How to Probe for an Extreme Value*

Ashish Goel Sudipto Guhat Kamesh Munagala®

Abstract

In several systems applications, parameters such as load are known only with some associated
uncertainty, which is specified, or modeled, as a distribution over values. The performance of the
system optimization and monitoring schemes can be improved by spending resources such as time
or bandwidth in observing or resolving the values of these parameters. In a resource-constrained
situation, deciding which parameters to observe in order to best optimize the expected system
performance (or in general, optimize the expected value of a certain objective function) itself
becomes an interesting optimization problem.

In this paper, we initiate the study of such problems that we term “model-driven optimiza-
tion”. In particular, we study the problem of optimizing the minimum value in the presence
of observable distributions. We show that this problem is NP-HARD, and present greedy al-
gorithms with good performance bounds. The proof of the performance bounds are via novel
sub-modularity arguments and connections to covering integer programs.
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1 Introduction

Optimization problems arising in databases, streaming, cluster computing, and sensor network ap-
plications often involve parameters and inputs whose values are known only with some uncertainty.
In many of these situations, the optimization can be significantly improved by resolving the un-
certainty in the input before performing the optimization. For instance, a query optimizer often
has the ability to observe characteristics in the actual data set, like selectivities, either via random
sampling or by performing inexpensive filters [5 [3]. As another example, a system like Eddies [2]
finds the best among several competing plans which are run simultaneously. Each plan’s running
time is a distribution which is observed by executing the plan for a short amount of time. In all
such examples, the process of resolving the uncertainty also consumes resources, e.g., time, network
bandwidth, space, etc., which compete with finding the solution of the original problem.
Therefore, judiciously choosing which variables to observe, itself becomes an important problem
in this context. In this paper, we study the optimization problem of finding the minimum, when the
inputs are random variables and the values of one or more inputs can be observed and resolved by
paying some cost. We show that even for this simplest of optimization problems, this choice becomes
non-trivial and intractable, motivating the development of algorithmic techniques to address them.

We initiate the study of the following abstractly defined class of problems, that we term “model-
driven optimization”:

Problem 1. We are given the distributions of non-negative independent random variables {X;}7 ;.
Further, these random wvariables are observable: we can find the value of X; by spending cost ¢;.
Given a budget C and an objective function f, can we choose a subset S of random variables to
observe whose total observation cost is at most C, and optimize the expected value of the function
f(S)? Note that the function f is evaluated after the observations, and the expectation is over the
outcome of the observations.

In this paper, we focus on the function f(.S) = min;cg X;, so that the goal is to choose a subset S
whose observation cost is at most C', so that E[min;cg X;] is minimized. We define this problem as
the MINIMUM ELEMENT problem. In Section 1.3} we present a brief survey of our results [16} 15, [17]
on other objective functions f.

As a motivating example, in the context of traditional and P2P networks, “multi-homing”
schemes are becoming a common method for choosing communication routes and server assign-
ments. These schemes [T}, [I8] probe and observe the current state of multiple routes before deciding
the optimum (minimum latency) route to use for a specific connection. The distribution of the la-
tency of each route is available a priori. The number of probes needs to be bounded since flooding
the network is undesirable. Therefore the goal is to minimize the latency of the route found by a
bounded number of probes. The mapping to our framework in this case is as follows: X; are the
distributions of route latencies. The probing cost ¢; is a function of the delay and load incurred
in detecting latency of route i. The budget C' is the total load and processing time that can be
incurred by the route choosing algorithm. Finally, f = min;cg X;, where S is the set of routes
probed. This corresponds to the goal of choosing that set of routes to probe which minimizes the
expected value of the smallest latency detected.

Note that if the minimum value among the probed set is more than the expected value of a
variable that has not been probed, we would prefer to use that variable (the ”backup”) as opposed
to one of the probed values. We will not take this optimization into account while analyzing our
algorithm. Refer Section [0] for the reason. We now show the benefit of probing with an example.

Example 1.1. If all variables are Bernoulli B(1,p) (with any p), the estimate of the minimum
is p if only one probe is allowed, but is p"™ < p if all nodes are probed. Probing can therefore yield



an estimate which is exponentially smaller, which means that if there is a low utilization, we will
very likely find it.

Note that the optimization chooses the final variable after the results of the probes are known.
Therefore, the overall optimization is to choose S with cost at most C, so that E[min;cg X;] is
minimized. This is very different from optimizing min;cs E[X;], which is obtained when we choose
the final variable before the results of the observations are known. The latter version is of course
trivial to solve.

Consider the simple case when the probing costs of all nodes are equal. Let m denote the
constraint on the number of variables that can be probed. It would appear that the optimal
strategy would be to choose the m nodes with the smallest expected values. The example below
shows that this need not be the case. Note further that our problem is not the same as minimizing
residual entropy (Krause and Guestrin [25]) which minimizes uncertainty of the joint distribution
— we are concerned with minimizing the uncertainty of an optimization that depends on the joint
distribution, the minimum value. Minimizing residual entropy will most often involve probing a
different set of variables than those required for estimating best the specific function at hand (see
example below); therefore, the problems are orthogonal.

