
Sketching Information Divergences

Sudipto Guha?1, Piotr Indyk2, and Andrew McGregor3

1 University of Pennsylvania
sudipto@cis.upenn.edu

2 Massachusetts Institute of Technology
indyk@theory.lcs.mit.edu

3 University of California, San Diego
andrewm@ucsd.edu

Abstract. When comparing discrete probability distributions, natural
measures of similarity are not `p distances but rather are information-
divergences such as Kullback-Leibler and Hellinger. This paper consid-
ers some of the issues related to constructing small-space sketches of
distributions, a concept related to dimensionality-reduction, such that
these measures can be approximately computed from the sketches. Re-
lated problems for `p distances are reasonably well understood via a
series of results including Johnson, Lindenstrauss [27, 18], Alon, Matias,
Szegedy [1], Indyk [24], and Brinkman, Charikar [8]. In contrast, almost
no analogous results are known to date about constructing sketches for
the information-divergences used in statistics and learning theory.

1 Introduction

Which distances can be sketched in sub-linear space? In recent years, streaming
algorithms have received significant attention in an attempt to cope with mas-
sive datasets [23, 1, 20]. A streaming computation is a sublinear space algorithm
that reads the input in sequential order and any item not explicitly remembered
is inaccessible. A fundamental problem in the model is the estimation of dis-
tances between two objects that are determined by the stream, e.g., the network
traffic matrices at two routers. Estimation of distances allows us to construct
approximate representations, e.g., histograms, wavelets, Fourier summaries, or
equivalently, find models of the input stream, since this problem reduces to find-
ing the “closest” representation in a suitable class. In this paper, the objects of
interest are probability distributions defined by a stream of updates as follows.

Definition 1. Given a data stream S = 〈a1, . . . , am〉 with each data item ai ∈
{p, q} × [n] we define S(p) = 〈ap

1, . . . , a
p
m(p)〉 to be the sub-stream consisting

of data items of the form 〈p, ·〉. S(p) defines a distribution (p1, . . . , pn) where
pi = m(p)i/m(p) and m(p)i = |{j : ap

j = 〈p, i〉}|. Similarly define S(q) and qi.
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One of the cornerstones in the theory of data stream algorithms has been
the result of Alon, Matias, and Szegedy [1]. They showed that it is possible to
compute a (1+ε)-approximation of `2(p, q) using only poly(ε−1, log n) space. The
algorithm can be viewed as a partial de-randomization of the famous embedding
result of Johnson and Lindenstrauss [27, 18]. This result implies that for any two
vectors p and q and an n × k matrix A whose entries are independent N(0, 1)
random variables, then, with constant probability,

(1− ε)`2(p, q) ≤ nk−1`2(Ap,Aq) ≤ (1 + ε)`2(p, q)

for some k = poly(ε−1, log n). Alon, Matias, and Szegedy demonstrated that an
“effective” A can be stored in small space and can be used to maintain a small-
space, update-able summary, or sketch, of p and q. The `2 distance between p
and q can then be estimated using only the sketches of p and q. While Brinkman
and Charikar [8] proved that there was no analogy of the Johnson-Lindenstrauss
result for `1, Indyk [24] demonstrated that `1(p, q) could also be estimated in
poly(ε−1, log n) space using Cauchy(0, 1) random variables rather than N(0, 1)
random variables. The results extended to all `p-measures with 0 < p ≤ 2
using stable distributions. Over a sequence of papers [36, 11, 25, 4, 14], `p and
Hamming distances have become well understood. In parallel, several methods
of creating summary representations of streams have been proposed for a variety
of applications [9, 12, 15]; in terms of distances they can be adapted to compute
the Jaccard coefficient (symmetric difference over union) for two sets. One of the
principal motivations of this work is to characterize the distances that can be
sketched.

The Information Divergences. Applications in pattern matching, image analysis,
statistical learning, etc., use distances which are not `p norms. Several distances4

such as the Kullback-Leibler and Hellinger divergences are central to estimating
the distances between distributions, and have had a long history of study in
statistics and information theory literature. We will discuss two broad classes
of distance measures (1) f -divergences, which are central to statistical tests and
(2) Bregman Divergences which are central to finding optimal models using
mathematical programming.

Definition 2 (f-Divergences). Given two distributions p = (p1, . . . , pn) and
q = (q1, . . . , qn) these distances are given by, Df (p, q) =

∑
i pif(qi/pi), for any

function f that is convex over (0,∞) and satisfies f(1) = 0. We define 0f(0/0) =
0, and 0f(a/0) = limt→0 tf(a/t) = a limu→∞ f(u)/u.

