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Abstract

We consider the following scheduling with batch-
ing problem that has many applications, e.g., in
multimedia-on-demand and manufacturing of inte-
grated circuits. The input to the problem consists of
n jobs and k parallel machines. Each job is associ-
ated with a set of time intervals in which it can be
scheduled (given either explicitly or non-explicitly), a
weight, and a family. Each family is associated with
a processing time. Jobs that belong to the same fam-
ily can be batched and executed together on the same
machine. The processing time of each batch is the pro-
cessing time of the family of jobs it contains. The goal
is to �nd a non-preemptive schedule with batching that
maximizes the weight of the scheduled jobs. We give
constant factor (4 or 4 + ") approximation algorithms
for two variants of the problem, depending on the pre-
cise representation of the input. When the batch size is
unbounded and each job is associated with a time win-
dow in which it can be processed, these approximation
ratios reduce to 2 and 2+ ", respectively. We also show
exact algorithms for several special cases.

1 Introduction

Usually, in scheduling problems, exclusiveness is one
of the basic constraints; that is, two jobs cannot be
scheduled on the same machine at the same time. In
this paper, we explore models that need not obey
this constraint and even bene�t from batching several
jobs of the same type together. Such models have
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many applications as detailed below. One example is
scheduling clients in a multimedia-on-demand (MOD)
system. Each client requests a speci�c video program
at several possible times. When several clients are
willing to view the same program at the same time,
their requests can be batched and satis�ed by a single
transmission.

The above scenario can be formulated as follows.
The input to the problem consists of n jobs (clients)
and k parallel machines (channels). For each job (client)
we are given a weight (revenue) and a processing time.
Also, for each job, we either have a release time and a
due date that de�ne a window of time in which it can
be processed, or an (explicit) set of possible time inter-
vals in which the job can be processed, or a combina-
tion of both. The jobs are partitioned into families (all
the clients requesting the same program), and all jobs
belonging to a particular family have the same process-
ing time. Jobs that belong to the same family can be
batched and executed together, in the same time that it
takes to execute a single job from that family. The num-
ber of jobs (from the same family) that can be batched
together can be either bounded or unbounded. The goal
is to �nd a feasible non-preemptive schedule with batch-
ing that maximizes the weight (revenue) of the sched-
uled jobs. Such scheduling problems are frequently re-
ferred to as real-time scheduling problems with batch-
ing of incompatible families (f-batch for short), and the
objective of maximizing the value of completed jobs is
frequently referred to as throughput. In the standard
�j�j
 notation for scheduling problems, the problem we
consider here is either P jf�batch; b; rjj

P
wj(1�Uj), or

P jf�batch; rj j
P

wj(1�Uj), depending on whether the
batch size is bounded by a parameter b or unbounded.
Both versions of our problem are strongly NP-hard. In-
deed, if every family consists of a single job, then our
problem is equivalent to maximizing throughput in real-
time scheduling when no batching is allowed (see e.g.,
[BB+00]).

We note that when all jobs have the same length
and the same release times, with bounded batch size,
our problem reduces to a special case of the class-
constrained multiple knapsack [ST-01] (see below); when



the batch size is unbounded we get an instance of
maximum weighted matching in bipartite graphs (which
is polynomially solvable).

1.1 Applications

Our problem has numerous applications in activity se-
lection and in resource sharing among jobs with con-

icting requirements. We describe applications related
to MOD services and production planning.

In a MOD system (see, e.g., [DSS-96] and the
introduction in [AGH-95]) clients send requests to view
video programs to a centralized video server. The
system has a �xed number of channels, through which
the programs are transmitted to the clients; using a
multicast facility, the server can batch several clients
(who wish to view the same program) to use the same
communication channel. The server needs to decide
which of the requests will be serviced, and in which
order, such that revenue is maximized. (We assume
that clients must have some degree of \patience", in
order to allow requests to be batched together.) Note
that in this application, if the network has unlimited
multicast capabilities, the batch size will be unbounded.
However, with Internet multicasting, it is reasonable to
assume bounded multicasting to assure reliability.

The production of very large-scale integrated cir-
cuits (VLSI) involves complex processes. Since orders
for the products come with strict delivery times, it is
important to optimize the execution of these processes.
One of the processes in the wafer fabrication stage is dif-
fusion. This process is long and is often the bottleneck
in wafer fabrication. The di�usion is done in a reactor
that has the capacity to process several jobs simultane-
ously. However, due to di�erences in the chemical na-
ture of the products, jobs of di�erent families cannot be
batched together in the di�usion reactor. Suppose that
we are given a set of products from di�erent families,
each with an arrival time, a due date, and a revenue.
Our goal is to schedule the reactor to maximize the to-
tal revenue of jobs that meet their deadlines. Note that
in this application the batch size is bounded by the size
of the di�usion reactor.

Another VLSI related application is scheduling the
thermal treatment for Multi-Layer Ceramic (MLC)
packaging. The last stage of MLC manufacturing is a
thermal treatment that is done in an oven. Due to the
length of this process (around 24 hours) and the lim-
ited size of the oven, this process is the manufacturing
bottleneck. Here, several jobs can be batched together
for the process as long as their thermal treatment is
the same, and the goal is to maximize the (weighted)
throughput of jobs completed before their deadlines.

