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Abstract

Bartal [4, 5] gave a randomized polynomial time algo-
rithm that given anyn point metricG, constructs a treeT
such that the expected stretch (distortion) of any edge is at
mostO(logn log logn). His result has found several appli-
cations and in particular has resulted in approximation al-
gorithms for many graph optimization problems. However
approximation algorithms based on his result are inherently
randomized. In this paper we derandomize the use of Bar-
tal’s algorithm in the design of approximation algorithms.

We give an efficient polynomial time algorithm that given
a finiten point metricG, constructsO(n logn) trees and a
probability distribution� on them such that the expected
stretch of any edge ofG in a tree chosen according to� is
at mostO(logn log logn). Our result establishes that finite
metrics can be probabilistically approximated by asmall
number of tree metrics. We obtain the first deterministic
approximation algorithms for buy-at-bulk network design
[2] and vehicle routing [7]; in addition we subsume re-
sults from our earlier work [8] on derandomization. Our
main result is obtained by a novel view of probabilistic ap-
proximation of metric spaces as a deterministic optimiza-
tion problem via linear programming. This view also pro-
vides a new proof of the result in [5] that might be easier to
generalize.
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We also show that graphs induced by points in<d
p (d-

dimensional real normed space equipped with thelp norm)
can beO(f(d; p) � logn)-probabilistically approximated by
tree metrics wheref(d; p) = d1=p for 1 � p � 2 and
f(d; p) = d1�1=p for 2 � p. We use an improved graph
partitioning algorithm for normed spaces that obliviously
partitions the space into clusters of diameter at mostD such
that the probability of two pointsu andv falling in different
clusters is at mostO(f(d; p) � ku� vkp=D). We also show
that our clustering is optimal for allp by giving matching
lower bounds.

1 Introduction

Several algorithmic problems (both offline and online)
are concerned with distances in a finite metric space in-
duced by an undirected graph (possibly weighted). In some
cases the metric property is an integral part of the problem
itself while in many other problems the metric property of
the graphs is implicit or is used as an aid to solve the prob-
lem. An arbitrary metric space (in particular a finite metric
defined by a general graph) might not have enough struc-
ture to exploit algorithmically. A powerful technique that
has been successfully used recently in this context is to em-
bed the given metric space in asimplermetric space such
that the distances are approximately preserved in the em-
bedding. New and improved algorithms have resulted from
this idea for several important problems [20, 10, 4, 6].

Based on the work of Karp [16] and Alonet al. [1], Bar-
tal definedprobabilisticapproximation of metric spaces by
a set of simpler metric spaces. Formally, letM be a fi-
nite metric space defined on a vertex setV . For two metric
spacesM1 andM2 defined on the same vertex setV , M1

dominatesM2 if dM1
(u; v) � dM2

(u; v) for all u; v 2 V .
Let S be a set of metric spaces on V such that each metric
space inS dominatesM . S is said to�-probabilistically
approximateM if there is a probability distribution� over
S such that, for every pair of vertices inM , the expected
distance between them in a space chosen according to�, is



at most� times the distance of the pair inM . Probabilistic
approximation is a weaker notion of metric approximation
than that of deterministic embedding into a single space, but
is sufficient for many applications. Bartal [4] showed that
anyn point metric space can beO(log2 n)-probabilistically
approximated by a class oftree metrics. He also gave a
polynomial time algorithm to pick a tree from the distri-
bution. He subsequently improved his result to obtain an
O(logn log logn) approximation [5]. Tree metrics are a
very natural class of simple metric spaces since many al-
gorithmic problems become tractable on them. It can be
shown that there are finite metric spaces that cannot be de-
terministically approximated by one tree metric with a dis-
tortion ofo(n) (see [26] for a lower bound for then cycle).
In fact probabilistic approximations were motivated by the
preceding observation. Bartal’s result has found several ap-
plications in online algorithms, approximation algorithms,
distributed computing and others (see [4, 5] for more de-
tails).

Our focus in this paper is on the application of Bartal’s
results to approximation algorithms for NP-hard graph opti-
mization problems. Consider a graph optimization problem
where the goal is to find a set of edges satisfying some con-
straints, and the objective function is to minimize a linear
combination of the lengths of the chosen edges. Many prob-
lems in network design and routing are examples of such
optimization problems where the constraints typically ex-
press connectivity requirements. Bartal’s result can be used
to approximate the graph by a tree such that the expected
distance between a pair of vertices in the tree is at most
anO(logn log logn) factor of their distance in the graph.
The problem can now be solved on the tree and the solu-
tion interpreted on the original graph. Since the objective
function is a linear combination of distances, linearity of
expectations implies that the optimal solution on the tree
is, in expectation, within anO(logn log logn) factor of the
optimal solution on the graph. This approach has been used
to obtain improved approximations for several problems in-
cluding group Steiner trees [12],k-median [5, 8], minimum
communication cost spanning trees [28], buy-at-bulk net-
work design [2], and vehicle routing [7]. Since the first step
in the above approach consists of constructing a tree prob-
abilistically, all the approximation algorithms which result
arerandomized. Our goal in this paper is toderandomize
these algorithms and future applications.

