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Abstract

Radial Basis Function (RBF) neural networks o�er
an attractive equation form for use in model-based
control because they can approximate highly nonlin-
ear plants and yet are well suited for linear adaptive
control. We show how interpreting RBFs as mixtures
of Gaussians allows the application of many statisti-
cal tools including the EM algorithm for parameter
estimation. The resulting EMRBF models give un-
certainty estimates and warn when they are extrap-
olating beyond the region where training data was
available.

1. Introduction

Radial basis functions (RBFs), are a form of neural
network for approximating nonlinear relationships.
They typically take the form

y =
kX

j=1

wj�j(x) (1)

where the functions �j(x) are Gaussian basis func-
tions with centers �j and widths �j or, as we will
interpret them in this paper, Gaussian density func-
tions with mean �j and standard deviation �j .

A number of di�erent methods have been used to pick
the centers and widths of the basis functions. The
simplest is to pick a �xed set of basis functions, for
example with evenly spaced centers. However, when
one is modeling a system with multiple inputs, pick-
ing basis functions adaptively, i.e. based on the data
at hand, gives much more accurate models with less
data than using �xed basis functions [1].

In control applications, the mapping that the RBFs
represent can be either a model of a plant (where
e.g. x is the current state of the plant and the current

control action and y is the next state of the plant) or
a controller (where e.g. x is the current state of the
plant and the desired next state of the plant and y
is the control action to be taken). In real applica-
tions, the true state is generally not measurable, so
an ARMA-style input consisting of a window of cur-
rent and past measurements is used. Once one has a
plant model, it can be incorporated into any model-
based nonlinear control scheme such as MPC [11,4]

Radial basis functions share many of the advantages
of conventional feed forward neural networks (\back-
propagation networks"). In the limit, both types
of networks, with enough neurons and enough data,
can approximate any well-behaved function arbitrar-
ily well [10]. In practice, RBFs are often superior to
backpropagation networks when the input is of rel-
atively low dimension (5-10 inputs), but are usually
inferior for high dimensional problems (over 20 in-
puts).

RBFs o�er a number of advantages over backpropa-
gation networks. As we will show below, RBFs lend
themselves to producing error bars on their predic-
tions. They can easily be used to learn model mis-
match when an approximate �rst principles model is
available [5]. And, most attractively for adaptive con-
trol purposes, if one �xes the basis functions (i.e. picks
the centers and widths of Gaussians), then the predic-
tions are linear in the coe�cients (the weights). These
weights can then be adapted, and all of the stan-
dard mathematics of linear systems can be applied.
There is a large literature on the use of RBFs for
control applications; see, for example, Parthasarathy
and Narendra [9] and Sanner and Slotine [12].

We present a statistical interpretation of RBFs as a
mixture of Gaussians, and show how this leads to an
e�cient algorithm for simultaneously estimated the
centers and widths, �j and �j, of the basis functions
and the coe�cients, wj . This method, called EM-
RBF (Expectation Maximization Radial Basis Func-
tions), picks basis functions taking into account both



the x's and the y's unlike the standard k-means clus-
tering on the x's [8]. We then present results compar-
ing EMRBF with standard RBF estimation methods.
The �nal section summarizes and mentions additional
bene�ts from using EMRBF for control.

2. Mixture Model Formulation

One way of describing radial basis functions is to view
them as mixtures of Gaussians. This allows a statis-
tical interpretation which is less ad hoc than stan-
dard RBFs and allows the application of the EM al-
gorithm. Assume that one has a set of n data points,
zi, each drawn from one of k di�erent populations,
with probability �j , where the subscript j denotes the
population. Further assume that for each population
j, the zi are distributed as multivariate Gaussians
with mean �j and covariance �j . Under speci�c as-
sumptions about the form of the covariance matrix
this gives a radial basis function.

One can consider the points zi as being composed
of two parts, xi and yi, zi = (xi;yi), where x rep-
resents inputs to a function y = f(x). If one takes
�j = (�j ;wj), i.e. the means of the x's and y's pro-
duced by the j-th population are �j and wj , respec-
tively, and assumes that the x's and y's are uncor-
related and have variance �2j and �2j , then one can
calculate the expected value of the y corresponding
to a new x by

ŷ =
kX

j=1

wjPj(x) (2)

where

Pj(x) =

�j
�j

exp

�
�jjx��

j
jj2

2�2
j

�
kX
t=1

�t
�t
exp
n

�jjx��
t
jj2

2�2
t

o (3)

This is, of course, equivalent to a radial basis function
in which the basis functions have been normalized.
The weights, wj , are the expected values of the y's
and the centers and widths of the radial basis func-
tions are the means and the standard deviations of
the x's.

We can use this statistical interpretation to derive an
EM algorithm for simultaneously calculating the basis
functions as the weights. As above, assume k popu-
lations and n data points zi = (xi;yi) where each

zi is an element of population j with probability �ij .
The probability density function for zi is taken to be
given by the Normal distribution fj(zi) = N(�j ;�j)
where �j is de�ned as above to be (�j ;wj).

