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Abstract

We consider a variant of the classic multi-armed ban-
dit problem (MAB), which we call FEEDBACK MAB,
where the reward obtained by playing each of n inde-
pendent arms varies according to an underlying on/off
Markov process with known parameters. The evolution
of the Markov chain happens irrespective of whether the
arm is played, and furthermore, the exact state of the
Markov chain is only revealed to the player when the
arm is played and the reward observed. At most one
arm (or in general, M arms) can be played any time
step. The goal is to design a policy for playing the arms
in order to maximize the infinite horizon time average
expected reward. This problem is an instance of a Par-
tially Observable Markov Decision Process (POMDP),
and a special case of the notoriously intractable “rest-
less bandit” problem. Unlike the stochastic MAB prob-
lem, the FEEDBACK MAB problem does not admit to
greedy index-based optimal policies. The state of the
system at any time step encodes the beliefs about the
states of different arms, and the policy decisions change
these beliefs — this aspect complicates the design and
analysis of simple algorithms.

We design a constant factor approximation to the
FEEDBACK MAB problem by solving and rounding a
natural LP relaxation to this problem. As far as we
are aware, this is the first approximation algorithm for
a POMDP problem.

1 Introduction

In this paper, we design approximately optimal poli-
cies for a natural variant of the classic multi-armed ban-
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dit (MAB) problem which we term FEEDBACK multi-
armed bandits. This variant is motivated by the follow-
ing application scenario: Suppose a transmitter has ac-
cess to n wireless channels, and can choose any one
of these channels to transmit on every time-slot. The
quality of each channel varies with time according to a
bursty on/off process whose transition probabilities are
known to the transmitter. The transmission rate for us-
ing a channel depends on the quality of the channel. The
transmitter gets feedback about the instantaneous qual-
ity of a channel when it transmits on the channel, since
the achievable rate of transmission depends on the qual-
ity of the channel. The transmitter can use this feed-
back to guide future transmission decisions. The goal of
the transmitter is to come up with a policy for deciding
which channel to transmit on every time slot based on
the outcomes of past decisions, to maximize the infinite
horizon time average transmission rate.

We model the above problem as a variant of the multi-
armed bandits problem as follows: There is a bandit with
n independent arms. At each discrete time step, play-
ing an arm yields reward. The reward of arm ¢ evolves
according to a two-state bursty Markovian process. De-
note the two states “good” and “bad”. The reward from
playing the arm when it is in “good” state is ; > 0, and
when it is in “bad” state is 0. When the reward is r;, at
the next time step, the reward is 0 w.p. [3; and remains 7;
with the remaining probability. Similarly, when the re-
ward is 0, the reward at the next time step is 7; W.p. «,
and remains 0 with the remaining probability. Note that
different arms could have different rewards and burst
lengths. When the arm is played, the observed reward
(r; or 0) reveals to the player the current state of the arm.
We emphasize that the state of an arm is observed only
when the arm is played; at other time instants, the player
has a belief about possible states of the arm based on
past observations about its state. The goal is to design a
policy which plays at most one arm per time step, so that



the infinite horizon time averaged reward is maximized.
We term this new variant the FEEDBACK MAB prob-
lem, since playing the arm yields feedback about the cur-
rent state of the arm. We note that with some technical
changes, our results can be extended to the case where
M > 1 arms are allowed to be played every time step.

Related Problems and Technical Hurdles: MAB
problems model the trade-off between exploration, i.e.,
learning about the state of the system, and exploitation,
i.e., using the information about the state of the system
to perform better actions. In the FEEDBACK MAB prob-
lem, playing an arm which was just observed to be in
good state (exploitation) trades off with playing an arm
which was observed a while ago to be bad, but which
may have become good now and yield larger reward.

The most well-studied “classical” variant of the MAB
problem is the stochastic MAB problem [7, 3]. One arm
can be played in each time slot, and the random reward
obtained depends on the state of the arm played. The
state of an arm changes only when the arm is played, and
otherwise remains the same. The player therefore knows
the current states of all the arms. The goal is to maxi-
mize the infinite horizon discounted reward. The inge-
niously simple and elegant greedy Gittins index tech-
nique [7] computes the optimal policy. An index policy
computes an index for each arm based on just its cur-
rent state, and plays the arm with the highest index. The
FEEDBACK MAB problem has two fundamental differ-
ences: (1) The state of the arm evolves irrespective of
whether it is played; and (2) The process of playing re-
veals information about the state of the arm, but does not
change the state evolution of the arm itself — the play is
merely an observation. Our model is therefore more ap-
propriate for situations as the example of wireless chan-
nels, where the arm corresponds to a channel which the
player can only observe but not control.

Designing policies for the FEEDBACK MAB problem
poses interesting challenges. At any point in time, each
arm has been played a certain number of time steps ago.
When an arm was last played, the player knew its reward
state (or simply, state) precisely. However, since the
time of last play, the state of the arm has evolved accord-
ing to its Markov process. The exact trajectory of evo-
lution is unknown fto the player. The partial information
with the player yields a belief over the possible current
states of the arm, which in our case simply means a prob-
ability distribution over the arm currently being in good
or bad state. The player uses this partial information
in making the decision about which arm to play next,
which in turn affects the information at future time steps.
This problem is therefore a special case of Partially Ob-
servable Markov Decision Problems (POMDPs), which
are in general notoriously intractable [3].