The main result of this paper is a polynomial time algo-
rithm that given a weighted graph onn vertices constructs
a probability distribution onO(n logn) trees such that the
expected stretch of any edge of the graph in a tree chosen
from the distribution isO(logn log logn). This is in con-
trast to Bartal’s algorithms [4, 5] that generate trees from
exponentially large distributions. Using our result we can
derandomize applications to approximation algorithms by

solving the problem at hand on each of the trees from the
distribution, and picking the best of the solutions. This re-
sult builds upon our earlier work [8], where applications
that fit a certain restricted framework that included group
Steiner trees,k-median, and minimum communication cost
spanning tree, were derandomized. The framework of [8]
was not applicable to some applications and the construc-
tion of a small distributionof trees was identified as a way to
derandomize additional applications. Using our main result
we obtain the firstdeterministicapproximation algorithms
for buy-at-bulk network design [2] and some variants of ve-
hicle routing [7] that match the randomized approximation
ratios. Further, our result establishes that future applica-
tions can assume a small distribution and hence be deran-
domized. Our derandomization is practical for two reasons:
the small size of the distribution, and an efficient algorithm
to construct the distribution. The small size of the distribu-
tion also makes it feasible to preprocess a graph and store
the trees for repeated use.

Our main result is a consequence of viewing probabilis-
tic approximations in a novel way. LetM be a finite met-
ric space andS a collection of finite metric spaces that
dominateM . We phrase the problem of finding the best
(in the sense of least distortion) probabilistic approxima-
tion of M by S as a fractional packingproblem (with
jSj variables.) We then use the algorithm of Plotkin,
Shmoys, and Tardos (PST) [25] for approximately solv-
ing this fractional packing problem. The PST frame-
work requires a certain dual subroutine; whenS is the
space of tree metrics the dual subroutine turns out to be
the minimum communication cost spanning tree problem
which is NP-hard [11, 28]. However an approximate dual
subroutine can be obtained using graph partitioning tech-
niques from [13, 27, 9], as shown in [5, 8] which give
anO(logn log logn) guarantee on the approximation ratio.
Since the best upper bound we have on the optimal value
of the fractional packing problem isO(logn log logn), a
naive application of the approximate dual in PST gives only
an O((logn log logn)2)-probabilistic approximation. We
modify the PST framework to exploit the fact that the dual
subroutine gives a bound on theintegrality gapas well as
an approximation ratio ofO(logn log logn); this results in
anO(logn log logn) probabilistic approximation of a finite
metric by a distribution onO(n logn) trees. We believe
that our modification to PST (Theorem 2.3) is of indepen-
dent interest. Using improved graph partitioning results, we
show that planar graphs can beO(logn)-probabilistically
approximated (matching the result of [18] but using a small
distribution), and points ind-dimensional Euclidean spaces
can beO(

p
d logn)-probabilistically approximated using a

distribution onO(n logn) andO(dn logn) trees, respec-
tively. For Euclidean spaces our result improves on the
earlier known result ofO(d logn) [22]. The improvement



is obtained by a new graph partitioning procedure for Eu-
clidean spaces that we describe below. One of our contribu-
tions, apart from obtaining a polynomial size distribution,
are our new proofs for probabilistic approximation by tree
metric spaces. Further, probabilistic approximation by any
class of metric spacesS is reduced to an optimization prob-
lem, thus providing a concrete way to approach classes of
metric spaces other than trees.

Low Diameter Partitioning of Real Normed Spaces

Clustering of metric spaces has applications in data anal-
ysis, classification, learning, facility location, and several
other areas. Clustering objectives vary considerably de-
pending on the application. One particular objective that
has found several applications is that of low diameter clus-
tering. The objective is to partition a metric space (induced
usually by a weighted undirected graph) into subgraphs
such that the diameter of each of the subgraphs is low. Peleg
et al. and others [23, 3] studied such partitions motivated by
applications in network routing and distributed computing.
Leighton and Rao [19] pioneered the use of low diameter
clustering for the design of approximation algorithms based
on a divideand conquer approach. See [13, 17, 9] for related
results. Bartal [4] used probabilistic partitioning of graphs
into low diameter clusters to obtain tree approximations.