Example 1.2. There are 3 distributions X1, X9 and X3 and m = 2. Distribution Xy is 0 with
probability % and 1 with probability % Distribution Xo is 1 with probability % and 2 with probability
3. Distribution X3 is 0 with probability 1 and 2 with probability 3. Clearly, E[X1] < E[X,] < E[X3].
However, probing X1, Xy yields an expected minimum value of 0.5, while probing X1, X3 yields an
expected minimum value of 0.4. Minimizing residual entropy [25] would also choose the sub-optimal
set {X1, Xo}.

The simple strategy does not take into account the shape of the distributions. In fact, the
MINIMUM—ELEMENT problem becomes NP-HARD for arbitrary distributions even with uniform
costs. In fact, we show a stronger hardness result: it is NP-HARD to approximate the minimum
value up to polynomial factors without exceeding the observation budget C. Hence the natural
model to study this problem is from the perspective of resource augmentation: can we guarantee
that we achieve the same solution as the optimum, while we pay a larger observation cost?

1.1 Results

We introduce the problem of model driven optimization in the presence of observations, and par-
ticularly consider the MINIMUM—ELEMENT problem. We present natural algorithms that are easy
to implement and provide strong evidence that these algorithms are likely to be the best possible.
We note that naive greedy algorithms do not work and extra algorithmic techniques are required
to augment the greedy algorithm.

Our first result shows a deep connection between the MINIMUM—ELEMENT problem and a cer-
tain type of covering integer program. We use this connection to show that it is NP-HARD to
approximate the objective up to any polynomial factor without augmenting the cost budget. Con-
sequently, we design algorithms that approximate the cost while achieving nearly optimal objective
value. The algorithms we design yield a (1 4 €) approximation to the optimal value by increasing
the cost budget by a factor u + O(log %) Our results show different values of p for different types
of distributions.

In the most general case, we show that the function f(S) = E[min;cg X;] is log-concave, i.e.,
log 1/f(S) is sub-modular (simply showing f(.S) is submodular, yields a approximation ratio poly-

nomial in m. Consequently a greedy algorithm gives u = O(loglog 2[1215157;%) where S* is the

optimal solution.



We then show approximation algorithms whose bounds depend on entirely different parameters
of the problem, as well as improved results for special cases. These are summarized below.

1. If the distributions are discrete over a domain of m arbitrary values, then u = O(logm).
This uses the connection with covering programs mentioned above, and proceeds by using
the rounding a covering program as the start solution to the greedy scheme.

2. If the distributions are over the domain {0,1,2,..., M}, then u = O(loglog M). This uses a
scaling argument combined with the covering program.

3. For arbitrary uniform distributions, 4 = O(1). To show this, we develop a novel character-
ization of how the minimum changes when uniform distributions are truncated. We show
that a modified greedy algorithm that tries different truncated distributions in turn yields
the desired result. The truncation argument is of independent interest.

In terms of techniques, we combine an involved sub-modularity argument along with the analysis
of the best fractional solutions of covering problems. Although the analyses are complicated, the
algorithms are natural.

1.2 Related Work

The notion of refining uncertainty has been considered in an adversarial setting by several re-
searchers [27, 12, 22] [7]. In the adversarial model, the only prior information about an input
is the lower and upper bounds on its value. The goal is to minimize the observations needed to
estimate some function over these inputs exactly, and often negative results arise. The use of lower
and upper bounds do not exploit the full power of models/samples/stochasticity of the data, i.e.,
the distributions of inputs. However to use the distributional information we must optimize the
expected value of the function, which is also referred to as stochastic optimization.

More recently, significant attention has been devoted towards developing and using models and
estimates of data based on prior knowledge, e.g., [9) 8 1], [4] [, B 29] among many others. Our
work complements the body of research on maintenance of samples and estimates, and we show
that judicious probing may yield exponentially better estimates.

Another line of work by Dean et. al., [10] considers knapsack problem in the model that the
job sizes are revealed only after the job has irrevocably placed in the knapsack. In the settings we
described, this would imply that the decision to refine our estimate, i.e., probing, is equivalent to
selecting the item in the final solution. This effectively disallows probing. In our model the choice
of which variables to pack in the knapsack would be made after the observations. There also has
been ongoing research in Multi-stage stochastic optimization [23] [14], 21], 19l 20} 28], however most
of this literature also involves making irrevocable commitments.

1.3 Subsequent Results

The model-driven optimization framework can be defined for other objective functions f. Though
this paper presents the best results known for MINIMUM—ELEMENT other work has considered
different objective functions. First, when f is a single constraint packing problem such as knapsack
with random profits which are observable, Guha and Munagala [I5] show a 8 approximation based
on rounding the solution of a natural linear program. The approximation ratio holds even when the
optimal solution is allowed adaptive (i.e., can be based on the results of previous observations). It
further holds even when the hidden quantity is a distribution (instead of a single value) and a prior



on this distribution is specified as input. A special case of this result is when f(S) = max;ecs Xj,
or the MAXIMUM ELEMENT problem. Since the MINIMUM and MAXIMUM element problems are
equivalent from the point of view of exact solution, the NP-HARDNESS result we present below also
shows that MAXIMUM ELEMENT is NP-HARD. However, from the point of view of approximation,
the techniques and results for the MINIMUM and MAXIMUM element problems are very different.

