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Abstract practice to approximate a data distribution is by means of a
histogram.

Obtaining fast and good quality approximations to data  Histograms approximate a data distribution using a fixed
distributions is a problem of central interest to database amount of spce, andunder certain assumptions strive to
management. A variety of popular database applications minimize the overall error incurred by the approximation.
including, approximate querying, similarity searching and The problem of histogram construction is of profound im-
data mining in most application domains, rely on such good portance and has attracted a lot of research attention. A
quality approximations. Histogram based approximation is fundamental requirement for any good histogram construc-
a very popular method in database theory and practice to tion algorithm is to approximate the underlying data distri-
succinctly represent a data distribution in a space efficient bution in a provably good way and be efficient in terms of
manner. running time. The typical assumption for constructing his-

In this paper, we place the problem of histogram con- tograms, is that the data set to be approximated is finite and
struction into perspective and we generalize it by raising of known size, or that the size can be easily derived by per-
the requirement of a finite data set and/or known data set forming a single pass over the finite data set. The problem
size. We consider the case of an infinite data set on whichof histogram construction on datasets of known size has re-
data arrive continuously forming an infinite data stream. ceived a lot of research attention and the optimal as well as
In this context, we present the first single pass algorithms a lot of heuristic solutions exist. We refer to this problem as
capable of constructing histograms of provable good qual- the Classic Histograntonstruction problem. A number of
ity. We present algorithms for the fixed window variant of applications benefit from good solutions to the classic his-
the basic histogram construction problem, supporting in- togram problem, including query optimization [P197], ap-
cremental maintenance of the histograms. The proposed al{proximate queries on data warehouses [AGPR99] and time
gorithms trade accuracy for speed and allow for a grace- series similarity queries [KCMPO1, YFO0O0]. In this paper,
ful tradeoff between the two, based on application require- we place the problem of histogram construction into per-
ments. spective and we generalize it by raising the requirement of

In the case of approximate queries on infinite data @ finite data set and/or known data set size. We consider the
streams, we present a detailed experimental evaluationcase of an infinite data set on which data arrive continuously
comparing our algorithms with other applicable techniques forming an infinite data stream.
using real data sets, demonstrating the superiority of our  Data streams prevail in a variety of applications, includ-
proposal. ing networking, financial, performance management and
tuning. Network elements, like routers and hubs produce
vast amounts of stream data. For example, a router, for per-
formance monitoring, records the traffic that flows through
at specific time intervals (in terms of number of bytes, aver-
age utilization etc), producing data streams. Such a stream

Obtaining fast and good quality approximations to data can easily accumulate to rtiple gigabytes rapidly. Net-
distributions is a problem of central interest to database work elements produce many different types of information
management. A variety of database applications including,on a stream, like fault sequences recording various types
approximate querying, similarity searching and data mining of network faults or flow sequences specifying the differ-
in most application domains, rely on such good quality ap- ent types of network flows initiated, etc. Stock sequences
proximations. A very popular way in database theory and abound in the financial world and is a typical form of time
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series encountered. Web servers or other service based a;
plications produce many different types of data streams (for
example, number of connections to a web server at some

time granularity, a click stream sequence in terms of num-
ber of bytes retrieved, etc.) which are imperative to monitor R . R
and analyze. In all the applications above, it is crucial to —

provide querying abilities, capable of adapting to the on-

line and incremental nature of the data source. For example
network operators commonly pose queries, requesting the
aggregate number of bytes over network interfaces for time
windows of interest. The dynamic nature of data streams @ (b)
raises challenging questions for query processing.

We formulate and propose solutions for problems re- .
lated to maintenance of histograms of provable good qual- Figure 1. Examples of data stream algo-
ity over infinite data streams for query processing and es-  fithms: (&) An Agglomerative Algorithm (b)
timation purposes. Analysis and query processing on data & Fixed window algorithm
streams posses challenging questions both at a theoretical
and a practical level. First, the algorithms should be able to

operate on fixed amount of memory, sufficient to buffera |, section 2 we review related work. Section 3 presents

portion of the data stream at a time, since the entire streamdeﬁnitions necessary for the remainder of the paper. In
is not availablg. Second,_ algorithms should be fast and,ablesection 4 we present our algorithms to approximate a data
to keep up V.V'Fh the online nature of _the stream. Th'r,d’ stream using histograms and we show the properties of
for better efficiency and speed, algorithms should be in- the resulting approximation analytically. In section 5 we

creme ntal, in the sense that as new d_ata are produced (anﬂresent the results of a detailed experimental evaluation of
possibly old data discarded) intermediate results should b he application of our algorithms to various problems of in-

reused. Thg natur_e of da_lta stream algorithms can either b(?erest. Section 6 concludes the paper and points to interest-
agglomerativeor fixed window. Consider the case of a ing problems for further study.

data source that produces a new data element at each time

unit. An agglomerative algorithm would maintain enough

information to perform analysis or answer queries, starting2 Related Work
from the beginning of the stream up to the current time.

