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ABSTRACT

Database technology is playing an increasingly important
role in understanding and solving large-scale and complex
scientific and societal problems and phenomena, for instance,
understanding biological networks, climate modeling, elec-
tronic markets, etc. In these settings, uncertainty or impre-
cise information is a pervasive issue that becomes a serious
impediment to understanding and effectively utilizing such
systems. Clustering is one of the key problems in this con-
text.

In this paper we focus on the problem of clustering, specif-
ically the k-center problem. Since the problem is NP-Hard
in deterministic setting, a natural avenue is to consider ap-
proximation algorithms with a bounded performance ratio.
In an earlier paper Cormode and McGregor had considered
certain variants of this problem, but failed to provide ap-
proximations that preserved the number of centers. In this
paper we remedy the situation and provide true approxima-
tion algorithms for a wider class of these problems.

However, the key aspect of this paper is to devise gen-
eral techniques for optimization under uncertainty. We show
that a particular formulation which uses the contribution of
a random variable above its expectation is useful in this
context. We believe these techniques will find wider appli-
cations in optimization under uncertainty.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: [Non-numerical Algorithms and Problems]

General Terms

Approximation algorithms, Clustering, Stochastic optimiza-
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1. INTRODUCTION

Optimization problems arising in databases, for example,
data integration, streaming, cluster computing and sensor
network applications often involve parameters and inputs
whose values are known only with some uncertainty. With
the increasing use of information extraction techniques we
would be gleaning information from larger and larger collec-
tions of data automatically, and that would imply developing
tools and strategies for dealing with large collections of un-
certain data efficiently. The notion of uncertainty is not new,
and a long celebrated line of reasoning has suggested that
the input be represented probability distributions. However,
the sizes of the databases with probabilistic information has
been unprecedented and is only growing. Developing formal
methods for representation and optimization of probabilistic
is an emerging challenge for database systems.

In this paper we focus on one of the core problems in rep-
resenting a large collection of probabilistic input: namely
clustering. The problem of clustering is not only central to
data mining and visualization; but clustering is also an im-
portant optimization primitive that enables a host of other
applications. Consider for example computing a join over
two sets of data where each datapoint is a probabilistic dis-
tribution over strings. Clustering is an extremely useful pre-
processing step in this case that cuts down on the number
of pairs we may chose to consider. Given the centrality of
the problem, it is surprising that there has been little for-
mal investigation of clustering probabilitic data. The only
prior work we are aware of, by Cormode and McGregor [6]:
For independent distributions, in case of sums of (near) lin-
ear objective functions, such as the k-means and k-medians,
they established that techniques such as linearity of expec-
tation yield approximation algorithms. Interestingly, they
showed that for thresholded functions such as the k-center
problem, again for independent distributions, newer ideas
are required and they succeeded in offering a bicriterion ap-
proximation for the unassigned case, where the assignment
of points to the centers depends on the realization of the
points. Their algorithm uses more than k centers and com-
pares itself to an optimal clustering with k& centers.

A natural question in this regard is to determine algo-
rithms for k-center clustering for independent point clouds
that: (a) do not violate the bound on the number of cen-
ters, and (b) are approximations even when the assignment
of points to centers is done before the realization of the points
(assigned version). We note that the latter is more reason-



able since the assignment should be part of the output of
the clustering procedure if the uncertainty is inherent to the
input. There is no prior result for this version of the problem
(again formulated in [6]). Also note that since the k-center
problem is already NP-Hard to approximate to a factor bet-
ter than 1.8 even when the input is from a 2-dimensional
plane [9], the best that can be hoped for is a constant factor
approximation. We provide such an approximation algo-
rithm that satisfies both (a) and (b), and is also an approxi-
mation to the unassigned version for which [6] only provides
a bicriteria result.

More importantly, a related question in this regard is:
What techniques are available to us to solve problems of
this genre? The main focus of this paper is that we re-
late the thresholded “min max” objective to an optimization
problem which behaves more closely to a “min sum” objec-
tive, via a novel metric truncation. The interesting twist
in the connection is that for any independent collection of
random variables, only the contributions from large (relative
to the expectation) realizations are accounted. As a conse-
quence, the uncertain k-center problem shows a behaviour
which is similar to the k-median problem and the techniques
for the latter can be applied to the former. This also has the
added advantage of simplifying the space of objective func-
tions one needs to consider in developing clustering algo-
rithms for probabilistic data. To the best of our knowledge,
the reduction of thresholded problems to min-sum problems
in the context of clustering is novel.