The quantity qi/pi is the “likelihood ratio” and a fundamental aspect of
these measures is that these divergences are tied to “ratio tests” in Neyman-
Pearson style hypothesis testing [16]. Several of these divergences appear as
exponents of error probabilities for optimal classifiers, e.g., in Stein’s Lemma.

4 Several of the “distances” used are not metric, and a more appropriate reference is
divergence; we will refer to them as divergences for the rest of the paper.



Results of Csiszár [17], Liese and Vajda [31], and Amari [2, 3] show that f -
divergences are the unique class of distances on distributions that arise from a
fairly simple set of axioms, e.g., permutation invariance, non-decreasing local
projections, and certain direct sum theorems. In many ways these divergences
are “natural” to distributions and statistics, in much the same way that `2 is
a natural measure for points in Rn. Given streams S(p) and S(q), it is natural
to ask whether these streams are alike or given a prior model of the data, how
well does either conform to the prior? These are scenarios where estimation of
f -divergences is the most natural problem at hand. Notably, `1 distance is an
f -divergence, f(u) = |u−1|, referred to as the Variational distance. However, `1
distances do not capture the “marginal” utilities of evidence and in innumerable
cases Kullback–Leibler (f(u) = − log(u)), Hellinger (f(u) = (

√
u − 1)2), and

Jensen–Shannon divergences (f(u) = −(u+1) log 1+u
2 +u log u) are preferred. An

important “smooth” subclass of the f -divergences are the α-divergences where
f(u) = 1− u(1+α)/2.

A major reason for investigating these f -divergences lies in loss functions
used in statistical learning. The `1 distance captures the “hinge loss” and the
other divergences are geared towards non-linear losses. To understand the con-
nection better, we need to also discuss the connections between f -divergences
and Bregman divergences. The general family of “arcing” [7] and “AnyBoost”
[32] family of algorithms fall into a constrained convex programming framework
introduced earlier by Bregman [6]. Friedman, Hastie and Tibshirani [26] estab-
lished the connection between boosting algorithms and logistic loss, and subse-
quently over a series of papers [30, 29, 28, 13], the study of Bregman divergences
and information geometry has become the method of choice for studying expo-
nential loss functions. The connection between loss functions and f -divergences
are investigated more recently by Nguyen, Wainright, and Jordan [34].

Definition 3 (Decomposable Bregman Divergences). Given two distribu-
tions p = (p1, . . . , pn) and q = (q1, . . . , qn), the Bregman divergence between p
and q is BF (p, q) =

∑
i [F (pi)− F (qi)− (pi − qi)F ′(qi)] for any strictly convex

function F .

Perhaps the most familiar Bregman divergence is `22 with F (z) = z2. The
Kullback–Leibler divergence is also a Bregman divergence with F (z) = z log z,
and the Itakura–Saito divergence F (z) = − log z. Lafferty et al. [30] suggest
F (z) = −zα + αz − α + 1 for α ∈ (0, 1), F (z) = zα − αz + α− 1 for α < 0.

The fundamental use of Bregman divergences is in finding optimal models.
Given a distribution q we are interested in finding a p that best matches the
data, and this is posed as a convex optimization problem minp BF (p, q). It is
easy to verify that any positive linear combination of Bregman divergences is a
Bregman divergence and that the Bregman balls are convex in the first argument
but often not in the second. This is the particular appeal of the technique,
that the divergence depends on the data naturally and the divergences have
come to be known as Information Geometry techniques. Furthermore there is
a natural convex duality between the optimum representation p∗ under BF ,



and the divergence BF . This connection to convex optimization is one of the
many reasons for the emerging heavy use of Bregman divergences in the learning
literature.

Given that we can estimate `1 and `2 distances between two streams in small
space, it is natural to ask which other f -divergences and Bregman-divergences
are sketchable?

Our Contributions: In this paper we take several steps towards a characterization
of the distances that can be sketched. Our first results are negative and help us
understand why the `1 and `2 distances are special among the f and Bregman
divergences.

– We prove the Shift Invariant Theorem that characterizes a large family of
distances that are not estimable in the streaming model. This theorem per-
tains to decomposable distances, i.e., distances d : Rn ×Rn → R+ for which
there exists a φ : R×R → R+ such that d(x, y) =

∑
i∈[n] φ(xi, yi). The the-

orem suggest that unless φ(xi, yi) is a function of xi − yi then the measure
d cannot be sketched.

– For all f -divergence where f is twice differentiable and f ′′ is strictly posi-
tive, no polynomial factor approximation of Df (p, q) is possible in sub-linear
space. Note that for `1, which can be sketched, the function f(ζ) = |ζ − 1|
and therefore f ′′ is not defined at 1.