The overall probability density function for zi is then
given by the weighted sum:

f(zi) =
kX

j=1

�jfj(zi) j = 1; :::; k (4)

where �j is the probability than an unknown point is
from population j (i.e. �j gives the relative popula-
tion sizes).

Several di�erent forms of the covariance matrix can
be considered. A simple model, which generates the
standard RBF, is to assume that all elements of x
and y are uncorrelated and that within a population
j, all elements of x have variance �2j and all elements

of y have variance �2j . In this case, fj(zi) =

1

(2�)(l+m)=2�lj�
m
j

exp

(
�jjxi � �j jj

2

2�2j
�
jjyi �wj jj2

2�2j

)

(5)
where l is the dimension of x and m is the dimen-
sion of y. One can equally easily assume that the x's
are correlated with themselves and the y's have cor-
relation as well. This gives a covariance with a block
matrix form and produces elliptical basis functions
[13]. One can also use a full covariance matrix.

The following results then follow from the mixture
models literature (See e.g. MacLachlan and Basford,
1988, p. 37), which we have specialized for the case
where �j takes the diagonal form described above.

The population densities are:

�̂j =
nX
i=1

�̂ij=n j = 1; :::; k (6)

The means and variances of the di�erent populations
(i.e. the centers and widths of the basis functions are:

�̂j =
nX
i=1

�̂ijxi=n�̂j (7)

and

�̂2j =
nX
i=1

�̂ij(xi � �̂j)
0(xi � �̂j)=n�̂j (8)

and the means and variances of the predictions of y
for each population are:

ŵj =
nX
i=1

�̂ijyi=n�̂j (9)



and

�̂2j =
nX
i=1

�̂ij(yi � ŵj)
0(yi � ŵj)=n�̂j (10)

Finally, the posterior probability, �̂ij , that data point
zi is an element of population j is estimated by:
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where l is the length of x and m is the length of y.

Note that if more basis functions are used than are
needed, then one or more of the �j will approach
zero. The excess basis functions are then removed
and the equations for wj ; �j and �j rearranged to
avoid division by zero.

The EM algorithm, which we use to estimate the
model parameters, is an iterative approach to max-
imum likelihood estimation [2] Each iteration of an
EM algorithm is composed of two step, which for this
problem take the following form: an Expectation (E)
step in which, given assumed centers and widths for
the basis functions, one determines the probability
that each point in the training set comes from each
Gaussian (Eqn. 12), and a Maximization (M) step in
which the centers and widths of the Gaussians and
the means and standard deviations of each of their
outputs are estimated, assuming that the assignment
of data points to experts is known (Eqns. 7-11). In
statistical terms, the M step involves maximization
of a likelihood function that is rede�ned in each it-
eration of the E step. See Ungar, et al. 1994 for
details.

Once the model has been learned, if one knows both
x and y then equation ?? gives an estimate of the
probability that a point zi is in the population j. In
the more usual case where x is known and one wishes
to estimate y, one �rst estimates the probability that
xi is in population j using Eqn. 3 and then uses
the above probability and the estimate of wj from
Eqn. 12 in Eqn. 2.

2.1. Estimating prediction error

The EMRBF formalism suggests several ways of es-
timating both the pointwise uncertainties of the esti-
mates of y and the novelty of new x's. The latter is
important to know in order to warn the user when the
network is being asked to extrapolate or interpolate
in regions where little data have been seen.

If one assumes (incorrectly) that the population sizes
�jn are known then it is straightforward to make a

pointwise estimate of the con�dence bounds on the
estimates of y using the estimated variances. If the
�j are known, then ŷ is linear in the wj , so we can
take the weighted sums of the con�dence limits on
each wj .

The overall uncertainty in the estimate of y is then

ŷCL =
kX

j=1

pij(�t�=2�j=
p
�jn� 1) (12)

where t�=2 is the appropriate t-statistic and �j is a
vector, all of whose elements are �j .

This estimate is easy to use, but slightly underesti-
mates the size of the true con�dence bounds, as it
neglects the uncertainty in the population sizes. Em-
pirically, we have found that it accurately estimates
measurement noise in the ys, but fails to account for
the error due to model mismatch. Using more com-
plex formulas one can include the e�ect of the uncer-
tainties in �.

One can use similar formulas based on relative likeli-
hoods to calculate the novelty of data points in order
to warn when extrapolation beyond historic data is
occurring.

2.2. Partially inverting the RBFs

The statistical reformulation of radial basis functions
also gives an elegant solution to the long-standing
problem of partial inversion of networks. In many
problems where neural networks are used, one wishes
to determine which input value u should be selected
to order obtain a desired output y. This situation
arises in process control applications where the mea-
surement of the system at time t + 1 is given by:
yt+1 = f(yt;ut) Since f is nonlinear, uniquely deter-
mining u is, in general, not possible. In conventional
neural networks, gradient descent is often used to it-
eratively solve for u.

