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Some notes about the typesetting used in this report:

e A syntax class is displayed boxed like (terms).

e A syntax entity is displayed unboxed like e ::= Ax:t. e (functions).

A judgement form is displayed boxed like (typings).

Mhx:t1Fe:ty
A judgement rule is displayed unboxed like TT; T - Ax:t.e : t1 —t2 (typing for functions).

I‘[1;F|—e1:t (ﬂ1;e1) — (nz;ez)
e A theorem is displayed boxed like MyThes:t (preservations).

A proof is displayed as a numbered list with the last one of the list being the conclusion. (A rule name
with downarrow (| ty-fun) means by the inversion of such rule.)
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1 Syntax
1.1 Constants

1.2 Principals

1.3 Labels

1.4 Hierarchies

1.5 Types

1.6 Variables

1.7 Terms

pui=c
P =“=DPpP
L=

Lu=p:p
L= L0

T =
Ma=TLp<p
t =
t 1= booly
tu=t—ot
X =
e 1= truey
e = falsey
en=x
e = AllTx:t. e
en==¢ee
enx=1if eee

ex=if (p<p)ee

e = [LC e

(a2)

(ap)

(tbool)

(tfun)



1.8 Contexts



2 Static semantics
2.1 Substitutions
truegle/x} = true;

false¢{e/x} = falsey

x{e/x} =e
x1{e/x2} =x
ej{e/x} =e;

(A[TT]xq :t. e7 ){e/x} = (A[TT]x7 :t. e2)

ej{e/x} =e3 ezle/x}=ey
(e1 e2){e/x} = (e3 e4)

er{e/x} =eq ez{e/x}=e5 e3{e/x}=eg
(if e7 e2 e3){e/x} = (if e4 e5 e¢)

ei{e/x} =e3 exfe/x}=e4

(if (p; <py) ey ez ){e/x} = (if (p; <py) e eq)

ej{e/x} =e;
(&1 E L2ler He/x} = (6 C £2]e2)

2.2 Principal subtypings

MEp<p

some p, ITkHp; <p, TItp, <p3
nFP] <p3

Mp; <pFp; <p;

TTHp3 <py
ey <pbp3 <p4

MEpy,p2 <py
MEpy,p2 <py

2.3 Label subtypings

sub

(sub-true)
(sub-false)
(sub-varl)

(sub-var2)

(sub-fun)
(sub-app)
(sub-ifb)
(sub-ifp)

(sub-tag)

psome

pst

(pst-z)
(pst-x)
(pst-al)
(pst-a2)

(pst-catl)

(pst-cat2)



some &, TIH&G Tl TIHE C 4

TTF ¢ C 6

MEp; <p3 Tkp, <py
MEpy:p, Ep3ipy

=4 CE 4,0
=6 E 6,0

2.4 Hierarchy subtypings

n<T
n<

some I, TI) <TI, Tl <TI3
h <TI3

T <TI
(Th,p; <py) T

T <T; ThkFtp;<py
m < (n2>P3 §P4)

2.5 Type subtypings

MG C o
TTH booly, =< booly,

TTHt3 <t TTFt; Xty
Mt =t [tz oty

2.6 Type labels

lab(booly) =¢

lab(ty) =4
1ab(t1 —)tz) ={

2.7 Typings
TT; T F truep : booly

TT; T falsey : booly

IT;THe; :booly ThNkey:t T THe3:t lab(t) =4

ThiF'Eif ej ep e3:t

Thx:tkEx:t

(Ist-x)

(Ist-p)

(Ist-catl)

(Ist-cat2)

ast

(ast-z)

(ast-x)
(ast-pl)

(ast-p2)

tst

(tst-bool)

(tst-fun)

(lab-bool)

(lab-fun)

(ty-true)

(ty-false)
(ty-ifb)

(ty-varl)



ThTrEx it
ThGxy:ity Fxp it

M<Th ThiLxity Fe:ty
ﬂ;F}—)\[ﬂ1]x:t1. et oty

ThTEey ity =ty ThTEez: ity
ThT-er ey i t2

Mp; <py;TFer:t ThTkey:t

TETE4if (py <py) ey ex:t

TME& E& TLTE e:booly,
LT H [ El’,z]e:boolez

(ty-var2)

(ty-fun)

(ty-app)

(ty-ifp)

(ty-tag)



3 Dynamic semantics
3.1 Values

val e

val trueg
val falseg

val (A[TTx:t. e)

3.2 Holes
E =
Eu=Ee
Eu=e&
En=iffee
€= [LC 0E
3.3 Splits
e =¢Ele]

if e] ey e3 =if £ ey e3leq]
e) e2 =& epler]
e] e2 =e7 £ler]
6 C Gle =16 C )€ e]
3.4 Combines
Ele] =e
Eezlerl=er e
e] Elez] =eq1 e
if £ ey ezler] =if ej ey e3
6 C G)E]l =16 C Lo

3.5 Small-step evaluations

val es ejf{er/x}=e3
TTE (AT ]x:t. e1) e2 — e3

TTH if truep e] e — e
TTH if falsep e] e2 — e

MEp <p;

TTEif (p; <py) e] e2 — e

(val-true)
(val-false)

(val-fun)

[4]

(qappa)
(qappb)
(qifb)

(qtag)

(split-ifb)
(split-appl)
(split-app2)

(split-tag)

(combine-app1)
(combine-app2)
(combine-ifb)

(combine-tag)

(ev-app)

(ev-ifbl)

(ev-ifb2)

(ev-ifpl)



M7 p; <p,

TTHif (py <py) et e — e
TTH [21 C zz}‘truee1 — truey,
T [ € &lfalsey, — falsey,

e1 =Elez] They) — e3 Elez] =ey

ﬂl—e1 — €4

3.6 Tag checkings

TTH trueg
TTH falseg

m<Th
T A[TT]x:t. e

Mher TTkez
TMkej ez

TMHe; Tlkey TIikes

TTHif e; e e3

Mp; <py kel Tlke;

TTEif (p; <py) et e2

ML TEL Tike
TME [ C &le

3.7 Top-level evaluations

’ (T;e) [TT — (TT;e)

TTH e] — ey
(T e) [TT— (TT;e)

ThhEke
(TT1;e) T, — (TTy5e)

3.8 Totalities

some TT

er{e/x} =e;

MEpy <p,
TTHpyopy

M/ py <p,
Mp; opy

M= p; op,

(ev-ifp2)