A natural question in this regard is: Does the opti-
mal policy for FEEDBACK MAB have a simple char-
acterization? For instance, is an index policy analo-
gous to the Gittins index scheme optimal? (Index poli-
cies are desirable since they can be compactly repre-
sented, and are the heuristic method of choice for sev-
eral MDP problems.) The following three-arm exam-
ple shows the contrary: (o, 51,71) = (0.4,0,1), and
(042, ﬁg, 7‘2) = (Otg, ,6)3, T3) = (01, 01, 2) Note that
arm 1 yields a deterministic reward of 1, while arms 2
and 3 are ¢.5.d. Any policy is symmetric w.r.t. arms 2
and 3. The optimal policy exhibits the following non-
index behavior where given the beliefs about arms 1 and
2, the decision to play switches between these arms de-
pending on the belief about arm 3. If arm 2 was observed
to be “bad” 4 steps ago, then: (i) If arm 3 was “bad” 2
steps ago, the policy plays arm 1; (ii) If arm 3 was “bad”
3 steps ago, the policy plays arm 2. This policy has av-
erage reward 1.4622. The policy that flips the former
decision to play arm 2 has reward 1.4617, and the pol-
icy that flips the latter decision to play arm 1 has reward
1.4616 , implying the “non-index” part affects the solu-
tion value by a constant factor. In this sense, the FEED-
BACK MAB is structurally different from the stochastic
MAB problem. The obvious question in the wake of the
above discussion is: Are there simple policies which are
provably near optimal? This is the central question we
focus on, and we show that simple “index-type” policies
that arise from a natural linear program relaxation are
indeed near optimal.

The FEEDBACK MAB problem is indeed a special
case of a well-studied generalization of the stochas-
tic MAB problem, called the restless bandits prob-
lem [15, 4, 17]. In this problem, the state of the arm
changes according to a passive transition matrix when
the arm is not being played, and according to an active
transition matrix when the arm is played. In the former
case, the arm yields a state-dependent passive reward,
and in the latter case, a state-dependent active reward.
Papadimitriou and Tsitsiklis [16] show that this prob-
lem is PSPACE-hard; their reduction in fact shows that
attaining any non-trivial approximation factor is also in-
tractable. The FEEDBACK MAB problem is a special
case of restless bandits where the active and passive ma-
trices have the following relationship: The active matrix
is the actual transition matrix for the underlying Markov
chain, and the passive matrix corresponds to the evolu-
tion of the belief about the state of the arm when it is not
being played. The passive rewards are all zero.

A widely used heuristic approach for the restless ban-
dits problem is to convert the solution of poly-size linear
programming relaxations into index policies. This ap-
proach was pioneered by Whittle [17], and extensively
studied by Bertsimas and Nifio-Mora [4]. However, in



view of the intractability of the restless bandits prob-
lem and the difficulty in analyzing index policies, no
performance guarantees are known for this approach.
The key contribution of this paper is to study the per-
formance of the linear programming relaxation for the
FEEDBACK MAB problem, and show that an extremely
simple index-type policy has a constant factor approxi-
mation ratio against the LP bound.

In previous work [8, 10, 11, 9], we considered a very
different version of the MAB problem, which we termed
budgeted learning, where the exact reward distribution
of any arm is unknown to the player, but a prior on
the possible distributions is specified. The reward dis-
tribution is time-invariant, and although a greedy pol-
icy based on the solution of a linear programming re-
laxation achieves constant approximation ratio, the ba-
sic problem and the required techniques are very dif-
ferent from the version considered here. Several re-
searchers have considered the question of performing
learning and prediction tasks when the underlying re-
wards are adversarial and drifting. These problems are
referred to as the adversarial MAB problems or experts
problems [14, 1, 5, 6, 12], and the goal is to compete
with the algorithm which always plays one arm, but with
the benefit of hindsight. The FEEDBACK MAB problem
is not a learning problem since the parameters of the un-
derlying Markov process are known, and the uncertainty
is the result of partial information about the states of the
arms, which in turn depends on previous policy actions.

Our Contribution: We show that for the FEEDBACK
MAB problem, there is a natural poly-time solvable lin-
ear programming relaxation whose solution can be con-
verted to a feasible policy whose reward is within a con-
stant factor of the optimal reward of any ergodic strategy.
As far as we are aware, this is the first provable analysis
of a linear programming relaxation for a POMDP or for
a restless bandit problem.

Analysis of policies for FEEDBACK MAB is made
difficult because the plays for different arms happen at
mutually exclusive time instants so that the beliefs about
the states of the arms tend to get correlated. One solu-
tion is to make the plays memoryless, as in the round-
ing schemes for machine replenishment [2, 13]. How-
ever, making the exploitation memoryless is not desir-
able since it should obviously depend on the state of
the arm. We get around this difficulty by developing
a rounding scheme which in some sense preserves in-
dependent beliefs about the states of the arms by per-
forming the exploration in a memoryless fashion. Our
scheme finds the middle ground in having just the right
amount of correlation to obtain a large fraction of the
reward, while at the same time, keeping the process ana-
Iytically tractable. The analysis involves extracting a so-

lution with specific structure from the LP optimum, and
then performing a sequence of modifications on the LP
solution to extract a policy with the desired properties.
Specifially the roadmap we follow is:

e We present the definitions and the natural LP for-
mulation in Section 2. Our LP formulation does not
have polynomial size. We show via the Lagrangean
that the formulation is equivalent to a poly-time
solvable non-linear function maximization.

e Subsequently in Section 3 we show that either (i)
we have identified a single arm which approximates
the entire problem or (ii) we can identify a subset
of arms and rates at which they should be played
which together give us an infeasible but near opti-
mal solution.

e In Section 4 we show how to modify the processes
found in step (ii) to nice memoryless variants. In
Section 5 we combine these to obtain a constant
factor approximation.