1.2 Contribution

In this paper, we give constant factor (4 or 4 + ")� ap-
proximation algorithms for two variants of the problem,
depending on the input instance (discrete vs. continu-
ous time). When the batch size is unbounded and each
job is associated with a time window in which it can be
processed, the approximation factor reduces to 2+". To
the best of our knowledge, this paper gives for the �rst
time approximation algorithms with guaranteed perfor-
mance bounds for these problems. Our approximation
algorithms are based on a nontrivial application of the
local ratio technique and are not hard to implement.
Our technique can be extended to a more general prob-
lem (that generalizes also the parallel batch problem
described below), where jobs in the same family have
di�erent processing times and the processing time of a
batch is determined by the longest job in the batch. It
can also be generalized to the case where the possible
time intervals of the same job have di�erent lengths and
weights.

We also give exact polynomial time algorithms for
several special cases of the problem. In particular, we
show that real time scheduling with batching is polyno-
mially solvable in the following classes of instances: (i)
the jobs o�er small slacks (the slack of a job is the max-
imal possible delay from the time it is released until it is
scheduled); (ii) the number of families is �xed, and (iii)
the number of release times and due dates, as well as the
batch size are bounded by a constant, and all jobs have
the same length and weight. Note that if we slightly
modify the third class of instances to allow jobs from
di�erent families to have di�erent lengths, the problem
becomes NP-complete, even when the release dates and
due dates can take only two values each [GJ-79].

1.3 Related Work

Maximizing the throughput in real-time scheduling
without batching was studied extensively in [S-99,
BB+00, BD-00, BG+01, COR-01]. All of these papers
focused on the case where jobs specify more than one
time interval in which they can be performed (in either
a discrete or a continuous fashion). This model cap-
tures many applications, e.g., scheduling a space mis-
sion, bandwidth allocation, and communication in a
linear network. The approximation factor obtained is
2 (and 2 + " for the continuous case). Very recently,
the approximation factor was improved in [COR-01] to
(e=(e�1)+") for the unweighted version of the problem,
where " is some constant.

�We de�ne the approximation ratio as the ratio of the optimum

solution to the solution given by the algorithm. By this de�nition

the approximation factor of any algorithm is always at least 1.



In the parallel batch processing (p-batch) model,
each machine can batch several jobs to run in parallel.
In this model, all the jobs are assumed to belong to the
same family and thus any group of jobs can be batched
together. However, jobs may have di�erent lengths. A
batch is completed when the longest job in the batch is
completed. Brucker et al. [BG+00] showed that in this
model the problem 1jp� batchj

P
wj(1�Uj) is strongly

NP-hard. Baptiste [B-00] showed that when all jobs
have the same length the bounded batch case is solvable
in O(n8) steps, even when the jobs are released at
di�erent times. Our exact algorithm for a �xed number
of families has improved complexity when applied to the
bounded p-batch problem.

Batching with incompatible job families was stud-
ied previously in the Operations Research literature,
however the objective functions were di�erent than
ours. Speci�cally, the measures considered in these
works were the weighted sum of completion times or
the makespan (see e.g. [U-95, DN-99, AW-01]). The pa-
per [MU-98] presented exact and heuristic algorithms
for the problem of family batching with the objective
of minimizing total tardiness. Devpura et al. [DF+99]
examined the case where the objective is to minimize
total weighted tardiness. This problem is NP-hard even
in the case where there are no release dates; their paper
presents various heuristic approaches for tackling this
problem.

Uzsoy [U-95] studied the feasibility version of our
problem, in which we need to determine whether all
jobs can be scheduled and meet their due dates. The
paper shows that with no release times the feasibility
problem is solvable in O(n logn) steps, using a variant
of the earliest due date (EDD) algorithm.

Finally, as mentioned above, when all families have
the same execution times and no release dates, our prob-
lem can be reduced to the class-constrained multiple
knapsack. Indeed, we can associate each time slot with
a knapsack of capacity b, in which we can pack unit
sized item (jobs) from a single class (family). An item
can be packed when the corresponding job is available.
A greedy algorithm proposed in [CK-00] can be adapted
to yield a 2-approximation ratio for this problem.

1.4 Organization of the Paper

In Section 2 we introduce the local ratio technique and
some notation. In section 3, we describe the general
local ratio algorithm, and in Section 4, we consider
the unbounded case. In Section 5, we give polynomial
time exact algorithms for several special cases. Due to
space constraints, we omit the description of our results
for the more generalized case in which the possible
time intervals of the same job have di�erent length and

weight.

2 Preliminaries

2.1 The Local Ratio Technique

Our algorithms are based on the local ratio technique,
developed by Bar-Yehuda and Even [BE-85], and later
extended by Bafna, Berman and Fujito [BBF-95]. We
describe below the maximization variant of the local ra-
tio technique required for our algorithm (see [BB+00]).

Let w 2 IRn be a weight vector, and let F be a set
of feasibility constraints on vectors x 2 IRn. A vector
x 2 IRn is a feasible solution to a given problem (F ;w)
if it satis�es all of the constraints in F . The value of a
feasible solution x is the inner product w �x. A feasible
solution is optimal for a maximization problem if its
value is larger than or equal to the value of all feasible
solutions. A feasible solution x is a �-approximate
solution, or simply a �-approximation, ifw�x � 1

�
�w�x�,

where x� is an optimal solution. An algorithm is said to
have a performance guarantee of �, if it always computes
�-approximate solutions.

