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Abstract

In several applications such as databases, planning, and sensor networks, parameters such as selec-
tivity, load, or sensed values are known only with some associated uncertainty. The performance of
such a system (as captured by some objective function over the parameters) is significantly improved
if some of these parameters can be probed or observed. In a resource constrained situation, deciding
which parameters to observe in order to optimize system performance itself becomes an interesting and
important optimization problem. This problem is the focus of this paper. Unfortunately designing opti-
mal observation schemes is NP-HARD even for the simplest objective functions, leading to the study of
approximation algorithms.

One of the most important considerations in this framework is whether adaptivity is required for the
observations. Adaptive observations introduce blocking or sequential operations in the system whereas
non-adaptive observations can be performed in parallel. One of the important questions in this regard is
to characterize the benefit of adaptivity for probes and observation.

We present general techniques for designing constant factor approximations to the optimal observa-
tion schemes for several objective functions which commonly arise in systems applications. The tech-
niques we present also show constant factor upper bounds for the benefit of adaptivity of the observation
schemes – we show that while probing yields significant improvement in the objective function, being
adaptive about the probing is not beneficial beyond constant factors.
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1 Introduction

Consider a measurement scenario such as sensor networks or spectrograms, where we have errors in estima-
tion, but the distribution of the error is understood through models of the measuring instrument, historical
data, regression, Kalman filters, etc. Suppose we have a few readings and measurements, and are asked
to evaluate a function, e.g., the maximum temperature. Assume that we can repeat and refine a few of the
measurements, i.e, “probe” a few sensors to make detailed measurements. Clearly it is inefficient for all
nodes to make a detailed measurement. A natural question is which measurements do we refine, say if we
wanted to refine onlyk of them and wanted to maximize the expected maximum value? In many situations,
we can assume that the errors made by different instruments are independent of each other – even then the
problem is NP–HARD [15].

The above is a typical example of a model driven optimization problem. This has gained significant
currency in a variety of other research areas such as database query optimization and route selection in net-
works. In a database query optimization setting suppose the optimizer is presented with a set of sufficiently
complicated and unrelated (independent) queries. The query-optimizer can estimate the resources needed
by the queries from historical information, cached statistics, sampling of various sub-queries, or by perform-
ing inexpensive filters [3, 8, 9]. Subsequent to this estimation, the query optimizer schedules the tasks to
optimize the throughput or the average completion times. However, this estimation process itself consumes
resources such as time, network bandwidth, and space, and therefore the decision to choose the parameters
to refine in estimate becomes a key optimization problem. A similar problem arises in networking, where the
current state of multiple routes and servers can be probed and observed before deciding which route/server
to use for a specific connection [1, 20, 19]. The above examples can also be extended to planning over a
network, where we may wish to visit a sequence of nodes, about which we have imprecise information and
can only refine a small number of them, to minimize total distance traveled – such problems arise in query
processing in sensor networks [12].

The above problems of measurement refinement or optimizing independent query schedules can be
formulated abstractly as follows. LetX1, X2, . . . , Xn be non-negative independent random variables, whose
distributions are given as inputs (the distribution can be specified by samples and does not affect any result
in this paper). There is a functionf(X1, X2, . . . , Xn) on these variables which must be optimized. By
spending probe costci, the optimizer can find out the exact value of variableXi. There is a budgetC(≥
maxi ci) on the total cost of observation. The probing policy chooses a subset of variables of total cost at
mostC to probe and observe.Subsequentto this, the optimization policy chooses a solution based on the
outcome of the probes, which optimizesE[f(X1, X2, . . . , Xn)|{Xi, i ∈ S}], where the expectation is over
the distributions of the unobserved variables. We note that the solution is fixedafter the outcomes of the
probes, butbeforethe realization of the unprobed variables. Therefore, given the set of probed variables
and their outcomes, the solution is the same forall realizations of the unprobed variables. The final goal is
to choose thatS which optimizesE[f(X1, X2, . . . , Xn)|S is probed], where the expectation is now jointly
over the outcomes of probes and the distributions of unprobed variables.

As an example, supposef = maxi Xi. Let E[Xi] = µi. If the probing policy chooses a subset
S of variables to probe, after the probing, the optimization policy will choose that variable as the solu-
tion which corresponds to the maximum ofmaxi∈S Xi andmaxi/∈S µi. Therefore,E[f |{Xi, i ∈ S}] =
max(maxi∈S Xi,maxi/∈S µi), where the expectation on the LHS is over the outcomes of the unprobed vari-
ables. Note that the solution is chosen after{Xi, i ∈ S} is probed and revealed, but before the values of
{Xi, i /∈ S} is known. Averaging this over all outcomes of probingS, we haveE[f |S is probed] = g(S) =
E[max(maxi∈S Xi,maxi/∈S µi)]. The goal is to design a probing policy that choosesS which maximizes
g(S), subject to the budget constraint

∑
i∈S ci ≤ C.

Several conceptual and systems issues arise immediately, the foremost of which is the benefit of being
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adaptive in the probing policy. The above formulation implicitly assumed that the probes are done in parallel
upfront, i.e., non-adaptively1. In contrast, adaptive observations are sequential, based on the outcomes of
the previous probes. It is clear that adaptive strategies yield as good or better solutions than the non-adaptive
counterpart. The first issue with an adaptive strategy is the complexity of expressing the solution; it isa
priori not clear that the decision tree that encodes the optimum solution is polynomially bounded. The next
interesting issue, which is a consequence of the adaptivity, is the budget. Note that while probing random
variables, if a suitable value is found already, then the probing can be halted early, yielding significant cost
savings. Thus it makes sense to assume that the budget is in expectation as well. This sets up two classes of
problems, namely withhard budgetsand withsoft budgets, i.e., budgets are in expectation.

In this paper, we design and analyze non-adaptive probing strategies for the large class of objective func-
tions, and show that these strategies have a boundedadaptivity gap, i.e., there exists a non-adaptive strategy
(as defined above) which is only a constant factor worse compared to the best adaptive probing strategy with
soft budgets. Therefore for the problems we study, the non-adaptive and adaptive models with hard and soft
budgets are all related to each other by constant factors. As a consequence, one of the main point we can
establish is that although probing helps significantly, adaptive probing is no better than non-adaptive probing
by more than a constant factor in many problems of interest. We focus on problems that have been consid-
ered in the known applications and literature to date, namely, knapsack, average completion time scheduling,
metric clustering, spanning and Steiner trees. Furthermore, we demonstrate common techniques which we
use in analyzing seemingly disparate problems.

Related Work: The adaptivity gap in the absence of probes has been considered in the literature earlier,
notably in [10, 11, 30, 34] for Knapsack and scheduling problems. However, the model driven optimization
problem is considerably different from the settings in those papers. In [10, 11, 30, 34] the optimum is al-
lowed to decide on the next item to schedule based on the past, but once the next item is decided this is an
irrevocable commitment. In contrast, in our problem, after probing we (as well as the optimum adversary)
may choosenot to include an item in the Knapsack,arbitrarily (re)order the schedule, come up widely
different clustering depending on the outcome of the probed values. Hence, though we use linear program-
ming based formulations to lower bound the adaptive strategy, we need completely different arguments
and observation schemes in the absence of the irrevocable commitment. The classic stochastic optimiza-
tion (non-adaptive, non-probing) versions of these scheduling problems were considered in [28, 16]. In
an earlier paper [15], we presented non-adaptive probing schemes when the objective functionf captures
the minimum value and the Knapsack problems. In [19] we present adaptive probing strategies with soft
budget constraints for the minimum value and maximum value objective functions . For correlated random
variables, the problem of minimizing residual information is considered in [29].

The notion of refining uncertainty has been considered in anadversarial settingby several researchers [32,
13, 27, 4]. Here, the only prior information about an input is the lower and upper bounds on its value.
The goal is to minimize the observations needed to estimate some function over these inputsexactly, and
often strong lower bounds arise. We also note that stochastic optimization problems were considered in
[25, 21, 24, 33, 35, 22, 23]; these problems appear to be unrelated to adaptivity gaps.

1.1 Technical Contributions

We discuss several general technical issues for our model in Appendix A. We now outline our key contribu-
tions.

Packing problems: In this paper, we first focus on the adaptivity gap ofKNAPSACK in the probing
model. We show that the adaptivity gap for this problem is a constant factor, both when sizes are random

1Note that this notion of a non-adaptive policy is different from that in [10].
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variables, and when profits are random variables. In a previous paper [15], we showed that in the probing
model, the non-adaptive KNAPSACK problems can be reduced to a maximizing submodular functions, im-
plying greedy constant factor approximation algorithms. However the same sub-modularity based proofs
cannot be used to prove adaptivity gaps, since the adaptive optimal solution is a decision tree. One of the
contributions of this paper (Section 2) is techniques for bounding the adaptivity gap by a constant factor
(hence showing that the greedy non-adaptive algorithm can be used even in an adaptive setting).

Note that in our case, since the final solution involves a subset of the variables probed, the irrevocable
decision LP bounds in [10] are rendered inapplicable. The irrevocable decision problems are quite different
in nature; and to illustrate the difference in techniques, we consider the probing version of the stochastic
knapsack problem [10] in Appendix C.