In [I7], Guha, Munagala, and Sarkar consider the Lagrangean version of the Maximum EL-
EMENT problem, where the observations are adaptive and the goal is to maximize the expected
difference between the maximum value and the observation cost. Note that there is no budget on
this cost, instead it is part of the objective function. If the maximum value needs to be chosen
from the observed distributions, this problem has an optimal solution. The same trivially holds for
optimizing the sum of the minimum value and the observation cost. When an unobserved distri-
bution can also be chosen as the maximum value, the Lagrangean version is shown to have a 1.25
approximation via a greedy algorithm that is analyzed by a non-trivial structural characterization
of the optimal solution.

Finally, when f is geometric problem, such as K-median clustering or spanning tree construc-
tion, on independent (and observable) point clouds, Guha and Munagala [16] show constant factor
approximation algorithms when the observations are adaptive. These algorithms are based on con-
verting the observation problem into an outlier version of the problem. Similar results are also
shown in [16] for the average completion time scheduling problem.

2 Minimum—Element: Preliminaries

We are given n independent non-negative random variables X1, Xo,..., X,,. Assume that X; has
observation cost ¢;. There is a budget C' on the total cost. The goal is to choose a subset S of
distributions with total cost at most C' which minimizes E[min;cg X;]. Without loss of generality,
we can assume the that ¢; < C for all . We further assume the distributions are specified as discrete
distributions over m values, 0 < a1 < as < --- < ay,, < M. Let pj; = Pr[X; > a;]. The input is
specified as the p;; and a; values. Note that m is not very large since frequently the distribution is
learned from a histogram/quantile.

Some Notation: Let ag = 0 and a,,11 = M. For j = 0,1,...,m, let l; = a;;1 — aj. We call
I; = [aj,aj11] the j'* interval. This is illustrated in Figure Recall that p;; = Pr[X; > aj].
We have E[X;] = Z;”:_Ol pijlj. We define f(S) = E[min;cg X;] for each subset S of variables. All
logarithms are to base e. Let f(®) = M.

Interval 11

-~

Pr(Xi>r]

Figure 1: Notation used in MINIMUM—ELEMENT .



3 NP-Hardness

We begin with a hardness result: It is NP-HARD to obtain a poly(m) approximation on the
objective for MINIMUM—-ELEMENT while respecting the cost budget, even for uniform costs. We
therefore focus on approximation algorithms for this problem which achieve the optimal objective
while augmenting the cost budget. Thus the approximation results are on the cost in this paper.

Definition 3.1. A Covering Integer Program (CIP) over n wvariables x1,x2, ..., x, (indexed by i)
and m constraints (indexed by j) has the form

min E CiT;
%

subject to: AT >b
Ze{0,1}"

where ¢; € RT and A € Z™ ", i.e., the elements Aj; of the constraint matriz are non-negative
integers. This is a generalization of SET-COVER where the matriz A is {0,1} and ¢; =1. A CIP
is defined to be column-monotone if Aj; < A(jy1); for all i and for all j < m. Without loss of
generality, we can assume that b; € Z* and bjy1 > bj.

Suppose we are given a column-monotone CIP with a cost budget C' and our goal is to determine
whether the optimum value of the CIP is less than C' or more than rC; if the optimum value lies
between C and rC' then either of the two answers is considered valid. We will relate the hardness of
this decision problem (which we call ~-GAP-CIP) to the hardness of approximating the MINIMUM—
ELEMENT problem.

An (r, s)-approximation for the MINIMUM—ELEMENT problem violates the cost budget by at
most 7 and obtains an objective function value (i.e. the expectation of the minimum) that is at
most s times the optimum objective function value with the original cost budget.

Lemma 3.2. The r-GAP-CIP problem with polynomially bounded (in n and m) coefficients Aj; re-
duces, in polynomial time, to the problem of obtaining an (r, poly(m))-approximation for MINIMUM—
ELEMENT .

Proof. Fix any constant k, and let ¢ = m**1. Define n distributions over values jiqg, ft1, - - . , ftmy Where
po = 0 and pj — pj—1 = ¢ . Distribution X; has observation cost ¢;, and Pr(X; > pj1] = q A,
Observe that column-monotonicity is crucial for this definition to correspond to a valid probability
distribution; the requirement that A;;’s be polynomially bounded is crucial for the reduction to be
polynomial time. Let the cost budget for the MINIMUM—ELEMENT problem be C'.

