Dynamic Updating of Information-Flow Policies

Michael Hicks* Boniface Hicks' Stephen Tset Steve Zdancewict
* University of Maryland T Pennsylvania State University —* University of Pennsylvania

April 7, 2005

This report is automatically generated by the tool 1f2tex from the semantics specification update.elf
(Twelf source) and the syntactic specification update.tex (I4TEX source).

Some notes about the typesetting used in this report:

e A syntax class is displayed boxed like (terms).

e A syntax entity is displayed unboxed like e ::= Ax:t. e (functions).

A judgement form is displayed boxed like (typings).

Mhx:t1Fe:ty
A judgement rule is displayed unboxed like TT; T - Ax:t.e : t1 —t2 (typing for functions).

ﬂ1;F|—e1:t (l'l1;e1) — (nz;ez)
e A theorem is displayed boxed like MyThes:t (preservations).

A proof is displayed as a numbered list with the last one of the list being the conclusion. (A rule name
with downarrow (| ty-fun) means by the inversion of such rule.)
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1 Syntax
1.1 Constants

1.2 Principals

1.3 Labels

1.4 Hierarchies

1.5 Types

1.6 Variables

1.7 Terms

pui=c
P “=PpPP
L=

Lu=p:p
L= L0

T =
Mau=T,p<p
t =
t ::= bool,
ti=t—ot
X =
e .i= truey
e = falsey
e =X

enx=1if eee
enx=1if (p<p) ee

e = [LC e

(Ip)

(Icat)

(tbool)

(tfun)



1.8 Contexts



2 Static semantics
2.1 Substitutions

(trueg ){e/x} = (truey)

(falseq){e/x} = (falsey)

(x)}{e/x}=e
(x1){e/x2} = (x1)
ej{e/x} =e;

(AlTx :t. e7 {e/x} = (A[TT]x :t. e2)

ej{e/x} =e3 ezle/x}=ey
(e1 e2){e/x} = (e3 e4)

ei{e/x} =eq exle/x}=es ezle/x}=e¢
(if e1 e2 e3){e/x} = (if eq e5 e¢)

ei{fe/x} =e3 exfe/xi=eq4

(if (p; <py) ey ez ){e/x} = (if (py <py) e eq)

ej{e/x} =e;
(&1 E 2ler He/x} = (& C £2]e2)

2.2 Principal subtypings

MEp<p

somep, TTHp <p, TTFp, <p3
nFP1 <p3

(Th,p; <p2)Fpy <p;

Tk p; <py
(M,p <p)Fp; <pg

M (pr,p2) < py
mE (P1»Pz) <p,

2.3 Label subtypings

MmHEeC ¢

sub

(sub-true)
(sub-false)
(sub-varl)

(sub-var2)

(sub-fun)

(sub-app)

(sub-ifb)

(sub-ifp)

(sub-tag)

psome
pst

pnst

~

(pst-z

(pst-x)
(pst-al)
(pst-a2)

(pst-catl)

(pst-cat2)

Ist

(Ist-z)



some &, TIHH L TIHGLE LG

TTF&C o

MEp <p3; Tkp, <py
T (p:pa) E(p3:pg)

TMEH E (6,0)

ME& E (6,0)

2.4 Hierarchy subtypings

m<m
m<T

some T, T <TI, TI, <Tl3
T <TI3

T <TI
(T yP1 < Pz) <TI

T <TI; ThkFtp;<py
T < (T, p3 < p4)

2.5 Type subtypings

MG L
T (booly, ) = (booly, )

Mt Sty TTEt Xty
ME (t1—=t2) = (k3 —1t4)

2.6 Type labels

lab((booly)) =¢

lab(ty) =1
lab((t; —t2)) =¢

2.7 Typings
TI;T F (true) : (booly)

TT;T I (false) : (booly)

ThTTEe :(booly) TIT'Fe:t T T'He:t lab(t) =¢

ThTH(if e ep e3):t

M (Mx:t) - (x): ¢

(Ist-x)

(Ist-p)

(Ist-catl)

(Ist-cat2)

tst

(tst-bool)

(tst-fun)

(lab-bool)

(lab-fun)

(ty-true)

(ty-false)
(ty-ifb)

(ty-varl)



H;FF (xz) tto
T (Mx ity) F (x2) i t2

M<ThH Th;(Mx:t) ety
T E (A[Mh]x:t1.e): (87 —t2)

TTkEe :(t1—t2) Tk e ity
THT F (e e2) :t2

(Mp <py)iTkFer:t ThT'kFeg :t

T (if (pp <py) erex):t

M4 EL THTEe: (bool, )
T F ([6 C £z]e) : (booly, )

(ty-var2)

(ty-fun)

(ty-app)

(ty-ifp)

(ty-tag)



3 Dynamic semantics
3.1 Values

val e

val (truey)
val (falsep)
val (A[TT]x:t. e)

3.2 Holes

En=iffee
€= [LC 0E
3.3 Splits
e =¢Ele]
(if e 62 e3) = (if £ e, e3)[eq]
(e1 e2) = (€ e)le1]
(e1 e2) = (eq E)lez]
([ C Lr]e) = ([t T £2]E)[e]
3.4 Combines
Ele] =e

(€ e2)ler] = (e1 e2)
(e1 E)lez2] = (e1 e2)
(if £ o3 e3)leq] = (if o1 o2 ©3)
([6r C J€)le] = ([61 E £2]e)

3.5 Small-step evaluations

val es ej{er/x}=e3
TTE ((A[Th]x:t. e1) e2) — e3

TT+ (if (true¢) e e2) — e
TT+ (if (falsep) e] e2) — ez

MEp <p;

T = (lf (p] sz) el ez)—) eq

(val-true)
(val-false)

(val-fun)

(split-ifb)
(split-appl)
(split-app2)

(split-tag)

combine

(combine-app1)
(combine-app2)
(combine-ifb)

(combine-tag)

(ev-app)

(ev-ifbl)

(ev-ifb2)

(ev-ifpl)



M p <p,

TME(Ef (py <py) et e2) — e
TH ([(7,] [ (7,2](trueg] )) — (trueez)
TTH ([& C £](false, )) — (falseg,)

e] :g[ez} T[Fez — e3 €[e3]:e4

ﬂl—e1 — €4

3.6 Tag checkings

TTF (trueg)
TT+ (falsey)

TM<ThH
TE (A[Th]x:t. e)

Mhe TThe
TTE (e e2)

MMThey TIkey TIhkes
TTH (if e] ez e3)

(”yP] SPz)F‘ﬂ M e

mE (if (P] sz) e1 e2)

MF4C6 The
TE([& T £le)

3.7 Top-level evaluations

‘ (T;e) [TT — (TT;e)