We show that a different way of formulating the problem yields the adaptivity gap – theexcessof the
profit to size ratio of a variable over average profit to size ratio of the non-adaptive optimal policy has a
linear contribution to the adaptive optimal policy. This yields an approximate LP formulation which shows
a constant factor adaptivity gap.

Scheduling and metric problems:For these problems, unlike packing problems such as knapsack, the
solution has to be constructed overall the variables whether probed or unporbed. Now a different set of
ideas are needed to obtain lower bounds. We show constant factor adaptivity gaps when the problems obey
a “recombinant” property – for an arbitrary partitioning of the input variables, each of the parts have an
induced solution with the property that the objective function values sum to no more than the respective
quantities in the original problem; further, the two solutions can be combined without a significant increase
in value of the resulting solution. Since encoding the value of the probed part is unwieldy, this partitioning
is necessary to construct a solution that encodes just the unprobed part. The recombination shows a small
adaptivity gap – the tricky part is to ensure that the interaction of the probed and unprobed parts can be
bounded. This technique also yields non-adaptive algorithms in addition to the adaptivity gap proof.

For scheduling we consider the average completion time (1||
∑

j wjCj) and minimum makespan on
identical machines; in both cases, the job sizes are random variables. We focus on the average comple-
tion time which illustrates the main issues (Section 3). A surprising feature of this algorithm is thatonly
the expected valuesof job sizes are used in constructing the approximately optimal probing scheme. The
makespan problem is discussed in Appendix E. For both these problems we design non-adaptive algorithm
which shows that the adaptivity gap is a constant, while increasing the cost of probing by a small factor.
The increase in probing cost is unavoidable in our technique which lower bounds the adaptive solutions by
linear programs which have similar gaps. An interesting open question is to show a complexity result that
the increase in budget is unavoidable.

We next consider metric problems. We assume that the input nodes are discrete distributions of polyno-
mial specification over points of the metric space. For these problem a small but important added twist is
needed – we need to reformulate the problem on a different but related metric. We consider MST (Steiner
Trees and TSP) and thek-Median problem. We discuss thek-Median problem and the general setup for
these problems in Section 4. The MST problem is discussed in Appendix D. For thek-median problem an
interesting issue comes to fore, which does not appear for deterministic input. It is well known that over any
space, there exists ak-median solution which uses the input points and is at most twice the optimum. For
distributional input we show that the adaptivity gap for obtaining exactlyk medians is polynomially large,
short of a polynomial blowup in the probing cost. However, if we restrict all solutions to use fixed points in
the metric space as medians (as opposed to declaring an input node which could possibly be a distribution
over points as a median) then the gap disappears! This exposes an interesting contrast in the problem based
on which points are allowed to be medians. We expect these definitional issues to be of independent interest
as more problems with distributions as input are investigated.
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2 Adaptivity Gap for KNAPSACK

We show that forKNAPSACK, the ability to observe adaptively has only a constant factor benefit over ob-
serving non-adaptively. We discuss the version of knapsack where the profits are random variables; the
version where the sizes are random variables is presented in Appendix C.

Item i has profit which is an independent random variableXi, sizesi ≤ B, and probing costci. The
knapsack capacity isB, and the probing budget isC ≥ maxi ci. We will assume thatsi, B are (possibly
exponential in magnitude) integers. The probing policy adaptively probes a subset of items to determine
their exact profit. Subsequently, an item selection policy chooses a subset of probed and unprobed items
to place in the knapsack so that the expected profit (over the distributions of the unprobed profit values)
is maximized. Note that the selection policy will simply use profitE[Xi] for unprobed itemi, while for a
probed item, it uses the exact profit. The goal is to design an adaptive probing policy that maximizes the
expected profit, where the expectation is over the outcome of the probes and over the distribution of the
profit values of the unprobed items.

In what follows, we will show an existence result that the adaptivity gap is a constant, meaning that
there is a non-adaptive probing policy that upfront chooses a subset of items to probe, which is a constant
factor approximation to the best adaptive probing policy. Note that the benefit of probing itself is enormous,
because even for finding the maximum element (each element of size1, knapsack capacity1), probing all
items yields profitE[maxi{Xi}], which can beΩ(n) timesmaxi E[Xi], which is the expected profit of
probing no item. However being adaptive does not give us significantly more power.

Greedy Algorithm: We first describe a greedy non-adaptive algorithm presented in [15] which is a
constant factor approximation to the optimal non-adaptive probing policy. We first observe that after the
probes are completed, in any scenario, either half of the profit arises from the probed variables or half of
the profit arises from the unprobed variables. Thus we can compute two solutions: The first where the item
selection policy is restricted to using only unprobed items (in this case, no probing is necessary, and the
optimal solution is the solution to the deterministic knapsack problem where the item profits areE[Xi]),
and the solution where the selection policy is restricted to using just the probed items. We choose the better
of the two solutions, losing a factor2 in the approximation ratio. Since the former solution is simple to
construct, we focus on the latter solution which is restricted to using probed items.

Consider the optimal fractional profit of non-adaptively probing setS and selecting items fractionally
after the outcome of the probes. This is given byf(S) = E[max~y≥0,yi≤1,

P
i∈S siyi≤B

∑
i∈S Xiyi]. It is

shown in [15] that (i)f(S) is sub-modular (ii) it can be computed (approximately) efficiently and (iii)f(S)
has profit at most2 times the expected profit of the integral solution (yi restricted to 0/1). The greedy
algorithm for sub-modular function maximization [31] therefore yields a constant factor approximation to
the profit of the best probed solution, which implies a constant factor approximation to the profit of the best
non-adaptiveprobing policy.

We will now show that the greedy algorithm designed in [15] is not only aO(1) approximation to the
best non-adaptive policy (as shown in [15]), but that it is also a constant factor approximation to the best
adaptiveobservation policy! Our techniques for proving this ”adaptivity gap” are completely different from
the techniques in [15], since the sub-modularity based proof in [15] breaks down when a non-adaptive policy
is analyzed against an adaptive policy. Our ”adaptivity gap” proof holds against the optimal adaptive policy
with either hard or soft budgets.

The adaptivity gap: Let fX denote the probability density function (p.d.f.) of random variableX. Let
X∗ denote the fractional profit of the non-adaptive optimal solution and letS∗ denote the set probed. That
is,X∗ = maxS|

P
i∈S ci≤C f(S). The average profit to size ratio of the non-adaptive solution isr∗ = X∗/B.

Definition 1. DefineEq[X] =
∫∞
y=q yfX(y)dy. This denotes the ”excess” of random variableX aboveq.
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We first begin with a useful lemma showing that the expected maximum of a set of random variables is
approximately linear in their “excess”. The proof is in Appendix B.

Lemma 2.1. (Implicit in [28]) For a set of independent random variablesS = {X1, X2, . . . Xk}, let t =
E[maxi∈S Xi], then

∑
i∈S E2t[Xi] ≤ 2t.

Definition 2. DefineRi = Xi/si. This random variable corresponds to the profit per unit size of itemi.

For a subsetS of items, recall:f(S) = E[max~y≥0,yi≤1,
P

i∈S siyi≤B

∑
i∈S Xiyi]. Definer(S) = f(S)/B.

The next lemma is the main technical lemma. We believe the techniques used in the proof of the lemma
would be of interest to other packing problems as well.

Lemma 2.2. For any subsetS of items,
∑

i∈S siE2r(S)[Ri] ≤ 5f(S).

Proof. Suppose
∑

i∈S siE2r(S)[Ri] > 5f(S). DefineL = 2f(S)/B = 2r(S). We have
∑

i∈S siEL[Ri] >
5
2BL. We will show this impliesf(S) > BL/2, which is a contradiction. In the rest of the proof we will
show that if

∑
i∈S siEL[Ri] > 5

2BL, thenf(S) > BL/2.

We will show the above by creating feasible fractional solutions. For eachi createsi perfectly correlated
copies of the random variableRi. Denote these copiesRi1, . . . , Risi . LetR = ∪i∈S∪si

j=1Rij . Each variable
Rij correspond to a size unit. Note that we will be using these variables to show proof of existence only
– the possibly exponential number of variables will not affect the algorithm. The fractional knapsack now
corresponds to accommodatingB of these variables. LetR0 denote the set of variablesRij such that
EL[Rij ] > L. Let R1 denote the set of variablesRij such thatEL[Rij ] ≤ L. We have two cases to
consider: either

∑
Rij∈R0

EL[Rij ] > BL/2 or
∑

Rij∈R1
EL[Rij ] > 2BL.

Case 1,
∑

Rij∈R0
EL[Rij ] > BL/2: Suppose|R0| ≥ B, then we can choose a subset of variables of

cardinality exactlyB, and name themP . OtherwiseP = R0. The variables chosen in the subsetP define

a fractional knapsack solution. But for this fixed fractional solutionE
[∑

Rij∈P Rij

]
=

∑
Rij∈P E[Rij ] ≥∑

Rij∈P EL[Rij ] > BL/2. Now f(S) will only do better than this fixed solution – because of themax.
Thus in this case we already havef(S) > BL/2.
Case 2,

∑
Rij∈R1

EL[Rij ] > 2BL: Split the knapsack into unit size binsG1, G2, . . . , GB which are initially
empty. Consider the variablesRij ∈ R1 in increasing order ofEL[Rij ] (so that the variables corresponding
to any itemi are considered consecutively), and assign them to the bins in a round-robin fashion so that each
item is assigned to the next bin in the round-robin order.

