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Abstract

Most optimization problems on an undirected graph
reduce in complexity when restricted to instances
on a tree. A recent result [3] for probabilistically
approximating graph metrics by trees such that no
edge stretches (in an expected sense) by more than
a factor of O(log2 n) has resulted in several approx-
imation algorithms which exploit the ease of solving
problems on trees. The tree construction in [3] is in-
herently randomized and a natural question to ask
is whether approximation algorithms which use this
construction can be derandomized.

We present a general framework for derandom-
izing approximation algorithms which use the above
tree construction as a primitive. Let � be a graph
optimization problem which can be expressed as an
integer program with 0-1 variables �x(e) for each
edge and with an objective function expressible as
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P
e2E �x(e) � c(e). Given an optimal solution to LP

relaxation of the integer program, we show that we
can map the solution to a tree approximation of the
graph with at most an O(logn log logn) blow-up in
the value of the objective function. This can then be
coupled with a deterministic LP rounding proced-
ure on the tree to obtain a completely deterministic
approximation algorithm for �.

We apply this framework to the group Steiner
tree problem, the k-median problem and the min-
imum communication cost spanning tree problem.
We obtain the �rst deterministic approximation al-
gorithms for these problems which match the best
known randomized approximations. To do this, we
design novel deterministic schemes to round the LP
solution for these problems on trees. For the group
Steiner tree problem we obtain an approximation ra-
tio of O(log2 n log k log logn), and for the k-median
problem we obtain a ratio of O(log k log log k). We
believe that our rounding procedure on trees for
the group Steiner tree problem is of independent
interest.

1 Introduction

The powerful result of Bartal [3] on probabilistic
approximation of metric spaces has recently led to
either the �rst known or improved approximation
algorithms for several NP-Complete graph optimiz-
ation problems. Some of these problems include the
group Steiner tree problem [12], the k-median prob-
lem, the buy at bulk network design problem [2], and
the minimum communication spanning tree problem
[24]. All these problems have a similar structure:
given a graph G with a cost metric c de�ned on
the edges, �nd the minimum cost subset of edges
satisfying certain constraints. Bartal's result can
be used to approximate the metric space c by a tree
such that, for any edge (u; v) in the graph, the expec-



ted distance between u and v in the tree is at most
O(log2 n) times its length in the graph. Thus many
optimization problems where the objective is to min-
imize some function of the edge lengths (linear com-
binations are very common) can be solved now on
the tree metric space losing only a poly-logarithmic
factor. Due to the simple structure of trees, many
NP-Complete problems can be solved exactly or ap-
proximated, in polynomial time on them. Buy at
bulk network design [2] is an example of a problem
where the objective function is non-linear, yet the
paradigm can be applied to obtain poly-logarithmic
approximations. Recently, Bartal [4] has improved
the expected stretch factor in his tree construction
to O(logn log logn), thereby improving approxima-
tion algorithms that use his result. Since the �rst
step in applying this paradigm consists of construct-
ing a tree probabilistically, all the approximation al-
gorithms which result are randomized. Our focus in
this paper is to derandomize these results.

One possible approach towards derandomizing
Bartal's result would be to obtain a probability dis-
tribution on polynomially many trees such that the
expected stretch of any edge is small. In the fol-
lowing theorem we guarantee the existence of such
a distribution.

Theorem 1.1 Let G = (V;E) be an undirected graph
with a weight function c on the edges that satis�es
triangle inequality. For any such graph, there exists
a z� = O(logn log logn), (m+1) trees (where m is
the number of edges) T1; T2; : : : ; Tm+1, and positive

real weights �1; �2; : : : ; �m+1 such that
Pm+1

i=1 �i =
1 and

m+1X
i=1

�i�dTi(u; v) � z��c(u; v) for each (u; v) 2 E(G)

where dTi(u; v) is the distance between u and v in
Ti.

Our proof of Theorem 1.1 is existential and ob-
taining a constructive version is an important ques-
tion 1. In this paper we take an alternative approach
towards derandomizing algorithms obtained in this
framework.

The General Paradigm

Let G = (V;E) be an undirected graph with a cost
function c associated with the edges. Suppose we

1This question has been recently settled in [8]. They give
a polynomial time procedure that produces a probability dis-
tribution on O(n log n) trees with an O(log n log log n) distor-
tion. Their result subsumes Theorem 1.1 and also provides
alternative proofs of the results in [3, 4]

need to solve a problem which involves �nding a
minimum cost set of edges (the objective function
is the sum of the costs of the chosen edges) satisfying
certain connectivity constraints. Many applications
in network design and facility location fall in this
category of problems. Some examples are Steiner
trees, group Steiner trees, capacitated and uncapa-
citated facility location, and k-median. Since we
are interested in connectivity, we can work with the
metric induced by the shortest path distances in G.
One of the standard techniques for solving such a
problem is to round a linear programming relaxa-
tion of the problem. Let � be a graph optimization
problem which can be expressed as an integer pro-
gram with 0-1 variables �x(e) for each edge and with
an objective function expressible as

P
e2E �x(e)�c(e).