Theorem 2.1. (Local Ratio) Let F be a set of con-
straints and let w, w1, and w2 be weight vectors such
that w = w1 + w2. Then, if x is a �-approximate
solution with respect to (F ;w1) and with respect to
(F ;w2), then x is a �-approximate solution with respect
to (F ;w).

Proof. Let x�, x�
1
, x�

2
be optimal solutions for (F ;w),

(F ;w1), and (F ;w2) respectively. Then w �x = w1 �x+
w2 �x �

1
�
�w1 �x�1+

1
�
�w2 �x�2 �

1
�
�(w1 �x�+w2 �x�) =

1
�
�w � x�

The Local Ratio Theorem is usually applied in the
following way. Given a problem de�ned in the above
formulation, we �nd a decomposition of w into w1+w2

with the property that every maximal solution is a �-
approximate solution with respect to (F ;w1). We solve
the problem recursively with respect to (F ;w2). Then,
we extend the �-approximate solution with respect to
(F ;w2) found in the recursion to a maximal solution.
The resulting solution is a �-approximate solution with
respect to (F ;w1) and with respect to (F ;w2), thus it
is a �-approximate solution with respect to (F ;w). In
most applications of the local ratio technique, the most
involved part is �nding the decomposition of the weight
function.

The Local Ratio Theorem applies to all problems
in the above formulation. Note that F can include
arbitrary feasibility constraints and not just linear, or
linear integer, constraints. Nevertheless, all successful
applications of the local ratio technique to date involve



problems in which the constraints are either linear or
linear integer, and this is also the case for the problems
treated herein.

2.2 De�nitions and Notation

Suppose that n jobs fJ1; : : : ; Jng need to be scheduled
on a set of k machines. There are F di�erent job
families; all the jobs in a family f 2 [1::F ] have the
same processing time, pf . Each job Jj belongs to a
family fj has weight wj , and processing time pj . A
problem instance may be either discrete or continuous.
In a discrete instance, for each job we have an explicit
list of the time intervals in which it can be scheduled.
In a continuous instance, each job comes with a release
date, rj , and a due date, dj , de�ning a time window in
which the job can be processed (and which is typically
larger than the processing time). We note that our
algorithm applies also to the more general case where
each job is associated with a number of possible time
windows. However, to keep the presentation simple we
consider the case of a single time window per job.

We distinguish between bounded and unbounded
batching. In the case of unbounded batching, any
number of jobs can be batched together on each of the
machines, as long as they belong to the same family. In
the case of bounded batching, each of the machines can
process the jobs in batches of at most b jobs, with the
restriction that all jobs in a batch belong to the same
family. Our results apply also for the case in which
each family f has a di�erent bound bf . To simplify the
presentation we assume a single bound b.

A job instance is a job and a feasible time interval
in which it can be executed. A batch instance is a set of
at most b job instances; all belong to the same family
and have the same execution time interval.

For any given time t, and for each family f , let Jf;t
be the set of jobs from family f that can start at time
t. Note that the possible batch instances of family f
that can start at t are all subsets of Jf;t of size at most
b. For a batch instance B, let f(B) be the family of
the jobs in B, t(B) be the starting time of the batch
B and p(B) be the processing time of the jobs in batch
B (p(B) = pf(B)). Denote by I(B) the time interval
of this batch instance, i.e., I(B) = [t(B); t(B) + p(B));
J(B) is the set of jobs in B, and w(B) is the sum of the
weights of the jobs in B, i.e., w(B) =

P
j2J(B) wj .

We say that two batch instances B and B0 are
simultaneous if I(B) = I(B0). Two batch instances B
and B0 con
ict in time if I(B) and I(B0) intersect. Two
batch instances B and B0 con
ict in jobs if J(B) and
J(B0) intersect. Two batch instances con
ict if they
con
ict in either time or jobs. A batch instance B0

is contained in batch instance B if J(B0) � J(B). A

batch instance B is an extension of a batch instance B0,
denoted B0 � B, if B and B0 are simultaneous and B
contains B0; B is a proper extension of B0, B0 � B,
if B0 � B and J(B0) � J(B). Conversely, a batch
instance B is a (proper) reduction of a batch instance
B0, if B0 is a (proper) extension of B. Note that a batch
instance B is both an extension and a reduction of itself.

A feasible schedule consists of a set of batch in-
stances B such that (i) all the batch instances in B do
not con
ict in jobs, and (ii) the batch instances in B can
be partitioned into k subsets of non-con
icting batch
instances, where k is the number of available machines.
The objective is to �nd a feasible schedule that maxi-
mizes the overall weight of scheduled batches. We call
this problem real-time scheduling with batching.

3 The General Algorithm

We present the approximation algorithm for a discrete
instance and a single machine. Later, we show how to
extend it to other cases.

