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Abstract. We present lower bounds on the space required to estimate
the quantiles of a stream of numerical values. Quantile estimation is
perhaps the most studied problem in the data stream model and it is
relatively well understood in the basic single-pass data stream model
in which the values are ordered adversarially. Natural extensions of this
basic model include the random-order model in which the values are or-
dered randomly (e.g. [21,5,13,11,12]) and the multi-pass model in which
an algorithm is permitted a limited number of passes over the stream
(e.g. [6,7,1,19,2,6,7,1,19,2]). We present lower bounds that comple-
ment existing upper bounds [21,11] in both models. One consequence
is an exponential separation between the random-order and adversarial-
order models: using {2(polylogn) space, exact selection requires £2(logn)
passes in the adversarial-order model while O(log logn) passes are suffi-
cient in the random-order model.

1 Introduction

One of the principal theoretical motivations for studying the data stream model
is to understand the impact of the order of the input on computation. While an
algorithm in the RAM model can process the input data in an arbitrary order, a
key constraint of the data stream model is that any algorithm must process (in
small space) the input data in the order in which it arrives. Parameterizing the
number of passes that an algorithm may have over the data establishes a spec-
trum between the RAM model and the one-pass data stream model. How does
the computational power of the model change along this spectrum? Furthermore,
what role is played by the ordering of the stream?

These issues date back to one of the earliest papers on the data stream
model in which Munro and Paterson considered the problems of sorting and
selection in limited space [21]. They showed that O(n'/P) space was sufficient to
find the exact median of a sequence of n numbers given p passes over the data.
However, if the data was randomly ordered, O(nl/ (21’)) space sufficed. They
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also showed lower bounds for deterministic algorithms that stored the stream
values as indivisible objects and uses a comparison based model. Specifically,
they showed that all such algorithms required Q(nl/ P) space in the adversarial-
order model and that single-pass algorithms that maintain a set of “elements
whose ranks among those read thus far are consecutive and as close to the
current median as possible” require 2(y/n) space in the random-order model.
They also conjectured the existence of an algorithm in the random-order model
that used O(loglogn) passes and O(polylogn) space to compute the median
exactly. Median finding or quantile estimation has since become one of the most
extensively studied problems in the data stream model [17,18,10,9, 14, 4,23, 3].
However, it was only recently shown that there does indeed exist an algorithm
which uses O(loglog n) passes and O(polylog n) space in the random-order model
[11]. This result was based on a single-pass algorithm in the random-order model
that, with high probability, returned an element of rank n/2 + O(n'/?*€) and
used poly(e~!,logn) space. In contrast, any algorithm in the adversarial-order
model requires 2(n!~%) space to find an element of rank n/2 4+ n’. These two
facts together showed that the random-order model is strictly more powerful
than the adversarial-order model.

Based on the algorithms of Munro and Paterson, it seemed plausible that
any p pass algorithm in the random order stream model can be simulated by
a 2p pass algorithm in the adversarial streaming model. This was conjectured
by Kannan [15]. Further support for this conjecture came via work initiated by
Feigenbaum et al. [8] that considered the relationship between various property
testing models and the data-stream model. It was shown in Guha et al. [13] that
several models of property testing can be simulated in the single-pass random-
order stream model while it appeared that a similar simulation in the adversarial-
model required two passes. While this appeared to support the conjecture, the
conjecture remained unresolved.

In this paper we show that the conjecture is false. In fact, the separation
between the random-order model and the adversarial-order model can be expo-
nential. We show that using p passes, Q(nl/ ppe(l))—space is required to com-
pute the median exactly. This is a fully general lower bound as opposed to the
lower bound for a restricted class of algorithms presented in [21]. Our proof is
information-theoretic and uses a reduction from the communication complexity
of a generalized form of pointer-chasing for which we prove the first lower-bound.
It is also possible to establish a weaker lower bound using our reduction com-
bined with the round-elimination lemma of Miltersen et al. [20] or the standard
form of pointer-chasing considered by Nisan and Widgerson [22] as opposed our
new lower bound for generalized pointer-chasing. We omit the details but stress
that our communication complexity result for generalized pointer chasing is nec-
essary to prove the stronger bound. Furthermore, we believe that this result may
be useful for obtaining improved lower-bounds for other streaming problems.

