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Abstract

Synopses construction algorithms have been found
to be of interest in query optimization, approximate
query answering and mining, and over the last few
years several good synopsis construction algorithms
have been proposed. These algorithms have mostly
focused on the running time of the synopsis construc-
tion vis-a-vis the synopsis quality. However the space
complexity of synopsis construction algorithms has
not been investigated as thoroughly. Many of the
optimum synopsis construction algorithms are ex-
pensive in space. For some of these algorithms the
space required to construct the synopsis is signifi-
cantly larger than the space required to store the
input. These algorithms rely on the fact that they
require a smaller “working space” and most of the
data can be resident on disc. The large space com-
plexity of synopsis construction algorithms is a hand-
icap in several scenarios. In the case of streaming al-
gorithms, space is a fundamental constraint. In case
of offline optimal or approximate algorithms, a bet-
ter space complexity often makes these algorithms
much more attractive by allowing them to run in
main memory and not use disc, or alternately allows
us to scale to significantly larger problems without
running out of space.

In this paper, we propose a simple and general
technique that reduces space complexity of synopsis
construction algorithms. As a consequence we show
that the notion of “working space” proposed in these
contexts is redundant. This technique can be eas-
ily applied to many existing algorithms for synopsis
construction problems. We demonstrate the perfor-
mance benefits of our proposal through experiments
on real-life and synthetic data. We believe that our
algorithm also generalizes to a broader range of dy-
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namic programs beyond synopsis construction.

1 Introduction

Synopsis construction techniques consider represent-
ing the input in terms of the broader characteristics
of the data, referred to as a synopsis or signature.
These synopses or signatures, typically constructed
to minimize some desired error criterion, are used
subsequently in a variety of ways. These techniques
are important data analysis tools and have been
used in query optimization, image analysis and
signal processing for a long time. Histograms were
one of the earliest synopses used in the context of
database query optimization [50, 41, 45]. Since the
introduction of serial histograms by Ioannidis [36]
this area has been a focus of a significant body
of research, e.g., [35, 49, 38, 15, 27, 17, 24, 28],
among many others. Matias, Vitter and Wang [44]
gave one of the first proposals for using Wavelet
based synopsis and over the last few years this topic
has also received significant attention from different
groups of researchers [5, 16, 13, 11, 46, 21]. Recently,
synopses have also found applications in OLAP/DSS
systems by Haas et al. [32], in approximate query
answering by Amsaleg et al. [3] and Acharya et al.
[1], and more recently in mining time series by
Chakraborty et al. [6]. Histograms and wavelets
are not, the only synopses structures — quantiles and
samples have been used widely as well. We will not
be able to cover the entire literature and point the
reader to the survey of Gibbons and Matias [14]. In
this paper we will focus on histograms and wavelets
mostly, but the ideas have broad applicability.

Most of the existing histogram and wavelet synop-
sis construction algorithms employ a dynamic pro-
gramming (DP) approach and are expensive in space.
The fastest algorithm for optimum histogram con-
struction, provided by Jagadish et al. [38] required
Q(nB) space to construct a synopsis of size B from n
numbers; algorithms proposed for Wavelet synopsis
required Q(n?B) space. It is sometimes opined that



space used by these algorithms is not a problem with
modern computers — but superlinear space becomes
problematic even for moderate n. For B = 100 and
n = 8192, using 4 bytes to represent a number, stor-
ing n? B numbers amounts to 24 Gigabytes. Storing
nB numbers amount to 3 Megabytes; in comparison
the entire input can be stored in 32 Kilobytes. A sim-
ple fundamental question arises here: what “hidden”
interaction exists between the numbers that forces us
to require a table uses more space than is needed to
store the input? The goal of this paper is to quantify
this interaction, and to develop better algorithms in
the process.

Synopses are most useful when n is not small. We
would prefer a larger synopsis when n is large but
those cases are exactly where extra factors of B or
n hurt us the most. The space issue assumes more
importance in emerging applications such as a sliding
window data stream. In a fast data rate situation the
total space is best allocated in the main memory. If
we had larger space available then we could store
larger size synopses or consider larger size windows,
and increase overall accuracy.

Since space is a critical resource in many envi-
ronments which require synopses, it is worthwhile
being space efficient at the cost of losing a little bit
in running time. However in a surprising twist, as
experiments later in the paper show, we come across
scenarios where the space efficient algorithm, which
provably performs more work that the baseline
algorithm we started with, was faster than the
baseline algorithm. This is borne out in the case
of the approximation algorithms, such as in [25],
which were designed to improve the running time of
offline algorithms and to save space in the streaming
contexts. The space requirement was small to start
with, and space efficient adaptation of the algorithm
likely allowed the algorithm to use cache better. In
hindsight, this is of course natural, and yet another
demonstration of the interplay of space and time as
in common in database systems.

The issue of super-linear space has long been an
important one in the context of database algorithms.
One of the earliest papers in this context is by Den-
ning [10], where the notion of “working set” was in-
troduced. The thesis of the paper, that the number
of pages in main memory required by a process im-
pacts the performance, has influenced the strategies
for caching (see Smith, [51]) and buffer management
(see Chou and DeWitt, [7]). In the context of algo-
rithms, the study of memory hierarchy [2] and ex-
ternal memory algorithms (see [4, 53]) has been mo-
tivated by the need for algorithms that are “local”,

i.e., require a small footprint in memory and the I/O
operations can be batched together. In terms of syn-
opsis construction, the first part, namely the small
footprint, has been known in folklore since the work
of Jagadish et al. [38]. The idea is that the typ-
ical synopsis construction algorithms based on dy-
namic programming can rely on a small amount of
local information, the working set, and the rest of
the data structures are stored in disk. The work-
ing set approach has since been used widely. and
most explicitly mentioned in the recent work of Gib-
bons and Garofalakis [12, 13]. However the idea of
working space raises more questions than it answers
— what is the best partitioning of data, the organi-
zation on disk, etc. In this paper, we show that for
a number of synopsis construction problems the lo-
cal structure/information is the only information we
need to store. We can recompute the rest of the in-
formation without a significant increase in running
time. Therefore we show that the notion of working
set is redundant for a variety of these problems. The
central questions we study in this paper is:

1. To construct a O(B) size synopsis for O(n) num-
bers can we design algorithms that use O(n)
space? Note that for offline algorithms a space
complexity of O(n) is optimal.

2. Are there general techniques that apply uni-
formly to a range of synopsis structures?

3. Can we demonstrate that the working space is
the total space for many relevant applications?

4. Do such techniques allow “more”, i.e., improve
the running time using cleaner approaches ?

5. Are the techniques easily implementable 7 Do
we actually benefit from these new algorithms?

In this paper we take a fresh look at the DP
approach for synopsis construction problems and
identify the key aspects that lead us to space
efficiency. The ideas in this paper apply to a broad
spectrum of problems, but to render our discussion
concrete, we limit our focus to synopsis construc-
tion problems. Although space efficient dynamic
programming has been considered, in disparate
contexts, such as string matching algorithms [33],
those ideas do not immediately apply to synopsis
construction or more general classes of dynamic
programming problems. We begin by focusing on
three areas which have recently seen a lot of activity.

Example 1: Histograms. The V-Optimal
(VOPT) histogram was introduced by Poosala et al.



in [49] based on ideas proposed in [35]. Given
n numbers, and a parameter B, the goal in this
problem is to find the best piecewise constant rep-
resentation of the data with at most B pieces, such
that the sum of squares error between the data and
the representation is minimized. Jagadish et al. [38]
gave an O(n?B) time O(nB) space algorithm to find
the optimum B bucket histogram synopsis. Their
result is based on a DP approach which extends
easily to a wide variety of error measures, workloads,
etc. We note that the ideas in this paper extend to
the same space of measures as in [38]. As mentioned
earlier, the notion of working space was shown
to be effective in this context by the authors of
[38], and they also proposed an O(n?B?) algorithm
which uses O(n) space (as a small comment that
space can be reduced using recomputations). Their
algorithms implied that a “penalty” of O(B) has
to be paid in running time or space. We provide
an algorithm which uses O(n) space and O(n?B)
time and improve the state-of-the-art, which shows
that the working space notion is redundant for these
problems. The above result is not limited to VOPT
histograms; the discussion extends to other error
measures, e.g., relative error, as well as range query
histograms.

Example 2: Wavelets. Haar Wavelets are highly
popular synopsis techniques, and in case of Euclidean
error (or its square), storing the largest (normalized)
coeflicients of the data provides the best synopsis.
This is not true for other measures such as maxi-
mum error and the problem remained open. Recently
Garofalakis and Kumar [11] proposed an algorithm
that uses O(n?Blog B) time and O(n?B) total space
using a working space of O(nB) to find the best B
coefficients of the data which give the smallest maxi-
mum error. Since [11] several researchers[46, 43] ob-
served improvements but the total space complexity
remained above O(nB). The same question, as in
the construction of histograms, arises — do we need
super-linear space? We show that we can find the
best B coefficient that minimize the maximum er-
ror (also maximum relative error) in O(n?) time and
O(n) space, independent of B. Therefore, again we
show that the “working set” is redundant in this
context. For other error measures, e.g., workloads,
weighted ¢, norms, the running time is O(n?log B).
Our result also shows that the error (not the coef-
ficients) of choosing the best B coefficients can be
computed simultaneously for all 0 < B < n in time
O(n?). Thus we can choose the “right” B where
the marginal benefit drops by looking at the entire
spectrum as B varies. This solves the “dual prob-

lem” i.e., given an error bound, find the minimum
B such that the best B term synopsis will be within
the error bound, also in O(n?) time and O(n) space.
Note, storing all the coefficients in the answer for all
0 < B < n may require (n?) space — in O(n) space
we can compute the coefficients (as well as the error)
for any single B or only the error for all B.

The technique we describe here, in the context
of wavelet optimization algorithms, applies only
to offline algorithms since various quantities are
recomputed. Karras and Mamoulis [40] and we
[20, 21] provide streaming approximations for these
problems. The techniques in this paper are not
immediately applicable to these settings.  The
technique also does not apply to workload optimal
Wavelet synopsis for range query problems as
studied in [30]; because we are unable to capture the
interaction between the coefficients in case of range
query succinctly enough.

Example 3: Extended Wavelets. FExtended
wavelets were proposed by Deligiannakis and
Rossopoulos [9] to construct wavelet representations
in presence of multiple measures. They proposed a
knapsack type computation for the optimum solution
in O(nM B) space and working set O(nM + M B) for
n items with M measures and size of synopsis B. In
a recent work, [31] we were able to improve the space
to optimum solution to O(B?+ BM). Our algorithm
showed that there were a few “critical” elements in
the data which can be stored in O(BM) space and
the optimum algorithm needed to be run only on
them. But the central problem remained the same
on those “critical” elements. The state-of-the-art
is a fundamental O(nB) space complexity of the
optimum algorithm (plugging n = B). Using the
techniques in this paper, we improve the total space
complexity to O(BM), which was the working space
in [9], again showing that the working space notion
is redundant in this case. As an added advantage,
this also provides us a O(BM) space streaming
algorithm.

Approximation Algorithms for Histograms:
So far, we have discussed optimum algorithms only.
The space issue is also important in the context of ap-
proximation algorithms — the discussion on Extended
Wavelets provides some intuition. If we view the op-
timization process as a search problem in a suitable
space, most approximation algorithms seek to reduce
this search space. For Extended Wavelets the re-
duced search space corresponding to the critical ele-
ments also contained the optimal solution. In general
for approximation algorithms, the reduced search



space achieves near optimality, e.g., in approximate
histograms [27] the search space to extend the DP ta-
ble by one was reduced from O(n) to O(Be ! logn).
In [23, 47] it was shown that finding the best his-
togram which is restricted to O(Be ?(logn)log?)
well chosen boundary elements, gives us a near opti-
mum solution for the entire dataset. But the central
issue of space did not disappear - it is not surpris-
ing that the space complexity of the algorithms are
O(B%¢'logn) and O(B%e2(logn)log 1) (unless we
pay the factor B in the running time) and we are
back at the same situation where we were with the
optimum algorithms. The central idea of the paper
does carry over to approximate histograms. However
they require significantly more technical details.

1.1 Owur contributions and overview:

As mentioned earlier, our main contribution is a
broad technique that improves a significant number
of synopsis construction problems. More specifically

1. We present the general framework and the key
ideas in Section 3.

2. We present five examples where our ideas im-
prove the algorithms for optimum synopsis con-
struction.

(a) Histograms, discussed in Section 4. We
give the first O(n?B) time O(n) space op-
timum algorithm.

(b) In Section 5 we show how the idea ex-
tends to approximation algorithms for his-
tograms.

(¢) Likewise we show extensions of the idea to
Range Query histograms in Section 6.

(d) Wavelet reconstruction (non-sum  of
squares error), discussed in Section 7.
We give the first O(n?) time O(n) space
algorithm; both the time and space results
are the best known for this problem at
present time.

(e) Extended Wavelets, discussed in Section 8.
We reduce the space requirement of the
algorithm to O(BM) from O(MB + B?).
The problem is a variant of Knapsack, and
our results demonstrates that the space ef-
ficient paradigm finds use in wider set of
contexts.