– For all Bregman divergences BF where F is twice differentiable and there
exists ρ, z0 > 0 such that,

∀ 0 ≤ z2 ≤ z1 ≤ z0,
F ′′(z1)
F ′′(z2)

≥
(

z1

z2

)ρ

or ∀ 0 ≤ z2 ≤ z1 ≤ z0,
F ′′(z1)
F ′′(z2)

≤
(

z2

z1

)ρ

then no polynomial factor approximation of BF is possible in sub-linear
space. This condition effectively states that F ′′(z) vanishes or diverges mono-
tonically, and polynomially fast, as z approaches zero. Note that for `22, which
can be sketched, the function F (z) = z2 and F ′′ is constant everywhere.

Given the lower bounds, we ask the question of finding additive bounds in
sublinear space. We say an algorithm returns an (ε, δ)-additive-approximation
for a real number Q if it outputs a value Q̂ such that |Q̂−Q| ≤ ε with probability
at least (1− δ) over its internal coin tosses. Some results for two pass algorithms
were presented in [22]. In this paper we show sharp characterizations about what
can be achieved in a single pass.

– Any (ε, 1/4)-additive-approximation of an unbounded Df requires Ω(n)-
space for any constant ε. Alternatively if Df is bounded then we can (ε, δ)-
additive-approximate Df in Oε(

√
n log n log δ−1) space5. The space bound

can be improved for the Jensen-Shannon divergence. Also, for all bounded
symmetric f -divergences, we can approximate Df (p, q) up to an additive ε
in O(ε−2 log δ−1 log n) space if one of p or q is known in advance.

5 The notation Oε(·) treats ε as if constant



– If F (0) or F ′(0) is unbounded, then any (ε, 1/4)-additive-approximation of
BF requires Ω(n) space for any constant ε. Alternatively, if F (0), F ′(0) and
F ′(1) exist, we can approximate BF (p, q) in Oε(log n log δ−1) space.

2 Geometry of Df and BF

In this section we first present some simple geometric results that will allow us
to make certain useful assumptions about an f or F defining an f–divergence
or Bregman divergence.

We start by defining a conjugate f∗(u) = uf( 1
u ). We can then write any

f -Divergence as,

Df (p, q) =
∑

i:pi>qi

pif(qi/pi) +
∑

i:qi>pi

qif
∗(pi/qi) .

The following lemma that demonstrates that we may assume that f(u) ∈ [0, f(0)]
and f∗(u) ∈ [0, f∗(0)] for u ∈ [0, 1] where both f(0) = limu→0 f(u) and f∗(0) =
limu→0 f∗(u) exist if f is bounded.

Lemma 1. Let f be a real-valued function that is convex on (0,∞) and satisfies
f(1) = 0. Then there exists a real-valued function g that is convex on (0,∞) and
satisfies g(1) = 0 such that

1. Df (p, q) = Dg(p, q) for all distributions p and q.
2. g is decreasing in the range (0, 1] and increasing in the range [1,∞). In

particular, if f is differentiable at 1 then g′(1) = 0.

Furthermore, if Df is bounded then

3. g(0) = limu→0 g(u) and g∗(0) = limu→0 g∗(u) exists.

For example, the Hellinger divergence can be realized by either f(u) = (
√

u−
1)2 or f(u) = 2 − 2

√
u. The next lemma will be important when bounding the

error terms in our algorithms.

Lemma 2. For any function f that is positive and convex on (0, 1] with f(1) =
0, for all 0 < a < b < c ≤ 1, |f(c)− f(b)| ≤ c−b

c−af(a) .

Similar to Lemma 1, the following lemma demonstrates that, without loss of gen-
erality, we may make various assumptions about the F that defines a Bregman
divergence.

Lemma 3. Let F be a differentiable, real valued function that is strictly convex
on (0, 1] such that limu→0+ F (u) and limu→0+ F ′(u) exist. Then there exists a
differentiable, real valued function G that is strictly convex on (0, 1] and,

1. BF (p, q) = BG(p, q) for all distributions p and q.
2. G(z) ≥ 0 for x ∈ (0, 1] and G is increasing in the range (0, 1].
3. limu→0+ G′(u) = 0 and limu→0+ G(u) = 0.



3 Techniques

In this section we summarize some of the sketching and sampling techniques
that we will use in the algorithms in the subsequent sections. We then review
the general approach for proving lower bounds in the data stream model.