A final question is whether it is possible to significantly improve upon the
algorithm presented in [11] for the random-order model. In particular, does there
exist a one-pass sub-polynomial approximation in O(polylogn)-space? We show



that this is not the case and, in particular, a single-pass algorithm returning the
exact median requires £2(y/n) space in the random-order model. This result is
about fully general algorithms in contrast to the result by Munro and Paterson
[21]. We note that this is the first unqualified lower bound in the random-order
model. The proof uses a reduction from communication complexity but devi-
ates significantly from the usual form of such reductions because of the novel
challenges arising when proving a lower bound in the random-order model as
opposed to the adversarial-model.

1.1 Summary of Results and Overview

Our two main results of this paper are lower-bounds for approximate median
finding in the random-order stream model and the multi-pass stream models.

In Section 3, we prove that any algorithm that returns an n’-approximate
median of a randomly ordered stream with probability at least 3/4 requires
2(y/n'=3%/logn) space. This rules out sub-polynomial approximation using
poly-logarithmic space.

In Section 4, we prove that any algorithm that returns an n’-approximate
median in k passes of an adversarially ordered stream requires Q(n(l"g)/ k=6)
space. This disproves the conjecture that stated that any problem that could be
solved in k/2 passes of a randomly ordered stream could be solved in at most &
passes of an adversarially ordered stream [15].

We also simplify and improve the upper bound in [11] and show that there
exists a single pass algorithm using O(1) words of space that, given any k, returns
an element of rank k + O(k'/2log® k) if the stream is randomly ordered. This
represents an improvement in terms of space use and accuracy. However, this
improvement is not the focus of the paper and can be found in Appendix A.

2 Preliminaries

We start by clarifying the definition of an approximate quantile of a multi-set.

Definition 1 (Rank and Approximate Selection). The rank of an item x
in a set S is defined as, RANKg(z) = {2’ € S|2’ < z}| + 1. Assuming there
are no duplicate elements in S, we say x is an T -approzimate k-rank element in
S if, RANKg(z) = k £ 1. If there are duplicate elements in S then we say x is
an T-approximate k-rank element if there exists some way of ordering identical
elements such that x is an T -approximate k-rank element.

3 Random Order Lower-Bound

In this section we will prove a lower bound of the space required to n%-approximate
the median in a randomly ordered stream. Our lower-bound will be based on
a reduction from the communication complexity of indexing [16]. However, the
reduction is significantly more involved then typical reductions because different



segments of a stream can not be determined independently by different players
if the stream is in random order.

Let Alice have a binary string o of length s’ = en=°,/n5/(1001n(2/¢)) and let
Bob have an index r € [s'] where € and ng will be specified shortly. It is known
that for Bob to learn o, with probability at least 3/4 after a single message from
Alice then the message Alice sends must be 2(s’) bits. More precisely,

Theorem 1. There exists a constant c* such that Ri/4(INDEX) > c*s.

The basic idea of our proof is that if there exists an algorithm A that
computes the median of a randomly ordered stream in a single pass then this
gives rise to a 1-way communication protocol that solves INDEX. The protocol
is based upon simulating A on a stream of length n where Alice determines
the first n; = n — ¢*n'=%/(4logn) elements and Bob determines the remain-
ing ny = c*n'=%/(4logn) elements. The stream consists of the following sets of
elements:

1. S: A set of s = n%s’ elements Ujepms{2i+0i 1 i € [s']}. Note that each of the
s" distinct elements occurs n® times. We refer to S as the “special” elements.

2. X:x=(n+1)/2—r copies of 0.

3. Yiy=(n—1)/2—s+r copies of 25 + 2.

Note that any n’-approximate median of U = SU X UY is 2r + o,.

The difficulty in the proof comes from the fact that the probability that A
finds an n%-approximate median depends on the random ordering of the stream.
Hence, it would seem that Alice and Bob need to ensure that the ordering of U
in the stream is chosen at random. Unfortunately that is not possible without
excessive communication between Alice and Bob. Instead we will show that
it is possible for Alice and Bob to generate a stream in “semi-random” order
according to the following notion of semi-random.

Definition 2 (e-Generated Random Order). Consider a set of elements
{z1,...,2n}. Then o € Sym,, defines a stream (Ty(1),...,Tom)) where Sym,,
is the set of all permutations on [n]. We say the ordering of this stream is e-
Generated Random is o is chosen according to some distribution v such that
e — v||1 > € where p is the uniform distribution over all possible orderings.