In this paper we consider low diameter clustering when
the graphs are induced by points in real normed spaces.
Given a metric spaceG with a distance functionc, let �
be a probability distribution over the partitions ofG into
clusters of diameter at mostD. Let xuv be the probability
of verticesu andv belonging to different clusters in a par-
tition pickedaccording to�. Define� to be the quantity
maxu6=vfxuv �D=cuvg. The probability of verticesu andv
being “cut” is at most�cuv=D. If � is small then vertices
which are close together inG belong to the same cluster
with high probability. Our objective is to give a probabilis-
tic partitioning algorithm which guarantees a small value of
�.

We obtain an improved graph partitioning algorithm
when the graph is induced by points in<d

2. For anyD > 0
we show that a graph embedded in<d

2 can be clustered
into regions of diameter at mostD, such that� is at most
2
p
d. Notice that� is independent ofn. Earlier partition-

ing algorithms achieved� = O(d) for Euclidean graphs
[22], andO(logn) for general metrics [4]. Since the di-
mensiond can be reduced toO(logn) with only a small
increase in distances [15], our upper bound gives at least an

(min(

p
d;
p
logn)) improvement over the previous best

results for graphs induced by<d
2. We generalize our results

to graphs induced by points in<d
p (<d equipped with thelp

norm). We prove a lower bound of
(d) on � for graphs
induced by<d

1; an identical lower bound has recently been

proved by Indyk for graphs induced by<d
1 [14]. These

two lower bounds and our upper bound for<d
2 can be

combined to obtain matching upper and lower bounds of
�(f(d; p)) on�, wheref(d; p) = d1=p for 1 � p � 2 and
f(d; p) = d1�1=p for p � 2. We use our partitioning al-
gorithm to obtain aO(f(d; p) � logn)-probabilistic approx-
imation forn point metric spaces induced by points in<d

p.
The rest of the paper is organized as follows. We present

the linear programming formulation in Section 2 and show
how to apply the fractional packing framework of [25] to
solve it approximately in polynomial time. We describe our
partitioning results in Section 3.

2 Probabilistic Approximation via Linear
Programming

In this section we show how the problem of probabilistic
approximation by a class of metric spacesS can be formu-
lated as a linear programming problem. We consider only
the case whenS is the class of tree metrics but the formu-
lation and solution strategy generalize in a straight forward
manner to other spaces as well. LetG be a weighted undi-
rected graph onn vertices that induces a finite metric. Let
S = fT1; T2; : : : ; TNg be a set of tree metrics on the ver-
tices ofG. An important point to remember is that the trees
Ti could have virtual vertices in addition to the vertices of
G. We assume without loss of generality thatS is finite al-
thoughN could be an arbitrarily large function ofn. We
assume that each of the metrics inS dominatesG, that is
dTi

(u; v) � dG(u; v) for every pair of vertices(u; v). Let
c(e) denote the length of an edgee in G. We assume that
c(u; v) is less than or equal to the distance betweenu and
v in G. A probability distribution onS can be represented
by assigning to eachTi 2 S a real value0 � xi � 1, with
the constraint that thexi sum to one. With this simple ob-
servation we obtain the following linear program to find the
optimal probabilistic approximation ofG byS.

min �

X

i

dTi
(e) � xi � � � c(e) for every edgee

X

i

xi = 1

xi � 0

In other words , we have to solve the problemminf� :
Dx � �c;

P
i xi = 1g whereDe;i = dTi

(e). Let De re-
fer to thee-th row ofD. The LP above has a large num-
ber of variables, but only(m + 1) constraints wherem is
the number of edges. It can be shown that there is an op-
timal solution to the above LP that has at most(m + 1)



non-zeroxi. Thus, the existence of a small distribution is
guaranteed from the formulation itself (this was first ob-
served in [8]). In addition, the formulation can be looked
upon as a fractional packing problem, and we will exploit
this structure to solve it. Let�e = maxi dTi

(e)=c(e) be
the maximum stretch of edgee in any of the trees, and let
� = maxe �e be the maximum stretch of any edge. It fol-
lows thatDex � �ce for all x satisfying

P
i xi = 1. The

parameter� is important in solving the LP and we will show
that we can restrict ourselves to a space of trees with� poly-
nomial inn.

The key to solving the above LP is to view it as a pack-
ing problem. A packing linear program is formulated as
minf� : Ax � �b; x 2 Pg, whereP is a convex polytope,
andAx � 0 for x 2 P . Plotkin, Shmoys, and Tardos [25]
showed that a packing problem can be solved to� optimality
(that is find a� such that� � (1+�)��) given the following
subroutine.

� A DUAL procedure that given a vectory � 0 (y is an
m� 1 column vector ifA is anm�n matrix) finds an
~x 2 P , such thatc~x = minx2P cx wherec = ytA.

A crucial parameter for their algorithm is�, the width of
the polytopeP with respect to the constraintAx � �b.
The width is defined asmaximaxx2P

Aix
bi

. The following
theorem states the main result of [25].

Theorem 2.1 (PST94)There is an algorithm that solves
a packing problem to� optimality withO(��2� log(�=�))
calls to theDUAL procedure.