AMS-Sketches: A size-k AMS-Sketch of the stream S(p) = 〈ap
1, . . . , a

p
m(p)〉 con-

sists of k independent, identically distributed random variables X1, . . . , Xk. Each
Xi is determined by Xi = |{j : ap

j = ap
J , J ≤ j ≤ m(p)}| where J is chosen

uniformly at random from [m(p)]. This sketch is useful for estimating quantities
of the form m(p)−1

∑
i∈[n] f(m(p)i) because, if f(0) = 0 then

E [f(Xi)− f(Xi − 1)] = m(p)−1
∑
i∈[n]

f(m(p)i) .

It can be constructed by a streaming computation using only O(k) counters [1].

MG-Sketches: A size-k MG-Sketch of the stream S(p) is a deterministic construc-
tion that consists of estimates (p̃i)i∈[n] for the probability distribution (pi)i∈[n].
These estimates satisfy pi−1/k ≤ p̃i ≤ pi for all i ∈ [n]. Also, at most k values of
p̃i are non-zero and hence a size k MG-Sketch can be stored with O(k) counters.
Furthermore, the sketch can be constructed by a streaming computation using
only O(k) counters [33, 5, 19].

Universe-Sampling: A size-k Universe-Sample of S(p) consists of the exact values
of pi for k randomly chosen i ∈ [n]. It can be trivially constructed by a streaming
computation using only O(k) counters.

Lower Bounds: A component of the lower bounds we prove in this paper is a
reduction from the communication complexity of Set-Disjointness. An in-
stance of this problem consists of two binary strings, x, y ∈ Fn

2 such that∑
i xi =

∑
i yi = n/4. Alice knows the string x and Bob knows the string y.

Alice and Bob take turns to send messages to each other with the goal of de-
termining if x and y are disjoint, i.e. x.y = 0. Determining if x.y = 0 with
probability at least 3/4 requires Ω(n) bits to be communicated [35].

Our lower bound proofs use the following template. We suppose that there
exists a streaming algorithm A that takes P passes over a stream and uses
W working memory to approximate some quantity. We then show how Alice
and Bob can construct a set of stream elements SA(x) and SB(y) such that
the value returned by A on the stream containing SA(x) ∪ SB(y) determines
whether x.y = 0. Alice and Bob can then emulate A: Alice runs A on SA(x),
communicates the memory state of A, Bob runs A initiated with this memory
state on SB(x) and communicates the memory state of A to Alice and so on.
This protocol transmits (2P − 1)W bits and hence if P = O(1), we deduce that
W = Ω(n).

It should be noted that such a style of proof has been used widely. The
novelty of our lower bound proofs is in using the geometry of Df and BF to
construct suitable SA(x) and SB(y).



4 Multiplicative Approximations

We start with the central theorem of this section, the Shift Invariance Theorem.
This theorem characterizes a large class of divergences that are not sketchable.

Theorem 1 (Shift Invariance Theorem). Let φ : [0, 1]× [0, 1] → R+ satisfy
φ(x, x) = 0 for all x ∈ [0, 1] and there exists n0, a, b, c ∈ N such that for all
n ≥ n0,

max
(

φ

(
a

m
,
a + c

m

)
, φ

(
a + c

m
,

a

m

))
>

α2n

4

(
φ

(
b + c

m
,

b

m

)
+ φ

(
b

m
,
b + c

m

))
where m = an/4+bn+cn/2. Then any algorithm that returns an α approximation
of d(p, q) =

∑
i∈[5n/4] φ(pi, qi) with probability at least 3/4 where p and q are

defined by a stream of length O((a + b + c)n) over [5n/4] requires Ω(n) space.

Proof. We refer the reader to the lower bounds template discussed in Section 3.
Assume that n is divisible by 4 and n > n0. Let (x, y) ∈ Fn

2 × Fn
2 be an instance

of Set-Disjointness where
∑

i xi =
∑

i yi = n/4. Alice and Bob determine the
prefix of a stream SA(x) and the suffix SB(y) respectively. We first assume that
φ(a/m, (a + c)/m) ≥ φ((a + c)/m, a/m).

SA(x) =
⋃

i∈[n]

{axi + b(1− xi) copies of 〈p, i〉 and 〈q, i}

∪
⋃

i∈[n/4]

{b copies of 〈p, i + n〉 and 〈q, i + n〉}

SB(y) =
⋃

i∈[n]

{cyi copies of 〈q, i〉} ∪
⋃

i∈[n/4]

{c copies of 〈p, i + n〉}

Observe that m(p) = m(q) = an/4 + bn + cn/2 and

Df (p, q) = (x.y)φ
(

a

m
,
a + c

m

)
+(n/4−x.y)φ

(
b

m
,
b + c

m

)
+(n/4)φ

(
b + c

m
,

b

m

)
.

