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1. Introduction

Perhaps the most important innovation of the latest generation of programmable graphics processors (GPUS) is their
capability to work with floating point color data. Previous generations of GPUs have worked with up to a byte of integer data
per color channel. Developers working on graphics engines with advanced lighting effects often complained about banding
artifacts, even in truecolor video modes, because multiplicative effects quickly made the round off error caused by the limited
precision noticeable. The advent of GPUs that represent each color channel with a 32-bit floating-point value has thus been
widely celebrated in the real time graphics community.

More importantly, while eight-bit color channel precision is often adequate, the dynamic range is quite limited. Floating-point
color buffers make it possible to work with brightness values well beyond the maximum value that can be represented in the
final image. Though the dynamic range of output device stays the same, intermediate values during a computation are no
longer clamped to this range. Thisway a much more realistic simulation of lighting is possible, resulting in vibrant images.

The topic of this article is made possible by the emergence of floating point color support as well, but we will not be dealing
with either of the often-cited advantages of floating point buffers described above. In fact, we will not be rendering images in
the conventional sense at all. Instead, we look at the GPU as a powerful vector coprocessor to the CPU. We use it to solve
two common problems in scientific computing: Solving systems of linear equations, and linear complementarity problems.
Both of these problems come up in dynamics simulation, which is afield drawing increasing interest from the game devel oper
community.

By implementing these algorithms on the GPU, we hope to achieve a performance gain, or at least free up CPU resources,
which can then be better spent running algorithms that are not vectorizable. Because the GPU usually has its hands full
rendering graphics in a computer game, and because GPUs with floating point color support are anything but widespread, the
results of this article are initially primarily of theoretica interest for the game community. However, if we can show
convincing performance figures that make such application of GPUs desirable, we may soon find these applications becoming
practical and widespread. And if GPU performance continues to grow at its present rate, we may eventually see researchers
and engineers abandoning expensive supercomputers for clusters of GPU equipped PCs.

1.1 PreviousWork

The fundamental concept of linear algebra is the matrix. Matrices are used in simulation in order to describe a linear
relationship in a concise way. A significant amount of research has gone into working with large dense matrices. BLAS (Basic
Linear Algebra Subprograms) [2,7] has emerged as the standard interface to linear algebra libraries. Freely available
implementations of BLAS include ATLAS (Automatically Tuned Linear Algebra Software) [9], a linear algebra library that
includes Intel SSE2 and AMD 3DNow optimized matrix multiply kernels. These fast kernels, combined with ATLAS' cache
friendly memory access pattern achieved by special ordering of the input data make it one of the fastest dense matrix libraries
available on the PC platform. In [6], Larsen and McAllister first investigated using GPUs for linear algebra. At the time of
this publication, floating point pixel processing was not yet available, so their results were not practical for real world
problems. The papers [1,5], made available after this paper was initialy submitted, tackle the representation of sparse
meatrices on the GPU.

While ATLAS provides a selection of higher-level linear algebra operations, such as solving linear systems, the code of
ATLAS is a high performance matrix multiply kernel, which is then leveraged by the high level operations. We follow the
same principle in our GPU matrix library: We implement a few basic matrix operations using shaders, including matrix
multiply, and then use these as building blocks to solve the higher level problems. While we have not written a write a full
GPU BLAS implementation due to time constraints, we show how to implement all the basic components necessary for this
goal.



1.2 Implementation

Our implementation consists of a matrix class that carries out all the core arithmetic operations. It interfaces with the GPU
using the DirectX 9 Graphics SDK. The user interface is a script interpreter which parses matrix operation instructions out of
a text stream, manages matrix variable names, reads and writes matrix variable data to file, and passes operations for
execution to the matrix class. We only discuss the matrix class below, as well as two examples of its use.

2. Matrix Textures

If the GPU is to perform large matrix multiplication for us, the first thing we need to do is represent the matrix data in a
format that is accessible by the GPU. GPUs can in principle work on two basic types of data: geometry and texture maps.
Textured geometry is preferable because of the more compact representation when compared with highly tessellated geometry
with vertex colors. Also, unlike geometry, textures can also be output by the GPU in the form of render target surfaces. If we
store a matrix as a texture, and then perform a matrix operation such as matrix addition by rendering two textures with
additive blending into a third render target surface, the storage format of the resulting matrix can be identical to the input
format. This is a desirable property because this way we can immediately reuse the resulting texture as an input to another
operation without having to perform format conversion.

We would like our library to work with matrices of real numbers, because this domain is the most generally useful for
simulation problems, and dynamics simulation in particular. Integers would be too restrictive while complex numbers are
usualy not required. Note that the system we present could be extended to handle complex numbers should this be the case.
Real numbers are most efficiently approximated on computers using floating-point numbers of various precisions.
Unfortunately GPUSs still only support single precision floating point, and future support for double or higher precision is
unlikely, as this sort of precision is not thought to be needed for graphics applications. Nonetheless, single precision floating
point is adequate for many applications.

2.1 Storage Format

There are several ways in which the elements of a matrix can be mapped to the pixels of a texture image. Perhaps the most
obvious approach would be to take a luminance (one channel per pixel) image and fill it with the matrix data using a direct
mapping of elements to pixels, in either row or column major format. The disadvantageis, of course, that GPUs are optimized
to process RGBA pixels, and thus have four way SIMD for executing pixel shaders. A luminance texture would only use a
quarter of the available bandwidth.

Instead, we pack four adjacent matrix elements into a single pixel’s RGBA channels. The simplest possibilities are to either
pack rows or columns of four. While this packing does make square matricesinto 4:1 aspect rectangular textures, it makes the
writing of the pixel shaders for multiplication quite straightforward. Other schemes, such as packing 2x2 rectangular
submatrices into each pixel complicates the pixel shaders for doing matrix multiplication, and offers no clear advantage. It is
interesting to note that CPU linear algebra packages like ATLAS primarily get their speed boost by storing the matrices in a
convoluted but very cache friendly way. Data locality is an important key to performance. Unfortunately, in contrast to CPU
programming, we have only arelatively high level control of the GPU. In particular, the order in which pixels get processed is
an undocumented implementation detail. Usually, the GPU automatically stores textures in a swizzled form to improve cache
coherence. It may be interesting to investigate if more exotic storage formats can boost performance, but one would have to
do quite a bit of experimentation, without necessarily being able to generalize the results to different GPUs.

The final question regarding data storage is whether there is any difference between packing rows or columns of four into a
pixel. One important difference comes up when we consider doing vector operations. It is important that pixels be created
aong the length of a vector, instead of across. In the latter case a vector would only fill one color channel and leave three
empty. In this implementation we arbitrarily decided to go with storing CPU matrices in row major format, and working with
column vectors. Thus we put 4”1 sub-column vectors into each pixel. The width of a texture that corresponds to an n” m

matrix is thus m, while the height is é% i

To create a matrix texture from some source data, we create an appropriately sized render target surface using the
D3DFMT_A32B32G32R32F floating point pixel format. We don’'t need any mipmapping, in fact we render with point
sampling to prevent texture filtering from falsifying our computations.



Creating a render target texture is technically only necessary if we want the matrix to serve as a destination for matrix
operations; in our application we choose not to keep track of this distinction, and treat all matrices equally for the sake of
simplicity.