M- e — e
(M e) T — (M)

Th e
(ﬂ]',e)“TZ — (ﬂz;e)

3.8 Totalities

some TT

ej{e/x}=e;

MEp <p;
MEpop;

nVP] <p
MEpop;

TTHp op,

(ev-ifp2)

(ev-tagl)

(ev-tag2)

(ev-hole)

(ae-true)

(ae-false)

(ae-fun)
(ae-app)
(ae-ifb)

(ae-ifp)

(ae-tag)

topev

(topev-ev)

(topev-upd)

sub-total

psty

(psty-pst)

(psty-pnst)

pst-total



3.9 Program evaluations

(TT;e) | (OT;e)

val e
(T;e) | (IT5e)

some IT  (Th;e)|TT — (Thez) (TMy;ez) | (TT35e3)

(Ty5e1) 4 (TTz5e3)

10

(bigev-v)

(bigev-e)



—_

wN =

NG whN =

CONOU A WN =

4 Lemmas

MEp <py
(T, p, <p3)Fpy

IN

Py

TEps <p,
somep]

MEps <py
(”,Pa <p4) Fps
MEp <p,
(Th,p; <ps)Fpy <py
(TT,p3 <ps) b ps <P,

IN

Py

(Mp <p2)Fp; <py

4.1 Principal subtypings

MEp <p;

(M,p3 <pg)Fp; <py

((M,p <p2)yp3 <Ps) b pPr <Py

(Th,p; <ps)Fpy <p;
MmEp <p,

(T, p3 <P4),pP5s <Pg) P <Py

T (py,p2) < py
(”»P3 < P4) =

mE (P] »Pz) <p,
(ﬂ,p3 < P4) =

(P1,P2) <Py

(P1,p2) <p2

(”»P] < Pz) '_P3 <py

TFEp <py

MEp; <py

(T,p <p)Fp;
MEp <p,
MEp; <p3

IN

P3

IN

(T, p <py)Fps
somep3

(T, py <py)Fps
MEp <p;
TTEps <p;
(T,p <p)Fp3s <p4
TMEp; <py

TTEps <p,

Py

IN

P3

11

(appst-2)
*given
pst-z

(appst-x)

*given
Ipst-x: 1
Ipst-x: 1
appst: 3
Ipst-x: 1
appst: 5
pst-x: 2,4,6
(appst-al)

*given
pst-a2: 1

(appst-a2)

*given
lpst-a2: 1
pst-a2: 1

(appst-cat1)
*given
pst-catl

(appst-cat2)
*given
pst-cat2

(pstpst-z)
*given
*given

pst-z

(pstpst-x)
*given
Ipst-x: 1
Ipst-x: 1
*given
pstpst: 3,4
lpst-x: 1
pstpst: 6,4
pst-x: 2,5,7



W =

wN =

w N =

NG~ WN =

AU A WN =

(Th,py <p2)Fp; <p;
MEp <p,

TEp <py

(T,p <p2)Fp; <p4
MEp; <py

(Thpy <py)F (P3,P4) <3

MEp <p,
M= (P3»P4)§P3

(Th,p; <p2)F (P3,P4) < ps

MEp <p,
TTE (p3,p4) < py

Thrp<p
M <Th
MmEp<p

ThkFp3 <p,
somep]

h Fp; <pg
T <Th

T Fp3 <py
ThtEpy <p
hEp <p,
M Ep3; <p,

(Th,py <p)Fpr <py

ThFpy <p;

M <Th

T Fpy <p,

(HZ,P1 SPz)S (nl,P1 sz)

(T2,py <p2)Fpr <py

I < (”hpg SP4)
ThFps <py

(”1»}"3 §P4)’_P1 <p;
Thtp <p,

M <Th

T Fpy <p,

T = (P] ,P2) < py
M <Th

2 = (py,p2) <Py

12

(pstpst-al)
*given
*given

(pstpst-a2)
*given
*given

lpst-a2: 2

(pstpst-catl)

*given
*given
pst-catl

(pstpst-cat2)

*given
*given
pst-cat2

(astpst-z)
*given
*given

pst-z

(astpst-x)
*given
lpst-x: 1
Ipst-x: 1
*given
astpst: 3,4
Ipst-x: 1
astpst: 6,4
pst-x: 2,5,7

(astpst-al)
*given
*given
pst-al

(astpst-a2)

*given
last-p2: 1

*given
lpst-a2: 3
last-p2: 1
astpst: 4,5

(astpst-catl)
*given
*given

pst-catl



1:
2:
3:

wN =

NG whN =

wN =

W N =

CONOUhA WN—=

T+ (py,p2) <Py
M <Th

2+ (py,p2) <py

4.2 Label subtypings

(Mp <p)FGHEL

TH—p] <p

ML CEL

(TM,p <p)FEEE
MEp <p,
MHLC L

(Mp <p)FBCLH
some {7

(M,p <p )& C G
MEp <p;
& C Yy

(Mp <p,)FGLEG
M4 C o
MG LC o

(”>P1 SPz)" (P5: Ps)E (P65 P4)
(T, py <p2)Fps <pg

MEp <p,

MEps <pg

(Thpy <p)Fp3 <py

TMEps <py

T (ps: p3) C (Pe: Pg)

(M,p <p) & C (4,8)
ﬂl—p1 SPz
M4 E (6,6)

(Mp <pp)F & C (£2,4)
HFP1 <p
T4 E (&,4)

ThrFLGEL T

<Th

6 CE

mrFece
M <Th
ThEHELC L

ThrEGLEL
some {;
ThEGLEGH

13

(astpst-cat2)
*given
*given

pst-cat2

(pstlst-z)
*given
*given

Ist-z

(pstlst-x)
*given
Lst-x: 1
Lst-x: 1
*given
pstlst: 3,4
Lst-x: 1
pstlst: 6,4
Ist-x: 2,5,7

(pstlst-p)
*given
Lst-p: 1
*given
pstpst: 2,3
Ust-p: 1
pstpst: 5,3
Ist-p: 4,6

(pstlst-cat1)
*given
*given

Ist-catl

(pstlst-cat2)
*given
*given

Ist-cat2

(astlst-z)
*given
*given

Ist-z

(astlst-x)

*given
Lst-x: 1
Llst-x: 1



M <Th

Th F 43 C &
ThHELHEL
ThELEEDL

NG A

T F(P31P1)E(P43Pz)
Th Fp3 <py

M <Th

Th Fps <p4

ThtEp <p

hEp <p,

T F(p3:py) E (Ps: p2)

NG~ WN =

T F&4 E(4,0)
M <ThL
T F& E(4,0)

W =

T E4HE(,4)
M <Th
T F& C(6,4)