The importance of this definition is captured in the following simple lemma.

Lemma 1. Let A be a randomized algorithm that estimates some property of
a randomly ordered stream such that the estimate satisfies some guarantee with
probability at least p. Then the estimate returned by running A on a stream in
e-generated random order satisfies the same guarantees with probability at least

p—e€.

Proof. We say the A succeeds if the estimate returns satisfies the required guar-
antees. Let Pry, coin () denote the probability of an event over the internal coin



tosses of A and the ordering of the stream when the stream order is chosen ac-
cording to distribution p. Similarly define Pr,, coin (-) where v is any distribution
satisfying [|u — v|1 <e.

Pr (A succeeds) Z Pr ) Pr (A succeeds|o) < Pr (A succeeds) + ¢

p,coin com v,coin
oE€Sym,,

Consequently, if we can show that Alice and Bob can generate a stream
that is in O(e)-generation random order then by appealing to Lemma 1 we can
complete the proof.

Let A be a set of n; elements in U and B = U \ A be a set of ny elements. A
will be chosen randomly according to one of two distributions. We consider the
following families of events.

E,={a:|[ANX|=|ANnY|+t}and S;, ={a: |AN S| =s1}.

We define two distributions p and p'. Let u be the distribution where A is
chosen uniformly at random from all subsets of size n; of U. Note that,

Pr(Ss,) = (Zi) (Zj)/ @

i FlSa) = ((”1 _n;)_/zl_ t/Q) (93 - (nlnj ;552 + t/2) / (n ; S)

—L —ifae E, NS,
Pr({a}| By, S5,) = { [0 Lo
w 0 otherwise

where s; + s3 = s. Note that the above three equations fully specify p since

r({a}) = Zf:} ({a}|Er, Ssy) Pr (Er|Ss,) Pr (Ss, ) -

tS]

Let 1/ be a distribution on A where Pr,/ (Ss,) = Pr,, (Ss,), Pry ({a}|E:, Ss,) =
Pr, ({a}|E:, Ss,) and,

pr(is) = (o, "0 00 (o e v 0r2) (o)

where s1 4+ s2 = s. Note that p/ = p if r = s/2. The crux of the proofs is that u
and p' are closely related even if r is as small as 1 or as large as s.

€4/MN2

< [lE s and t < t* where t* = \/2nyIn(2/e) + s then,

L Pu(BIS.)
14+e€ = Pry (ESs,)

Lemma 2. If sy

<l+4e€.

We omit the proof of this lemma and subsequent lemmas whose proofs, while
detailed, do not require any non-standard ideas. Next, we ascertain that it is
sufficient to consider only values of t < t*.



Lemma 3. E* := U|t|<t* E; is a high probability event under p' and pu, i.e.,
min(Pr, (E*),Pry (E*)) > 1 —e.

Let S** be the event that the number of distinct special items in the suffix
of the stream is at most s** := ¢*s’/(21og(n)), i.e., S** = {|{i € [§'] : 2i + 0; €
B}| < 5%},

Lemma 4. S** is a high probability event, i.e. Pr, (S**) = Pr, (S*) > 1 —
exp(—s'c*/(13logn)). This is greater than 1 — € for sufficiently large n.

Let v be the distribution u’ conditioned on the events S** and E*. Alice
and Bob can easily determine the prefix and suffix of a stream according to this
distribution:

1. Alice randomly places the special items such that at most ¢*s'/(2logn)
distinct elements occur in the suffix, and chooses a value ¢ with probability
Pr, (E¢|S*) /(1 —Pr, (E*|S**)). She then randomly places (nq —si1 —t)/2
“0"’s and (ny —s1+1)/2 “2s+2”’s and the special items she assigned to the
suffix. She then sends S’ = {(i,0;) : 20 + 0; & prefix of stream} (note that
this is a multi-set in general) to Bob along with the value of t.

2. Bob randomly places z — (ny —s—1)/2 “0"’s and y — (n; —s+1t)/2 “2s+27’s
and {2 + o; : (i,0;) € S’} in the suffix of the stream.

To prove our result we need to show that v is sufficiently close to p. This can
be shown by appealing to Lemmas 3 and 4.

Lemma 5. v is be-near to random, i.e., ||u—v|1 < 5e.

Theorem 2. Computing an n’-approzimate median of a random order stream
with probability at least 9/10 requires 2(1/n1=3%/log(n)) space.