(ev-tagl)

(ev-tag2)

(ev-hole)

(ae-true)

(ae-false)

(ae-fun)
(ae-app)
(ac-ifb)
(ae-ifp)

(ae-tag)

(topev-ev)

(topev-upd)

(psty-pst)

(psty-pnst)

pst-total



3.9 Program evaluations

(TTe) | (OT;e)

val e
(T e) | (IT;e)

some T (TTy5e1)[TT— (TTz5e3)  (TTz;e2) | (TT35e3)

(TTy5e1) 4 (TTz5e3)

10

(bigev-v)

(bigev-e)



wN =

NG WwWN=

CONO U WN =

4 Lemmas

4.1 Principal subtypings

MEp <p;

ps <pstbpr <py

MEp <py
mp, <pstp <p

MEps <p;
some p;
T ps < py

Thps <ps bps <py
MEp <p;

Thps <pstp; <py
Th,ps <ps Fps <p,

e <p,Fp; <p,
(Mp; <p2)p3 <Py Py <Py

Thps <psFp; <py
M-p; <p,

(Thp3 <p4),ps <Ps FpP1 <Py

MEpy,p2 <py
T,p; <ps Fp1,p2 <Py

MEpy,p2 <P
ps <psFpP1,P2 <P

(appst-z)
*given
pst-z

(appst-x)

*given
lpst-x: 1
LIpst-x:
appst:
LIpst-x:
appst:
pst-x: 2,4,

1
3
1
5
6
(appst-al)

*given
pst-a2: 1

(appst-a2)

*given
lpst-a2: 1
pst-a2: 1

(appst-catl)
*given
pst-catl

(appst-cat2)
*given
pst-cat2

Mp; <pytp;<py Tkp; <p,

1T p3 <p4

Thp; <p, Fp3 <p3
MEp; <p,
TTHp3 <p3

Thpy <pabFps <py
some p3

Thp <p Fps <p3
MEp; <p

TTEps <p3

nyP] <p, FP3 <py
TTEp3 <py

TMEps <py

(pstpst-z)
*given
*given

pst-z

(pstpst-x)
*given
Ipst-x: 1
Ipst-x: 1
*given
pstpst: 3,4
Ipst-x: 1
pstpst: 6,4
pst-x: 2,5,7

11



wN =

W = NG~ WN =

AU hA WN =

w N =

(pstpst-al)
hpy <p,Fpy <p; *given
MEp; <p *given

(pstpst-a2)

MEpy <p “given
hp <p,Fp3<py *given
MEp; <py lpst-a2: 2

(pstpst-catl)

Thpy <py Fp3,ps <P3 *given
MEpy <p *given
M= P3,P4 < P3 pst-catl

(pstpst-cat2)

T,py <py Fp3,Ps <Py *given
MEp; <p, *given
TT=p3,p4 <Py pst-cat2

hhkEpy <p, T <TN

e <p

(astpst-z)
hhkEp<p *given
T <Th *given
MmEp<p pst-z

(astpst-x)
Thkps<p *given
some pq Ipst-x: 1
Th Fp3 <p; Ipst-x: 1
T, <Th *given
T Fp3 <py astpst: 3,4
hhEp <p; Ipst-x: 1
ThFp <p, astpst: 6,4
T2 Fp3<p; pst-x: 2,5,7

(astpst-al)

Th,py <p2Fp; <p; *given
(TT2,p; <py) < (Th,p; <py) *given
T,py <p2Fp; <Py pst-al

(astpst-a2)

M < (Th ,P3 < Ps) *given
Th Fp3 <ps iast—p?: 1
Th,p3 <pstp; <py *given
Hl ’;IH <p ipst—aQ: 3

2> 1h ast-p2: 1
ThFpy <p, astpst: 4,5

(astpst-catl)

T Fpy,py <py *given
T <Th *given
M2 Fpy,py <py pst-catl

12



1:
2:
3:

NG~ WN =

w N =

wN =

CONUT A WN =

Th Fpy,py <py
T <Th

M Fpy,py <Py

4.2 Label subtypings

Mpy <ppFHL EL TiEp; <p,

ML C L

Mpy <p, FELEXL
MEpy <p,
TTHLE L

Mp <p,FBLEL
some {;

mp <p,FGBLEYL
MEpy <p
MEGC6G

Mp <pFUGLEL
ML O
MEGCo

T,py <pbFps:p3 Epg: Py
Thpy <p, Fps <pg

MEp; <p,

TTHps <pg

Th,py <pyFp3 <py

TMEps <py

MEps:p3 Epg:py

Mpy <p,FOGC4H, 6
MEpy <p,
ML CE 4,0

Mp, <p, F&HC 6,4
MEpy <p,
ME& E 6,4

hhELGEL T <Th

T +H6 C6

M FeC e
M <Th
M FeCe

ThEGCLH
some {;
ThkH&GEEL

13

(astpst-cat2)
*given
*given

pst-cat2

pstlst

(pstlst-z)
*given
*given

Ist-z

(pstlst-x)
*given
Lst-x: 1
Lst-x: 1
*given
pstlst: 3,4
Llst-x: 1
pstlst: 6,4
Ist-x: 2,5,7

(pstlst-p)
*given
lst-p: 1
*given
pstpst: 2,3
Llst-p: 1
pstpst: 5,3
Ist-p: 4,6

(pstlst-catl)
*given
*given

Ist-catl

(pstlst-cat2)
*given
*given

Ist-cat2

(astlst-z)
*given
*given

Ist-z

(astlst-x)

*given
Lst-x: 1
Lst-x: 1



NG~

wN =

w N =

W =

NG whN =

NG~ WN—=

NG~ WN—=

M <Th

ThEGLELL
ThEHEL
Th Hi3 CE L

Thtp3:p Epgipy
T Fp3 <py

M <Th

T Fp3 <py
Thtp<p,
MEp <p;

T2 Fp3:pr Eps:py

ThEHEGL,L
M <Th
Th+HEL,L

Tht4HEL, G
T <Th
ME& LG

4.3 Hierarchy subtypings

(Th,p; <p) <Nz

Thtp<p,

T <TI

(n1,P1 sz)Sns
some TT,

(r[hP] SPz)Sﬂz
Thtp<p

M <Tl

M <3

M <3

Thtp<p
(HMP] sz)SHZ
I <TI

(nhP] SPz) < (”2>P3 §P4)
(Th,py <p) <TI

Thkp <p;

m <TI;