3. We demonstrate that the approach is not theo-
retical — in the sense that there are no large con-
stants hiding in O() notations. We perform the

experiments on VOPT histograms and wavelets
only. Using synthetic and real life data sets
which were used in previous papers we show that
the space efficient algorithms give us the bene-
fit they promise. In case of Wavelets, we show
that our algorithm is superior to previous known
algorithms.

Note that we do not discuss quality of synopsis
across histograms and wavelets, or across error mea-
sures, which are of independent interest. Our goal in
this paper is to explore the issue of space efficiency
which apply to all of them, as well as to a broader
spectrum of optimization problems.

2 Definitions and Preliminaries

The V-Optimal histogram construction problem is:

Problem 1 (V-Optimal Histogram: Minimize Error)

Given a set of n numbers X = x1,...,%,
the problem seeks to construct a B piecewise
constant representation (function) H such that
X — H||3 = >,(xzi — H(i))? is minimized. Each
“piece” is a bucket and defines a subrange [p,q] of
the range [1,n].

We will abuse notation and will refer to the mea-
sure and the optimal histogram under the measure
as VOPT. Many other error measures exist, notably
workloads or weighted ¢, norms, maximum error
|X —H||co = max; |z;—H(3)| etc. Several researchers
have proposed the relative error metric which uses

. —H(i
some function of —Zi @)
max{|z;|,c}

to compute the error,

max{|z;|,c} |’ The
parameter c is a constant that suppresses the contri-
bution of very small data values. Figure 1 shows an

example histogram.

e.g., maximum relative error max;

Problem 2 (Histograms: Range Queries)

Given a set of n numbers X = x1,...,x, and a
workload of R ranges or intervals the problem seeks
to construct a B piecewise constant representation
(function) H such that ;e n(3ic; xi—> e H(i))?

18 minimized.

Wavelets are multi-resolution representations of the
data. There is a huge literature on this topic, includ-
ing excellent textbooks [8]. Most of the database
literature focus on Haar wavelets, due to their sim-
plicity and the existence of fast algorithms for trans-
forming the data to a wavelet representation. The in-
verse transformation is even simpler, it is simply the
addition of at most logn numbers. Haar Wavelets



Figure 1: An example Histogram, which is a piece-
wise constant approximation of the distribution.

represent the data X (of length n, assumed power of
2) by the set of orthogonal vectors, ¥;, defined below:

Pi(g)= 1 for all j

N 1 ft-—1g+1<j<e— 1
Vaee(J) = {—1 if o - hr 1< i<t
(1<t<251<s<logn)

For n = 4 the (non-normalized) {t;} are shown be-
low

{1,1,1,1},{1,1,-1,-1},{1,-1,0,0},{0,0,1, -1}

and they extend naturally to larger powers of 2.
The inverse transform of Z is defined as W~(Z) =
i Zivi. WTY(Z); can be computed in O(logn)
time without generating the full inverse. To compute
W(X), we compute the average “2:+52242 apd the
difference Z24+1-%2i+2 fo1 each pair of consecutive ele-
ments as ¢ ranges over 0,2, 4,6, . ... The difference co-
efficients form the last n/2 entries of W(X). The pro-
cess is repeated on the n/2 average coefficients — their
difference coefficients yield the n/4+1,...,n/2’th co-
efficients of W(X). The process stops when we com-
pute the overall average, which is the first element of
W(X).

Definition 1 The support SUPP(%);) of a vector 1);
is the set {jl;(j) # 0}. These support sets are
nested and are of cardinality which are powers of 2
(dyadic). Therefore we naturally have a complete bi-
nary “coefficient tree”.

The z; correspond to the leaves of the coefficient
tree, and the coefficients correspond to the non-leaf
nodes, see Figure 2. Assigning a value ¢; to a co-
efficient corresponds to assigning +c; to all leaves
j that are left descendants (descendants of the left
child) and —¢; to all right descendants. The wavelet
synopsis construction problem is defined below:

Definition 2 The Normalized wavelet basis vec-

tors ] are defined as Y] le
1t is straightforward to see that Y - X =

W(X)i\/SUuPP(v;). Further ¢ - ¢ =1 and {¢!'}

L1 [2][3][4][5][6][7][8]

Figure 2: The basis vectors for wavelets for n = 8
and the coefficient tree.

defines an orthonormal (which is o length preserv-
ing) basis. We denote the normalized transform of
X by Wi (X) (i.e., Wy (X); = X - ) and the nor-
malized inverse as W, (Z) = 3., Z; 1.

Problem 3 (Wavelets: Minimize Error) Given
a set of n numbers X = x1,...,x, the problem
seeks to choose at most B terms from the wavelet
representation W(X) of X, say denoted by Z, s.t.
a suitable function of X — W~YZ) denoting the
error is minimized. For example, | X — W™1(Z)| s
18 the minimum mazimum absolute error problem.
Observe the problem is identical if we use W, () and

W 0.

We discuss maximum error since we will compare
ourselves with previous work which uses the same er-
ror. The above definition extends to a broader class
e.g., weighted-£, /workloads. Note that for the sum of
squares error £3, | X —W,, " (2)||2 = W (X) - Z|)3
since W,,() is f2 length preserving (also known
as Parseval’s Identity) and we arrive at a sum-of-
squares problem which is minimized by choosing
the largest B terms of W, (X) and the rest as 0 as Z.

As mentioned earlier, we can also solve the dual prob-
lem.

Problem 4 (Wavelets: Minimizing synopsis size)

Given a target error € find the wavelet reconstruction
with smallest number of coefficients that is within
the error bound for a suitable error function.

The definition of Extended wavelets is in Section 8.



3 The general technique

The fundamental basis of our approach is the fol-
lowing: we want to use a divide and conquer algo-
rithm. However simple divide and conquer (think
merge-sort) does not work in these scenarios. There
are two main problems in synopsis construction sce-
narios.

e Partition. For example, we may take the
following approach: we find the best b-bucket
histogram for the range [1,...,%] and the

range [§ + 1,...,n] for all b < B and try to

merge them to find the best B bucket his-
togram for [1,...n]. The idea falls flat because

the optimum solution may not conform to a

bucket ending at 5. In fact, apriori, it is not

clear where any of the bucket boundaries will be.

e Interaction. The above problem of bucket
boundary disappears in the context of Wavelets,
since the boundaries are aligned (known as
dyadic intervals, since the set {j]|V;(j) # 0} has
cardinality a power of 2. But now a different
problem arises: the wavelets are hierarchical
and overlap. Thus in our simple strategy, there
will be interaction between the two subproblems
of half size through their parent.

The problem is that we do not know how to
divide the problem into manageable subproblems,
i.e., eliminate interaction and partition problems
simultaneously. We will use the following strategy:

Observation 1 We will use a dynamic program to
find the interface — for a histogram this would be
the boundary bucket which contains the partition; for
wavelets this would be the interaction with the parent.
In both cases it would matter how we divide the coef-
ficients in the two parts. In a sense the paradigm can
be viewed as Dynamic Programming meeting (being
used for) Divide and Conquer. It may appear that
we have achieved circularity, we have avoided a DP
based solution to use another DP ! But if the inter-
face is small size, i.e., can be specified with a few
(constant) numbers, the DP for finding the interface
can be smaller.

The reader has probably guessed the game-plan by
now, we will write a much smaller DP to find the in-
terface and then recurse in each part. The parts can
reuse the same space, since we will only be solving

at most one subproblem at a time. The above is eas-
ier said than done. We would need to answer the
following questions in order:

(A1) Does such an interface exist? Given a problem
at hand, this will be the first step.

(A2) Can the interface be described succinctly?
This issue also affects the simplicity and the
implementability of any algorithm as well as
space complexity.

(A3) Can we compute it efficiently? This would often
involve solving for part of the original problem,
e.g., if someone told us that the minimum error
was 10, can we use the fact ? The answer is
no, we cannot use the fact that the error is 10.
But if the person could “prove” that 10 was
the minimum — we can use that “proof” to find
good division/interface. The fact that we also
know the error is an accident. We shall see
examples of this shortly, but to think ahead, a
dynamic program is a recursive “proof”.

The central part of the paper will be the following
general theorem, the proof of the theorem is almost
self evident, the difficulty is in applying it.

Theorem 1 (Single Cut) Suppose there ezists a
partitioning that decomposes the problem into two
subproblems of size mo more than half the original,
and we take g(n, B) time to find the partitioning.
Then the overall synopsis construction problem can
be solved in time f(n,B), where f(n,B) is at most
g(n,B) 4+ 2f(%,B), using a divide and conquer ap-
proach. In fact the running time can be further tight-
ened to

J(n,B) < g(n, B) + max {f (5. Bi) + [ (5, B~ Bu)}

The proof follows if we assume f(n,B) is mono-
tone non-decreasing in n, B. The above partitions
n, since n is almost always the dominating term, the
above theorem will be the most useful in our context.
We can also express the above theorem in context of
partitioning B.

Corollary 1 (Single Cut) Suppose if we partition
on B such that each part has at most L%J buck-
ets and we take g(n,B) time to find the partition-
ing. Then the overall synopsis construction prob-
lem can be solved in time f(n,B), which is at most
g(n,B) + 2f(n, | Z52]), using a divide and conquer



approach. The running time can be further tightened
to

B-1

nlnéi)fl{f(nla LTJ)
B-1

+ fn—m = 1B-1- |

f(n,B) <g(n,B) +

Here is a more interesting version of the above the-
orem, which helps us in the case g(n, B) = O(nB).

Theorem 2 (Double Cut) Suppose there exists a
partitioning that decomposes the synopsis construc-
tion problem into three subproblems such that both
the parameters n', B’ in each of the subproblems are
no more than half the original, and we take g(n, B)
time to find the partitioning. Then the overall syn-
opsis construction problem can be solved in time
f(n,B) < g(n,B)+3f(%, %) using a divide and con-
quer approach.

Intuition: The result follows from first partition-
ing such that each side is smaller than n/2, and then
partitioning the side which has larger than B/2 coef-
ficients. The result follows from monotonicity of f().
The above approach saves one subproblem out of pos-
sible 4 if we divided n, then divided B and so on. In
the case where g(n, B) = O(nB) if we apply the sin-
gle cut theorem we would get f(n, B) = nBlogB or
f(n,B) = nBlogn. The use of the double cut theo-
rem will be shown in the case of Extended wavelets.
For the most part of the paper, we will restrict our
discussion to the Single Cut. There are however
places where the Double cut provides us a better
result, notably, if B is large as well. Let us now
investigate the examples where the above approach
helps us.

4 Example I: Histograms

The VOPT histogram is a classic problem in syn-
opsis construction. Given a set of n numbers X =
Z1,...,Ty, the problem seeks to construct a B piece-
wise constant representation H (function) such that
|| X — H]|2 (or its square) is minimized. As mentioned
earlier, since their introduction in query optimiza-
tion in [36], histograms have accumulated a rich his-
tory [37], further, [38] gave a O(n?B) time algorithm
to find the optimum histogram using O(nB) space.
They observed that the space could be reduced to
O(n) at the expense of increasing the running time
to O(n?B?).

Several different optimization criteria have been
proposed for histogram construction, e.g., {1, relative
error, {, to name a few. However most of them are

based on a dynamic program similar to the VOPT
case. Thus the VOPT histograms provide an excel-
lent foil to discuss all of the measures at the same
time.

4.1 The VOPT Algorithm

Jagadish et al. [38] show that if a “bucket” or range
[f+1,...,i is approximated by one value, as is the
case in histograms, the best value v which minimizes
the error e(j +1,i) = 30—y (xr —v)* is the mean
(>=5—j412r)/(i—j). Based on this they gave a nat-
ural DP algorithm which is given in Figure 3.

Algorithm VOPT

begin

1. Let E[i,b] be the min error b bucket histogram for [1,..., .
2. Initially E[i, 1] < e(1,4) forall1 <i<n

3. For b =2 to B do

4. For i =2 to n do {

5. Ei,b] = 0o

6. For j =4 — 1 downto 1 do {

7. Eli,b] — min{E[i,b], E[j,b— 1] + e(j + 1,9}

8. (Optional) If (E[:,b] < e(j + 1,%)) break;

/* perform book-keeping if minimum is changed */
/* i.e., store the minimizing j in array Pli, b] */
/* that allows the solution to be reconstructed */

}

end

Figure 3: The VOPT algorithm

To compute the quantities e(j+1,4), we can main-
tain two arrays SuM[i| = Zi:l x; and SQSUM[i] =
> _, x7 and compute e(j 4+ 1,4) in O(1) time as fol-
lows (see [38]):

(Sum[i] — Sum[j])?
i—J

The strength of the above algorithm is its general-
ity; it operates with virtually any definition of e(j +
1,1) as long as we can compute it efficiently; changing
the sum in Line (7) to max for maximum error, etc.
The O(n?B?) algorithm uses the array E[*,b— 1] to
construct E[x,b] but discards E[*,b— 1] immediately.
It of course does not store the bookkeeping array PJ, |
since it cannot store O(nB) items. So when the algo-
rithm computes E[x, B], it uses the minimizing j, i.e.,
argmini<j<n E[j,b— 1]+ e(j + 1,n), to recursively
find the buckets for [1,...,5]. The optional state-
ment in Line (8) significantly improves performance
since it avoids useless searching. If the precondition
of Line (7) is true, then any smaller j will yield no
better a solution since e(j' +1,4) > e(j + 1, 1) for all
j' < j. In fact in the experimental section we will see
that the pruning yields significant benefits for skewed
data.

e(j+1,1) = SQSUM[i|—SQsuM[j]—




4.2 Applying Our paradigm: The Al-
gorithm SpaceOpt

As the reader knows by now, we will try to find the

“interface” or the bucket that contains 7.