We use the following series of steps to solve �.

1. Solve the LP relaxation of the problem and let
x(e) be the fractional values assigned to the
edges. Then

P
e2E x(e) � c(e) is a lower bound

on the optimal.

2. Deterministically construct a tree T such thatP
(u;v)2E x(u; v)�dT (u; v) � �

P
(u;v)2E x(u; v)�

c(u; v) is satis�ed, where dT (u; v) is the dis-
tance between u and v in T . The LP solution
carries over to the tree T .

3. Round the LP solution on the tree to an integ-
ral solution losing at most a factor of �.

4. Translate solution on T to G obtaining an ��
approximation.

Observe that we preserve only a speci�c linear com-
bination of edge lengths. This is what lets us cre-
ate one tree in a deterministic fashion. In Section
2 we show how we can do step 2 of above with
� = O(log2 n) using ideas from the paper of Garg et
al. [13]. We can improve this to O(logn log logn)
using an idea �rst developed by Seymour [21] and
subsequently applied by Even et al. in their spread-
ing metric paper [10], Klein et al. [17], and others.
This was obtained by us after hearing about Bartal's
improved result for probabilistic approximation of
metric spaces [4]. We later discovered that the above
mentioned tree construction has also been obtained
independently by Bartal [4]. Step 3 is problem spe-
ci�c. We now describe three problems to which this
paradigm can be applied.

Applications

We consider three important problems: the group
Steiner tree problem, the k-median (it is also re-
ferred to as the p-median problem in the literature),



and the minimum communication spanning tree prob-
lem and obtain deterministic rounding procedures
for all of them.

The group Steiner tree problem is the following.
Let G be an undirected graph with edge weights.
Let S = ft1; t2; : : : ; tkg be a set of k subsets of
V . The objective is to �nd a minimum weight tree
which has at least one vertex from each of the groups.
This problem is hard to approximate within logar-
ithmic factors even on stars (via reduction from set
cover [11]). The problem was introduced by Reich
and Widmayer [20] and �nds applications in VLSI
design. Some related problems are discussed in [14].
Bateman et al. [6] gave the �rst non-trivial approx-
imation algorithm with a ratio of (1 + ln k=2)

p
k.

Charikar et al. [7] using a reduction to directed
Steiner trees gave an algorithm with a ratio of k�

for any �xed � > 0. They also showed that it is
possible to obtain an O(log2 k) approximation in
quasi-polynomial time. Garg et al. [12] gave a ran-
domized approximation algorithm with a ratio of
O(log3 n log k) using probabilistic approximation of
metric spaces. They use a novel variant of random-
ized rounding to solve the problem on trees. We
obtain a deterministic rounding scheme on trees.
Plugging this rounding scheme into our paradigm,
we obtain a deterministic algorithm with a ratio of
O(log2 n log k log logn). We believe our determin-
istic rounding on the tree is of independent interest.

The k-median problem has been studied extens-
ively over the last thirty years. Given a graphG, the
objective is to select k centers (vertices) such that
the sum over all vertices of the distance from the ver-
tex to its nearest center is minimized. The problem
has great practical relevance in diverse areas such
as facility location, information retrieval, and data
mining. It arises in such varied contexts because
it is a good heuristic to cluster points in a metric
space. Constant factor approximations are known,
provided the number of centers can be relaxed by a
small factor. Lin and Vitter [18] provide a 2(1 + 1

�
)

approximation using (1 + �)k centers. Several pa-
pers describe polynomial time algorithms to solve
the problem on trees (see [15, 22]). Combining this
with the paradigm of probabilistic approximations, a
randomized O(log n log logn) approximation can be
obtained. We show how to obtain a deterministic
result by giving a deterministic rounding procedure
on the tree. Note that the fact that the problem can
be solved exactly on a tree in polynomial time does
not imply that there is no integrality gap for the
LP on the tree. We show that the fractional solu-
tion can be rounded by losing at most a factor of 2
provided the tree satis�es certain properties which

are guaranteed by our construction. Thus we ob-
tain a deterministic approximation algorithm for the
k-median problem with a ratio of O(logn log logn).
We further improve the ratio to O(log k log log k) us-
ing ideas from Lin and Vitter [18].

Finally we point out that the problem of min-
imum communication spanning trees can be deran-
domized directly by our tree construction proced-
ure. The rest of the paper is organized as follows.
Section 2 describes the deterministic construction
which preserves a given linear combination of edges
to within a poly-logarithmic factor. Sections 3 and
4 describe the rounding procedures for the group
Steiner tree problem and the k-median problem re-
spectively.