We focus on independent distributions. This is quite jus-
tified, since Anthony et al. [1] show that for correlated dis-
tributions where the locations of the points are specified as
scenarios, k-center clustering is as hard to approximate as
the notorious densest subgraph problem, and is hence un-
likely to have good approximation guarantees.

In a related thread, there has been ongoing investigations
to quantify the benefit of selectively (due to resource con-
straints) resolving the uncertainty [21, 10, 12]. A natural
question is approximation guarantees in this setting, and
our techniques easily extend to this case.

Our Results: As indicated, our main result is to demon-
strate that the thresholded “min-max” objective is related
to the “min-sum” criterion, with only the larger values con-
tributing. This technique is partly inspired by the O(1) ap-
proximation algorithm for stochastic makespan scheduling
on identical parallel machines, where the job sizes are inde-
pendent random variables, due to Kleinberg, Rabani, and
Tardos [20].

Using this approach, we provide a true contrant factor
approximation for the k-center problem in both the unas-
signed and assigned versions, with independent distributions
(point clouds) as input. We formally define the models in
Section 2 and present the algorithms for the unassigned and
assigned versions in Sections 3 and 4 respectively. Further-
more, the actual algorithms, shown in Figures 1 and 2, are
extremely simple to describe: Perform parametric search
on a truncated length function, using the primal dual al-
gorithm for k-medians due to Jain and Vazirani [19] as a
subroutine. Note that the primal-dual algorithm is combi-
natorial and simple to implement: In fact these same type of
algorithms have been used in streaming settings as well and
have been shown to perform well. We note that though our
algorithms themselves are simple to describe, the analysis is

not straightforward.

The interesting aspect is that we solve the k-median prob-
lem on a truncated space which is not a metric; however, we
show that triangle inequality holds in a certain relaxed sense,
and the Jain-Vazirani algorithm yields an approximation us-
ing this relaxed notion (see Section 5). It is however not
clear how to extend other combinatorial approaches, such
as local search [2] to yield approximation guarantees in this
setting. Our notion of relaxation is novel and different from
that arising in say, squaring the metric (k-means clustering).

We finally mention in Section 6 that the result extends in
a straightforward fashion to the model where we can resolve
some of the uncertainty by “probing” or refining the input
data. We have chosen to give simpler proofs with weakened
constants and have not focused on optimizing them in this
extended abstract.

Previous Results. As mentioned before, the unassigned
version of the probabilistic k-center problem (with indepen-
dent distributions) has a bicriteria approximation in [6]. The
same paper presents constant approximations for the prob-
abilistic k-medians problem. As we already noted, since
the latter is a sum objective, it is simpler to deal with in a
stochastic setting as opposed to the k-center problem, which
has a max objective. Anthony et al [1] present algorithms
for stochastic versions of the k-medians problem, and show
that the correlated scenario version of k-center is possibly
hard to approximate.

The problems we study fall in the broad class of stochas-
tic optimization problems. Our solution technique is partly
inspired by the algorithm for stochastic makespan from [20].
Stochastic scheduling also has a large body of work [7, 8,
11, 22, 24], but the techniques are unrelated. A large body
of work has also addressed two-stage stochastic optimiza-
tion, where the probability distributions resolve gradually,
but the cost of constructing the solution increases as the
distributions resolve. Various covering problems such as set
cover and Steiner tree are shown to have constant approxi-
mations in this model [18, 13, 16, 23, 25, 14, 15]. However,
the techniques needed for these problems is very different.

We finally note that the deterministic version of the k-
center problem has a 2-approximation due to Hochbaum and
Shmoys [17]. Similarly, the deterministic k-medians prob-
lem has several constant factor approximations, for instance,
see [2, 3, 4, 19].

2. PROBLEM STATEMENTS

Let P be a finite metric space of m points with distance
function d : P x P — R. There are n input “nodes” V,
where node p; follows an independent distribution D; over P.
These (discrete) distributions are specified as input. Note
that with some probability the node may not appear at all;
this aspect does not affect our algorithms or analysis. We
use “point” to mean deterministic member of P, and “node”
to mean the input point-clouds, or set V', that need to be
clustered. In the ensuing discussion, we use symbols such as
u, v to denote points in P and centers; and symbols such as
i,7 to denote input nodes in V. Let A = maxy vep d(u,v)
denote the diameter of P.