Definition 3 Given n, B, define MB(1,i,b) to be
the the triple (p,q,b") such that in the optimal b-
bucket histogram for the subrange [1,... 4] that con-
tains the point | %] in the bucket [p,q| and the his-
togram uses b’ buckets to the left of p.

Lemma 1 If MB(1,n, B) is the triple (p,q,b) then
the partitioning [1,p—1] and [q+1, n] satisfy the three
criterion (A), (B),and (C) in the previous section.

Proof: The fact that the partitioning has no inter-
action between the two subproblems is easy to ob-
serve. The description of the partitioning is the triple
(p,q,b) and is succinct - we will prove that we can
compute it by providing an O(n?B) algorithm. Wl

Assuming that such an algorithm exists (which we
will see shortly), we can apply the Theorem 1 and
the running time of the overall algorithm f(n, B) can
be bounded by f(n, B) < g(n, B) +2f(%, B). Since
p < § < g the two subproblems on [1,...,p— 1] and
[q+1,...,n] are of size at most . If the running time
of the algorithm that finds the division is g(n, B) =
an?B for some constant a, then f(n,B) < 2cn?B
solves the above equation since

f(n,B) < anQB—i-Qf(g,B)

< an’B+ 2a(g)23 n 4f(%, B)
2B an’B
< an’B+ an2 + an4 + -+ < 2an*B

The above implies that the time to find the in-
terface is at most doubled. In fact we can use the
tighter formulation to set up an?B+ # +---. But
in any case the algorithm is O(n?B) and we will see
how the algorithm holds up in practice. Therefore
summing up, If we can find the middle bucket in
time O(n?B) and space O(n) then we can solve the
V-Optimal histogram problem in time O(n?B) and
space O(n) using our framework (the subproblems
can use the same space).

4.3 Finding Middle-bucket efficiently

Consider a DP which proceeds from i = 1toi =n
and constructs the optimum b-bucket synopsis for the
interval [1,4]. Our goal would be to remember that
bucket when we cross the n/2 point, that is, when

Algorithm Middle-Bucket(s,t,b)
begin
Fori=s+1tot {
M][i] < (s,14,0)
E[i] « e(s,1)

1

2

3

4.

5. For b = 2 to b do {
6 newE[i] = oo

7 Fori=s+1tot do {

8 For j =i — 1 downto s do {
9

If (newE[i] > E[j] +e(j + 1,4)) {

10. newE[i] = E[j] + e(j + 1,1)

11. If (j > t=5*1) then newM[i] «— M[j]
12. else newM[i] — (j +1,t,b' — 1)

13. }

14. (Optional) If (newM|[i] < e(j + 1,1)) break;
15. }

16. M «— newM; E < newkE;

17. }

18. Now M][t] contains M B(s, t,b)

end

Algorithm SpaceOpt(1,n,B)

begin

1. Initialize stack to empty.

2. Push (1,n, B).

3. While stack is non-empty {

4. Pop the top of stack, say (s, t,b)

5. If b > 1 then {

6. Let (p, q,b") «— Middle — Bucket(s, t,b)
7. Push (s,p —1,b') and (¢ + 1,t,b—b" — 1)
8. } elseif (b = 1) Output [s, t] as a bucket

// We may have b = 0 which we need to
// check when we push. We also compute
// and output e(s, t), maintain sum etc.

9. 1}

end

Figure 4: Algorithms M B(1,n, B) and SpaceOpt.

i > n/2 and the last bucket is [4,7] and j < n/2.
This is quantified below:

Lemma 2 Suppose the last bucket for the optimum
b-bucket histogram for [1,...,d] is [j+1,i]. If j < &
then MB(1,i,b+1) = (4,4,b) otherwise MB(1,i,b+
1) = MB(1,4,b).

Proof: If j > 3, the fact that any prefix of the buck-
ets in an optimum histogram are optimum for their
range (otherwise, the overall error would go down by
choosing a different histogram) allow us to conclude
that M B(1,,b) is also the bucket that contains %
for the best b+ 1 bucket histogram of [1,7]. In the
other case, MB(1,i,b+1) = (4,1, b) by construction.
|

The above lemma gives us a dynamic programming
algorithm for computing M B(1,i,b). The pseu-
docode is given in Figure 4. The overall idea is to
construct M B(1,n,B) from MB(1,n,B — 1). The
array M|i] keeps track of the M B(1,n,b) for various
b and is initialized for b = 1. Note that we are com-
puting E[i,b] in newE, but not storing it. We are
computing M B(1,4,b) in newM|[i] and we are using



it to compute M B(1,i,b+ 1). Observe that we know
the minimum error in E[n] at the end of the compu-
tation — but we do not know the buckets that give the
error. We need the divide and conquer strategy to
give us that. This brings us back to the discussion
that we are computing the minimum, but only using
the proof of minimality and not the value. Therefore
we are ready to conclude the following:

Theorem 3 We can compute the V-Optimal his-
togram in time O(n?B) and space O(n) by the
SpaceOpt algorithm, i.e., repeatedly finding the mid-
dle bucket and solving the two subproblems.

Implementation details: The above pseudocode
is almost the actual code. The O(n) space is due to
the fact that we store £, M, SuM, SQSUM. We need a
stack to keep track of the recursion. If we are solving
to find a b > 1 bucket histogram for [s,¢], which is
at the top of stack, we find the middle bucket (the
1 in the pseudocode is s and t = n, so 2 is 152
for this subproblem); if that is (p, ¢, "), then we pop
the top of stack and push a b'-bucket problem for
[s,p—1] and a b— b’ — 1 bucket problem for [¢+ 1, 1]
to the stack. If b = 1, we have our bucket — we
simply pop and output it. Note that the size of the
subproblems on the stack decrease by a factor of 2
or more. Each subproblem is represented using three
numbers; two for the start and end of the subrange
and the third determines the number of buckets in
this subrange. Thus the overhead from the stack is at
most O(logn). This implies that the space to store
E, M,SuM, SQsuM dominates, and the total space is
O(n).

4.4 Generalizations to measures other
than VOPT

The basic dynamic program provided by Jagadish
et al. [38] extend in a straightforward fashion to
other error measures. This has been observed by
several researchers, we quote the discussion in [28].
The properties used in the DP for VOPT can be suc-
cinctly expressed as:

(B1) The error of a single bucket is only dependent on
the values in the interval defined by the bucket
and nothing else. That is, SQERROR(4,j) de-
pends on the values of ¢, j and z;, Tit1,...,2;
only. Without this important property, the dy-
namic programming formulation would not be
possible.

(B2) The overall error function, TERR, is the sum of
the errors, SQERROR, in each of the B buckets.

(B3) The fact that SQERROR(i+1, j) can be computed
from Sum|i], SQsuM[i] ,SuM[j], and SQsum|[j] al-
lowed us to compute SQERROR(¢ + 1,7) in time
O(1) time.

Theorem 4 (Theorem 6, [28]) Suppose we are
given a histogram construction problem where the
overall error Ep is sum of the errors Ep of each
of the buckets where Ep(i,j) where Eg(i,j) depends
only on z;,...,x;. If we can compute o data struc-
ture INFO using time O(nT') and space O(nP) such
that any Ep(i,j) can be computed in time O(Q) from
the records INFO[i] and INFO[j], then we can find the
optimum histogram in time O(nT +n?BQ) time and
O(n(P + B)) space based on dynamic programming
algorithm in [38].

Based on the above, and Theorem 3 we can immedi-
ately conclude:

Theorem 5 Suppose we are given a histogram con-
struction problem where the overall error Ep is sum
of the errors Ep of each of the buckets where Eg(i, j)
where Eg(i,7) depends only on x;, Tiy1,...,x5. If
we can compute a data structure INFO wusing time
O(nT) and space O(nP) such that any Ep(i,j) can
be computed in time O(Q) from the records INFO[]
and INFO[j|, then we can find the optimum histogram
in time O(nT +n?BQ) time and O(nP) space based
on the SpaceOpt algorithm.

Applications: There are several immediate appli-
cations, we will not repeat the details which are avail-
able in [27, 31, 28]. Most notable examples are

o Sum of Absolute Errors: We need to efficiently
compute the median of any interval. In this case
P=Q=T=0(logn).

o Approzimation by piecewise splines: In this case
P =T =0(d) and Q = O(d®) where d is the
degree of the spline.

o Relative Error: The relative error minimizes

some function of the terms ’LH(”’ More
max{|z;|,c}

details are available in [31].

5 Example I.(a): A pproxi-
mation Algorithms for His-
tograms

It is natural to ask: what improvements are guaran-
teed by the above technique in context of approxima-
tion algorithms for histogram construction? We show



that (i) that the approximation algorithms carry over
for a broad class of general measures (ii) for date
stream algorithms we can show improvement for the
VOPT measure only. The reason behind (ii) is that
for streaming algorithms the space bounds arise from
more than one context; even if we improve the space
required for error evaluation the bottleneck of “how
much information must be stored” cannot be over-
come. We overcome the problem for VOPT due to
a special Pythagorean property of the VOPT error
shown in [23].

We begin by a short review of the known results for
approximation algorithms. Our discussion will once
again follow the V-Optimal histogram construction;
we indicate generalizations/restrictions wherever ap-
propriate. Jagadish et al. [38] give an approximation
algorithm that runs in time O(n?B/f) and uses B +/
buckets while guaranteeing the quality of the (B+/£)-
bucket histogram constructed is no worse than the
best B-bucket histogram. Since their result signifi-
cantly stronger algorithms have been proposed which
do not relax the number of buckets and run signif-
icantly faster. We focus on approximation schemes
where given a precision parameter ¢ > 0, the algo-
rithm will return a solution which is at most (1 + €)
times worse than the optimal solution. See [34, 52]
for discussion on approximation schemes. The results
can be summarized in the Table 1.

The streaming model assumes the data items z;
are presented one at a time in an increasing or-
der of 7. Thus for time series and analogous ap-
plications these algorithms are one-pass stream al-
gorithms. The “Y/N” indicates that the algorithm
applies to sliding window data streams.

The algorithm of [17] applies to a more general
model of streaming, and is quite complicated. It
shows that collecting a number of suitable wavelet
coeflicients gives us a robust histogram — whose er-
ror does not go down on adding a few extra buckets.
It then uses the robust histogram to construct a his-
togram with B buckets using a DP similar to [38, 27],
and any improvement to these algorithms translate
analogously.

We have already seen the O(n) space O(n? B) algo-
rithm in the previous section. The next two results in
this paper follow from our discussion in the previous
section and the results of [28] and [23].

5.1 A O(n+ £) space approximation
algorithm

In [28] we showed how to find an (1 + e)-
approximation algorithm in time O(n + B3(e72 +
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logn)logn) for the optimal B-bucket histogram con-
struction problem. This is the fastest approximation
algorithm till date, however the space complexity is
O(n + B?¢7!). The dominant term is O(n) if with
B > \/n. But in many scenarios we may be able to
store a larger number of coeflicients in our synopsis
for example B &~ n?/3. The above algorithm requires
superlinear space. In the extreme case we may set
B = n/100, which achieves a factor 100 compression
of the data, the above space complexity is quadratic.
The above suggests that we do not have a smooth
and graceful tradeoff, and a natural question arises
in this context:

Question 1 Can we achieve a fast (therefore possi-
bly approximate) and space-efficient computation of
histograms in the range where B is not too small?

In what follows, we provide a space efficient version
of the approximation algorithm and make the space
linear in min{n, Be~'}. Before proceeding further,
we first summarize the main ideas used in [28] and
indicate the main challenges which require new ideas.
Subsequently we provide the improved algorithm.

5.1.1 Review of Approximation and Chal-
lenges

The key idea behind [28] was that since all the inter-
vals arise from the same basic sequence of n values,
we can try to prune wisely and not evaluate the error
at all of the O(n?) intervals. Clearly, for such an ap-
proach to succeed, there must be added structure in
the relationship of the error and the intervals. This
is encoded in the definition below:

Definition 4 A function f on intervals is defined be
interval monotone if for all intervals I' C I f(I') <

f).

And if the preconditions (B1)—(B3) to Theorem 5,
as well as the following two conditions hold, then we
can claim the next theorem for VOPT error.