W N =

4.3 Hierarchy subtypings

(Th,py <p) T ThiFp; <p,

T <TI

(Th »P1 < Pz) <TI3
some TTy

(Th »P1 < Pz) < Tl
hEpy<p;

T <TIz

M <TI3

T <Tl3

NG WhN =

ThkEp <p,
(HMP] sz)Sﬂz
T < Tl

W N =

(Th »P1 SPz) < (”21P3 §P4)
(Th,py <p) <2

Thtp <p

I <TI

(HMP] sz)Fps <p4
Thbtp; <p,

T S(”z,Pg §P4)

NG WwhN =

T <TT;

(Th,p; <py) <TN
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*given
astlst: 3,4
Ust-x: 1
astlst: 6,4
Ist-x: 2,5,7

(astlst-p)
*given
Ust-p: 1
*given
astpst: 2,3
Lst-p: 1
astpst: 5,3
Ist-p: 4,6

(astlst-catl)
*given
*given

Ist-catl

(astlst-cat2)
*given
*given

Ist-cat2

(pstast-x)
*given
last-x: 1
last-x: 1
*given
pstast: 3,4
last-x: 1
ast-x: 2,5,6

(pstast-p1)
*given
*given

last-pl: 2

(pstast-p2)

*given
last-p2: 1

*given
pstast: 2,3
last-p2: 1
pstpst: 5,3
ast-p2: 4,6



M <Tl3
some TT,
M <TI;
(Th,p; <p) <Nz
M <TI3
(T »P1 < Pz) <TIl3

AU WN =

(HMP] sz)Sﬂz
I <TI
((M,p; <py),p3 <py) <TI

wN =

M < (TT2,p; <p,)

T <TIz

(Th,p; <py) < TNz

hkFp <p,

[n1»P3 §P4)’_P1 <p,

(T »P3 §P4) < (HZ’Pl sz)

A whN =

T <TI;

(Th,py <py) < (2,4 < &)

T <TI

(”hP] SPz)S”z

(Th,py <p2)Fpy <ps
(HMP] SPz)S (HZvPI SPZ)

AWN =

4.4 Type subtypings

(Mp <py)iTFe:t TTEp <p,

Thlr-e:t

1: (IM,p; <p,);TF (trueg) : (booly)
2: Tkp <p;

3: TI;TF (trueg) : (booly)

1: (IM,p; <p,);TF (falsep) : (booly)
2: Tkp <p;

3: TITF (false) : (booly)

1: (T,py <py);TF (if e1 ez e1) : (booly)
2: (M,py <py);T ke :(booly)

3: Tkp <p;

4. TIT ¢ : (booly)

5: (M,py <py);T ez :(booly)

6: TII'F e :(booly)

15

(apast-z)
*given
ast-pl: 1

(apast-x)
*given
last-x: 1
last-x: 1
apast: 3
last-x: 1
ast-x: 2,4,5

(apast-p1)
*given
last-pl: 1
ast-pl: 1

(apast-p2)
*given
last-p2: 1
apast: 2
last-p2: 1
appst: 4
ast-p2: 3,5

(apapast-1)
*given
apast: 1
pst-al
ast-p2: 2,3

(pstty-true)
*given
*given

ty-true

(pstty-false)
*given
*given

ty-false

(pstty-ifb)

*given
Lty-ifb: 1

*given
pstty: 2,3
Lty-ifb: 1
pstty: 5,3



— 0 % N

CONOUAWN = NG whN = A wWwhN = G wWwN =

NG whN =

(TT,p; < py);T ey : (booly)
TT;T ¢ : (booly)
lab((booly)) =¢

T F (if e e e7) : (booly)

(IM,p <po)i(Mxit) = (x) 0t
MEp <p,
I (Mx:t) - (x):t

(Th,py <p);iTE (AMblx:ty. e) : (t1 —t2)

(”hP] SPz)S”z

hEp <p,

T <TIz

T (Mx:t1)Fe:ty

;T E (A[Thlx:ty.e): (t1 —t2)

1 <p)iTH(e2e1):t2
po)iT Fex:(t1—t2)

po )il e ity

(Th,py <pp);iTF (if (py <py) ez e7):t

(T,p; <p2)ypy Spa)ilTkex:t
MEp <p;

(I, py <p2)Fp; <P,

(T,p <py)iTFex:t

P Spp)ilher it

ThTr-e :t

T E (if (pp <py) ez er):t

3

(T, py <py);TF ([& E £2]e) : (booly,)

(Mp <p)FGLEG
MEp <p,

ML EL

(TT,py <p,);T e (booly, )
TT;T I e : (bool, )

T = (16 E Lz2]e) : (booly, )

Th;TkFe:t

Th <Th

Th;THe:t

16

Lty-ifb: 1
pstty: 7,3
Lty-ifb: 1
ty-ifb: 4,6,8,9

(pstty-varl)
*given
*given
ty-varl

(pstty-var2)
*given
lty-var2: 1
*given
pstty: 2,3
ty-var2: 4

(pstty-fun)

*given
lty-fun: 1

*given
pstast: 2,3
ILty-fun: 1
ty-fun: 4,5

(pstty-app)
*given
lty-app: 1
*given
pstty: 2,3
lty-app: 1
pstty: 5,3
ty-app: 4,6

(pstty-ifp)
*given
Lty-ifp: 1
*given
appst: 3
pstty: 2,4
Lty-ifp: 1
pstty: 6,3
ty-ifp: 5,7

(pstty-tag)

*given
lty-tag: 1

*given
pstlst: 2,3
lty-tag: 1
pstty: 5,3
ty-tag: 4,6



G whN =

G whN =

= 00N WN=

NG~ WN =

NG~ WwWwN =

TTi;T  (truep) : (booly)
M <Th
Th; T (trueg) : (booly)

TTi;T F (falseg) : (booly)
M <Th
TTy;T F (falsep) : (booly)

;T (if e; e2 e71) : (booly)
TT1;T e : (booly)

T <Th

TT2;T e : (booly)
;T e : (booly)
;T e : (booly)
T ;T + e : (booly)
TT2;T e : (booly)

lab((booly)) =¢
Th;T'F (if e7 e e7): (booly)

T, (Rx:t)F (x):t
M <Th
Th;(Mx:t)F (x):t

T (Mxz:t2) = (x1) 1ty
l'h;l“k (X])Zt]

M <Th

;T (x1) 4y

T (Mxz:t2) = (x1) 1ty

some Ty

s <Th

;T E (A[Thlx:ty.e): (t1 —t2)
T <TIz

M <TI

Th; (Mx:t1)Fe:ty

ﬂg,;l“l— (?\ﬂ—b}x:h.e):(t]%tz)

