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1 Problem Statement

In generalized k-clustering, we are given n points
in a metric space with distance function d. The
goal is to partition the points into k clusters,
C1; C2; : : : ; Ck so that for a given 
, the following
objective function is minimized:

kX
l=1

1

jClj


X
i;j2Cl

d(i; j)

It is easy to see that an equivalent formulation
to a factor of 2 is the following. We wish to
partition the points into k clusters C1; C2; : : : ; Ck

with centers c1; c2; : : : ; ck so that the following
objective function is minimized:
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Note that for 
 = 0, this ismin-sum clustering,
while for 
 = 1, this is the k-median problem.

De�nition 1.1 A bicriteria approximation al-

gorithm for generalized k-clustering is a (p; q)
approximation if the cost of the solution is within

a factor of p of the optimal cost, and the number

of clusters produced is qk.

The technique in [1] gives a constant bicriteria
approximation for the case when 
 is a constant
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less than 1. We show how to extend this result
to constant 
 � 1, thereby generalizing it to all
constant 
. Our approximation factor will how-
ever be exponential in 
.

For every point i, we create n copies of the
point and denote them i(1); i(2); : : : ; i(n). We will
use the copy i(r) if the point i is the center of a
cluster of size r. We can now formulate general-
ized k-clustering for 
 � 1 as an integer program.

Let y
(r)
i denote whether i is the center of a clus-

ter of size r. Let x
(r)
ij be set to 1 if point j is in

a cluster of size r with center at i.
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2 Lagrangean Relaxation

The Lagrangean relaxation of this problem as a
facility location problem with lower bounds. Ev-
ery point j has demand 1. Facility location i(r)

has cost 1 and lower bound r. The new integer
program formulation is:
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3 Algorithm

Let F � and S� denote the optimum facility cost
and service cost respectively. For facility i(r),
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we add � times the cheapest way to assign it r
points to its facility cost. The optimum solution
now pays F � + �S� for the facility cost, and S�

for the service cost.

Note that the distance from j to i(r) is d(i;j)
r
�1 ,

and this is not a metric. However, the distances
are multiplied by a number that depends only on
the facility and not on the demand point. It was
shown by [1] that the Jain-Vazirani algorithm [3]
can be modi�ed so that it works even if the met-
ric is multiplied by a number that depends just
on the facility.

We run the Jain-Vazirani algorithm for facility
location on the modi�ed problem instance (with
the arti�cial facility costs). Let the cost of the
solution we obtain be (S; F ). We now consider
facilities in increasing order of their r, and close
those which have less than r �

2+�
assigned points.

The points that were assigned there are sent to
their respective closest open facilities. The proof
of the following lemma is similar to the proof for
load balanced facility location in [4, 2].

Lemma 3.1 Closing facilities does not increase

the total cost of the solution.

Proof: Suppose we close a facility i(r) because
it did not have enough points assigned to it. Let
D be the distance in the modi�ed metric to the
closest point j which was not connected to i(r).
Then, j was assigned to some facility l(r

0) which
was less than distance D in the modi�ed metric,
and r0 � r. We therefore have: d(i; j) = Dr
�1

and d(l; j) � Dr0
�1.

Let the cost of routing the demands to i be C,
and to l be C 0. If x is the amount of demand
routed to i, we have:
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When we add � times the cheapest service cost
for satisfying the lower bound, we can obtain a
constant approximation so that every open facil-
ity i(r) serves at least r �

2+�
demand.

Now, the algorithm in [3] gives the following
approximation:

3F + S � 3(F � + S�)

Since we modi�ed the facility costs so that F �

becomes F � + �S�, we have:

3F + S � 3(F � + S�(1 + �))

Also, every open facility i(r) serves at least
r �
2+�

demand. We now scale the facility costs by
a factor of � and then solve the modi�ed prob-
lem. In the �nal solution, we scale back the fa-
cility costs. We will therefore have:

3�F + S � 3(�F � + S�(1 + �))

We now guess the value of � as S�

�F � . We there-
fore have:

F � (1 + (1 + �)�)F �

S � 3(1 + � + 1
�
)S�

We are paying a routing cost which is scaled
for a cluster of size r, while the actual cluster
size could be r �

2+�
. This causes our service cost

to go up by a factor of
�
1 + 2

�

�
�1
. We therefore

have the following theorem:

Theorem 3.1 For any 
 � 1, generalized k-

clustering has

a
�
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�
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�
)
�1; 1 + (1 + �)�

�
bicri-

teria approximation.
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