We start with a generic scheme based on the local
ratio technique. This scheme is recursive following the
generic description given in the previous section. In the
scheme we consider a slightly more general problem,
where instead of having a weight per job, there is a
weight per batch instance. The goal is to schedule a
set of non con
icting batch instances with maximum
weight. Clearly, this problem is a generalization of
the original problem, in which the weight of a batch
instance B is the sum of the weights of the jobs in J(B).
Note that the number of batch instances may be super
polynomial. To keep the size of the input polynomial,
we assume that the weights of the batch instances are
given implicitly, as described later in the polynomial
time implementation.

In the scheme we consider batch instances with
negative weights. Although the initial weights can be
assumed to be positive, weights may become negative
during the recursive calls. Also, we note that during
the recursive calls, some batch instances are deleted.
We refer to batch instances that were not deleted as
available.

The general Scheme:

1. Delete all batch instances with non-positive weight.

2. If no batch instances remain, return the empty
schedule. Otherwise, proceed to the next step.

3. Select a batch instance ~B and decompose w by
w = w1 + w2. The exact choice of ~B and the
decomposition of w is described below.

4. Solve the problem recursively using w2 as the
weight function. Let S 0 be the schedule returned.



5. Turn S 0 into a ~B-maximal schedule S. The de�ni-
tion of a ~B-maximal schedule and how to turn S 0

into a ~B-maximal schedule is described below.

We now elaborate on the steps of the algorithm, and
analyze the quality of the solution it outputs. We start
with the de�nition of a B-maximal solution.

Definition 3.1. A schedule S is B-maximal if it con-
tains a (possibly empty) batch B0 � B such that B0

cannot be replaced in S by any other batch B00, where
B0 � B00 � B, without violating feasibility.

Observe that if a B-maximal schedule S does not
contain all the jobs in J(B), then it must contain a
batch instance that con
icts with B in time and yet it
is not a reduction of B.

In the last step of the algorithm, if S 0 is not a
~B-maximal schedule we make it ~B-maximal by adding
the batch instance that is a reduction of ~B and which
consists of all the jobs in J( ~B) that were not scheduled
in S 0. Later, we observe that this batch instance is
guaranteed to be available.

We are going to choose ~B and decompose w such
that the following two conditions hold.

The w1 condition: Every ~B-maximal schedule is a 4-
approximation with respect to w1.

The w2 condition: For every available batch instance
B that is a reduction of ~B, w2(B) = 0.

Proposition 3.1. Suppose that the method for choos-
ing ~B and decomposing the weight function satis�es both
the w1 and the w2 conditions. Then, the schedule S re-
turned by the algorithm is a 4-approximation.

Proof. Clearly, the �rst step in which instances of non-
positive weight are deleted does not change the optimal
value. Thus, it is suÆcient to show that S is a 4-
approximation with respect to the remaining instances.
The proof is by induction on the number of recursive
calls. At the basis of the recursion, the schedule
returned is optimal (and hence a 4-approximation),
since no instances remain. For the induction step,
assume that S 0 is a 4-approximation solution with
respect to w2. Note that S is either the same as S 0

or is given by adding an available batch instance that is
a reduction of ~B to S 0. It follows from the w2 condition
that S is a 4-approximation with respect to w2. Since S
is ~B-maximal, it follows from the w1 condition that it
is also a 4-approximation with respect to w1. Thus, by
the Local Ratio Theorem, it is a 4-approximation with
respect to w.

It remains to specify how to determine ~B and the
decomposition of the weight function. The choice of
~B is done by selecting a batch instance with minimum
end-time among all batch instances. Among all batch
instances with the minimum end-time we select a batch
instance ~B such that ~B is maximal with respect to
extension; i.e., there are no other simultaneous batch
instances B0 such that J( ~B) � J(B0). Among all these
batch instances we select a batch instance with the
maximum weight, breaking ties arbitrarily.

We now de�ne the decomposition w = w1 + w2.
Recall that, initially, for each batch instance B, w(B) =P

j2J(B) wj . During the recursive calls, the weight of
each batch instance is changed and will be given by

w(B) =
X

j2J(B)

uj;B ��B :

Initially, uj;B = wj and �B = 0, for all batch instances
B. Thus, the initial weight of a batch instance B is the
sum of the original weights of the jobs in J(B).

Consider now a recursive call de�ned by �B and
uj;B, for all batch instances B and jobs j 2 J(B). These
quantities determine the weight w(B) of each batch
instance B. We show the decomposition of the weight
w(B) into w1(B) + w2(B). It suÆces to de�ne w2(B)
which is determined by the updated values of uj;B and
�B . The value of w1(B) is therefore the amount of
weight added or subtracted from w(B) to de�ne w2(B).

The following quantities are de�ned based on the
values of uj;B before the update. For a batch instance
B,

� let u(B) be
P

j2J(B) uj;B, and

� let m(B) be max fu(B0)g over all the batch in-
stances B0 that are extensions of B.

Later, we show how to maintain these quantities implic-
itly in polynomial time.

The quantities �B and uj;B are updated only for

batch instances that con
ict with ~B. We distinguish
between three types of such con
icting batch instances:

1. For each batch instance B that con
icts with ~B
only in jobs (i.e., a batch instance B for which
I( ~B) and I(B) do not intersect, but J( ~B) and J(B)
intersect), �B remains unchanged. For each j 2
J(B) \ J( ~B), uj;B is decremented by its \relative

share" of w( ~B); that is,

uj;B = uj;B �
uj; ~B

u( ~B)
� w( ~B) :

As a result, in this case,

w1(B) =

P
j2J(B)\J( ~B) uj; ~B

u( ~B)
� w( ~B) :



2. For each batch instance B that is a reduction of ~B,
set

�B =
X
j2B

uj;B

and keep uj;B unchanged. Note that this implies
that w2(B) = 0 and w1(B) = w(B).