2 Deterministic construction of k-HSTs

De�nition 1 (Bartal [3]) A k-hierarchically well-
separated tree (k-HST) is de�ned as a rooted weighted
tree with the following properties

1. The edge weight from any node to each of its
children is the same.

2. The edge weights along any path from the root
to a leaf are decreasing by a factor of at least
k.

Let G = (V;E) be a undirected graph with two
positive weight functions c and x de�ned on the
edge set E. In the sequel, distance in the graph
is de�ned with respect to the weight function c.
We will assume that for any edge (u; v) 2 E, that
c(u; v) = dG(u; v). We will further assume that
x(e) > 0. Let �(G) denote the diameter of G. The
following theorem is a modi�ed version of the ball
growing theorem in the paper of Garg, Vazirani, and
Yannakakis on multicuts [13].

Theorem 2.1 (Garg et al. [13]) Given a graph G
with two positive weight functions x and c on the
edges, and a value k > 1, it is possible to partition
G in two induced subgraphs G1 and G2, in polyno-
mial time, such that

1. �(G1) � �(G)=k.

2. Let E(G1; G2) = f(u; v)ju 2 G1; v 2 G2g,
X

e2E(G1;G2)

x(e) � O(k logn)

�(G)

X
e2E(G1)[E(G1;G2)

x(e)�c(e):

De�ne vol(G) =
P

e2E(G) x(e) � c(e). The corollary
below is a direct consequence of Theorem 2.1.



Corollary 1 For any k > 1, we can partition V (G)
in to V1; V2; : : : ; Vp such that

1. For 1 � i � p, �(Gi) � �(G)=k where Gi is
the induced subgraph on Vi.

2.
X
e2F

x(e) � O(k logn)

�(G)
vol(G),

where F = f(u; v) 2 Eju 2 Vi ) v 62 Vig.
We use the above theorem to construct a k-HST

for G which preserves the weighted sum of the edge
lengths to within a O(log2 n) factor.

Theorem 2.2 For any k > 1 we can construct in
polynomial time a k-HST, T = (V 0; ET ) where every
vertex of G occurs as a leaf of T and the following
is true.

� For a node i in T let Ti be a subtree rooted at i
and let Gi be the subgraph of G induced by the
leaves of Ti. For every i, the following holds

1. dTi(u; v) � c(u; v) where dTi(u; v) is the
distance between u and v in Ti.

2. The edges from i to its children have a
length of �(Gi)=2.

3. The distance from i to any leaf is at most
k

2(k�1)�(Gi).

�
X

(u;v)2E

x(u; v) � dT (u; v) �

O(
k2

k � 1
logk n logn)

X
(u;v)2E

x(u; v)�c(u; v).

Proof: We construct the tree as follows. We
�rst contract all edges e such that c(e) � �(G)

2kn . Let
G0 be the resulting graph. Using Corollary 1, we
partition G0 into G01; : : : ; G

0
p with a parameter 2k

such that �(G0i) � �(G)=2k. For 1 � i � p let
Gi be the graph obtained by expanding the contrac-
ted edges of G0i. It is easy to see that �(Gi) �
�(G0i)+n � �(G)

2kn � �(G)=2k+�(G)=2k � �(G)=k.
We recursively build the trees for each Gi. Let
T1; : : : ; Tp be the respective trees. We create a tree
T for G by adding a new root r and connecting it to
the roots of T1; : : : ; Tp by edges of length �(G)=2.
Inductively the length of the longest path from the
root to any leaf in each of Ti is at most

k
2(k�1)�(Gi).

Therefore the length of the longest path from the
root in T is bounded by

1

2
�(G) +

k�(Gi)

2(k � 1)
� 1

2
�(G) +

�(G)

2(k � 1)

� k

2(k � 1)
�(G)

It is also easy to see that the distance in T between
any two leaves u and v such that u 2 Ti and v 2
Tj , i 6= j, is at least �(G) which is at least their
distance in G. Since the diameter of the graphs
falls by a factor of k at each level, the construc-
tion also ensures that the resulting tree is a k-HST.
The only property left to verify is the bound on the
sum of the distances in the tree T . Let cost(T ) =P

(u;v)2E x(u; v) � dT (u; v). Notice V (G) � V (T ).