First assume that the original CIP has a solution x1, o, ..., 2, with cost at most C'. Let .S be
the set {i : z; = 1}. For the MINIMUM—ELEMENT problem, probe the variables X;,i € S. For any
J

PT[IZ%iSI}Xi > i) = HPT[Xi > i) =q" iesAit < gbi,
€S
Therefore,

E[min X;] = Z(uj — #j-1) Primin X; > pj1] < m.
J

Now suppose that the original CIP has no solution of cost rC or less. Then for any index set
S such that ), g¢; < rC, there must be at least one constraint j such that ), ¢ Aj; < bj — 1.
Thus, Primincg X; > pj—1] =q~ 2iesAji > ¢ Now,

E[min X;] > (i — ;1) Primin X; > uiq] > q.
[1;%1;1 il > (g — pj-1) T[T;gg i = pj-1] = q



Thus, the problem of distinguishing whether the optimum value of the original CIP was less
than C' or more than rC' has been reduced to the problem of deciding whether MINIMUM—ELEMENT
has an optimum objective value < m with cost budget C or an optimum value > ¢ with cost budget
rC.

Since g/m = m”, we have obtained a polynomial time reduction from r-GAP-CIP to the problem
of obtaining an (r, mF)-approximation of the MINIMUM-ELEMENT problem. O

k

Theorem 3.3. It is NP-HARD to obtain any poly(m) approximation on the objective for MINIMUM—
ELEMENT while respecting the cost budget.

Proof. We reduce from the well-known NP-HARD problem of deciding if a set cover instance has
a solution of value k. The SET COVER problem is the following: given a ground set U with m
elements and n sets S1, 59,...,S, C U over these elements, decide if there are k of these sets whose
union is U.

Write this set cover instance as a CIP as follows. There is an row for each element and a column
for each set. Aj; = 1 if element j is present in set S; and 0 otherwise. All b; =1 and all ¢; = 1. To
make this column-monotone, set A;; < Aj; + j for each j,% and set b; < 1 + jk. Clearly, if there
is a solution to this monotone instance of value k, this solution has to be feasible for the set cover
instance and is composed of k sets. Conversely, if the set cover instance has a solution with k sets,
the monotone CIP has a solution of value k. Since deciding if a set cover instance has a solution
using k sets is NP-HARD, solving this class of 1-GAP-CIP instances is NP-HARD. By the proof
of Lemma this implies a (1, poly(m))-approximation to the MINIMUM—ELEMENT problem is
NP-HARD. O

We have only been able to prove NP-Hardness of column-monotone CIPs, and so have not
been able to fully exploit the approximation preserving reduction in Lemma 3.2l A hardness of
approximating column-monotone CIPs will immediately lead to a stronger hardness result for the
MINIMUM—ELEMENT problem via Lemma [3.2]

MINIMUM-ELEMENT (C)
/* C = Relaxed cost bound (C > C). */
S «— O.
While (3, g¢; <O)
Xq - argmini log f(SU{Xé})_IOg f(5) .
S — SU{X,} '
endwhile
Output S

Figure 2: Greedy Algorithm for MINIMUM—ELEMENT .

4 Greedy Algorithm

The algorithm is described in Figure [2 and takes a relaxed cost bound C' > C as parameter, and
outputs a solution of cost C. As we discuss later, the parameter C trades-off in a provable fashion
with value of the solution found. The algorithm uses the slightly unnatural function log f(S) instead
of the more natural function f(S). As our analysis shows, this modification provably improves our



approximation bound. The analysis of this algorithm uses the theory of submodularity [26]. Sub-
modularity is a discrete analogue of convexity which is the basis of many greedy approximation
algorithms. We formally define sub-modularity next.

Definition 4.1. A function g(S) defined on subsets S C U of a universal set U is said to be
sub-modular if for any two sets A C B C U and an element x ¢ B, we have g(AU {z}) — g(A) >

g(BU{z}) —g(B).

The key result in this section shows that the function log% used by the greedy algorithm is sub-
modular.

Lemma 4.2. Let f(S) = E[min;es X;]. Then, the function log% is sub-modular.

Proof. Consider two sets of variables A and B = AU C, and a variable X ¢ B. In order to prove
the theorem, we need to show that ! (AL(J{i(}) < (ﬁfg(}) We first define the following terms for

each j =0,1,...,m —1:

1. aj =Pr[(minyea ) > a;] = Ilyca Pr[Y > qj].
2. Bj = Pr[(minycc Y) > aj] = llyec PrY > qj].

First note that the a;,3; and 7, values are non-negative and monotonically non-increasing with
increasing j. Next, by the independence of the variables, we have:

m—1
FAVEXY = TGP 2 0) A QY 2 o)
j=
m—1 m—1
= [; Pr[X > aJ]Pr[(mlnY ) > aj] = Zl a;7;
= YEA =
Similarly, f(B) = 327" lje6; and f(BU{X}) = 32755 LB
Using the above, it follows that:
FAULXY) _ Sty FBULXY) 3o
f(A) > oy f(B) > LB,
Therefore, we have:
FAAULXHF(B) = F(BULXHF(A) =D ilyajag (v —7) (B — B;) <0
i<y’

The final inequality follows due to the monotonicity of both the v; and 3; values. The above implies
f(z‘}k(%(}) < f(lch(Jg(})

, which shows log% is a sub-modular function. O

The connection between sub-modular functions and the greedy algorithm is captured by the
following theorem [26]:

Theorem 4.3 ([20]). Given a non-decreasing submodular function g() on a universal set U, where
each element i € U has a cost ¢;, and given a cost bound C' > max; ¢;, let S* = argmax{g(S)| > ,;cq¢i <
C}. Consider the greedy algorithm that, having chosen a set T of elements, chooses the next one
g(TU{i})—g(T)

element i that mazimizes the ratio

€, the greedy algorithm using cost budget C’log M finds a set T, such that g(T¢) > g(S*) —e.