Our policy, though not an index policy, has a natural
interpretation in terms of index policies [17, 4]. Further-
more, it has a linear size specification, which is desir-
able when the policy needs to be executed with severe
computatinal resource constraints, such as in a wireless
node. We leave open the question of whether our al-
gorithm can be derandomized to extract an index policy
with similar performance guarantees.

2 Problem Statement and LP formulation

The bandit has n independent arms. Arm ¢ has two

states: The good state g; yields reward r;, and the bad
state b; yields no reward. The evolution of state of the
arm follows a Markovian process which does not de-
pend on whether the arm is played or not at a time slot.
Let s;, denote the state of arm 4 at time k. Then de-
note Pr[si(k-&-l) = gL|Szk = b,] = «; and Pr[si(k—i-l) =
bi|sik = ¢i] = Bi- The evolution of states for different
arms are independent. Any policy chooses exactly one
arm to play every time slot. This yields reward depend-
ing on the state of the arm, and in addition, reveals to
the policy the current state of that arm. The goal of the
policy is to judiciously play the arms to maximize the
infinite horizon time average reward.
Assumptions: To ensure ergodicity and “burstiness”,
assume «;, 5; < 1/2(1 — ¢) for some small § > 0
specified as part of the input. For convenience, assume
Bi,a; + B; > § (our proofs go through with minor
changes even without this assumption).

Definition 1. For integer k > 1, define: v, = Pr[s;, =
gilsio = by uik = Pr[sik = gilsio = 94



Lemma 2.1. Focus on a particular arm i, and omit the
subscripti. For integer k > 1, we have vg11 = (1—a—
Bk + «, and upr1 = (1 — a — B)ug, + a. Combined
withv, = aand uy = 1 — 3 we have

«

vk=a+ﬁ(1—(1—a—6)k)
1—uk=aéﬁuf41—a—ﬂﬁ)

It follows that uy, is a monotonically non-increasing
Sfunction of k while vy, is monotonically non-decreasing.
J— — (07
Furthermore, sy = Voo = L
The proof of the above lemma is simple, and omitted.
We now state a useful fact, which will be used exten-

sively later on in the paper:

Fact 2.2. Foranyt > 1 and for any x € [0, 1], we have
(1+tz)(1—2) <L

2.1 The Linear Program

We present a constant factor approximation to the
above problem by rounding a linear programming re-
laxation. The LP as stated has infinitely many variables
and constraints; however, we show in the next section
that the optimal solution has a very simple structure,
and furthermore, a near-optimal solution with the same
structure can be constructed in polynomial time by per-
forming elementary function maximization. This struc-
ture in the constructed solution will be critically used in
the rounding scheme later.

For any feasible policy, suppose at any time instant,
arm ¢ was observed to be in state b; some k£ > 1 steps
ago. Then, if the policy plays arm 4, this arm will be ob-
served to be in state g; with probability u;; and in state b;
with probability 1 —u;;. Therefore, the expected reward
from this play is 7;u;x, and the belief about the state of
the arm collapses to either b; or g;. This motivates the
following notation: Let z;;—1 denote the probability that
at the beginning of a random time instant, it is the case
that the policy played and observed arm ¢ in state g; ex-
actly k > 1 steps ago. Let zf; denote the probability
that the previously mentioned event happens and arm ¢
is played. Let y;;—1 denote the probability that at the
beginning of a random time instant, it is the case that the
policy observed arm 1 in state b; exactly & > 1 steps ago.
Let y5,. denote the probability that the state of arm ¢ was
observed k steps ago to be in state b;, and arm 7 is played.
Note that these probability values are well-defined since
the optimal policy is ergodic. The following linear pro-
gram MAINLP upper bounds the value of the optimal
policy.

n
Maximize g T E (winx$y, + vikyiy)
i=1  k>1

Doy Yo (5 ) =1

ZkZO Tit +Yir = 1 Vi

Dok @ik + Y vik) = Tio Vi
o1 (@5 (1 —wir) + v (1 — vik)) = o Vi
Tik—1 = l'gk + Zik Vi,k>1

Yik—1 = Yip, T Yik Vi, k>1
Tiks Yik> L5 Ysr, € [0,1] Vi, k>0

We will next show that an arbitrarily good approxi-
mation to the above can be obtained in polytime.

2.2 Solving the Linear Program

To solve MAINLP, we will consider a Lagrangean re-
laxation whose optimal solution replaces the large num-
ber of variables and constraints in the LP with a sim-
ple function maximization. We subsequently perform
binary search on the Lagrange multiplier to find the op-
timal solution to MAINLP.

Lagrangean Formulation: In MAINLP, the only con-
straint which runs across different arms is the constraint:

ZZ zk+y1k *1
i=1k>1

The above constraint effectively replaces the hard con-
straint of playing one arm per time step with the same
constraint in expectation over time. In that sense,
MAINLP is a relaxation of the optimal policy. We ab-
sorb this constraint into the objective via Lagrange mul-
tiplier A > 0 to obtain the following Lagrangean objec-
tive:

Max. A+ Z Z ((riu — Nz

i=1k>1

i+ (rivie — N)yig)

This maximization is subject to the remaining con-
straints in the above LP. Denote this Lagrangean for-
mulation LPLAGRANGE(A). Let G(X) denote its
optimal solution value. The optimal solution for
LPLAGRANGE(\) now yields n separate maximization
problems, one for each arm. The maximization prob-
lem for arm ¢ exactly encodes the following policy de-
sign question: At any time step, the arm can be played
(and reward obtained from it), or not played. When-
ever the arm is played, we incur a penalty A in addition
to the reward. The goal is to maximize the difference
between the expected reward and the expected penalty.
Note that if the penalty is sufficiently large, the optimal
solution would be to never play the arm. Let L(4, A) de-
note the optimal policy for arm 4, with value W (i, A), so
that G(\) = >0, W (i, A).