Let F = f(u; v) 2 Eju 2 Vi ) v 62 Vig. Then it is
clear that

cost(T ) =

pX
i=1

cost(Ti) +
X

(u;v)2F

x(u; v) � dT (u; v)

�
pX
i=1

cost(Ti) +
k ��(G)
k � 1

X
(u;v)2F

x(u; v)

�
pX
i=1

cost(Ti) +
k

k � 1
O(k logn)vol(G0):

Observe that we have G0 instead of G in the above
equation. From the above equation it follows that

cost(T ) is bounded by O( k2

k�1 logn) times the sum
of the volumes of all graphs used for partitioning.
Instead of summing up over the volumes of graphs,
we can sum up over all edges e, the quantity q(e) �
x(e) � c(e) where q(e) is the number of levels an
edge participates in before it is cut. We claim that
q(e) = O(logk n) for all e. This immediately gives
the desired bound on the cost of the tree T . To
prove the claim observe that an edge stays contrac-
ted as long as the current diameter of the graph
being partitioned is greater than 2kn � c(e). Since
the diameter of the graphs decreases geometrically
by a factor of k, it follows that an edges contributes
to only O(logk n) levels. 2

Remark 1 The tree constructed in Theorem 2.2 can
be modi�ed to obtain a di�erent tree T 0 whose ver-
tex set is identical to that of G such that dT 0(u; v) �
c(u; v) for all (u; v) 2 E(G), and

P
(u;v)2E(G) x(u; v)�

dT 0(u; v) � O(log2 n)
P

(u;v)2E x(u; v) � c(u; v).

After hearing about Bartal's [4] improvement to
probabilistic approximations, we obtained the fol-
lowing theorem for preserving a �xed linear combin-
ation of edges of a graph to within anO(logn log logn)
factor on a tree. We later discovered that this the-
orem has also been obtained independently by Bartal
[4]. The tree construction is very similar to the one
presented above and the details of the construction
can be found in [4]. The idea for improving the ana-
lysis to obtain an improved ratio was introduced



by Seymour [21] and has been subsequently applied
by Even et al. [10] for spreading metrics, Klein et
al. [17], and others.

Theorem 2.3 A k-HST satisfying properties 1 to
3 of Theorem 2.2 can be constructed in polynomial
time such that

X
u;v2V (G)

x(u; v) � dT (u; v) = O(
k2

k � 1
log n log logn)

X
u;v2V (G)

x(u; v) � c(u; v)

For planar graphs Bartal et al. [5] give anO(logn)
probabilistic approximation by tree metrics, as well
as a procedure to approximate a �xed linear com-
bination of edges within an O(logn) factor on a
tree. Their result is based on a stronger partition-
ing procedure than that of [13] for graphs with shal-
low excluded minors presented by Klein et al. [16].
We can use the improved partitioning procedure in
our tree construction. Thus our approximations for
the group Steiner tree problem and the k-median
problem improve by a factor of log log n on planar
graphs.

Lower Bounds: Consider the metric of the n � n
grid, denoted by G(n; 2).

De�nition 2 A tree T is said to be a super-spanning
tree of the grid G = G(n; 2), if (1) All vertices of
G are leaves of T , and (2) dT (x; y) � dG(x; y) for
all x; y 2 V (G).

Konjevod, Ravi and Salman [5] extended the res-
ults of Alon, Karp, Peleg and West [1] to prove
the following theorem, which gives a lower bound
of 
(log n) for the deterministic tree construction
in Theorem 2.3, even for planar graphs.

Theorem 2.4 ([1, 5]) If T is a super-spanning tree
of G = G(n; 2), and an edge is chosen uniformly at
random from E(G), then E[dT (e)] � 
(log n).

3 The group Steiner tree problem

The undirected group Steiner tree problem G =
(V;E; c; r; S) consists of a vertex set V , an edge
set E, a cost metric c de�ned on E, and a set S
of groups, where each group is a subset of V . Also,
r is a distinguished vertex (the root) in G. A solu-
tion to the problem is a subtree T of G such that
T \ t 6= ; for all t 2 S and T contains r. The cost
of the solution is

P
e2T c(e) and the objective is to

�nd a minimum cost solution. In this section we

give a deterministic O(log2 n log k log logn) approx-
imation algorithm for this problem, where k = jSj.
Without loss of generality we can assume that G is
a complete graph, and that c satis�es the triangle
inequality.

We solve the same LP relaxation as [12], but
we solve it on the original graph. We then invoke
Theorem 2.3 to translate this LP to the tree (Sec-
tion 3.1). Finally, we use the method of conditional
probabilities (Section 3.2) to give a deterministic
rounding procedure which produces a solution that
is within a factor of O(logn log k) of the LP relaxa-
tion.

Bartal's [4] recent improvement can be plugged
into the result of Garg et al. [12] to obtain the same
approximation ratio as we obtain here. However
our result is deterministic, and we believe that our
rounding technique is of independent interest.

