. In the above example, the
classes which lie on either horizontal or vertical lines are boundary classes.

Now we can construct the region graph as follows. Consider a vertex
{s, a>. Suppose a is a boundary class. Then the only way a region change
occurs is due to the passage of time. This is because the equivalence class
changes before any transition of G can occur. Hence there is a single out-
going edge to the vertex (s, succ(a)). Now suppose « is not a boundary
class. As in the previous case we put an edge to (s, succ(a)) representing
passage of time (if « is the end-class, then it has no successor, and this edge
does not exist). In addition, we put edges representing transitions of G
also. Let e={s,s’)> be an edge of G. If the current clock values satisfy
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the enabling condition 7(e) then the transition e can be taken before the
equivalence class changes. The new class in this case is « with the clocks
in n(e) reset to 0, and we put an edge to {s', [rn{e)—0] a). Also the
transition from s to s can occur precisely at the instant when the current
equivalence class changes to succ(a), provided this new class succ(o)
satisfies the enabling condition t(¢). In this case, we put an edge to the
vertex {s’, [n(e)r 0] succ(x)). The precise definition of the region graph
1s given below.

DerINITION (Region Graph). The region graph R(G, ¢) is defined to be
the graph {(¥V*, E*). The vertex set V'* is the set of all augmented regions.
The edge set £* consists of two types of edges:

« Edges representing the passage of time: Each vertex (s, « ), where «
is not the end class, has an edge to (s, succ(a)).

» Edges representing the transitions of G: Each vertex (s, a ), for each
edge e= (5,5 ) €E, has an edge to (s, [[n(e)— 0] v]*>, provided (i) «
is not a boundary class, and (ii) either vea or vesucc(a), and (iii) v
satisfies the enabling condition t(e).

There is a simple correspondence between the runs of G and infinite
paths through R(G, ¢). Let r: {{s;, v;, #,>:i20} be any run of G. Later
we show that we can find a path f in R(G, ¢) by connecting augmented
regions of the form {s,, [[x+>1t,]v,]*>. Since time progresses without
bound along r, either every clock yeC* is reset infinitely often or even-
tually it always increases. Hence, for each y e C*, along f, infinitely many
augmented regions satisfy either y=0 or y>c,.

Let us denote the set

{8 [vI*>:seS A (v(y)=0vv(y)>c,)}

by F,, for ye C*. If we treat the region graph as a structure for CTL®
with the fairness family given by F,={F, . yeC*}, then the paths corre-
sponding to the runs of G are F,-fair. Conversely, for any F,-fair path
in the region graph, we can find a corresponding run along which time
increases without bound.

The construction of the region graph can be best understood through the
example shown in Fig. 3. The timed graph has three states s;, 5,, and s,,
and two clocks y and z. Looking at the enabling conditions we get
¢,=c.= 1. To construct the region graph we introduce a new clock x, and
let ¢, =1 (this means that we can use the region graph for model-checking
any TCTL-formula ¢ with c¢;=1). In the region graph, we have only
shown those vertices that are reachable from the initial vertex
(8¢, {x=y=2z=0}>. Each vertex is labeled with the node of the timed
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Fig. 3. Constructing the region graph.

graph, and the constraints describing the equivalence class of clock values
(the condition x =z holds at all vertices, but is omitted). Note that though
the timed graph has an edge from s, to s,, in the region graph there is no
way to reach an sy-vertex from the s,-vertices. Thus the region graph helps
in detecting timing inconsistencies along the paths in the original timed
graph. Every infinite fair path starting at the initial vertex 0 ends in looping
at the vertex 9. Observe that looping indefinitely at vertex 6 or 8 is
disallowed by the fairness conditions.

5.3. Labeling Algorithm

We label the augmented regions with subformulas of ¢, or their
negations, starting from the subformulas of length 1, then of length 2,
and so on. Initially, we also label the augmented regions with special
propositions as follows. Every vertex is labeled with the formula true, For
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every subscript ~c appearing in ¢, let there be a new proposition p _..
Label a vertex (s, [v]*) with p__ if v E x~¢, else label it with —1p__.
Furthermore, let p, be a new proposition which is true at a vertex {s, )
iff « is a boundary class.