We first show that the optimal policy L(i, A) for any
arm 4 belongs to the class of policies P;(k) for k& > 1,
whose specification is presented in Figure 1.



Policy P;(k):

1. If the arm was just observed to be in state g;, then play the arm.

2. If the arm was just observed to be in state b;, wait kK — 1 steps and play the arm.

Figure 1. The Policy P; (k).

Intuitively, step (1) corresponds to exploitation, and
step (2) to exploration. Set P;(c0) to be the policy that
never plays the arm. The policy P;(k) for arm i corre-
sponds to setting the variables as follows: z;o = x§;,
yi; =0forj =0,1,...,k — 1, and 5} = yio.

Lemma 2.3. L(i,\) € {P;(k),k > 1}.

Proof. The policy L(i, A) has deterministic actions for
each possible state of the arm since it encodes the op-
timal solution to a MDP [3]. If such a policy, on ob-
serving the arm in state g;, waits k' steps and plays the
arm for the first time, a better solution would be to play
the arm immediately. This is intuitively clear and can be
rigorously proved as follows. A Markov chain analysis
similar to the proof of Lemma 2.4 below shows that the
value of the solution (omitting subscript 7) would be:

(r=Mve
1—uys

k/
Uk 1—uys +k

The function 1/(1 — u,) is monotonically decreasing in
¢, and the function ¢/(1 — uy) is monotonically increas-
ing in £. The latter follows by an application of Fact 2.2
using t = l,x = « + B. Therefore, setting k' = 1
maximizes the above expression.

Therefore, the only parameter that is needed to spec-
ify the policy completely is the number £* of steps that
the policy waits on observing a b; before playing the
arm. Such a policy is precisely P;(k*) O

Solving LPLAGRANGE(\): For policy P;(k) executed
for arm ¢, let R;(k) denote the expected reward (ignor-
ing the penalty \) from playing the arm, and let Q;(k)
denote the steady-state probability (or rate) with which
the arm is played. Let F; (X, k) = R;(k)+A(1—Q4(k)).
Then it is easy to see the following:

Wi, \) = max Fi(\ k)

We will now derive a closed form expression for the
quantity F;(\, k). A similar derivation yields the ex-
pression used in the proof of Lemma 2.3 as well. In
the lemmas below, we omit the subscript i for notational
simplicity. Recall that vy, is the probability that the arm
is in state g at the current step given that it was in state b
some k steps ago.

and Q(k) = 28 >

Lemma 2.4. R(k) = r—* ik =

Ktk

Proof. The Markov chain describing the policy P (k) is
shown in Figure 4(a), and has k + 1 states which we de-
note s,0,1,2,...,k — 1. The state s corresponds to the
arm being observed to be in state g, and the state j cor-
responds to the arm being observed in state b exactly j
steps ago. The transition probability from state j to state
7 + 1is 1, from state s to state 0 is 3, from state k£ — 1
to state s is vy, and from state k to state 0 is 1 — vy. Let
Ts, T, T1,--.,Tk—1 denote the steady state probabili-
ties of being in states s, 0, 1, ..., k—1 respectively. This
Markov chain is easy to solve. We have g = 71 ... =
Tk—1, S0 that the first identity is: 75 + kmy = 1. Further-
more, by considering transitions into and out of s, we
obtain: Bms = vEmK_1 = vEme. Combining these, we

obtain: T4 = ukiikkﬁ’ and mp = ﬁ Now we have:
R(k) = r[(1 — B)ms + vimo) -
=7r[(1 - pB)ms +vpmo| =rms =7
w0 vk + kS
v +
k) = 7, i
Q) = +me—1 = 05

O

Note: In the above k = 1 implies Q(k) = 1. We now
have the following lemma, which implies a poly-time
solution for LPLAGRANGE() to arbitrary precision.

Lemma 2.5.
B B (r—XNvp — A8
W(x) = Illezai(F()\’ k)= max <>\ + ot kB

The maximum value k* = argmax; -, F()\, k) satisfies
the following:

1. If)\ZT( , then k* = oo, and W () =

A

a+ﬁzxa+ﬁ))

2. If X = T(W@ﬂrﬁ)) — p for some p > 0, then
k* can be computed in time polynomial in the input
size and in log(1/p) by binary search.

Proof. The expression for W () follows easily from
Lemma 2.4.
Case 1: \ > r (m) Consider the subcase

A > r. The function F(\, k) is maximized by driv-
ing the second term in the summation (which is always



non-positive) to zero. This happens when k = oco. Oth-
erwise, when r > X observe (using the upper bound of
vy) that

(r—)\)vk—/\ﬁ< (r=Az55 — A8
vk + kO - v + kB

In the above, the second term is now non-positive, and it
follows again that kK = oo is the optimum solution.