(B4) The error SQERROR(Z, j) is an interval-monotone
function. This property allows the approxima-
tion algorithm to prune the number of intervals
we evaluate the function. The dynamic pro-
gramming of the optimum algorithm tries all
possible choices and does not require this prop-
erty.

The value of the largest number R (and therefore
the maximum and the minimum nonzero error)
is polynomially bounded in n.



[ Paper [ Measure [ Stream [ Factor | Time (for V-OPT) Space
[38] general No Opt O(n?B) O(nB)
general Y /N Opt O(n’B?) O(n)
27 general Yes (1+e€) O(nBT) O(BT)
26 general Y/N (1+¢) O(n + Br2logn) O(n + BT)
[17] VOPT,(, Yes (1+e) O(n + ((Blogn)/e)°™) O(((Blogn)/e)?M)
[23] ([47]) | VOPT only Yes (1+e€) O(n + B%¢ "log”nlog” L O(B%e¢ “lognlog 1)
O(n + B*e % log? n log? ) O(Be ?lognlog 1)
[31] general Yes (1+e€) O(n+ BrZlogT) O(Bt7logn)
[28] general Y/N (1+e€) O(n + B3(e” 7 + logn) logn) O(n + B%e™ 1)
general Yes O(n+1M) O(Bt + M)
Here general Y/N Opt O(n”B) O(n)
general Y/N (1+¢€) O(n + B3(e™2 4 log n) log n) O(n +min{n, £}) = O(n)
VOPT only Yes (1+¢) | O(n+ B3(e2 4 logn)log?n) O(Be 2 logn)

Table 1: Summary of results on similar problems 7 = min{ Be ! logn,n} usually 7 < n and M = B(Be ™! log? 7+
lognloglogn) < Br?logT < B72logn. Note that the space requirement in this paper is linear in B while

preserving an O(n) asymptotic running time.

Theorem 6 (Theorem 3, [28]) In O(n +
B3(logn + e 2)logn) time and O(n + B%e 1)
space, we can compute an (1 + €)-approximate
B-bucket VOPT histogram of n points. Further-
more, for a sliding window model we can compute
a histogram of the previous n elements in time

O(B3(logn + ¢ 2)logn).

E[j,b-1]

Figure 5: The approximation of E[j,b — 1].

For other errors, similar results can be found in
Theorem 6, [28]. The central idea was to recon-
sider the step 4.1 in Figure 3 and observe that since
E[j,b — 1] is an increasing function and e(j + 1,4)
is a decreasing function (as j increases, for both),
we can approximate E[j,b— 1] by a “staircase type”
function which allows us to compare the sum only
at the circled “knees” of the function, as shown in
Figure 5. The savings, in both time and space, arise
from the fact that the number of these knees is small.
But there is a tradeoff involved, because the function
E[j,b—1] has to be approximated well — it was shown
in [28] that if we knew that the error was between
A and 4A then we can have the height of the stairs
set to Ae/B and the size of the staircase is O(B/e).
This precision of Ae/B was necessary, because of the
for-loop in step 4.1 of Figure 3 which essentially accu-
mulates the approximations additively (this additive
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behavior requires proof, but the details of the proof
are not directly relevant to the discussion here). But
since the for-loop was executed B times, we accu-
mulated an error of eA which gave us the 1 + ¢ ap-
proximation. If A were nonzero, we started from
a provable lower bound and repeatedly doubled A
till we got an 2-approximate solution in the range
A and 4A. The A = 0 was an easier case. How-
ever, we still were working with the same dynamic
program and thus we needed to store the approxi-
mations for all 1 < b < B and this made the space
requirement O(n + B%/¢). The running time arose
from three facts (i) to evaluate E[é,b] (in fact this
will be referred to APXERR][¢,b] subsequently since
we are computing approximations) as we needed to
minimize over O(B/¢) values (ii) we needed to com-
pute APXERR][i,b] for O(B/e) values of i, which is
needed for evaluating any APXERR[-,b + 1] and (iii)
to find the knee points, we have to perform a binary
search which introduces a O(logn) factor (note that
the binary search also requires proof because we are
using the approximate values rather than the exact
values, once again the details of the proof will not
be relevant here the interested reader should consult
[28]). Therefore the running time (once we know A)
over all the values of b, is O(B %% logn). The other
term of O(B3log®n) arises from the search for A;
here the € is set to a constant but we may perform
the search logn times as we raise A by powers of 2.

The natural direction we take is to use the alter-
nate dynamic program in Figure 4. However several
challenges arise:

e Consider a strategy similar to that of SpaceOpt
in Figure 4 where we found the bucket which
contained the ¢ = n/2 point. It is conceivable
that this partitions the approximate histogram



into parts which has B — 1 and 1 buckets. Now
since the running time is O(B3¢ 2logn) (as-
sume the good case that we know the respec-
tive As) then by this process we may be invok-
ing the routine B times (because of the split).
Thus the running time would become at least
Q(n + B*2logn) ignoring other terms. This
tradeoff is similar to the alternate algorithm
based on [38] which used O(n) space but at the
cost of blowing up the time by a B factor to
O(n?B?). The problem arises because n is not
the dominant parameter of interest in the run-
ning time. Clearly, this is undesirable and we
would have to partition the problem differently.

e The approximation algorithm introduces depen-
dencies which are across the board; because we
minimize APXERR[j,b — 1] + e(j + 1,4) the ap-
proximation of the later buckets depend on the
approximation of the earlier ones. This implies
that to adapt the approximation algorithm we
would have to encode this dependence in the in-
terface. Of course, we can try to come up with
a different partitioning and computing scheme,
but that would require a new proof of correct-
ness (of approximation) and we will avoid that
here. We reiterate that the main mission of this
paper is to demonstrate that existing algorithms
can benefit from the space efficient strategy de-
tailed here, and to this end we would like to keep
the older algorithms intact.

5.1.2 A new algorithm: The Other Middle
Bucket

The discussion of challenges naturally identifies that
the “interaction” between the two sub-problems
must include the value of APXERR[q, | £ +1]. This
suggests that the second part of the problem should
try to optimize a function which is the actual error
plus a value of APXERR[q, [ 252 + 1].

Definition 5 Given n, B, define the other middle
bucket OM B(s,t,b,S) to be the endpoint q of the
| 251 | + 1-th bucket [p, q] in the optimal b-bucket his-
togram for [s,...,t] where the APXERR values are
shifted by S (that is we add S > 0 to all the values).
Note that this shift does not affect the optimum algo-
rithm, but does affect the approximation. We specify
the middle bucket by the (p, q, APXERR|q, | 252 | +1]).

The description of the partitioning is succinct, and
it clearly exists — we will prove that we can compute
it efficiently by providing an algorithm. Therefore
the partitioning [1,p — 1] and [¢ + 1, n] will satisfy
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the three general criterion in Section 3 and we will
have a space efficient approximation algorithm for
VOPT histograms. The algorithm is given in Fig-
ure 6, which shows how to compute OMB. The
main work is done in procedure SubSpace-A whose
input parameters are the range [s,t|, the number
of buckets b, the shift S and two other parameters
z, MaxFEst. MaxEst determines the maximum er-
ror which we expect — this is used for pruning com-
binations which will not lead to small error. The
parameter z is the step size of the approximation
and is typically /B times the overall error for [1,n].
However, these parameters z, MaxFEst are set by
Space-A, in increasing power of two so that the al-
gorithm first quickly finds a 2 approximation and
then the algorithm proceeds to a 1 + € approxima-
tion. The main benefit of this is that the repeated
(possibly) failed searches for the upper bound of the
error is significantly fast and is independent of e,
and these correspond to the two terms in the run-
ning time. SubSpace-A uses the two queues Og, Ng
corresponding to computations of APXERR[*, k — 1]
and APXERR[*,k]. The OMB, NOMB are used to
keep track of OMB(s,t,b,5). This quantity first
gets defined when k = U’_le + 1 (in the procedure
CBList). The procedure CBList is an algorithm
which starting from the end constructs the “knees”
or the boundaries where APXERR[*, k] jumps by at
least z. Thus the number of boundaries cannot be
more that MaxEst/z which will be O(B/¢). The im-
plementation of C'BList appears to be complicated,
but is in fact a simple tail recursion (which avoids
duplicating binary searches). Note that Og, Ng and
OMB, NOMB gets switched as k < k+ 1 and that
accounts for the overall O(B/e) space. The proce-
dure StackSpace-A which outputs the buckets using
the space efficient recursion and the outermost algo-
rithm Space-A are given in Figure 7. These frag-
ments, compared to [28], show that small changes
suffice in developing the space efficient approxima-
tion algorithm.

Given that an efficient algorithm to find OMB ex-
ists, the running time of the overall algorithm f(n, B)
can be bounded by f(n, B) < g(n, B)+2f(n, [ £2]).

Observe that this is the best possible since the
two parts may together be larger than n. This is
because of the start < b described in the Cre-
ateBestList procedure — basically the approximation
cannot guarantee a clean separation. If the run-
ning time of the algorithm that finds the division
is g(n, B) = aB3¢?logn for some constant a, then
f(n,B) < 2aB3¢ 2logn solves the above equation



Procedure SubSpace-A(s,t,b, S, z, Max Est)

begin

/* Compute the OM B and approx. b-bucket histogram

for [s, t], minimizing the error of the histogram plus S.

Mazx Est is the upper bound of the error

z is the step size of approximation */

Og has one element s — 1 with APXERR[s — 1,0] = S
/* Note: This change alone “shifts” the values. */

—

2.  Ng is set empty

3. Fork=1tob{

4. CBList(s,t,bk, MaxFEst, z, Oq, Ng, OMB, NOMB )
5. Copy Og <+~ Ng and OMB «— NOMB

6. Set Ng empty, NOM B will be overwritten

7.}

8. OMB(Ogq.size — 1) contains OM B(s, t,b, S)

9. We also return APXERR[t, b].

end

Procedure CBList(s, e, b, k, C, z, Og, Ng, OMB, NOMB)
begin
Compute APXERR[s, k] using Og
Suppose the index of Og which gave the minimum is i
if (APXERR[s, k] > C)

return C /* drop the interval */
while (s < e ) do {

m— (s+e+1)/2

C « CBList(m, e, k, C, z, Og, Ng, OMB, NOMB)

/* Cchanges here */

if (APXERR[start, k] > C) then return C

/* Drops interval, but queue was changed */

9. e—m—1

N oW

®

10. }

11. if (APXERR[s, k] < C) {

12. Insert s at the front of Ng

13. C «— APXERR[s, k] — z

14. If (k= [%5%] + 1) then

15. Insert (i, s, k, APXERR[s, k]) in the front of NOMB
16. Else Insert(copy) OMB(i') in the front of NOM B.
17. }

18. return C

end

Figure 6: Algorithm to find OMB(1,n, B, S)

)

because
3.—2 B-1
f(nuB) < aB’e 10gn+2f(n7 \_TJ)
3 -2 B -1 .
< aB’c¢ “logn+ 2f(n, 5 ) (monotonicity)
B3¢ 2] B -
< aB3¢ %logn+ 2% +4f(n,
< aB% logn + aB3e:l2 logn aB?’e;; logn

< ZcLBge*2 logn

Note that g() corresponds to the second part of
the running time, when we are performing the finer
grained search as opposed to the initial part where
we are only interested in finding an upper bound of
the error. We conclude with the following:

Theorem 7 We can compute an (1+¢€)-approzimate
B-bucket VOPT histogram in time O(n+ B3 (logn +
€ ?)logn) and space O(n+ Be™') by repeatedly find-
ing OM B and solving the two subproblems.
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Procedure StackSpace-A(B, MazFEst, z)

begin

1 Initialize stack with (1,n, B,0).

2 error «— 0

3 While (stack # empty) {

4. Let (s,t,b,S) « Pop(stack)

5. If ((t > s) and (b > 1)) {

6. Let (p, q,b,S") «— SubSpace-A(s, t,b, S, z, Maz Est)
7 Push (s, p, L%LS)

8 Push (q,t,b— [ 23] —1,5)

9 } elseif ((b=1) and (s <t)) {

10. Output [s, t] as a bucket, error4+ = SQERROR(s, t)

Algorithm Space-A
begin
1. Create SuM, SQsuM, Cutoff «— 0; z «— 0

2 E — SubSpace-A(1,n, B, 0, z, Cutoff )

3 if £ = 0 return

4. A « 1/2 /* minimum error for integers */
5. Cutoff — 2(1+ €)A; z — £

6 E — SubSpace-A(1,n, B, 0, z, Cutoff )

7 while E > 4A do {
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. A —2xA
9. Cutoff «— 2(1+ €)A; z — £
10. E «— SubSpace-A(1,n, B, 0, z, Cutoff )
11.

}
12. A — E/2, Cutoff «— 2(1+€)A; z — %
13. StackSpace-A(B, Cutoff , p, z)

Figure 7 Recursive Algorithm
StackSpace-A(1,n, B) and the overall algorithm
Space-A

5.2 Data Stream Algorithms for

VOPT Measure

Data stream algorithms are algorithms that compute
a function in a small number of passes over the input
under the restriction that the memory is sublinear
in the input size and any item not explicitly remem-
bered cannot be accessed in the same pass. In keep-
ing with tradition, unless we use explicitly mention
the prefix multi-pass, we will use the data stream set-
ting to denote the scenario where only a single pass
is allowed.