3.1 Obtaining a tree LP for group Steiner trees

The group Steiner tree Problem can be modeled as
the following 0-1 integer program. It will help to
think of f as 
ows and x as capacities. The idea
behind the formulation is that there is a 
ow of value
1 from the root to each group (ft denotes 
ow for
group t), in the graph with edge capacities de�ned
by x. The 
ows are directed even though the graph
is not. We relax the integer program to obtain the
following LP.

min
P

(u;v)2E c(u; v) � x(u; v)
X
u6=v

ft(u; v)�
X
v 6=w

ft(v; w) = 0

t 2 S; v 2 V � fr; tg
ft(t; v) = 0 t 2 S; v 2 V

X
u2t

X
v2V

ft(v; u) = 1 t 2 S

ft(u; v) + ft(v; u) � x(u; v) u; v 2 V

x(u; v) = x(v; u)
ft(u; v) � 0

Using Theorem 2.3, we obtain a spanning tree T
of G such that

X
(u;v)2E(G)

dT (u; v)x(u; v) � O(logn log logn) �
X

(u;v)2E(G)

c(u; v)x(u; v)

where dT (u; v) is the length of the path PT (u; v)
between vertices u and v in the tree T . For each



group t 2 S and any edge e 2 T , de�ne fTt (e) =P
e2PT (u;v)

ft(u; v). Short circuit the 
ows fTt by

eliminating cycles { this can only decrease fTt (e)
on any edge e 2 T . De�ne xT (e) = maxt2S f

T
t (e).

Since T is a spanning tree of G the 
ows fTt can
also be looked upon as 
ows in G.

Lemma 3.1 The 
ows fTt de�ne a feasible solu-
tion to the LP for group Steiner trees. Further,X
e2T

xT (e)c(e) � O(logn log logn)
X

(u;v)2E

c(u; v)x(u; v):

We de�ne f�t =
P

u:u2t\�

P
v:(v;u)2T f

T
t (v; u):

Informally, f�t is the amount of 
ow on tree � for
group t. Due to technical reasons we will need the
following two properties of the LP: that for all e 2 T ,
t 2 S, the 
ow fTt (e) is a multiple of 1=n, and that
fTt = 1 for all t 2 S. The �rst property is ensured
by doubling all 
ows and then rounding them down
to multiples of 1=n. This doubles the cost of the LP
solution by at most a factor 2. The second property
can be obtained by reducing 
ows if necessary. Let
z� represent the cost of the above LP.

3.2 Rounding the LP on the tree

Our rounding scheme is essentially a derandomiza-
tion of the rounding scheme give by Garg et al. [12].
We use the method of conditional probabilities in
conjunction with a pessimistic estimator [19].

Let X be any subtree of T , such that r 2 X .
De�ne the density of the tree X rooted at r to be
its cost divided by the number of groups satis�ed
by X . We will maintain a pessimistic estimator ~D
for the density that we hope to obtain. We will look
at edges one by one, and either pick the edge or
discard it, making sure that ~D does not increase.
After examining all the edges, we obtain a tree X
with density no worse than the pessimistic estimator
that we had at the very beginning. We show that our
pessimistic estimator, and therefore the density of
X , is at most z� log(2n)=k. Of course not all groups
might get satis�ed by X , so this procedure will be
repeated till all groups get satis�ed. Repeating the
procedure will cost us an additional factor of log k
in the approximation ratio. We will now focus on
the construction of X .

The algorithm only examines edges that are cur-
rently incident on the root r. If an edge e gets
chosen, it gets contracted into the root and all 
ows
in the subtree attached to this edge get multiplied
by 1=ye where ye is the current capacity of the edge
(since the 
ows on edges change, so do the capacit-
ies. We use x and f for the initial values, and y

DECIDE

r

α

β

β

r

r

(e excluded)

(e contracted)α β

r
eSPLIT

τ

Figure 1: One iteration of Round.

and g for the current ones.). The algorithm main-
tains a set of disjoint trees �1 : : : �J hanging from
the root. Splitting a tree into two is allowed, but
merging two trees is not. Initially there is just one
tree T hanging from r. Let f�t and g�t represent the
initial and current 
ows, respectively, on tree � for
group t. To obtain an estimator ~D for density, we
de�ne estimators for the cost and the pro�t.

Costs: De�ne ~C� =
P

e2� y(e)c(e); and let Cr be
the cost of all edges that have been contracted into
the root. ~C = Cr +

PJ

i=1
~C� be the estimator for

cost.
Pro�ts: De�ne ~P �

t = g�t = log2(2nf
�
t ). Lemma 3.2

guarantees that 0 � g�t � 1, and therefore ~P �
t can

be looked upon as probabilities (recall that all 
ows
are multiples of 1=n). We are now going to pretend
that ~P �

t indeed represents the probability of group
t being satis�ed in tree � . Let Prob(fa1 : : : aJg)
be the probability of at least one of J independent
events happening where ai is the probability of the i-
th event, ie. Prob(fa1 : : : aJg) = 1�QJ

i=1(1� ai).