Consider the sumσk =
∑

Rij∈Gk
EL[Rij ]. Since the variables are being assigned in a round-robin

fashion, we havemaxk,k′ |σk−σk′ | ≤ L because after the first item is placed ink′ < k, all subsequent pairs
of items placed decrease the difference; an odd number helps lessen the difference even more. We also have∑B

k=1 σk > 2BL. Therefore,σk > L for all k = 1, 2, . . . , B.
Since there are at mostB variablesRij ∈ R1 corresponding to any itemi, the round robin scheme

also ensures that the variables in a binGk correspond to distinct items. Thus the variables in asingle
fixed binGk are independent. For a fixedGk, let tk = E[maxRij∈Gk

Rij ]. By Lemma 2.1, we have
E[maxRij∈Gk

Rij ] ≥ 1
2

∑
Rij∈Gk

E2tk [Rij ]. Now if 2tk ≤ L then we know that∑
Rij∈Gk

E2tk [Rij ] ≥
∑

Rij∈Gk

EL[Rij ] = σk > L

. Thereforetk = E[maxRij∈Gk
Rij ] > L/2. Note that if2tk > L thentk > L/2 trivially. Consider a

fractional solution where each binGk chooses the maximum and the profit ismaxRij∈Gk
Rij . We have:

max
~y≥0,yi≤1,

P
i∈S siyi≤B

∑
i∈S

Xiyi ≥
B∑

k=1

max
Rij∈Gk

Rij
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Taking expectation, the left hand side yieldsf(S). The right hand side by linearity of expectation is∑B
k=1 tk > BL/2. This proves the lemma.

Recall thatX∗ = maxS|
P

i∈S ci≤C f(S), S∗ denotes the corresponding probed set, andr∗ = X∗/B.

Lemma 2.3.
∑

i∈S siE2r∗ [Ri] ≤ 5X∗ for any setS with
∑

i∈S ci ≤ C.

Proof. Sincef(S) ≤ X∗ andr(S) ≤ r∗, from the previous lemma we have:∑
i∈S siE2r∗ [Ri] ≤

∑
i∈S siE2r(S)[Ri] ≤ 5f(S) ≤ 5X∗

We now show that the optimal non-adaptive solution yields a constant factor approximation to the opti-
mal adaptive strategy with either hard or soft budgets.

Theorem 2.4. The expected value of the non-adaptive optimal observation strategy is a constant factor
approximation to the value of the optimal adaptive strategy.

Proof. Consider any adaptive algorithm. LetZi be random variable denoting whetherXi is observed, and
let zi = E[Zi]. Since the expected probe cost is at mostC, we have

∑
i cizi ≤ C.

DefineYi = Xi if Xi
si
≥ 2r∗, and0 otherwise. Therefore,E[Yi] = siE2r∗ [Ri]. LetY =

∑
i ZiYi be the

sum of profits of probed variables whose profit to size ratio is larger than2r∗. By the independence ofZi and
Xi we have,E[Y] =

∑
i zisiE2r∗ [Ri]. Thezi values therefore define a fractional knapsack instance. The

best0/1 setting of thezi yields
∑

i zisiE2r∗ [Ri] ≤ 5X∗ by the previous lemma. Since the best fractional
solution can have at most twice this value (assuming allci ≤ C), we haveE[Y] ≤ 10X∗.

Let OPT denote the value of the adaptive optimal solution. The total profit it can derive from items with
profit to size ratio at most2r∗ is at most2X∗. Therefore,OPT ≤ 2X∗ + E[Y]. Therefore, the expected
value of the adaptive optimal solution is at most12X∗.

3 Average Completion Time Scheduling

We consider the weighted completion time problem (1||
∑

wjCj) of scheduling jobs on a single processor
to minimize the sum of the weighted completion times. All jobs are released at timet = 0 and there are no
deadlines or precedence constraints.

In the probing model the sizes (or processing times) of jobsJ1, . . . , Jn are distributed according to
independent random variablesX1, X2, . . . , Xn respectively. The weight of jobJi is wi, which is not a
random variable. LetE[Xi] = µi. Each variableXi corresponding to the size of jobJi has probing costci;
probing yields its exact value. LetC denote the (soft) budget on probing cost.

The solution is a strategy for adaptively probing a subset the jobs so that the expected weighted comple-
tion time of schedulingall the jobs after the outcome of the probes is known, is minimized. This expectation
is over the outcome of the probes, and over the distribution of the processing times of the unprobed jobs.
We note that the scheduling policy fixes the ordering of all jobs after the results of the probes are known, but
before the sizes of the unprobed jobs are revealed. Therefore, the scheduling policy will simply order the
jobs in non-decreasing order of the ratio of processing time to weight (Smith’s Rule) – this processing time
is exactly known for probed jobs, and is the expected processing time for unprobed jobs.
Roadmap: We show that there is a one-shot (non-adaptive) probing scheme which is a constant factor
approximation to the optimal adaptive probing scheme. We will write an LP over jobpairs to bound the
contribution of only the unprobed part of the solution. Therefore for the variables we do not probe, their
contribution would be a lower bound of the optimum. We show via a recombinant property in the problem
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structure that this lower bound is sufficient to achieve a constant factor non-adaptive approximation to the
optimal adaptive solution.

The Recombinant Property: First considern deterministicjobs. Letl1, l2, . . . , ln denote the job-lengths,
andw1, w2, . . . , wn denote the job weights. Letαi = li

wi
. By Smith’s rule, the optimal solution sorts the

jobs in increasing order ofαj and schedules in this order. The completion time of the optimal ordering

can therefore be written as
n∑

i=1

∑
j≥i

wiwj min(αi, αj). This summation is overjob pairs. We now show an

importantrecombinant propertyof this summation. The proof is in Appendix B.

Lemma 3.1. For any partitioning ofn deterministic jobs into two disjoint setsA andB, we have:∑
i,j∈A,j≥i

wiwj min(αi, αj) +
∑

i,j∈B,j≥i

wiwj min(αi, αj) ≥
∑

i∈A,j∈B

wiwj min(αi, αj)

In the above lemma, the LHS represents the contribution to the optimal completion time which arises
from job pairswithin A and withinB. The RHS represents contributions of job pairs such that one of
the jobs is inA and the other inB. The above shows that the interaction term across the two sides of any
partition, can be bounded by the sum of the interactions within each side. This property will be crucial in our
analysis. Though our analysis is for stochastic processing times (while the above lemma is for deterministic
processing times), we will apply this lemma sample by sample to achieve the desired bounds.

3.1 Algorithm and Adaptivity Gap

We now show that the above recombinant property implies the following: The adaptivity gap of a non-
adaptive algorithm based on solving a simple non-stochasticoutlier version of the problem is a constant
factor. In this outlier version, we first assume all jobs have (deterministic) processing times equal to their
expected values, and choose a subset of jobs of total probing cost at mostC to be ”ignored” so as to minimize
the weighted completion time of scheduling the remaining jobs. Note that no scheduling decisions are made
yet; the goal of this step is to simply compute the subset to ”ignore”. Next, the probing policy probes the
subset of jobs which we ”ignored” in the previous step. Finally, the scheduling policy schedules all the
probed and unprobed jobs using Smith’s Rule.

Algorithm. More formally, the following non-adaptive algorithm has a constant adaptivity gap. The LP in
the first step encodes the outlier version of the problem, where all jobs have processing times equal to their
expected values, and the goal is to discard a set of jobs of cost at mostC such that the weighted completion
time of the remaining jobs is minimized.

1. Define the following LP and solve it

min
n∑

i=1

∑
j>i

e(i, j) min{wjµi, wiµj}+
n∑

i=1

(1− zi)wiµi

n∑
i=1

zici ≤ C

e(i, j) + zi + zj ≥ 1 for all i, j > i

e(i, j), zi ≥ 0 for all i, j ∈ {1, 2, . . . , n}

2. Round the LP solution as follows: LetS1 = {i|zi ≥ 1
3}, ande(i, j) = 1 if i 6∈ S1 andj 6∈ S1. Let S2

be the set of jobs not inS1. The setS1 is the jobs which are ”ignored” in the outlier solution.
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3. Probe the jobs{Ji|i ∈ S1}. Letfi = Xi
wi

if i ∈ S1 (whereXi is the realized size ofJi) and letfi = µi

wi

for i ∈ S2. SortJi in increasing order offi and output the schedule.

Analysis. LetOPTLP denote the value of the optimal solution of the linear program. LetADAPT denote
the value of the optimal adaptive policy. The next lemma is proved in Appendix B.

Lemma 3.2. OPTLP ≤ ADAPT .

The next lemma follows easily from the description of the rounding scheme.