The EMRBF formulation suggests a simpler ap-
proach. One can build a Gaussian mixture model
as before but where z = (yt;ut;yt+1) Although
space precludes a full description, it is straightfor-
ward to calculate the expected value of ut given yt
and ysetpoint using an analog to Eqn. 2. Note that
this gives a closed form solution; no iteration is re-
quired. This approach can easily be built into a more
sophisticated controller including feedback.

The above \inversion" gives good results only when
the control action ut being estimated is is a unique
function of the current state yt and the desired state
ysetpoint. If multiple u's can produce the same re-
sponses then the expected value of ut given yt and
ysetpoint is a weighted average of the u's. This can



be disastrous: if one can either walk to the left of
an obstacle or to the right of it, the average of those
two actions need not be a good choice. Fortunately,
this problem is easily �xed: if non-uniqueness of the
action is suspected, an action should be selected by
�nding all populations into which the x and y fall,
predicting the u for each of the populations, and then
selecting the \best" u, e.g. the one which gives the y
closest to the desired y in the forward model.

For control problems which require multi-step predic-
tion (e.g. control of unstable systems), this inversion
should of course not be used. The forward model
should be used in a MPC framework.

3. Results

The advantages and disadvantages of EMRBF over
conventional radial basis functions are best under-
stand by examining simple examples.

Consider �rst the task of approximating a simple step
function using only three basis functions. If the x
values are distributed roughly uniformly, than the k-
means clustering step of RBFs will create three evenly
spaced clusters. The cluster with the smallest x cen-
ter will accurately approximate the bottom part of
the step and the cluster with the largest x center will
accurately approximate the top part of the step, but
the middle cluster will attempt to average ys from
both the top and bottom of the step, and so will end
up producing a suboptimal approximation.

In contrast, the EMRBF includes the y values when
clustering, and so produces clusters that are centered
on the top and bottomhalves of the step. The \extra"
cluster ends up converging to one of the two useful
clusters and a sharper transition at the step results.
In typical results, EMRBF has a Root Mean Squared
Error (RMSE) of 0.18, while the RBF has error of
0.22. EMRBF still has some error since it does do
some smoothing of the region where the basis func-
tions overlap. This could be reduced by using more
basis functions.

Approximating a sine wave shows the disadvantage of
the EMRBF. For an approximation to y = sin(2�x)
+ noise over one cycle, EMRBF has an error (RMSE)
of 0.12 while the RBF has an error of 0.05. (The error
is calculated relative to the noise-free sine function to
avoid over�tting; the noise level was such that the
error �tting the training data to the true sine was
0.09) The above error results largely from the EM-
RBF model's assumption that x is constant on each
interval. Using a full covariance matrix in the EM-
RBF, which allows x and y to be linearly correlated

within each cluster, gives an error of 0.06.

Tests on more complex functions such as simulations
of chemical reactors show that for smoothly varying
plants with low dimensional inputs, RBFs outperform
EMRBF. EMRBF o�ers an advantage (1) when the
plant shows discontinuities, as arise from hitting con-
straints or from control laws such as gain scheduling,
(2) when a formal measure of sensor noise or of pre-
diction uncertainty is bene�cial (e.g. for controller
design) and (3) for multivariate systems where one
wishes to calculate the full covariance matrix.

4. Discussion

Radial basis function (RBF) neural networks provide
an attractive method for high dimensional nonpara-
metric estimation for use in nonlinear control. They
are faster to train than conventional feed forward
networks with sigmoidal activation networks (\back-
propagation nets"). The RBF model structure is bet-
ter suited for adaptive control, since if the basis func-
tions are �xed, the model is linear in the coe�cients.
The RBF model also lends itself to designing fuzzy
controllers, since it can be viewed as being a "fuzzy"
(linear) combination of simple constant or linear mod-
els on di�erent operating regions.

We have shown how radial basis functions can be in-
terpreted as mixtures of Gaussians, and how their
parameters can be estimated using the EM algorithm
for likelihood maximization. We call this modeling
method EMRBF. The EM algorithm is a signi�cant
improvement over previous methods of �tting the
RBF parameters for certain classes of problems - par-
ticularly those with discontinuities, taking advantage
of both x and y values in the clustering, and giving
rapid convergence to a guaranteed local optimum in
the centers and widths of the radial basis functions,
as well as their coe�cients. The mixture model in-
terpretation of EMRBF shows the assumptions im-
plicit in radial basis functions and provides a less ad
hoc way of determining the widths of the basis func-
tions than standardmethods. By taking more general
forms of the covariance between the measured vari-
ables, EMRBF is easily extended to include elliptical
basis functions and a yet more general class of basis
functions in which all input and output variables are
correlated with each other.

The statistical formulation also allows us to provide
con�dence limits on predictions made using the net-
works and to detect when extrapolation is occurring
beyond the region where data were available for train-
ing the network. The con�dence limits are important
for robust controller design, while the extrapolation



warnings are useful when designing safety systems to
assure safe performance outside the modeled region.
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