The running time of the above algorithm depends only on
the DUAL procedure and the width. In particular there is no
explicit dependence on the number of variables. Our goal
in the rest of the section is to show how we can adapt the
algorithm of [25] to solve our LP formulation. It turns out
that the DUAL procedure as required by the PST algorithm
is NP-hard for our program. We will show however that we
can approximately solve the dual problem and also modify
the proof of [25] to show that an approximate solution is
sufficient.

2.1 Solving the Fractional Packing Problem

As we saw, our LP formulation is easily viewed as a
packing problem. In particular the polytopeP is defined
by the constraint

P
i xi = 1 andxi � 0. There are two

important consequences of the simplicity ofP .

1. The DUAL procedure is required to return a~x 2 P that
minimizesytAx overP . Since any point in our poly-
tope is a convex combination of trees, it follows that
there exists asingle tree that achieves the minimum.
This implies that a bound on the number of calls to the

DUAL procedure gives a bound on the number of trees
generated in the approximate solution.

2. The space of treesS and the width� are implicitly de-
fined by the DUAL procedure. This follows from the
fact that the only trees considered by the PST algo-
rithm are those returned by the DUAL procedure.

We now interpret the DUAL procedure for our formu-
lation. The vectory of dual variables corresponds to as-
signing weightsy(e) � 0 for each edgee. Let C�(y) =
minT2S

P
e y(e) � dT (e). Thus the DUAL procedure is

to find a tree that minimizes the averagey-weighted edge
lengths ofG. Unfortunately, as the followingremark shows,
we cannot hope to solve the DUAL problem optimally in
polynomial time.

Remark 1 The DUAL procedure for our problem in NP-
hard. In fact it is exactly the minimum communication cost
spanning tree problem on metric spaces [11, 28].

Therefore we settle for approximation algorithms. The
first deterministic approximation algorithms for the mini-
mum communication cost spanning tree problem on metric
spaces achieving aO(logn log logn) approximation were
provided independently in [5] and [8]. We need a stronger
version of the result in [5, 8] that in addition to giving the
above approximation ratio also provides a guarantee on the
worst case stretch of any edge. In this paper we also give
improved results for metric spaces induced by real normed
spaces that we discuss in more detail in Section 3. The the-
orem below encapsulates the required conditions. We pro-
vide more details in Subsection 2.2.

Theorem 2.2 Let G be a weighted graph onn vertices
that induces a metric space. Given positive weightsy(e)
on the edges, there is a polynomial time algorithm that
finds a treeT that dominatesG such that

P
e y(e) �

dT (e) � O(logn log logn)
P

e y(e) � c(e). Further, for ev-
ery edgee, dT (e)=c(e) = O(n). For planar graphs and
for graphs induced by points ind dimensional Euclidean
space theO(logn log logn) term improves toO(logn) and
O(
p
d logn) respectively.

As mentioned before, we need a modified version of
the PST algorithm [25] that gives a guarantee when the
DUAL procedure is approximate. Since every treeT 2 S
dominatesG,

P
e y(e) � c(e) is a lower bound onC�(y)

and thus triviallyC(y) � O(logn log logn)C�(y). The
upper bound we have on��, the optimal of our formula-
tion, isO(logn log logn). Theorem 2.2 viewed as provid-
ing an approximation algorithm forC�(y) with a ratio of
O(logn log logn) guarantees only aO((logn log logn)2)-
probabilistic approximation. We will exploit the stronger



guarantee of Theorem 2.2 to obtain aO(logn log logn)-
probabilistic approximation. We restrict ourselves to pack-
ing problems in the formalism of Plotkinet al. [25] that
satisfy the additional condition thatAx � b for x 2 P .
This guarantees thatC�(y) � ytb for all y � 0. We obtain
the following theorem by a careful restatement of the algo-
rithm and proof in [25]; the details of these modifications
are omitted from this version. We believe that the theorem
is of independent interest and might find future applications.

Theorem 2.3 Consider a packing problem withAx � b for
x 2 P . If the DUAL procedure guaranteesC(y) � �ytb,
the algorithm in [25] finds a~x 2 P such thatA~x � (1 +
�)�b in O(��2� log(�=�)) calls to theDUAL procedure. If
theDUAL procedure has the property thatC(y) � �C�(y),
~x satisfiesA~x � (1 + �)���b.

With Theorems 2.2 and 2.3 in place we put the pieces to-
gether to state and prove our main result.

Theorem 2.4 Every finite metric onn points can be
O(logn log logn)-probabilistically approximated by a
probability distribution onO(n logn) trees. The trees and
the distribution can be computed in polynomial time.