. Let g(®) denote the initial solution. Then, for any



Intuitively, sub-modularity ensures that current greedy choice has cost per unit increase in value
of g() at most the corresponding value for the optimal solution. For MINIMUM—ELEMENT , let S*
denote the optimal solution using cost C.

Theorem 4.4. Let V = E[minj_, X;]. The greedy algorithm for MINIMUM ELEMENT achieves a
(1 + €) approxzimation to f(S*) with cost parameter C = C(loglog % + log %)

Proof. In the above theorem, set g = log % Also since f(®) = M, we have g(®) = log ﬁ Let S
denote the greedy set. Suppose f(S) < (1+¢€)f(S™). Therefore, g(S) > g(S*)—log(1+¢) > g(S*)—e.
Therefore, T, = S in the above theorem, implying its cost C' < C(log log% + log %) Since

£(8*) >V, we have C < C(loglog 4% +log 1). -

Note: If we had used f() (which is submodular) as suggested by a naive greedy algorithm then we
would have needed a worse cost of C(log % + log %) to achieve a (1 4 €) approximation to f(S*).
Thus the improved analysis (and algorithm) was necessary. We next prove the following lower
bound.

Theorem 4.5. The analysis of the greedy algorithm is tight on the cost.

Proof. There are K = loglog M intervals of form I; = [22i,22i+1] for i = 1,2,...,K. There are

K distributions X1, Xo, ..., Xg. Distribution X; (i = 1,2,..., K) takes value 22 with probability
(1 —272""4¢) and takes value 22" otherwise. Here, r = K + 1. There are two special distributions
Y] and Y3 such that Pr[Y, > 22'] = 272"+¢, All distributions have unit cost. The optimal solution
chooses just these two distributions, so that its value is K and its cost is 2.

We claim that GREEDY first chooses X . If GREEDY chose any other distribution then on the
last interval Ix the contribution to its expectation would be at least (22" — 227\_1)2_2“1“. Since
97" > 97+1 for 2 > 1, the contribution is at least 22" ~1272""'+e > 92" e B[Xy] < 2¢ 4 227
which is smaller.

At this point, the contribution from the interval Ix to GREEDY is 2°. The contribution of
the previous interval Ix_; is 227 > K. Clearly, the next distribution chosen by the greedy
algorithm should reduce the contribution to this interval. Arguing inductively, GREEDY picks Xr 1,
Xk—2,and so on until it hits X _jog10¢ x in order to be competitive on the objective. Therefore
greedy spends cost Q(K). O

5 Improved Approximation Algorithms

The GREEDY algorithm has approximation ratio which depends (inversely) on the value of the
optimal solution on that instance (a lower bound on which is V' = E[min} ; X;], which could
be exponentially small). The approximation ratio increases as the value of the optimal solution
reduces. However, the algorithm is desirable since the dependence is of the form loglog V.

We now present an algorithm CIP-GREEDY whose approximation ratio of O(log ™) depends
just on m, the number of possible values that can be taken by the input discrete distributions. This
algorithm is based on computing a good start solution for GREEDY using linear program rounding.
This also has the advantage of yielding an algorithm for the case when the input distributions are
integer valued over a small range — the approximation ratio in this case depends only on the range
and not on the value, V. We finally show that if each distribution is uniform, the approximation
on the cost is O(log 1) in order to obtain a (1 + €) approximation on the minimum value. The
approximation factor therefore becomes independent of the parameters of the distribution.



5.1 CIP-GREEDY Algorithm

We first consider the case where the X; are discrete distributions over m values. We present a
O(logm) approximation (on the cost) by combining the greedy algorithm with column monotone
CIPs. Let the number of distinct values taken by the discrete distributions be m, corresponding
to the intervals Iy, I, ..., I,,. Let I; denote the length of the interval I;. Let X™* denote the value
of the optimal solution to MINIMUM-ELEMENT . Let aj; = log i The CIP-GREEDY algorithm

runs in the following three steps.
Step 1: The first step of the algorithm defines the following integer program:
Minimize =z
Yo viay > logly—z Vi={1,2,...,m}

Z:‘L:1Ciyi < C
v € {0,1} Vie{l,2...,n)

Claim 5.1. z =log X* is feasible for the above IP.