In the k-center problem, the goal is to choose a subset S C
P of exactly k points, which are called “centers”. Cormode
and McGregor [6] define two possible optimization problems:



Unassigned Version: In this version, in any realization
o : V. — P of the values of the input nodes, each
node i € V (which is now realized as o(i) € P) is
assigned by mapping v : P — S to its closest cen-
ter in S. The goal is to find S of size k that mini-
mizes E, [max;ev d(o(t),v(4))], where the expectation
is over the realizations o drawn from [}, D;. In other
words, minimize the expected value of the maximum
distance a node needs to travel to reach a center, where
the expectation is over all realizations of the nodes, and
where the assignment to the center can depend on the
realization.

Assigned Version: In this case, the output is a subset
of centers, S C P of size k, as well as a mapping
m: V — S of the input nodes V to the centers. In every
realization o : V' — P of the values of the input nodes,
node i € V (which is now realized as o (i) € P) is as-
signed to the same center (i) € S. The goal is to find
S of size k that minimizes E, [max;cv d(o (i), 7(7))],
where the expectation is over the realizations ¢ drawn
according to [];_, D;. In other words, minimize the
expected value of the maximum distance a node needs
to travel, when the assignment of nodes to the centers
cannot depend on the realization.

We note that the above problem formulations differ in
whether the assignment of the nodes to the centers is done
upfront before the node values are realized (assigned case),
or whether this assignment is a posteriori depending on the
realization (unassigned case). We show a O(1) approxima-
tion for both these versions using the same solution tech-
nique.

3. UNASSIGNED VERSION

Recall that in this problem, the goal is to find a subset
S C P of k centers, so that in realization o : V' — P, suppose
v(1) denotes the closest node in S to o(4), then the following
quantity is optimized: E, [max;cy d(o(7),v(7))].

Let OPT denote the value of the optimal solution. The
key to the algorithm is to define a k-median problem on a dif-
ferent, truncated length function, solve this approximately
via the primal-dual algorithm in [19], and perform a binary
search on the truncation. The final algorithm is presented in
Figure 1. We gradually build towards this algorithm by first
defining the metric truncation, then the k-median problem,
and finally our algorithm.

3.1 Truncated Length Function

DEFINITION 1. Define the “truncated” length function over
P x P as Lr(u,v) = max(d(u,v) —T,0).

Even though the function d defines a metric (i.e., it satis-
fies triangle inequality), the function L, though symmetric,
is not a metric. However, this function satisfies the following
relaxed triangle inequality.

LEMMA 3.1. For any points u,v,w € P, we have L1 (u,v)+
Lr(v,w) > Lor(u,w).

PRrROOF. First note that d(u,v)+d(v,w) > d(u,w) by the

triangle inequality. Therefore,

L (u,v) + Lr(v, w)

max(d(u,v) — T, 0) + max(d(v,w) — T, 0)
max(d(u,v) + d(v,w) — 2T, 0)

max(d(u, w) — 27,0) = Lor(u,w)

IV 1V

O

DEFINITION 2. For any point v € P, define its “weight”
wy = Pr{Uiev(D; = )] € [0,1]. Let X, be the 0/1 random
variable denoting whether at least one node in V' is mapped
tou € P. Then E[X,] = w,

3.2 Truncated x-Medians

The crux of our algorithm is to define the following “trun-
cated” k-median problem that we denote UnMed(T).

DEFINITION 3. The problem UnMed(T) is defined over
the graph P with edge lengths Lr. Choose a subset S of k
medians, and find an assignment w : P — S which optimizes
the cost:

C(S7 T) = Z wy LT (U, 7I'(’U,))
ueP
Define C*(T) denote mingcp =k C(S,T), the optimal cost.
Note that C*(T') is non-increasing in T

Though the problem UnMed(T) is defined over a non-
metric space, note that Lr satisfies the relaxed triangle in-
equality from Lemma 3.1. This implies that any k-median
approximation algorithm that starts with an approximate
LP solution to this problem and performs a limited reas-
signment of the points to medians will yield a relaxed ap-
proximation. In particular, if the primal-dual algorithm of
Jain and Vazirani [19] is run on the graph P with length
function L7, it can be shown to achieve the following guar-
antee. Note that the guarantee relazes the value of T to 9T.
We present details in Section 5.

THEOREM 3.2. The primal-dual algorithm in [19] when
run using lengths Lt finds a set of medians S C P of size k
and a mapping w: P — S that satisfies:

Z wy Lot (u, w(w)) = C(S,9T) < 6C*(T)
ueP

DEFINITION 4. Define

PrimalDual(T") = Z wu Lot (u, 7(u))
ueP
as the value of the solution (S.7) for UnMed(T) found by
the primal-dual algorithm (Theorem 3.2), when its value is
computed using the truncated length function Lor.