Proof: We apply Theorem 2.3 to our packing formu-
lation of the problem. Our packing problem satisfies the
condition of Theorem 2.3 since every tree inS dominates
G. From Theorem 2.2, we have a dual procedure that
guarantees thatC(y) = O(logn log logn)ytc. Therefore
we obtain an~x that satisfiesD~x � O(logn log logn) � c.
Since the width guaranteed by the DUAL procedure of The-
orem 2.2 isO(n), it follows that PST algorithm will termi-
nate inO(��2n log(n=�)) calls to DUAL . Each call to the
DUAL procedure results in one tree, therefore~x has at most
O(��2n log(n=�)) non-zero entries. Choosing some small
but fixed� we obtain the desired result. 2

We obtain the following corollary using stronger results
for special cases.

Corollary 2.5 Planar graphs can
be O(logn)-probabilistically approximated and points in
<d
2 can beO(

p
d logn)-probabilistically approximated by

a distribution onO(n logn) andO(dn logn) trees respec-
tively.

We also obtain results for points in<d
p where the distance

is measured using thelp norm instead of the standard Eu-
clidean norm. We describe the generalization in Section 3.

We end this subsection with some comments.

� Our proof of probabilistic approximation is based on
the deterministic tree construction guaranteed by The-
orem 2.2 that produces a single tree to minimize a
weighted linear combination of edge lengths. Earlier

algorithms in [5] and [18] for probablistic approxima-
tion are based on randomized versions of the determin-
istic tree construction. Our approach differs in that we
use linear programming to view the problem as a de-
terministic optimization problem. Our view results in
a distribution that is small and has applications to de-
randomization. By establishing a direct connection to
the dual procedure in our proof, we are able to obtain
stronger results for special cases like planar graphs and
real normed spaces in a simple way.

� There is a lower bound ofO(logn) on the expected
distortion provided by tree metrics [18] even for pla-
nar graphs. However a specific metric space might
have a better approximation. This is captured by the
optimal solution to our linear programming formula-
tion. The second part of Theorem 2.3 shows that an
improved approximation to the minimum communica-
tion cost spanning tree can result in relating the dis-
tortion we guarantee to the best possible for the given
metric space.

� The tree metrics constructed by Bartal [4, 5] called
HSTs satisfy a hierarchical separation property. An
HST is a rooted tree such that the edge lengths along
each root to leaf path decrease by a constant factor.
This additional property is useful in certain applica-
tions (see [4] for details). We note that the trees guar-
anteed by Theorem 2.2 are also HSTs.

� It is possible to use the parallel algorithm for positive
linear programming of Luby and Nisan [21] in place
of [25] at the cost increasing the number of trees gen-
erated by a poly-logarithmic factor. However we do
not have a parallel tree construction procedure to take
advantage of the algorithm of [21].

2.2 The Dual Procedure

In this subsection we sketch some details of the DUAL

procedure and the proof of Theorem 2.2. We recall the
problem below. Given a weighted graphG and a positive
weight y(e) associated with each edgee, the objective is
to find a tree such that

P
e y(e) � dT (e) is minimized. The

constraint on the tree is thatdT (e) � c(e), that is the metric
on T dominatesG. This problem is closely related to the
minimum communication cost spanning tree (MCST), the
only difference being that in MCST, the tree is required to
be a spanning tree ofG. The metric version of MCST is
whenG is a complete graph and forms a metric space. Met-
ric MCST is NP-hard even wheny(e) = 1 for all e [28].
The metric version corresponds exactly to our dual prob-
lem. The dual procedure can be thought of as finding a tree
that approximates a weighted combination of distances in
G, the weights being provided byy.



The firstdeterministicapproximation algorithm for the
metric MCST problem were provided independently by
Bartal [5] and Charikaret al. [8]. They show that a tree that
satisfies

P
e y(e)dT (e) � O(logn log logn)

P
e y(e)c(e)

can be obtained in polynomial time. For sake of complete-
ness we give some details of the construction. The main
idea is to use a divide and conquer strategy based on de-
composing the graph into small diameter subgraphs. The
algorithm is outlined below.

1. PartitionG into G1; G2; : : : ; Gk such that�(Gi) �
�(G)=2. � denotes the diameter.

2. Recursively construct trees T1; : : : ; Tk for
G1; : : : ; Gk.

3. Create a treeT by joining the roots of eachTi to a new
rootr by edges of length�(G)=2.

The approximation guarantee relies on the graph parti-
tioning in Step 1. Low diameter partitionings have been ex-
tensively used in the design of approximation algorithms pi-
oneered by the work of Leighton and Rao [19]. By using the
partitioning algorithm of Garg, Vazirani, and Yannakakis
[13] in the above scheme, we can obtain anO(log2 n) ap-
proximation. This can be improved toO(logn log logn)
approximation by a more sophisticated analysis of the par-
titioning procedure first used by Seymour [27], and sub-
sequently developed into a more broadly applicable divide
and conquer paradigm called spreading metrics by Evenet
al. [9]. It is worth noting that the above mentioned parti-
tioning methods have been applied to problems where the
underlying metric is obtained by solving a linear program,
while the weights are capacities given as input to the prob-
lem. In contrast, in our case, the metric is defined by the
edge lengths of the graph and the weightsy(e) are provided
by the packing algorithm of [25].