F(M\ k) = A+

Case 2: In this case let A = r (m) — p for some
p > 0. Rewrite the above expression as
A+ E(r—2A)

FOLR) =7 = = =g

Define the following quantities (independent of k):

v=_1-a-0) n:aJrﬁlOg;
qb:n)\—kaiﬁ(r—)\)
Y
p=n(r=>x) w=/\ﬂ—a;+ﬁ bk 7a+ffﬁ+ﬁ)

Observe » — A > p. Note that ¢, > 0. By as-
sumption, the value v € (6,1 — §) has polynomial bit
complexity. The same holds for n, ¢, u and p. If we
consider the partial derivative of F' w.r.t k (relaxing & to
be areal),

IFONk) B
Ok (vk+kpB)? (6 -+ ubp+ )

Since the denominator of OF/0k is always non-
negative, the value of £* is either £* = 1, or the point
where the sign of the numerator g(k) = (¢ + pk)v* +w
changes from + to —. We observe that g(k) has a unique
maximum at k3 = m — % If g(ks3) is negative then

the numerator of W is always negative and the op-

timum solution is at £* = 1.

If g(ks3) is positive, then it cannot change sign from +
to — in the range [1, k3) since it has a unique maximum.
Therefore in this range k = 1 or k = k3 are the optimum
solutions. Note that we should check both | k3|, [k3].

But for & > ks since g(k) is decreasing, 0F/0k
changes sign once from + to — as k increases, and — 0
as k — oo. This behavior is illustrated in Figure 4(b).
Therefore, we find a k4 > k3 such that g(ks) < O,
and perform binary search in the range [ks, k4] to find
the point where F' is maximized. It is easy to compute
k4 with polynomial bit complexity in in the bit com-
plexities of v, 7, ¢, u and p. We would finally have to
compare this maximal value of F' to the values of F' at
1, | k3], [k3]. Thus we can solve W () and obtain k* in
polytime. O

Solving MAINLP: We now perform a paramet-
ric search on A to solve MAINLP. Let kf(\) =
argmax,~, F;(\ k). Let Rf(A) = R;(kf()\)) and
Q:(A\) = Qi(kr()\)). Therefore, if the policy P; (k} (\))
is executed, the expected per step reward is R} (), and
the probability that the arm is played at a random time
step is QF (A).

Let Q) = X, QN and R(Y) = ¥, Ri(N).
Note that the optimal objective of LPLAGRANGE(]) is
given by R(A\) +A(1—Q(X)). Intuitively, for given A, if
the n policies P;(k}())), one for each arm ¢, were exe-
cuted independently, the total expected reward is R(\),
and the expected number of plays per time step is Q(A).
Note that multiple arms could be played per time step,
so such execution does not represent a feasible policy.

Lemma 2.6. Let R, = max; arfﬂ . Let v* be the
optimum solution of MAINLP. Then, for any constant
€ > 0, there exist poly-time computable A\, \} s.t.:

1. Q()\;) =01 >1, and Q()\j) =0y < 1.
2. A" — A7 < R

30 = ROD) 7 = ROD), and a = 2%,
then:
an+(1—a)ye > (1—ey"
Proof. Recall Ry, = max; 75 Since using just

one arm yields this reward, thelopfimal solution v* to
MAINLP has value at least R,,;y,.

When A = 0, then k7(\) = 1 for all 4, implying
QF = 1, so that Q(\) = n. Similarly, when A =
Amax > max; 74, ki (A) = oo forall 4, so that Q(A) = 0.
Therefore, as \ is increased from 0 to An,.x, there is a
transition value A, such that Q(A\;) = Q; > 1, and

We choose these values so that A\ — A; < eRpnin
for constant ¢ > 0. To compute A\ and A\, perform
a binary search on the interval [0, Apax]. If € > 0 is
a constant, it is easy to show using Lemma 2.5 with
p= ERT that a suitably fine-grained binary search ter-
minates in polynomial time in the bit complexity of the
input and computes the desired A, A7 .

The optimal solution to MAINLP is feasible for
LPLAGRANGE(\) for all A, and has objective value pre-
cisely v*. Therefore,

RN + M1 — Q(\) >~* VA

Plugging in A = A and A = \J, and multiplying the
two inequalities by a = 91:_%’2 and 1 —a = 9911_32

respectively, and adding them yields:
an+ (1 —a)y2 >y — (A = A0) (1 —a)(1- Q)

Since v* > Runin, and AT — A7 < €Rpin, the RHS is at
least v*(1 — ¢). O




Observe now that the solution obtained by tak-
ing a convex combination of the optimal solutions
to LPLAGRANGE(), ) and LPLAGRANGE(A}) with

weights a = 1= and1-a respectively is feasible

for MAINLP, since 2an + (1 — a)Qo = 1. Therefore,
the above lemma implies that a near-optimal poly-time
computable solution to MAINLP is a convex combina-
tion of the optimal solutions to LPLAGRANGE(\) for at
most two values of A given by A\]” and A . Each solution
in the convex combination has a simple structure, being
made up of n policies, where the policy for arm ¢ is of
the type P; (k) (as described in Lemma 2.3). This com-
pletes our discussion on solving MAINLP to arbitrary
accuracy in polynomial time. We ignore the (1 — ¢€) fac-
tor in Lemma 2.6 from the rest of the discussion.