Unfortunately in DirectX9 it is not possible to lock render target surfaces, so we need to create an identically formatted
temporary texture in the SYSTEMMVEMpool. This texture's surface is then locked and the matrix datais read into it. Finally we
use the DirectX method Updat eText ur e() to copy the temporary texture into our render target texture.

Reading back from the matrix texture happens in the same way. This time the method Get Render Tar get Dat a() isused
to copy from the matrix texture to the temporary texture.

3. Matrix Operations

After reading in the data, we are ready to perform some matrix operations. We start by implementing three basic operations —
matrix assignment, addition and multiplication. Later we will add some others as required by our higher level agorithms.
Note that some operations are not strictly necessary and could be expressed using others. For example, assignment could be
emulated by adding a zero matrix to the source matrix. Still, writing special case code when optimizations are possible is a
good idea.

3.1 Assignment

Matrix assignment is the most elementary operation, so we cover it first to introduce some detailsin our code:
void Matrix::copy(Matrix & other) {

Note that while the reference rasterizer works fine with the render target surface being the same as one of the source textures,
this case is not officially supported by Direct3D, and should be avoided. In the case of assignment it is obviously a null
operation to assign amatrix to itself, so we can early out in this case.

if (this == &other) return;

If the destination texture is not the same size as the source texture, it needs to be resized. We resize a texture by releasing it
and creating a new one of the correct size.

resi ze(other.get NRows(), other.getNCols());

If one of the dimensions of the matrix is zero, there is nothing to do:
if (nRows * nCols == 0) return;

Next, we set the destination texture as the render target, begin the scene, assign vertex and pixel shaders, and assign the
source texture to the 0™ sampler. For this simple operation we do not really need shader support, and could do the same
operation with the fixed function pipeline and texture combiners. On the other hand any hardware that supports floating point
pixel formats will most likely have shader support as well, so we might as well use them. We omit DirectX error handling in
the cited code for clarity.

d3dDevi ce- >Set Render Tar get (0, mat hSur f ace) ;

d3dDevi ce- >Begi nScene() ;

d3dDevi ce- >Set Ver t exShader ( vert exShader s[ VS_SI NGLE_TEX_QUAD] );
d3dDevi ce- >Set Pi xel Shader ( pi xel Shader s[ PS_COPY] );

d3dDevi ce- >Set Text ur e( 0, ot her. mat hText ure);

Next, we render a single quadrilateral polygon that exactly covers the destination texture, by using a triangle fan with four
vertices. Thisiswhat our vertex buffer contains:
Mat hVert ex quad[4]= {

Il X y

{ -1.0f, -1.0f},

{ +1.0f, -1.0f},

{ +1.0f, +1.0f},

{ -1.0f, +1.0f}};

We have 2D clip space coordinates for each vertex. Because we won't be rendering 3D shapes, and because texture
coordinates can be trivially generated in the vertex shader from this basic data, it is all we need. We place this data into a
managed pool vertex buffer and do not worry about it anymore. It isused for all the matrix operations except multiplication.

The actual rendering code looks like this:



d3dDevi ce- >Set St reanSource( 0, quadVertexBuffer, 0, sizeof(MthVertex));
float TexcoordBi asW= (1.0f/col s2TextureWdth(nCols)) * 0.5f;
fl oat TexcoordBi asH = (1. 0f/ rows2Text ureHei ght (nRows)) * 0. 5f;
float consts[4 * 2]
0.5, -0.5, 0.5, 1,
0.5+ TexcoordBiasW 0.5 + TexcoordBiasH, 0 , 0 };
d3dDevi ce- >Set Ver t exShader Const ant F(0, consts, 2);
d3dDevi ce->DrawPrim tive( D3DPT_TRI ANGLEFAN, 0, 2 );
d3dDevi ce- >EndScene() ;

}

The function of the texture coordinate bias values that get passed to the vertex shader is to line up the destination pixels with
the source texel centers by shifting the texture coordinates by 2 texel. If we were to omit this, at each pixel the texture would
be sampled half way between texels, making it effectively random which of the four neighboring texels the point sampling
would pick.

col s2TextureW dt h() and r ows2Text ur eHei ght () simply map matrix dimensions to texture dimensions using
the formula mentioned previousdly:

i nline unsigned roundUpDi vi de(unsigned a, unsigned b) { return (a + b-1) / b; }
i nline unsigned rows2Text ureHei ght (unsi gned rows) { return roundUpDi vi de(rows, 4); }
i nline unsigned col s2TextureWdth (unsigned cols) { return cols; }

The vertex shader we use, “SINGLE_TEX_QUAD”, is shown bel ow:

/Il c0 =] 0.5, -0.5, 0.5, 1]
/[l cl =] 0. 5+ TexcoordBiasW 0.5 + TexcoordBiasH, 0 , 0]
vs_ 1 1

dcl _position vO

mov oPos, vO

mov oPos. zw, c0.zw

mov r0, cl

mad oTO. xy, vO.xy, cO0.xy, r0.xy

We basically emit the vertices that we put in the vertex buffer in clip space after assigning some constant valuesto the z and w
coordinates. The texture coordinates are computed from the vertex position in a single instruction, which involves the flipping
of the vertical axis and the application of the bias constants described above.

Finally, the pixel shader is shown below. It servesto simply copy the input texture to the destination surface:
/1 PS_COPY out = tex0

ps_2 0
dcl _2d sO
del tO

texld r0, t0, sO
mov oC0, rO0

We have tried using HLSL to produce these shaders, and several of them were prototyped that way, but the DirectX shader
compiler failed to produce efficient code for the more involved matrix multiply cases, so we decided to stay with hand coded
assembly for this project. The use of pixel shader 2.0 or greater is necessary in the case of this ssmple shader not because of
any special instructions or even the number of instructions, but because lower pixel shader versions automatically clamp their
final result to [0,1]. We would like to use the entire floating-point range.

3.2 Addition

Addition is very similar to assignment. Because we have the limitation that the destination texture may not be the same as
either of the source textures, we need to code both a general add and an accumulate (‘+=") operation. We only cover the
binary version here, because the accumulate version is the same as the above assignment with additive blending with the
existing render target turned on.

void Matrix::add(Matrix & a, Matrix & b) {

if (a.nRows !'= b.nRows || a.nCols != b.nCols)
throw "matri x di mensi ons don't agree";

if (this == &a) { add(b); return; }



else if (this == &b) { add(a); return; }
resi ze(a. nRows, a.nCols);
if (a.nRows * a.nCols == 0) return;

d3dDevi ce- >Set Render Tar get (0, mat hSur f ace) ;

d3dDevi ce- >Begi nScene() ;

d3dDevi ce- >Set Ver t exShader ( vert exShader s[ VS_SI NGLE_TEX QUAD] );

d3dDevi ce- >Set Pi xel Shader ( pi xel Shader s[ PS_ADD] );

d3dDevi ce- >Set Texture(0, a. mat hText ure) ;

d3dDevi ce- >Set Texture(1, b. mat hTexture);

d3dDevi ce- >Set St reanSource( 0, quadVertexBuffer, 0, sizeof(MthVertex) );

fl oat TexcoordBi aswW= (1. 0f/col s2TextureWdth(nCols)) * 0.5f;
fl oat TexcoordBi asH = (1. 0f/rows2Text ureHei ght (nRows)) * 0. 5f;

float consts[4 * 2] = {
0.5, -0.5, 0.5, 1,
0.5+ TexcoordBiasW 0.5 + TexcoordBiasH, 0 , 0 };

d3dDevi ce- >Set Ver t exShader Const ant F(0, consts, 2);
d3dDevi ce->DrawPrim ti ve( D3DPT_TRI ANGLEFAN, 0, 2 );
d3dDevi ce- >EndScene() ;

}

There are only afew places where the above differs from the assignment code. First, we need to check if the dimensions of the
two source textures match, otherwise the addition operation is mathematically undefined. We also check if one of the source
operands is the same as the destination, and call the special case accumulate code in this case. The second texture is aso
assigned to the second texture sampler. We use the same vertex shader as before.