De�ne ~Pt = Prob(f ~P �i
t : 1 � i � Jg). Let ~P =P

t2S
~Pt be the estimator for pro�t.

The intuition behind the above de�nition of pro�t
is provided by the analysis of Garg et al. of their ran-
domized rounding procedure [12]. Having de�ned
estimators for cost and pro�t, we de�ne ~D = ~C= ~P .
The algorithm Round repeatedly picks any subtree
� out of f�1 : : : �Jg, and picks any edge e in � incid-
ent on r. It then does the following two steps (See
Figure 1):

Step 1{Split: Partition the tree � into � which is
the tree hanging from r via edge e, and �, the rest
of the tree. The quantity ~C remains unchanged but
the quantity ~P needs to be recomputed, since the
event corresponding to P �

t has now been split into
two independent events.
Step 2{Decide: Calculate ~CX and ~PX , the es-
timators for cost and pro�t if e (and hence the en-
tire subtree �) were to be excluded. Also calculate
the estimators ~CI and ~P I if the edge e were to be



chosen. Choosing e involves contracting it into the
root r and multiplying the 
ows (and hence the ca-
pacities) on all the other edges in � by 1=y(e). Let
~DX = ~CX= ~PX and ~DI = ~CI= ~P I . Pick the smal-
ler of ~DX and ~DI and perform the corresponding
action. In case of a tie use ~DI .

During each iteration at least one edge gets either
contracted or removed. So the above algorithm ter-
minates after n iterations. The cost and pro�t es-
timators can be computed in time O(nk). After all
the edges have been considered, the set of all con-
tracted edges forms the tree X .

Lemma 3.2 0 � g�t � 1 for all trees � attached at
the root and all groups t.

Lemma 3.3 (a) ~D does not increase during the Split
step. (b) ~D does not increase during the Decide

step.

Proof: Part (a) ~C does not change during this
step. To show that ~P does not decrease, it su�ces
to show that

~P �
t � ~P�

t + ~P �
t � ~P�

t � ~P �
t :(1)

because ~Pt is monotonically increasing in each ~P �
t .

Let a be the larger of f�t and f�t and b be the smal-
ler. Since the trees � and � were part of a single
tree � before the split, the 
ows on � and � have
been increased by the same factor, say �. Therefore
g�t = �f�t and g�t = �f�t . Our proof is by contradic-
tion: assume that equation 1 gets violated. If a = 0
then the contradiction is quite straight forward. So
assume a > 0. By Lemma 3.2, a� and b� are at
most 1.

�(a+b)
log(2n(a+b)) > �a

log(2na) +
�b

log(2nb)

�
1� �a

log(2na)

�

� �a
log(2na) +

�b
log(2n(a+b))

�
1� �a

log(2na)

�

From this we obtain,

a
log(2n(a+b)) > a

log(2na) � � � a
log(2na) � b

log(2n(a+b))

) log a+b
a

< �b;

But a � b which implies that (a + b)=a � 2, or
log2((a + b)=a) � 1. Also �b � 1, which gives a
contradiction.

Part (b) We de�ne A
4
= ~C� + yece, and

B
4
=
X
t

�
1�Prob(f ~P �i

t : �i 6= �g [ fP �
t g)
�
~P�
t :

Now

~D = ( ~CX +A)=( ~PX +B);
~DI = ( ~CX +A=y(e))=( ~PX +B=y(e)):

If A=B > ~CX= ~PX then ~D > ~DX . On the other
hand, if A=B � ~CX= ~PX then since y(e) � 1, ~D �
~DI . Since the algorithm chooses the smaller of ~DX

and ~DI , the estimator for density does not increase.
2

Lemma 3.4 Let D be the density of the tree X,
and ~D the density estimator at the end of algorithm
Round. Then D � ~D.

Lemma 3.5 The initial estimator for the density
is z� log(2n)=k.

Theorem 3.1 The cost of the �nal solution is at
most log(2n) log(2k) � z�:
Theorem 3.2 Combining Theorems 2.3 and 3.1 gives
an O(log2 n log k log logn) deterministic approxim-
ation algorithm for the group Steiner tree problem.

4 The k-median problem

The k-median problem is the following: Given a
graph G = (V;E) with a length function on edges
and an integer k, we have to select a subset C � V
of k vertices such that

P
u2V d(u;C) is minimized.

Here d(u;C) denotes the distance of u from the
closest vertex in C. The vertices in C are termed
centers.