3 The Infeasible Start Solution

The solution for MAINLP constructed in the previ-
ous section represents a convex combination of two so-
lutions S; and Sy for LPLAGRANGE(\) corresponding
to A = Ay and A = A respectively. Each of these
two solutions is an ensemble of n policies, one per arm,
where the policy for arm i is of the type P; (k). It is easy
to see that the solution S; (resp. S3) has the following
property. If the n single-arm policies in this solution are
executed independently, then: (1) The total expected re-
ward per time step is 1 (resp. ¥2), and (2) The expected
number of plays per time step is at most Q; (resp. Qo).

We first extract a single policy of type P;(k) per arm
1, and use this ensemble as an infeasible start solution.
This infeasible solution will have the property that ei-
ther we already have a simple 68 approximation, or we
can restrict our attention to a subset S of arms and a cor-
responding ensemble of single-arm policies such that if
the policies in the subset were executed independently,
the expected reward is at least 0.445~*, and the expected
number of plays per time step is at most 1. (Recall that
~* is the optimal value to MAINLP.) Executing the poli-
cies in the ensemble independently is clearly infeasible
since multiple arms could be played at some time step;
however, in expectation, at most one arm will be played
per time step. Intuitively, the choice of a subset is al-
ready a “rounding step” — this is critical, we cannot deal
with fractional choices later.

Recall that @; > 1 and Q5 < 1. Leta; = 911—79922
and ao = 1 — a;. From Lemma 2.6, either a1y, >
1% 4+ 4*/100 or azys > 2+* — 4*/100. Furthermore,
a1 Q1 + a2 Qs = 1 by definition.

Case 1: If a1y, > %7* + 4*/100, then consider the
n single-arm policies corresponding to LPLAGRANGE
(M) Letm; = QF(\,) and w; = Rf (A, ). Choose

a subset S of arms with » .o m; < 1sothat ), g w;

is maximized. To achieve this, pick greedily from the
single-arm policies obtained from LPLAGRANGE ()
in decreasing order of w;/m; till the next arm [ vio-
lates the constraint ), .¢m; < 1. If w; > ~*/50,
we simply use the policy for arm [ specified by LPLA-
GRANGE () as the final solution — this yields a 50-
approximation. Otherwise the set S we have chosen (ex-
cluding 1) has reward >, g w; > £v* — /100 and
enforces ) |, g m; < 1. In this case the chosen subset S
is the infeasible start solution.

Case 2: If apys > 49" — 7*/100, then the policies
corresponding to LPLAGRANGE () yields the start
solution S. We have Q, = Y." | Qf(Af) < 1, and
2 =i RY(AF) > 397 —47/100.

Pruning: Consider now the set .S constructed above. It
consists of a subset of arms, and for each arm 7 € S,
a policy P;(k;). The guarantee on this ensemble is that
Dies Qiki) < Loand 35, g Ri(ks) > 1557

By Lemma 2.4, we have >, g 7~ < 1. Suppose
for i € S, we have k; < 3. Note that there can be at
most 3 such arms. If any of these P;(k;) had a reward
R;(k;) of at least v* /68, we simply use that one arm as
the final solution, and get a 68 approximation. Other-
wise, we discard these arms and for the remaining arms,
> Ri(k;) > (0.49 — 3/68)y* > 0.445y*. To summa-
rize, we have the following theorem.

Theorem 3.1. In polynomial time, we can either output
a single arm 1 and a policy P;(k;), such that executing
this policy has expected reward at least g—;, or find a
subset S of arms with one policy P;(k;) for each arm
i € S, such that: (i) All k; > 4, and (ii) If the policies

were executed independently, we have:

1. The expected number of arms played per time step
is at most one, i.e. Y, ¢ Qi(k;) < 1.

2. The expected reward is at least 0.445v%, i.e.

4 Modifying the Single-arm Policies

In this part, we present a general scheme to con-
vert a policy of the type P;(k) to a new policy
GEOMOPT(4, k). This new policy has comparable re-
ward and probability of playing the arm as the old pol-
icy, and in addition, executes in a reasonably memory-
less fashion. In the next section, we show how to use
these new policies to convert the infeasible start solu-
tion constructed in Theorem 3.1 into an overall feasible
solution.

For this part, we focus attention on a single arm 1.
We drop the subscript denoting the arm; that is, though-
out this section k = k;,r = r;,a = «4, and 3 = ;.



Consider any policy P (k) associated with this arm, with
k > 4. Let R denote the expected reward of P(k) and
let ¢ denote the probability (over time) that the arm is
played. From Lemma 2.4, we have R = r/(1+ %) and
q = (vk + B)/(vk + kD).

We first show upper bound on the reward and the
lower bound on the probability of playing an arm. Look-
ing ahead, we will be modifying P (k) such that we will
play the arm (possibly) more but may get less reward,
which mandates the two different bounds for R, g.

Lemma 41. R <
1 (k=)o

% (1 + <0Tﬁ)<kT+1>)'
Proof. We first consider R. Suppose k3 < 1 then we
observe that R < ra/(«a + ) which simply bounds the

expected number of good states seen by the arm. For
k(3 > 1 we observe that

1
Tmax{l,kﬂ} aiﬁ and q 2

r
R =
1+ kﬂ((;"rﬁ) 1—(1—1(1—[3)k
roo 1 & roo 1
armra 0T ) S G

This proves the claim for R. To derive a lower bound on
q, observe that:

_'Uk'i‘ﬁ_l (k—].)’l)k
ve + kB k k(v +EB)
Applying Fact 2.2 with t = k, 2 = o + 3, we have
ak .
Vi > m Thus:
g > (k — 1) 1

(1+(a+ﬂ) )8+«

1
T

1 o

- k:< a+ﬁ k:ﬁ+1)>

4.1 The Nice Policy GEoMOPT

We now modify the policy P;(k), and call this new
policy GEOMOPT (%, k). We drop the subscript 7 in the
remaining description. This new policy is presented in
Figure 2. There are two distinct phases in the policy:
An explore phase which proceeds in a memoryless fash-
ion, and an exploit phase which happens for at most
(= L%Z;?J steps if the explore phase observed the
state to be g. Note that £ > 1 because k > 2.