.. Constructing a synopsis in the data stream model

is an attractive proposition, primarily due to the fact
that the scenarios we are most interested in data
compression are the scenarios where system mem-
ory is scarce. As seen in Table 1, starting from the
results of [27] there has been a significant research
on data stream computation of histograms. In this
discussion we would limit ourselves to the time se-
ries model where the input data X is specified as
X1,Xo,...,X,, in order. Note that all the stream-
ing algorithms which apply to general error measures
take space quadratic in B (ignoring other terms). An
interesting deviation is the case of VOPT error where
the results of [23, 47] show that the VOPT histogram



approximations can be achieved via wavelets, thus
shedding some light on the question regarding the
comparison of these two differing synopsis techniques
in the context of the VOPT error. This is an interest-
ing “presynopsis” approach, where we first filter out
most of the irrelevant information and then compress
the information into our final synopsis.

However, not surprisingly, the same dichotomy, as
in the case of the optimal VOPT algorithms remain.
The main idea of [23, 47], is a different answer to
the question posed in [27] namely, “can we limit the
number of points at which we evaluate the dynamic
program to construct the (near) optimal histogram?”
The solution of [27], extended in [28], was to find
these points recursively using the dynamic program
itself. The solution suggested in [23] was to use the
boundary points defined by the largest wavelet coeffi-
cients; however this idea was only shown to be useful
in the context of VOPT error. It was proved that

Theorem 8 [23, 48] The best B-bucket histogram
(in VOPT error) where the boundaries are restricted
to be the boundaries of the largest O(glognlog%)
wavelet coefficients of the data give a (1+¢€) approxi-
mation to the best B-bucket histogram over the entire
original data.

The suggestion in [23, 48] was to use a modified
version of the optimal dynamic program of [38]. The
curious reader must have asked the question that
why not use the approximation algorithm of [27, 28],
the answer is that then the space requirement is
quadratic in B (ignoring logarithmic terms). But
the downside of using the algorithm of [38] was
that to guarantee O(B) space, the running time is
increased by a factor of B to B* (ignoring other
terms, see table 1).

Therefore, we are again considering the Ques-
tion 1, that can we really achieve the best of every
possible world, (that is near linear, in B, space us-
age and not pay any excess in running time) when
B is not too small. We are revisiting the same ques-
tion of space efficiency as we have seen in the last
few sections. The reader possibly notices that the
answer, based on the previous sections, would now
follow naturally. We will use the most space efficient
algorithm we have — the Space-A algorithm. But,
we will need to apply Space-A with a twist, since we
cannot afford O(n) space!

The main idea is the following two step process,
but first note that the VOPT error of approximating
X (defined over [1,n]) by H is equivalent to || X —H |3
or the ¢3 difference of the two n dimensional vectors
(X; indicates the value of the ' dimension).
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1. We will show that we can store an approxima-
tion X’ of the signal such that for any B bucket
histograms H the error || X — H|| = || X' — H|.
The benefit however is that X’ can be specified
exactly using O(Be ?lognlog 1) wavelet coeffi-
cients.

2. Now we will use Space-A on this X’ and in-
stead of storing X’, generate the entries of
X’ as needed. The total space usage will be
O(Be?lognlogl) + O(Be!). Note that we
may obtain boundary points other than the
boundary points of X'; this is the point of de-
parture from [23, 47] and gives us the savings in
terms of space. Also note that Space-A itself is
not amenable to a one pass implementation, the
use of the compressed signal was necessary.

The wavelet coefficients are constructed in a stream-
ing fashion as well (see details in [23]). For each of
the endpoints of the wavelets we store SUM, SQSUM.
We will run the Space-A algorithm with a twist; we
will change the SQERROR() function. Suppose we are
interested in evaluating SQERROR(u, v) then instead
of using SQSUM, SUM we will use SQsuM’, SuM’ de-
fined as follows: Since X’ is a combination of several
wavelet terms, it is piecewise flat. Suppose u lies
between two consecutive boundary points vy, ve of
X'. Let that flat height between vi,vy be h. Now
we also know that SUM'[u] = SuM[v1] + h(u — v1),
where SUM’ refers to X’. Likewise SQSUM'[u] =
SQsuM|[v1]+h?(u—v1) and the same quantities are de-
fined for v as well. At this point we have all the pieces
of the algorithm, we run the Space-A algorithm. The
algorithm is offline — but we are only storing X’ which
takes O(Be~2logn log %) space only.

The overall space if therefore O(Be=21ognlog %) +
O(Be™') = O(Be ?lognlog 1). The running time is
O(n+ B?(logn+e2)log® n), the extra logn appears
from the fact that given u, we need to find vy, ve, h
which takes O(logn) time. This immediately allows
us to conclude that :

Theorem 9 We can compute a 1 + € approxima-
tion for the VOPT histogram in a single pass where
.oy Xiy ... are presented in increasing order of 1,
in time O(n + B3(logn + e 2)log?n) and space
O(Be %lognlog?).

In a surprising twist, we observed in Section 9.4
that this algorithm which has a seemingly worse the-
oretical analysis of the running time actually per-
forms better than the competition over the relevant
range of parameters. Of course the analysis may be
tightened, but we believe that the reason for this



scenario is that the space saving of a factor B has
enormous impact when the overall space requirement
is not very high — the secondary cache is likely to
be large enough to store the entire presynopsis plus
the smaller DP table. We note that this effect of
caching in the small space regime is one of the ap-
peals of streaming algorithms, even if we ignore im-
portant situations where all data cannot be stored
which mandate data stream algorithms.

6 Example I.(b): Range Query
Histograms

Histograms and synopsis structures are not only use-
ful for estimation of point queries, but for most
DSS/OLAP applications involve aggregate or range
queries . Further a rich structure emerges in range
query optimization where the ranges (and subranges)
frequently are interrelated, e.g. hierarchies [39], pre-
fixes [42], etc. Further, range queries naturally sub-
sume point queries, i.e., where each range is a sin-
gleton element. It is quite straightforward to ob-
serve that a histogram constructed to optimize point
queries is not necessarily a good histogram to es-
timate aggregate behavior. To address this prob-
lem, several optimal and approximate histogram al-
gorithms have been proposed for range query work-
loads in [42, 18, 29, 48]. We summarize the main
results below in Table 2 and note the contribution
of this paper. The “uniform” refers to cases where
all ranges are equally likely. The first point to ob-
serve is that the space requirements are large. In fact,
some initial coding shows that the space requirement
is the bottleneck in these situations. However, it is
precisely when the space requirements are large space
efficiency is more important. For example saving a
factor 50 is useful but not critical if the space re-
quirement is a few kilobytes. If the required space
is quadratic, even for reasonable domain sizes, say
n &~ 2000, a saving of a factor of 50 is significant and
often the deciding factor that makes the program fea-
sible.

Caveats of Table 2: The quantities in the square
parenthesis indicate the restriction that the repre-
sentative of a bucket is constrained to be the aver-
age. [18] contains a few approximations in the con-
strained case which are made redundant by [48]. [48]
also gives data stream algorithms which run in time
O(N(Blogn)°M) and space O((Blogn)°M).
Observe that there are no optimal algorithms ex-
cept in simple constrained cases. The primary issue
behind this is precision. Since the errors of the ranges
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are squared and added in non-trivial ways — it is not
possible to guarantee that the optimal exists over ra-
tionals! The constraint forces the solution to exist
over rationals. The last two algorithm [48] assume
that the minimum nonzero error is bounded away
from 0. This is not easy to show (no proof exists)
even if the input numbers are integers since the so-
lution can be some irrational very close to the input
numbers unlike point query histograms where assum-
ing integer input implies the minimum non-zero error
is %. Technically, these algorithms are asymptotic ap-
proximation, i.e., the approximation ratio holds when
the error is not too small; although this is unlikely
to be a problem in most scenarios.

Sketch of Improvements: In case of the prefix
queries, it was shown in [42] that a dynamic program-
ming formulation, similar (but not same) to that of
[38] gave the optimal solution. The dynamic program
had a form of Eli,b] = min; E[j,b— 1]+ C(j + 1,4)
where C(j 4+ 1,7) was the sum of the errors of the
ranges that ended in the range (endpoints inclusive)
j+1 andi. The authors of [42] showed that this quan-
tity could be computed in O(1) time using some pre-
processing which required O(n) time and space. This
naturally fits the generalization of VOPT histograms
we discussed in Section 4.4 and the saving of a fac-
tor B follows immediately. The case of the complete
binary tree is somewhat different, and more reminis-
cent of wavelets, which we will discuss shortly. The
similarity arises from the fact that these synopses
investigate dyadic subranges of [1,n]. For the hierar-
chy results, we could not show that a small interface
exists — small interfaces can be found by increasing
the running time, but there is no clear benefit. Im-
proving their space complexity remains an interesting
open question.

Similar to [42], the authors of [18] use a dynamic
program of the form E[i,b, A] = min; E[j,b— 1, A] +
C'(j + 1,7) where C'(j + 1,4) is a function that de-
pends on 4,5+ 1 and can be computed in O(1) time.
The A and X\ are “bias” parameters and are related
by an equality that depends on the values between
j+ 1 and 7 and can be updated in O(1) time as j
decreases from 7 — 1. The reader would immediately
observe that parameter b need not be stored (but as
this paper shows, can be recreated) and it is exactly
what gives the space savings.

In case of uniform queries, it was shown in [48]
that the optimum B bucket range query problem re-
duced to a problem where we were given the prefix
sum of the data, namely X'[i] = > ,_; X[i] and we
wished to compute the best B bucket histogram of
X' using VOPT error, but where each bucket was



‘ Paper Problem # Buckets ‘ Approx ‘ Time Space H Space by
this paper
[42] prefix B [Opt] O(n’B) O(nB) O(n)
full bin. tree B [Opt] O(n®B?) O(n®B) O(n*Blogn)
hierarchy B [Opt] O(|T|n®B?) O(|T|n*B) -
[18] uniform B [1+¢€ O(n’BR) O(nBR) O(nR)
[29] hierarchy 2(1++)B [Opt] O(n + BﬂT\nli_)w) O(n + B\T\nﬁ) ~
[48] uniform 2B Opt O(n”’B) O(nB) O(n)
2B (1+¢) O(n + B3¢ 21og? n) O(n + B%e™1) O(n+ Be 1)
B (1+¢) O(n*B3e?) O(n®B2e 1) -

Table 2: Summary of results on Range Query Histograms .

The |T'| stands for the size of the hierarchy of the

ranges, R stands for the largest value seen.

represented by a linear segment (as opposed to a con-
stant in VOPT histograms). This resulting B bucket
histogram was then converted to a 2B bucket “alter-
nating” histogram, such that after every bucket, we
introduced a new bucket of size one, but ensured that
the sum of the values in X and the histogram agree
up to that point. The problem therefore reduces to
computing these “linear” histograms. In [28] it was
shown that if the buckets are represented by small de-
gree polynomials, we can compute the best B bucket
histogram upto a factor of (1 + €) as well. The run-
ning time increased by a factor of (d+1)3 but d = 1
in this case.

7 Example II: Wavelets

Recall that the Wavelet construction problem is that
given a set of n numbers X = x4, ..., x, the problem
seeks to choose at most B terms from the wavelet
representation W(X) of X, represented by Z such
that | X — W™H(Z)| e is minimized.

7.1 Previous algorithm(s)

We follow the description of Garofalakis and Kumar
[11]. The basic idea is to define the array E|[i, b, S] for
each node 7 of the coefficient tree where 0 < b < B
and S is a subset of the ancestors of 7. The Algorithm
solves the DP given in Figure 8, we reference the
algorithm as Waveopt for the rest of the paper.

Algorithm Waveopt
begin
1. We proceed bottom to top in the coefficient tree.
2. At each node ¢ (assuming the children are iy, and ig),
set E[i, b, S] as follows:
min min,s max{E[ir,b",S U {i}], E[ir,b— 1 — ', SU {i}]}
min,, max{E[ir,b’, S|, Elir,b—b", S|}

end

Figure 8: The algorithm Waveopt.
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It is immediate that the value of W™1(Z); is fixed
by the choices of all coefficients ¢ such that j belongs
to the support of 7. Suppose S is a subset of the
ancestors of a coefficient ¢. Thus a natural dynamic
program emerges where we define E[i, b, S| to be the
minimum contribution to the error from all j in the
support of i, such that exactly b coefficients that are
descendants of i are chosen along with the coefficients
of S. The algorithm is given in Figure 8. Clearly the
number of entries in the array E[] is Bn times 2"
where r is the maximum number of ancestors of any
node. It is easy to see that r = logn + 1 and thus
the number of entries is n?B. For maximum relative
error, we may perform binary search for the mini-
mization and only need log B time (see [11]) and the
overall time is O(n?Blog B). The space required is
O(n?B). The authors of [11] only discussed maxi-
mum error, however as pointed out by Muthukrish-
nan [46], the max can be suitably replaced for other
measures.