Proof. Let A be an algorithm using M bits of memory that returns the median
of a randomly ordered stream with probability 9/10 (over both the ordering
and the private coin tosses). Assume Alice and Bob generate the stream as
described above. In addition, Alice runs A on the prefix of the stream and sends
the memory state to Bob when she is done. Bob then continues running A,
initialized with the transmitted memory state, on the suffix of the stream. Bob
then returns 1 if the output of the algorithm is odd and 0 otherwise. By Lemma 1
and Lemma 5 this protocol is correct with probability 9/10 — 5e.

We now bound the number of bits required to follow the above protocol. The
number of bits required to specify a sub-set of the unique elements of .S of size
at most s** is

/ /
'Y () §1g<5**+1>+3**1g(;i)

s
0<sg<s N2

For each unique element occurring in the suffix of the stream we need to specify
how many time it occurs and the associated bit value of o. This takes at most



s**(1 4+ lgn) bits. Hence the number of bits transmitted in the protocol is at

most
/

lgs™ + s Ig <S*i> +s(1+1gn) +1lgn+ M,
s

Assuming that s** = w(lgn) this is bounded above by 2¢*s + M and hence we

conclude that M = 2(s’) by appealing to Theorem 1.

4 Adversarial Order Lower-Bound

In this section we will prove that any k pass algorithm that returns the median
of an adversarially ordered stream must use f)(nl/ *) space. This, coupled with
the upper bound of Munro and Paterson [21], will resolve the space complexity
of multi-pass algorithms for median finding up to poly-logarithmic terms. The
proof will use a reduction from the communication complexity of a generalized
form of pointer chasing that we now describe.

Definition 3 (Generalized Pointer Chasing). Fori € [k], let f; : [m] — [m)]
be an arbitrary function. Then gy is defined by

gk (f1, fas s fi) = fre(fe—a (oo f2(1))..0) -

Let the i-th player, P;, have function f; and consider a protocol in which the
players must speak in the reverse order, i.e., Py, Px_1,...,P1, Pg,.... We say
the protocol has v rounds if Py speaks r times. Let Rj(gx) be the total number of
bits that must be communicated in an r-round (randomized) protocol for Py to
learn gx with probability at least 1 — 6.

Note that RE(gr) = O(klogm). We will be looking at k round protocols. The
proof of the next result follows along similar lines to [22] and will be proved in
the Appendix B.

Theorem 3. R’f?ll()(gk) = 2(m/k* — k?logm).

The next theorem is shown by reducing generalized pointer-chasing to ap-

proximate selection.

Theorem 4. Finding an n’-approzimate median in k passes of an adversarially
)
ordered stream requires Q(an k=6).

Proof. We will show how a k-pass algorithm A that computes a t-approximate
median of a length n stream gives rise to a k-round protocol for computing

go+1 when m = (n/((k+1)(2t + 1)))1/k /2. If A uses M bits of space then the
protocol uses at most (k(k + 1) — 1)M bits. Hence by Theorem 3, this implies
that M = 2(m/k%) = 2((n/t)'/*k=5).

The intuition behind the proof is that any ¢t-approximate median will corre-
spond to a number ¢1¢29s ... gr+1 written in base m + 2. The input of P; will



Si \ S \ Ss
(0,0,0) X 5(3 — fa(1))

(1,0,0) x (3= fB(1))
(1717fc(1))7(1727fc(2))7(1737fc(3))
(1,4,0) x (fs(1) = 1)
(2,0,0) x (3= fB(2))

(25 1, fc(l))v (25 2, fC(2))7 (25 3, fc(3))
(27470) X (fB(Q) — 1)
(3,0,0) x (3= fB(3))

(3,1, fc(1)),(3,2, fc(2)), (3,3, fc(3))
(4,4,0) x (fB(3) = 1)

(47070) X 5(fA(1) - 1)

Table 1. Reduction from Pointer Chasing to Exact Median Finding. A triple of the
form (x2,x1,x0) corresponds to the numerical value z2 .52 4+ 21 -5 + 20 - 5°. Note that
median(S; U Sz U S3) = fa(1) -5° + f(fa(1)) - 5" + fe(fe(fa(1))) - 5°

first determine the highest order ‘bit’, i.e., g1. Then the input of P, will deter-
mine the go and so on. Specifically, each player P; will determine a segment of
the stream S;: Pyt determines the first ngy1 = |Sk+1| elements, Py determines
the next ny = | S|, etc. These segments are defined as follows,