Proof. Consider the optimal solution S to MINIMUM—ELEMENT and set y; = 1 if ¢ € S and 0
otherwise. Clearly, we have ) c;y; < C. Furthermore, the IP constraints together with the
definition of X* implies the following:

m

_ . 1 ) Vi . .Yi
=i 1= 51 () 2 e, ()
j=

Taking logs, we have
log X* > mjax <log l; — Zi:yiaﬁ)
Therefore z = log X* satisfies all the constraints of the LP. O

The next claim follows using the same proof argument as the previous claim.

Claim 5.2. Consider any feasible solution to the above IP with z < log X*. Then the subset S
corresponding to i s.t. y; =1 is feasible and has E[min;es X;] < mX*.

Step 2: Solve the linear relaxation of the above IP. Suppose the optimal solution has value z*.
From Claim note that z* < log X*. Re-write the IP as the following CIP:

Minimize E CiYi

i
n
Zyiaﬂ > logl; —2* Vj={1,2,...,m}
i=1
yi € {01} Vie{l2...n}

Note that if the y; are allowed to be fractional in [0, 1], then there exists a solution to the above
CIP with objective value at most C'. We now use the following proposition:

Proposition 5.3. [0, [24). If a CIP with m constraints has a feasible solution, we can find a
solution with approximation ratio O(logm).



The above implies that there is a solution to the above CIP which respects all the constraints and
which has objective value (or cost) O(C'logm). From Claim this integer solution corresponds
to a subset S such that E[min;cgo X;] < mX*.

Step 3: Run the greedy algorithm in Figure [2] with initial solution S9 and with cost budget
c=0C (log logm + log %) Let the final solution be S7.

Claim 5.4. E[min;cgr X;] < (1+¢)X™.

Proof. We repeat the proof of Theorem with g(®) = ¢(S°) = —log(mX*) and g(S/) =
—log((1+¢)X™). O

We finally have the following theorem:

Theorem 5.5. For discrete distributions on m values, the CIP-GREEDY algorithm achieves a
O(log m + log %) approximation on the cost in order to find a solution of value at most (1 + €)X*.

5.2 Algorithm for Polynomial Input Domain

We now improve the above result when the domain of the distributions is the set {0,1,..., M —1}.
Assume w.l.o.g. that M is a power of 2. We first group the intervals so that the lengths are
increasing in powers of 2, and the first interval has length 1. For each distribution X;, construct
a new distribution X; over the domain R = {0,1,2,4,...,2'98M} as follows: Set p;o = pjo, and
for k € R\ {0}, set p;jx = Z?:]’k/ﬂ pij- Let X* denote the value of MINIMUM-ELEMENT for the

distributions X; and let Y* denote the corresponding value for the distributions X;. It is easy to
show that X* <Y™* <2X*.

The algorithm is as follows: Run Steps (1) and (2) of the CIP-GREEDY algorithm using
the distributions X;. Setting m = log M, it is easy to see that this produces a solution S° so
that E[min;cgqo X;] < 2X*log M using cost O(C'loglog M). Now run the greedy algorithm in
Figure [2| using starting solution S°, and using the original distributions X;, with budget set to
C=cC (log loglog(2M) + log %) Using the same proof as Theorem this yields a solution of
value (1 + ¢)X*. We therefore have the following theorem:

Theorem 5.6. In the MINIMUM—ELEMENT problem, when the domain of values is {0,1,..., M —1},
then the approximation ratio (on the cost) of the modified CIP-GREEDY is O(loglog M + log%),
and this achieves a solution of value (1 + €)X*.

Remarks. An interesting open question is to improve the above approximation factor to O(1) on
the cost. The super-constant approximation ratio is in sharp contrast with the lack of even a NP-
HARDNESS result for the case where M is polynomially bounded. (Note that the NP-HARDNESS
proof required exponentially large values in the domain.)

Next, note that in both the above cases, the bottleneck in the approximation ratio is in solving
the covering program. In particular, replacing the GREEDY algorithm in each case by the naive
greedy algorithm that adds the variable argminiw at each step, would also yield the
same approximation ratio. This strongly suggests that the m-constraint COLUMN-MONOTONE CIPs
that arise in these settings have a better approximation ratio than O(logm). Note that we have
only been able to show NP-HARDNESS for these problems, and the hardness of approximation

proofs for general CIPs do not carry over to COLUMN-MONOTONE CIPs.
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5.3 Uniform Distributions

We now show that a slightly modified greedy algorithm actually performs much better when each
distribution X; is uniform in the range [a;, b;]. The problem with using the greedy algorithm directly
is that initially, the algorithm could make a sequence of wrong choices which are costly to rectify.
We show that if the distributions are truncated near the optimal solution value, such a problem
cannot arise, and therefore the greedy algorithm performs much better. To get around the issue of
not knowing the optimal solution value, we try all possible truncations in powers of 2. In order to
describe the new algorithm, we first define the truncation of a distribution:

Definition 5.7. X! is a truncation of X at point t if Pr[X! = t] = Pr[X > t], and Pr[X = 7] =
Pr[X =] forr <t.