The crucial aspect of this policy is that the “exploit”
plays in Step (2) are not used for updating knowledge of
the state of the arm. The only time when the outcome is
used to decide the next play is when the arm is explored

in Step (3). Furthermore, Step (3) is executed in a mem-
oryless fashion independent of the evolution of the state
of the arm. In short, the updates about the knowledge
of the state of the arm define a memoryless process in-
dependent of the state of the arm itself. This will be
crucial in the next section.

Lemma 4.2. For policy P(k), let R and q denote the
expected reward and the probability with which the
arm is played revpectively If k > 4, the reward of
GEOMOPT(k) is at least £, and the probability (over
time) that the arm is played according to this policy is at
most %q.

Proof. We analyze the Markov Chain (Fig. 5) corre-
sponding to GEOMOPT(k). This has two infinite sets of
states: A = {so, $1,82,...} and B = {¢tg,t1,t2,...}.
State sq is reached if the arm is observed to be in state g
in Step (3), and ¢, is reached if the state is observed to
be in state b.

Define p = <. The transition probability from state
s; to state s is pujH, to state s;41 18 1 — p, and to state
tois p(1—wu;41). The transition probability from state ¢,
to state sq iS pv;j41, to state ¢4 is 1 — p, and to state tg
isp(l— vj+1). The arm is played in states sg, 51, . . ., 5
(this corresponds to Step 2(b) under the else condition),
but the results of the play are ignored for belief updates
unless this play corresponds to Step (3).

Let 7; denote the probability of being in state sy and
o denote the probability of being in state £y3. A simple
analysis shows that 7o + 71 = p, and furthermore, 71 =
pa/(a+P) = af(6k(a + B)).

The expected reward R of GEOMOPT(k) is at least
(since uj1 > (1 — B)7+1 for all j):

.é = T 7T1+Z7T1(1—p)j’u,j+1
> rm 1+Z1— — Byt
Setz=1—(1—p)(1 —B) > (. The above implies:
; 1—(1-2)*
R > 1+(1,5)M
T
1—(1— ¢ 1—(1— £+1
L agonlt0=9f _1-0-2)
z z

Using fact 2.2 with ¢ = [ + 1,z = 2z, we have R >
rm1/(z + 1/(€ + 1)). This increases in £ + 1; since
2k —1)/(kB+1) < £+ 1 we get
. 7T T
R > >
- kB+1 = _kB+1
30h— )+6k+ﬂ e ter 8
7T1r6k
6(kB+ 1) 57y k ) + (14 6k03)




Policy GEOMOPT(k)

1. Choose T from Geometric(gy;) independently.
/* Lasts exactly 7" — 1 steps */
If the current state of the arm is b:
(a) Wait for T" — 1 steps.
(b) Goto step (3).
else:  /* The current state of the arm is g */

(c) Wait an additional 7" — 1 — § steps, and goto step (3).

(a) Exploit: Play the arm for § = min(7 — 1, ¢) steps where £ = |
(b) Do not update the knowledge of the state of the arm during these plays.

3. Explore: Play the arm, update the knowledge of its state and goto Step (1).

2(k71>J
kB+1 d°

Figure 2. The Policy GEOMOPT(k).

For k > 4 we get (using Lemma 4.1)

R ro 1
R > I
o+ B6(k6+ 1)6 + (14 6kp3)
- ro 1
- a+pB10kB+5
S 1 ra 1 R

T5a+ﬁmax{kﬂ,1} 15

p+{m
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The total probability with which the arm is played is
2(k-1) « )

at most:
i 1 + —
6k kB+1 a+p

1 20k -1) o 1
— |2+ -5 < 3¢
6k kB+1 a+ 0 3
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S The Final Policy GLOBAL

Consider the set S of arms constructed in Theo-
rem 3.1, and the associated single arm policies. Re-
call that P;(k;) denotes the policy for arm 7. For pol-
icy P;(k;), let the probability with which this policy
plays the arm be denoted ¢; = Q;(k;). Recall from
Theorem 3.1 that 3-,g¢; < 1. Since ¢; > - from
Lemma 2.4, this implies Y, _ ¢ 6%% < ¢. Fori € 5, con-
sider GEOMOPT(4, k;) constructed from P;(k;). From
Lemma 4.2 and Theorem 3.1, it is clear that if the
GEOMOPT(4, k;) policies for different arms ¢ € S are
executed independently, the following hold:

1. The expected number of arms played at any time
step is at most % Yies i < %

2. The expected total reward is at least %50.4457*.

We now convert this ensemble of GEOMOPT policies
into a single feasible policy. The final policy GLOBAL

(Figure 3) executes the GEOMOPT policies for the dif-
ferent arms independently. This could lead to multiple
arms being played at once — this conflict is resolved as
shown in Figure 3. Note that the policy gives priority to
the executions of Step (3) over Step (2). This preference
will be crucial for the analysis.

Theorem 5.1. The expected reward of the GLOBAL pol-
icy is at least é’y*.