2.2.1 Reducing the Width

The algorithmfor the tree construction described above pro-
vides a good approximation to preserve the weighted sum
of distances. However, as mentioned before, we need an
additional condition on the width of the polytope. In Theo-
rem 2.2 we guarantee that for all edgesdT (e)=c(e) = O(n).
We employ a simple trick to make sure that only sufficiently
long edges are cut in each partitioning step (a similar idea
was used by Bartal [4] in a slightly different context). We
alter Step 1 of the algorithm described earlier. In the de-
scription below,H is a graph at some level of the recursion.

� Contract all edges ofH of length less than�(H)=4n
to obtainH 0.

� Partition H 0 into H 0
1; : : : ;H

0
k such that�(H 0

i) �
�(H)=2.

� Expand all the contracted edges in each of theH 0
is to

obtainH1; : : : ;Hk.

The contraction ensures that only edges of length at least
�(H)=4n are cut in the partitioning procedure. This guar-
antees that the stretch of any edge isO(n). Another easy ob-
servation is that�(Hi) � �(H0

i)+�(H)=4 � 3�(H)=4.
It can be verified that the framework of [27, 9] can be used
in conjunction with this contraction – the details are tedious
and are omitted. The same contraction idea works for pla-
nar graphs as well. The partitioning procedure in Section 3
for a graph induced by points in a geometric space uses the
continuous properties of the space. The idea of contracting
edges cannot be applied. We will use other properties of the
partitioning step to reduce the width.

3 Low Diameter Partitioning of Real Normed
Spaces

Let G be a graph induced byn points in<d
p i.e, the

vertices correspond to points ind-dimensional space, and
the distances are induced by thelp norm (thelp distance
between twod dimensional vectorsu and v, denoted as
ku � vkp, is defined to be(

Pd
i=1 jui � vijp)1=p). Equiv-

alently, the graphG is said to be embedded in<d
p. Let cuv

represent the distance between the verticesu andv.
We solve the following problem: given a graphG(V )

embedded in<d
p, construct a probability distribution over

partitions ofG into disjoint clusters of diameter� D, such
that the quantity�(G) = maxu6=vf(D=cuv) �xuvg is small,
wherexuv is the probability of verticesu andv belonging
to different clusters. Define�p(d) to be the maximum value
of �(G) over all graphs embedded in<d

p. We will omit
the subscriptp and the argumentd from �p(d) where these
values are clear from the context. An algorithm that solves
the above problem can be used to construct anO(� logn)-
probabilistic approximation ofG using tree metrics [4].

For any graphG there is a trivial lower bound of
(1)
on �. For arbitrary graphs Bartal [4] gave an algorithm
which guarantees� = O(logn), and also showed the ex-
istence of graphs for which
(logn) is a lower bound. For
planar graphs, an algorithm for obtaining� = O(1) is im-
plicit in [17] and was used by [18] to obtain anO(logn)-
probabilistic approximation of planar graphs by trees.

Less is known about partitioning graphs that are embed-
dable in geometric spaces. We give tightupper and lower
bounds for the value of� as a function ofd, for all p � 1.
The bound is�(d1=p) if 1 � p � 2 and�(d1�1=p) if p � 2.
The upper bound follows from the partitioning algorithm
for graphs embedded in<d

2, presented in Section 3.1. The
lower bound follows by interpolating our lower bound for
<d
1 (Section 3.2) and a recent lowerbound for<d

1 by In-
dyk [14]. Our upper bound is a significant improvement



over the bound ofO(logn) for general graphs. Specifically,
if p = 2 then the dimension of the space can be reduced
toO(logn) without distorting edge lengths by more than a
constant factor[15]. Thus for Euclidean graphs, it is possi-
ble to beat the lower bound for general graphs by at least a
factor of
(

p
logn). Peleget al. [22] have recently given

a partitioning procedure that results in� = O(d) for Eu-
clidean graphs.

3.1 Upper Bound: Partitioning Using Spheres

We restrict ourselves to graphs embedded in<d
2. The

partitioning algorithm is the following: draw spheres of ra-
diusR = D=2 aroundeach vertex. Repeatedly pick points
uniformly at random from the region defined by the union
of all these spheres. Each time a point is picked, look at
all the vertices within a distanceR from this point. Put all
these vertices into a cluster of their own, delete these ver-
tices from the graph, and proceed. The algorithm terminates
after at mostn iterations.

Theorem 3.1 The above algorithm guarantees� � 2
p
d

for graphs embedded in<d
2.