The algorithm is presented in Figure It clearly has polynomial running time since it tries
values of ¢ in powers of 2, so that the number of tries is polynomial in the bit complexity of the
input. As before, let S* denote the optimal solution and X* = E[min;cg+ X;]. We will show the
following theorem:

Theorem 5.8. For e < 0.1, the modified GREEDY algorithm yields a solution of value (1 + 9¢) X*
for uniform distributions using cost 2C'log %

MoODIFIED GREEDY (C,€) /*e<01%*/

C —2C log%

t «— mini E[XZ]/G

While ¢ > E[min; X;] do:
St « GREEDY solution on X!,..., X! with cost bound C.
t—t/2.

endwhile

Output S* with minimum E[min;cg: X;].

Figure 3: Modified Greedy Algorithm for Uniform Distributions.

The crux of the proof is the following lemma, which in effect states that truncation around
X* /e preserves the expected minimum of all solutions whose original minimum was close to X*.

Lemma 5.9. Let t = a®~ for a € [1/2,1]. For any set S with Emin;es X;] = ¢ > X*, either
E[min;es X!] > 1.2X* or E[min;es X}] > (1 — Te)q.

We prove this lemma later. Now, using this lemma, we complete the proof of Theorem

Proof. (of Theorem During some point in the execution of the algorithm, we will have t = aX?*
for a € [1/2,1]. Consider this value of ¢. For any set S with cost at most C, we have E[min;cg X;] >
X*. Applying the previous lemma, it is clear that E[min;eg X}] > (1 — 7¢) X*.

Note now that E[X!] < X*/e for all i. Therefore, repeating the proof of Theorem with
g(®) = —log(X*/e), g(S*) = —log((1 — 7e)X*), and ¢(S!) = —log((1 + €)X*) yields C <
C(loglogHT76 + log%) < 2C’log% for € = 0.1. This yields a set S* such that E[min;cg X!] <
(I+6e)X* <1.2X* for e =0.1.

Now, either E[min;cg: X;] < X*, in which case we are done; or we apply the previous lemma
to show that E[min;cg: X;] < (1 + 7€e)E[min;ege X! < (1 +7€)(1 +€) X* < (14 9¢) X*. O
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Proof of Lemma Let X; = Unif[a;, b;]. Now define a new r.v. Y; = a; + Exponential(1/(b; —
a;)), which is a; plus an exponential distribution with rate A\; = 1/(b; — a;). Define:

Ggs(r) = Pr[mmY > r] = jes.a;<rexp((a; — r)A;)

jes
Lemma 5.10. For all v, we have:
o
Gs(r) > fm:T Gs(z)dx
- f;io Gs(z)dx
Proof. Let S ={1,2,...,k} and let a; < --- < a; and set ag;; = co. We can assume without loss

of generality that all a; < r. If not, set \; = 0 if a; > r and prove as below. Now, setting \; back
to its original value reduces both the numerator and denominator of the RHS of the lemma by the
same amount, and hence only reduces the RHS. Therefore, the claim will still hold for the original
Aj. We therefore assume a; < r for all j =1,2,... k.

For notational convenience, denote Gg by G. First, we have:

) exp(zkzl(aj —r)A;) Gs(r)
G(z)dr = 2 =
/ ( ) Z?zl /\j Z;?:l >‘j

By piece-wise integration, we also have:

/ “O Cladr =+ 3 (eXp<zz;1 wd)exp(=a; Ty in —exp(—aj41 Y1, Am)
T= i—1 i=1"

To show the lemma, we thus have to prove:

h(al,ag,..., —alz/\ +Z(

We will argue that h(-) achieves its minimum is when a; = ag = --- = a = 0. First:

z‘ 1 @A i(e™% )IIRPY i T %t >l Al)) >1

z 1

oh e N .
_ E: i E :/\ v > 0 if >0
Bay = exp( a;\;) exp(ag Zl Y it ap

Therefore, h(-) is minimized by setting ax = ax_1. For this setting, we can inductively argue that
h(-) is minimized by setting ay_1 = ar_2, and so on. This argument finally sets all the a; equal to
a1. For this setting, h is clearly minimized when a; = 0. In this case, we have h = 1. O

Lemma 5.11. For every set S, we have: E[min;cs X;] > 0.324 x E[min;cg Y;].

Proof. Let S = {1,2,...,k} and let a1 < --- < ai. Let X = min(X;,Xs,..., X)) and ¥V =
min(Y7,Ys,...,Ys). Note that Y; stochastically dominates X; for all i, and hence Y stochastically
dominates X. Let F(z) = Pr[X > z]. The stochastic domination implies G(z) > F(zx) for all z.