3. For each batch instance B that is not a reduction
of ~B and which con
icts with ~B in time, increment
�B by

max

�
1

2
;
u(B)

m(B)

�
� w( ~B) :

In words, consider the ratio of u(B) to m(B): if it
is at most half, increment �B by 1

2w(
~B), otherwise

increment it by w( ~B) multiplied by this ratio. The
quantities uj;B are unchanged. Note that the value
of w1(B) is exactly this increment in �B .

To prove the correctness of our algorithm, we
need to show that every ~B-maximal schedule is a 4-
approximation with respect to w1. For this we show
that the optimal weight is at most 2w1( ~B), and that the
weight of every ~B-maximal solution is at least 1

2w1( ~B).

Lemma 3.1. The optimal solution with respect to w1 is
at most 2w1( ~B).

Proof. Consider an optimal solution that consists of a
set of batch instances B. By the de�nition of w1, the
weight of all the batch instances in B that do not con
ict
with ~B is zero.

If the optimal solution contains ~B, then it cannot
contain any other batch instance that con
icts with ~B.
It follows that

P
B2Bnf ~Bg w1(B) = 0, and the weight of

the optimal solution is w1( ~B).
Suppose that the optimal solution does not contain

~B. In this case it may contain batch instances that
con
ict with ~B only in jobs, and at most one batch
instance B̂ that con
icts with ~B in time. Note that
for all batch instances B 2 B that con
ict with ~B only

in jobs �B = 0, and thus w1(B) =

P
j2J(B)\J( ~B)

u
j; ~B

u( ~B)
�

w( ~B). Since the sets J(B) for all batch instances B 2 B
that con
ict with ~B only in jobs are mutually disjoint,
the union of these sets may include at most one copy of
each job j 2 ~B. Let H � J( ~B) be the subset of the jobs
in J( ~B) included in the union of these sets. The sum of
the weights of all these batch instances is bounded byP

j2H uj; ~B

u( ~B)
� w( ~B) � w( ~B) :

Now, consider the batch instance B̂ that con
icts
with ~B in time. If B̂ is not a reduction of ~B then w1(B̂)

equals to the increment in �
B̂

which is bounded by

w1( ~B).
Suppose that B̂ is a reduction of ~B. Since I(B̂) =

I( ~B), both B̂ and ~B start to con
ict in time with the
batch instances chosen in the recursive calls at the same
time. Also, following the �rst such call, both con
ict in
time with all the batch instances chosen in subsequent
recursive calls, until the recursive call in which ~B is
chosen. Note that this implies that u

j;B̂
= uj; ~B , for all

j 2 J(B̂) � J( ~B). This is because uj;B̂ and uj; ~B are

updated in the same way in all recursive calls before B̂
and ~B start to con
ict in time with the batch instances
chosen in the recursive calls, and are kept unchanged
from that point on. It follows that u(B̂) � u( ~B). By our
choice of ~B, m(B̂) = u( ~B) and m( ~B) = u( ~B). Hence,

�
B̂
� u(B̂)

u( ~B)
� ~B . It follows that w1(B̂) = u(B̂) ��

B̂
�

u( ~B)�� ~B = w1( ~B).

Lemma 3.2. The weight of every ~B-maximal solution
is at least 1

2w1( ~B).

Proof. To prove this claim we distinguish between three
cases.
Case 1: If ~B belongs to the solution, the claim is clearly
true.
Case 2: The solution contains a batch instance B that
is not a reduction of ~B and con
icts with ~B in time. By
our construction, w1(B) equals to the reduction in �B ,
which is at least 1

2w1( ~B).
Case 3: Suppose that the solution does not contain any
batch instance that is not a reduction of ~B and con
icts
with ~B in time. The solution may schedule some of the
jobs in J( ~B) in batch instances that do not con
ict with
~B in time. Let H � J( ~B) be the set of these jobs.
Case 3.1:

P
j2H uj; ~B � 1

2u(
~B). Note that the sum

of the w1-weights taken over all batch instances that
contain a job from H isP

j2H uj; ~B

u( ~B)
w1( ~B) �

1

2
w1( ~B) :

Case 3.2:
P

j2H uj; ~B < 1
2u(

~B). Consider the batch

instance B which is a reduction of ~B and consists of
the jobs in J( ~B)nH . To make the solution ~B-maximal,
the batch instance B has to be added to the solution.
As in the proof of Lemma 3.1 uj;B = uj; ~B , for all j 2

J(B) � J( ~B). It follows that u(B) > 1
2u(

~B) = 1
2m(B),

and thus �B = u(B)
m(B)� ~B . We get that

w1(B) = u(B)��B

=
u(B)

u( ~B)

�
u( ~B)�� ~B

�



=
u(B)

u( ~B)
w1( ~B)

>
1

2
w1( ~B) :

Finally, the batch B is guaranteed to be available since
1
2w1( ~B) > 0.