Let v be a subformula of ¢. Assume that the vertices are already labeled
with each subformula of . Let v= (s, [v]) be any augmented region.

 If i is an atomic proposition, then if i € u(s) then label v with ¥ else
with 1.

 If  is the implication ¢, — ¢, then, if v is labeled with T1¢, or with
¢, then label it with ¢, else with 1.

« Suppose ¥ is the temporal formula Q (¢, %..¢,), where Q is either
an existential or a universal quantifier. Label v with ¢, if some (or
every, depending upon Q) F,-fair path through R(G, ¢) starting at
{s, [[x+—0]v]*>, has a prefix v, vy, .., U,, such that each v, | <i<n, is
labeled with ¢,, and v, is labeled with ¢,, and with p__, and with either
p, or ¢,. Otherwise label v with 1.

Let us consider the last clause carefully. First, note that, as mentioned
earlier, we search for the paths starting at {s, [[x+ 0] v]*) instead of v
itself. This ensures that the constraints satisfied by x properly reflect the
time taken to traverse a path. Clearly, the last vertex v, should satisfy
the constraint x ~ ¢. Also it should be labeled with ¢,, and all the previous
vertices t,;, 1 <i<n, should be labeled with ¢,. The last requirement that
v, be labeled with either p, or ¢, requires some explanation. Suppose
v,=<{s,,,». If a, is not a boundary class then if the equivalence class
along a computation path is a, at time ¢, then it is «, at some time ¢’ <7
also. Since we want ¢, to hold at all time instants preceding some point
corresponding to v,, we require, in this case, that ¢, should hold at v, also.

The condition required for computing a label from the labels of the
subformulas can be tested using conventional model-checking algorithms
for CTLF (12).

As an example consider again the region graph shown in Fig. 3. Suppose
there are two propositions p and g, such that the proposition p is true only
at s, and the proposition q is true only at s,. The vertices 0, 2, 4, 5, 7, 10,
and 12 are labeled with p,, and the other vertices are labeled with —1p,.
Consider the formula ¢ =3(p%., q). The algorithm will label the vertex O
with ¢. For instance, the path 0, 1, 5, 8, 10,9, 9, 9, ... is an infinite fair path
starting at 0 such that all of ¢ and p, and p_, hold at the vertex 5, and
p holds at vertices 0 and 1. On the other hand, for ¢y =30 _,p, the
algorithm labels the vertex O with 1. This is because none of the vertices
appearing on an infinite path starting at the vertex O is labeled with both

pand p.,.
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The following lemma states the correctness of the above labeling
procedure.

LemMA (Correctness of the Labeling Algorithm). Let § be a subformula
of ¢. The above labeling algorithm labels (s, [v]) with ¢ iff
(Mg, {5, vD)E .

Proof. We assume that the CTL labeling algorithm works correctly.
The proof is by induction on the structure of y. The cases ¥ € AP,
¢ =false, and = ¢, — ¢, are self-evident. We prove that (s, v) = ¢ iff
the algorithm labels (s, [v]) with ¥, where y =3(¢,#__.¢,). The other
case Y =V(¢,%_.¢,) 1s similar.

Proof of ==. First observe the following property which follows from
the definition of the successor function. For any clock assignment v and
time values f, 1 € R, we can find a finite sequence of length j of equivalence
classes {[v'+,]*:1<i<j} related by. successor function {that is,
suce([v' + ,1*)=[v' +1,,,1*), such that for all r<¢" <7, for some
I<k<<j, (W H1")=*(vV +1,).

Now suppose (s,v) = . Let r: {{s;,v;,2,>:i20} be the (s, v)-run
which satisfies ¢, % _.¢,, and let p be the corresponding path. There exists
t~ ¢ such that p(t) E ¢, and p(¢'} E ¢, for all "< r. We will construct a
corresponding F - fair path in R(G, ¢).