A fixed window algorithm would maintain information and Data stream algorithms have attracted research attention
perform analysis over specific temporal windows of inter- ,4h i the theoretical as well as in the database community.
est, say over the late$t seconds of data produced. Figure e first results in data streams were the results of Munro
1 gives an example of the two kinds of data stream algo- 5nq paterson [MP80] where they studied the space require-
rithms. In both cases, the algorithms are operating using 8mnents of selection and sorting as a function of the number
fixed amount of memory)M. In Figure 1(a) the operation 4t hasses over the data, however stream algorithms are one
of an agglomerative algorithm is presented. The algorithm pass algorithms. The model was formalized by Henzinger
loperat.es onthe entire.stream, starting from j[ime 0 up to andg;. al., [HRR97] who gave several algorithms and complex-
including the current timé. In contrast, a fixed window iy resyits related to graph theoretic problems. Guha et. al.,
algorithm (Figure 1(b)) operates on a window of len@th  1GMMO00] presented agglomerative algorithms to cluster
atany time. data on a stream. Guha et. al., [GKS01] presented agglom-

In this paper, we present a formal study of histogram- erative algorithms for the problem of histogram construc-
ming algorithms for data streams, by introducing algorithms tion on a data stream. Manku et. al., [SRL98, SRL99] con-
that could be used in a variety of popular database applica-sidered the problems of computing medians, quantiles and
tions involving estimations. We present the first efficient order statistics with a single pass over a data set. Green-
data stream histogramming algorithm for the fixed window wald and Khanna, [GKO01] presented an improvement on
data stream model. Our algorithms hgwevably good  the algorithms by Manku et. al., requiring less mem-
propertiesand allow agraceful tradeofbetween construc-  ory. Domingos and Hulten considered the problem of de-
tion time and accuracy of estimation. These algorithms cision tree construction with a single pass over the data
complement our agglomerative data stream histogram al-set [DHOO] and Hidber the problem of online association
gorithms presented in [GKS01] and together solve the onerule mining [Hid99]. Other results are available elsewhere
pass histogram construction problem in its entirety. [FM83, FKSV99, Ind00].

Data Stream Data Stream




In the database community, the problem of efficient his- for obtaining answers to common queries about the values
togram construction has received much research attentionof points in the buffer, such as point and range queries. For
due to the central role histograms play in query optimization representation of the approximation we choose histograms,
and approximate query answering [IP95, AGPR99]. There which is a popular estimation technique. The resulting his-
exists an optimal solution to the classical histogram con- tograms should have good estimation quality, they should
struction problem [JKN 98], with quadratic (on the num-  allow fast incremental maintenance, as points are added or
ber of data points) complexity. Alternate histogramming deleted from the buffer, which should preserve the estima-
algorithms have been proposed based on the use of trangion quality. An agglomerative data stream histogram al-
forms (e.g discrete Cosine, Wavelet etc) [LKC99, MVW, gorithm will maintain histograms reflecting the data distri-
MVWO0O0]. bution of the stream starting from time 0. A fixed window
data stream histogram algorithm will maintain histograms
reflecting at any time the data distribution of the sequence
of then buffer points.

Let X be a finite data point sequeneag, 1 < i < |X]|.

We consider data streams consisting of an ordered se-The general problem of histogram construction is as fol-
qguence of data pOintS that can be read Only once. Forma”y,|ows: given some space Constrajﬁt create and store a
adata stream is an infinite sequence of paints;, ...read  compact representation of the data sequence using at most
in increasing order of the indicegs Each valuer; is an B storage, denoted/g, such thatH g is optimal under
integer drawn from some bounded range. Data stream al-some notion of erroZx (Hp) defined between the data
gorithms are incremental bounded memory, one pass algosequence and/z. We first need to decide on a repre-
rithms. On Seeing a new poim;, two situations of interest sentation forHg. The typ|ca| representation adopted re-
arise, either we are interested in a finite windowgfoints,  sults from multiple instances of the following technique:

3 Histogramming Problem Definition

Ti—n, ..., %;, Orwe are interested in all points seen. We will ¢gllapse the values in a sequence of consecutive points
denote the former asfaced windowdata stream model and  (say s; . . . ¢;) into a single value:; (typically their aver-

the latter as aagglomerativalata stream model. Inthe ag- age, h; = S2¢1, v;), thus forming a bucket;, that is,
glomerative model, the sequence is denotea by . ., zy, bi = (si, e, hlg Sinceh; is only an approximation for the

whereX is the total number of points seen. The central as- values in bucket;, whenever a bucket is formed an error is
pect of data stream computation is modeling computation ininduced due to the approximation. We need to choose a way
small space relevant to the parameter of intenest N '. to quantify this error. As is common, we quantify this error

In this paper we are primarily interested in efficient incre- using theSum Squared ErrofSSE) metric, defined as:
mental algorithms for data streams. We concentratied

windowdata stream algorithms, however inside a window o y
the behavior of the algorithm is agglomerative, necessitated F(bi) = Z (vj — hi) (1)
by the incremental nature. J=si

We assume availability of fixed buffer space (memory agsuming that the space constraint is expressed in buck-
available) M capable of holding: points of the stream g the resulting approximatidiis will consist of B buck-

(a data stream subsequence of leng)fat any time. Let (5 ang the total error in the approximations (Hp) =
M]I0], ... M[n—1] the locations of data points in the buffer.

B 3 . . .
Buffer M operates in a cyclic fashion. Thus, when point Zi:l F(bi)' The optlmal'hlstogram construction problem
. . : . ; is then defined as follows:
i > n arrives, the temporally oldest point{[0]) is evicted
from the buffer, and pointis placed atM[n — 1]. Conse-  Problem 1 (Optimal Histogram Construction) Given a
quently, bufferM acts as a sliding window of lengthover sequenceX of length| X |, a number of bucket®, and an
the data stream. Successive data stream subsequences in tBgor functionFx (), find Hp to minimizeEx (Hg).
buffer, haven — 1 data points in commoh.

As a first step, we are interested in designing algorithms The resulting optimal histogram is the well knowopt
that approximate and dynamically maintain the approxima- histogram [IP95]. There exists an efficient algorithm to de-
tion of the data distribution of the data stream points in the termine thevopt  histogram [JKM 98], in time O(n” B)

buffer M. The approximation obtained should be suitable @nd requires)(n) space. The algorithm requires ttn)
prefix sums to be computed and stored and it is quadratic

! Several authors have also introduced models allowing small, but fixed in the parameter of interestB(is typically assumed to
number of passes over the dataset, we will assume a single pass in this

paper. 8 Other error functions are possible suchasx; F'(b;) etc. All our re-

2Without loss of genelily we assume that a new point arriveseaich sults will hold for any point-wise additive error functidfix (H ), but we
time step, other possibilities exist (e.g., batched arrivals) and indeed ourwill focus on the specific error function above which is the most common
framework can incorporate those as well. one in the literature.



be a small constant). A naive application of the optimal ¢ Finally, we will present the fixed window histogram

histogram construction algorithm to each subsequence of construction algorithm.

lengthn in the stream will result in an incremental algo-

rithm that require® (n?) time per new data item ar@(n?) 4.1 Optimal Histogram Construction

space. A fairly simple trick reduces the required space to

O(n), but the time required per update is excessive. Consider a sequence of data points indexed by. ».
However, the histogram is usedapproximatehe data,  The data points within each bucket are represented by their

and an obvious question would be if we are given a preci- mean. We refer to the optimal histogram consisting3of

sione (say0.01%) close to0, can we compute a histogram  puckets as the optima-histogram. A basic observation

that is not necessarily optimal, but close to the optimal in js that if the last bucket contains the data points indexed

the precision parameter, faster? This leads to the followingby [; 4 1,. .., n] in the optimalB-histogram, then the rest
problem: of the buckets must form an optim& — 1-histogram for
[1,...,4]. Itis easy to observe that otherwise the cost of the

Problem 2 (¢-approximate Histograms)

Given a sequenc& of length|X|, a number of buckets
B, an error functionF'x (), and a precisiore > 0 find Hp
with Ex (Hg) less than(l + ¢) ming Ex (H) where the
minimization is taken over all histograms withbuckets.

solution can decrease by taking the optirial 1-histogram

and the last bucket defined on poifitst 1, ..., n]. Since

the last point,, must belong to some bucket, we search

over then — 1 bucket boundaries. To put things together,

we must solve the problem far < k£ < B — 1 for all

We will present an algorithm that will take points, since the bucket boundary for the last bucket can be