We can formulate the problem as an integer pro-
gram. The LP relaxation of this is as follows:

min
X
u2V

X
v2V

xuv � c(u; v)
X
v2V

yv = k

xuv � yv 8(u; v) 2 EX
v2V

xuv = 1 8u 2 V

xuv ; yv � 0

We take the optimal solution to this LP and pro-
duce a tree T , which is a 2-HST approximation of
the graph and preserves

P
u2V

P
v2V xuv � c(u; v).

The leaves of T are real vertices in G and the rest of
the vertices of T are virtual vertices. The tree has a
corresponding LP solution with the same yv values.
If the value of the original optimal LP solution is



OPT , the value of the LP solution on the tree is at
most O(logn log logn) �OPT .

For a vertex u 2 T (possibly a virtual vertex),
let Tu denote the subtree of T rooted at u and let
lu denote the length of the edge connecting u to
its parent in T . For a subtree X , let n(X) be the
number of vertices of the original graph in X . Let
r(X) = minv2X

P
u2X dT (u; v); let center(X) be

the vertex v 2 X that minimizes this sum. Let
y(X) =

P
v2X yv . We call subtree X saturated if

y(X) � 1 and unsaturated otherwise.
Tu is said to be maximal unsaturated (abbrevi-

ated max unsat) if Tu is unsaturated and Tv is sat-
urated where v is the parent of u. Tv is said to
be minimal saturated (abbreviated min sat) if Tv is
saturated and Tu is unsaturated for all children u of
v.

We now present the algorithm to determine the
locations of the k centers. As described below, the
algorithm selects k maximal unsaturated subtrees.
For each selected maximal unsaturated subtree X ,
we place a center at center(X).

1. For each minimal saturated tree Tu, look at
the subtrees Tv for every child v of u. Each
subtree Tv is a maximal unsaturated tree. Se-
lect the subtree Tv with the largest value of
2lv � n(Tv) � r(Tv). Note that there can be at
most k minimal saturated trees, hence at most
k centers are picked up in this step.

2. Suppose r subtrees were picked in the previ-
ous step. Order all the remaining maximal un-
saturated subtrees Tu in decreasing order of
2lu �n(Tu)�r(Tu). Pick the �rst k�r subtrees
in this order.

We use the LP solution on T to prove a bound on
the cost of the solution produced by the algorithm.

Lemma 4.1 The value of the LP solution on T is
at least

X
Tumaxunsat

[2lun(Tu) � (1� y(Tu)) + y(Tu)r(Tu)](2)

Lemma 4.2 At the end of Step 1, for every vertex
v in a maximal unsaturated subtree Tu, there is a
center within a distance 4lu from v.

Lemma 4.3 The algorithm produces a solution
within a factor 2 of the LP solution.

Proof: We will transform the LP solution to
the solution obtained by the algorithm and prove
that the �nal solution has value at most 2 times

the lower bound (2) on the LP solution. The inter-
mediate steps in this transformation are fractional
solutions, de�ned as follows: A fractional solution
is an assignment of weights w(Tu) to each maximal
unsaturated subtree Tu such that 0 � w(Tu) � 1

and
X

Tumax unsat

w(Tu) = k. With each fractional solution,

we associate the following lower bound, of the same
form as (2).

X
Tumaxunsat

[2lun(Tu) � (1� w(Tu)) + w(Tu)r(Tu)](3)

Initially w(Tu) = y(Tu) for every maximal unsatur-
ated subtree, and the lower bound (3) is the same as
the bound (2) on the LP solution. We will transform
the fractional solution into one where w(Tu) is 1 for
all the maximal unsaturated subtrees Tu selected by
the algorithm, and 0 for the rest. In doing this, we
ensure that the lower bound (3) does not increase.

Consider a minimal saturated subtree Tu of T
and the subtrees Tv for every child v of u. The
subtree that maximizes 2lv �n(Tv)�r(Tv) is selected
by the algorithm. Suppose this subtree is Tx. We
increase w(Tx) and decrease w(Tv) for some v 6=
x, till w(Tx) = 1. By the choice of Tx, the lower
bound (3) does not increase. We repeat this for
every minimal saturated Tu. At the end of this, we
have w(Tx) = 1 for all r subtrees Tx selected by the
algorithm in Step 1.

Order the remaining maximal unsaturated sub-
trees Tu in decreasing order of 2lu � n(Tu) � r(Tu).
We increase w(Tu) for the �rst k � r subtrees in
this order and decrease w(Tu) for the rest, till the
weights of each of the �rst k � r trees is 1. Again,
the lower bound (3) does not increase. This gives us
the fractional solution with the desired properties.

For each maximal unsaturated subtree Tu with
w(Tu) = 1, the algorithm places a center at center(Tu).
We bound the value of this solution in terms of the
lower bound (3) associated with the �nal fractional
solution.