Let v,o=[xr>1,]v, for i20. Using the above mentioned property, for
each i >0, we can find a path 8, through R(G, ¢) of the form

(s [vio* > = (s [va 1D = - (s [Vx;/,]*> = (S Ve 10]*)s

for some j;,. This path is constructed by taking the successor classes of
[viol* as time increases from ¢, to ¢,,,, till we reach the class
[(vio+ (t;1,—1;)1* We know for all 1, <t' <1, ,, there is some 0 <k < j,,
such that (v;q+1t —t)=* v,.

Let S be the concatenation of all such segments. Since time progresses
along r, there is some i such that ¢,>c, (and, for any j =1, t;>c,, since x
never gets reset). Also for every clock y e C, if it is not reset after a certain
point i, then there exists a later point k such that for any j>k, v,(y)>c,.
So from the construction of § it follows that it is F,-fair.

Now we show that § satisfies the formula ¢, % (¢, A p_. A (Py v &)
We use v; to denote the vertex {s,, [v,]*>. Let {, <1<t .

The way we have constructed f,, we can find /< j, such that
(Vo HE— 1) X* vy,

First, since t ~ ¢, we obtain v, (x)~ ¢, and hence v,, is labeled with p __.

Since p(1) = ¢,, and TCTL-formulas cannot distinguish between
equivalent states, {s;,v,> FE #,. So by the induction hypothesis v, is
labeled with ¢,.
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Let v, be a node on f before vy, (that is, either k' <k or (k'=k
and /"</)). The way we have constructed f,., there is 7,. <t <1,
such that vgo+ (' — 1t )=* v, and ¢' <t Since p(¢') E ¢,, we obtain
{Sxs Vir > = ¢;. So by the induction hypothesis v, is labeled with ¢,.

If v,, is not labeled with p,, then v,, is not a boundary class, and there
exists a positive é such that v,,—d=*v,,. Since p(t+—90) = ¢,, v, should
be labeled with ¢,.

Hence the start vertex of f, that is {s, [[x+> 0] v]* ), should be labeled
with .

Proof of <=. Let us start with the following observation which follows
from the construction of the region graph: Let <{s’, o>, .., {(s',«,> be a
path in R(G, ¢) consisting solely of edges corresponding to the passage of
time. Suppose there is edge from {s’, «,)> to {s", a’) corresponding to a
state-transition. Now given that the state {s',v'> appears on a partially
constructed run of G at time ¢ such that [x+— 1] v’ ea,, we can find time
¢’ such that the run can be extended by a transition from s’ to s” at time
t'. Also [n({s,s">)—0](v' +t' —1t)ea'.

Now assume that the algorithm labels (s, [v])> with y. There exists an
F,-fair path in R(G, ¢) of the form

<S, [[XHO:I v]*>——’ul~’02”' U, 2l

such that for i<n, v, is labeled with ¢, and if v,= {s,, [v,]*> then
v, E x~c¢, v, is labeled with ¢,, and either [v,]* is a boundary class or
v, is labeled with ¢,.

Let i, i,, ... be the (infinite) sequence of integers such that the edge v, to
v, .1 corresponds to a state-transition. Since the edges representing passage
of time do not form loops such an infinite sequence exists (recall that
the end-class does not have a successor and, hence, no outgoing edge
corresponding to the passage of time).

Let s, = s, and vy = v. Using the observation mentioned above,
we can write v, =s;, [[x—0]v,]1%), j>1, such that the sequence
{<s;,v;, 1;>: j=0} satisfies all the conditions to be qualified as (s, v >-run
of G, except possibly the progress condition. We show that we can always
choose #,’s so that the sequence satisfies progress condition. Suppose there
exists a clock y which gets reset infinitely often and infinitely many times
satisfies y=1; then the time sequence has to progress. The only
problematic case is when after a certain transition point ., for each clock
», either it stays greater than c, all the time, or it gets reset infinitely often
without ever assuming the value 1. In this case a converging sequence of
time values is possible. But in such a case, after the kth transition point,
the only atomic conditions that are true are of the form y<1or y>c . It
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is easy to show that we can choose a progressing sequence of time values
maintaining the truth of all enabling conditions along the path.