;T = (ez e]):tz
TM;The: (t14)t2)
M <Th
Th;TFe: (t]g)tz)
;T Her ity
;e :tg

Ty T+ (ez e1):t2

T (if (pp <py) ez er):t
(Th,p; <py)iTFex:t

I <Th

(ﬁ2>P] <py) <(Mh,p; <py)
(Tz,py <p)iT et

(astty-true)
*given
*given

ty-true

(astty-false)
*given
*given

ty-false

(astty-ifb)
*given
Lty-ifb: 1
*given
astty: 2,3
Lty-ifb: 1
astty: 5,3
Lty-ifb: 1
astty: 7,3
Lty-ifb: 1
ty-ifb: 4,6,8,9

(astty-varl)
*given
*given

ty-varl

(astty-var2)
*given
lty-var2: 1
*given
astty: 2,3
ty-var2: 4

(astty-fun)
asome-total
*given
*given
Lty-fun: 3
ast-x: 1,2,4
Lty-fun: 3
ty-fun: 5,6

(astty-app)
*given
lty-app: 1
*given
astty: 2,3
lty-app: 1
astty: 5,3
ty-app: 4,6

(astty-ifp)
*given
Lty-ifp: 1
*given
apapast: 3
astty: 2,4
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Th;Tke :t
Thy;ThHer:t
T2;TH(if (pp <py) ez er):t

0 N O

;T = ([ E £2]e) : (booly, )
ThHELEL

M <Th

ThELHEL

;T e : (booly, )

T2;T e : (booly, )

;T ([ © £2]e) : (booly, )

NG WN=

4.5 Tag checkings

1: TI;-+ (truep) : (booly)
2: TIF (trueg)

1: TIT;-F (falsep) : (booly)
TTF (falsep)

TT;-F (if e ez e7):t
lab(t) =¢

IT;- F e3 : (booly)
Tk es

M- Fe:t

Tk e

M- Fe :t

Mk e

TTH (if e3 ez e7)

Vo NOURAWN =

;- + (A[ﬂz]x:'ﬁ . e) : (t] *)‘tz)
T (,x:ty) ety

h <TI;

m = (A[ﬂz}x:‘l‘q .e)

AWN =

- (e2 e1) :t2
l'l;~ke2 : (t1 th)
Tk e

AURWN =
b=
-
°
ot

TT;- F (if (py <py) er er):t
(TM,p <pyli-Fez:t

(n»P1 SPz)"ez

M- Fe :t

Mk e

G wh =

M- Fe:t

TTHe
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Lty-ifp: 1
astty: 6,3
ty-ifp: 5,7

(astty-tag)

*given
lty-tag: 1

*given
astlst: 2,3
lty-tag: 1
astty: 5,3
ty-tag: 4,6

(tyae-true)
*given
ae-true

(tyae-false)
*given
ae-false

(tyae-ifb)
*given
Lty-ifb: 1
Lty-ifb: 1
tyae: 3
lty-ifb: 1
tyae: 5
Lty-ifb: 1
tyae: 7
ae-ifb: 4,6,8

(tyae-fun)

*given
lty-fun: 1
Lty-fun: 1
ae-fun: 3

(tyac-app)
*given
lty-app: 1
tyae: 2
lty-app: 1
tyae: 4
ae-app: 3,5

(tyae-ifp)
*given
Lty-ifp: 1
tyae: 2
Lty-ifp: 1
tyae: 4



G wWwN =

W N =

VNG A WN =

AU WN =

VNG WN =

TTE (if (py <py) ez e1)

TT;- = ([& E £2]e) : (booly, )
M4 C 6

TT;- e : (booly, )

Mke

TTE ([ € £2]e)

Th;-Fe:t Thhtke

;- Fe:t

TTi ;- F (trueg) : (booly)
T, + (truee)
TTh;- F (trueg) : (booly)

TTy;- F (falseg) : (booly)
T, - (falsey)
TT;- F (falseg) : (booly)

Thh;-F(ifes ez e1):t
TTy;- F ez : (booly)

T b (if e3 e2 e7)

Th Fe3

;- Fe3 : (booly)
Th;-Fex:t

Th F ey

Th;-Fex:t

;- Fer:t

Ty e

Th;-Fer:t

lab(t) =¢

;- (if ez ez e1):t

l'[] e [ (}\[ﬂz]xt‘ln . e) : (t] —)tz)
M <TI;

l'[3 [ (?\[ﬂzb{:‘t’q . e)

s <TI;

Th; (,x:t1)Fe:ty

T3;- F (A[Th]x:tq.e): (t] —t2)

;- F(e2 e1):t2
;- Fex:(t1—t2)
T F (e2 e1)
Th F e

nz',- |_ez : (t] th)
Th;-Fep it

Th Feq

;- Feq :ty

;- F(e2e1):t2
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ae-ifp: 3,5

(tyae-tag)
*given
lty-tag: 1
lty-tag: 1
tyae: 3
ae-tag: 2,4

(aety-true)
*given
*given

ty-true

(aety-false)
*given
*given

ty-false

(aety-ifb)
*given
Lty-ifb: 1
*given
lae-ifb: 3
aety: 2,4
Lty-ifb: 1
lae-ifb: 3
aety: 6,7
Lty-ifb: 1
lae-ifb: 3
aety: 9,10
Lty-ifb: 1
ty-ifb: 5,8,11,12

(aety-fun)

*given
Lty-fun: 1

*given
lae-fun: 3
lty-fun: 1
ty-fun: 4,5

(aety-app)
*given
lty-app: 1
*given
lae-app: 3
aety: 2,4
lty-app: 1
lae-app: 3
aety: 6,7
ty-app: 5,8



VNG hAWN =

NG WN =

= 00N U A~ WN=

;- F (if (py <py) ez er):t
(Th,py <pyli-bex:t

T = (if (py < py) ez e1)
(”LP] SPz)’—ez

(TT2,py <pyli-bez:t

;- Fer:t

ThH e

Th;-Fer:t

;- (if (py <py)eper):t

5. = (€ E £a]e) : (booly,)
T H& L
Ty = ([& E Lle)

Th -6 E6
TTy;- e :(boolg, )
Th ke

;- Fe:(boolg,)
25+ = ([& E Lale) : (booly,)

4.6 Permutations

((Nx:tq),x2:t2) = (Mx2:t2),%1 :7)

F1 Erz

(M,x:t) = (Iy,x:t)

Mhkte:t T =0

TTihlEe:t

TT; 3  (trueg) : (booly)
ﬁ = rz
TT; 5 + (trueg) : (booly)

TT; 7 + (falsey) : (booly)
l"1 = rz
TT;I5 - (falsey) : (booly)

TT;[3 + (if e7 e2 e7) : (booly)
TT;17 + eq : (booly)