For each subtree Tu with w(Tu) = 1, the sum of
the contributions of vertices u in Tu is simply r(Tu)
. Consider a maximal unsaturated subtree Tu with
w(Tu) = 0. By Lemma 4.2, every vertex in Tu has
some center within a distance 4lu of it. Hence the
total contribution from the vertices of Tu is at most
4lu �n(Tu). Thus the value of the solution is at most
2 times the value of the lower bound associated with
the �nal fractional solution, which in turn is at most
2 times the lower bound on the original LP solution.

2

Since we lost a factor of O(logn log logn) in con-
structing the tree T , this gives a polynomial time de-



terministicO(log n log logn) approximation algorithm.
We can obtain an O(log k log log k) approximation
as follows. Consider the optimal k-median LP solu-
tion on G. We use the rounding procedure of Lin
and Vitter [18] to produce a solution with 2k centers
with value within a constant factor of the LP solu-
tion. Now consider the graph G0 induced on the 2k
centers. Suppose center u serves nu vertices. We
replace vertex u in G0 with a clique of nu nodes
at a distance 0 from each other. We now solve the
k-median problem on G0. Since the graph G0 ef-
fectively has 2k nodes, it follows that we can obtain
a O(log k log log k) approximation for the k-median
problem on G0.

Lemma 4.4 Any � approximate solution to the k-
median problem on G0 is an O(�) approximate solu-
tion to the k-median problem on G.

Theorem 4.1 There is a polynomial time determ-
inistic O(log k log log k) approximation algorithm for
the k-median problem.

Polynomial-time exact algorithms are known for
solving the k-median problem on trees [15, 22]. We
can use an exact algorithm to solve the problem on
the tree obtained from the deterministic tree con-
struction procedure. However the above analysis is
necessary to prove that the optimal integer solution
on the tree we obtain is within a constant factor of
the value of the LP solution. De Vries et al. [9] have
recently demonstrated matching upper and lower
bounds of 2 on the gap between the optimal integral
and fractional solutions of the k-median problem on
a tree. Their upper bound proof is a simpler version
of the proof given by Ward et al. [23] in an unpub-
lished manuscript. Our upper bound was obtained
independently of the work of Ward et al. .

5 The minimum communication cost spanning tree

problem

The communication cost spanning tree problem is
a minimization problem de�ned on an undirected
weighted graph G = (V;E). With each pair (u; v) 2
V �V there is an associated postive weight wuv . The
objective is to �nd a spanning tree T that minimizesP

u;v wuv �dT (u; v) where dT (u; v) is the distance in
the tree between u and v. We restrict ourselves to
the case when the graph G is induced by an n point
metric space (a complete graph on n vertices with
the edge weights satisfying triangle inequality).

This problem has applications in routing with
delays, and computational biology. For details see
[24] where it is observed that an O(log2 n) ratio

is achievable for the metric case using probabilistic
approximation of metric spaces (the ratio now im-
proves to O(logn log logn) [4]). We can formulate
the problem of �nding a spanning tree as an integer
program and relax it to obtain an LP with fractional
values x(e) on the edges. Since the graph is a met-
ric, we observe that an alternative lower bound to
the integer optimal is given by the trivial solution of
setting x(e) = 1 for all edges (u; v). It is easy to see
that the objective function is a linear combination of
edge lengths and the tree we construct according to
Theorem 2.3 is within a O(logn log logn) factor of
the lower bound. From Remark 1 we obtain a tree
whose vertex set is the same as that of G. We then
use the fact that G is a metric to obtain a spanning
tree.

Wu et al. [24] show that the general graph case
can be reduced to the metric case if wu;v = 1 for all
pairs (u; v). Such a result does not appear to be true
if wuv are di�erent and no nontrivial approximation
algorithm is known for arbitrary graphs.

6 Conclusions

In this paper we presented a general paradigm to
derandomize the use of probabilistic approximation
of metric spaces in approximation algorithms. This
paradigm is applied to group Steiner trees and k-
median by presenting rounding procedures for them
on trees and obtaining deterministic algorithms with
approximation ratios matching the best known ran-
domized algorithms. Improving the current bound
of O(log2 n log k log logn) for group Steiner trees is
an obvious open problem. The k-median problem
in general graphs can be shown to be hard to ap-
proximate within a factor of (1 + 1=e) ' 1:36 via a
reduction from dominating sets. The upper bound
we guarantee is O(log k log log k). Improving either
the hardness or the approximation ratio is an inter-
esting open problem. Wu et al. [24] give a PTAS
for a special case of the minimum communication
cost spanning tree problem which they refer to as
the minimum routing cost spanning tree problem.
For the general case not even Max-SNP hardness is
known. Finally, as mentioned in the introduction, a
polynomial time constructive proof of Theorem 1.1
has been recently obtained [8], and this completely
derandomizes the use of probabilistic approximation
of metric spaces for approximation algorithms.
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