By an argument symmetric to the first part of the proof it can shown
that this run satisfies . |

This suggests a decision procedure for model-checking:

Given a timed graph G and a TCTL-formula @, first construct
the region graph R{G, $). Then label all the augmented regions
with the subformulas of ¢ wusing the labeling procedure.
The timed graph G satisfies the TCTL-specification ¢ iff
CSinies LVinun 1* > is labelled with ¢.

5.4. Complexity of the Algorithm

Using the ideas discussed above, one can implement an algorithm for
model-checking which runs in time linear in the qualitative part, and
exponential in the timing part of the input. Before we can analyze the
complexity of the algorithm, let us consider how to effectively represent the
equivalence classes.

We can represent an equivalence class [v]* of I'*(G) induced by =* by
a triple of arrays {«, §, 7> as follows:

The array « is a C*-indexed array associating with each clock y € C* one
of the intervals from

{00,01, (0, 1), [1,1], . {c. =1, ¢, [e)n ¢, 1, (c,y 20) .

The array a represents a clock assignment v iff for each clock yeC*,
v(y)ea(y).

Let C¥ be the set of clocks y such that a(y) is of the form (i, i+ 1} for
some i< c,. Thus CF is the set of clocks with nonzero fractional part. The
array f:C* — {1..|C*|} is a permutation of C}. It gives the ordering of
the fractional parts of the clocks in C} with respect to <. The array f§
represents a clock assignment v iff for each pair y, ze C¥, if f(y)<B(z)
then fract(v(y)) < fract(v(z)).

The array 7 is a boolean C¥*-indexed array, and is used to specify which
clocks in C} have the same fractional parts. For each clock y, y{y) tells
whether or not the fractional part of v(y) equals the fractional part of its
p-predecessor. The array y represents a clock assignment v iff for each
veCk, y(p) equals O iff there is a clock ze C¥ such that f(z)=f(y)+1
and fract(v(y)) equals fract(v(z)).

Thus a encodes the integral parts of the clock assignments, and j
together with y encodes the ordering of their fractional parts. The triple
{a, B, 7> represents the set of clock assignments v such that each of a, §,
and y represent v according to the above convention. It is easy to see that
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the sets represented by these triples are in fact the equivalence classes of
~* and every equivalence class is represented by some triple. We use this
representation to prove the following lemma:

LeMMA (Number of Equivalence Classes). The number of equivalence
classes of I'*(G) induced by =* is bounded by |[C*|!.2/<".
[T ccx(2-¢,+2)

Proof. The number of equivalence classes is bounded by the number of
triples <a, ff, y> of the desired form. The number of ways to choose «
is [[,ecs(2-c,4+2). For a given «, the number of ways to choose f is
bounded by the number of permutations over C¥, which is bounded by
|C*|!, and the number of ways to choose y is bounded by the number of
boolean arrays over C*, which is bounded by 2'“7. |}

Now from the definition of the region graph, and from the above lemma,
it follows that

V¥ =0 [c’(tﬁ) (st-fcyt- I Cy:l'

yeC

The first clause in the definition of £* contributes at most one edge for
every vertex, and the second clause contributes at most two edges for an
edge in E and an equivalence class of /'*(G). Hence,

|E*| =0 [€(¢) (IS + |ED-1C1!- T 6’]

yeC

Thus the size of the region graph is (i) exponential in the number of
clocks, (i1) exponential in the length of timing constraints assuming binary
encoding for the constants, (iii) linear in the size of the node-transition
graph, (iv) linear in the number of operators in ¢, and (v) exponential in
the length of the subscripts in ¢.

THEOREM (Model-Checking for TCTL). Given a timed graph G and a
TCTL-formula ¢, there is a decision procedure for checking whether or not
G satisfies ¢ which runs in time O[c(¢)-1¢] - (IS| + |E[)- [C|!-TT,ccc.]-

Proof. First construct the region graph R(G, ¢)= (V*, E*). Using the
above mentioned representation the successor class of any class can be
computed in time O[|C*|]. Hence, R(G, ¢) can be constructed in time
O[|V*| + |E*|]. Then run the labeling algorithm on the subformulas of ¢.
The number of fairness constraints is |C*|. The vertices of R(G, ¢) can be
marked with a formula ¢ in time O[(|V*| + |E*|)-|C*|], assuming they
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are already marked with the subformulas of ¥, using the labeling algorithm
for CTLF (12). So the labeling algorithm takes time O[|¢|-|C¥*|-
(|V*| + | E*|)]. The complexity follows from the bounds on the sizes of V'*
and E*. |

Since we have shown that the model-checking problem is decidable, we
can also characterize the complexity class of deciding finite satisfiability of
TCTL-formulas.