3.3 Bounds on OPT using UnMed(T)

Before presenting the final algorithm, we ask how does
UnMed(T) relate to the optimal probabilistic k-center ob-
jective OPT? We first show a bound in the easier direction
relating the two problems:

LEMMA 3.3. For any set of k centers S C P and mapping
m:P — S, let 0 : V — P denote the realizations of V,
and in each such realization, let v denote the mapping of
o(t) € P to center v(i) € S that is induced by w. Then:

C(S,T) > E» r}g}(ﬁT(a(i),u(i))



PRrROOF. The quantity C(S,T) has the following interpre-
tation: Let X, be the 0/1 random variable denoting whether
at least one node in V' is mapped to u € P. We have
E;[X.] = wy. Therefore:

Z wy L1 (u, 7(u))

ueP

_ E, qumu,w(u»]

LucP

C(S,T)

ue

> B, |max X, Lr(u, W(u))}

_ E, _maxﬁT(O(i),V(i))}

ieV
U

The crux of our analysis will be the strong Lemma 3.5 that
relates OPT with the solution of the truncated k-medians
problem. Before presenting the statement, we will present
an important ingredient in the form of a general probability
lemma, due to due to Kleinberg, Rabani, and Tardos [20].
We prove a slightly weaker version (using 7'/3 instead of
T'/2) here for completeness.

CrLam 3.4 ([20]). For a set Q of independent random
variables, where X, ~ Bernoulli(1l,w,) and s, > T, suppose
we have Elmaxuecq suXu] < T. Then Y ueq Wusu < T

PRroOF. First observe that if ZuEQ Wy > %, then

_ 1
E[max X,] >1—e 2% > =
ueR 3
Since s, > T', we have
T
E[max X, s.] > TE[max X,] > =
ueQ ueQ 3

which is a contradiction. Therefore, ZueQ Wo < %
Let Qun = Q \ {u}. Let &, denote the event that X, = 1,
and X, =0 for all v € Q.. Let ®, = ZveQu X, so that:
2
E[®,] = p < 2
B Y ws?
VEQy
Also note that &, corresponds to X, =1 and &, = 0. By
Markov’s inequality, we have:

Pr[®, = 0] = Pr[®, < 1] > 1 — E[®,] >

Wl =

By the independence of X, and Uycq, Xv, we have
Pr[l€,] = Pr[Xu.=1A®, =0]
= Pr[X, = 1]Pr[®, = 0]

1 Wy,
> -E[X,|=—
- 3 [Xu] 3

The following inequalities now complete the proof.

Z Sugu:| > Z Su%

g > E {maXXusu] >E
ueQ ueEQ ueER

O

We now use the above ingredient to formulate the im-
portant bound connecting the truncated k-median objective
with OPT. The bound in the following lemma is illustrated
in Figure 3(a).

LEMMA 3.5. C*(0) > OPT > tmax{T | C*(T) > T}.

Proor. When T = 0 in Lemma 3.3, there is no trun-
cation, so that the minimum of the RHS over all S, 7 is
precisely OPT, while the minimum of the LHS is C*(0).
Therefore we have C*(0) > OPT.

We will now show that if C*(T") > T, then OPT > . To-
wards this end, define a slightly different truncated length
function L7 over P x P as follows: Lip(u,v) = d(u,v)
if d(u,v) > T, and L7(u,v) = 0 otherwise. Note that
‘C/T (u7 U) > Lr (u7 U)'

We will prove by contradiction. Suppose OPT < % Re-
call that X, be the 0/1 random variable denoting whether
at least one node in V is mapped to u € P. We have
E;[Xu] = wy. Let S denote the subset chosen by the op-
timal k-center solution, and let m denote the mapping of
points in P to the closest center in S. We have:

T
3 > OPT =E [rsleagXud(u,ﬂ(u))}

> B [mas X, 70)

Let @ denote the subset of P so that for u € Q, L (u, 7(u)) =
d(u,m(u)). Note that for u ¢ S, we have L (u,n(u)) =
0, and for v € Q, we have Lp(u,m(u)) > T. Let s, =
L (u, m(u)) for u € Q. Therefore, s, > T.

From the above, we have E[maxy,cq Xusu] < % By
Claim 3.4, this implies > o wusye < T. Therefore, we
have

T > Z WysSy = B Z XL (u, m(u))

ueQ ueP
> > wulr(u,m(w) =C(S,T) > C*(T)
uePpP

This contradicts our assumption that C*(T) > T, which
proves the lemma. [J

3.4 Probabilistic x-center Algorithm

With the above ingredients in place, the algorithm in Fig-
ure 1 is a O(1) approximation to the unassigned version of
the probabilistic k-center problem.