The pixel shader is a different one, but not much more complicated; it ssmply performs additive blending of the two source
textures:

/1 PS_ADD out = tex0 + texl

ps_2 0
dcl _2d sO
dcl _2d s1
dcl tO

texld r0, t0, sO
texld r1, t0, si
add r0, r0, r1
mov oCO, rO0

3.3 Multiplication

Writing a general matrix multiply is a bit more challenging because unlike addition, it doesn't reduce to mere image blending.
Figure 1 shows the schematic for our matrix multiply procedure.
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Figure 1. Schematic of matrix multiply

The texture corresponding to the left operand matrix A is shown on the left side. The texture of the right side operand matrix
B isat the top right. C, the result matrix, is shown at the bottom right. C = A B should hold after the operation compl etes.

By the definition of matrix multiplication, the number of columns in A have to equal the number of rows in B. We cal this
range of g numbers the inner dimension. Finally, the number of rowsin A is equal to the number of rowsin C and the number
of columnsin B isequal to the number of columnsin C. We call these the outer dimensions.

In our Figure 1 example matrix A is 14" 30 and matrix B is 30" 12. The 4" 1 submatrices stored by the textures in a single
pixel are shown as ovals. Because the matrices' heights are not exactly divisible by four, the last two elements of the last row
of pixels are unused, indicated by their white color. Note that the texture representing A is only 30 pixels wide. The last two
columns of white ovals with gray markings represent samples read in by the pixel shader outside of the [0,1] texture
coordinate range: these virtual texels need to read as zero. They are necessary so our pixel shader can aways work with
blocks of 4 texels, even if the input matrix sizes are not exact multiples of four.

As any pixel shader, the matrix multiply code has to emit a single (partially computed) pixel from the pixel shader. Each pixel
stores four values, each of which is a dot product between a row vector of A and a column vector of B. Both of these vectors
have q elements, where q is 30 in our example. Thus, at each pixel we need to perform four of these dot products, which isthe

same as a 4’ q matrix-vector multiplication. Because g may be quite large, our GPU may not be able to sample all the 1% o}

texels necessary in one pass due to pixel shader instruction count limits. Thus we need to decompose this operation into a set
of smaller operations depending on our instruction count limits.



Our atomic pixel shader operation is a4” 4 matrix-vector multiplication, where the 4° 4 matrix is fetched from A and the 4" 1
vector from B. We refer to this atomic multiply as a MOP for ‘matrix operation’. We need to perform é% uof these MOPs per

pixel, and accumulate the results, in order to obtain the final result for an output pixel. We pack as many of these MOPs into
our pixel shader as possible.

In our example we assume a hypothetical pixel shader that can perform no more than three of these MOPs in asingle pass. In
general we define the macro numMOps Per Fr agnent as the number of MOPs that can fit into a pixel shader. For ps 2.0, we
managed to fit six of them.

If the hypothetical example shader can do three MOPs per pass, and we need a total of é% u= 8 MOPsfor the final result, we

need to perform é% u= 3 additive passes, asindicated in the figure. Ps 2.0 would only need two passes.

As an example, we have highlighted a pixel in the destination texture. The pixel shader that emits this pixel as part of the
second additive pass samples the darkened 15 texelsfrom A and B.

Of course the outer dimensions we don®have to worry about, they are taken care of by the inherent parallel processing of the
GPU in the form of adjacent pixels, just like in the assignment and addition shaders. Now that we have covered the theory, we
present the implementation:

void Matrix::multiply(Matrix & a, Matrix & b) {

As usual we need to check if we@e trying to render a texture onto itself. Here we do not have a backup plan so we simply
report an error:
if (this == & || this == &b)

throw "can't operate inplace -- not supported by D3D.";

If the matrix dimensions do not agree, matrix multiplication is undefined:

if (a.nCols != b.nRows)
throw "matri x di mensi ons don't agree";

resi ze(a. nRows, b.nCols);

if (nRows * nCols == 0) return;

First we compute a few constants depending on the input sizes and the number of instructions permitted in the pixel shader.
We will render numQuads quads aligned with the destination surface, with additive shading. We compute nunQuads with
the formulas given above.

const unsi gned numuads =

roundUpDi vi de(r ows2Text ur eHei ght (b. nRows) , numMOpsPer Fragnent ) ;

Like we did for assignment and addition, we compute texture coordinate bias values to ensure that texels are sampled at their
centers. Here we have two input textures so we need to do thistwice:

const float TexcoordBi asW= (1.0f/col s2TextureWdth(nCols)) * 0.5f;
const float TexcoordBi asH = (1.0f/rows2TextureHei ght (nRows)) * 0.5f;

const float TexcoordBi asAW = (1.0f/col s2TextureWdth(a.nCols)) * 0.5f;

const float TexcoordBi asBH = (1.0f/rows2Text ureHei ght (b. nRows)) * 0. 5f;

A single pixel shader performs severa MOPs. We supply it with texture coordinates for the first five samples corresponding
to the first MOP, but only provide texture coordinate increments relative to the first five, which can be used by the pixel
shader to compute the texture coordinates of the subsequent samples. t cMOpl ncr enent BH is the height of atexe in B,
which the amount the pixel shader has to seek down in the texture to get to the pixel used for the next MOP.

const float tcPixel BH = 2 * Texcoor dBi asBH,

const float tcMOplncrement BH = tcPi xel BH;

The second increment we need is that of the texture coordinates between the additive passes. These will be used by the vertex
shader, as we will not pass explicit texture coordinates to minimize the size of our vertex buffer.

const float tcPasslncrenent BH = nunMOpsPer Fragnent * tcPi xel BH;
The same constants are also computed for the other input texture:



const float tcPixel AW= 2 * Texcoor dBi asAW
const float tcMplncrement AW = 4 * tcPi xel AW
const float tcPasslncrenent AW = nunMOpsPer Fragnent * tcMOpl ncrement AW

The meaning of the vertex and pixel shader constants will become clear when we look at the shaders:

float vconsts[] = {
0.5 + TexcoordBiasW 0.5 + TexcoordBiasH, 0 + TexcoordBi asBH, 0,
0 + TexcoordBi asAW tcPi xel AW+ Texcoor dBi asAW
2 * tcPi xel AW+ TexcoordBi asAW 3 * tcPi xel AW+ Texcoor dBi asAW
t cPassl ncrenment BH, tcPasslncrenentAW 0O, O
}.