Si={ 0,... L0 (m+ DY, (m+ 1YY}

(m—f1(1))(2t+1)(2m—1)k—1  (f1(1)=1)(2t+1)(2m—1)k—1

and for j € {2,...,k},

k k
Sj = U { Z $ibz,..., Z (L‘Z‘bz,
Tpto—j,.-, L €[m] i=k+2—j i=k+2—j

(m—f;(@rt2-5))(2t+1)(2m—1)*—J

k k
(m 4 1)pF 17 4 Z xb'y o (m )P 4 Z b},
i=k+2—j i=k+2—j

(fj(Trya—j)—1)(2t+1)(2m—1)k=J
and finally,

k k
Sk-l,-l: U {fk+1($1)+Z$ibi,..-,fk+1($l)+Z-ribi} ’
=1

T1,...,TkE[mM] i=1

2t+1

where b = m + 2. See Table 1 for the an example when k£ = 2 and m = 3.
Note that ngy1 = (2t + 1)m* and for j > k, n; = (2t + 1)(m — 1)(2m —



1)k=3+imi=1 < (2t + 1)m*. Hence, >

jelk+1] Vi < 2+ 1)(k+ 1)(2m)k =n,

and that the largest value in the stream is (m + 1)b* = O(n). Note that any
t-approximate median equals, 37;( ) gib*1~%and thus if P, returns the t¢-
approximate median modulo b then this is giy1. This can easily be computed
by a protocol in which each player transmits the memory state of the algorithm
at the appropriate juncture.
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A Selection Algorithm for Random-Order Streams

In this section we show how to perform approximate selection in a single pass.
We will also assume that the stream contains distinct values. This can easily
by achieved by attaching a secondary value y; €r [n3] to each item x; in the
stream. We say (z;,v:) < (z;,y;) iff z; <z, or (z; = z; and y; < y;). Note that
breaking the ties arbitrarily results in a stream whose order is not random.

Our algorithm proceeds in phases and each phase is composed of three dis-
tinct sub-phases; the Sample sub-phase, the Estimate sub-phase, and the Update
sub-phase. At all points we maintain an open interval (a, b) such that we believe
that the value of the element with rank k is between a and b. In each phase we
aim to narrow the interval (a,b). The Sample sub-phase finds a value u € (a, b).
The Estimate sub-phase estimates the rank of u. The Update sub-phase replaces
a or b by u depending on whether the rank of u is believed to be less or greater
than u. The algorithm is presented in Fig. 1.

Theorem 5. When presented with a randomly ordered stream, the Selection
algorithm returns a value u € S such that RANKg(u) = k £ 101n%(n) In(6~1)Vk
with probability at least 1 — §. The algorithm uses only O(logn) bits of space.

The algorithm appears to need to know the length of the stream in advance
but this assumption can be removed by making multiple “staggered” instan-
tiations of the algorithm that correspond to guesses of the length as in [11].
Also, as with the algorithm presented in [11], the algorithm can be used as a
sub-routine to create an algorithm that performs exact selection in O(loglogn)
passes. Lastly, the algorithm can be generalized to deal to with streams whose
order is only “almost random” in the sense of being e-generated random or t-
bounded random [11].



Selection Algorithm:

Let ¥ = 10In%(n) In(6~ vk and p = 2(Ig(n/T) + +/In(3/9) Ig(n/T))

Let a = —oo and b = 400

Let 11 = nY ! In(3n2p/d) and I = 2(n — 1)T ™1 \/(k + T) In(6np/J).

Let the stream S = S1, E1,...Sp, Ep where |S;| =11 and |E;| =2

Phase i:

(a) Sample sub-phase: If S; N (a,b) = @ return a, else let u € S; N [a, b]

(b) Estimate sub-phase: Compute r = RANKg, (u) and 7 = W +1.
(¢) Update sub-phase: If ¥ < k—71/2, a «— u, ¥ > k+71/2, b — u else return u

CU N

Fig. 1. An Algorithm for Computing Approximate Quantiles

B Proof of Theorem 3

The proof is a generalization of a proof by Nisan and Widgerson [22]. We present
the entire argument for completeness. In the proof we lower bound the (k — 1)-
round distributional complexity, D]f/;% (gx), i.e. we will consider a deterministic
protocol and an input chosen from some distribution. The theorem will then
follow by Yao’s Lemma [24] since D]f/_zé(gk) < 2R’f/_110(gk).