LEMMA 3.6. The algorithm in Figure 1 terminates in poly-
nomial time.

PROOF. We can assume that all d(u,v) are non-zero, if
we collapse all points at distance 0 together as preprocess-
ing. Note this implies that the Diameter A > 0 as well as
C*(0) > 0.

Consider T = A. We have La(u,v) = 0. Therefore,
PrimalDual(A) = 0 < 6A.

Consider

T < min ((1 — 95)CT(O)7 emind(u, v))

we have Lor(u,v) > (1 — 9¢)d(u,v), which implies
PrimalDual(T) > (1 — 9¢)C*(0) > 6T

Since the T is decreased in powers of (1 — €), this shows a

polynomial running time in input size and % Ul

Let T™ denote the value of T' at which the algorithm stops.
Let ALG denote the value of the probabilistic k-center so-
lution found by the algorithm. The proof of the following
lemma is also illustrated in Figure 3(b).



€ > 0 is a small constant.

1. T — A. Recall A is the diameter of P.
2. while (PrimalDual(T) < 6T') do:
T—T(1—e¢).
endwhile

Algorithm for Probabilistic k-center: Unassigned Version

/* PrimalDual(T) (Def. 4) is the approximate solution to UnMed(T) */

3. Output the k£ median solution corresponding to PrimalDual <ITE>.

Figure 1: Algorithm for Probabilistic k-center: Unassigned Version.

LEMMA 3.7. Fore < 1 being a sufficiently small constant,
we have ALG < 15(1 + 2¢)T™

Proor. Let T = T*/(1 — €) and let S* denote the solu-
tion corresponding to PrimalDual(7"), i.e., the k centers
the algorithm outputs. From the execution of the algorithm:
PrimalDual(T") = C(S*,9T") < 6T".

We now bound ALG as follows. For any realization of
node values o : V. — P, let v (which depends on o) denote
the closest center in S* to the node.

ALG = E, [max d(o(3), V(z'))]
< 9T +E, [m_ax Lo (o(i), V(i))]
< 9T +C(S*,9T") < 15T < 15(1 + 26)T*

The second inequality follows from Lemma 3.3. [

THEOREM 3.8. The algorithm in Figure 1 is a O(1) ap-

proximation to the unassigned version of probabilistic k-center.

PrOOF. The proof is a simple combination of Lemmas 3.5
and 3.7. From the stopping condition, PrimalDual(7™) >
67". But from Theorem 3.2, we have PrimalDual(T™) <
6C* (1), which implies C*(T") > T™*. From Lemma 3.5, this
implies OPT > %* But from Lemma 3.7, we have ALG <
15(1 4 2¢)T*, which implies a O(1) approximation. []

4. ASSIGNED VERSION

Again, the key to the algorithm is to define a k-median
problem on a different, truncated length function. Note that
in the assigned case, the goal is to output not only a set of
centers S of size k, but also a mapping 7 from input nodes
i € V to centers u € S. Regardless of where this node is
realized, it is mapped to the same center. Let OPT denote
the value of the optimal solution.

For simplicity of exposition, we will assume the case that
a node does not materialize does not arise; the case where a
node can vanish with some probability is an easy extension,
and omitted.

4.1 Truncated Length Function

In this case, we will work on the bipartite graph on PUV/,
suitably defining a truncated distance between ¢ € V and
u € P. Let 0 : V — P denote realizations of nodes, so that
node ¢ € V is mapped to o (i) € P.

DEFINITION 5. Define pr(i,u) over V X P as pr(i,u) =
E, [Lr(0(i),u).

As before, the length function pr, though symmetric, is
not a metric. However, as before, the crucial point is that

this function satisfies the following relaxed triangle inequal-
ity. The proof now follows by linearity of expectation on
Lemma 3.1.

LEMMA 4.1. For any points i,5 € V and u,v € P, we
have pr(i,u) + pr(j,u) + pr(j,v) = psr(i,v).

4.2 Truncated x-Medians

As before, we define the following “truncated” k-median
problem that we denote AsgMed(T).