fl oat’pconsts[] = {

1 * tcMX»IlncrenentAW 0, 0,0, /12 nops

0, 1 * tcMplncrenentBH 0,0,

2 * tcMplncrement AW 0, O,O0, /13 nops

0, 2 * tcMXlncrenentBH, O,O0,

3 * tcM®plncrement AW 0, O,O0, /14 nops

0, 3 * tcMXplncrenentBH, 0,0,

4 * tcMoplncrement AW 0, 0,0, /15 nops

0, 4 * tcMpIl ncrenent BH, 0,0,

5 * tcM®plncrement AW 0, O,O0, /16 nops
0,0

0, 5 * tcMXpIl ncrenent BH,

d3dDevi ce- >Set Render Tar get (0, mat hSur f ace) ;

d3dDevi ce- >Begi nScene() ;

d3dDevi ce- >Set Vert exDecl arati on( vertexDeclaration2 );

d3dDevi ce- >Set Ver t exShader ( vertexShaders[VS_MIT_1] );

d3dDevi ce- >Set Pi xel Shader ( pi xel Shaders[ PS_MJLT_0] );

d3dDevi ce- >Set Text ure(0, a. mat hText ure) ;

d3dDevi ce- >Set Texture(1, b. mat hTexture);

d3dDevi ce- >Set StreanSource( 0, quadsVertexBuffer, 0, TINYVERTEX S| ZE );
d3dDevi ce- >Set Ver t exShader Const ant F(1, vconsts, 3);

d3dDevi ce- >Set Pi xel Shader Const ant F(0, pconsts, 2 * numMOpsPer Fragment) ;

The vertex buffer contains atriangle list in the following format:

[* x vy quadl ndex
{ -1, -1, 0 },
{ +1, -1, 0 },
{ +1, +1, 0 },
{ -1, -1, 0 },
{ +1, +1, 0 },
{ -1, +1, 0 },
{ -1, -1, 1 },
{ +1, -1, 1 },
{ +1, +1, 1 },
{ -1, -1, 1 },
{ +1, +1, 1 },
{ -1, +1, 1 },
{ -1, -1, 99 1},
{ +1, -1, 99 1},
{ +1, +1, 99 1},
{ -1, -1, 99 1},
{ +1, +1, 99 1},



{ -1, +1, 99 1},

*/
The first two numbers are the 2D clip space coordinates of the vertex, as before. We have also added a value that is the index
of the quad that the vertex belongs to in the sequence. The vertex shader will use this index value for texture coordinate
generation. Because the data is so simple, we pack each vertex into a 32 bit word, and use the D3DDECLTYPE_UBYTE4 data
type. Asthe bytes are unsigned, we add two to the coordinates, storing —1 as 0 and 1 as 2. Finally, we render 2 nunQuads of
these triangles:

d3dDevi ce->DrawPrim ti ve( D3DPT_TRI ANGLELI ST, 0, 2 );
i f (numuads > 1)

d3dDevi ce- >Set Render St at e( D3DRS_ALPHABL ENDENABLE, TRUE );
d3dDevi ce- >DrawPri nmitive( D3DPT_TRIANGLELIST, 6, 2 * (numuads - 1));
d3dDevi ce- >Set Render St at e(  D3DRS_ALPHABL ENDENABLE, FALSE ) ;

}
d3dDevi ce- >EndScene() ;
}

On to the shaders. The vertex shader’s job is to ‘decompress the very frugal quantity of data from the vertex buffer, and
generate decent texture coordinates. Note how we have submitted all our rendering passes after the first in a single
DrawPrimitive() cal, sothereisno room to perform any state changes between quads. The vertex shader has to use the
quad index from the vertex buffer to tell which passis being performed.

vs_ 1 1

dcl _position vO

def c0, 0.5, -0.5, 0.5, 1

def c4, -1, -1, 0, O

Because we have encoded the input vertex coordinates as unsigned bytes, we map them to signed values by subtracting one.
add r3.xy, vO0.xy, c4.xy //map from[0,2] to [-1, 1]

mov oPos. xy, r3.Xy /lemt pos
mov oPos. zw, c0.zw

We start the texture coordinate generation by taking the vertex coordinate as the starting point, and inverting the vertical axis
—thisisthe same as in the previous shaders.

mov r0.xy, cl.xy /ltransformvi ewport axes to tex uv axes
mad rO0.xy, r3.xy, c0.xy, r0.xy

Next, we need to compute the U texture coordinates for texture A, and the V texture coordinates for texture B. These depend
on which pass we are in: the pass index is stored in vO.w. This is multiplied by t cPassl ncr emrent AW and
t cPassl ncr erent BH respectively, which are constants computed above, and stored in ¢ 3.

mul r1, vO.w, c3.zzxz //can't ‘mad’ as it would reference 2 consts in 1 instr

add r1, r1, cl

mul r2, vO0.w, c3.yyyy
add r2, r2, c2

Finally, we emit the five texture coordinates needed for the first MOP of the pixel shader. The V coordinates of texture A and
the U coordinate of texture B are simply stretched along with the quad to map linearly over the entire destination surface.
Even though it would be trivial to compute the four texture coordinates of A in the pixel shader itself, we choose to do as
much of this work as possible in the vertex shader. This way we avoid bumping up against the very restrictive pixel shader
instruction count limits, and the dependent texture sampling limitsin particular.

mov oTO0. x, r2.x

nmov oT1l. r2.y

X,
mov oT2.Xx, r2.z
mov 0T3.X, r2.w

nmov oTO0. vy, 0.y
nmov oTl.y, O y
nmov oT2.y, rO0.y
mov oT3.y, r0.y



mov oT4.x, rO0.x
nmov oT4.y, rl.z

All the matrix element arithmetic is done in the pixel shader. We have made the pixel shader generic in the sense that it is
made up of as many MOPs as it is possible to execute at once on the target architecture, which is six in ps.2.0. When new
hardware becomes available that supports newer pixel shader versions, getting a performance boost should only be a matter of
duplicating some additional MOP blocks in the shader, and incrementing the ps version declaration. Our ps.2.0
implementation uses 30 t ex| d instructions of the maximum 32, and is thus very close to optimal.