7.2 Dynamic Program to Divide and
Conquer

As our game-plan suggests, we will write a dynamic
program to discover the “interface”. In this case,
the “interface” consists of two pieces of information
(i) is the parent chosen (ii) how are the coefficients
divided between the two subtrees. Immediately, we
come across a problem; (i) is recursive! That is the
parent depends on its parent and so on. We defi-
nitely do not want to consider so many cases since
we want O(n) space algorithms, and therefore “small
interfaces”.

One observation comes to our rescue: the depen-
dence on the parent (and through it, on its parent)
can be expressed in one number v as a sum or bias in-
troduced by a combination of all of them. But we do
not want to write down all possibilities, since there
will be at least O(n) of them for each node. The
main idea we use is: We can recurse within the DP



to generate the set on the fly (without storing them).
We note that although we analyze the same cases as
before, the sophistication of the recurse-within-DP is
higher than the previous algorithm, which is needed
to prove a much better result. The overall imple-
mentation is not complicated in terms of code - the
pseudocode is presented in Figure 9. The top-level
call is SpaceWave(root,0). But before we proceed
further, we must assure ourselves that this recursion-
within-DP does not go out of hand.

Algorithm SpaceWave(i,v)

begin
/* We want to allocate 0 < b < B coefficients to the two
subtrees and the node 7 to minimize ¢;n fty error. We
return an array of size B with the allocation and the error
wli] is the coefficient at node i, unless i is a leaf, in
which case it has the data x[i] */

3. If (i == root) { /* root has no ancestor so v =0 */

4. A — SpaceWave(child, W{root));

5. C «— SpaceW ave(child, 0);

6. We return the array D[b] = min{A[b — 1], C[b]}

7. DIb] stores the error as well as if it was from A,C

8. }else {

9. If (¢ == leaf) return array D[b] = |z[i] — v| /* maxerror */

10. else {

11. A — SpaceWave(ir,v + wli]);

12. C — SpaceWave(ir,v — wli]);

13. P — SpaceWave(ir,v);

14. Q «— SpaceWave(igr,v);

15. Let t1[b] be the best error and allocation of coefficients
assuming wi] is chosen, let

16. t1[b] < ming<,<p_1 max{A[r],C[b—1—7]}

17. Likewise, t2[b] «+ ming<,<p max{P[r], Q[b — 7]},

18. for the case wli] is not chosen

19. return array DI[b] < min{¢1[b], t2[b]}

20. D(b] stores the error, split r and if it was from ¢y, or ta.

21.

22.}

end

Figure 9: The algorithm SpaceWave

Lemma 3 Fach node with ¢ ancestors is called
at most 2¢ < 2n times. The running time of
SpaceW ave(root,0) is O(n?Blog B).

Proof: The first part follows from induction. Each
minmax can be performed by binary search and
there are at most B entries to compute at 4, the result
follows. [ |
Now SpaceWave(root,0) returns the information
of the split and if the root coefficient was chosen
for the best solution, based on which we can now
recursively compute the coefficients.

Implementation Details: As the reader must have
guessed, just like the histogram case we would main-
tain a stack which contains ¢,v,b. We pop from the
stack, if b > 0 we call SpaceW ave(i,v), and look at
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the b’th entry. This gives us (i) if w[i] is chosen, then
we output, (ii) what is the split between the two chil-
dren iy,igr, which we push into stack. If b == 0 we
simply discard the top of stack. Observe that in the
recursive calls we can adjust B in SpaceWave to the
b parameter in the top of stack since we are dividing
that many coefficients at most.

It is easy to see that the above stack would take
O(logn) space overall since the depth of the coeffi-
cient tree is O(log n). What is interesting is that eval-
uating SpaceWave(root,0) we would need only at
most O(B log n) space, since at most one SpaceW ave
call will be active between children of the same par-
ent.

Theorem 10 We can compute the best B-term
Wavelet synopsis for mazimum error in time
O(n?Blog B) and space O(n + Blogn).

7.3 Further Optimization

We make the following observation in context of the
algorithm SpaceWave. If a node has r children, then
at most r+1 coefficients can be chosen in its subtree!
Observe that this r+1 will always be a power of two.

Lemma 4 If a node has ¢ ancestors and r+1 descen-
dants (including itself) in the coefficient tree then
2¢(r +1) = 2n.

Thus we return at most arrays of size min{ B, r+1}
from SpaceWave(i,v) — since more thanr + 1 coef-
ficients cannot be chosen. A node with ¢ ancestor
needs time 2/ min{B,r + 1} logmin{B,r + 1}. The
number of nodes with ¢ > 1 ancestors is at most 2.
Thus the total time taken over all the nodes is

logn+1
> 22'min{B,r + 1} logmin{B,r + 1}
(=0

logn+1 log n+1

= min{2*B,22% +1} = min{2%'B, 22}

=0 £=0

Now the last sum can be split into two terms

logn+1 logn—log B logn+1
> min{2*B,2%2n} = Y 2¥B+ Y 2m
=0 =0 log n—log B

Both of the terms are geometric sums. The first
is increasing by factor of 4 and its value is maxi-

n

mized at logn — log B, to be g. Thus the con-

tribution from the first sum is at most 4"7;. The
second sum is also increasing, but in power of 2,
the maximum is at logn + 1 and we get the maxi-
mum term to be 4n?. Taking both the terms, the



second one dominates and we get O(n?) running
time! The space required is likewise ZI;Z%"H min{ B,
r+ 1} which is B(logn —log B) from the part where
¢ < logn—log B. For the other part r+1 forms a geo-
metric series in decreasing powers of 2 as ¢ increases
(From Lemma 4) and adds up to O(B). Observe
B(logn —log B) = Blog(n/B) <n (for B <n)

Theorem 11 We can solve the maximum error
wavelet reconstruction in time O(n?) and space O(n).

8 Example III: Extended

Wavelets

Extended wavelets were introduced in [9]. The cen-
tral idea behind Extended Wavelets is that in case
of multi-dimensional data, there can be significant
saving of space if we use a non-standard way of stor-
ing the information. There are several standard ways
of extending 1-dimensional (Haar) wavelets to mul-
tiple dimensions. But irrespective of the number of
dimensions, the format of the synopsis is a list of
pairs of numbers (coefficient index,value). In Ex-
tended Wavelets, we perform wavelet decomposition
independently in each dimension but then we store
a list of tuples consisting of the coefficient index, a
bitmap indicating the dimensions for which the co-
efficient in that dimension is chosen, and a list of
values. For example, suppose we were storing the
coefficient number 15 in dimension 1 with value v,
we would store a tuple (15,1, v). Now, if we wished
to store the coefficient number 15 in dimension 3,
with value u, we can store another tuple (15,3, u) or,
leverage the stored values by storing (15,101, v,u)
where the 101 is a bitmap which indicates that the
coefficient 15 is stored in dimension 1 and 3 and the
two subsequent numbers are the respective values.
Since the coefficient number and the bitmap for a
specific tuple is shared across the coefficients, we can
store more coefficients than a simple union of uni-
dimensional transforms. Intuitively this can be seen
as a scenario where the “marginal” cost of informa-
tion is smaller — or that there is a “bulk discount” in
storing similar information. Formally, the Extended
Wavelets are defined as:

Definition 6 An extended wavelet coefficients of N
points with M measures is a triplet < Bit, i,V >
consisting of:

o A bitmap Bit consisting of M bits. Bit(j) in-
dicates whether the coefficient corresponding to
the j-th measure has been stored.

18

e The i indicates the coefficient number. The

space to store Bit and i is denoted by H.

o The stored list of coefficient values V, where
the r-th item in the list corresponds to the i-
th coefficient of measure j if Bit(j) = 1 and
> j—1 Bit(j') = r. Each of the stored coeffi-
cients are assumed to take space S. We denote
the i-th coefficient of measure j by c;;.

Problem 5 (Extended Wavelets) Given the
NM wavelet coefficients {c;;}, a storage constraint
B, and a set of weights W, select the extended
wavelet coefficients T to be stored in order to
minimize the weighted sum Z(ihj)&T Ww; - C?j where
T = {(i,7)|cij is stored }. which (in optimality,
but in mot in approximation) is equivalent the
“maximizing the benefit” where the benefit is defined

. L2
as: Z(M)GT Wj - ¢

Notice that there is no interaction between the
benefits of storing coefficients corresponding to i
and /. The problem reduces naturally to a gen-
eralization of the Knapsack problem where each
item (coefficient ) can be present in increasing
sizes wi1, Wi ..., w;nm (which are integers, w;; =
jS + H for all 7 in our case) with increasing profits
Pi1, Pi2 - - -, Pine- We can see that defining p;o = 0, we
get pij = pigi—1) + Wi, cftj where c;;; is the jth largest
(ignoring signs) element of {c;1,...,cinm}; thus p;;
is increasing. This allows a dynamic program of
O(NMB) time and space, as presented in in Fig-
ure 10, where E[i, b] is the maximum profit possible
using b space and using indices from [1,...,4]. As
mentioned in the introduction, [24] reduced the in-
teresting set of items fromn = N ton = O(BM) but
did not improve the DP, which is given in Figure 10.
We show how to reduce the space of the algorithm
Ezt-Opt.

Algorithm Ext-Opt
begin
1. Fori=1tondo
2. For b =0 to B do {
. . Eli —1,0]
3 Bli, bl (_mdx{ maxi<j<m{E[i —1,b — wi;] + pij
end

Figure 10: The DP in [9, 24]. In [9] n = N and in
[24] n = O(BM).

Challenges and Intuition: The central idea is to
find in O(nBM) time the middle-space i.e., the space



allocated at 5 as in histograms. However that gives
suboptimal results since the solution of

n n
g(naB) = chB+g(§7b/) +g(§7

is g(n, B) = O(nM Blogn). We can do better. The
solution will be a twofold approach.

B-V)

1. We will use the Double cut Theorem, Theorem 2
where we will split the problem both in B as
well as in n. However the question is how do we
keep track of both these partitions?

2. To answer the above we will actually use two
simultaneous DPs! The goal of the first, denoted
as M Si below, would be to compute the total
error and the partition in the number of items
n. The goal of the second will be to compute
the partition of the space b.

One way of viewing the solution is to observe the
two nested DPs represent a factoring of a very large
DP. Observe that an arbitrary way of solving the en-
tire DP is not space efficient. The above factoring
was critical in terms of space efficiency. The above
process also gives us pseudocode which is really sim-
ple to implement. We begin by the following defini-
tion:

Definition 7 We will define three related things:

o Let E[s,i,b'] be the mazimum profit of using b’
space while choosing coefficients only from the
subrange [s, ..., 1.

o Let MSi(s,t,i,b) be the tupl

e w) where b is
the space allocated to [s, ..., |
I

(0",

L5 1] and w is the

space allocated to The mde %J in an optimal
knapsack of size b for [s, il.

o Let MSb(s,i,b,b) be the tuple (', wi j«,b") such

that ' is the smallest index such that the space

allocated to [s,. .., 7] isb" > | &] in an optimum

solution of [s,...,i] using total space b'. The

space used for the index i’ in this solution is wy ;-

which is stored to avoid recomputation.

The next lemma is straightforward and follows from
the definition of E[s,1,b] as given in Figure 10 and
the definition of M Si(s,t,1,b).