Th,py <paFp3 <py

Th Fp3 <py

m < (Wz,Pg §P4)

T <TI;

(Th,p; <py) TN

14

*given
astlst: 3,4
Lst-x: 1
astlst: 6,4
Ist-x: 2,5,7

(astlst-p)
*given
st-p: 1
*given
astpst: 2,3
Lst-p: 1
astpst: 5,3
Ist-p: 4,6

(astlst-catl)
*given
*given

Ist-catl

(astlst-cat2)
*given
*given

Ist-cat2

(pstast-x)
*given
last-x: 1
last-x: 1
*given
pstast: 3,4
last-x: 1
ast-x: 2,5,6

(pstast-pl)
*given
*given

last-pl: 2

(pstast-p2)

*given
last-p2: 1

*given
pstast: 2,3
last-p2: 1
pstpst: 5,3
ast-p2: 4,6



wN =

A wWN =

AU wWN =

AU wWwN=

AU WN =

T <TI3
some T1,
T <TI;
(Th,p; <p,) <Nz
T <TI3
(Th,py <p) <TT3

(HMP] sz)SHZ
m <TI;
((TM,p; <py),p3 <py) < TN

m < (WZ,P1 SPz)

M <Th

(nl‘P3 §P4)§n2

ThhkEp <p;

Th,p; <psFp; <py
(n1»P3 §P4) < (”2»P] SPZ)

T <TI;

(Th,py <py) < (2,4 < &)

T <TI

(nhP] SPz)Sﬂz

Th,py <poFpr <p2
(n1,p1 SPz)S (”LP] sz)

4.4 Type subtypings

Mp; <py;FFe:t TIkp; <p,

ThTNke:t

TT,p; < py;TF trueg : boolg
M-py <p,
TT; T truep : booly

TT,p; < p,;I'F falsep : booly
MEpy <p
TT; T falsey : booly

T,p; <py;THif e1 ey e7 :booly
T, p; <py;T'F ey :booly

Tpy; <p;

T, T F e1 :booly

T, p; <py;T"F ez :booly

;T ez :booly

15

(apast-z)
*given
ast-pl: 1

(apast-x)
*given
last-x: 1
last-x: 1
apast: 3
last-x: 1
ast-x: 2,4,5

(apast-pl)

*given
last-pl: 1
ast-pl: 1

(apast-p2)
*given
last-p2: 1
apast: 2
last-p2: 1
appst: 4
ast-p2: 3,5

(apapast-1)
*given
apast: 1
pst-al
ast-p2: 2,3

(pstty-true)
*given
*given

ty-true

(pstty-false)
*given
*given

ty-false

(pstty-ifb)

*given
Lty-ifb: 1

*given
pstty: 2,3
Lty-ifb: 1
pstty: 5,3



— N0 00 N

G wWwN =

NG WwWN =

AU WN =

CONA Ul WN =

NGO~ WN =

T, p; <py;TFeq :booly
T;,T ey :booly
lab(booly) =1¢

;T if e; ez ey :booly

Mp; <py;Nxitbx:t
MEpy <p
ThLx:tkEx:t

,py <pyihxzit2 Fxp ity
Thpy <pyiThz1 ity
MEp <p;

THTExy it

ThNxo:ta B xy ity

ﬂ],p] SPZ;FFA[ﬂz}XZt]. et —ty
(Th,py <p) <TI

ThFp <p;

T <TI;

Thy;Tx:t1 Fe:ty

T TE AT ]x:t1.e:t] —t2

Th,py <pyiThezer:ta
Thpy <pyiThex:ti—t;
MEp; <p,

ke ity >ty

Mp; <py;Tker:ty
ThTHer ity

ThTTFez eq ity

Tp; <py;THif (py <py) ez er:t
(I,py <p2)p; <pyiThHes:t
MEp; <py

py <pFpr <py

hpy <pysThex:t

Mp; <py;TFer:t

ThTker @t

ThTEif (p <py) ey er:t

TM,py <py; T[4 E &le tbooly,
ey <p,FHLEL

T=py <p;

TG C e

T,p; <py;TFe:booly,
T,k e :booly,

T, T [6 E £]e : booly,

T;TFe:t

T <Th

T TFe:t

16

Lty-ifb: 1
pstty: 7,3
Lty-ifb: 1
ty-ifb: 4,6,8,9

(pstty-varl)
*given
*given

ty-varl

(pstty-var2)
*given
lty-var2: 1
*given
pstty: 2,3
ty-var2: 4

(pstty-fun)

*given
lty-fun: 1

*given
pstast: 2,3
Ity-fun: 1
ty-fun: 4,5

(pstty-app)
*given
lty-app: 1
*given
pstty: 2,3
lty-app: 1
pstty: 5,3
ty-app: 4,6

(pstty-ifp)
*given
Lty-ifp: 1
*given
appst: 3
pstty: 2,4
Lty-ifp: 1
pstty: 6,3
ty-ifp: 5,7

(pstty-tag)

*given
lty-tag: 1

*given
pstlst: 2,3
lty-tag: 1
pstty: 5,3
ty-tag: 4,6



w N =

G whN =

G whN =

= 00N UHAWN=

NG wWN=

NG~ WN-—=

TT1; T F trueg : booly
M <Th
TTy; T+ trueg : booly

TT;; T+ falseq : booly
M <Th
TT,; T+ falsey : booly

TTi;TFif ey ez ey :booly
TT1;TF e :booly

T <Th

TT5;T F ey :booly

TTi;TF ez :booly

TT5;T F ey :booly

TTi;T'F ey :booly

T2 T F e :booly
lab(booly) =¢

TIp;TH if ey ez e7 :booly

Th;Nx:tkx:t
T <Th
Th;NxitbEx:t

Th;Nxoito Fxp 0ty
T TExy it

T <Th

T TExy it

T Nxoity Fx1 1ty

some TTy

T3 <Th

T TEAMG]x:t1. e t] —t2
m <TI

3 <11

Th;Nxity He:t)

T3 T AL ]x:t1. et —t2

Th;THez ey ity
Th;Tkey ity —t)
T <Th
Th;They it =t
T They it

T THey it
Th;THes ey ity

T;THif (py <py) erer:t
Th,py <paiTher:t

I <Th

(n2»P1 SPz)S (”hp] sz)
Th,py <pyiTher:t

(astty-true)
*given
*given

ty-true

(astty-false)
*given
*given

ty-false

(astty-ifb)
*given
Lty-ifb: 1
*given
astty: 2,3
Lty-ifb: 1
astty: 5,3
Lty-ifb: 1
astty: 7,3
Lty-ifb: 1
ty-ifb: 4,6,8,9