Therefore,

x.y = 0 ⇔ Df (p, q) = (n/4)(φ(b/m, (b + c)/m) + φ((b + c)/m, b/m))
x.y = 1 ⇔ Df (p, q) ≥ α2(n/4)(φ(b/m, (b + c)/m) + φ((b + c)/m, b/m))

Therefore any α-approximation would determine the value of x.y and hence an α-
approximation requires Ω(n) space [35]. If φ(a/m, (a+c)/m) ≤ φ((a+c)/m, a/m)
then the proof follows by reversing the roles of p and q.

The above theorem suggests that unless φ(xi, yi) is some function of xi − yi

then the distance is not sketchable. The result holds even if the algorithm may
take a constant number of passes over the data. We also mention a simpler result



that can be proved using similar ideas to those employed above. This states that
if there exist a, b, c ∈ N such that

max
(

φ(a + c, a)
φ(b + c, b)

,
φ(a, a + c)
φ(b, b + c)

)
> α2 ,

then any single-pass α-approximation of
∑

i∈[n] φ(m(p)i,m(q)i) requires Ω(n)
space.

We next present two corollaries of Theorem 1. These characterize the f -
divergences and Bregman divergences that can be not be sketched. Note that `1
and `22, which can be sketched, are the only commonly used divergences that do
not satisfy the relevant conditions.

Corollary 1 (f-Divergences). Given an f-divergence Df , if f is twice differ-
entiable and f ′′ is strictly positive, then no polynomial factor approximation of
Df is possible in sub-linear space.

Proof. We first note that by Lemma 1 we may assume f(1) = f ′(1) = 0. Let
a = c = 1 and b = α2n(f ′′(1) + 1)/(8f(2)) where α is an arbitrary polynomial
in n. Note that f(2) > 0 because f is strictly convex.

We start by observing that,

φ(b/m, (b + c)/m) = (b/m)f(1 + 1/b) = (b/m)
[
f(1) +

1
b
f ′(1) +

1
2!b2

f ′′(1 + γ)
]

for some γ ∈ [0, 1/b] by Taylor’s Theorem. Since f(1) = f ′(1) = 0 and f ′′(t) is
continuous at t = 1 this implies that for sufficiently large n, f ′′(1+γ) ≤ f ′′(1)+1
and so,

φ(b/m, (b+c)/m) ≤ f ′′(1) + 1
2mb

=
f ′′(1) + 1
2f(2)b

m−1f(2) ≤ 8
α2n

φ(a/m, (a+c)/m) .

Similarly we can show that for sufficiently large n,

φ((b + c)/m, b/m) ≤ 8
α2n

φ(a/m, (a + c)/m) .

Then appealing to Theorem 1 we get the required result.

Corollary 2 (Bregman Divergences). Given a Bregman divergences BF , if
F is twice differentiable and there exists ρ, z0 > 0 such that,

∀ 0 ≤ z2 ≤ z1 ≤ z0,
F ′′(z1)
F ′′(z2)

≥
(

z1

z2

)ρ

or ∀ 0 ≤ z2 ≤ z1 ≤ z0,
F ′′(z1)
F ′′(z2)

≤
(

z2

z1

)ρ

then no polynomial factor approximation of BF is possible in sub-linear space.

This condition effectively states that F ′′(z) vanishes or diverges monotonically,
and polynomially fast, as z → 0.



Proof. By the Mean-Value Theorem, for any m, r ∈ N, there exists γ(r) ∈ [0, 1]
such that, φ(r/m, (r + 1)/m) + φ((r + 1)/m, r/m) = m−2F ′′((r + γ(r))/m).
Therefore, for any a, b ∈ N, c = 1 and m = an/4 + bn + n/2,

max
(
φ

(
a
m , a+c

m

)
, φ

(
a+c
m , a

m

))
φ

(
b+c
m , b

m

)
+ φ

(
b
m , b+c

m

) ≥ 1
2

F ′′((a + γ(a))/m)
F ′′((b + γ(b))/m)

.

If ∀ 0 ≤ z2 ≤ z1 ≤ z0, F ′′(z1)/F ′′(z2) ≥ (z1/z2)ρ then set a = (α2n)1/ρ

and b = 1 where α is an arbitrary polynomial in n. If ∀ 0 ≤ z2 ≤ z1 ≤
z0, F ′′(z1)/F ′′(z2) ≥ (z2/z1)ρ then set a = 1 and b = (αn)1/ρ. In both cases
we deduce that the RHS of Eqn. 1 is greater than α2n/4. Hence, appealing to
Theorem 1, we get the required result.