CoroLLARY (Complexity of Finite Satisfiability). The problem of
deciding whether a given TCTL- formula is finitely satisfiable is complete for
the class of recursively enumerable problems (X |-complete).

Proof. The set of timed graphs is enumerable. For any given timed
graph G one can find whether or not G models the given TCTL-formula.
Consequently, the set of TCTL-formulas. for which there exists a timed
graph model, is recursively enumerable. 2, -hardness was proved earlier. |

Note that since the set of satisfiable TCTL-formulas is not recursively
enumerable, there must be some formulas which are satisfiable but not
satisfiable by a timed graph.

5.5. Model-Checking is PSPACE-Complete

The model-checking algorithm we considered, requires time exponential
in the length of the timing constraints. Now we establish a lower bound for
the problem, and show the problem to be PSPACE-complete.

LEMMA (Model-Checking Is PSPACE-Hard). Given a timed graph G
and a TCTL-formula ¢, the problem of deciding whether or not G k= ¢ is
PSPACE-hard.

Proof. The problem of deciding the truth of a quantified boolean
formula (QBF) is known to be PSPACE-hard (22). We reduce this
problem to TCTL model-checking.

Let a=0,p,.0:0> - Q,Pn- PPy, ) be 2 QBF, where f is a
formula of propositional logic over the propositions p,, ..., p,, and each Q,
is either a universal or existential quantifier.

We construct a timed graph G as shown in Fig. 4. The set of clocks C
is {x, xy, ..., x, }. The start node is s,. The enabling condition b is obtained
from f by replacing each p; with the atomic formula (x;=n+ 1 —i). There
is just one proposition p, and it is true at the node s,,, and false
everywhere else.

For every {sq, viniiv-run, the node s, is reached at time i for 1 <i<n.
Furthermore, {s,,v,n) appears on the run, where v(x)=n, and for
1<i<n, v(x;) equals n or n—i depending on which of the two paths
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FiG. 4. Timed graph encoding QBF.

between s;_, and s; was taken. There are 2" different paths from s, to s,,,
and each can be viewed as encoding a different truth assignment for the
propositions. It is easy to see that {s,,,, v+ 1, n+ 1) appears on this path
if B is true with respect to the truth assignment 7 defined as: if v(x,)=n—i
then I(x,)=true else I(x;)=false. Let ¢ be the TCTL-formula,
0,010,010, .30 _1p.

Now, it is a straightforward exercise to show that G | ¢ iff « is true.
Note that the graph G has O[n] nodes and edges, O[n] clocks, and the
length of its timing constraints is O[#n -log n]. The lemma follows.

LEmMMA (Model-Checking Is in PSPACE). Given a timed graph G and a
TCTL-formula ¢, the problem of deciding whether or not G |= ¢ can be
solved using space polynomial in the length of the input.

Proof. The region graph has size exponential in the length / of the
input, and hence if we construct it fully, and label its vertices with the sub-
formulas of ¢, the algorithm will need space exponential in /. We sketch out
another version of the labeling algorithm which saves on the work-space,
by computing the labels of the vertices as they are required. The trick
involved is fairly standard.

The main procedure of the algorithm is a recursive procedure label(v, ),
which returns frue if v should be labeled with  else returns false. First,
note that every vertex can be represented in space O[/], and its outgoing
edges can be computed using the same amount of space. Let n be the
maximum depth of the nesting of the path-quantifiers in . We claim that
a nondeterministic version of /abel/ can be implemented so as to use space
O[!-n}. This can be proved by an induction on the structure of .

The cases ¥ € AP, y =false, and =, — ¥, are straightforward.