I"1 = rz

TT;15 - eq : (booly)
TT;[7 ey : (booly)
TT;T3 ey : (booly)
IT;[3 e : (booly)
TT;13 e : (booly)

lab((booly)) =1¢
TT;I; - (if e7 e2 e7) : (booly)
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(aety-ifp)

*given
Lty-ifp: 1

*given
lae-ifp: 3
aety: 2,4
Lty-ifp: 1
lae-ifp: 3
aety: 6,7
ty-ifp: 5,8

(aety-tag)
*given
lty-tag: 1
*given
lae-tag: 3
lty-tag: 1
lae-tag: 3
aety: 5,6
ty-tag: 4,7

perm

(perm-x1)

(perm-x2)

(permty-true)
*given
*given
ty-true

(permty-false)
*given

*given

ty-false

(permty-ifb)
*given
Lty-ifb: 1
*given
permty: 2,3
Lty-ifb: 1
permty: 5,3
Lty-ifb: 1
permty: 7,3
lty-ifb: 1
ty-ifb: 4,6,8,9

(permty-varl)
*given
*given



A WN =

AU WN = AU WN =

NG~ WN= NG whN = NG~ WN =

AU WN =

T (G, x:t) - (x):t

T ((Rx sty ), x2:t2) F (x1) 1t

T (Nxity) F (x1) sty
((Nx:t7),x2:t2) = ((Mx2:t2),%71 :t7)
T (Rxit2),x1:t1) F (x1) 1t

((Nx1:t7),x2:t2) = ((Mx2:t2),%71 :t7)
T ((Nx ity ), x2:t2) F (x3) 1 t3
l'[;(]",:q ity ) [ (Xg) i t3

TI;F [ (X3) tt3

]'[;(]",xz :tz) [ (X3) tt3

T ((Mxit2),x7:t1) F (x3) 13

)

T (R ,x2:t2) F (x1) 1ty
TR (x1):tg

(M, x2:t2) = (I2,%2:t2)
I"1 Erz

TG F(x) it

(G, x2t2) F (%) ity

Ty + ()\[ﬂ]]X:‘h . e] : (t1 —)tz]
M <Th

l'h;([“] , Xt ) Fe:ty

l"1 Erz

(M,x:tq) = (Iz2,x:t9)

T (D,x:t1) ety

;I (AMhx:ty.e): (t1 = t2)

TR (e2 e1):t2
ThR Fey:(t;—t2)
l"1 Erz
ThhEEey:(t)—t2)
l‘[;ﬂ }—61 tt

L e it

T (e2 e1):t2

TR F(if (py <py) ez er):t
(Thp <py)lil Fe2:t

ﬁ Erz

(Thpy <py)ilz ezt
ThRHEFer:t

Mhrer @t

TG F(if (pp <py)ezer):t

TG = ([6 E £2]e) : (booly, )
M4 C o

T e (booly, )

I"1 = rz

TT; T e : (booly, )

TG F ([t C Gle): (booly, )

ty-varl

(permty-var2)
*given
lty-var2: 1
*given

ty-varl

(permty-var3)
*given

*given
Lty-var2: 2
lty-var2:
ty-var2:
ty-var2:

U W

(permty-var4)
*given
lty-var2: 1
*given
lperm-x2: 3
permty: 2,4
ty-var2: 5

(permty-fun)
*given
Lty-fun: 1
lty-fun: 1
*given
perm-x2: 4
permty: 3,5
ty-fun: 2,6

(permty-app)
*given
lty-app: 1
*given
permty: 2,3
lty-app: 1
permty: 5,3
ty-app: 4,6

(permty-ifp)
*given
Lty-ifp: 1
*given
permty: 2,3
Lty-ifp: 1
permty: 5,3
ty-ifp: 4,6

(permty-tag)
*given
lty-tag: 1
lty-tag: 1
*given
permty: 3,4
ty-tag: 2,5
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4.7 Substitutions

T (Nx:t1)Fej ity ;- Fex:ty ej{er/x}=e3

(subty-true)

1: TT;(Mx:t)F (true) : (booly) *given
2: -Fe:t *given
3: (trueg){e/x} = (truey) *given
4: TI;T F (trueg) : (booly) ty-true
(subty-false)

1: TI;(Mx:t)F (false) : (booly) *given
2: -Fe:t *given
3: (falseg){e/x} = (falsey) *given
4: TI;T F (false ) : (booly) ty-false
(subty-if)

1: TL(Mx:t;)F (if eg eq e7) 1 t2 *given
2: TI;(Tyx:t) - eg : (booly) Lty-ifb: 1
3: g-Fex:it *given
4. (if eg e4 e1){ex/x} = (if e7 e5 e3) *given
5: eglez/x}=es Lsub-ifb: 4
6: TIT e :(booly) subty: 2,3,5
7: TL(Mx:t1)Feq it Lty-ifb: 1
8: eyfer/x}=es Lsub-ifb: 4
9. TNk e :ty subty: 7,3,8
10: TL(NMx:t)Feqit2 Lty-ifb: 1
11: ej{ez/x}=e3 Lsub-ifb: 4
12: TNk e ity subty: 10,3,11
13: 1lab(ty) =¢ Lty-ifb: 1
14: TILTE (if ey e5 e3):t2 ty-ifb: 6,9,12,13
(subty-varl)

T: 5(,xt)F(x):t *given
2: (x){e/x}=e *given
3: -Fe:t *given
(subty-var2)

10 (x2{(x2)/x1} = (x2) *given
2 s(xt)F(x2):t *given
3: B (x2):t Lty-var2: 2
(subty-fun)

1: ﬂz',(r,xzttz}F (}\[ﬂ]]X] :t1.e1): (t] —>t3) *given
2: T, <IN Lty-fun: 1
3: Thi;((Mxp:t2),x1:t1)F ey i t3 Lty-fun: 1
4. ((Nx2:t2),x1:t1) = ((Nx1:t71),%x2:t2) perm-x1
5: TIi;((Mxg:t1),x2:t2) ey 1 t3 permty: 3,4
6: - -Fey:ty *given
7 AMh]x1:t7.e1){ea/x2} = (ATh]x71:t7. e3) *given
8: e1{ez/x2}:eg J,sub—fun: 7
9: Thi;(Nxy:ty1) ez :t3 subty: 5,6,8
10: TIp;TE (A[MR]xy:ty.e3): (t1 —t3) ty-fun: 2,9
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AU WN =

AWN = A WN =

AWN =

VNG WN =

= 0N WN=

(subty-app)