Lemma 5 MSi(s,t,i,b’) and MSb(s,t,b',b) can be
defined recursively as follows.

o Let V; = Els,i — 1,0 — w;j] + pij and j* =

arg max Vj.
1<;<M

e To define M Si(s,t,i,b):
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— If E[s,i—1,V'] > Vj« then
T B CNY) ifi—L%J
MSz(s,t,z,b)—{ MSi(s,t,i —

— Otherwise let

. . b',wi»* if 1= st
MSi(s, 1,4, ) _{ 5\452'(; ?t i—fl Y 2 |

e To define MSb(s,i,b',b):
— If E[s,i — 1,0'] > Vj« then

oy [ MSb(s,i—1,b/,b) if b >
MSb(s,i,b',b) _{ (i,0,b")  Otherwise
— Otherwise let
-7/ _ (i7wij*7bl)
MSb(s,i,b',b) = { MSb(s,i— 1,

Actually M Si(s,t,i,b') need not be defined for
i < [4£2], and likewise for M Sb(s,i,b’,b) need not
be defined for &' < |[2]; but we will do so since the
algorithm becomes simpler to express. Finally we
are interested in M Si(s,t,t,b), MSb(s,t,b,b). Note
that we need to ensure that the subproblems created
have space less than b/2 and size less than n/2, we
have to ensure that we do not recompute the index
|2+t], and the index which causes the space usage
to just exceed |b/2] — this will may make the size of
that problem (n + 1)/2. This is not a very impor-
tant issue, but allows us to apply the cut theorems
without any further discussion. The above gives us a
DP algorithm for computing M Si(s,t,b,b). The al-
gorithm actually only stores M Si(s,i,*,b) and uses
the same space as ¢ changes. Thus we only need
arrays of size O(B). Likewise we get an algorithm
for M Sb(s,t,b,b). The pseudo-code of the routines
that find M Si(s,t,b,b) and M Sb(s,t,b,b) are given
in Figure 11. The overall algorithm (which uses a
stack to maintain recursion) is given in figure 12. The
overall time taken by both of them O(nM B). Thus
if the running time of evaluating (s, ¢,b) in the stack
of XOpt is f(t — s+ 1,b) then we have the following
recurrence using the following:

f(n,b) < c-an—i—?)f(g,g)

3 nb
< . —C- - —
< ¢ an+4c an+9f(4,4)

< chb(l—i—g—i—%—i- >§4chb
The above actually uses the fact that nb is

“quadratic” in the variables n,b and that was the

1,b") Otherwise

— w;j~ ) Otherwise

5]

lf b — Wi < LgJ
— wj;=,b) Otherwise



Algorithm FindMSi(s,t,b)
begin

LN E W=

end

/* E[b'] will store E[s,i,b’] as i keeps changing */
/* M[b'] will store M Si(s,t,i,b’) as i changes */
For b’ =0 to b {

E[b] — 0

M[b] <0

For i = s to t do {
For b’ =0 to b do {

newE([b'] — E[b]

If i # Ltg—sj then newM|[b'] — MV’

else newM [b’] «— (b’,0)

For j =1 to M do {

If (newE[b] < E[b — w;j] + pij) {
newE[b'] «— E[b — wij;] + pij
If (i # [ H2])
then newM[b'] «— M[b — w;j]

else newM[b'] «— (b, w;j)

}
¥
M — newM; E < newkE;

}
Now M [b] contains MS(s,t,t,b)

Algorithm FindMSb(s,t,b)
begin

© 0N oE W=

/* E[b'] will store E[s,,b’] as i keeps changing */
/* MIb'] will store M Si(s,4,b’,b) as i changes */
For b =0to b {
E[b'] —0
M 0
}
For i = s to ¢t do {
For b’ =0 to b do {
newE([b'] — E[b]
If (b' > | 4]) then newMIb'] — M[b']
else newM|[b’] «— (i,0,b")
For j =1 to M do {
If (newE[b] < E[b — w;j] + pij) {
newE([b'] «— E[b — w;;] + pij
If (0 —wi; > [5])
then newM[b'] « M[b' — w;;]
else newM|[b'] « (i, w;j,b")
}
}
¥
M — newM; E «+— newkE;

}
Now M[b] contains M S(s,t,b,b)

Figure 11: Subroutines that evaluate M Si(s,t,t,b)
and M Sb(s,t,b,b). Note that parts of the computa-
tion is common between them, but presenting them
separately is simpler to verify in terms of their re-
spective recursive definition.
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Algorithm XOpt(1,n,B)

begi
1.

2.

© PN w

n

Use the streaming algorithm [24] to identify the
n’ = Blog M elements using O(BM) space.
Renumber these to be 1,...,n’.
If an index ¢ does not store coefficient j
in the preprocessing step above,
assume that coefficient to be zero.
Initialize stack to (1,n’, B).
‘While stack is non-empty {
Pop the top of stack, say (s,t,b)
If t > s then {
Let (b/,w;) < FindMSi(s,t,b)
Let (i, w;,, b)) « FindMSb(s,t,b)
Store the best j coefficients (taking space
w;) corresponding to L'*TSJ
Store the best j' coefficients (taking space
w;,) corresponding to i’
If (¢ < H£2)
Push (s,i" — 1,b” — w;/)
Push (¢/ + 1, [H2] — 1,0 — b — w;)
Push (|52 +1,¢,b—b")
elseif (' > ££2)
Push (s, [522] — 1,0 — w;)

2
Push ([%52] + 1,4 — 1,0" = b —w!))
Push (i +1,¢,b —b")
else /* i = Lt2s ,and b =0, w; = w]’., */
Push (s,i’ — 1, — wj)

Push (i’ +1,¢,b —b)
} elseif t = s then {
Let the largest j s.t. w; < b be 5~
Output the largest j* coefficients
corresponding to s.

Figure 12: Algorithm XOpt




intuition alluded to in the double-cut theorem. Note
that the depth of the stack is min{logn,log B} be-
cause both the parameters are decreasing by a factor.

Now we use Theorem 4.6, [24], which observes that
we can restrict our attention to a set of elements
which can be identified and stored by a streaming
algorithm using O(BM ) space. The total number of
elements can be bounded by B+B/2+B/3---+B/M
elements which corresponds to O(B log M) elements.
This summation is due to the fact that for 1 < j < M
we store the best candidates corresponding to storing
j indices. Each of these classes, corresponding to
each j, uses at most 2B space.

The running time of the algorithm is
O(nM(log M + logB)). The logB term can
be eliminated by maintaining approximate heaps
— instead of storing the top k items in a heap, we
repeatedly read the next k elements of the stream
and then retain the top k elements of the 2k ele-
ments; the other k elements are the top k elements
of the previous part of the stream. This is similar to
the algorithm in [23], we omit further details. Thus
setting n = min{n, Blog M}, the running time of
the algorithm is O(BM min{n, Blog M}) and the
overall space requirement is O(BM + B). Therefore
we can conclude that:

Theorem 12 Using algorithm XOpt we can find the
best B space Extended wavelet summary of n in-
dices with M coefficients each in O(BM) space and
time O(nM log M + BM min{n, Blog M}) in a sin-
gle pass.

9 Experimental Results

The main issue we investigated is the effect of the var-
ious additional data structures that were defined for
the space efficient algorithms. We use both synthetic
and real life data used in previous papers [13, 31, 27].
We did not write data to disk for the working space
based algorithms — since organizing that data in the
disk well is a nontrivial task and influences the run-
ning time of the working space based algorithms.

Measurables: We are interested in (i) the savings
of space and (ii) the effect of that on time (the space
efficient algorithms were sometimes faster). Note
that the space component which changes across the
algorithms is the size of the Dynamic Programming
(DP) table. For the optimal DP algorithms, this is
just allocating an array of size n or nB and the space
savings is known beforehand — we checked the mem-
ory usage as the programs were running, and the
total memory usage was exactly the size of the table
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(parts of it were virtual). So for the optimum algo-
rithms we do not show the space usage graphs which
contain relatively little information. However for
the approximation algorithms the story is different,
we plot the size of the DP table in the various imple-
mentations — this avoids discussion about represent-
ing values an int, long int or double. While these
issues are important, the ideas in this apply to any
encoding scheme and the relative sizes of the DP ta-
ble is the robust measure. We note once again that
the experiments were not trying to compare Wavelets
and Histograms. They are useful synopsis techniques
for data that is more suitable for each. That discus-
sion is not the goal of this paper.

We first describe the data sets and then in Sec-
tion 9.2 we present the results on optimum algo-
rithms for V-Optimal histograms. In Section 9.3 we
report the benefits of a space efficient algorithms in
the context of the approximation algorithms. In Sec-
tion 9.4 we consider data stream algorithms. The
results show that the space efficient algorithms are
the method of choice. In Section 9.5 we present the
results on optimum maximum error wavelets. All
experiments reported in this section were performed
on a 2.4 GHz Intel Core2Duo machine with 1 GB of
main memory, running Fedora 6.0. All the methods
were implemented using GCC compiler of Version
4.1.1 and all implementations were single threaded.

9.1 Data Sets

We use both synthetic and real life data. The
datasets are described and used in [12, 13, 31, 28], we
repeat some of the description for the sake of com-
pleteness.

Synthetic Data Sets: The synthetic data sets
were generated with Zipfian frequencies for various
levels of skew that is controlled by the z parameter
of the Zipfian. The z parameter values between 0.3
(low skew) and 1.5 (moderate skew), the distinct val-
ues between 256 (= 2%) and 16384 (= 216), and the
tuple count was set to 1,000,000. Note that the time
and space complexities are not dependent on number
of tuples and thus we did not vary this parameter.
A permutation step was also applied on the pro-
duced Zipfian frequencies to decide the order of fre-
quencies over the data domain. We mostly show re-
sults with the Normal permutation as described in
[12] where the higher frequencies are at the center of
the domain. We include details on Random, noPerm
and PipeOrgan permutations wherever appropriate.
The names Random, noPerm are self-explanatory, in



case of PipeOrgan the high frequencies are at the two
ends of the domain.

Real Life Data Sets: We also experimented with
real-life data sets. We used the Dow-Jones Indus-
trial Average (DJIA) data set available at StatLib,
that contains Dow-Jones Industrial Average (DJIA)
closing values from 1900 to 1993. There were a few
negative values (e.g. —9), which we removed. We
focused on prefixes of the dataset of size upto 16384.

9.2 Experimental study: Optimum

Histograms

In this section we present the results of our ideas
applied to V-Opt histogram construction algorithms.
We first describe the algorithms we compare.

e VOPT-EO: This is a baseline implementation
which uses O(n) space, and does not maintain
the table (and therefore cannot compute the
buckets). The running time of the algorithm is a
good lower bound on all O(n) space algorithms.

e VOPT-R: It represents the O(n?B?) time and
O(n) space algorithm given in [38] which com-
putes the error as well as the buckets. This algo-
rithm uses the VOPT-EO algorithm recursively.

e SpaceOpt: It represents the space efficient al-
gorithm given in Figure 4.

Space Usage: The space usage of the O(nB) space
V-Opt algorithm for n = 4096 jumped from 2.8M B
to 20M B as B was raised from 10 to 100. We used
double and declared a nB size array for the DP
(along with other structures for storing input). This
is expected because the optimal DP defines a table
which is 10 times larger. The space did not go up
by exactly that amount because some fraction of the
2.8 M B was used for other data structures, for exam-
ple storing the data. The algorithms VOPT-EO and
VOPT-R used 1.4M B and SpaceOpt used 1.6M B
for entire range of settings of B. The space benefit
is quite clear and as is the theme of this paper, we
focus only on the algorithms which have O(n) space
complexity.

Ruling out VOPT-R: In Figure 13(a) we present
the running times of the algorithms for n = 4096,
for the Normal permutation and skew 1. The rela-
tive gap between VOPT-R and the other algorithms
remained the same across different skew and per-
mutation settings. This clearly demonstrates that
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VOPT-R is not a good alternative. Since the algo-
rithm VOPT-R is much slower than the others to be
attractive, we do not include that algorithm for any
further experiments. The Space-Opt algorithm holds
up well, and has running time no more than twice
that of VOPT; but of course VOPT-EO only com-
putes the answer and Space-Opt computes the entire
histogram.

Dependence on Skew: We also investigate the
dependence of skew keeping B,n a fixed constant,
this is presented in Figure 13(b). The Pipe and NoP-
erm behaved the same as Normal permutation and
we omit those results.

Dependence on B: We investigate the effect of
B keeping n fixed. The various skew setting de-
fined a narrow band of regions which is shown in
Figure 14(a), and (b). The Random permutation
defined a narrower band than the other, the permu-
tations Pipe and NoPerm behaved the same as Nor-
mal permutation and we omit those results. Notice
that the running time of SpaceOpt is about 1.3 times
that of VOPT.

Dependence on n and real life dataset: Fig-
ure 15(a) shows the dependence on n, and the run-
ning time of SpaceOpt is close to that of VOPT-EO.
However in the real life dataset, it became clear that
the running time of SpaceOpt was the same as that
VOPT on half the B parameter. This is consistent
with the linear (in B) behavior of the algorithms.

Summary: Optimum Histograms The results
were almost as predicted by the analysis, except that
SpaceOpt performed better than twice the time of
VOPT-EO as predicted, because of the pruning con-
ditions kicking in, in the synthetic datasets. In the
real life dataset, SpaceOpt performed the same as
VOPT on half the B parameter, and the log-log
plot shows the O(n?B) behavior of these algorithms.
However as predicted, we got almost factor of B im-
provement in the space, because we required a sig-
nificantly shorter DP table.

9.3 Experimental study: The Space-
Time of Approximate Histograms

In this section we present the results of our ideas
applied to approximate V-Opt histogram construc-
tion algorithms. We first describe the algorithms we
compare.
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Figure 14: Running times based on B, n = 4096, the other permutations behaved similar to Normal.

e ApxDelta: This is the linear time and linear
space offline approximation AHIST-L-A intro-
duced in [28].

e SpaceDelta: It represents the space efficient
algorithm StackSpace-A given in Figure 7.

Dependence on skew: In Figure 16 we present
the running times of the algorithms for n = 16384
and various settings of the skew in the synthetic data.
This setting of n clearly requires the approximation
algorithm, the quadratic algorithm will simply bee
too slow. We show the effect of Normal and Random
permutations (we have already seen that the other
permutations behave similar to the Normal one). It
is striking to see that for Random permutations that
the space usage drops by a factor of 25 = B/2 for the
experiments. Although this was predicted, the theo-
retical gap of ©(B) is not realized in the other data
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sets because the smoothness of the data enabled the
pruning conditions to prune out many comparisons.
Note that the running time of the space efficient al-
gorithm is close to the other algorithm.