(astty-varl)
*given
*given

ty-varl

(astty-var2)
*given
lty-var2: 1
*given
astty: 2,3
ty-var2: 4

(astty-fun)
asome-total
*given
*given
lty-fun: 3
ast-x: 1,2,4
lty-fun: 3
ty-fun: 5,6

(astty-app)
*given
lty-app: 1
*given
astty: 2,3
lty-app: 1
astty: 5,3
ty-app: 4,6

(astty-ifp)
*given
Lty-ifp: 1
*given
apapast: 3
astty: 2,4

17



[eCIN o)

BwWwN =

NG whN =

VOO NAGSA~WN =

A WwWN =

G whN =

Thh;Tkey:t
Th;Tkey:t
T THif (pp <py) ez er:t

;T [6 C £le 1booly,
ThEHGEL

M <Th

ThEFEHEL
TTy;T' = e :booly,
TT2;T' - e : booly,
Th;TH[¢ C e :booly,

4.5 Tag checkings

TT;- - true( : booly
TTF truep

TT;- F falseq : booly
TTH falsey

Th-Fif ez ey eyt

lab(t) =1¢
TT;- F e3 : booly
TTH e3

- Fez:t
TTH ey

- Fer:t
TTE eq

TTH if e3 e) e

ﬂﬁ'}‘)\[ﬂz]xit].e:t]ﬂtz
Ty, x:t1 Fe:ty

T <TI

T F}\[”z]xit].e

Th,- ez ey 1ty
T-Fey:ti—t)
TTH ey

T, - Fer it
TTE e

TTHe) e

Th,-Fif (p; <py) ez e1:t
Thp; <py;-tex:t

n,P] SPZ }_ez

T eyt

TTE eq

- Fe:t

TTHe

18

Lty-ifp: 1
astty: 6,3
ty-ifp: 5,7

(astty-tag)

*given
lty-tag: 1

*given
astlst: 2,3
lty-tag: 1
astty: 5,3
ty-tag: 4,6

(tyae-true)
*given
ae-true

(tyae-false)
*given
ae-false

(tyae-ifb)
*given
Lty-ifb: 1
Lty-ifb: 1
tyae: 3
Lty-ifb: 1
tyae: 5
Lty-ifb: 1
tyae: 7
ae-ifb: 4,6,8

(tyae-fun)

*given
lty-fun: 1
Lty-fun: 1
ae-fun: 3

(tyae-app)
*given
lty-app: 1
tyae: 2
lty-app: 1
tyae: 4
ae-app: 3,5

(tyae-ifp)
*given
Lty-ifp: 1
tyae: 2
Lty-ifp: 1
tyae: 4



s wN =

W =

VNG~ WN =

AU WN =

NV oONAUAWN =

T if (p1 sz) ey e

TT;- = [ E £2]e : boolg,
TTH&G C 6

TT;- = e :booly,

e

TTE [ C e

Th;-Fe:t Thhtke

;- Fe:t

TTy;- F trueg : booly
T, F trueg
TT;- F trueg : booly

TTy;- - falsey : booly
TT; F falsep
TT,;- - falsey : booly

Th;-Fif ez ey er:t
TTy;- F e3 :booly

T - if e3 e e

Th ez

TTy;- F e3 :booly
Th; - Fex:t

T ke
Th;-Fey:t
Th;-Fej:t

T - eq
Th;-Fej:t
lab(t) =¢
Th;-Fif ez ey er:t

n1;~F)\[nz]X:t1.e:t1—>t2
h <Th

T3 F}\[ﬂz]x:tLe

M < T

Ty, x:t1 Fe:ty
n3;~}—7\[n2]xit].e:t1—>tz

Th;-Fexey:ty
Thi-Fex:ty —t)
Thh Fe) e

Th Fey
Thh;-Fex:ty >ty
Th;-Fer ity

ThH e

;- Fer ity

Ty, ez ey tta
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ae-ifp: 3,5

(tyae-tag)
*given
lLty-tag: 1
lty-tag: 1
tyae: 3
ae-tag: 2,4

(aety-true)
*given
*given

ty-true

(aety-false)
*given
*given

ty-false

(aety-ifb)
*given
Lty-ifb: 1
*given
lae-ifb: 3
aety: 2,4
Lty-ifb: 1
lae-ifb: 3
aety: 6,7
Lty-ifb: 1
lae-ifb: 3
aety: 9,10
Lty-ifb: 1
ty-ifb: 5,8,11,12

(aety-fun)

*given
Lty-fun: 1

*given
lae-fun: 3
lty-fun: 1
ty-fun: 4,5

(aety-app)
*given
lty-app: 1
*given
lae-app: 3
aety: 2,4
lty-app: 1
lae-app: 3
aety: 6,7
ty-app: 5,8
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Th;-Fif (py <py) exer:

Th,py <pyi-hex:t

Ty Fif (py <py) ez €1
rI2:P1 SPz’_ez

T2,p; <py;-Fex:t
Th;-Fer:t

T F eq

Thh;-Feyp:t

Tz;- = if (py <py) ez eg

Th;-F ¢ C L]e :booly,
hELGEL

-4 EGle

T rFE&LEL

TTy;- = e :booly,

T Fe

TT2;- = e :booly,

T2;- = [6 E £2]e : boolg,

4.6 Permutations

(Dxq:t1),x2:t2 = (Mx2:t2),%1 1t

t

't

F1 Erz
MN,x:t=1y,x:t

Mhkte:t T =0

Mmhke:t

TT;T7 F trueg : booly
ﬂ = rz
TT; T  trueg : booly

TT;T7  falsey : booly
= rz
TT; T,  falsey : booly

T Fif ey ez e7 :booly
TT;T7 F eq :booly

ﬂ = rz

TT; T2 e :booly

TT;T7 + ez :booly

TT; T ez :booly

TI;T7 F eq :booly

T, TS F eq :booly
lab(booly) =1

T Fif ey ez e1 :booly

Thh,x:tkx:t
MN,x:t=1,x:t
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(aety-ifp)