T (Nx:t ) - (eq e1) :t3 *given
T (Mx:t ) Feq : (t2 2 t3) lty-app: 1
rber ity *given
(eq e1){e2/x} = (e5 e3) *given
eg{ez/x}=es lsub-app: 4
T Ee : (t2—t3) subty: 2,3,5
T (Mx:t1 ) Fe7 1t lty-app: 1
ej{er/x} =e3 lsub-app: 4
ThTEe :ts subty: 7,3,8

THETF (e e3) i t3 ty-app: 6,9

T Ee it e =Eley]

(splitty-ifb)

T (if e ex e3):t *given
Mlrre :t Lty-ifb: 1
T e:t Lty-ifb: 1
lab(t) =¢ Lty-ifb: 1
(if e1 ez e3) = (if £ ey e3)[eq] *given
TT;T F e : (booly) Lty-ifb: 1

(splitty-appl)

T (e e2) :ty *given
- e it lty-app: 1
(e1 e2) = (£ ez)leq] *given
T e :(t2—t7) lty-app: 1

(splitty-app2)

T F (e e2) it *given
ke :(t2—t7) lty-app: 1
(e1 e2) = (e1 &)lez] *given
M- e it lty-app: 1

(splitty-tag)

T = ([6 C €le) : (booly,) *given
M- CL Lty-tag: 1
(&1 E Lale) = ([ E £1€)[e] *given
;T e : (bool, ) Lty-tag: 1

TiThe :t1 e =€&lez] Thil'kFe:ty ThTTke:ty Elez]l =ey

(combinety-ifb)

TITE (if ¢ ez e3):t *given
TT;T F e : (booly) Lty-ifb: 1
(if e1 ez e3) = (if € ey e3)[eq] *given
(if £ ez e3)leq] = (if eq e2 e3) *given
TT;T - ¢ : (booly) *given
Mlrrre :t Lty-ifb: 1
Ml-e :t Lty-ifb: 1
lab(t) =¢ Lty-ifb: 1
TI'E (if eg ex e3):t ty-ifb: 5,6,7,8

(combinety-appl)
TITF (e1 e2) :tq *given
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NG~ WN

NG WwWwhN =

NG~ WN =

W;F}—e] : tz—)t])
(e1 e2) = (£ ez)leq]
(€ e2)le3] = (e3 ez]
T et (t2—t1)
]—[;r}—q t2
ﬂ;r}—(% ez]:t]

;T F (e e2) : g
TN e it

(e1 e2) = (e1 &)le2]
(e1 E)lez]l = (e1 e3)
TMEe : (t2—>t1)
ThTrEe ity

T (e e3) 1ty

T E (6 E €2]er) : (booly, )
TI;T ¢ : (booly, )

([&1 © L2ler) = (61 E £1€)[eq]
([6 T £218)[e2] = (&1 C L2]e3)
ML CE

;T - e : (booly, )

T = (6 E £2]ez) : (booly,)
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lty-app: 1
*given
*given
*given

lty-app: 1

ty-app: 5,6

(combinety-app2)
*given

lty-app: 1

*given

*given

lty-app: 1

*given

ty-app: 5,6

(combinety-tag)
*given

lty-tag: 1
*given

*given

lty-tag: 1
*given

ty-tag: 5,6
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W N =

A WN =

= 0N WN=

AU whN =

AU wWwhN =

5 Theorems

5.1 Preservation

TT;T F (true) : (booly)
val (trueg)
- F (truey) : (booly)

TT;T - (false) : (booly)
val (falsep)
;- (falseyq) : (booly)

s (A[MMx:t . e): (61 —t2)
S<TT

T (,x:t1 ) F ety

val (A[TT]x:t;. e)

Thl'-e:t vale

et

T et TITHe — e

M- Fe:t

ej{er/x} =e3

0: TI;-Fe3:ty

TT;- = (if (trueg, ) ej e2):t
TT;- I (truee, ) : (booly, )
M- Fe :t

lab(t) = 22

TTH (
T;- =

TT;- F (if (falser, ) e7 ez):t
TT;- I (falser, ) : (booly, )
;- Fe :t

1 ) =40

)

m

b(t
T (
;- = t

- (if (p; <py) e1 e2):t
M- Fe:t

T F (ATx:t . e1) e2) i t2
;- = (A[MTx:g.e1): (t1 —t2)
m<TIr

T (,x:t1 ) e :

T F ey ity

T ((AMx:t.e1) e2) — e3
val e

ey ity

if (1:.1”1.1e¢1 )ei e2) — e
e

if (falsep,) ey e2) — e
e :
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(valty-true)
*given
*given

ty-true

(valty-false)
*given
*given

ty-false

(valty-fun)
*given
lty-fun: 1
Lty-fun: 1
*given

(ps-app)
*given
lty-app: 1
Lty-fun: 2
Lty-fun: 2
lty-app: 1
*given
lev-app: 6
valty: 5,7
lev-app: 6
subty: 4,8,9

(ps-ifbl)
*given
Lty-ifb: 1
Lty-ifb: 1
Lty-ifb: 1
*given

Lty-ifb: 1

(ps-ifb2)
*given
Lty-ifb: 1
Lty-ifb: 1
Lty-ifb: 1
*given

Lty-ifb: 1

(ps-ifpl)
*given
Lty-ifp: 1



G wkN = G whN = G w

G whN =

AWN =

AWN =

CONOU A~ WN—=

(T, p; <pyli-ker:t

TTH (if (p; <py) e1 e2) — ey
MEp <p;

M- Fe :t

;- (if (p; <py) e1 e2):t
(Thp <pyli-ber:t

TTHE (if (p; <py) e1 e2) — e
M p <p

M- Fe:t

TT;- = ([ E €](trueg, ) : (booly,)
MmH4 C &

TT;- I (truee, ) : (booly, )

T ([& E £2](true, )) — (trueg,)
TT;- F (trueg, ) : (booly, )

TT;- = ([ E £](falseq, ) : (booly, )
MG CL

TT;- F (falseg, ) : (booly, )

TTH ([& T £2](falsee, ) — (falsey,)
TT;- F (falseg, ) : (booly, )

;- Fe ity
]_H—e1 — €4
e =Elez]
;- F ety
r“_ezﬂeg
;- Fe3:t2
Elesl =eq
;- Feq ity

Thi;-Fer:t (Th;e) [T — (T125e2)

Th;-Fex:t

M- Fe :t
(eI — (T;e)
]_H—e] — €)

M- Fe:t

;- Fe:t

(TMy;e) [T — (TT25e)
Th ke

;- Fe:t

5.2 Progress

val e
TMkvee
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Lty-ifp: 1

*given
lev-ifpl: 4
pstty: 3,5

(ps-ifp2)
*given
Lty-ifp: 1
*given
lev-ifp2: 3
Lty-ifp: 1

(ps-tagl)
*given
lty-tag: 1
lty-tag: 1
*given
ty-true

(ps-tag2)
*given
lty-tag: 1
lty-tag: 1
*given
ty-false

(ps-hole)