Lemma 3.3. The cost of probing setS1 is at most3C. Furthermore, the weighted completion time of the
unprobed setS2 is

∑
i,j∈S2,j≥i min(wiµj , wjµi) ≤ 3 ·OPTLP ≤ 3 ·ADAPT .

We now use the recombinant property (Lemma 3.1) to show that the above non-adaptive has a constant
adaptivity gap against the optimal (hard or soft) budget adaptive strategy.

Theorem 3.4. The non-adaptive strategy is a8 approximation to the optimal (expected costC) adaptive
strategy, and spends cost3C.

Proof. Consider any scenarioσ of values of variables in setS1. Let Pσ =
∑

i,j∈S1,j≥i min(wjXi, wiXj);
let Q =

∑
i,j∈S2,j≥i min(wjµi, wiµj) and letRσ =

∑
i∈S1,j∈S2

min(wjXi, wiµj). The expected value
of the non-adaptive solution isE[P ] + Q + E[R] where the expectation is over all scenariosσ. From
Lemma 3.3, we haveQ ≤ 3 ·ADAPT . We also haveE[P ] ≤ ADAPT , since the adaptive solution obtains
the best value fromS1 by observing all the variables. Using Lemma 3.1, we havePσ + Q ≥ Rσ in all
scenariosσ. Therefore,E[P ] + Q ≥ E[R]. The value of the non-adaptive solution is therefore at most
2(E[P ] + Q) ≤ 8 ·ADAPT .

4 K-median Clustering

In this problem, we are given a metric space with point setP, which defines a distance functionl. The input
is a set of nodesV , where the location of nodei follows an independent distributionXi overP. Distribution
i ∈ V has probe costci. The goal is to design an adaptive policy to probe the nodes which spends expected
cost at mostC. After probing, the algorithm opensK centers and assigns all probed and unprobed nodes
to some center so that the expected distance cost (orvalue) of the clustering is minimized. This expectation
is over the locations of the unprobed nodes. Note that after probing, the center selection and assignment
policy assigns an unprobed nodei to that open centerw which minimizes the expected distanceE[l(Xi, w)]
where the expectation is over the random variableXi. The goal is to design a probing policy whose resulting
expected distance cost (or value) ofK-median clustering is minimized, where the expectation is over the
outcomes of the probes and the locations of the unprobed nodes.

We consider two variants of the problem. In the first variant, we assume that the center selection policy
is restricted to opening centers from a setS ⊆ P. This means the centers can only be chosen from points
of the underlying metric space. Therefore, for an unprobed nodei assigned to a centerw ∈ P, the expected
distance cost isE[l(Xi, w)], where the expectation is over the random variableXi. In the second variant, the
centers are allowed to beinput nodes, and therefore distributions. In this latter variant, an unporbed nodej
can be opened as a center after probing a set of nodes. Suppose an unprobed nodei is assigned to this center,
then the expected distance cost isE[l(Xi, Xj)], where the expectation is overboththe random variablesXi

andXj .
We present a constant factor adaptivity gap for the former variant. We then show that the adaptivity gap

is polynomially large for the latter variant. This shows a fundamental difference in the two variants.
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4.1 Fixed Centers

We first consider the first variant where the centers can only be points fromS ⊆ P. We define a new metric
spaced over the pointsP ∪ V . For i, j ∈ V , defined(i, j) = E[l(Xi, Xj)] where the expectation is over
the random variablesXi andXj . For i ∈ P, j ∈ V , defined(i, j) = E[l(i, Xj)], and fori, j ∈ P, define
d(i, j) = l(i, j). The functiond defines a metric space on the nodesV ∪ P (refer Claim D.1 for a proof).

As before, we consider the outlier version of this problem: The goal is to find the subsetT ⊆ V of nodes
of total probing cost at mostC such that the cost ofK-median clustering of the remaining nodesV \ T in
metric spaced is minimized. The linear relaxation of this problem is the following:

Minimize
∑

i∈V,s∈S

d(i, s)x(i, s)

∑
i∈V cizi ≤ C
x(i, s) ≤ ys ∀i ∈ V, s ∈ S∑

s∈S x(i, s) + zi ≥ 1 ∀i ∈ V∑
s∈S ys ≤ K

zi, ys, x(i, s) ∈ [0, 1] ∀i ∈ V, s ∈ S

Lemma 4.1. The optimal solution to the linear program provides a lower bound on the value of the adaptive
optimal probing and center selection policy. (Refer Appendix B for proof).

Algorithm.

1. Round the solution of the above LP to construct aK-median solution with total cost of the outliers
is 5C and the distance cost at most a factor of5 of the distance cost in the linear program. This is
achieved by the rounding procedure in [7]. Let the set of outliers beT and letV \ T denote the
remaining set of nodes.

2. Probe the setT . Let Tσ ⊆ P denote the realization of these nodes. Construct theK-median so-
lution on the pointsV \ T ∪ Tσ in metric spaced using any approximation algorithm (either the
4-approximation in [5, 26, 6] which work against the LP bound, or the(3 + ε) approximation in [2]).

Analysis. Let ADAPT denote the value of the optimal adaptiveK-median solution. The following
lemma is immediate from the description of the algorithm and Lemma 4.1.

Lemma 4.2. There exists a polynomial time computableK-median solution restricted to the unprobed
node-setV \ T of value at most5 ·ADAPT .

Using Lemma 4.2, we can see that the non-adaptive strategy can spend probe cost5C and find a solution
with 2K centers,K for the probed variables andK for the unprobed, of expected value at most(8 + ε) ·
ADAPT . We reduce this toK centers below. The proof involves constructing aK-median solution that
fractionally maps centers in the non-adaptive solution to centers in the optimal solution. This is done for
every scenario of the realization of the locations of all the nodes, and averaged over the scenarios. The
key technical hurdle is that theK-median solutions are over nodes which are distributions, and the optimal
solution and the non-adaptive solutions could probe different sets of these nodes. We therefore need to
construct fractional solutions for analysis which areindependentof the distributions. The technical details
are in Appendix B.

Theorem 4.3. The non-adaptive solution constructed above has probing cost5C and has value at most
29 ·ADAPT .
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4.2 Arbitrary Centers

Consider now the case where the centers themselves are allowed to be input nodes, and therefore distribu-
tions. After probing, the center selection policy could decide to open an unprobed input node as a center,
and assign probed and unprobed nodes to this center. The distance cost between the center and the assigned
node is the expected distance between them, where the expectation is taken over possible locations of the
center and the assigned node. We note that the linear programming relaxation is still a lower bound on the
adaptive optimal solution. We omit the proof of the following.

Theorem 4.4.The previous algorithm yields a non-adaptive probing strategy of cost5C, using2K-medians,
an (8 + ε)-approximation to the adaptive optimal solution usingK medians.

We show that the above is the best possible in the following sense. We show below that any non-
adaptive algorithm has polynomially large adaptivity gap onbothdistance and probing cost if it is restricted
to opening at most(1 + ε)K centers for some constantε > 0. Intuitively what fails is the following: In
the proof for fixed centers, we mapped the unprobed nodes of the non-adaptive solution to a set of nodes in
P, and constructed a fractional solution using these locations for these nodes. This ensures that the metric
space is overP and independent of distributions. In the current setting, an unprobed node could be mapped
to an unprobed center. Therefore across scenarios, the metric space over the locations of the nodes changes.

Theorem 4.5. The adaptivity gap forK-medians when centers can be input nodes is polynomially large on
both distance and probing cost.

Proof. ConsiderM distinct copies (at a mutual distance of at leastM3L from each other,L = M2) of the
following 2-dimensional node set. In copym, there arer + 1 “cheap” nodesX1m, X2m, . . . which cost1 to
probe. DistributionXim is 0 with probability1/2 andi + 1 otherwise. In addition, there are pairs of nodes
which are well-separated from other pairs by a large distanceL. Pair j corresponds to two distributions:
Yjm andZjm. Yjm is (L+ jL, 1) with probability1− log t/t and(L+ jL, 0) with probabilitylog t/t. Zjm

is (L + jL,−1) with probability1 − log t/t and(L + jL, 0) with probability log t/t. These distributions
are “expensive” with probing cost(r+1)M . Again note that the nodes for eachm are far removed from the
nodes corresponding to otherm. Let K = (2t + r)M . For eachm, the adaptive solution will place2t + r
medians. Assumer > 2 log Mt, andM � t2.