5 Additive Approximations

In this section we focus on additive approximations. As mentioned earlier, the
probability of misclassification using ratio tests is often bounded by 2−Df , for
certain Df . Hence, an additive ε approximation translates to a multiplicative 2ε

factor for computing the error probability. Our goal is the characterization of
divergences that can be approximated additively.

5.1 Lower bound for f-divergences

In this section we show that to additively approximate Df (p, q) up to any addi-
tive ε > 0, Df must be bounded.

Theorem 2. Any (ε, 1/4)-additive-approximation of an unbounded Df requires
Ω(n) space. This applies even if one of the distributions is known to be uniform.

Proof. We refer the reader to the template for lower bounds discussed in Sec-
tion 3. Let (x, y) ∈ Fn

2 × Fn
2 be an instance of Set-Disjointness. Then define

q be the following stream elements.

SA(x) = {1− xi copies of 〈q, i〉 for i ∈ [n]}
SB(y) = {1− yi copies of 〈q, i〉 for i ∈ [n]}

Let p be the uniform distribution. If limu→0 f(u) is unbounded then Df (p, q)
is finite iff x.y = 0. If limu→∞

1
uf(u) is unbounded then Df (q, p) is finite iff

x.y = 0.

5.2 Upper bounds for f-divergences

In this section we show an additive approximation that complements the lower
bound in the previous section. Note that since for any f–divergence, a func-
tion af(·) for a > 0 gives another f–divergence, the best we can hope for is
an approximation which is dependent on max{limu→0 f(u), limu→∞

1
uf(u)}. In



The algorithm f-Est(p,q): Let ε be a user-specified value in the range (0, 1).
Let γ(ε) < ε/16 be such that

∀u ≤ γ, |f(u)− lim
u→0

f(u)| ≤ ε/16 and ∀u ≥ 1

γ
,

˛̨̨̨
1

u
f(u)− lim

u→∞

1

u
f(u)

˛̨̨̨
≤ ε/16 .

1. Use Universe-Sampling to compute pi, qi for i ∈ S where S is a random
subset of [n] of size 3ε−2n(ρ + γ2ρ) ln(2δ−1) where ρ = 1/

√
n.

2. Use MG-Sketches to compute (p̃i)i∈[n] and (q̃i)i∈[n] such that

pi − γ2ρ ≤ p̃i ≤ pi and qi − γ2ρ ≤ q̃i ≤ qi .

3. Return, X
i∈T

p̃if(q̃i/p̃i) +
n

|S|
X

i∈S\T

pif(qi/pi)

where T = {i : max{p̃i, q̃i} ≥ ρ}.

Fig. 1. Additive Approximation of Some f -Divergences

what follows we assume that this value is 1. The idea behind the algorithm is
a combination of Universe-Sampling and MG-Sketching. With MG-Sketches we
can identify all i ∈ [n] such that either pi or qi is larger than some threshold.
For the remaining i it is possible to show that pif(qi/pi) is small enough such
that estimating the contribution of these terms by Universe-Sampling yields the
required result. See Figure 1 for a detailed description of the algorithm.

Lemma 4. max{pi, qi} ≤ ρ + γ2ρ for i 6∈ T and max{pi, qi} ≥ ρ for i ∈ T .
Furthermore, ∣∣∣∣∣∑

i∈T

pif(qi/pi)−
∑
i∈T

p̃if(q̃i/p̃i)

∣∣∣∣∣ ≥ ε/2.

Proof. The first part of the lemma follows from the properties of the MG-Sketch
discussed in Section 3. Let ∆(pi), ∆(qi/pi), ∆(f(qi/pi)), and ∆(qi) be the abso-
lute errors in pi, qi/pi, f(qi/pi), qi respectively and note that,

|p̃if(q̃i/p̃i)− pif(qi/pi)| ≤ f(qi/pi)∆(pi) + pi∆(f(qi/pi)) + ∆(pi)∆(f(qi/pi)) .

There are four cases to consider.

1. pi ≥ ρ and qi ≤ γρ/2. Then ∆(f(qi/pi)) ≤ ε/8 since qi/pi, q̃i/p̃i ≤ γ and f
is non-increasing in the range (0, 1). Therefore,

|p̃if(q̃i/p̃i)− pif(qi/pi)| ≤ γ2ρf(qi/pi) + εpi/16 + γ2ρε/16+ ≤ εpi/8 .

2. qi ≥ ρ and pi ≤ γρ/2. Similar to case 1.
3. pi ≥ ρ, qi ≥ γρ/2 and pi > qi. First note that ∆(qi/pi) ≤ (2γ + γ2)qi/pi.

|p̃if(q̃i/p̃i)− pif(qi/pi)| ≤ γ2pi + pi(2γ + γ2)qi/pi + γ2pi(2γ + γ2)qi/pi

≤ εpi/16 + εqi/8 .