Proof. Focus attention on any arm ¢ € S. Define
p = 6%“ In the Markov chain corresponding to
GEOMOPT(%, k;), let f; denote the presence of either
state s; or state t;, i.e., step (3) was executed j steps ago
(recall the notation from the proof of Lemma 4.2). We
have Pr[f;] = p(1 — p)’ L.

Now, the behavior of the policy GEOMOPT(4, k;) and
GLOBAL for arm ¢ are coupled since they execute Step
(3) in a memoryless fashion at the same rate. This im-
plies the state evolution of f; can be coupled in the two
executions. Consider a random time instant, conditioned
on being in state f; in either policy. The arm has just ex-
ecuted Step (2) if 7 > 0 and Step (3) if j = 0. The arm
1 is said to be active if the arm did not see conflict in the
just executed step of GLOBAL. This corresponds to the
following conditions:

1. & =1, ie., the immediately previous attempt to
play the arm in Step (3) succeeded.

2. No other arm just attempted play (if 7 > 0).

Let ) denote the event “No other arm executes Step
(3)”. Denote the event that the condition (1) holds by
W¥; and the event that the condition (2) holds by Aj;.
Condition (1) concerns the event {2 happening at the
immediately previous time Step (3) was executed in
GEOMOPT(3, k; ). Since the event 2 defines an i.i.d pro-
cess independent of the execution of GEOMOPT(i, k;),
and since the executions of Step (3) for arm 7 define a



Policy GLOBAL for arm ¢

1. Choose T from Geometric(z— ok
2 /* Lasts exactly ' — 1 steps */
If the current state of the arm is b; or & = O:
(a) Wait for T" — 1 steps.
(b) Goto step (3).
else:  /* The current state of the arm is g; and & = 1 */
(a) Exploit: For 6 = min(T — 1, ¢;) steps, play arm iff no other arm attempts to be played that step.
Recall ¢; = [ 352 |.
(b) Do not update the knowledge of the state of the arm during these plays.
(c) Wait an additional 7' — 1 — § steps, and goto step (3).
3. (a) Attempt to play the arm.
(b) The attempt succeeds iff this is the only arm executing Step (3).
(c) Ifattempt succeeds, set & = 1, play the arm and update state. (explore)
else Set £ = 0 and do not play the arm.
(d) Goto Step (1).

) independently.

Figure 3. The Final Policy GLOBAL restricted to arm i.

1-b F(lambda,k)

©

v(k)

o Ony

1=v(k) 1 k3 k* k4

Figure 4. (a) Markov Chain for policy P(k). (b) Behavior of the function F'(\, k).
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Figure 5. Markov Chain for GEoMOPT(k) showing transitions for s;_; and ¢,_,. Here, p = 6%



memoryless process, the probability of event ¥ is ex-
actly the same as the probability that the event 2 hap-
pens at a random time instant. Therefore, Pr[¥;] =
PrQ)>1-3, imo 2 2

If j = 0, the event A; is irrelevant. Else, we ar-
gue about Pr[A;] as follows. Let II; denote the event
that if the GEOMOPT policies were indeed executing in-
dependently with multiple plays allowed per time step,
then no other arm besides arm ¢ attempts to play when
the state of GEOMOPT(i, k;) is f;. It is easy to see
that if the event 1I; occurs, then the event A; also oc-
curs. Furthermore, the event II; is independent of the
execution of GEOMOPT(4, k;). Since at most 1/3 frac-
tion of the arms are playing at any given time, we have
Pr[A;] > Pr[Il;] > 1 — § = 2. Therefore, by union
bounds, the probability that arm i is active is given by
PT[\IJJ/\AJ]Zl—%—%:%

Here is the key observation: Given that the state of
GEOMOPT(3, k;) is f;, the event that arm 1 is active (the
event W; A Aj) is independent of whether the state in
GEOMOPT(3, k;) is s; or t;. To see this, note that the
event of arm ¢ being active depends on &,, for the arms
m # i, and on their respective Markov chains. The &,,
for m # i only depend on conflicts with arm ¢ encoun-
tered in step (3), which in turn are independent of the
underlying Markov chain for arm ¢. Furthermore, if the
arm is active, the knowledge about the state of arm ¢ is
the same in both GEOMOPT(4, k;) and GLOBAL because
step (3) was executed in both policies. This implies the
expected reward GLOBAL obtains from arm ¢ is at least
1 of the expected reward of GEOMOPT(i, k;). By lin-
earity of expectation over the arms in .S, the total reward

H 11 * 1 %
of GLOBAL is at least 5 1z0.4457" > =", O

6 Extensions

The results can also be extended to the case where
some M > 1 arms can be played every time step, and
a constant factor approximation obtained. The techni-
cal details remain almost the same as the single arm
case, with the following differences: For the ensemble
of GEOMOPT policies, in expectation M /3 attempt to
play any time step. If more than A arms attempt to ex-
ecute Step (3), none of these plays succeeds. A play at
Step (2) succeeds if no more than M — 1 other arms
are attempting to play simultaneously. It is easy to see
that with these modifications, the analysis of GLOBAL
yields a constant factor approximation. The result can
also be extended to obtain a constant factor approxima-
tion to the case where the reward of the ‘“bad” state b; is
s; € [0,7;). The construction of the policy remains the
same; the only additional detail is that for policy P;(k),
we need to show borh lower and upper bounds for the
probability ¢* of playing the arm in Lemma 4.1. These

bounds can be shown to be within constant factors of
each other, which ensures an overall constant factor ap-
proximation. The technical details will be presented in
the full version.
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