DEFINITION 6. The problem AsgMed(T) is defined over
the bipartite graph V x P. Choose a subset S C P of k
medians, and find an assignment 7w : V. — S which optimizes
the cost:

C(S8,T) = Z pr (i, (i)
eV
Define C*(T') denote mingcp |sj=k,~ C(S,T), i.e., the op-
timal cost. C*(T) is non-increasing in T

As before, though the problem AsgMed(T') is defined
over a non-metric space, since pr satisfies the relaxed trian-
gle inequality from Lemma 4.1, we have the following;:

THEOREM 4.2. The primal-dual algorithm in [19] finds a
set S C P of k medians, and mapping m : V — S that
satisfies:

> por (i, m(i)) = C(S,9T) < 6C*(T)
eV
DEFINITION 7. Define
PrimalDual2(T) = » _ por (i, 7(i))
i€V

as the value of the solution (S.m) for AsgMed(T') found by
the primal-dual algorithm (Theorem 4.2), when its value is
computed using the truncated length function por.

4.3 Bounding OPT using AsgMed(T)

Before presenting the final algorithm, we relate the k-
median objective to the optimal probabilistic k-center ob-
jective OPT. We first bound the easier direction:

LEMMA 4.3. For any set of k centers S C P, and map-
ping ©: V — S, we have:

C(S,T) > E» rglg;(ﬁT(O(i),ﬁ(i))

where o : V. — P denotes the realizations of nodes.



PRrROOF. The quantity C(S,T) has the following interpre-
tation: Let X, be the 0/1 random variable denoting whether
at least one node in V' is mapped to u € P. We have
E;[X.] = wy. Therefore:

e, 1) = > pr(i,n(i) =By ZﬁT(U(i),W(i))]
eV iV
> E, {rinea‘;(CT(a(i),ﬂ(i))}
O

As before, the crux of our analysis will be the following
stronger lemma that relates OPT with the solution of the
truncated k-medians problem.

LEMMA 4.4. C*(0) > OPT > tmax{T | C*(T) > T}.

PROOF. When T = 0 in Lemma 4.3, there is no trunca-
tion, so that the minimum of the RHS over all S is precisely
OPT. Therefore we have C*(0) > OPT.

We will now show that if C*(T") > T, then OPT > . To-
wards this end, as before, define £/ over P x P as follows:
L7 (u,v) = d(u,v) if d(u,v) > T, and L (u,v) = 0 other-
wise. Note that L7 (u,v) > L7(u,v). Define random vari-
able R(i,u) = d(o(i),u), and define Ry (i,u) = L7 (0(3),u),
where o : V — P is the realization of the nodes. Since £’
dominates £, we have E,[Rr(i,u)] > pr (3, u).

We will prove by contradiction. Suppose OPT < %. Let
(S, ) denote the subset and mapping chosen by the optimal
k-center solution. We have:

T

3 > OPT:E|:FZ_HEE%3(R(’L,7F(Z,S)):|

> B {ng Re (i w(i, S))}

Let X; denote the random variable Rz (i, 7(7,S)). The above
shows E[max;cv Xi] < I. Note further that each X; is
either 0 or takes on a value larger than 7. We will now
show this implies >, BE[X;] < T.

We express the distribution X; as the maximum of a col-
lection of Bernoulli distributions as follows. Suppose dis-
tribution X; takes on values T' < s1 < 82 < -+ < S
with probabilities pi1i,p2i,...,Pmi. Create m independent

L Dlm—1)i
Bernoulli variables Y;1 = B(Sm, Pmi), Yiz = B(Sm-1, %
P(m—2)i

Yis = B(sm-2, W) and so on. We have X; =
mo— k3 m

max’”; Yi;. Therefore, we have E[max;cv, jequ,...,
Z. From Claim 3.4, we have ), _,, > EfYy] < T. How-
ever, we also have:

ZE[YW] = SmPmi +5mflm + ...
— lfpmi
J
> SmPmi + Sm—1P(m—1)i + - .. = E[Xj]

Therefore, D, ., E[X;] < T. Finally, we have
T > Y E[Rr(i,n(i,9)] > pr(i,7(i,S))
iev iev
— ¢(s,T)>C(T)

This contradicts our assumption that C*(T") > T, which
proves the lemma. []

),

4.4 Probabilistic x-center Algorithm

With the above ingredients in place, the algorithm in Fig-
ure 2 is a O(1) approximation to the assigned version of the
probabilistic k-center problem. The proof of the next lemma
is identical to Lemma 3.6.

LEMMA 4.5. The algorithm in Figure 2 terminates in poly-
nomial time.

Let T™ denote the value of T' at which the algorithm stops.
Let ALG denote the value of the probabilistic k-center so-
lution found by the algorithm. We have:

LEMMA 4.6. Fore < 1 being a sufficiently small constant,
we have ALG < 15(1 + 2¢)T™

Proor. Let 7" = T*/(1 — €) and let (S*,m) denote the
solution corresponding to PrimalDual2(T"), i.e., the k cen-
ters the algorithm outputs and the mapping. From the ex-
ecution of the algorithm, we have: PrimalDual2(T’) =
C(S8*,9T") < 6T".