Let T be the protocol tree of a deterministic k-round protocol. We consider
the input distribution where each f; is chosen uniformly and independently from
F, the set of all m™ functions from [m] to [m]. Note that this distribution over
inputs gives rise to distribution over paths from the root of T' to the leaves. We
will assume that in round j, P;’s message includes g;_; if ¢ > j and g; if i < j.

By induction this is possible with only O(k?logm) extra communication.
Consequently we may assume that at each node at least lg m bits are transmitted.
We will assume that protocol T requires at most em/2 bits of communication
where € = 107%(k + 1)~* and derive a contradiction.

Consider a node z in the protocol tree of T' corresponding to the jth round of
the protocol when it is P;’s turn to speak. Let g;_1 be the appended information
in the last transmission. Note that gg, g1, .., g:—1 are specified by the messages
so far.

Denote the set of functions fi X...x fi that are consistent with the messages
already sent be F x ... x FZ. Note that the probability of arriving at node z is
|F|~F [Ti<;< [F7]- Also note that, conditioned on arriving at node 2, fix...x fi
is uniformly distributed over Ff x ... x Ff.

Let ¢, be the total communication until z is reached. We say a node z in
the protocol tree is nice if, for § = max{4./€, 400¢}, it satisfies the following two
conditions:

[F7| 2 27%|F| for j € [k] and H(ff(gi-1)) 21gm—35 .
Claim. Given the protocol reaches node z and z is nice then,

Pr [next node visited is nice] > 1 — 4y/e — 1/m .



Proof. Let w be a child of z and let ¢,, = ¢, +ay,. For | # i note that |F}*| = |F7|
since P; did not communicate at node z. Hence the probability that we reach
node w given we have reached z is [ ], ;. |Fjw|/\FjZ| = |F|/|F7|. Furthermore,
since z is nice,

w —2¢Cqy |Fiw| —2a.q, —2a.q, 1 — QA 1
Pr[|F| <2 |F|]§Pr[|Fiz|<2 }ggz gm;2 <.
where the second last inequality follows from a,, > lg'm and the last inequality
follows by Kraft’s inequality (the messages sent must be prefix free.) Hence, with
probability at least 1 — 1/m, the next node in the protocol tree satisfies the first
condition for being nice.

Proving the second condition is satisfied with high probability is more com-
plicated. Consider two different cases, i # t and i = t, corresponding to whether
or not player ¢ appended g¢;. In the first case, since P, did not communicate,
F7 = 2 and hence H(f*(gi—1)) = H(f7 (91-1)) > lgm — 0.

We now consider the second case. We need to show that H(f{(g¢)) > lgm—
0. Note that we can express f; as the following vector of random variables,
(f51(1), ..., ff51(m)) where each f4,(v) is a random variables in universe [m].
Note there is no reason to believe that components of this vector are independent.
By the sub-additivity of entropy,

Y H(f5(0) = H(f4) > 1g(27% |F|) = 1g(|F|) - 2¢, > mlgm — em

vE[m]

using the fact that f%; is uniformly distribution over F{,, |F4,| > 272 |F|
and ¢,, < em/2. Hence if v were chosen uniformly at random from [m],

Pr [H(f{%,(v)) <logm—3d] <€/,

by Markov’s inequality. However, we are not interested in a v chosen uniformly at
random but rather v = ¢g; = f#(g:—1). However since the entropy of f7(gi—1) is
large it is almost distributed uniformly. Specifically, since H(f7(g:—1)) > lgm—4
it is possible to show that (see [22]), for our choice of ¢,

Pr [H(f{41(g:)) <logm — 4] < g <1+ j;;) <4ye .

Hence with probability at least 1 — 4,/€ the next node satisfies the second con-
dition of being nice. The claim follows by the union bound.

Note that the height of the protocol tree is k(k — 1) and that the root of the
protocol tree is nice. Hence the probability of ending at a leaf that is not nice is
at most k(k—1)(1/m+4+/€) < 1/25. If the final leaf node is nice then then H(g;)
is at least lgm — 0 and hence the probability that g; is guessed correctly is at
most (§+1)/1gm using Fano’s inequality. This is less than 1/100 for sufficiently
large m and hence the total probability of P, guessing g correctly is at most
1—1/20.