*given
Lty-ifp: 1

*given
lae-ifp: 3
aety: 2,4
Lty-ifp: 1
lae-ifp: 3
aety: 6,7
ty-ifp: 5,8

(aety-tag)
*given
lty-tag: 1
*given
lae-tag: 3
lty-tag: 1
lae-tag: 3
aety: 5,6
ty-tag: 4,7

perm

(perm-x1)

(perm-x2)

(permty-true)
*given
*given
ty-true

(permty-false)
*given

*given
ty-false

(permty-ifb)
*given
Lty-ifb: 1
*given
permty: 2,3
Lty-ifb: 1
permty: 5,3
Lty-ifb: 1
permty: 7,3
Lty-ifb: 1
ty-ifb: 4,6,8,9

(permty-varl)
*given
*given
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AU WN =

AU WN =

NG R~WN=—= NG~ WN-—= NG~ WN=—=

AU A WN =

Thh,xitkx:t

ﬂ;(l“,;q it ),Xz:tz Fxit

ThENx it B xp ity
(Dxy:t1),x2:82 = (Nx2:t2), %1 1%
ﬂ;(r,letz),}{] B xyoity

(Dx1:t1),x2:82 = (Dx2:t2),%71 19
T (Bxq:ty),%2:t2 F x3 :t3
ThGxy:ty Fx3 :t3

ThTTEx3 :t3

ThNxo:t) Fx3 :t3

T (N x2:t2),%x7 i1 F x3 :t3

T, x2:t2 Fxy 0ty
TN Exp ity
M,x2:t2 =T,x2:t)
ﬂ Erz

T Fx it

T, x2:t0 B xq 1t

Th; I E AT ]x:ty. et 9t
T <Th

T ,x:t1 ety

ﬂ Erz

MN,x:t1 =hh,x:t

T, xit1 ety

;T AT ]x:ty. et — 1t

T Feyer ity
T ket =t
h=n

T Fey:ity =t
T Fep ity
Th e ity

T Feyer it

TG Fif (py <py) ez er:t
Mp; <py;ThFex:t

ﬂ Erz

Mp <py;laFez:t

T ket t

Thhker:t

T Fif (pp <py)erer:t

T F G Cole 1booly,
ML Co

TT;T7 = e :booly,

ﬂ = rz

TT;T2 = e :booly,

THE Chle :booly,

ty-varl

(permty-var2)
*given
lty-var2: 1
*given

ty-varl

(permty-var3)
*given
*given

lty-var2: 2
lty-var2: 3
ty-var2: 4
ty-var2: 5

(permty-var4)
*given
lty-var2: 1
*given
lperm-x2: 3
permty: 2,4
ty-var2: 5

(permty-fun)
*given
Lty-fun: 1
lty-fun: 1
*given
perm-x2: 4
permty: 3,5
ty-fun: 2,6

(permty-app)
*given
lty-app: 1
*given
permty: 2,3
lty-app: 1
permty: 5,3
ty-app: 4,6

(permty-ifp)
*given
Lty-ifp: 1
*given
permty: 2,3
Lty-ifp: 1
permty: 5,3
ty-ifp: 4,6

(permty-tag)
*given
lty-tag: 1
lty-tag: 1
*given
permty: 3,4
ty-tag: 2,5

21



4.7 Substitutions

ThNx:t1 Fep ity +-Fex:ity

ej{ez/x} =e3

ThTTkes:ty

T x:t F truep : booly
ket

trueg{e/x} = trueg

TT; T+ trueg : booly

A WN =

T x:t F falseq : booly
ket
false¢{e/x} = falsey
TT; T falsey : booly

AwWwN =

ThENx:t1 Hif eg eq €1 1 t2
T x:t1 F eg : booly

ok es ity

(if ec eq ey ){e2/x} = (if e7 e5 e3)
esler/x} =ez

T, T F e7 : booly

ThNx:t; Fegq ity
esler/x} =es5
ThTHes:t2

10: TLLx:ty Fep:ty

11: ej{er/x}=e3

12: TLTkes:t)

13: lab(ty) =1¢

14: TLTHif e7 e5 e3 :t)

VOO NAG A~ WN =

SexithExct
x{e/x}=e
ket

w N =

1: x{x/xi=x

2: ox1ithbxpct

3: g5-Fx:t

T: TI;Nxo:ta EA[M]xy:ty.e7 1t —t3
2: ﬂz S ”1

3: Thi;(Rxa:tz),x1:t1 Feyits

4: (Dxz:t2),x1:t7 = (Nx1:t1),%2:t2
5: Thi;(Nxy:t1),x2:t2 ey 1 t3

6: - -Fey:ty

7 (AT xq:ty. e ){ea/x2} = (AT ]x7 ity . e3)
8: ei{ez/x2}=e3

9: Thi;Lxp:ty Hes:t3

10: ﬂz;rFA[n]}X] t1.e3:t1—t3
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(subty-true)
*given
*given
*given

ty-true

(subty-false)
*given
*given
*given

ty-false

(subty-if)
*given
Lty-ifb: 1
*given

*given
lsub-ifb: 4
subty: 2,3,5
Lty-ifb: 1
Lsub-ifb: 4
subty: 7,3,8
Lty-ifb: 1
Lsub-ifb: 4
subty: 10,3,11
Lty-ifb: 1
ty-ifb: 6,9,12,13

(subty-varl)
*given
*given
*given

(subty-var2)
*given
*given

lty-var2: 2

(subty-fun)
*given
Lty-fun: 1
lty-fun: 1
perm-x1
permty: 3,4
*given
*given
lsub-fun: 7
subty: 5,6,8
ty-fun: 2,9
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(subty-app)

ThiNx:t1 Feq e it3 *given
ThNx:ty Feqg:t2—t3 Lty-app: 1
srhez ity *given
(eq e1){e2/x} = (e5 e3) *given
es{er/x} =es lsub-app: 4
ThTEes :t2—t3 subty: 2,3,5
hx:ty Fer it lty-app: 1
er{ez/x} =e3 lsub-app: 4
ThTes:ta subty: 7,3,8
T es e3:t3 ty-app: 6,9
ke tt1 e =Eles]
eyt
(splitty-ifb)
ThT-if ej ep ezt *given
ezt Lty-ifb: 1
ThEes:t Lty-ifb: 1
lab(t) =1 Lty-ifb: 1
if ey ey e3 =if £ ey e3leq] *given
T T F e1 :booly Lty-ifb: 1
(splitty-app1)
ThTerex:ty *given
ezt lty-app: 1
e1 eg =& ezleq] *given
ThiTEer ity =ty lty-app: 1
(splitty-app2)
ThTerex:ty *given
ThTHer it — 1t lty-app: 1
e ez =ey Elez] *given
eyt lty-app: 1
(splitty-tag)
TG TH [6 C £2]e :booly, *given
Mm=&G L lty-tag: 1
61 E &le =[4 C )€ ] *given
TT;TF e :booly, Lty-tag: 1
ke it e =E&lez] TLTkes: it ThTkes:ty 5[e3}:e4