O((nB?/¢)logn) time to construct am-approximate his-  anywhere between andn®. Given that a bucket is defined

togram. However even such will be adequate, since it will by [4, . . ., j], the error ®ERROR¢, j] in it, is given by

requireO(n) time incrementally. Our target would be an ’ ' )

algorithm which grows very slowly on, which gives rise J J

to the following problem: ° SQERROR]i, j] = Y v} — j_ﬁ (Z vz) 2)
=1 =1

Problem 3 (Histogramming a Data Stream) Given )

a data streamS, a number of bucket®, a fixed memory After we decide that the last buckefis-1, . . ., n], we need

space to store a portion of the stream, capable of storing 10 compute its error efficiently. By a naive approach this

n data stream points, an error functiolis(), and a pre-  can be easily done i@(n) time. However, if we maintain

cision ¢, incrementally maintain the besfz, to minimize o arrays $m and Sysum, we can compute the error of a

Es(Hp) within 1 4 ¢ factor. bucket inO(1) time.

We will present an algorithm for the fixed window variant of ) i . : )

the data stream histogram construction problem. The algo- Suml,i]=> v  SQsum[l,i=) v (3)

rithm will approximate the result of the optimal algorithm =1 =1

on then points in the buffer, requiring((B°/¢*)log’ ) The partial sums in equation 2 can be replaced by

incrementally, trading accuracy with construction speed and g, 1, /] — SuM[L, i — 1] and RSUM[L, j] — SQSUM[L, i —

vice versa. 1]. Denote by HRRORi, k] the error of representing
[1,...,4] by a histogram with: buckets. The algorithm is

4 Histogramming a Data Stream presented in Figure 2. We can establish that the complex-

ity of the above algorithm i€ (n? B).
We will present our solution to the data stream his- ) _ ) _ _
togramming problem in the following steps: 4.2 Directions for Improving the OptimalHis-

I - . , togram Algorithm
o We will first present a description of the optimal his-

togram algorithm of Jagadish et. al., [JK18]. The basic structure of dynamic programming requires

« We will show directions for improvement of the op- the top two loops (lines 1 and 2). Thus, we focus our at-
timal histogram algorithm, which will be used in de- tention to the last loop (lines 3,4) and try to improve the
veloping our fixed window algorithm. running time. We observe the following,

« For completeness, we will present the agglomerative 1. SQERROR: + 1, j] is a positive non-increasing func-
data stream construction algorithm [GKS01] and sub- tion if j is fixed andi increases. This can be shown

;equer!tly show w.hy it does not give a reasonable  +hjle solving the cask = B, the last bucket can start atB < j <
fixed window algorithm. n.




Algorithm OptimalHistogram()

Compute 8M[1,i] and suMl, ] foralll <1 <n

Initialize HERRORj,1] = SQSUM7,n],1 <7< n

1. Forj=1tondo

2. Fork=2toBdo

3. Fori=1toj-1do

4. HERRORj, k]
min(HERROR}, k], HERROR, k — 1] + SQERROR: + 1, j])

Figure 2. Algorithm OptimalHistogram

ratio. Since we are interested in finding the minimum upto
some ratio close to one as opposed to exact, we can do much
better than the simple search ovevalues, as we describe
next.

4.2.1 Improving the search

In our search problem, we are trying to find the minimum of
n values, which arise from the sum of two functions. In an
interesting twist, we can attempt to represent the functions
as histograms. More clearly, suppose we approximate the
functions with a set of ranges (much fewer thgrand still
have a good bound on the values of the functiorach

mathematically, the intuitive reasoning is that: since yange. Then, the search can be performed at one point in
i increases, we have a smaller set of numbers to sSUm-g5ch of the ranges, which will reduce the search froto

marize in a bucket.

2. HERROHF, k — 1] is a positive non-decreasing func-

tion asi increases. Once again this can be shown

rigorously, but the idea is that @asncreases, we are

trying to represent larger set of numbers by the same

number of buckets (in this cage— 1).

the size of the range set. This is precisely how histograms
are used in applications.