The adaptive algorithm probes the “cheap” distributionsX∗. For somem, if X∗m resolve tor+1 values
distinct points (this happens with probability1/2r+1 for a particularm and therefore M

2r+1 overall), then
probeall the “expensive” distributionsY∗ andZ∗. If at mostr distinct values are observed for allm, then do
not probe further, since there is ak median solution of value0 in which every one of the expensive nodes,
and the realized locations of the cheap nodes is a median. The expected probing cost of this scheme is at
mostM(r + 1) + (r + 1)M ·Mt · M

2r+1 ≤ 2M(r + 1).
We now analyze the expected distance. For a certainm, when the expensive nodesY∗m andZ∗m are

probed, with probability1− (1− log t/t)2t ≥ 1− 1/t2 some pair collides on thex-axis. In this case, thek
medians solution has distance cost0, else it has a distance cost of at most2. The expected distance cost is
therefore at most(1/2r+1) · (1/t2) · 2 for eachm. Therefore, the overall expected distance cost isM

t22r .
Any non-adaptive probing scheme must probe at least one expensive distribution in each copy, else the

distance cost is at least1
2r+2 � M

t22r in that copy (in the case where the cheap distributions resolve to distinct
values w.p.1/2r+1, the distance cost will be at least0.5). Therefore, the probing cost needed is(r + 1)M2,
which implies that unless the probing cost is a factorM larger than the adaptive scheme, the distance cost
must bet2

M times larger. Therefore, no non-trivial adaptivity gap is possible.
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A On the Technical Difficulty of Model-driven Optimization

Obtaining convex relaxations: First consider the technical difficulty in expressingeven the non-adaptive
versionsof the problems as a convex optimization problem. Let us begin from any convex stochastic op-
timization problem over random variables~X, e.g., min{E[ ~X · ~y] | ~y ∈ P} whereP is a convex set.
By linearity of expectation, the above is no harder than deterministic convex optimization, since the ob-
jective is simply

∑n
i=1 E[Xi]yi. In a non-probing model the vector~y is chosenbeforethe values of~X

are revealed, and thus expressing the problem as a convex program is straightforward. In the probing
model, the vector~y is chosenafter the values of variables in a setS are probed and revealed. The goal
now is to find the best setS∗ of variables to probe such that (i)

∑
i∈S∗ ci ≤ C, and (ii) we minimize

E[min{
∑

i∈S∗ Xiyi +
∑

i/∈S∗ µiyi | ~y ∈ P}] whereµi = E[Xi]. The most natural relaxation for the prob-
lem is to have an indicator variablezi which is1 if Xi is probed, and0 otherwise. The relaxation yields:

Minimize E[min{
n∑

i=1

(Xizi + µi(1− zi)) · yi | ~y ∈ P}]∑
i cizi ≤ C

0 ≤ zi ≤ 1 ∀i = 1, 2, . . . , n

The above formulation is clearly non-linear. Unfortunately,it is also concave in general, even in the simple
case whereP = {

∑
i yi ≥ 1, ~y ≥ 0}, which encodes finding the minimum element. In view of the

concavity, we cannot expect general convex programming relaxation based approach to easily solve our
problem. In general, these problems become hard to approximate – whenP encodes an arbitrary set of
linear covering constraints, we now show an approximation preserving reduction from set cover.

Theorem A.1. If the convex setP encodesm arbitrary linear covering constraints, then no sub-polynomial
approximation factor on the objective is possible in polynomial time unless the probing cost is inflated by a
factor ofΩ(log m), assumingNP 6⊆ DTIME(mO(log log m)).

Proof. We reduce from SET COVER. Given a set cover instance withn setsQ1, Q2, . . . , Qn andm elements
e1, e2, . . . , em where the goal is to decide if there is a set cover of sizek, construct a stochastic fractional
weighted set cover instance:

min E[
n∑

i=1

Xiyi + γyU ]

∑
i:ej∈Qi

yi + yU ≥ 1 ∀ej , j = 1, 2, . . . ,m

yi, yU ≥ 0 ∀i = 1, 2, . . . , n

The weightsXi in the objective are stochastic and can be probed at costci. Note that in the absence
of probing, such a fractional set cover instance is polynomial time solvable. TheXi are i.i.d. Bernoulli
variables which areW with probability p and0 otherwise. Defineγ = Wp. Setp = 1

2n so thatW =
γ2n. Chooseγ = n2. Note that there is a setU which contains all elements, and has weightγ which is
deterministic. The probing budget isC = k. Let V denote the collection of all sets.
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First consider designing a non-adaptive probing scheme. Any scheme chooses a subsetS ⊆ V of sets
to probe to resolve their weight. With probability at least(1 − 1/2n)n, all weights resolve to0. If these
sets cover all elements, then the weight of the objective for the fractional set cover instance is0. With the
remaining probability the fractional solution setsyU = 1, and therefore its objective value isγ. Therefore,
if S defines a set cover, then the expected objective value is≈ (nγ)/2n � γ. If the sets inS do not define
a set cover, then the expected weight for any choice of the vector~y is at leastγ. Since approximating the
size of the optimal set cover isΩ(log m) hard [14], designing a non-adaptive scheme with any non-trivial
guarantee on the objective has to incur probing costΩ(k log m) = Ω(C log m).

Next consider adaptive observation strategies. Consider the event that all observed weights are0. Let
S0 denote the collection of sets whose weights are probed, conditioned on this event. The probability of this
event is at leastp0 = (1 − 1/2n)n. Therefore, the expected probing cost of this strategy is≈ |S0|. Let b0

denote objective value of the solution in this event. If this event does not occur (which is with probability at
most n

2n , the objective value of the strategy is at mostγ. The expected value of the strategy is therefore at
most≈ b0 +nγ/2n. If b0 = 0 (so thatS0 is a set cover), this cost is≈ nγ/2n � γ, else it is at leastγ, since
b0 ≥ γ in this case. Therefore, an adaptive strategy cannot have a better approximation guarantee than a
non-adaptive strategy, since it would imply an algorithm for choosingS0 so thatb0 = 0, which corresponds
to S0 being a set cover.

In view of the above observations, one of the major challenges is in capturing ideal abstractions that can
be expressed and rounded easily – this is one of the main contributions of our work.

Adaptivity gaps: Even the simplest covering problems in the probing model have significant adaptivity
gaps. In particular, the adaptivity gap of finding the minimum element (even up to any polynomial factor)
is polynomial. This can be seen withn i.i.d. variablesXi = B(1, 1

2) with unit probing costs. The optimal
adaptive algorithm probes all variables in arbitrary order, stopping when any variable is observed to be0.
The expected value is12n and the expected cost is2. The non-adaptive algorithm that spends costk achieves
an objective of 1

2k , implying an exponentially large gap. For a version of the minimum element problem
an adaptive solution is presented in [19]. We again note that our definition of non-adaptive meansparallel
or one-shot observations, and isdifferent from the definition of non-adaptive in [10]. The difference in
definitions is intrinsic to the two models. The adaptive solution we present in [19] would be ”non-adaptive”
according to the definition of [10], since theorderof probing the variables can be fixed in advance.

B The Omitted Proofs

Lemma B.1. (Lemma 2.1) For a setS = {X1, X2, . . . Xn}, let t = E[maxi∈S Xi]. Then,
∑

i∈S E2t[Xi] ≤
2t.

Proof. If all the variables are independent Bernoulli so thatXi = B(si, pi) is si with probabilitypi and0
with probability1− pi, Kleinberg, Rabani, and Tardos [28] show that

∑
i E2t[Xi] ≤ 2t. For completeness,

we re-prove Lemma 3.3 in [28].
Fix any numberL such that

∑
i EL[Xi] > L. We will show thatt > L

2 . This would mean that
settingL = 2t, we must have

∑
i E2t[Xi] ≤ 2t. For the proof, continuously reduce thepi values until for

the new random variables̃Xi, we have
∑

i EL[X̃i] = L. We will prove thatE[maxi X̃i] ≥ L/2. Since
t = E[maxi Xi] > E[maxi X̃i], this would implyt > L/2. Let qi denote the new probability ofsi in
random variableX̃i (we haveqi ≤ pi).

Let S′ = {i|si ≥ L}. Since
∑

i∈S′ qisi = L andsi ≥ L for i ∈ S′, we have
∑

i∈S′ qi ≤ 1. Re-number
the variables so thatsk ≥ sk−1 ≥ · · · ≥ s1 ≥ L belong to setS′. Let xi =

∑
j≥i qj . Let Ei denote the
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event that at least one of the random variables{X̃j}j≥i is in ”on” state (that is, does not have value0). Let
yi = Pr[Ei]. We havexi ≤ 1 for all i = 1, 2, . . . , k since

∑
i∈S qi ≤ 1.

For anyi = 1, 2, . . . , k, setq =
P

j≥i qj

k−i+1 . Note thatxi ≤ 1, so we have

yi = 1−Πj≥i1− (1− qj) ≥ 1− (1− q)(
1
q

P
j≥i qj)

≥ 1− exp(−
∑

j≥i qj) ≥ 1− e−xi ≥ xi
2

We therefore have

t > E[maxi X̃i] ≥
∑k

i=1 si × Pr[X̃i is on ∧ not Ei+1]
≥

∑k
i=1 si(yi − yi+1) =

∑k
i=1 yi(si − si−1)

≥ 1
2

∑k
i=1 xi(si − si−1) ≥ 1

2

∑k
i=1 qisi = L

2

This proves thatt > L
2 , which completes the proof for the Bernoulli case.