3.1 Polynomial-time implementation

We now show that the algorithm can be implemented
in polynomial time. To this end, we need to show that
the number of recursive calls is polynomial and that the
bookkeeping can be done in polynomial time. During
the run of the algorithm we say that the algorithm
processed time t, if the minimum end-time of the batch
instances currently considered by the algorithm is later
than t. Each recursive call of the algorithm is associated
with a call time which is the end-time of the batch
instance ~B in that call.

We �rst show how to maintain uj;B and �B .
Consider a batch instance B, the following observations
hold by de�nition.

1. �B = 0 as long as the algorithm has not processed
time t(B) (the start point of B).

2. �B is the same for all simultaneous batch instances
B from the same family for which u(B) = m(B).

3. uj;B is identical for all batch instances B such that
t(B) is later than the current call time ~t.

4. uj;B remains unchanged after the recursive call
with the latest call time that ends before t(B).

For a job j 2 J , to maintain uj;B we maintain
one single set of values for all batch instances B such
that t(B) is later than the current call time ~t. We
maintain uj;B for all batch instances B such that
t(B) � ~t � t(B) + p(B) implicitly. This can be
done since uj;B can be computed using uj;B0 where
t(B0) > ~t, which is maintained. uj;B is uj;B0 plus the
total reductions of uj;B0 in all the recursive calls with
call times between t(B) and ~t. Since the number of these
calls is polynomial, this can be computed in polynomial
time.

To maintain (implicitly) �B for all batch instances
B such that t(B) � ~t � t(B) + p(B), we note that �B

is u(B)=m(B) time the sum of w( ~B) in all recursive
calls with call times in the interval [t(B); ~t). Again,
since the number of these calls is polynomial, this can
be computed in polynomial time. We remark thatm(B)
can be computed by checking if jJ(B)j < b and in case
this is true m(B) is given by adding to u(B) the weight

of (at most) b�jJ(B)j jobs not in J(B) from the family
f(B) with the maximum value of uj;B .

Consider one of the recursive calls. Recall that ~B is
the batch instance having the maximum weight among
all batch instances having minimum end-point (denoted
by ~t). Time ~t is easy to compute since the input is
discrete. To �nd ~B we consider all the jobs that can be
�nished at time ~t. We have one candidate for ~B from
each family. Consider a job family f . We �rst �nd the
maximum m(B) for all batch instances from family f .
This is the sum of (up to) b jobs from family f that can
end at ~t with the maximum value of uj;B (which is the
same for all batches B from f with this end-time). The
candidate is a batch instance B with u(B) equals this
maximum.

Finally, we remark that since at each recursive call
we delete at least one batch instance that is maximal
with respect to extension (and its reductions), the
number of recursive calls is polynomial.

3.2 Continuous Input

We now explain how to handle continuous input, i.e.,
the case where batches can start at any point on the
time line. Our exposition follows [BB+00]. The idea is
to operate on whole windows at a time, rather than
modify the parameters of individual batch instances.
At each iteration we delete all windows whose batch
instances have non-positive pro�t, and �nd a batch
instance ~B with earliest end-time among the remaining
batch instances. The invariant that we maintain is that
the parameters of all job instances belonging to the same
window are the same. This requires splitting windows;
it is easy to see that the points at which the time
windows may be split are all of the form: start-time
of some window plus a �nite sum of lengths of batch
instances (not necessarily of the same family). Since any
such point can be no greater than the maximum end-
time of an instance, there are only �nitely many such
points. Thus, this implementation always halts in �nite,
if super-polynomial, time. In order to attain polynomial
running time we trade accuracy for speed. For any �xed
", 0 < " < 1, we modify the algorithm as follows.
Whenever ~B is chosen such that w( ~B) has dropped
below " �

P
j2J( ~B) wj we simply delete the window

containing ~B and do not alter any other parameters.
It can be shown that the running time of the algorithm
with this change is O(1=") times the running time of
the discrete input algorithm. The approximation factor
obtained degrades by an additive factor of ", to 4 + ".
The reader is referred to [BB+00] for more details.



3.3 Multiple Machines

The way to handle multiple machines also follows
[BB+00]. The recursive calls are the same as for the
single machine case, the only change is in the value of
w1(B) for every batch instance B that is not a reduction
of ~B that con
icts with ~B in time. The increment of �B

for these batch instances is 1
k
maxf 12 ;

U(B)
M(B)gw(

~B); that

is, 1
k
of the increment in the single machine case, where

k is the number of machines. Similar to the technique
described in [BB+00] and following the proof above, it
can be shown that after this modi�cation the optimal
weight is at most 2w1( ~B), and that the weight of every
~B-maximal solution is at least 1

2w1( ~B).

4 Unbounded Batching

We describe here how to obtain improved approxima-
tion factors for unbounded batching. For continuous
input the improved factor is 2 + ". For discrete input
the improved factor is 2, however, we need to make the
following assumption. For every job Jj , if [t1; t2] and
[t3; t4], where t1 < t3, are feasible time intervals for Jj
(t4�t3 = t2�t1 = pj), then if [t

0; t00], where t1 < t0 < t3,
is feasible for any job in the family fj , it is also feasible
for Jj . We present the algorithm for the case of a single
machine and discrete input. The extensions to contin-
uous input, multiple machines, and all implementation
issues are similar to the general algorithm. The algo-
rithm follows the framework of the generic scheme. The
only di�erence is in the way the weight function w1 is
computed and in the transformation of S 0 to S.