Suppose for: < b, we have(l + 6)HERRORa, k£ — 1] <
HERROR, k — 1], for somed > 0. For anyi, (a < i < b),
using the monotonicity properties we get:

HERROHR:, k — 1] + SQERROR: + 1, 5]

>
HERROHa, k — 1] + SQERRORb + 1, 5] >

T3 (HERRORD, k — 1] + SQERRORb + 1, 3])

This could potentially be useful since we are searching for
the minimum of the sum of two functions, both positive, one
of which is non-increasing and the other non-decreasing. It
would be a natural idea to use the monotonicity and reduce Thus, we can reduce the search, by evaluating the sum
the search, say to logarithmic terms. However it can be eas-of the two functions at the endpoihtinstead of the entire

ily shown that any sequence of numbers can be representetangela..b]. Given a non-decreasing function we will con-
by a sum of a non-increasing and a non-decreasing functionstruct intervals which will satisfy the assumptions asdhe

Consider a sequenas, . . . z,, of positive values. Consider
the two functions

n i—1 i
F(iy=> wj—> x; and G(i)=>
j=1 j=1 j=1

Observe that;; = F(i) + G(¢) and that both functions
are positive and satisfy our observation tlgt) is non-
increasing and~(7) is non-decreasing. But the value of
the i'th element in the sum i$""_, z; + z; which still
leaves us with finding the minimum of; over alli. For
example consider the initial sequentgr, 5,8,2,6,4; I

is 35,32,25,20,12,10,4 and G is 3, 10, 15,23, 25,31, 35.
The sum evaluates to the sequefied?2, 40, 43, 37,41, 39
which is the original sequence shifted¥y. Thus, the com-
plexity of finding the exact minimum is the same as finding

the exact minimum of the original sequence. This implies
that the search step (lines 3,4 as described in the Optimal-
Histogram algorithm above) cannot be reduced if we are

pair. These intervals are the range sets, and approximate the
function by a histogram (piecewise constant function) such
that the difference of values in each bucket is small, but rel-
ative to the magnitude of the values in the bucket.

4.3 An Agglomerative Histogram Algorithm

The agglomerative histogram algorithm presented in
[GKS01] does not give the incremental (fixed window)
algorithm we seek, but we present the algorithm for the
sake of comparison, and to point out where such an al-
gorithm fails to be incremental. The entire algorithm is
presented in Figure 3. To reduce the search the algorithm
evolves by covering the index gt . . ., j — 1] by intervals
(a1,b1), ..., (ag be), ... with the following property (Let
d = ¢/(2B), for somee > 0):

ar =be—1 +1 and HERRORb., k — 1]
< (1 + 6)HERROHRa¢, k — 1] and b,
< 7 — 1is maximal

searching for an exact minimum, because we reduced the
search for the minimum in a sequence to the search for theIn [GKS01] it is shown that the maximum number of inter-

minimum in the sum of two functions with the desired prop-

vals required can be bounded and that the space required to

erties. However, this reduction does not preserve approxi-store all the intervals i@(? logn). Observe that the algo-

mation since38 is closer to37 that 3 is to 2 in terms of
ratio. The shift by35 does not preserve the approximation

rithm will never be interested in®v[1, ;] or SQSUM[1, ¢]
unless: is one of the endpoints of the intervals. Thus



Algorithm AgglomerativeHistogram() —

SetupB — 1 queues to store the intervals T A 7ﬂ

Assume we have access to last element in queue

1. Forj:=1to ndd|

2. Compute HRROHj, 1] = SQERROHRL, j]. ° " ¢

fl: I?;rﬁg;igodﬁo?gbz of queud: — 1 Figure 4. Shifting a function downwards

5. HeERROHy, k] =

. ?ln (HERROHj, k], HERROR:, k — 1] + SQERROR: + 1, 5]) quireO(nlog n) time per data point to adjust the histogram,

7. If(1 <k < B—1and HRRORj, K] > (1 + §)HERRORay, K]) | SMCE the best one can dgl_sto compute all the relevant infor-

8. /*ay is the start of the last interval kith queue */ matlon frgm scratch.. This is a prqblem for any agglome.ra-

9. then start anew intervaly, = biy1 = j for thek'th { tive algorithm that tries to maintain a data structure which

10. queue and store the Va’U&ﬂ\@]] and @SUN[]] apprOXimates ERRORStarting from the fiI’St pOint seen. In

11. }} some sense, in the agglomerative algorithm the next bound-
ary of an interval depends on the initial points much more
than on the latter points.