Let \ = Zle Ai. Let r = % First, suppose a3 = ag = --- = a, = 0, so that \; = 1/b;. Tt is
easy to show that the area under G(z) in the range = € [0, 7] is:

/:O G(z)dz = BIY] <1 - \}g>

12



Now, for any z € [0, r], the ratio of F(z) to G(z) is:

F(z)  TIF (1—a))
G(z)  exp(—z ) ; \)

This is a decreasing function of x, so that the minimum is achieved when x = r. At this point:

Firy (- as5) Ve
G(r) exp(—0.5) -2

Since F(x) > G(x)§ for all z € [0, 7], we have:

oo T e T \/é 1
E[X] = / F(z)dz > / F(z)dr > ~— G(z)dr = ——E[Y] <1 — ) = 0.324E[Y]
=0 =0 2 =0 2 \/é

Suppose now that the a; are general. Intuitively, this case should only be better. Formally, we
start with all a; = 0. For every distribution X; and Y; in turn, we increase the a; to its correct
value and consider the ratio % We claim that the ratio only goes up. Let f;i(z) = Pr[X; > z]
and g;(z) = Pr[Y; > z]. We have F(z) = TI%_, fi(z), and G(z) = TI*_,g;(v). Consider the
distributions X1,Y7, and suppose a; is increased from 0 to gq. Note that the old fi(z)/g1(z) is
the new fi(x + q)/gi1(x + q). Since fi(x)/g1(z) is non-increasing in = as shown above, when a;
is increased, for a given z, the ratio hi(z) = fi(z)/g1(x) does not decrease. Further, as a; is
increased, both fi(z) and g;(x) do not decrease. Now consider:

E[X] [ hi(z)g1(z)A(z)dz

EY] ~  [o(@)B()d

where A(x) = II¥_, f;(x), and B(z) = I¥_,g;(x), which do not change as a; is increased. As a; is
increased, first, fix hj(x); the ratio % does not decrease as ¢1(z) is non-decreasing. Since hi(x)
is also non-decreasing, the overall ratio cannot decrease. This proves the claim. ]

Lemma 5.12. Let X = min;es X; and let Fg(r) = Pr[X > r]. We have:

E[X]Fs(r) > 0.324 /oo Fg(z)dx

=T

Proof. Let Y = min;cgY;. From Lemma [5.10] we have:

[ Gs(z)dx [ Gs(z)dx
Gg(r) > 22— —— or ElY]| > ===
() Jio Gs(x)dx [¥] Gs(r)
Combining this with the previous lemma:
e d
E[X] > 0.324E[y] > 0.32402=r G (@)
Gs(r)
We showed in the previous lemma that gg; is a non-increasing function of x. Therefore,
Fs(r) - 2, Fs(x)dx
Gs(r) = [, Gs(a)de
Multiplying the above two inequalities proves the lemma. O
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To complete the proof of Lemma consider any set S and ¢ = E[min;eg X;] > X*. Let
t= a% for a € [1/2,1]. Define Fg as in Lemma We split the analysis into two cases :

Case 1: If Fg(t) > 2.4e, then,

t X*
E[min X}] = / Fs(z)dx > tFs(t) > a—2.4e > 1.2X*
€S =0 €

where we have used a > 1/2.

Case 2: If Fg(t) < 2.4¢, by Lemma we have [~ Fg(x)dr < 3.1E[minjes X;|Fs(t) < Teq.
Therefore,

t [e8)
E[min X/] = Fs(z)dr = E[min X;] — / Fg(z)dx > q(1 — Te)
€S =0 i€S =t
This completes the proof of Lemma [5.9 and hence of Theorem O

6 The Mixed Model

So far the only variables we were allowed to use in our solution were the ones that we observed. In
general, our solution can use both probed and unprobed variables: If the minimum value among
the probed set is larger than the expected value of a variable that has not been probed, we would
prefer to use that variable as opposed to one of the probed values.

We show that the restriction of using only the probed set does not significantly alter the problem:

Theorem 6.1. In order to achieve the same (or better) objective value for MINIMUM—ELEMENT |,
the solution that uses only probed variables probes at most one more variable than the solution that
1s allowed to use unprobed variables.

Proof. Consider the optimal solution in the mixed model. Suppose it probes set S* and let X*
denote the variable not in S* with the smallest expectation. The strategy is to probe S* and if the
minimum value observed is larger than E[X™*], output X*. The value of the solution is given by
the expression E[min(miny¢g+ Y, E[X*])]. Consider now the solution that probes S* U {X*}. The
value of this solution is E[min(miny g+« Y, X*)]. It is easy to see that this value is smaller than the
value of the optimal strategy for the mixed model. O

7 Conclusions

We have presented a framework (along with simple greedy algorithms) for studying the cost-value
trade-off in resolving uncertainty based on the objective function being optimized. This paradigm
will increasingly play a role in model-driven optimization in sensor networks and other complex
distributed systems.

In the context of MINIMUM—ELEMENT our work presents interesting open questions. First,
there is a huge gap between the lower bounds and approximation ratios we show. Can this gap be
closed? In particular, can logarithmic hardness be shown for the general case, and NP-HARDNESS
for the case where the domain is restricted to be poly-bounded. Furthermore, can the algorithms
be extended to the case where the observations are adaptive, i.e., based on the results of previous
observations? As future work, we also plan to enhance the model with correlated random variables,
other metrics measuring the trade-off (like the difference between value and cost), observing time-
evolving processes, and optimizing more complex objective functions.

Acknowledgments: We thank Shivnath Babu, Utkarsh Srivastava, Sampath Kannan and Brian
Babcock for helpful discussions.
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