4. qi ≥ ρ, p ≥ γρ/2, and pi < qi. Similar to case 3.

Therefore summarizing all cases, the additive error per-term is at most ε(qi +
pi)/4. Summing over all i ∈ T establishes the second part of the lemma.

Theorem 3. There exists an (ε, δ)-additive-approximation for any bounded f-
divergence using Oε(

√
n log n log δ−1) space.

Proof. The space use is immediate from the algorithm. The main observation to
prove correctness is that for each i 6∈ T , pi, qi ≤ ρ + γ2ρ, and hence pif(qi/pi) ≤
ρ + 2γ2ρ. Hence, by an application of the Chernoff bound,

Pr

∣∣∣∣∣∣ n

|S|
∑

i∈S\T

pif

(
qi

pi

)
−

∑
i∈[n]\T

pif

(
qi

pi

)∣∣∣∣∣∣ ≥ ε/2

 ≤ 2 exp
(
− |S|ε2

3n(ρ + 2γ2ρ)

)
.

This is at most δ for our value of |S|. Appealing to Lemma 4 yields the result.

Some f -divergences can be additively approximated in significantly smaller
space. For example, the Jensen–Shannon divergence can be rewritten as

JS(p, q) = ln 2
(

2H

(
p + q

2

)
−H(p)−H(q)

)
,

where H is the entropy. There exists a single-pass (ε, δ)-additive-approximation
of entropy in the streaming model [10]. This yields the following theorem.

Theorem 4. There exists a single-pass (ε, δ)-additive-approximation of the JS-
divergence using O(ε−2 log2 n log2 m log δ−1) space.

Finally in this section we show that the space bound of Oε(
√

n log n log δ−1)
can be improved if we knew one of the distributions, e.g., if we had a prior
distribution and were trying to estimate a fit.

Theorem 5. We can (ε, δ)-additively-approximate any f–divergence Df (p, q) in
space O(ε−2 log n log δ−1) if Df is bounded and one of p or q is known in advance.

Proof. Let p be the known distribution and let q be defined by the stream. We
may assume that f(1) = f ′(1) = 0. Therefore,

Df (p, q) =
∑

qi<pi

pif

(
qi

pi

)
+

∑
qi>pi

qif
∗
(

pi

qi

)
.

We consider each term separately. To approximate the first term the algorithm
picks i with respect to the known distribution p and then computes qi. The basic
estimator is

g(i) =
{

0 if qi > pi

f(qi/pi) if qi ≤ pi
.



Note that E [g(i)] =
∑

i:qi<pi
pif(qi/pi) and 0 ≤ g(i) ≤ f(0). Hence, ap-

plying Chernoff bounds we can (ε/2, δ/2)-additively-approximate E [g(i)] with
O(ε−2 log δ−1) basic estimators.

To approximate the second term we use an AMS-Sketch. Specifically, the
algorithm picks a random i in the stream q and computes, ri, the number of
times i occurs after it was picked. The basic estimator is,

h(ri) =


0 if pi ≥ ri/m
f∗(0) if pi = 0
rif

∗(mpi

ri
)− (ri − 1)f∗( mpi

ri−1 ) otherwise
.

Note that E [h(ri)] =
∑

i:qi>pi
qif(pi

qi
) and 0 ≤ h(i) ≤ f∗(0) by Lemma 2. Hence,

applying Chernoff bounds we can (ε/2, δ/2)-additively-approximate E [g(i)] with
O(ε−2 log δ−1) basic estimators.

5.3 Lower bound for Bregman Divergences

Theorem 6. If max{limu→0 F (u), limu→0 F ′(u)} is unbounded then (ε, 1/4)-
additive-approximation of BF requires Ω(n) space. This applies even if one of
the distributions is known to be uniform.

Proof. We refer the reader to the lower bounds template discussed in Section 3.
Let (x, y) ∈ Fn

2 × Fn
2 be an instance of Set-Disjointness. Let q be determined

by Alice and Bob as in Theorem 2. and let p be the uniform distribution. If
limu→0 F (u) is unbounded then BF (q, p) is finite iff x.y = 0. If limu→0 F (u) is
bounded but limu→0 F ′(u) is unbounded then BF (p, q) is finite iff x.y = 0.