. ) o We require an algorithm that builds these list of inter-
Figure 3. Algorithm AgglomerativeHistogram vals approximating the function on the fly. In addition,
an element of recursion is required, since to compute his-
togram approximations we would need approximate his-
one can maintain eunning prefix sum, and prefix sum-of- ~ tograms with fewer buckets. This is what we are going to
square, and store them only when we create an interval. Thepresent next. In this new algorithm, on seeing a new data
algorithm maintains3 — 1 queues implemented through ar-  point, we will createthe space of ranges to be searched,
rays of bounded size, since there is a bound on the size ofind then locate the best value within that space. For all
the queues. Keeping track of the number of elements in thethese, the time will be bounded by a polynomialinand
queue, one can also access the last elemenupddte it  the space by a polynomial i . Thus, in comparison, we
easily. Each element of th&h queue will store the index  Will have a gain of; over the straightforward use of the
numberz, the SUM[1, z], SQSUM[1, #] and HERRORz, {] agglomerative algorithm.
values.
Putting everything together, as shown in [GKS01], 4.5 Fixed Window Data Stream Histograms
one can compute anapproximateB-histogram in time

O((nB?/¢)logn) in space O((B?/¢)logn) in a data In this section we present an algorithm for the fixed win-

stream. dow histogram construction problem. Our computation will
resemble aeed basedtrategy. To compute the optimak

4.4 Considering Incremental Behavior histogram we need the values of tBe— 1-histogram and

so on. On seeing a hew point we would have to create sets
The above procedure is not very useful in constructing of intervals for each of thé-histograms. But first, we need

a fixed window histogramming algorithm, since the com- to formalize the fixed window algorithm. Once again, let
putation of a histogram of1, ..., n] does notallow us any ¢ = ¢/(2B).
informationon[2,...,n + 1]. If we have a good approx- We assume a circular buffer that reduces the storage to
imation by intervals of a function, it does not necessarily O(rn) which is storage for the window anyways. Using this
approximate the same function, if the function is shifted by buffer we will create the lists of intervals on seeing the next
a constant amount. Consider Figure 4. Figure 4(a) showsinput point. These will be computed on the fly; we will take
a function approximated by piece wise constant functionso(rn) time to compute the intervals, since not all points in
over four intervals. Figure 4(b) shows the same function asthe buffer will be inspected. We store the sum of the values
in Figure 4(a) but the function is shifted downwards by a (Z;:Z z;) and the sum of squares of the valugjs;'gZ z?)
constant amount. Figure 4(b) uses the same intervals as ifirom some point in the past, From time to time (after
Figure 4(a) and we observe that the function values within » iterations) we will update this point to be the first point
the same interval are not so close to their approximationin our window. This will requireD(n) time, but amortized
anymore. The correct covering is given in Figure 4(c). It overn iterations, can be ignored. To maintain these sums
can be easily argued that in case of a downward shift, thewe use two arrays @’ and 3suM’, indexed on[0..n],
number of buckets would go up, to maintain the same guar-where $IM’[i] = SuM[l1, 7] and likewise for ®sumM. On
antees as before. Thus, an agglomerative algorithm, will re-seeing the: + 1'st point of valuev we will update theé)’'th



entry to be $Mm’[n] + v and likewise for suM’. It is the HERRORis zero will form one interval, and then the
easy to verify that the partial sum of elements can be easilyHERRORIs at Ieast% (the worst example is 1 position dif-
computed by subtractingu™’[1] from every other 8m’ fering by1, giving an HERRORoOf 1 — 1; we assume. > 1)
entry (similarly for SysuM’). Whenever the algorithm re-  and the start of a new interval hasRROR value greater
quires the value of @ERROR;, j] we will compute it by  than(1+¢) times the HERRORvalue at the start of the previ-
SQSUM [j] — SQSUM[i] — ]%Z * (SUM’[j] — Sum’[i])? fol- ous interval. The termlog HERRORn, B] can be bounded
lowing equation 2. by logn + 2log R where R is the largest number, which
We present the algorithm in Figure 5. The main issue is O(log n) since the values of the data points are assumed
is the procedure to build the list of required intervals each to be bounded. Thus the maximum number of intervals in-
time. This is accomplished by functidtveate List[a, b, k]. serted in the queue B(d~ ! logn).”
It accepts asniput the startg and endp of the range for To analyze the running time observe that there are at
which the list of intervals is build and the number of re- most % logn binary searches, at most one search per in-
quired intervalg:. It is defined recursively as shown in fig- sertion. Each binary search will involve at mdskn
ure 5. The main feature of this function is to create a list computations of IHRROR¢, k]. Each such computation of
of intervals approximating ERROR/, k] for eachj. This HERROR[¢, k] will involve a minimization ove% log n end-
is done foreachk < B — 1. If the list for somek is avail- points whose values are already stored inithd 'th queue.
able, we can compute#RRORj, k + 1] for all j. We can Each binary search will requi@( 5 log” n) time. Thus the
use these values to create the- 1'th list of intervals, but total running time of 'reate List[1, n, k] isO((%)Z log? n).
the challenge is to create the list without evaluatitighe This for a single value ofk; the total time taken by
values in the buffer. This we achieve by a binary search like the incremental algorithm ig)(B(%)? 1Og3 n) which is

procedure. . ' _ 0(336—210g3 n).
The algorithm is demonstrated by the following exam- . 3 )
ple: Theorem 1 IntimeO((B?/e?) log” n) operations per data

point we can output am-approximateB-histogram of the
Example 1 Consider the case of a stream consisting of the previousn points.