*given

*given

lev-hole: 2

splitty: 1,3
lev-hole: 2

ps: 4,5

lev-hole: 2
combinety: 1,3,4,6,7

(topps-ev)
*given
*given

ltopev-ev: 2
ps: 1,3

(topps-upd)
*given

*given
ltopev-upd: 2
aety: 1,3

(ve-v)



W =

wN =

— = 00N U A WN=

NV NGB WN =

VNG WN =

G wWwN =

MEe — en

TTEve e

M- Fe:t
TMMkvee

TT;- F (trueg) : (booly)
val (trueg)
T+ ve (trueg)

IT;- F (falsep) : (booly)
val (falsep)
TT+ ve (falsep)

;- (if e; e3 e4) : t

M- Fe3:t

T, Fe:t

lab(t) =¢

(if e7 e3 eq) = (if € e3 eq)leq]
TT;- e : (booly)

TTH ve e

l'[l—e1 — €y

(if € e3 eq)lez] = (if e e3 e4)
TTH (if e] e3 e4) — (if e e3 e4)
TTHve (if e e3 e4)

TT;- - (if (trueg,) ey e2):t
TT;- F (truee, ) : (booly, )
;- Fe @t

M- Fe:t

lab(t) =4,

T+ ve (truep, )

val (trueg,)

TTH (if (truep,) ey e2) — e
TTH ve (if (truer,) ey e2)

TT;- F (if (falser,) ey ez):t
TT;- F (falseg, ) : (booly, )
M- Fe :t

M- Fe:t

lab(t) =&,

TTH ve (falseg, )

val (falseq,)

TTH (if (falsep,) ey e2) — e3
TTH ve (if (false,) e e2)

l‘h;- = O\[ﬁz]x:t1 . e) : [t] —}tz)
M <TI;

T (,x:ty) et

val (A[Th]x:tq.e)

T Fve (?\[ﬂz]xlt1 .e)
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(ve-e)

(pg-true)
*given
val-true
ve-v: 2

(pe-false)
*given
val-false
ve-v: 2

(pg-ifbl)
*given
Lty-ifb: 1
Lty-ifb: 1
Lty-ifb: 1
split-ifb
Lty-ifb: 1
pg: 6
lve-e: 7
combine-ifb
ev-hole: 5,8,9
ve-e: 10

(pg-ifb2)
*given
Lty-ifb: 1
Lty-ifb:
Lty-ifb:
Lty-ifb:
pg:
lve-v: 6
ev-ifbl
ve-e: 8

[ e

(pg-ifb3)
*given
Lty-ifb: 1
Lty-ifb:
Lty-ifb:
Lty-ifb:
pg:
lve-v: 6
ev-ifb2
ve-e: 8

I O

(pg-fun)
*given
Lty-fun: 1
Lty-fun: 1
val-fun
ve-v: 4



VNG A WN =

S =0V NOU A WN =

— VNG A WN =

NG R W =

N UTR W =

AWN =

TT;- = (e1 e3) 1 t2
;- F ezt

(e1 e3) = (£ e3)leq]
TT;-Fep i (t1—t2)
TTH ve e

Wl—e1 — €

(€ e3)lez] = (e2 e3)
TTH (e1 e3) — (e2 e3)
TTH ve (e e3)

TT;- F (e3 e1) : t2
;- Fe3:(t1—t2)
TTH ve e3

val e3

(e3 e1) =(e3 &)ler]
;- F e ity

TTH ve e

TMTHe — e

(e3 E)le2] = (e3 e2)
TTH (e3 e1) — (e3 e3)
TTHve (e3 e7)

;- F (AT ]x:t. e1) ex) s t3

M-+ (AMhlx:ts. 1) 2 (81 = t3)

T Fve (AThlx:t2. e7)

val (A[Thlx:t,. e7)

Ty e ity

I Fve ey

val e)

erfes/x} =e;3

T F (AMhlx:t2. e1) e2) — e3
T Fve (ATL]x:t2. e1) e2)

T = (if (py <py) ey e2):t
(IT,py <py)i-Fer:t

M- Fe:t

TTEpop;

HFP] <p

TTH (if (py <py) e1 e2) — e
TTFve (if (p; < p,) e1 e2)

T = (if (py <py)erez):t
(IM,py <py)i-ker:t

M- Fe:t

MEpyop,

MY p <p;

T (if (p; <py) ej e2) — ey
TTHve (if (p; <p;y) e1 e2)

TT;- F ([6 T &](trueg, ) : (booly, )
ML CE

TT;- = (truer, ) : (booly, )

T+ ve (true, )

(pg-appl)
*given
lty-app: 1
split-appl
lty-app: 1
pg: 4

lve-e: 5
combine-appl
ev-hole: 3,6,7
ve-e: 8

(pg-app2)
*given
lty-app: 1
pg: 2

lve-v: 3
split-app2
lty-app: 1
pg: 6

lve-e: 7
combine-app2
ev-hole: 5,89
ve-e: 10

(pg-app3)
*given
lty-app:
pg:
lve-v:
lty-app:
pg:
Lve-v:
sub-total
ev-app: 7,8
ve-e: 9

U= WN

(pe-ifpl)
*given
Lty-ifp: 1
Ity-ifp: 1
pst-total
Lpsty-pst: 4
ev-ifpl: 5
ve-e: 6

(peg-ifp2)
*given
Ity-ifp: 1
Ity-ifp: 1
pst-total
Ipsty-pnst: 4
ev-ifp2: 5
ve-e: 6

(pg-tagl)
*given
Lty-tag: 1
Lty-tag: 1
pg: 3
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NG

AWN =

AWN =

N UE W =

AU A WN =

NOUTE W =

val (trueg,)
TH ([@1 C 62](trueg1 )) — (truegz)
T ve ([t E £2](truer, ))

;- = (16 E &](falseq, ) : (booly,)
ML C

TT;- = (falseg, ) : (booly, )

TTH ve (falseg, )

val (falser,)

T ([& E £2](falser, ) — (falsey,)
TTEve ([ E G](falsey, )

_vale
TT + topve e

some T (TT;e)[TT — (TTh;e2)

TTy - topve e

TT I topve e

M-Fe:t
Mkvee
val e

IT+ topve e

some TT

;- Fe :t

TTE ve e

]_H—e] — €)
(T;e)) [T — (IT;e)
IT F topve e

5.3 Soundness

;- Ferp:t

(Thy;e1) 4 (TT25e2)

M-Fe:t
TT+ topve e
val e

(TT;e) | (1T;e)