For general distributions, we reduce to the Bernoulli case. We express the distributions as the maximum
of a collection of Bernoulli distributions as follows. Suppose distributionXi takes on valuess1 < s2 <
· · · < sm with probabilitiesp1i, p2i, . . . , pmi. Createm independent Bernoulli variablesYi1 = B(sm, pmi),
Yi2 = B(sm−1,

p(m−1)i

1−pmi
), Yi3 = B(sm−2,

p(m−2)i

1−p(m−1)i−pmi
), . . .. We haveXi = maxm

j=1 Yij . Therefore,

E[maxi∈S,j∈{1,...,m} Yij ] = t. From the Bernoulli case, we have
∑

i∈S

∑m
j=1 E2t[Yij ] ≤ 2t.

Clearly,

m∑
j=1

Eq[Yij ] = smpmi + sm−1

p(m−1)i

1− pmi
+ . . . ≥ smpmi + sm−1p(m−1)i + . . . = Eq[Xi]

Therefore,
∑

i∈S E2t[Xi] ≤ 2t.

Lemma B.2. (Lemma 3.1) For any partitioning of the jobs into two disjoint setsA andB, we have:∑
i,j∈A,j≥i

wiwj min(αi, αj) +
∑

i,j∈B,j≥i

wiwj min(αi, αj) ≥
∑

i∈A,j∈B

wiwj min(αi, αj)

Proof. Let γij = min(αi, αj). First, suppose allγij = 1. We have:

(
∑

i∈A wi −
∑

j∈B wj)2 ≥ 0
⇒ 2(

∑
i,j∈A,j≥i wiwj +

∑
i,j∈B,j≥i wiwj) ≥ 2(

∑
i∈A wi)(

∑
j∈B wj)

⇒
∑

i,j∈A,j≥i wiwj +
∑

i,j∈B,j≥i wiwj ≥
∑

i∈A,j∈B wiwj

We next consider the case of generalαi. We will prove this by induction on the number of jobs (the base
case being trivial). Leti∗ = argminiαi. For each jobi, let βi = αi − αi∗ , and letδij = min(βi, βj). We
have:

wiwjγij = wiwj(αi∗ + δij)

From the proof of theγij = 1 case, we have:

αi∗(
∑

i,j∈A,j≥i

wiwj +
∑

i,j∈B,j≥i

wiwj) ≥ αi∗
∑

i∈A,j∈B

wiwj

The set of jobs with non-zeroβ values is strictly smaller thann. Let Z be the set of jobs withβi = 0. By
the inductive hypothesis we have:∑

i,j∈A\Z,j≥i

wiwjδij +
∑

i,j∈B\Z,j≥i

wiwjδij ≥
∑

i∈A\Z,j∈B\Z

wiwjδij

Adding the previous two inequalities, we have the proof of the lemma.
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Lemma B.3. (Lemma 3.2)OPTLP ≤ ADAPT .

Proof. Given a strategy of optimum, denoteb(i, j) be the probability that betweeni andj, the optimum
solution probesi first (including the event that it does not probej at all). Likewise defineb(j, i) to be the
probability thatj is probed beforei (or only j was probed). Definen(i, j) to be the probability that neither
i nor j is probed. Thusb(i, j) + b(j, i) + n(i, j) = 1. Let eventϕ(i), ϕ(j) be the probabilities with whichi
andj were probed respectively. Clearlyϕ(i) ≥ b(i, j) andϕ(j) ≥ b(j, i).

The adaptive optimal algorithm obeys
∑

i ϕ(i)ci ≤ C. Thus the quantitiesϕ(i), n(i, j) satisfy the set
of equations: ∑

i

zici ≤ C

e(i, j) + zi + zj ≥ 1 for all i, j

with zi = ϕ(i) ande(i, j) = n(i, j).
The solution of the optimum strategy is lower bounded by∑

j>i

n(i, j) min{wiµj , wjµi}+
∑

i

(1− ϕ(i))wiµi

This follows from the fact that in the scenarios in which neitheri nor j is probed, the best strategy for the
optimum is to schedule the jobs according to their expectation. Thus the LP is a lower bound of the optimum
adaptive policy.

Lemma B.4. (Lemma 4.1) The optimal solution to the linear program provides a lower bound on the value
of the adaptive optimal solution.

Proof. LetΦi be an indicator random variable which is1 if nodei is probed by the adaptive optimal solution,
and0 otherwise. Letφi = E[Φi]. Clearly,

∑
i∈V ciφi ≤ C.

Let Γ(i, s) be an indicator variable which is set to1 if the optimal solution does not probe nodei and
assigns this node to centers. Let γ(i, s) = E[Γ(i, s)]. If a nodei is not probed, the distance to centers is
d(i, s). Therefore, the cost of the adaptive optimal solution is at least

∑
i∈V,s∈S d(i, s)x(i, s).

Let R(s) = maxi∈V Γ(i, s), and letρ(s) = E[R(s)]. In any solution, we always have
∑

s∈S Γ(i, s) +
Φi ≥ 1 ∀i ∈ V . This statement is trivial if nodei is probed andΦi = 1. Else, nodei has to be assigned
to some center inS, and hence the inequality follows. Taking expectations, we have

∑
s∈S γ(i, s) + φi ≥

1 ∀i ∈ V .
Similarly, sinceR(s) ≥ Γ(i, s), we haveρ(s) ≥ γ(i, s) ∀s ∈ S, i ∈ V .
We also have

∑
s∈S R(s) ≤ K, since centers withR(s) = 1 are definitely used by the solution. Taking

expectations, we have
∑

s∈S ρ(s) ≤ K. Settingx(i, s) = γ(i, s), zi = φi, andys = ρ(s) completes the
proof.

Theorem B.5. (Theorem 4.3) The non-adaptive observation strategy forK-medians has probing cost5C
and has value at most29 ·ADAPT .

Proof. We construct the non-adaptive solution in two phases: first, constructK medians on the unprobed
nodesV \ T using the outlier algorithm. Now move the unprobed nodes to the corresponding centers, and
construct aK-median solution on the realization of the nodes inT and the nodes inV \ T located at their
respective medians.

We will proceed by considering scenarios of the values of all nodes. Fix some sampleσ of the locations
of all nodes. LetAσ denote the value of the optimal adaptive solution given this scenario. Therefore,
E[Aσ] = ADAPT where the expectation is overσ.
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Focus now on the non-adaptive solution. For the scenarioσ, let Uσ denote the distance value of the first
phase which clusters just the unprobed nodes. Therefore,E[Uσ] ≤ 5 ·ADAPT from Lemma 4.2.

Fix the realizationr of the nodes in the probed setT . LetFr denote the set of samplesσ corresponding
to this realization ofT . For scenarioσ ∈ Fr, let Pσ ⊆ P denote the set of realized nodes forT , along with
the nodes ofV \T located at their corresponding medians constructed in the first phase. Note that the setPσ

is the same for allσ ∈ Fr; therefore, the non-adaptive solution constructs a uniqueK-median solution for
all these scenarios in the second phase. We now construct a fractionalK-median solution onPσ for σ ∈ Fr.

In scenarioσ send each probed node (in setT ) to its assigned center in the optimal solutionAσ. Simi-
larly, send each unprobed node (which is located at its assigned center in the solutionUσ) back to its realized
location in scenarioσ and from there to its assigned center inAσ. This yields a mapping from the nodes
Pσ to K medians in scenarioσ. The distance value of this mapping is at mostAσ + Uσ by triangle in-
equality. Note that the distances in this mapping are distances between points inP, and do not involve the
distributional nodesV . This yields a validK-median solution onPσ.

Since there is a feasibleK-median solution for eachσ ∈ Fr, these when averaged overσ ∈ Fr define a
fractionalK-median solution for the set of pointsPσ. Note again thatPσ ⊆ P is the same set of points for
all σ ∈ Fr. Therefore, there is an integerK-median solution onPσ of value4 times this fractional value.
The non-adaptive algorithm pays at most this integer value for the second phase for scenariosσ ∈ Fr.

The expected value of this second phase solution over all realizationsr of nodes inT is therefore at most
4E[Aσ + Uσ] ≤ 24 ·ADAPT . The overall value the non-adaptive algorithm is the sum of the values of the
two phases, and is therefore at most29 ·ADAPT .

C KNAPSACK: Random Item Sizes

We consider the KNAPSACK problem where the profits are deterministic valuesti and the sizes are random
variablesXi. This generalizes the stochastic knapsack problem in [10] to include probing. Itemi has
observation costci and the knapsack capacity isB. The “soft” budget on the probing cost is given by
C ≥ maxi ci.

In the absence of probing, the problem formulation is exactly the same as in [10]. Call this problemU .
The solution is an adaptive policy to place items into the knapsack, when the exact size of an item is revealed
after it is placed into the knapsack, and the goal is to choose that placement policy which maximizes the
expected profit.

In the presence of probing, our goal is to design an adaptive policy that can possibly probe an item to
determine its exact sizebeforedeciding to place it in the knapsack, subject to the expected probing cost
being at mostC. If an unprobed item is placed in the knapsack, there is no probing cost incurred; however,
the exact size of the item is revealedafter it is placed in the knapsack. Therefore the policy makes joint
adaptive decisions both about probing the items, as well as about their placement (with or without probing)
into the knapsack. We assume that the probing decisions need not be coupled with the placement decisions –
a policy can probe itemi, followed by itemj, and then decide to place unprobed itemk in the knapsack, and
finally, based on the knowledge of the exact sizes of itemsi, j, andk, decide to place itemi in the knapsack.
Let the optimal such policy beOPT . Note that if the probing costs of the items are infinitely large, the
placement policy is restricted to using only unprobed variables; therefore, optimal policy is the same as that
for U (or stochastic knapsack [10]).