For ¢ =3(¢,%...¢,), the procedure nondeterministically guesses a path
v— v, — ---v,. The path is guessed vertex by vertex, at each step checking
that the newly guessed vertex is connected by an edge from the previous
vertex. Furthermore, some F,-fair path should be accessible from v,,.
The procedure checks that label(v;, ¢,) returns true for i<m, and also
label(v,,, d; A p_. A (p, v ¢,)) returns true (p,, and p __ are as defined in
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the labeling algorithm, and for them /abel can be implemented in constant
space). [t just needs to remember the current guess and the previous guess.
This does involve recursive calls to label, so the total space required
is O[!] plus the space for label when called with ¢, or ¢, as the second
argument. The claim follows by the inductive hypothesis.

Now consider the case Y =V(p,%_.$,). The negation of ¥ can be
written using existential path-quantifiers. For instance, the following
equivalence holds:

V(¢ . ¢:)= [ % (Mg A T4y)) v I s ]

The procedure label is called recursively on each subformula of the above
translation. The case i =30 __ ¢’ is handled as in the previous case.

By Savitch’s theorem the deterministic version can be implemented in
space polynomial in [|¢]-/]. |}

The following theorem follows immediately from the above lemmas:

TueoreM (Complexity of Model-Checking). Given a timed graph G and
a TCTL-formula ¢, the problem of deciding whether or not G = ¢ is
PSPACE-complete.

6. DISCUSSION

We have presented a theory for modeling, specifying, and verifying finite-
state real-time systems. The main contribution of the paper is working out
the mathematics of temporal reasoning in the dense-time model. With the
success of the CTL-based techniques in the automatic verification of finite-
state concurrent systems, we feel hopeful that the model-checking
algorithm developed in this paper can be used in practice for verifying
communication protocols, asynchronous circuits, and real-time control
systems. In this section we discuss the complexity of our method in
comparison with others, some extensions, and some of the more recent
results.

Complexity of Reasoning about Real-Time

Let us analyze the increase in the complexity of temporal reasoning due
to the introduction of real-time in temporal logics. Recall that the com-
plexity of the model-checking algorithm for CTL is linear in the product of
the size of the formula and the size of the state-transition graph. In TCTL,
adding time constants in the formulas contributes another multiplicative
factor equal to the largest constant in the formula, while adding clocks to
the state-transition graph contributes a factor equal to the product of the
constants in the timing constraints and the factorial of the number of
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clocks. Thus one has to pay a cost of an extra exponential for introducing
real-time. This blow-up by an exponential is observed for other real-time
formalisms also. For instance, the satisfiability problem for the linear-time
temporal logic PTL is PSPACE-complete, whereas the satisfiability
problem for its real-time extension TPTL is EXPSPACE-complete (6). The
satisfiability problem for CTL is hard for deterministic exponential time,
but the satishability problem for its real-time extension RTCTL is hard for
deterministic doubly-exponential time (18).

We should also compare the cost of real-time reasoning in the discrete
models to that in the dense-time model. We claim that the added cost of
the dense-time model over discrete models is small. To be specific let us
consider the model-checking problem for TCTL in the discrete-time model.
That is, we keep the syntax of TCTL-formulas and the timed graphs
unchanged, but change the time domain from R to N (or, alternatively,
require ¢, =;+ 1 for all i 20, in the definition of the run). The problem
is PSPACE-complete even in this new setting. We can modify our
algorithm so that its worst-case time complexity is O[|¢|-(|S]+ |E])-
TT.ccc¢.]- Thus, the only extra cost of choosing the domain R is the
multiplicative factor of |C|!.

Introducing Fairness into TCTL

To handle fairness CTL was extended to CTL”. A similar extension is
possible for TCTL also. We call the resulting logic TCTL”. The syntax is
- same as that of TCTL; but now a timed graph is augmented with a set of
fairness constraints F< 25 An (s, v)-run {{s,, v;, 1,>:i>0} of G is said to
be F-fair iff for each x € F, there are infinitely many i such that s, € a. Given
a TCTL*-formula ¢, we change the meaning of G = ¢ so that the path-
quantifiers range over only those paths that correspond to the F-fair runs
of G.