Inputs to the pixel shader are the registerst 0...t 3, the texture coordinates of four horizontally adjacent pixelsin A, t 4, the
texture coordinate for texture B, and a large set of constants: c0. x holds the texture coordinate increment needed to move
four pixelsto theleft in A, whilec1. y has the increment needed to move one pixel downin B. c2 and ¢3 aretwo timescO
and c1, respectively. c4 and c5 are the same values times three and so on. Because we have many constant registers
available and few instruction dlots, it is good to precompute these values.

ps_2_0

dcl tO0.xyzw

dcl tl1.xyzw

dcl t2.xyzw

dcl t3.xyzw

dcl t4.xyzw

dcl _2d sO

dcl _2d sl

To perform the first MOP we fetch the needed data,

texld r0, t0, sO
texld r1, t1, sO
texld r2, t2, sO
texld r3, t3, sO
texld r4, t4, sl

and execute the 4° 1 matrix vector multiply. Theresultisheldinr 5.

mul r5, r4.xxxx, r0

mad r5, r4.yyyy, rl, r5
mad r5, r4.zzzz, r2, r5
mad r5, r4d.www, r3, r5

If we had defined numMOps Per Fr agnment as 1 above, we would just write r 5 to 0C0, and be done. However, we have not
yet exhausted the capacities of the pixel shader, so we keep going:

#i f numMOpsPer Fragment >= 2

The texture coordinates are adjusted to correspond to the next set of inputs:

add r6, t0, cO
add r7, t1, cO
add r8, t2, cO
add r9, t3, cO
add r10, t4, ci1

Then we sample the textures as before. Note, however that we now use registersr 6 through r 10 instead of r O through r 4.
This is because ps.2.0 does not allow that we sample a texture into any one register more than four times, so the destination
registers have to be rotated.

texld r6, r6, sO

texld r7, r7, sO

texld r8, r8, sO

texld r9, r9, sO

texld r10, r10, si

We accumulate the result of the second matrix-vector product with the first:

mad r5, rl10.xxxx, r6, r5
mad r5, r10.yyyy, r7, r5
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mad r5, r10.zzzz, r8, r5
mad r5, r10.www, r9, r5
#endi f

MOPs three to six are identical save for the register rotation we mentioned:

#i f numMOpsPer Fragment >= 3
add r0, t0, c2
add r1, t1, c2
add r2, t2, c2
add r3, t3, c2
add r4, t4, c3

texld r0, r0, sO
texld r1, r1, sO
texld r2, r2, sO
texld r3, r3, sO
texld r4, r4, sl

mad r5, r4.xxxx, r0, rb5
mad r5, r4.yyyy, rl, r5
mad r5, rd4.zzzz, r2, r5
mad r5, rd4d.www, r3, r5
#endi f
#i f numMOpsPer Fragnent >= 4
add r6, t0, c4
add r7, t1, c4
add r8, t2, c4
add r9, t3, c4
add r10, t4, cb

texld r6, r6, sO
texld r7, r7, sO
texld r8, r8, sO
texld r9, r9, sO
texld r10, r10, si

mad r5, rl10.xxxx, r6, rb5
mad r5, rl10.yyyy, r7, r5
mad r5, r10.zzzz, r8, r5
mad r5, r10.www, r9, r5
#endi f
#i f numMOpsPer Fragnent >= 5
add r0, t0, cb6
add r1, t1, cb6
add r2, t2, cb6
add r3, t3, cb6
add r4, t4, c7

texld r0, r0, sO
texld r1, r1, sO
texld r2, r2, sO
texld r3, r3, sO
texld r4, r4, si

mad r5, r4.xxxx, r0, r5
mad r5, rd.yyyy, rl, r5
mad r5, rd4.zzzz, r2, r5
mad r5, r4d.www, r3, r5
#endi f
#i f numMOpsPer Fragnent >= 6
add r6, t0, c8
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add r7, t1, c8
add r8, t2, c8
add r9, t3, c8
add r10, t4, c9

texld r6, r6, sO
texld r7, r7, sO
texld r8, r8, sO
texld r9, r9, sO

texld r10, r10, si

mad r5, rl10.xxxx, r6, rb5

mad r5, rl10.yyyy, r7, r5

mad r5, r10.zzzz, r8, r5

mad r5, r10.www, r9, r5
#endi f

mov oC0, r5

There are a few additional details to be mentioned: because a pixel shader operates on 4 (4 nuniMOpsPer Fr agnent )

submatrices, only input matrices with dimensions that are multiples of 4 nunMOpsPer Fr agnent are handled trivialy.
Other matrix sizes perform extra work because the pixel shading involving the last column-block of A and last row-block of B
read in zeros and perform redundant computations. We even have to do work to ensure that indeed zeros get read in, and not
undefined values. First, we set the texture coordinate mapping mode to black border color. Unfortunately not all GPUs
support this feature. To support these GPUs we would either need to change the way we store the matrices in the surfaces so
that the edge texels are not used, set the edge pixels to black, and use clamp mode, or restrict ourselves to matrices with row
and column counts that are multiples of 4 numMOpsPer Fr agrent . Finaly, the pixel shader does a lot of redundant work
processing input matrices with the inner dimension significantly smaller than 4 numMOpsPer Fr agrment . Of course such
small matrices are best processed on the CPU anyway to avoid the overhead of creating and reading back textures.

3.4 Transposed Multiplication

In practice we rarely need to compute transpose of a matrix as such, but often need to multiply the transpose of a matrix with
another matrix. We implement a transposed multiply operation to be able to do this. The operation we now describe
implements C := A" B, where A,B, and C are still defined asin the last section. The operation C := A BT isalso useful, but its
implementation would be very similar to this one, so we will omit it. As we will see later, this operation will end up to be
more costly than the plain multiply. For this reason, it may be worth it to implement a simple transpose operation C := A" as
well, even though this operation can be inefficiently emulated using this code with B = 1. Such an operation would be a clear
win if a sequence of multiplications were needed with a certain transposed matrix, and perhaps even in general.

A trivial CPU implementation of the transposed multiply code would simply exchange the row and column indexing of A, but
this is not so easy on the GPU because we have packed several matrix elements into a single pixel, so the transpose has to
happen on two levels: The atomic 4" 4 matrix pixel shader operation has to be transposed, and the ordering of these sub
matrices also needs to be reversed. An indication of this added complexity is that this time we only managed to fit four
transposed MOPs into our ps.2.0 pixel shader, as opposed to six for the plain multiply. Because this new constant is different
from the previous, we define it as nunMTQps Per Fr agnent .
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Figure 2: Schematic for transposed matrix multiply

We again provide a diagram to visualize this algorithm in Figure 2. This is exactly the same problem as given in Figure 1,
with the matrix A now provided in a transposed form. To compute C as before, we transpose A while we perform the
multiply. The matrix B and C are unchanged. The darkened regions again show the texels sampled to compute the
contribution of the second pass to the black output pixel. Note that in matrix A, the region consists of three vertically stacked
MOPs, each of which has four texels in a horizontal row. Our pixel shader will now be stepping four times to the left before
resetting the horizontal offset and taking a step downward. The pixel shader has to move the starting texture coordinate of A
downwards between passes.