We now bound ALG as follows. Recall o : V' — P is the
realization of node values, so that node i is realized as point
o(i) eP

ALG = E, [miaxd(a(i)’ﬂ(i))}

< 9T +E, [max Loz (o(4), w(i))}
< 9T 4+C(S*,9T")
< 15T < 15(1 +26)T*

The second inequality follows from Lemma 4.3. [J

THEOREM 4.7. The algorithm in Fig. 2 is a O(1) approz-
imation to the assigned version of k-center.

PRrROOF. The proof is a simple combination of Lemmas 4.4
and 4.6. From the stopping condition: PrimalDual2(T™) >
67". But from Theorem 4.2, we have PrimalDual2(7T™) <
6C*(T), which implies C*(T*) > T™". From Lemma 4.4,
this implies OPT > TT* But from Lemma 4.6, we have
ALG < 15(1 + 2€)T*, which implies a O(1) approxima-
tion. [

S. PRIMAL-DUAL ALGORITHM

We now give a sketch of Theorems 3.2 and 4.2. In both
cases, the algorithms PrimalDual(7T") and PrimalDual2(T")
are ezactly the primal-dual algorithm of Jain and Vazirani [19].
This algorithm works on a bipartite graph where one side A
are the demand nodes, and the other side B are possible cen-
ters, and there are edges with lengths between these sides.
In the UnMed(T) case, the bipartite graph has A = P and
B = P, where the edge length between v € A and v € B
is Lr(u,v). Node u € A has demand w, from Def. 2. In
the case of AsgMed(T), the bipartite graph has A = V,
and B = P, where all demands are one, and the edge length
between ¢ € A and v € B is pr(i,v).

The description of the Jain-Vazirani algorithm does not
need these distances to obey a metric; the metric property is
only used in the analysis, particularly in triangle inequalities
in Lemmas 5 and 10 of [19]. However, Lemmas 3.1 and 4.1
imply these inequalities are preserved if we successively relax
T. We mention how this fact affects their key theorems;



e > 0 is a small constant.

1. T — A. Recall A is the diameter of P.
2. while (PrimalDual2(T) < 6T) do:
T—T(1—e¢).
endwhile

Algorithm for Probabilistic k-center: Assigned Version

/* PrimalDual2(T) (Def. 7) is the approximate solution to AsgMed(T) */

3. Output the k median solution corresponding to PrimalDual2 ( r )

1—e

Figure 2: Algorithm for Probabilistic k-center: Assigned Version.

the details are straightforward by re-working the triangle
inequalities in Lemmas 5 and 10 of [19].

We focus on AsgMed(T); the description for UnMed(T')
is similar. First, let Or () denote the value of the optimal
solution to AsgMed(T) where there is no bound on the
number of medians, but instead a cost A\ to open a median.
This is the facility location problem. In Theorem 7 of [19],
they construct a S C B and a mapping 7 : A — S, so that:

> psr(i, (i) + 3A[S| < 307(N)

i€EA

Note that this uses the triangle inequality over three edges,
so that 7" needs to be relaxed to 37

Next, they perform a binary search on A to identify two
close-by values where the corresponding sets S1 and S2 sat-
isfy S1 < k and S2 > k. They finally combine these to
obtain a feasible solution S* and mapping 7* with exactly
k medians. In Lemma 11 of [19], they show the following:

PrimalDual2(T) = » _ por (i, 7" (i) < 6C"(T)

i€EA

The proof again needs a triangle inequality over three edges,
so the 37 is relaxed to 97. This completes a sketch of the
analysis. We re-iterate that the algorithm itself is identical
to that in [19], and not described.

We note that the algorithm in [19] combines a greedy
procedure with parametric search, and is hence combina-
torial and efficient. Interestingly, we note that local search
schemes such as [2] use the triangle inequality several times
on any node, and hence do not yield approximation guaran-
tees for truncated metrics.

6. OBSERVABLE DISTRIBUTIONS

An immediate extension is to study the benefit of adaptive
observations in this context [12]. In this class of problems, a
subset of nodes of cost at most C' can be resolved prior to the
optimization; the goal is to find the adaptive resolution pro-
cedure that optimizes the expected value of the subsequent
optimization. We sketch a constant factor approximation
for this version.