values100,0,0,0,1,1,1,1withd = 1, andB = 2. When H he bi h invol dif
we runC'reateList[1, 8, 1], we will compute the intervals owever the binary search involves a cost, and If we were

(1,1),(2,8) as before. Consider the case 0 being to use this algorithm to compute thg approx.imate histogram
dropped and. being inserted at the end. We will now call for an ag.glomeran've problem (which require one soilutlon
CreateList[1,8,1] >. The value of HRROR1,1] = 0. after seeing a}ll points, as .oppt')sed.lteolutlon on seeing
Thus when we invok&'rcateList[1,8, 1], sincea = 1, every n2ew p0|r.1t)., the running time increases by a facto'r of
we will search fore such that HRRORc, 1] = 0 and ¢ B/elog”n. This is an interesting tradeoff between the in-
is maximal. This would be satisfied for= 3. Thus3  cremental nature and speed of the algorithm.
would be inserted at the end of the queue, the queue will be ) )
(1,3) and we will invokeCreate List[4, 8, 1]. The value of  © EXperimental Evaluation
HERROR4, 1]is 0.75, ande would evaluate té in this case
since HERROR[6, 1] = 1.5. We add4, 6) to the queue, mak- In this section we present the results of a detailed exper-
ingit (1,3), (4,6) and invokeC'reate List[7,8,1]. The last ~ imental evaluation of the application of our algorithms to
interval will be (7, 8). The endpoints of the intervals would the problem of performing Approximate Queries on Data
be3, 6, 8. Thus while computing ERROR8, 2], whichisthe ~ Streams. We evaluate the applications of the proposed fixed
solution required, we will minimize over the partition being window algorithm, in the case of approximate range aggre-
at3 or 6 and compute the right solution to &, 3), (4, 8). gation queries on a stream, using real data sets, comparing
The important point is that the binary search has now them with other applicable methods. We demonstrate ex-
detected the transition at positichfrom 0 to 1, thus we perimentally as well, that our algorithms offer histograms
will find the optimal solution. Also we computed the correct of superior accuracy that can be constructed efficiently. We
interval partitioning. also conducted an extensive evaluation of the applications
) i _of the proposed techniques on similarity queries and ap-
Itis straightforward to observe that we would be creating proximate queries on data warehouses. We omit detailed
valid intervals, and the endpoitit's will have the maximal  regyits on these experiments due to space limitations; we
property..Slnce at the start of the new interval the' function only include a short summary. In all cases we use real time
HERRORINcreases by a factor dfl + &), the maximum  serjes data sets extracted from operational data warehouses
number of intervals will bd + log(l_l_(;)(HERROF{n, B]). maintained at AT&T Labs.
This follows from the fact that the index values for which

% Follows from the maximal property in Equation 4.
5This time the data i8,0,0,1,1,1,1,1 7The hidden constant is aboit




CreatelList[a,b,k]:=
If (a > b) return

Algorithm FixedWindowHistogram() Otherwise If(a == b) inserta at the end ok 'th queue
Compute 8m" and S3sum Otherwise{

Assumel to be the first point in the circular buffer

Compute = HERROHRa, k]
For k=1 to B-1{

/*If k == 1 then these are simply

Initialize'k’th queue to empty SQERRORL, a] and RERROHL, c] ¥
CreateList[1,n,k] /*for k > 1 minimize over endpoints
} ofk — 1'th queue */

For i:= end poinb, of B — 1'th queug{
HERROF{@,B] = min(HERROF{n,B], that HERROHc, k] < (1 + 6)t
HERROH, B — 1] + SQERROR: + 1, n]) and either BRRORc + 1,k] > (1 + 8)t orc == b
¥ Insertc at the end ok 'th queue
CreatelList[c+1,b,k]

Perform a binary search to firdsuch

Figure 5. Algorithm FixedWindowHistogram

5.1 Approximate Queries on a Data Stream the temporally oldest point leaves the buffer. Accuracy of
estimation using fixed window histograms improves with
B ande. The benefits in accuracy when compared with

ané”;g;f:gt'%? tvr\:g ﬁ;/(zlss\t/?nzjhoewcgln sg:il:ﬁtrf?nptﬁgoggzngfWavelet based histograms are evident. In terms of construc-
y 9 tion time (Figures 6(c),(d)), Fixed window histograms, re-