The C++ code for the operation is quite similar to the vanilla multiply:

void Matrix::multiplyAT(Matrix & a, Matrix & b) {
if (this == & || this == &b)
throw "can't operate inplace -- not supported by D3D.";
if (a.nRows != b.nRows)
throw "matri x di mensi ons don't agree";
resi ze(a.nCols, b.nCols);
if (nRows * nCols == 0) return;

const unsi gned nunfuads =
roundUpDi vi de(r ows2Text ur eHei ght (b. nRows) , numMIQpsPer Fr agnent ) ;

const float TexcoordBi asW = (1.0f/col s2TextureWdth(nCols)) * 0.5f;
const float TexcoordBi asH = (1.0f/rows2Text ureHei ght (nRows)) * 0. 5f;
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const float TexcoordBi asAW = (1. 0f/col s2TextureWdth(a.nCols)) * 0.5f;
const float TexcoordBi asABH = (1. 0f/rows2Text ureHei ght (a. nRows)) * 0. 5f;

We compute bias values as usual above, and the offsets for texture B are also unchanged below:

const float tcPixelBH = 2 * Texcoor dBi asABH,
const float tcMOplncrement BH = tcPi xel BH;
const float tcPasslncrement BH = numMIQpsPer Fragnent * tcPi xel BH;

The offsets for matrix A are now in both the horizontal and vertical directions;

const float tcPixel AW= 2 * Texcoor dBi asAW

const float tcPixel AH = 2 * Texcoor dBi asABH;

const float tcMOplncrement AH = t cPi xel AH;

const float tcPasslncrenent AH = nunMIOpsPer Fragnment * tcMopl ncrenent AH;

There is an additional issue in transposed multiply that did not show up before. Previoudly it was always proper for the vertex
shader to simply linearly map vertex coordinates from the range [1, -1] to the texture coordinate range [0,1] to define the U or
V texture coordinates of an input texture. Now, however, the U dimension of texture A is mapped vertically, and the V
dimension horizontally. If A is not square, and there are unused components in the bottom row of the destination texture
because its height is not a multiple of four, the mapping has to be adjusted. We map the vertex range [1,-1] to [O,
guot i ent ], where quot i ent iscomputed below. In effect we virtually round up the texture size to the nearest multiple of
four. The rest of the code should be familiar.

const unsigned awi dt h = col s2Textur eW dt h(a. nCol s) ;
unsi gned modW = awi dth % 4;
if (modwW!= 0) modW= 4 - nmodW
const float quotient = (awidth + nodW/ (float)aw dth;
const float halfQuot = quotient * 0.5f;
float vconsts[] = {
0.5, - halfQuot, 0.5, 1,
0.5 + TexcoordBiasW 0.5 + TexcoordBi asH, 0 + TexcoordBi asABH, O,
0 + TexcoordBi asABH, 0, 0, O,
0, g + TexcoordBi asAW 0, O,
t cPassl ncrenent BH, tcPasslncrenentAH, 0, O

b

float pconsts[] = {
tcPi xel AW 0, 0,0,

1 * tcMXpIlncrementBH, O, O,
1 * tcPixel AH 0,0,

* tcMpl ncrenment BH, O, O,
tcPi xel AH, 0,0,

tcMXl ncrenment BH, O, O,
tcPi xel AH, 0,0,

tcM>pl ncrement BH, 0, O,
tcPi xel AH, 0,0,

tcMXl ncrenment BH, O, O,
tcPi xel AH, 0,0,

QOB WWNDN
* ok k% ok k¥

TOOO0OO0OO0O0O0O0O0OOoO

d3dDevi ce- >Set Render Tar get (0, mat hSur f ace) ;

d3dDevi ce- >Begi nScene() ;

d3dDevi ce- >Set Ver t exDecl arati on( vertexDecl aration2 );

d3dDevi ce- >Set Ver t exShader ( vert exShaders[VS_MILT_T] );

d3dDevi ce- >Set Pi xel Shader ( pi xel Shaders[ PS_MJUT_T] );

d3dDevi ce- >Set Texture(0, a. mat hText ure) ;

d3dDevi ce- >Set Texture( 1, b. mat hTexture) ;

d3dDevi ce- >Set St reanSource( 0, quadsVertexBuffer, 0, TINYVERTEX SIZE );
d3dDevi ce- >Set Ver t exShader Const ant F(0, vconsts, 5);

d3dDevi ce- >Set Pi xel Shader Constant F(0, pconsts, 1 + 2 * (numMIOpsPer Fragnment - 1) );
d3dDevi ce->DrawPrim ti ve( D3DPT_TRI ANGLELI ST, 0, 2 );
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i f (numuads > 1)

d3dDevi ce- >Set Render St at e( D3DRS_ALPHABLENDENABLE,  TRUE );
d3dDevi ce- >DrawPri miti ve( D3DPT_TRIANGLELIST, 6, 2 * (numQuads - 1) );
d3dDevi ce- >Set Render St at e( D3DRS_ALPHABLENDENABLE,  FALSE );

}
d3dDevi ce- >EndScene() ;
}

The vertex shader code first extracts and emits the vertex position, as the straight multiply did:

vs_1 1

dcl _position vO

def c¢5, -1, -1, 0, O
add r3.xy, v0.xy, cb.xy
nmov oPos. Xy, r3.Xxy

mov oPos. zw, c0.zw

The vertex to texture coordinate mapping is now done twice, because as discussed above, texture A’ s texture coordinate range
isno longer always [0,1], while B's till is. These four instructions could be optimized into fewer, but the vertex shader is no
bottleneck here.

nmov rO0.xy, cl.xy
mad rO0.xy, r3.xy, c0.xy, r0.xy

mov rl.xy, c3.Xxy
mad rl.xy, r3.xy, c0.xy, rl.xy

The code to add offsets to the texture coordinates is the same asin the plain multiply, except it works along different
dimensionsfor A:

mul r3, vO.w, c4.zzxz
add r3, r3, cl
mul r2, vO0.w, c4.yyyy
add r2, r2, c2

Note that unlike before, we only emit two texture coordinates. We were not able to optimize the pixel shader in this case by
precomputing more texture coordinates here.

mov oTO0.x, rl.y
mov oTO0.y, r2.x
mov oT1l.x, r0.x
nmov oTl.y, r3.z

Below we have the last shader presented in this article. You will notice that after we fetch the first sample from A, we keep
nudging the texture coordinates to the right to fetch the next three samples. The last t ex| d samples the 4-vector from B.

ps_2 0

dcl tO0.xyzw

dcl t1.xyzw

dcl _2d sO

dcl _2d sl

texld r0, t0, sO
add r4, t0, cO
texld r1, r4, sO
add r4, r4, coO
texld r2, r4, sO
add r4, r4, cO
texld r3, r4, sO

texld r4, t1, si

The transposed multiply can be accomplished with four dp4-s, the result goestor 5:

dp4 r5.x, r4, r0
dp4 r5.y, r4, rl
dp4 r5.z, r4, r2
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dp4 r5.w, r4, r3
#i f nunmMIOpsPer Fragnent >= 2

To execute the next MOP, we push the original t 0 downward in A by adding c2, and then again sampling four consecutive
pixels. We rotate the sampling destination registers so we avoid getting a 4™ order dependent read error in the shader compiler
aslong as possible.

add ro, t0, c2
texld r6, r0, sO
add ro, ro, coO
texld r7, r0, sO
add ro, r0, cO
texld r8, r0, sO
add ro, r0, cO
texld r9, r0, sO

add r1, t1, c1l
texld r10, r1, si

dp4 r6.x, rl1l0, r6
dp4 r6.y, rl1l0, r7
dp4 r6.z, rl10, r8
dp4 r6.w, rl10, r9
add r5, r5, r6
#endi f
#i f nunmMIOpsPer Fragnent >= 3

Thethird and fourth blocks simply continue to follow this pattern.

add r4, t0, c4
texld r0, r4, sO
add r4, r4, cO
texld r1, r4, sO
add r4, r4, coO
texld r2, r4, sO
add r4, r4, coO
texld r3, r4, sO

add r4, t1, c3
texld r4, r4, si

dp4 r6.x, r4, r0
dp4 r6.y, r4, rl
dp4 r6.z, r4, r2
dp4 r6.w, r4, r3
add r5, r5, r6