ThTFeq ity

Th'Fif ej ep e3:t

T TF e1 :booly

if e] ey e3 =if £ ey e3leq]
if £ e ezleq] =if eq ey e3
TT;T F eq :booly
ThTHes:t

ThTkes:t

lab(t) =¢

ThiTEif ejex e3:t

ThTHer e ity

(combinety-ifb)
*given

Lty-ifb: 1
*given

*given

*given

Lty-ifb: 1
Lty-ifb: 1
Lty-ifb: 1
ty-ifb: 5,6,7,8

(combinety-appl)
*given

23



NG hr~WN

NG~ WN =

NG R~WN =

ThTTEer ity =ty
e1 e3 =& ezleq]
Eerles]l =e3 e
ThTHes:t)—t
ey ity
ThTH ez ex ity

ThTTEer ez ity
ThTHes:t2

e1 e2 =e7 £ley]
ey Elez] =eq e3
ThTTFer ity —ty
ThTTkes3:ty
ThTHer e3:ty

T T [€ € &]ey :booly,
TT;TF ey :booly,

[0y C foler = [ C €1 e1]
[€; C L]€le2] =1[t T £2]er
T C 6

TT;T - ez :booly,

TETE [ C &len :booly,
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lty-app: 1
*given
*given
*given

lty-app: 1

ty-app: 5,6

(combinety-app2)
*given

lty-app: 1

*given

*given

lty-app: 1

*given

ty-app: 5,6

(combinety-tag)
*given

lty-tag: 1
*given

*given

Lty-tag: 1
*given

ty-tag: 5,6



wN =

W N =

HwWN =

AU WN =

AU WN =

= 00N UHAWN=

5 Theorems

5.1 Preservation

ThiN'-e:t vale

Fe:t

TT; T+ trueg : booly
val truey
-+ - truey : booly

TT; T falsey : booly
val falseg
;- F falseq : booly

B AlMx:t1.e:t7 —t2
S<TT

T x:t1 Fe:ty

val (A[TT]x:tq.e)

T -Fer:t TIFey — e

M- Fex:t

TT;- = (A[TTx:ty. e1) ez : t2
TT;- = A[TTx:tq.e1 :t1 —t2
m<nm

T, x:t1 Fey it

T, ez ity

TTH (}\[rﬂxt‘h . e1) e) — e3
val e

ke ity
er{ez/x}=e3
T ez :t)

TT;- F if truep, ej ez :t
TT;- = trueg; :booly,

- Fey:t

lab(t) =&

TTH if truep, ey ez — ey
T eyt

IT;- - if false;, ej e2:t
TT;- - falseq, :booly,

- eyt

lab(t) =4

TTH if false¢, ey e2 — e2
T -Fex:t

T+ if (py <py) ejex:t
- Fex:t
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(valty-true)
*given
*given

ty-true

(valty-false)
*given
*given

ty-false

(valty-fun)
*given
lty-fun: 1
Lty-fun: 1
*given

(ps-app)
*given
lty-app: 1
Lty-fun: 2
lty-fun: 2
lty-app: 1
*given
lev-app: 6
valty: 5,7
lev-app: 6
subty: 4,8,9

(ps-ifbl)

*given
Lty-ifb: 1
Lty-ifb: 1
Lty-ifb: 1

*given
Lty-ifb: 1

(ps-ifb2)

*given
Lty-ifb: 1
Lty-ifb: 1
Lty-ifb: 1

*given
Lty-ifb: 1

(ps-ifpl)
*given
Lty-ifp: 1
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G whN =

AWN =

HwWN =
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Thpy <pys-ker:t

TTEif (py <py) e1 e2 — e
MEp; <p

T eyt

Th,-Fif (p; <py) ejex:t
Thp; <py;-kFer:t

TTEif (p; <p,) e1 e — e
MY py <p,

T -Fey:t

T, [& T €£2]true, :boolg,
ML C6

TT;- = trueg; :booly,

TTH [6; C & ]truee, — truey,
TT;- - trueg, :booly,

TT;- = [ E {;]falseq, :booly,
-G C 6
TT;- - falseg, :booly,

TTE [¢ C ;]false;, — falsey,

TT;- = falseq, :booly,

T, - Fep it
ﬂl—e1 — €4
e; =&lez]
- Fer: ity
r“—ezﬂe‘g
- Fesz:ty
Elesz]l =eq
- Feq ity

Th;-Fep:t

(M5 [TT* — (TT25e2)

Th;-Fex:t

T eyt
(TT,e1) |TT — (TT;e2)
MHe; — e

- Fey:t

Th;-Fe:t

IMTy5e) [Ty — (TT25e)
Th e

;- Fe:t

5.2 Progress

val e
T ve e
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Lty-ifp: 1
*given
lev-ifpl: 4
pstty: 3,5

(ps-ifp2)
*given
Lty-ifp: 1
*given
lev-ifp2: 3
Lty-ifp: 1

(ps-tagl)
*given
Lty-tag: 1
lty-tag: 1
*given
ty-true

(ps-tag2)
*given
lty-tag: 1
Lty-tag: 1
*given
ty-false

(ps-hole)

*given

*given

lev-hole: 2

splitty: 1,3
lev-hole: 2

ps: 4,5

lev-hole: 2
combinety: 1,3,4,6,7

(topps-ev)
*given
*given

Ltopev-ev: 2
ps: 1,3

(topps-upd)
*given

*given
ltopev-upd: 2
aety: 1,3

(ve-v)



W =

wN =

— =0 0NN WN=—=

— O .. ...