5.4 Upper bound for Bregman Divergences

In this section we show the matching upper bounds to Theorem 6. In the section
we assume that F (0), F ′(0) and F ′(1) are defined. Recall from Lemma 3 that
we may assume that F (0) = F ′(0) = 0. This makes F monotone increasing over
[0, 1]. Note that this transformation preserves F ′(1) to be a constant. As with
the f–divergences, any multiple of an Bregman divergence is another Bregman
divergence and hence the best we can hope for is an approximation which is
dependent on F ′(1). In what follows we assume that this value is 1.

Theorem 7. Assuming F (0), F ′(0), F ′(1) exist we can approximate BF (p, q) for
any two unknown streams p, q upto additive ε in Oε(log n log δ−1) space.

Proof. Write BF as BF (p, q) =
∑

i F (pi)−
∑

i F (qi)−
∑

i piF
′(qi)+

∑
i qiF

′(qi).
We show how to estimate each term with probability at least 1 − δ/4 up to
an additive ε/4 term. Because 0 ≤ m(p)[F (Xj/m(p)) − F ((Xj − 1)/m(p))] ≤
F ′(1) = 1,

Pr

[∣∣∣∣∣∑̃
i

F (pi)−
∑

i

F (pi)

∣∣∣∣∣ > ε/4

]
≤ 2 exp(−|S|ε2/48) ≤ δ/4 .



Algorithm B-Est(p,q): Let ε2 = ε/12. Let γ(ε2) ≤ ε2 be such that, ∀u ∈
(0, 1], |F ′(u + γ)− F ′(u)| ≤ ε2 and let ε1 = γε2.
1. Use AMS-Sketches to estimate

P
i F (pi): Choose a random subset of S ⊂

[m(p)] of size 48ε−2 ln(4δ−1). For each j ∈ S,
(a) Let e(j) = i where ap

j = 〈p, i〉.
(b) Let Xj = |{k : ak = aj , k ≥ j}|
Let X̃

i

F (pi) =
m(p)

|S|
X

j

[F

„
Xj

m(p)

«
− F

„
Xj − 1

m(p)

«
]

and define
P̃

i F (qi) analogously.
2. Use MG-Sketches to compute (p̃i)i∈[n] and (q̃i)i∈[n] such that

pi − ε1 ≤ p̃i ≤ pi and qi − ε2 ≤ q̃i ≤ qi .

3. Return, X̃
i

F (pi)−
X̃

i

F (qi)−
X

i

(p̃i − q̃i)F
′(q̃i) .

Fig. 2. Additive Approximation of Some Bregman Divergences

The calculation for the second term is similar. To bound the remaining terms,
since pi ≥ p̃i ≥ max{pi − ε1, 0} and qi ≥ q̃i ≥ max{qi − ε1, 0}, we get that
F ′(qi) ≥ F ′(q̃i) ≥ max{F ′(qi)− ε2, 0} and

∑
i piF

′(qi) ≥
∑

i p̃iF
′(q̃i). Hence,∑

i

p̃iF
′(q̃i) ≥

∑
i

max{pi − ε1, 0}max{F ′(qi)− ε2, 0}

≥
∑

i

piF
′(qi)−

∑
i:ε1<pi,qi<γ

ε1F
′(qi)−

∑
i:ε1<pi,qi≥γ

ε1F
′(qi)− ε2

≥
∑

i

piF
′(qi)− ε2 −

ε1
γ
− ε2

≥
∑

i

piF
′(qi)− 3ε2 ≥

∑
i

piF
′(qi)− ε/4 .

The calculation for the fourth term is entirely similar.

6 Conclusions and Open Questions

We presented a partial characterization of the information divergences that can
be multiplicatively approximated in the data stream model. This characteri-
zation was based on a general result that suggests that any distance that is
sketchable has certain “norm-like” properties.

We then considered additive-approximation of f -divergences and Bregman
divergences. In particular, we showed that all bounded f -divergences can be
approximated up to an additive ε term in a single pass using Oε(

√
n polylog n)



space. In two passes, O(polylog n)-space is known to be sufficient [22]. As was
noted, there does exists a single-pass, Oε(polylog n)-space additive approxima-
tion for the Jensen-Shannon divergence. This begs the question whether there
exist single-pass Oε(polylog n)-space algorithms for all bounded f -divergences?

A final open question relates to multiplicative approximation of information
divergences in the aggregate data stream model in which all elements of the
form 〈p, ·〉 appear consecutively. It is easy to (1 + ε) multiplicatively approx-
imate the Hellinger divergence in this aggregate model using O(ε−2 polylog n)
space by exploiting the connection between the Hellinger divergence and the L2

distance. The Jensen-Shannon divergence is constant factor related to Hellinger
and therefore there exists a constant factor approximation to Jensen-Shannon in
O(polylog n) space. How much space is required to find an (1+ε)-approximation?
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