#endi f

#i f numMIQpsPer Fragnent >= 4
add ro, t0, c6
texld r6, r0, sO
add ro, r0, coO
texld r7, r0, sO
add ro, r0, coO
texld r8, r0, sO
add ro, r0, cO
texld r9, r0, sO

add r1, t1, c5
texld r10, r1, sl

dp4 r6.x, rl10, r6

dp4 r6.y, rl10, r7
dp4 r6.z, rl10, r8
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dp4 r6.w, rl10, r9
add r5, r5, r6
#endi f

Unfortunately the above conditional block is the last one that compiles with ps.2.0, because the first t ex| d of the next block
produces a 4" order texop error. This hand coded assembly code still manages to pack much more math into the pixel shader
than the HLSL compiler managed.
#i f nunmMIOpsPer Fragnent >= 5

add r7, t0, c8

texld r0, r7, sO

add r7, r7, cO

texld r1, r7, sO

add r7, r7, cO

texld r2, r7, sO

add r7, r7, cO

texld r3, r7, sO

add r4, t1, c7
texld r4, r4, si

dp4 r6.x, r4, r0

dp4 r6.y, r4, rl

dp4 r6.z, r4, r2

dp4 r6.w, r4, r3

add r5, r5, r6
#endi f

nov oCO, r5

3.5 Other Operations

From the operations described above, we create more by writing different variations, and writing macro operations that build
on them. We briefly summarize them here:

float Matrix ::dot(Matrix & vec); /lthis *= vec’

This is only defined if both operands are vectors. The dot product of two vectors a and b equals a'b, so we can reuse the
transposed multiply operation. Thisresultsin atemporary 1” 1 texture whose red component we read out and return.

float Matrix::nornquared();

Only defined for avector a, thissimply callsa. dot (a) .

void Matrix::multiply(float c); /lthis *= ¢

Multiplication by a constant is implemented with a simple shader that does a multiplicative blend between the destination and
ac-colored quad.

void Matrix::add(Matrix & b); /lthis += b
Unary accumulate isthe copy () operation with additive blending with the rendertarget turned on.
void Matrix::max(Matrix & a, float ref); /1this = max(a, ref)

This operation is aso similar to copy() , but also employs the max pixel shader opcode to compute the maximum of the
corresponding matrix elements.

void Matrix::mad(Matrix & b, float c); /lthis += b * c.
void Matrix::mad(Matrix & a, Matrix & b,float c¢);//this =a + b * ¢
void Matrix::mad(Matrix & a, Matrix & b); /lthis += a .* b

void Matrix::madad(Matrix & a, Matrix & b, Matrix & c, Matrix & d);

//this =a + (b +c¢c) .* d

Finally, al the different flavors of the mad (multiply add) operation are a combination of the add and constant multiply
shaders. We use . * to denote array multiplication. We also implemented some initialization operations. To create a zero
matrix we simply clear the texture to black. Identity matrices and other special matrices are best implemented by writing the
appropriate data with the CPU. Thisis also how matrices are saved and loaded from file.
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4. Applications

In this section we describe two high level algorithms that use the operations we described above. None of them reads back
intermediate results (other than scalars) from the CPU, so all the real work still happens on the GPU as a sequence of render
to texture operations. It would be possible to optimize both of them by writing special purpose macro shaders that combine
several basic matrix operations to reduce the number of render to texture operations. We have done this to a small degree by
implementing the multiply-add operations, but in general we would like to keep our operations small in number and reusable.

Both of the discussed methods are iterative. Iterative methods, in contrast to pivoting methods, are typically simple and
perform a small number of matrix operations to converge to the desired result, rather than doing a number of scalar operations
that are often difficult to vectorize.

4.1 Conjugate Gradients

The Conjugate Gradients algorithm was developed at the ETH Zurich in 1952 [4]. It is the most common iterative algorithm
used to solve a system of linear equations of the form Ax = b, where the matrix A and the vector b are given, and the vector x
is to be found. Although this algorithm has been extended to handle more general classes of matrices, we only deal with the
simplest version that requires A to be symmetric positive definite.

Our implementation of the algorithm does not have any DirectX or shader code of its own. Instead, it uses the methods of the
matrix class we created. The three-operand matrices are given:
Matrix & A

Matrix & x
Matrix & b

unsi gned n b. get NRows () ;

If the algorithm is used in a physics simulation context, is often desirable to warm start it with the solution of the problem in
the previous simulation time step, with the hope that the solution of the current time step is nearby. If the size of the input
vector X is compatible with the size of A, we assume that the user wants to warm start with x, otherwise we start with a first
guess of zero:
if (x.getNRows() !'=n || x.getNCols() !'= 1)

X.zeros(n, 1);

The algorithm uses three temporary vectors:
Matrix p, r, s;

p. copy(b);

r.copy(b);

float rr = r.nornBquared();
s.multiply(A p);
float t = p.dot(s);
float alpha =rr /
x. mad(p, al pha);
float rrnew = rr;

t;

The conjugate gradients algorithm is proven to converge to the exact solution within n steps', though we could get an
approximate solution with lessiterations.

unsigned iter = n;
for (unsigned k = 2; k<=iter; k++)

r.md(s, -alpha);

re = rrnew

rrnew = r.nornBquared();
float beta = rrnew/ rr;

! Thisis only strictly true if we were using exact arithmetic. For a discussion of the convergence properties of conjugate gradients using
floating point arithmetic, see [3].
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The most expensive operation in the algorithm is the matrix-vector multiply M*p above. All other operations are vector
operations. This makes the algorithm relatively ‘light weight’, and less suitable for demonstrating the number crunching
abilities of the GPU. On the other hand a much more expensive algorithm would be less practical, and therefore this example
isagood real world test of the GPU’s applicability to real world linear algebra applications.

4.2 Linear Complementarity Problem

The linear complementarity problem, while not as widely known as the problem of linear equation systems, is very useful for
solving a wide variety of problems, including the dynamics of resting contact. Linear complementarity problems are a specia
kind of nonlinear programming problem, which in turn is a problem of constrained optimization. The LCP problem can be
stated as:

x20
Ax+bs3 0
T —
X' (Ax+b)=0

As before, A and b are given, and x isto be found. We use the projected Jacobi method [8] for solving the problem, which is
perhaps the simplest way to do so, though not necessarily the one with the best convergence properties. The projected Jacobi
algorithm can be stated succinctly as the recursion:

X1 = max +D(Ax +b),0)
Where D is defined as:
D =v diagonaA) !

w isaconstant that steers convergence. Clever implementations of the algorithm tune this value while the solver runsto speed
up convergence; we just use afixed value. This algorithm again requires A to be symmetric positive definite.

As before, we first receive the matrices we are to operate on. Note that because d is a constant, it is also expected to be
provided as an input. This time the number of iterations is also a mandatory input because with this algorithm, there is no
guaranteed convergence for a certain number of iterations. In the code below we store the diagonal elements of the diagonal
meatrix D in a column vector d.