NN R WN =
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s wN =

Me; — e

TTH ve e

T -Fe:t
TT-ve e

TT;- - trueq : booly
val trueg
TTH ve truey

TT;- F falseq : booly
val falsey
TTH ve falsep

Th,-+-if ej ez eq4 : t

- Fez:t

T -Feq:t

lab(t) =¢

if e] e3 eq =if £ e3 eyleq]
TT;- e :booly

TTH ve eg

]_“—61 — €2

if £ ez eqler] =if ey e3 eq
TTH if e e3 e4 — if ey e3 e4
T ve (if e1 e3 e4)

TT;- = if truep, ej ez :t
TT;- = trueg, :booly,
T eyt

- Fez:t

lab(t) =40

TTH ve truey,

val trueg,

TTH if truer, ey e — ey
TTE ve (if truep, e e2)

TT;- = if falsep; ey ez :t
IT;- + falseg, :boolg,
T eyt

;- Fey:t

lab(t) =4

TTH ve falsey,

val falsey,

TTH if false(, e1 ez — e2
TTE ve (if falser, e7 e2)

Th;-F Al ]x:t1. et >t
m <TI;

T, x:t1 Fe:t)

val (A[TT2]x:t7. e)

T F ve (}\[ﬂz]xl‘l'q .e)

(ve-e)

(pg-true)
*given
val-true

ve-v:

2

(pe-false)
*given
val-false

ve-v:

2

(pg-ifbl)
*given

Lty-ifb:
Lty-ifb:
Lty-ifb:

1
1
1

split-ifb

Lty-ifb:
pg:
lve-e:

1
6
7

combine-ifb
ev-hole: 5,8,9
ve-e: 10

(pg-ifb2)
*given

Lty-ifb:
Lty-ifb:
Lty-ifb:
Lty-ifb:
pg:
lve-v:

1
1
1
1
2

6

ev-ifbl

ve-e:

8

(pg-ifb3)

*given

Lty-ifb:
Lty-ifb:
Lty-ifb:
Lty-ifb:

pg:
: 6

lve-v

1

1
1
1
2

ev-ifb2

ve-e:

8

(pg-fun)
*given

Lty-fun:
Lty-fun:

1
1

val-fun

ve-v:
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Th-Feje3:ty

T, Fe3 it

e] e3 =& e3le]

T eyt >t
TTH ve e;

ﬂl—e1 — €e)

€ ezlez] =e; e3
ﬂl—e1 e3 — ey e3
T ve (e7 e3)

TT,- ez ey 1t
Th-Fe3:t; >ty
TTE ve e3

val e3

e3 e1 =e3 Eleq]
T - Fer it

TTE ve e;

ﬂl—e1 — €e)

e3 Elex] =e3 &2
Tﬂ—e3 e] — e3 e
T ve (e3 e1)

Thh;- = (AT )x:t2. e1) e2 1 t3

Th;- F Al ]x:t. e 1t > t3

T Fve (A[TTh]x:ts. eq )

val (A[TTy]x:t;. e1)

;- Fer it

T Fve ey

val e

ej{ez/x} =e3

Th F (AlMT]x:t2. e1) eg — e3
T F ve ((A[ﬂz}x:tz. e1) ez)

- Fif (p; <py)ejez:t
hpy <pyi-Fer:t

- Fey:t

T p;op;

MEp <py

TTHif (p; <py) ej e2 — e
T ve (if (p; < py) e7 e2)

TT-Fif (py <py) ejez:t
Tpy <pyi-Fer:t

T -Fex:t

MTEp; op,

¥ p; <p,

TTEif (py <py) e1 e2 — &2
TTHve (if (p; <py) e1 e2)

T, [& T €2]true, :booly,
ML C 6

TT;- = trueg; :booly,

TTH ve truey,

(pg-appl)
*given
lty-app: 1
split-appl
lty-app: 1
pg: 4

lve-e: 5
combine-appl
ev-hole: 3,6,7
ve-e: 8

(pg-app2)
*given
lty-app: 1
pg: 2

lve-v: 3
split-app2
lty-app: 1
pg: 6

lve-e: 7
combine-app2
ev-hole: 5,89
ve-e: 10

(pg-app3)
*given
lty-app: 1
pg:
lve-v:
lty-app:
pg:
lve-v: 6
sub-total
ev-app: 7,8
ve-e: 9

Gl = W N

(pg-ifpl)
*given
Lty-ifp: 1
Lty-ifp: 1
pst-total
lpsty-pst: 4
ev-ifpl: 5
ve-e: 6

(pe-ifp2)
*given
Lty-ifp: 1
Lty-ifp: 1
pst-total
lpsty-pnst: 4
ev-ifp2: 5
ve-e: 6

(pg-tagl)
*given
lty-tag: 1
lty-tag: 1
pg: 3
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val trueg,
TTH [21 C Ez}trueg] — truey,
TTEve ([& C £]trueg, )

- = [ C ez}falseg] :booly,
ML C6

TT;- - falseg; :booly,

TTH ve falsey,

val falsey,

TTE [¢ E 6;]falser, — falsey,
TTE ve ([& C £;]falsey, )

val e
TTF topve e

some TT  (TTy;e1) |TT — (TT2;5e2)

TTy - topve e

- Fe:t
TTH topve e

- Fe:t
TT-vee
val e

TTF topve e

some TT

T eyt

TTH ve eg

TMTHe; — e

(e [TT— (TT;e2)
TTF topve e

5.3 Soundness

;- Ferp:t

(Thy;e9) 4 (TT25e2)

- Fe:t
TT+ topve e
val e

(IT;e) | (TT;e)

Tl3;-Fez:t

TT3 F topve e3

some Ty

(T35e3) [Ty — (TTy5e7)
Th;-Fej:t

(TTy5e1) 4 (TT25e2)
(TT33e3) | (TTy5e2)
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lve-v: 4
ev-tagl
ve-e: 6

(pg-tag2)
*given
lty-tag: 1
lty-tag: 1
pg: 3
lve-v: 4
ev-tag2
ve-e: 6

(topve-v)

(topve-e)

(toppg-v)
*given
pg: 1
lve-v: 2
topve-v: 3

(toppg-e)
asome-total
*given

pg: 2
lve-e: 3
topev-ev: 4
topve-e: 1,5

snd

(snd-v)
*given
toppg: 1
ltopve-v: 2
bigev-v: 3

(snd-e)
*given
toppg: 1
ltopve-e: 2
ltopve-e: 2
topps: 1,4
snd: 5
bigev-e: 3,4,6
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6 Translations