3\/%%2:':22}%2; esr,leetz thggfg g fsr torrenazjr. &ﬁ_o(;;l;rvszfeeggggfquire more time to compute &3 increases ot decreases.
representing utilization information of one of th i However, the penalty is small as is evident from the fig-
epresenting utilizatio ormation of one of tne services ure, and the graphs are consistent with our analytical ex-
provided by the company. In all cases, the construction time

) ectations. We omit the construction time performance for
reported corresponds to the elapsed time devoted to con—p P

) . RS Wavelet since it was much worse than that of the proposed
structing and incrementally maintaining the data structures brop

required from the beginning of the data stream till its end. fixed window histograms (up to an order of magnitude in

; .__our experiments).
We focus on evaluating the accuracy of range sum queries,

since they are more relevant in the data stream context (sim-

ilar results are obtained for range queries requesting averag®-2  Additional Experiments

or point queries). Accuracy is measured by reporting the

average result obtained by performing random queries; the We prototyped algorithmdgglomerative Histogram

starting points as well as the span of the queries (size ofand evaluated its accuracy and performance for agglom-

the requested aggregation range) is chosen uniformly ancerative stream histogram construction, compared with a

independently. wavelet approach. The resulting histograms are su-
Figure 6 presents the results of an experiment usingperior both in accuracy as well as construction time.

Fixed window histograms. We vary the length of the subse- We also compared algoriththgglomerative Histogram

guence we allow in the window, the number of buckets as with the optimal histogram construction algorithm of Ja-

well as the value of. The underlying data stream consists gadish et. al., [JKM98]. In these experiments we

of 1M points of real AT&T time series data and we approxi- construct histograms in one database pass with algo-

mate the stream using fixed window histograms, measuringrithm Agglomerative Histogram and utilize them for

both the accuracy on mdom queries as well as the over- answering queries approximately in a data warehouse.

all elapsed time. In this case, the elapsed time correspond§he resulting histograms are comparable ancuracy

to the time required to incrementally maintain a fixed win- with those resulting from the optimal histogram con-

dow histogram as the entire data set consisting on 1M pointsstruction algorithm (for various values of) and the

is observed. Figures 6(a)(b) present the accuracy resultsavings in construction time are profound; these sav-

for fixed window histograms. Wavelet histograms are com- ings increase as the size of the underlying data set in-

puted again from scratch every time a new point enters andcreases. Finally, we approximated collections of time
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Figure 6. (a),(b) Accuracy and Estimation and (c),(d) Construction time for Fixed window Histograms,
for various values of ¢

series, using algorithmdgglomerative Histogram and 6 Conclusions
FizedWindow Histogram and utilized the techniques of
Keogh et. al., [KCMPO01] in the problem of querying collec- i L ,
tions of time series based on similarity. We experimented Histogram COﬂStrL{Cthn Isaprob!em of central |r'1teres.t to
with both whole time series and subsequence time seriedn@ny database applications. A variety of applications view
matching versions of the problem. Our results, indicate thatdata as ainfinite data sequenaather as a finite and stored
the histogram approximations resulting from our algorithms data set. In this case querying must be performed iaran
are far superior than those resulting from the APCA algo- ine fashion To this end, we have proposed algorithms to
rithm of Keogh et. al., [KCMPO1]. The superior quality of incrementally approximate a data §tream for querying pur-
our histograms is reflected in these problems by reducingP©Ses: We have shown both analytically and experimentally
the number of false positives during time series similarity that our approach offers very large performance advantages
indexing, while remaining competitive in terms of the time @nd at the same time is able to attain excellent accuracy
required to approximate the time series. comparable with thgt of the optimal approach and superior
to that of other applicable approaches.
Through a detailed experimental evaluation, we have
demonstrated advantages of our algorithms, not only for



novel applications like querying data streams, but also for [IP95]

traditional problems like approximate querying in ware-

houses and similarity searching in time series databases.

This work raises several issues for further discussion

and exploration. The algorithms presented herein are fairly[gjkm* 98]

generic and we believe that many other problems of interest
in database theory and practice can benefit from them. In
particular several data mining applications can make use of

the superior quality histograms our algorithms offer. The
incremental nature of our algorithms, makes them applica-

ble to mining problems in data streams. We are currently
investigating these opportunities.

[LKC99]
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