For model-checking, we construct the region graph R(G, ¢) as before.
The fairness family F' for R(G, ¢) is obtained by replacing each « in F by
the set {{s, [v]*)>:seua}. The labeling algorithm is as before, with the
modification that while checking for the path-formulas, we restrict atten-
tion to (F'u F,)-fair paths in R(G, ¢). The complexity of the algorithm
increases by a multiplicative factor equal to the cardinality of F.

TCTL with Freeze Quantifiers

For writing real-time specifications the linear-time logic TPTL (6) uses
a syntax different from the usual bounded temporal operators. In this logic
the bounded response property that “every p-state is followed by some
g-state within 5 time units,” is written as

Ox.{p2>Cyr.(gaysx+95)).
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The time quantifier “x.” binds the associated variable x to the “current”
time: x.4(x) holds at time ¢ iff ¢(¢) does. Read the above formula as “in
every state with time x, if p holds then there is a later state with time y such
that both ¢ and (y<x+5) hold”. A similar extension of the syntax is
possible for TCTL also, and has been studied in (2); let us call this
extension TCTL,. The syntax of TCTL,_ uses the time quantifiers which
allow references to the times of states, and admits the addition of timing
constraints; that is, atomic formulas that relate the times of different states.
As timing constraints, we permit comparisons of clock values, possibly with
addition of constants. The formulas of TCTL, are built from propositions
and timing constraints by logical connectives, CTL temporal operators,
and time quantifiers. Note that the logic TCTL is strictly more expressive
than TCTL. For example, consider the formula

I3Cx.[pAIC(gAIOz(raz<x+5))]

It says: “There exists a computation path with a p-state followed by a
g-state, followed by an r-state, which is within 5 time units from the
p-state.” No formula of TCTL specifies this property. The model-checking
algorithm can be modified to handle formulas of TCTL, (2). This is done
by introducing additional clocks, one per each temporal operator in the
TCTL,-formula, while constructing the region graph. Recall that, in
contrast, only one additional clock suffices to check any TCTL-formula.

Recent Results

Since we presented our results in the “Sth IEEE Symposium on Logic in
Computer Science” in June 1990, researchers have solved many other
problems in the context of reasoning about real-time systems modeled as
timed graphs. We briefly survey these results.

Alur et al. have developed an algorithm for checking specifications in the
linear-time logic MITL against a timed graph (5). The logic MITL extends
the syntax of the linear-time temporal logic PTL by allowing subscripts on
the temporal operators. The subscript on a temporal operator may be any
nonsingular interval of R with integer boundaries. It is interesting that
allowing singular intervals as subscripts, that is, operators such as <& _j,
makes the model-checking problem undecidable!

Courcoubetis and Yannakakis use timed graphs to solve certain
minimum and maximum delay problems for real-time systems (13). For
instance, they show how to compute the earliest and the latest time a target
state can appear along the runs of a timed graph given an initial state and
a clock assignment.

The research on timed graphs has been linked up to the research on real-
time process algebras also. Sifakis and co-workers show how to translate a
term of the real-time process algebra ATP to a timed graph (31).

643,104:1-3
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Another extension of the work reported here is incorporation of
probabilistic information in a timed graph. We add probabilities to our
model by associating fixed distributions with the delays. Now we can
express constraints like “the delay between the request and the response is
distributed uniformly between 2 to 4 seconds.” This extension makes a
timed graph a generalized semi-Markov process (GSMP). While defining
the semantics of TCTL-formulas in this probabilistic model, the existential
quantifier is interpreted as “with positive probability,” and the universal
quantifier means “with probability 1.” In (3), we present an algorithm for
checking whether a GSMP satisfies its TCTL-specification. That algorithm
combines model-checking algorithm of this paper with model-checking for
discrete-time Markov chains.

To apply our algorithm to verify any practical system, we must devise
ways to cope with the PSPACE complexity of the problem. Recently
heuristic to implement CTL model-checking without explicitly enumerating
all the states have been proposed. For instance, Burch et al. (11) propose
the use of binary decision diagrams to represent large state sets symboli-
cally. Henzinger eral. (21) have shown how to extend these symbolic
methods to model-checking of TCTL formulas.
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