We consider the jobs in J( ~B) in descending order of
deadline: j1; j2; : : :. Let z be the maximum index such
that

Pz

i=1 uji; ~B � w( ~B). Since �B can be greater than

zero, it follows that z is not necessarily the size of J( ~B).
Let

Æ = w( ~B)�
zX
i=1

uji; ~B :

Note that Æ 6= 0 only if
Pz

i=1 uji; ~B < w( ~B). We

change the de�nition of ~B-maximal solution to be a
solution that schedules j1; : : : ; jz+1. To de�ne the
decomposition we de�ne w2 by showing how uj;B and
�B are updated. These quantities will be updated only
for batch instances that con
ict with ~B.

1. Suppose that batch instance B con
icts with ~B
only in jobs. For each job j 2 fj1; : : : ; jzg \ J(B),
set uj;B to zero. If jz+1 2 J(B) then decrement
ujz+1;B by Æ. The value of �B remains unchanged.

2. For each batch instance B that is not a reduction
of ~B that con
icts with ~B in time increment �B

by w( ~B).

3. For each batch instance B that is a reduction of ~B,
set w1(B) = w(B).

Note that in the recursive call, the weight of jobs
fj1; : : : ; jzg is zero and thus we may assume that they
are not present. To turn the schedule S 0 into a ~B-
maximal solution we do the following. If S 0 does not
schedule any jobs in J( ~B), we add ~B to S 0 to form S.
Otherwise, S 0 scheduled some jobs in J( ~B). Suppose
that S 0 contains a batch B such that J(B) \ J( ~B) 6= ;.
Since b is unbounded and t(B)+p(B) is guaranteed to be
earlier then the deadlines of fj1; : : : ; jzg we may extend
B to include these jobs as well. For the same reason we
may extend B to include jz+1 as well, in case it was not
scheduled already. This may only increase the value of
the solution relative to w2 and make it ~B-maximal.

It is easy to see that in the problem with respect
to w1 the optimal weight is at most 2w1( ~B). We prove
that the weight of every ~B-maximal solution is at least
w1( ~B). The 2-approximation follows.

Lemma 4.1. The weight of every ~B-maximal solution
is at least w1( ~B).

Proof. Note that the ~B-maximal solution would never
schedule a batch instance that is a reduction of ~B.
The claim is clearly true in case batch instance ~B
is in the solution. Otherwise, all jobs fj1; : : : ; jz+1g
are scheduled in batch instances that do not con
ict
~B in time. Let B be the set of batch instances in
which these jobs are scheduled. By our constructionP

B2B w1(B) = w1( ~B).

5 Exact Algorithms

5.1 Small Slacks

Consider the case where for any job Jj , sj = dj �
(rj + pj) < pj . Then our problem can be reduced
to maximum weighted k-colorable subgraph on interval
graphs. For each family f and any time t, we de�ne an
interval whose weight is the maximal possible weight of
a batch from family f that can be scheduled at t. Since
each of the jobs has a small slack, if we schedule at time
t a batch that contains the job Jj , then clearly Jj is not
contained in the next batch of f (since dj < t + 2pf ).
Thus, the problem for k parallel machines is reduced
to the maximum weight k-colorable graph problem on
the resulting instance of interval graph, whose size is
polynomial in the sum of the slack times. We conclude

Theorem 5.1. The pjf � batch; sj < pj j
P

wj(1� Uj)
can be solved in weakly polynomial time.



5.2 Fixed Number of Families

When the number of families is �xed, our problem
can be solved using dynamic programming (DP). For
bounded batch size we have the following result.

Theorem 5.2. The problem 1jf � batch; b; rj ; F =
constj

P
wj(1 � Uj) can be solved optimally in

O(nF
2+3F+3 logn) steps.

Our algorithm relies on the following structure of
optimal schedules. (We omit the proof.)

Proposition 5.1. There exists an optimal schedule
with the following property. Let B be a scheduled batch
instance and suppose that d(B) is the maximum due
date among all jobs in J(B), then no job from family
f(B) with release date r < t(B) and due date d < d(B)
is scheduled after time t(B).

Let W (t; �1; : : : ; �F ; Æ1; : : : ; ÆF ) be the maximal
weight of a schedule which starts at time t, given that
the last batch of jobs from family f , 1 � f � F ,
was scheduled at time �f < t and Æf is the largest
due date of any scheduled job from family f . De-
note by nextarrival(t) = minrj>t rj . Then �t =
W (nextarrival(t); �1; : : : ; �F ; Æ1; : : : ; ÆF ) is the maximal
weight of a schedule that starts at the time of the �rst
arrival of some job after t, with �f ; Æf de�ned as above,
1 � f � F .