Other dependencies and Real life data sets:
To save space, we show the other dependencies us-
ing the real life data set DJIA, the synthetic datasets
show the same trends. In fact the running time differ-
ence between the two algorithms showed a maximum
gap for the real life data set, but was below a factor
of 2, and we establish that in the set of experiments
shown in Fig 17.

Summary: Approximate Histograms

e The space time tradeoff of the approximation
algorithms are richer than that of the optimum
case. The space efficient algorithm provides a



Time (sec)

L L L

2048 4096

Size of Data n

(a) Normal Permutation

8192

16384

Time (sec)

Spacedpt-so-dow ——

128 SpaceOpt-25-dow —— 1
VOPT-EO-50-dow -
VOPT-EO-25-dow - /// :

32 /// o 7 1
e T
7 o
8 [ - . : ]
~ 7
/// //
// - "
. - / ]
2 /// /
i 7 ]
05 [ o ]
0.125 . L L
1024 2048 4096 8192 16384

Size of Data n

(b) Prefixes of DJIA dataset

Figure 15: Running times based on B = 50, skew = 1, as n is varied. All permutations and all skew settings

behaved similarly.

significant space savings, Figures 16(b),(d) and
17(b),(d).

e Surprisingly the space efficient algorithm actu-
ally ran faster on the synthetic data! Figures
16(a),(c) demonstrate that the space efficient al-
gorithm is faster for small ¢ and large skew —
this is because the approximate DP table be-
comes significantly small (see Figures 17(b),(d))
and very likely these get cached. Note that this
was not seen for the optimum algorithms be-
cause the table sizes were not this small. This
is yet another example where a savings in space
translates in savings of I/O and eventually in
time.

e On the real life dataset algorithm StackSpace-A
takes no more time than that of AHIST-L-A on
twice the input size, which is almost twice that
of AHIST-L-A on the same size data. This is
not surprising, but validates the linear running
time of all the algorithms involved.

e Figure 17(b) shows that the DP table size de-
pends mainly on B — this dependence goes away
when € is decreased to 0.01. This is because
the B/e term becomes comparable to n and the
table size cannot grow beyond n. But for the
larger € the effect of n on the approximate DP
table size is quite small.
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9.4 Experimental study: The space
time of Approximate Histograms
for Data Streams

In this section we present the results of our ideas
applied to approximate V-Opt histogram construc-
tion algorithms for data streams. We first describe
the algorithms we compare. Note that all the al-
gorithms (i) store the largest C' = Be~?(logn)log 2
(exact number, no other constants) wavelet coeffi-
cients and (ii) all the algorithms use a DP approach
where a provably approximate DP table is stored.
Based on this it is clear that the right measure to
investigate is the size of the DP table. However the
term Be %(logn)log 2 does grow very fast, therefore
we need to keep n > 16384 and € = 0.5 to get B < 80
as a feasible range beyond which C' > n/2, which is
not meaningful in a streaming setting. This may be
useful for other applications such as image compres-
sion, but then we should be using the linear space
offline algorithms. Although this setting of error(e)
appears large, we measured the accuracy of the algo-
rithms and report it. We note that there is a play in
the number of coeflicients, but then there is no guar-
antee on what that heuristic would do on a particular
dataset. However, the main ideas we are exploring
here are orthogonal to the exact setting of the C, as
long as it is moderate enough — even 500 or so.

e WaveHist: This is the implementation of the
algorithm described in [23, 47] of choosing the
exact above mentioned number of coefficients
and then using the optimal VOPT histogram al-
gorithm of [38].
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Figure 16: Space time tradeoff of approximation algorithms as the Skew is varied, B = 50. Note that for e = 0.01
the space use of the older approximation algorithm is high since BTQ logn is large. This drops when ¢ = 0.1. Note
that we are not reporting the space to store the data because that is common to all algorithms, the entries in the
approximate DP table contains similar information for both the algorithms and thus the number of entries is the

critical part.

e WaveApxHist: This is the linear time stream-
ing approximation AHIST-B introduced in [28].
We set the blocksize BLK to be 1024 (the re-
sults for block size 2048 were near identical).
The C coefficients were first collected, and then
we simulated a “virtual stream” that was fed to
the algorithm AHIST-B Note that this virtual
stream needed to be generated BLK elements
at a time and was relatively easy. This blocksize
is not counted in the DP table size.

e SpaceApxWaveHist: It represents the space
efficient algorithm streaming algorithm dis-
cussed in Section 5.2.

Synopsis Error: We begin with the following ob-
servation: even though the e parameter we started
with was large, the three algorithms had identical
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error on the synthetic datasets and the error on the
DJIA set is plotted in Figure 18(a) — the algorithms
were indistinguishable in this aspect, which was ex-
pected.

Running time: Figure 18(b) and (d) show the
running times for the three algorithms. The log-
log plot shows that the dependence on B is between
quadratic and cubic, as expected. Note that the al-
gorithm AHIST-B already gives almost an order of
magnitude improvement in the synthetic data. The
space efficient algorithm devised in this paper gives
even more benefit — for the DJIA data the benefit is
about an order of magnitude.

Space Efficiency: The savings in space are spec-
tacular! It is better than the simplest strategy by
three orders of magnitude and even better than the
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Figure 17: Space time of approximation algorithms as B and n are varied on the DJIA dataset. Note that the
space efficient algorithm for n = 8192 takes almost the same running time as the AHIST-L-A algorithm for
n = 16384. This is the factor of 2 gap we expected. Observe that the space usage decreases by factors of ~ B,

specially for e = 0.01 which forces a large table.

sophisticated AHIST-B — almost by a factor B, as is
predicted. We note that the DP table is not the only
data structure we need, but it is the most dominant
term in the analysis of WaveHist and WaveApxHist.

Summary: Data Stream (Approximate) His-
tograms Two points immediately come to the fore
from the above (i) although it has been shown before,
the above reiterates that approximation is a great
tool in the context of synopsis construction and al-
ready helps in improving running time and space (ii)
space efficient algorithms as put forward in this paper
stand to reduce the space cost of synopsis construc-
tion, and in that process improve the overall running
time.

Several interesting open problems arise in this con-
text. First, is there an analogous provable “presyn-
opsis” for other measures? Second the best previous
analysis [28] shows this to be O(B?/¢). The algo-
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rithm we present here has space complexity O(B/e?).
The former is better at low B small € scenario and
the latter is beneficial in a large B large € scenario.
This of course begs the question that is a O(B/e)
space (1 + €) algorithm possible for the VOPT error
— this remains an interesting open question in this
area.

9.5 Experimental study: Wavelets

For the Wavelet synopsis construction problem we
show only the results for the maximum relative er-
ror measure. We could not use the O(n?B) space
algorithm described in [11] since we ran out of mem-
ory quickly. As mentioned earlier, choosing param-
eters of a working space based algorithm is always
unclear and biases comparisons; we eschewed the ap-
proach. We therefore restrict ourselves to compar-
ing the O(Blogn) space WaveOpt() algorithm and
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Figure 18: Results on Data Stream algorithms, n = 16384 for all of the above. The synthetic data has Skew =1

27



Time (sec)

Time (sec)

~
o

"Spacewave-4096-0.3 ——
Spacewave-4096-1.5 —=—
60 - Waveopt-4096-0.3 —x-
Waveopt-4096-1.5 =
50
40 .
30 | : =
20 + * B a
10 b

0 L L L L L L

10 20 30 40 50 60 70
Number of Coefficients B

(a) Normal Permutation, Both algorithms

80 . : . , . . . .
Spacewave-4096-0.3-R ——

70 L Spacewave-4096-1.5-R —— 1
Waveopt-4096-0.3-R - .
Waveopt-4096-1.5-R - -

60 - P B

50 - * 1

- x -8
40 - . e 1
o
30 - * » ]
T =
20 ’ = 1
x .
10 & ]

0 L L L L L L

10 20 30 40 50 60 70
Number of Coefficients B

80

90

100

(¢) Random Permutation, Both algorithms

Time (sec)

Time (sec)

3 L L L L L L L L
10 20 30 40 50 60 70 80 90 100

Number of Coefficients B

(b) Normal Permutation, SpaceWave only

8 ; ‘ | | | |
Spacewave-4096-
75 Spacewave-4096- ]
. Spacewave-4096-
7 Spacewave-4096-
6.5 = o
— A o
6 o |
//
-
55 F |
1 D ° a =] a a ict a -
4 L L L ) ‘ | | |

10 20 30 40 50 60 70 80 90 100
Number of Coefficients B

(d) Random Permutation, SpaceWave only

Figure 19: Running times as skew varies, Normal Permutation, n = 1024

28



1000

Spécewave-zs ——
Spacewave-50 ——
Spacewave-spec-N = -
Waveopt-25 e T
100 £ Waveopt-50 ~w- o e 3
- ' _—
0 LT
Y 10} / ]
= e
- - _—
1 " 1
_— *
Ol L L 1
1024 2048 4096 8192 16384
Dataset Size n
(a) Normal Permutation
1000 T T
Spacewave-25-dow ——
Spacewave-50-dow —<—
Spacewave-spec-dow
Waveopt-25-dow -
100 ¢ Waveopt-50-dow
5 "
[} g
L
° 10 + -
E o 7
= - «
-
1F . 4
Ol L L 1
1024 2048 4096 8192 16384

Dataset Size n

(c) Dow data (prefixes)

Time (sec)

Maximum relative error

1000 T T
Spacewave-25-R ——
Spacewave-50-R —<—
Spacewave-spec-R = L
Waveopt-25-R e e
100 ¢ Waveopt-50-R = - 3

01 L L 1
1024 2048 4096 8192 16384

Dataset Size n

(b) Random Permutation

L I j ) T T T T T
P Spacewave-s-dow ——
09 f | Spacewave-s-N ]
Eo Spacewave-s-no -
08 | | |
07+t | - |
0.6 \ |
05 " |
04t - ~__ |
03t — |
0.2 T . —
0.1

0 L L L L L L L L
100 20 30 40 50 60 70 80 90 100

Number of Coefficients B

(d) Spectrum

Figure 20: Running times as function of n

the optimized algorithm Space Wave(). As discussed
earlier, the algorithm WaveOpt() serves as a lower
bound/baseline for any algorithm that computes the
same table as in [11]. We reiterate that the algo-
rithms compute the same quantity and we only com-
pare the running times.

e WaveOpt: This algorithm is described in Sec-
tion 7.2. Since the algorithm is only a baseline,
as mentioned earlier, we did not compute the
coefficients/answer but the final error only.

e SpaceWave: It represents the space efficient
algorithm with the optimization mentioned in
Section 7.3. This algorithm computes the error
as well as the coefficients, and the final recon-
struction based on those coefficients.

Dependence on Skew We present the compari-
son of running times for various settings of the skew
parameter in Figure 19. The performance of the al-
gorithms for the Random permutation was different
compared to the other permutations which were sim-
ilar in nature.
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Dependence on n and real life data sets: We
present the comparison of running times if B is fixed
and we vary n Figure 20. Interestingly Figure 20(d)
shows that the DJIA dataset has a behavior similar
to the noPerm data for small number of coefficients
and then switches to a behavior similar to Normal
permutation. This is expected, because the overall
trend in DJIA is Zipfian, which is what is realized
in the small number of coefficients. For larger num-
ber of coefficients, the deviations from the Zipfian
determine the error and has a stronger effect.

Summary: Wavelets

e The Wavelet algorithms were more insensitive
to skew, Figures 19, compared to Histograms,
Figure 13. Once n, B were fixed, the algorithm
has little variation (except the binary search)
that depends on the data. There are no obvious
pruning strategies which we believe remains an
open problem in this area, i.e., can the wavelet
algorithms be made more data driven? Note
that some progress has been achieved in [22] in



the context of unrestricted synopses.

e However the Random permutation behaved dif-
ferently compared to the other permutations.
First the binary search affected the random per-
mutation significantly (at low skew). Second,
although usually, it took less less time to com-
pute the spectrum than to evaluate the coeffi-
cients for a fixed B since there were no recur-
sion/recomputation involved (see Figures 20(a)
and (c)) — the Random permutation was an ex-
ception to that rule. This is because the spec-
trum computation computes the optimum allo-
cation of all n possible coefficient allocation val-
ues. In case of the Random permutation, in
absence of any smoothness, this process took
significantly longer than the recomputation re-
quired for small number of coefficients.

e All the algorithms are (approximately)
quadratic in n as can be seen from the slopes of
the lines in the log-log plot in Figure 20(a),(b)
and (c).

e The running time of WaveOpt is O(n?Blog B).
Figures 19(a) and (c¢) verify that the running
time is almost linear in B.

e SpaceWave is the clear winner and its running
time is almost independent of B as the analysis
suggested.

10 Summary

In this paper we took a fresh look at DP techniques
for synopsis construction problems. We provided a
novel framework of divide and conquer and DP algo-
rithms to reduce the space bounds for Wavelet and
histogram synopsis construction problems to O(n).
We provided the best wavelet reconstruction algo-
rithm which is independent of B in space and run-
ning time. We also provided the first O(n) space
O(n?B) time algorithm for V-opt histograms and its
generalizations. We indicated (briefly) how the ideas
affect other synopsis construction problems as well.
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