Formally, suppose distribution ¢ € V could be observed
and resolved, but there is a budget C' on the total number
of nodes that can be observed. Any observation policy adap-
tively observes a subset M of input nodes of size at most
C. Let v denote the outcome of the observations, and let
A, denote the resulting problem instance where the nodes
i € M have resolved to deterministic points according to
their respective D;, and the nodes in V \ M retain their
original distributions. Subsequent to this, the probabilistic
k-center problem is solved on this instance; let I, denote

the optimal value of this solution. The goal is to find an
adaptive observation policy with at most C observations,
which minimizes E,[[C,]. Denote this OPT. Note that the
final expectation is over the outcomes ~ of observations. In
the ensuing discussion, we focus on the assigned center case;
the unassigned case is similar.

For the probabilistic k-medians problem, a constant factor
approximate observation scheme is presented in [12], that
blows up the number of observations by a constant fac-
tor. This scheme can be directly adapted to probabilistic
k-center. We present an outline below; since the details are
very similar to that in [12], we only present the high-level
ideas.

First observe that in any adaptive observation policy, for
any outcome -y of the observations, at most a subset of nodes
of size C' has been observed. Therefore, the K, is at least the
value of the probabilistic k-center solution on the unobserved
nodes. Since this is true for all outcomes, we must have
that OPT is at least the value of the optimal probabilistic
k-center solution that can omit a subset of at most C nodes.
Call this the outlier problem. This problem can be solved
to a constant approximation by blowing up the outlier cost.
This yields the following overall policy:

Outlier Problem: Solve the outlier version of AsgMed(T).
In this problem (defined using the notation in Sec-
tion 4.1), the goal is to choose the optimal subset
M C V of size at most C' to discard, so that the prob-
lem AsgMed(T') on nodes V' \ M and possible center
locations P has minimum k-median objective:

H(M) o SCP,|SI\’I;11?,7T:V~>S . Z pT(Z’ﬂ-(Z))
1€EV\M
The primal-dual algorithm extends to an algorithm for
the outlier problem [5], which yields a constant factor
approximation, with 7" and outlier bound C relaxed by
a constant factor. Let n(T") denote the value of this re-
laxed approximation (analogous to PrimalDual2(T)).

Binary Search: Perform binary search to find the T for
which n(T*) = T*. The same analysis as the non-
outlier case shows that this yields a subset M* with
|M*| = O(C), and a subset S™ of centers with |S*| = k
with an assignment 7, so that the value of the proba-
bilistic k-center solution on V'\ M is within a constant
factor of the value of the optimal probabilistic k-center
solution that is allowed to omit a subset of at most C'
nodes (whose value in turn is at most OPT from the
above discussion).

Final Policy: Observe the nodes in M. Subsequently, find
a 2-approximate deterministic k-center solution [17] on



the observed nodes (denote the set of centers S); and
output S* U S’ as the set of centers.

The final step yields 2k centers. Note that by the above
argument, the value of the k-center solution on the unob-
served nodes using centers S* is O(OPT'). Further, in any
realization of the nodes in M, their k-center clustering is
within factor 2 of best possible, so that the expected value
of clustering these observed nodes over all possible realiza-
tions is at most 20 PT'. Therefore, the expected value of the
entire policy is O(OPT'), which yields:

THEOREM 6.1. The outlier algorithm yields a constant
factor approxzimation to the probabilistic assigned (resp. unas-
signed) k-center problem when a set of at most C input nodes
can be observed and resolved prior to the optimization. The
solution relazes the number of observed nodes by a constant

factor, and uses 2k centers.

7.

CONCLUSIONS

In this paper, we have presented an intuitive approxima-
tion algorithm for the probabilistic k-center problem, that
does not violate the number of centers. The algorithm uses
a fairly general and powerful metric truncation paradigm
to reduce the max version (k-center) to a sum version (k-
median) on a different length function, for which we use an
existing efficient primal-dual algorithm [19]. The interest-
ing aspect of this k-median problem is that it is not over a
metric space, but satisfies a novel relaxed notion of a met-
ric. We note that our constant factor is deliberately large to
keep the exposition simple.

We conclude with some open questions. Though the cor-
related scenario version of this problem is possibly hard to
approximate [1], it would be nice to extend our results to
more reasonable models of correlation. It would also be in-
teresting to explore non-center based clustering methods,
such as spectral approaches and hierarchical clustering in
this model, as well as techniques for robustness (good with
high probability) as opposed to optimizing expected value.
Finally, the truncation technique is a simple and power-
ful method, that as already found applications to schedul-
ing [20] and clustering (this paper). It would be interest-
ing to explore other problems on probabilistic databases for
which this technique applies.
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