Matrix & X
Matrix & A
Matrix & d
Matrix & b
unsi gned it

fD o nu

unsi gned n = b. get NRows() ;

Matrix w, t;
Here we again warm start the algorithm with theinitial value of x if it exists, otherwise we start at zero:
if (x.getNRows() !'=n || x.getNCols() !'= 1)

{

X.zeros(n, 1);
w. zeros(n, 1);

el se

19



w. mul tiply(A x);

t.madad(x, b, w, d);
x. max(t, 0);

for (unsigned k = 1; k<iter; k++)

w. nul tiply(A x);
t.madad(x, b, w, d);
X. max(t, 0);

}

The above loop implements the iteration presented above. Here too the most expensive operation is amatrix vector multiply.

5. Results

Timings for Problem Size 1000

SN
|

Time (seconds)
w

N

1 i
0 | B
set add multiply transposed conjugate Icp
multiply gradients
Operation

B Radeon 9500 Pro B Radeon 9700 Pro E Pentium 4-Atlas & Pentium 4-C++

Figure 3: GPU vs. CPU performance for various operations involving 21000 © 1000 matrix.

Figure 3 summarizes the running times for the matrix copy, add, multiply, transposed multiply, conjugate gradients, and
projected Jacobi algorithms. We have profiled four configurations: Our GPU implementation running on a Radeon 9500 Pro
that was plugged into a PC with an AMD Athlon 800 Mhz processor and 256 MB of RAM, and a Radeon 9700 Pro in a P4
2.4GHz, with 256MB RAM. The two CPU configurations are a simple C implementation by the author and a program using
the ATLAS library. Both of the CPU configurations were timed on a 1.6GHz Intel Pentium 4 processor equipped PC with 256
MB RAM. We used a version of ATLAS optimized for Pentium 4 CPUs with 8 KB L1 cache, and 256 KB L2 cache; these
specifications correspond to our test system. Note that while ATLAS gains a sizeable performance boost from this cache-size
specific optimization, it means that the library has to be reconfigured for each target platform; this is somewhat impractical for
interactive entertainment software that is to be distributed to end users. In comparison, a DirectX 9 program, which only
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indirectly interfaces with hardware, and thus exploits the video card’s manufacturer specific driver optimizations, is more
flexible.

All GPU timings represent the time elapsed between the call of the appropriate Matrix class method, and completion of the
read back of the result matrix from video to system memory. Retrieving results to system memory is a significant portion of
the time needed for copy and addition, but are negligible for the other operations. The C implementation is an order of
magnitude slower than either the ATLAS or the GPU implementation, which fall in the same performance class. The GPU
transposed multiply is slower than the straight multiply because it needs more rendering passes. The CPU implementations
speeds are the same for straight and transposed multiply, because here the difference boils down to a change in matrix
indexing and computation order that does not even need to influence cache coherence.

The projected Jacobi algorithm for LCPs runs faster than conjugate gradients for a given problem size because the number of
render to texture operations in the loop is much lower, and we never read back any intermediate values from the GPU, not
even scalars. Conjugate gradients reads back a scalar value in nor nSquar ed() - this is the result of a dot product
operation, and is retrieved from the 1° 1 render target texture used in this case. Because it is only a single value it does not
stress the limited texture memory to system memory bandwidth of PCs, but it still hurts performance because it forces the
CPU and GPU to work together in a lockstep instead of working asynchronously. One could further optimize conjugate
gradients by merging its sequence of vector operations into a single operation by writing a custom ‘macro’ pixel shader. This
isleft as an exercise for the reader.

Because LCP and conjugate gradients consist of a sequence of vector-vector and matrix-vector operations, ATLAS is unable
to leverage its optimized matrix-matrix kernel, and instead adds significant overhead, loosing out to the inlined C version. For
these two algorithms data caching is less of a bottleneck, because there are less numbers to work with. Instead, raw floating
point performance is dominant, catapulting the Radeons into the lead.

Figure 4: Collapsing wall of 60 cubes.
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Figure 4 shows a practical application: a wall of 60 cubes collapsing. The smulation is performed by the projected Jacobi
code. The simulation usesw = - 0.1 and does 2n iterations, where nisthe size of the input matrix. If the problem is expressed
as a single dense matrix (with an initial size of 400" 400), the simulation runs at 2 seconds per frame. If the problem is
dynamically decomposed into small sub-problems, real-time performance is achieved. Of course, more advanced LCP
algorithms (which are less suitable for GPU implementation) can achieve even better results, because of eventually lower
storage overhead (sparse matrix) and much faster convergence.

6. Conclusion

In [6], Larsen and McAllister have benchmarked matrix multiplies on geForce3 GPUs, and have found that the GPU, working
with byte values, achieves similar performance to the CPU using single precision floating point, effectively operating on four
times as much data. They were pessimistic about the prospect of a four-fold increase in GPU performance, even if GPUs were
to integrate floating point processing capabilities. Our results above indicate that this has indeed happened only two years
later.

We have observed that the Radeon GPUs have outperformed optimized CPU code running on a mid-range PC when
executing two important algorithms. Moreover, the performance penalty due to moving data to the GPU and back to main
memory can be negligible compared to the overall cost of the computation when the problem size is sufficient. As a resullt,
this additional source of computing power should not be ignored. Instead, algorithms must be found that can exploit the
specific strengths of the GPU. Approaches that split the work between CPU and GPU and thus achieve maximum parallelism
will makeit possible to run simulations of previously untractable scales on low cost PCs.

7. Acknowledgements

Thanks to Wolfgang Engel, Tom Forsyth, and ATI and NVidia developer relations for help with different aspects of this
project, and to Erwin Coumans, Mark Harris, Stephane Redon and Jan Paul van Waveren for val uable suggestions.

8. References

[1] Jeff Bolz, lan Farmer, Eitan Grinspun and Peter Schroder, Sparse Matrix Solvers on the GPU: Conjugate Gradients and
Multigrid, To appear in the proceedings of SIGGRAPH 2003.

[2] J. J. Dongarra, J. Du Croz, S. Hammarling, and R. J. Hanson, An extended set of FORTRAN Basic Linear Algebra
Subprograms, ACM Trans. Math. Soft., 14 (1988), pp. 1--17.

[3] Axe Facius, Iterative Solution of Linear Systems with Improved Arithmetic and Result Verification, Ph.D. Thesis,
Universitat Karlsruhe, July 2000.

[4] M. Hestenes and E. Stiefel, Methods of conjugate gradients for solving linear systems, J. Research Nat. Bur. Standards
49, 1952,

[5] Jens Kriger and Ridiger Westermann, Linear Algebra Operators for GPU Implementation of Numerical Algorithms,
To appear in the proceedings of SIGGRAPH 2003.

[6] E.S. Larsen and D. McAllister, Fast Matrix Multiplies using Graphics Hardware, SuperComputing 2001 Conference,
Denver, CO, November 2001.

[7] C.L.Lawson, R. J. Hanson, D. Kincaid, and F. T. Krogh, Basic Linear Algebra Subprograms for FORTRAN usage,
ACM Trans. Math. Soft., 5 (1979), pp. 308--323.

[8] K.G. Murty, Linear Complementarity, Linear and Nonlinear Programming, Helderman-Verlag, 1988.

[9 R. C. Whaley and J. Dongarra, Automatically Tuned Linear Algebra Software, SuperComputing 1998 Conference,
Orlando, FL, November 1998.

22