Proof: Consider any two verticesu andv inG. LetS(x)
denote the Euclidean sphere of radiusR centered atx. Let
Vk(r) be the volume of a sphere of radiusr in k dimensions.
Further, letVk(r) = Ck � rk.

The two pointsu andv go into different clusters if a point
in (S(u)�S(v))[(S(v)�S(u)) gets picked before a point
in S(u) \ S(v). But

vol (S(u) � S(v)) = vol (S(u) [ S(v)) � vol (S(v)) :

Draw two hyperplanes orthogonal to the line(u; v) and
passing through the pointsu andv respectively (Figure 1).
Let Sl denote the hemisphere to the left ofu andSr the
hemisphere to the right ofv. Further, letL denote the cylin-
drical region bounded by the base of the hemispheres. The
area of the base ofL is Vd�1(R) and the height ofL is
cuv; therefore the volume ofL is cuv:Vd�1(R). The region
Sl [ Sr [ L contains the regionS(u) [ S(v). Therefore

vol (S(u) [ S(v)) � vol (S(v))

� vol(L) + vol(Sl) + vol(Sr) � vol (S(v))

� cuv � Vd�1(R):

i.e. xuv � 2cuvVd�1(R)=Vd(R) = (2cuv=R)�(Cd�1=Cd):

The diameter of each cluster is at most2R. By definition
of �, we now have� � 4Cd�1=Cd. But Cd�1=Cd =

�(1 + d=2)

2�(1=2 + d=2)�(3=2)
[24]. It is easy to verify that this

e
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Figure 1. The shaded region, L, is an upper
bound on the volume of S(u) � S(v).

expression is at most
p
d=2, which implies that� � 2

p
d.
2

The same algorithm can also be used to cluster spaces
with any lp norm wherep � 1. Therefore the partitioning
algorithm does not need to know the underlying norm asso-
ciated with the space – it just needs to know the diameterD
of the spheres that are used for partitioning.

We will use the following elementary fact repeatedly.

Fact 3.1 Let x be a vector in<d, and letp > q. Then
kxkp � kxkq � d1=q�1=pkxkp.

Theorem 3.2 For 1 � p � 2, � � 2d1=p, and forp � 2,
� � 2d1�1=p.

Proof: Consider the pointsu and v. Let cp = ku �
vkp. Further, letDp be thelp diameter of the convex region
defined by a Euclidean ball ofl2 diameterD. Let x be the
probabilityofu andv falling into different clusters. Assume
that the verticesu andv are the ones that maximize the ratio
x=cp. Then� = xDp=cp = (xD2=c2) � (Dp=D2) � (c2=cp).
From Theorem 3.1,xD2=c2 � 2

p
d. Using Fact 3.1, if1 �

p < 2 thenc2=cp � 1 andDp=D2 � d1=p�1=2. Therefore
� � 2d1=p. And if p > 2 thenc2=cp � d1=2�1=p while
Dp=D2 � 1, which implies that� � 2d1�1=p. 2

3.2 Lower Bound on�

We show that the upper bound on� in Theorem 3.2 is
tight up to constant factors for allp � 1 if the underlying
graph is thed-dimensional mesh of siden.

Lemma 3.1 Consider thed-dimensional mesh of sider and
with distances defined by thel1 norm. Then� = 
(d) for
any probabilisticpartitioning of this mesh into clusters ofl1
diameter�; d < � < d � r=24.

Proof: Two vertices in the mesh are said to beadjacent
if they agree ond � 1 coordinates and differ by one in the
remaining coordinate; an edge is said to bebasic if it is



between two adjacent vertices. Consider any probabilistic
partitioning of the mesh with clusters ofl1 diameter at most
�. Let S be the cluster with the largest number of points.
Let jSj = kd (k need not be integral). LetA be the number
of basic edges that are incident on exactly one vertex inS.
Alon et al. [1] prove the following result:

A � dkd�1(1� k=r):

The number of basic edges within the cluster is at most
2dkd. Thus the probability of a basic edge being cut in this
partitioning is
((1=k)(1 � k=r)). If � > d then the num-
ber of points in a cluster ofl1 diameter� is at most(12�=d)d

[24]. This impliesk � 12�=d. Since� < d � r=24, we have
1� k=r > 1=2. Thus the probability of a basic edge being
cut is
(d=�). Since each basic edge has length 1, this gives
a lower bound of
(d) on� for graphs embedded in<d

1. 2
Indyk [14] also uses the the result of Alonet al. [1] along

with certain properties of cut-metric embeddability to prove
an identical bound for thel1 norm. We combine his lower
bound, Lemma 3.1, and Fact 3.1 to obtain the following
theorem.

Theorem 3.3 Consider thed-dimensional mesh of siden
and with distances defined by thelp norm. Then� =

(d1=p) if 1 � p � 2 and� = 
(d1�1=p) if p � 2 for
any probabilistic partitioning of this mesh into clusters of
lp diameter� > d.