For a set of probed itemsS define the best expected profit for packing a subset ofS into the knapsack
to be:

g(S) = E[ max
Q⊆S,

P
i∈Q Xi≤B

∑
i∈Q

ti]

If the placement policy is restricted to using only probed variables, the formulation is as follows: The
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adaptive algorithm now adaptively probes a setS of items. Subject to the constraintE[
∑

i∈S ci] ≤ C, the
goal is to maximizeE[g(S)]. Here, the expectation is on the adaptive choice ofS and the random variables
probed. Call this problem formulationP.

Consider the algorithmA that chooses the better of two policies: The optimal policy forP (which
restricts the placement policy to use only probed items), and the optimal policy forU (which restricts the
placement policy to use only unprobed variables). The latter policy is of course is the same as the optimal
policy for stochastic knapsack [10].

Lemma C.1. A is a1/2-approximation to the optimal adaptive joint probing and placement policy,OPT .

Proof. Consider any leaf node in the optimal decision tree. Half the profit at that leaf node is derived from
either probed or unprobed items. If half the optimal expected profit is derived from unprobed items, then the
optimal algorithm that uses only unprobed variables yields at least this expected profit. If half the optimal
profit is derived from probed items, the optimal strategy that uses only probed items yields at least this
profit. This is easy to see by performing the probes and ignoring the items after probing, but conditioning
the remaining actions on the results of the probes. We omit the details.

For U , the algorithm in [10] yields a1/4-approximation. We now focus on designing an adaptive
algorithm forP.

We note that the definition of ”non-adaptive” is different for the probing and the placement policies. The
approximate placement policy forU is non-adaptive according to the definition of [10], since theorder in
which items are placed into the knapsack is fixed. A probing policy is non-adaptive if the probes are done in
parallel (or one-shot). We show below that the optimal adaptive probing policy forP can be approximated
to a constant factor by anon-adaptiveprobing policy, that chooses upfront a set of items to probe, and based
on the result of the probes (now, all item sizes are known exactly), chooses a subset of these to place in the
knapsack. The placement policy involves solving a deterministic knapsack instance given the outcome of
the probing policy. Therefore, we show that the overall joint probing and placement policy is non-adaptive
by losing a constant factor onOPT .

C.1 Restriction to Probed Items

We now show that for the problemP, any adaptive probing policy has at most a constant factor benefit over
the best non-adaptive (one-shot) probing policy. This holds for adaptive policies with either hard or soft
budgets.

Non-adaptive Greedy Algorithm We first show a greedy algorithm which is a constant factor approxi-
mation to the optimalnon-adaptiveprobing policy forP. Let S∗ denote argmaxS|Pi∈S ci≤Cg(S) denote
the optimal non-adaptive solution. Denote byf(S) the fractional profit that is obtained by probing the setS
and packing a subset in the knapsack. Formally,

f(S) = E[ max
~y≥0,yi≤1,

P
i∈S Xiyi≤B

∑
i∈S

tiyi]

We can assume w.l.o.g. that our distributions satisfyXi = ∞ if Xi > B. Therefore, in any scenario of
values of sizes of items, the integer profit is at least half the fractional profit. Therefore,g(S) ≥ 0.5f(S).
We show in [15] thatf is submodular. This defines a natural greedy algorithm which is a constant factor
approximation to the best non-adaptive solutionS∗.

We now show that the greedy non-adaptive algorithm is also a constant factor approximation to the best
adaptive probing policy.
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Adaptivity Gap: Let T ∗ = max{f(S)|
∑

i∈S ci ≤ C}. Split the items into two classes based on whether
ti ≤ 2T ∗ or not. We bound the “excess” over the non-adaptive solution for each set of items using separate
techniques.

First consider the class withti ≤ 2T ∗ denotedG1. LetRi = ti if Xi
ti
≤ B

2T ∗ and0 otherwise. Intuitively,
Ri > 0 only for items with profit to size ratio at least2 times the non-adaptive optimal profit to size ratio.
We use Chernoff bounds in this case.

Lemma C.2.
∑

i∈S∩G1
E[Ri] ≤ 10T ∗ for any setS such that

∑
i∈S ci ≤ C.

Proof. Suppose
∑

i∈S∩G1
E[Ri] ≥ 10T ∗. By Chernoff bounds,Pr[

∑
i∈S∩G1

Ri ≤ 2T ∗] ≤ e−
10T∗
4tmax < 0.5.

In the event that
∑

i∈S∩G1
Ri ≥ 2T ∗, each item withRi > 0 has profit to size ratio at least2T ∗

B . A (possibly
fractional) subset of these items of profit exactly2T ∗ therefore has total size at mostB, which is feasible.
Since the event

∑
i∈S∩G1

Ri ≥ 2T ∗ happens with probability greater than0.5, the expected profit fromS is
greater thanT ∗, contradicting the optimality ofT ∗.

For the other class withti ≥ 2T ∗ denotedG2, we need a different bounding technique. DefineDi = ti
if Xi ≤ B and0 otherwise. Therefore,Di > 0 implies the item by itself fits into the knapsack. We have the
following lemma, which is based on Lemma 2.1.

Lemma C.3.
∑

i∈S∩G2
E[Di] ≤ 2T ∗ for any setS with

∑
i∈S ci ≤ C.

Proof. Consider the solution that probes setS and fits the item with largestDi in the knapsack. The profit of
this scheme isE[maxi∈S∩G2 Di]. Therefore,E[maxi∈S∩G2 Di] ≤ T ∗. By using Definition 2 and applying
Lemma 2.1, we have

∑
i∈S E2T ∗ [Di] ≤ 2T ∗. Observing thatti ≥ 2T ∗ andDi is a Bernoulli variable which

is 0 or ti, we haveE2T ∗ [Di] = E[Di]. Therefore,
∑

i∈S∩G2
E[Di] ≤ 2T ∗.

Theorem C.4. The non-adaptive optimal solution is a constant factor approximation to the value of any
adaptive observation strategy.

Proof. Let Zi denote the event that the adaptive algorithm observes the size of itemi and letzi = E[Zi]. Let
random variableY =

∑
i∈G1

ZiRi +
∑

i∈G2
ZiDi denote the total profit of items withRi > 0 andDi > 0

observed by the algorithm. We haveE[Y] =
∑

i∈G1
ziE[Ri]+

∑
i∈G2

ziE[Di]. We also have
∑

i cizi ≤ C.
Therefore, using Lemma C.2 and Lemma C.3, we haveE[Y] ≤ 2(10T ∗ + 2T ∗) = 24T ∗.

The items withRi = 0 cannot account for more than2T ∗ of the profit in any scenario, given the upper
bound on their profit to size ratio of2T ∗/B. The items withDi = 0 do not fit into the knapsack anyway.
Therefore, expected profit of the adaptive algorithm is at mostE[Y] + 2T ∗ ≤ 26T ∗.

D Minimum Spanning Trees

We consider the minimum spanning tree problem – the algorithms extend to Steiner trees and Metric Trav-
eling salesman problem naturally. The input is a collection ofn nodes. The location of nodei is an inde-
pendent random variableXi, which is a distribution over pointsP in space. LetV denote the set of random
variables. The exact location of nodei is determined by spending probing costci. The goal is to design
an adaptive probing scheme which minimizes the expected cost of connecting the nodes by a spanning
tree, subject to the constraint that this decision tree has expected probing cost at mostC. Let l denote the
distances in the underlying metric space.
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Roadmap: We will follow the same recombinant strategy used earlier; and as in thek-Median problem
we would have to express an LP over a different metric space. LetD(i, j) = l(Xi, Xj) denote the random
variable corresponding to the distance betweenXi andXj . Let d(i, j) = E[D(i, j)] where the expectation
is over the random variablesXi andXj .

Claim D.1. d(i, j) + d(j, k) ≥ d(i, k).

Proof. For any realization of the values ofXi, Xj , andXk, we haveD(i, j) + D(j, k) ≥ D(i, k). Taking
expectations over the random choices ofXi, Xj , andXk, the claim follows.

Define the following metric space: The vertices are the pointsM = P ∪ V. The distance metric isd.
For i, j ∈ V, d(i, j) = E[D(i, j)] = E[l(Xi, Xj)]. For i, j ∈ P, d(i, j) = l(i, j). For i ∈ P, j ∈ V, define
d(i, j) = E[l(i, Xj)].

We again show that an outlier strategy achieves a constant factor approximation to the best adaptive
solution. Define the following ”prize-collecting” Steiner problem over the pointsV in the metric spaced:
There is a cost ofci for every nodei ∈ V. The goal is to choose a set of nodesS ⊆ V with total cost at most
C to discard such that the value of the Steiner tree on the nodes inV \ S is minimized.