Given a partial schedule that ends by the time t,
let Æ0f > Æf be the due date of some job from family
f . Recall that Jf;t is the collection of subsets of jobs
from family f that can be scheduled at time t. Then,
by Proposition 5.1, we can de�ne

Jf;t =
n
B
���jBj � b; 8Jj 2 J(B) fj = f;

rj � t; dj � t+ pf ; dj � Æ0f ;

(rj > �f or Æf < dj)
o
:

The maximum weight of any batch B 2 Jf;t is given by
maxweight(f; t; �f ; Æf ; Æ

0
f ) = maxB2Jf;tf

P
Jj2J(B)

wjg:
Suppose that we schedule a batch from f at time

t, then given the values �1; : : : ; �f�1; t; �f+1; : : : ; �F ,
and the latest due date of any scheduled job,
Æ1; : : : ; Æf�1; Æ

0
f ; Æf+1; : : : , we de�ne

�f;Æ0
f

= W (t+ pf ; �1; : : : ; �f�1; t; �f+1; : : : ; �F ;

Æ1; : : : ; Æf�1; Æ
0
f ; Æf+1; : : : ; ÆF )

+ maxweight(f; t; �f ; Æf ; Æ
0
f )

to be the sum of the maximal total weight of a schedule
that starts at time t+ pf , and the maximum weight of
a batch from family f scheduled at the time t, in which
the maximal due date of any job is Æ0f .

Lemma 5.1. W (t; �1; : : : ; �F ; Æ1; : : : ; ÆF ) can be calcu-
lated by the following recursion:

W (t; �1; : : : ; �F ; Æ1; : : : ; ÆF ) = max(�t;max
f;Æ0

f

�f;Æ0
f
)

Proof. Given that we have scheduled batches up to time
t, with the values �1; : : : ; �F , we can proceed in one
of the following ways: (i) select a family f , for some
1 � f � F , and schedule a batch from f at time
t. The batch will contain all the jobs from family
f that belong to Jf;t. We need to optimize on the
weight of the selected batch, taking for each family f all
possible values for the maximal due date in the batch,
Æ0f ; (ii) move to the next possible batch starting point,
which is the time of closest job release time; (iii) if
neither of the above is possible, then no more jobs can
be scheduled.

Proof of Theorem 5.2: Let DP be a dynamic program-
ming algorithm which calculates W using Lemma 5.1.
The weight of an optimal schedule can be found by cal-
culating W (0; 0; : : : ; 0; 0; : : : ; 0). This is the maximum
weight of a schedule starting at time 0, where no batches
were scheduled (or alternately, where dummy batches
containing jobs with zero weights and zero processing
time were scheduled at time 0 for each family). We can
obtain the resulting schedule by storing in a table the
decision made in each step.

For the complexity of DP, it can be shown that there
exists an optimal schedule in which every batch starts
at a release date or at the end of another batch. Hence,
the possible number of scheduling points is O(nF+1),
and since the number of due dates is bounded by n, we
need to calculate W in at most O

�
n(F+1)

2+F
�
points.

The optimal batch for a speci�c scheduling point
is found by examining all the possible new maximum
due dates: for each we �nd the set of feasible jobs,
sort the jobs by weights, and select up to b jobs with
maximal weight from each family. This can be done in
O(n � n logn) steps. Hence the overall running time is

O
�
nF

2+3F+2 logn
�
.

When the batch size is unbounded, we can improve
the complexity of DP.

Theorem 5.3. The problem 1jf � batch; rj ; b >
nf ; F = constj

P
wj(1 � Uj) can be solved optimally

in O(n(F+1)
2+1) steps.

5.3 Small Number of Release Times and Due
Dates

Consider now the case where the number of distinct
release dates (R) and due dates (D) is bounded by some
constant, the batch size is �xed, and the jobs have the



same (unit) length. We partition the jobs into groups:
the jobs in the group (f; k; l) belong to the family f ,
have the k-th release time and the l-th due date. A
naive dynamic programming scheme will run in super-
polynomial time, since the possible number of batch
instances that can be scheduled at any point of time is
large. Therefore we precede our dynamic programming
algorithm (DP') by a greedy phase, in which we schedule
a maximal number of full batches.

The algorithm Reverse-Full-Greedy (RFG) itera-
tively schedules batches `backwards': from the maxi-
mum due date to time zero. The jobs are scheduled
using time windows. Let d0 = 0; d1 � : : : � dD be the
set of due dates of the given instance; then, the l-th
windows is the time interval [dl�1; dl), 1 � l � D. In
the l-th window, RFG schedules as many full batches as
possible from each group that meet the window's maxi-
mal due date, dl. In doing so, RFG gives higher priority
to groups with large release dates. If the l-th window is
large enough, then at most b � 1 unscheduled jobs will
remain from each of the groups; else (i.e., the window
becomes full), the remaining jobs from each group are
moved to the group from the same family and release
date with maximal due date dl�1. By the end of the
greedy phase, some of the time windows are \full". We
may ignore these windows in the second phase. For each
window that is not full we are guaranteed that at most
(b� 1) jobs from each group can be scheduled in it.

In the second phase we exhaustively search for the
optimal schedule of the remaining jobs in the \holes"
that remained in the schedule. Algorithm DP' uses the
fact that all families with the same number of remaining
jobs in all groups, (f; k; l) for all values of l; k, are
equivalent with respect to scheduling possibilities. The
detailed algorithm will be given in the full version of the
paper. We conclude with the next result.

Theorem 5.4. Let b,D,R � 1 be some constants. Then

the problem 1
���f � batch; pf = 1; b = const;D =

const; R = const
���P (1� Uj) can be solved in

O(n(b
DR+1)) steps.
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