Thus we have matching upper and lower bounds on� for
all lp norms,p � 1. Interestingly, for all norms, the upper
bound is achieved by the same algorithm (independent ofp)
and the lower bound is achieved on the same graph.

3.3 Approximating Graphs in <d
p with Tree Met-

rics

In this section we show how to solve the minimum com-
munication cost spanning tree problem where the underly-
ing graph is embedded in<d

2 – the construction for<d
p fol-

lows from the construction for<d
2 using Fact 3.1. We also

show that the width of the tree constructed is at mostd � n.
Using this as the dual procedure in the algorithm of Section
2 gives us the result claimed in Corollary 2.5.

Consider a graphG consisting ofn points embedded in
<d
2, and letcuv denote thel2 distance between verticesu

andv. Let yuv be the weight assigned to the pair(u; v).
Clearly L =

P
u;v2G cuv � yuv is a lower bound on the

cost of the minimum communication cost spanning tree. Let
the diameter of the graph be�. We cluster the graph with
spheres of radiusR = �=4 using the algorithm in Section
3.1. LetC be the set of all pairs of vertices such that the
two vertices belong to different clusters. Call a partitioning
goodif it satisfies the following two criteria:

1. R
X

(u;v)2C

yuv � 4
p
d � L.

2. No two verticesi andj with cij � R=(8dn) belong to
different clusters.

Condition 1 ensures that the total cost of the tree is low;
condition 2 guarantees that the width of the polytope (see
Section 2.2.1) is small.

Lemma 3.2 A partitioning is good with probability at least
1=2.

Proof: LetE1 be the expected value ofR
P

(u;v)2C yuv
for a partitioning. Also, letxuv be the probabilityof vertices
u andv belonging toC. From linearity of expectations,

E1 = R
X

u2G;v2G

xuvyuv:

Butxuv � 2
p
dcuv=(2R) (Theorem 3.1). Therefore

E1 �
p
d
X

u2G;v2G

cuvyuv =
p
dL:

Using Markov’s inequality, the quantityR
P

(u;v)2C yuv is

greater than4
p
dL with probability at most1=4, and condi-

tion (1) above gets violated with probability at most1=4.
Draw a subgraphH with the same vertex set asG and

with an edge between all verticesi andj such thatcij �
R=(8dn). Let P be a maximal connected component ofH
with k vertices; embedP back into<d

2 such that each vertex
in P coincides with the corresponding vertex inG. There
must exist some vertexv in P such that a ball aroundv of
radiuskR=(16dn)will cover all the vertices inP . P is said
to be cut if this ball gets partitioned during the partitioning.
Draw two concentric balls of radiusR � kR=(16dn) and
R + kR=(16dn) with their center atv. P gets cut if and
only if a sphere with a center in the shell defined by the
two spheres gets chosen before a sphere with a center in the
inner sphere. LetxP be the probability ofP being cut.

xP � (R+ kR=(16dn))d � (R� kR=(16dn))d

(R + kR=(16dn))d

< (1 +
k

16dn
)d � (1� k

16dn
)d

Since(1 + �)d � (1� �)d � (1 + 2�)d � 1 for all � > 0

xP � (1 +
k

8dn
)d � 1

� ek=(8n) � 1

� k=(4n) [e� � 1 � 2� for all � � 1]



Summing over all maximal connected components ofH,
the probability of one or more connected components be-
ing cut is at most1=4. But if none of the connected com-
ponents inH gets cut then no two verticesi and j with
cij � R=(8dn) belong to different clusters. Therefore, con-
dition (2) gets violated with probability at most1=4.

Therefore both conditions are simultaneously satisfied
with probability at least1=2. 2

We obtain a deterministic version below.

Lemma 3.3 A good partition can be found in deterministic
polynomial time.

We defer the proof of the above lemma to the full version
and focus on its implications instead. We can use the par-
titioning guaranteed by the above lemma in the tree con-
struction algorithm described in Subsection 2.2 to obtain
the following theorem (the proof follows from the proofs of
tree constructions in [5, 8, 18]). Corollary 3.5 then follows
using the general framework described in Section 2.

Theorem 3.4 There is a polynomial time deterministic al-
gorithm that solves the minimum communication cost span-
ning tree problem on a graph embedded in<d

2, and pro-
duces a tree whose cost is at mostO(

p
d logn) times the

lower boundL. In addition the distortion of any edge in the
tree isO(dn).

Corollary 3.5 A graph embedded in<d
p can be �-

probabilistically approximated by a a distribution on
O(dn logn) trees, where� = O(d1=p) if 1 � p � 2 and
� = O(d1�1=p) if p � 2. Such a distribution can be con-
structed in deterministic polynomial time.
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