The following is the well-known linear relaxation of this problem. Define a variablezi which is 1 of
nodei ∈ V is discarded and0 otherwise. Fori, j ∈ M, define an indicator variablex(i, j) if the MST
includes an edge between these two nodes.

Minimize
∑

i,j∈M
d(i, j)x(i, j)

∑
k∈V ckzk ≤ C∑

i∈S,j /∈S x(i, j) + zk + zl ≥ 1 ∀S ⊆M, k ∈ S ∩ V, l ∈ V \ S

zk, x(i, j) ∈ [0, 1] ∀k ∈M, i, j ∈ V

Lemma D.2. The value of the optimal adaptive strategy is at least the optimal value of the above linear
program.

Proof. Define a random variableΦk which is1 if the optimal solution probes nodek ∈ V, and zero oth-
erwise. We haveE[Φk] = φk. We have

∑
k∈V ckφk ≤ C since the expected probing cost of the adaptive

solution is at mostC.
For any leafl of the optimal decision tree, a certain setSl ⊆ V of nodes are unprobed, and the locations

of nodes inV \ Sl are known precisely. LetPl ⊆ P denote the set of these locations. The solutionTl

constructed by the adaptive solution for this leaf nodel is the MST on the nodesSl ∪ Pl in the metric space
d. This tree is a Steiner tree on the unprobed nodesSl.

Each leaf nodel of the optimal decision tree generates one such Steiner treeTl on the unprobed nodes
Sl. For i, j ∈ M, let Γ(i, j) be a random variable which is1 if the Steiner tree has a link between nodei
and nodej, and0 otherwise. Letγ(i, j) = E[Γ(i, j)].

The value of the Steiner tree is
∑

i,j d(i, j)Γ(i, j). Therefore, the optimal adaptive solution is lower
bounded by

∑
i,j d(i, j)γ(i, j).

If two nodesk, l ∈ V are both unprobed, thenΦk = Φl = 0 and the Steiner tree must connectk andl.
Therefore,

∑
i∈S,j /∈S Γ(i, j) + Φk + Φl ≥ 1 for all setsS ⊆M such thatk ∈ S andl /∈ S. This condition

is trivially true if one of the nodes is probed. Therefore, it is true always. By linearity of expectation,∑
i∈S,j /∈S

γ(i, j) + φk + φl ≥ 1 ∀S ⊆M, k ∈ S ∩ V, l ∈ V \ S

Settingx(i, j) = γ(i, j) andzk = φk now completes the proof.
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Algorithm.

1. Round the above LP into an integer solution using the primal-dual algorithm of Goemans and Williamson [17].
This yields a Steiner tree onS∗ ⊆ V which is a4 approximation to the objective value such that the
cost of the nodes inV \ S∗ is at most4C.

2. Probe the variables corresponding to the nodes inV \ S∗.

3. The locations for nodes inV \ S∗ are known exactly and are now a subsetP ∗ ⊆ P. Output the MST
onS∗ ∪ P ∗ in metric spaced.

Analysis. We now show that the non-adaptive algorithm described above has a constant factor adaptivity
gap. LetADAPT denote the expected value of the optimal adaptive solution.

Lemma D.3. The expected value of the MST on the probed setV \ S∗ is at most2 ·ADAPT .

Proof. In any realization of the values of nodes inV \ S∗, the adaptive solution defines a Steiner tree
connecting these nodes. Ignoring Steiner nodes at most doubles the cost of the tree. Therefore, the proof
follows.

Lemma D.4. The value of the MST on the unprobed setS∗ has value at most8 ·ADAPT .

Proof. The rounding scheme returns a Steiner tree on nodesS∗ in metricd whose value is4 times the value
of the fractional solution, whose value in turn is at mostADAPT by Lemma D.2. Since the spanning tree
on these nodes has value at most twice the value of the Steiner tree, the claim follows.

Theorem D.5. The non-adaptive algorithm has value at most11 · ADAPT while spending probing cost
4C.

Proof. The value of the non-adaptive algorithm is at most the expected value of the MST on the probed
set plus the value of the MST on the unprobed set plus the expected cost of connecting some probed and
unprobed nodes. The former two values add up to at most10 ·ADAPT by Lemmas D.3 and D.4.

We now show that the expected value of connecting some pair of probed and unprobed nodes is at most
ADAPT . Fix any nodei ∈ V \ S∗ and a nodej ∈ S∗. In any scenario of the locations of these nodes, the
value of the optimal solution is at least the distance between these nodes. This is true whether the nodes are
probed or not. Therefore, the expected value of connectingi andj is at mostADAPT . This completes the
proof.

E Minimum MAKESPAN Scheduling

We now consider the problem of minimizing the makespan on identical parallel machines. In this problem,
there arem identical machines, andn jobs, whose sizes are random variables,X1, X2, . . . , Xn. We can
probe jobi by spending costci, and find the exact value of its processing time. Given a bound on the total
query costC, the goal is to find the subset of variables to probe so that the expected value of the makespan
(load on the most loaded machine) is minimized. We show a constant factor adaptivity gap for Bernoulli
distributions; the proof for general distributions is similar. LetV denote the set of all jobs.
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Roadmap: In the formulation below, we focus on minimizing the makespan of the unprobed jobs subject
to the budget constraint on the cost of the probed jobs. The reason is the following. The probed and unprobed
jobs can be scheduled separately to a factor2 loss in approximation ratio. Also, the makespan of the probed
jobs can be approximated to arbitrary accuracy with respect to the load of the optimal adaptive algorithm
in any realization of their values. Therefore, theoutlier problem which minimizes the makespan of just
the unobserved jobs only loses a factor of2 in the approximation ratio. For these jobs, we use the lower
bounds developed by Kleinberg, Rabani, and Tardos [28], using Lemma 2.1 for large jobs, and a notion of
“effective” size for small jobs.

In previous applications of the outlier technique, we showed that the adaptive solution is a lower bound to
the LP relaxation to the outlier problem. However, showing that the optimal solution is feasible for the linear
relaxation of the outlier problem is difficult in this case. We therefore use a simpler approach of blowing up
the outlier cost by a factor of two, and arguing that the optimalintegersolution to the new outlier problem is
an approximate lower bound to the optimal adaptive solution. This illustrates that any outlier algorithm with
approximation guarantees against the corresponding integer optimum can also be used for all the problems
we discussed, provided the probing cost is a priori blown up by a factor of2.

LP formulation. Each variableXi is of the formB(si, pi), meaning that it has sizesi with probabilitypi

and size0 otherwise (Bernoulli variables). The goal is to find a setT of jobs with probing cost at most2C
such that the expected makespan of schedulingV \ T is minimized.

Assume the optimal load to be1; this is achieved by guessing the optimal value and scaling. Split the
jobs into ”small” and ”large” sizes, depending on the value ofsi. If si > 1, the job is large, and it is small
otherwise.

We now use the lower bounds developed in [28]: For the jobs to be scheduled with load at most1, the
following must hold:

1. The sum of the expected sizes of the large jobs should be at most a constant.

2. The sum of theeffective sizesof the small jobs averaged over them machines should be at most a

constant. Theeffective sizeof a jobXi, denotedG(i) is equal tolog E[mX ]
log m .

Let A be the set of ”small” jobs, andB be the set of large jobs. Letyi denote whether jobi belongs to
T andzi denote whether it is assigned to the setV \ T . The optimal load of schedulingV \ T is at most1
iff the following constraints are feasible.∑

i∈A G(i)zi ≤ 18m∑
i∈B pisizi ≤ 1∑

i∈A∪B ciyi ≤ 2C
yi + zi = 1 ∀i ∈ A ∪B

yi, zi ∈ {0, 1} ∀i ∈ A ∪B

Non-adaptive Algorithm. We solve the above LP for various guesses of the optimal load (in increasing
order of value) until it is feasible. The rounding scheme is simple. Setyi = 1 if it is greater than half in the
fractional solution. This does not violate any constraint by more than a factor of2, which implies (by [28])
that there is a solution whose expected load is at most a constant, and has outlier cost4C. The non-adaptive
algorithm probes this set and schedules all the jobs using the scheduling algorithm for stochastic jobs in [28].
This yields a constant factor approximation to the makespan of the optimal non-adaptive algorithm.

Theorem E.1. The above algorithm spends cost4C and yields a constant factor approximation to the
expected makespan of the best adaptive observation scheme.
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Proof. Let X∗ denote the value of the optimal expected makespan on a setV \T of jobs conditioned on the
probing cost of the setT of jobs is at most2C. The rounding procedure described above produces a solution
whose expected makespan isO(X∗) by spending probing cost at most4C.

Let indicatorΦi = 1 if job i is probed by the optimal adaptive solution. Letφi = E[Φi]. We have∑
i∈A∪B ciφi ≤ C. This impliesPr[

∑
i∈A∪B ciΦi ≤ 2C] ≥ 0.5. For the events wherePr[

∑
i∈A∪B ciΦi ≤

2C], the expected makespan of the adaptive solution conditioned on that event is at leastX∗. Therefore, the
expected makespan of the adaptive optimum is at leastX∗

2 . This completes the proof.
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