IM3;-Fe3z:t

T3 - topve e3

some Ty

(T3;e3) Ty — (TTq;e7)
;- Ferp:t

(TTy5e1) 4 (TTz5e2)
(ng;eg)l} (”];ez)
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lve-v: 4
ev-tagl
ve-e: 6

(pg-tag2)
*given
lty-tag: 1
lty-tag: 1
pg: 3
lve-v: 4
ev-tag2
ve-e: 6

(topve-v)

(topve-e)

(toppg-v)
*given
pg: 1
lve-v: 2
topve-v: 3

(toppg-e)
asome-total
*given

pg: 2
lve-e: 3
topev-ev: 4
topve-e: 1,5

snd

(snd-v)
*given
toppg: 1
ltopve-v: 2
bigev-v: 3

(snd-e)
*given
toppg: 1
ltopve-e: 2
ltopve-e: 2
topps: 1,4
snd: 5
bigev-e: 3,4,6
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6 Translations

6.1 Types

u ::= booly

us=u—u
6.2 Terms

m ::= truey

m ::= falsey

m:= X

m:=ifmmm
m:=if (p<p)mm

6.3 Contexts

6.4 Type labels

lab((booly)) =1

lab(uy) =1
lab((u; —uy)) =4¢

6.5 Subtypings

M4 C o
TT (boolg, ) < (boolg, )

MhFw <uy TTFwy <wy

TTE (w —up) < (u3—ug)
6.6 Typings

31

(ubool)

(ufun)

(mtrue)
(mfalse)
(mvar)

(mfun)

(mapp)
(mifb)

(mifl)

(ulab-bool)

(ulab-fun)

ust
(ust-bool)

(ust-fun)

mty



TT;T F (true) : (booly)

TT;T I+ (false) : (booly)

TTFm :(booly) TITFm:u TLHNEm:u lab(u) =¢

THTE(ifm my m3):u
T (Mx:u)F (x):ua

Tk (o):u
T (Nx g ) F (x2) 1z

M, (Nx:w)Fm:u
T E (Ax:y.m): (u; —uy)

TTEm :(ug—u) THTEm:u
TN F (m mp) :up

(Mp <p)iTFm:u THIMFm:u
T (if (pp < py) my mp):u

ThI'kFm:w someuy TThHuw <Xu
Em:w

6.7 Theorems

[(booly)] = (boolg)

[wil =t1 [u]=¢t;
[(w1 —u2)] = (t1 = t2)

lab(u) =¢ TLTFe:t
lab(t) =¢

lab((booly)) =¢
TT;T e : (booly)
lab((booly)) =14

W =

;T ()\DT]}XZT.] .e):(t1—>t2)
I <Th

lab((uz —»uy)) =¢

lab(uy) =1

T (Mx:ty)Fe:ty

lab(ty) =4

lab((t]1 —t2)) =¢

NG~ WN =

My Ju
H;er:(n—mz)

1: x
2: TIL<TI
3: Tk (booly, ) < (booly,)
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(mty-true)

(mty-false)
(mty-ifb)
(mty-varl)

(mty-var2)
(mty-fun)
(mty-app)

(mty-ifp)

(mty-sub)

(ut-bool)

(ut-fun)

(ulablab-bool)
*given

*given
lab-bool

(ulablab-fun)
*given
Lty-fun: 1
*given
lulab-fun: 3
Lty-fun: 1
ulablab: 4,5
lab-fun: 6

fresh

(ustty-bool)
fresh

ast-z

*given



N o OB

VOO NAGRAWN =

= 00N WN=

A WN =

ML G
TT; (M x:(booly, ) F (x) :

T = (A[MT]x: (book,

X2

X1

m<TII

M (g —uy) = (w3 —uz)
My <uy

T ((Mx (kg —t2)),x2:t3) ey :
T (Nx (e —t2)) = (x1) 0 (81 —t2)
(M (b1 —t2)),x2:t3) F (x9

TT;T F (true) : (booly)
TT;T F (true ) : (booly)

TT;T I (false) : (booly)
TT;T - (false) : (booly)

(if g mymy):u
: (booly)
(bool/g)

TT l-e: (boole)
lab(u) =¢
lab((booly)) = ¢
TI;T F (if e e3 e2) : (booly)

(booly, )
TT; (M x: (booly, ) - ([€; T €21(x )) : (booly, )
). (&1 © £21(x))) : ((boole, ) —

lust-bool: 3

ty-varl

ty-tag: 4,5

(booly,)) ty-fun: 2,6

(ustty-fun)

fresh

fresh

ast-z

*given

lust-fun: 4

ustty: 5

ty-varl

ty-var2: 7

lust-fun: 4

ustty: 9

ty-varl

ty-app: 10,11

ty-app: 8,12

ty-app: 6,13

t(t3—tg) ty-fun: 3,14
N = (k1 = t2) > (83 2 t4)) ty-fun: 3,15

(mtyty-true)
*given
ty-true

(mtyty-false)
*given
ty-false

(mtyty-if)
*given
lmty-ifb: 1
mtyty:
lmty-ifb:
mtyty:
lmty-ifb:
mtyty:
lmty-ifb: 1
ulablab: 8,3
ty-ifb: 3,5,7,9

= NG O

(mtyty-varl)
*given
ty-varl

(mtyty-var2)
*given
lmty-var2: 1
mtyty: 2
ty-var2: 3
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AU A wWN = AU A wWN =

AU whN =

NV OoONAGRAWN =

[wil =t

m<T1r

THT - (Axg . m) @ (ug —uap)

T (Nxiw ) Fm:uy

TT; (Mx:t ) Fe:ty

T = (A[Tx:h . e) : (t1 —t2)

TG E (mp mp) iz
T Fm e (u —u2)
ThN-e :(t1—=1t2)
T Em iu

T Ee :ty

T E (e e1):t2

KT F (if (o 2 py) maym):u
pz);rl—mz tu
po)ilFer:t

2 BIAIA
2

it
if (g <py) ez er):t

'kFm:w

some uy

[uz] =t2

[ui] =t

My <uy

T et (t1 —t2)
Tk m:y

T e ity
TTE (e e1):t2
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(mtyty-fun)
ut

ast-z

*given
lmty-fun: 3
mtyty: 4
ty-fun: 2,5

(mtyty-app)
*given
lmty-app: 1
mtyty: 2
lmty-app: 1
mtyty: 4
ty-app: 3,5

(mtyty-ifp)
*given
Imty-ifp: 1
mtyty: 2
lmty-ifp: 1
mtyty: 4
ty-ifp: 3,5

(mtyty-sub)
*given
lmty-sub: 1
ut

ut
lmty-sub: 1
ustty: 5
lmty-sub: 1
mtyty: 7
ty-app: 6,8