6.1 Types

u ::= booly

u:=u—u

6.2 Terms

6.3

6.4

6.5

6.6

m ::= truey

m ::= falsey

m:=ifmmm
m:=if (p<p)mm

Contexts

Type labels

lab(booly) =¢

lab(uy) =1
lab(u; —uy) =14

Subtypings

ML C L
TTH booly; =< booly,

Mhu; Su; TThu Juy

My —Du fuz—uy
Typings

TT; T truep : booly
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(ubool)

(ufun)

(mtrue)
(mfalse)
(mvar)
(mfun)

(mapp)
(mifb)

(mifl)

(ulab-bool)

(ulab-fun)

ust

(ust-bool)

(ust-fun)

mty

(mty-true)



W N =

NG~ WN-—=

G whN =

TT; T falsey : booly

T,TFmy :booly TLTEmp:u ThTEm3:u lab(u) =4
ThTEif mg my m3 :u

ThLxiukx:u

ﬂ;rl—xz tuy
ﬂ;r,}{] uq }—Xz tup

ThNxuy Fm:uy
ThTME Axiup.m:uy —up

ThETMEmy tug—uy ThETEm iw
IT;FI—m1 my :up

Thp; <py;TkEmpiu THMEmp:u
T Eif (py X py) mymp :u

ThiTMFm:u; someuy TTHu <u
ThTFm:uy

6.7 Theorems

[booly] =bool,

[wl=t1 []=t;
[ —u] =t =tz

lab(u) =¢ T THe:t
lab(t) =¢

lab(booly) =¢
T, T F e : booly
lab(booly) =¢

Ty TE A ]x:t1. et — 1t
M <Th

lab(uy; —uy) =4

lab(uy) =¢

Th;Lxity He:t)

lab(ty) =1¢

1ab(t1 %tz) ={

TTEu <uw
ThlrEe:ty =t

X
m<n

ITH bool;, = booly,
TME& C 6

TT; [ x:booly, F x :booly,
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(mty-false)
(mty-ifb)
(mty-varl)

(mty-var2)
(mty-fun)
(mty-app)

(mty-ifp)

(mty-sub)

(ut-bool)

(ut-fun)

(ulablab-bool)
*given

*given
lab-bool

(ulablab-fun)
*given
Ity-fun: 1
*given
lulab-fun: 3
lty-fun: 1
ulablab: 4,5
lab-fun: 6

(ustty-bool)
fresh
ast-z

*given

lust-bool: 3

ty-varl



VOO NANGUSAWN =

N —

= 00N WN=

EENNONE SRE

N —

T N x:booly, F [€1 E £2]x : booly,
T, T AllTx:booly, . ([¢ E €]x) : booly, — booly,

X2

X1

m<1

nFu4~>u1 ju3—)u2

TMTFu Xuy

I'I;(F,m (t1—>t2)),x2:t3 F ey it oty
Thhxp:(t12t2) b xy 1t 2t

r[;(r,X] 2(t1 th)),xzi‘l’g Fxy:ity—ot2

TTHu3; <uy
ﬂ;(l‘,;q 2(t1 th)),X22t3 Fey tt3—ty
”;(F,X] :(t1 th)),xz:tg sz 1 t3
T (Dxy:(t1 —t2)),x2:t3 Fex x2 1ty
T (Dxy:(t1 —t2)),x2:t3 Fxyp (e2 x2):t2
T (Dxy:(t1 —t2)),x2:t3 Fer (x1 (e2 x2)) ity
T Nx:(t1 —t2) F AMxo:t3. (e1 (%1 (e2 x2))) 1t3 —t4
T EAMxy (e = t2). (AMMxz:t3. (e1 (x1 (e2 x2)))): (1 —t2)— (t3 —t4)

TIFm:u
ThlNte:t

TT; T truep : booly
TT; T trueg : booly

TT; T falsey : booly
TT; T+ falseq : booly

ThHETHif my my my :u
TT; T F m3 : booly

;T e1 :booly

ThTHFm :u

TT; T e3 :booly

ThINFm ctu

T, T F ez :booly

lab(u) =1¢

lab(booly) = ¢

;T if e; e3 ey : booly

ThNLxubkx:u
ThhxitkEx:t

Thhxyw Fxpiup
TETHEx tuy
ThTHExp it
ThGxy ity Fxp it

[ur] =t
m<TI
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ty-tag: 4,5
ty-fun: 2,6

(ustty-fun)
fresh
fresh
ast-z

*given
lust-fun: 4
ustty: 5
ty-varl
ty-var2: 7
lust-fun: 4
ustty: 9
ty-varl
ty-app: 10,11
ty-app: 8,12
ty-app: 6,13
ty-fun: 3,14
ty-fun: 3,15

(mtyty-true)
*given
ty-true

(mtyty-false)
*given
ty-false

(mtyty-if)
*given
lmty-ifb: 1
mtyty:
lmty-ifb:
mtyty:
lmty-ifb:
mtyty:
lmty-ifb: 1
ulablab: 8,3
ty-ifb: 3,5,7,9

= =N

(mtyty-varl)
*given
ty-varl

(mtyty-var2)
*given
lmty-var2: 1
mtyty: 2
ty-var2: 3

(mtyty-fun)
ut
ast-z



A WN = A G w

AU WN =

VO NAGSA~WN =

THTME A&xiup.m:iu; —u
Thhxwy Fm:uy

ThLx:ti Fe:t)

THETE A[Mx:ty. et —t2

ﬂ;r}—mz mp up
n;rsz tuyp —uy
ThNkey it >t
ThTFmy i
ThTHer it
ThThHez e ity

T Eif (p; Xpy) mymy :u
p; <py;ltm:u

Mp; <py;TFex:t
ThTFmy tu

ThTHer:t

T Eif (py <py) exer:t

ThTEm:uy

some uy

[u] =t2

[ur] =14

MFu Ju
ThTNkey it >t
ThTFm:u
ThTEer ity
ThThHez e ity
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*given
lmty-fun: 3
mtyty: 4
ty-fun: 2,5

(mtyty-app)
*given
lmty-app: 1
mtyty: 2
lmty-app: 1
mtyty: 4
ty-app: 3,5

(mtyty-ifp)
*given
lmty-ifp: 1
mtyty: 2
lmty-ifp: 1
mtyty: 4
ty-ifp: 3,5

(mtyty-sub)
*given
lmty-sub: 1
ut

ut
lmty-sub: 1
ustty: 5
lmty-sub: 1
mtyty: 7
ty-app: 6,8



