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1 Introduction

We study the data placement problem [1, 3],
where the goal is to place data objects in fixed
capacity caches in a network to optimize latency
of access. Each user has a demand for a specific
object. The latencies on the network are mod-
eled by a metric distance. Each cache can store
a certain number of web domains or pages. In
addition, each cache has a bound on the number
of users! it can serve since the delays of serving
users increases exponentially with load. Thus we
are balancing load across the caches. Note that
since we are allowed to replicate objects in dif-
ferent caches, the load balancing is not just a
simple assignment. We have to first decide how
many copies of each object to open, and then
decide in which caches to place these objects so
that we obey capacity constraints, and optimize
latencies. This problem therefore includes facil-
ity location [5] and generalized assignment [4] as
special cases.

The data placement problem in the context of
web caching was formulated independently in [1]
and [3]. In the former paper, the authors con-
sider only the bound on the number of users, and
obtain a constant approximation on the latency
while blowing up the cache capacities by the size
of the largest oblect. The latter paper consid-
ers both the bounds, but they need to blow up
the capacities by a logarithmic factor to obtain
a constant approximation on the latency.

2 ILP Formulation

Formally, we are given a set P of objects, each
object p € P has a size denoted s,. We are
given a set U of users, each user u € U has a
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demand d,. for an object r(u) € P. We are
given a set C of caches. Each cache ¢ € C has
a size S, denoting the total size of the objects it
can store, and a demand bound D, denoting the
total amount of user demand that can be routed
to this cache. We denote the latency between
nodes ¢ and j as [;;.

We can formulate the data placement problem
as an integer program. Let y,. denote the indi-
cator variable if object p is located in cache c,
and let z,. denote whether user u accesses ob-
ject r(u) from cache c.

Minimize E lyc * dy * Tyc

uelU,ceC
dpepSp Ype <8 Vee C
wu Tue < D Yee C
Yoo Tue > 1 YueU
Tye < Yr(u)e VueU,ceC
Tuc,Ype € {07 1} Vu,p,c

3 The Solution Strategy

We attempt a solution by clustering a set of users
that request the same page in small clusters, and
then assigning these clusters to caches such that
the capacity is obeyed (upto small constants).
The fact that we have small clusters automati-
cally would ensure that the demand on a cache is
small. In a sense we are creating a set of virtual
objects that can be accessed by a small number
of users.

We modify the problem by assuming that any
copy of object p can be accessed by no more than
d, = [%] users. It is easy to see that an in-
stance of the original problem is equivalent to an
instance where this condition is true, but with a
blowup in capacities of the caches by at most a
factor of two. We relax y,. € Z and add

Z dy * Tue < dpYpe Vpe PceC
wir (u)=p

Consider now the fractional relaxation of the
integer program. Let n, = > yp.. This denotes



the fractional value of the number of copies of
object p. Let C, = Zu:r(u):p Yoelue - dy
This is the optimal cost paid by all users who
wish to access p € P. Let C* denote the total
optimal cost.

* Lye-

Lemma 1. An instance of the original problem
is equivalent to an instance where this condition
is true, but with a blowup in capacities of the
caches by at most a factor of two.

In the first rounding stage, we consider the ob-
jects one at a time, and open copies of the object
in various locations of the network, and assign
users to these objects. The caches and their ca-
pacities play no role in this rounding stage.

The integer program restricted to object p and
users u s.t. r(u) = p is:

Minimize ), creec lue - u * Tue

ZCGC Tye = Yu e U
cecYpe < My
wet QuTuc < dp *Ype Vee C
Tue < YueU,ceC
TucsYpe € ZJr u{0} YueUceC

Let us denote the optimum objective value as
Cp. Clearly, C;, < C,. Furthermore, the con-
straints encode classical capacitated facility lo-
cation, and we can obtain a solution in which
the number of copies of p we open is no more
than n, and the average latency of users access-
ing p is no more than 6C), while ensuring that
the capacity constraints are violated by at most
a factor of 4. We use the LP rounding scheme
described in [5, 2]. No copy of an object has
more than 4d, users assigned to it.

Consider any open instance o, of object p. Let
U,, denote the users mapped to this object, and
So, denote the set of fractional objects closed
while opening 0,. The rounding scheme main-
tains the following properties:

1. There is a specific user u,, which was con-
nected to all the objects in S, .

2. Without loss of generality we can assume
that the distance of wu,, to these objects
were the smallest among all the distances
between U, and S,,, and that all these dis-
tances are equal.

4 Assignment to Caches

At the end of the previous stage, we have opened
a certain number of virtual copies of each object

p and assigned the users to these copies at cost
comparable to the optimal cost, while approxi-
mately satisfying the capacity constraints. We
have to now pack the copies into the caches sat-
isfying the capacity constraints.

We now consider the integer copies of the ob-
jects we opened, and their sizes s,. We ignore
the user capacities. We now find a feasible way
to pack these virtual objects into the caches at
cost comparable to the optimal cost. We do this
as follows. Consider instance o, of object p. We
map its demand to the fractional objects S,,
which we closed in opening this object, in the
fraction by which these objects were open.

Lemma 2. This fractional assignment of the
demands to the caches is feasible, and has cost
at most 4C*.

If Yo, denotes the assignment of instance o, of
object p to cache ¢, we have the following integer
program:

Minimize Ep loye = dp - Yoye
Zc yOpC > 1 VOp

Zop SpYope < S Ve
Yo, € 10,1} Vo,

This is just an instance of the Generalized As-
signment Problem [4], and can be solved opti-
mally while blowing up the capacity of the caches
by an additive max, sp.

Finally, we have the following theorem:

Theorem 1. The data placement problem can
be solved to a factor of 10 with page capacities
being 8S+max, s, and user capacities being 8D+
maxy, dp.
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