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1 Syntax
1.1 Numbers

1.2 Types

1.3 Terms

1.4 Contexts

n: =0
nu:=n+1
t =

t =<0
tu=t—ot
e = <>
e =n
e = A_:t.e
e=ee
.=

=

ra:=Tt

(tunit)

(tfun)

(unit)
(var)
(fun)

(app)

(gn)

(st)



2 Operators
Arithmetic

2.1

2.2

2.3

2.4

Mapping

Context up-shifting

Term up-shifting

n—1=n
n+1—1=n
n<n

O0<n+1

n] <np
ny +1<ny; +1

n>n
0>0

n+1>0

n; >np
ny+1>ny +1

0#n+1
n+1#0

ny #ny
ny +1#ny; +1

Nt [0l =t

] =t

Nto m+1]1 =t

THr=rt

mh=n

Topr Tyt =T2,t

Tne=e
Ta <> =<>
n; <ny

(pred-s)

It

(1t-z)

(It-s)

(ge-22)

(go-s2)

(ge-ss)

(ne-zs)

(ne-sz)

(ne-ss)

(map-z)

(map-s)

(gup-z)

(gup-s)

(up-unit)

(up-varl)



2.5

2.6

2.7

2.8

n; >ny
Ty n1 =17 +1

Tat1 €1 =e2
Tn Ait.e] = A_it.e)

Tner =e3 Tnex =eq
Taney ez =e3 eq

Down-shifting

ln<>=<
n; <np
ln, n1 =my
ny >ny n; —1=n;3

ln, n7 =n3

lat1e1 =e2
ln Aite] =Alit.en

lner =e3 |ney =e4
lnej ez =e3eq

Discharge

rt{o} =T

Nin} =0
N ‘t{n+1} =0,t

Independence

n ¢ fv (<>)

ny #ny
ny; € fv (n7)

n+1¢1fv (e)
n g fv (A_:t.e)

ngZfv (e1) n¢gfv (ez)

n & fv (e e2)

Substitution

<>{ez/n} =<>

n{e;/n} =ey

ny #ny
ny{e2/n2} =mny

(up-var2)
(up-fun)

(up-app)

(down-unit)

(down-varl)
(down-var2)
(down-fun)

(down-app)

(dis-z)

(dis-s)

(indep-unit)

(indep-var)
(indep-fun)

(indep-app)

sub

(sub-unit)

(sub-varl)

(sub-var2)



Toez =e3 ej{es/n+1}=es
(A:t.er){e2/n} =A_it.eq

(sub-fun)

es{e2/n} =es es{ey/n} =ey
(eq e5){ez/n} =e5 e7

(sub-app)



3 Semantics

3.1 Typing

NE<>:< (ty-unit)
'] =t

M-n:t (ty-var)
Lty Fe:t

1% (ty-fun)

NEAtie:t)—t)

e :t1j—t2 Ther:t
lkejer:ty

(ty-app)
3.2 Value

val <> (val-unit)

val A_:t.e (val-fun)
3.3 Evaluation

e — e

e] — e3
- " ev-appl
e] ep —r e3 ey (Vpp)
val e; ep; — e3
il Bl TR ev-app2
e] ep — e] e3 (Vpp)
vale; Toez =e3 ej{e3/0} =es loeq =es ( 3
ev-app

(A_:t.e1) ex — e5



4 Lemmas
4.1 Arithmetic

<
% (ltge-1t)
>
% (ltge-ge)
n] <np
n; <ny +1 Its
0<n+1
O<ntis1 2 (lts-z)
ny+1<ny+1
~m <n, 1 Llt-s
ny] <np +1 ts 1
m ot l<m t14+1 08 (Its-s)
n; >n
n; +1>ny ges
— gezz
0>o0°
0+1>0 (ges-z2)
n+1>0
- gesz
n+1+1>0 (ges-sz)
ny+1>ny +1
—— X |ge-ss
ny > ny
=< ges
ny +1>np
ge-ss
ng+14+1>n; +1 (ges-ss)

n; >np; n3 <np
n; >n3

n;+1>ny +1
—————— |ge-ss
ny+1>n) +1 ny; > np O<mny +1

— " gewsz
ng+1>0 (geltge-z)



ny+1>n; +1 n3 +1<ny; +1
mon 5 T e, U

geltge

n; >n3

=72  gess
ny +1>n3+1

ny <ny n3 >ny
nj <n3

O0<ny+1 ny+1>n7+1

O<mp+1 "7

n3 +1>ny; +1
ny+1<ny; +1 Lltos 3 = 12 Lge-ss
ny <np ns >ny lteelt
n] <n3 ge

ny +1<n3+1 lt-s

n] <np
ny #n

O<1f1+1

ne-zs

O#n+1

n; +1<ny; +1
n; <np
ny #ny

ny +1#n) +1

Llt-s
Itne
ne-ss

n; #n; n; >mn
ny <ng

n+1#£0 n+1>0

0<n+1 lt-

nTJr]#anr]lne—ss n1+12n2+1le_s
ny #ny n; >n &
nege

ny <nj
ny +1<ny +1

It-s

n; <ny

ny —1 =n3

0<I'1+]

n+1—1=n pred-s

(geltge-s)

(ltgelt-z)

(ltgelt-s)

(Itne-z)

(Itne-s)

(nege-zs)

(nege-ss)

(Itpred-z)



4.2

n1+1

n)+1—1=n)

Independence

ny +

<mny +1 n] <np

1<mny +1

pred-s

Ther =e
n & fv (ez)

Ta <> =<>

n & fv (<>)

Tn, m1 =mny
n; <np
ny #n

ny; & fv (n7)

ltne

: indep-unit

lup-varl

indep-var

Ta A_it.e] =Ait.en

Tnes =eq

n¢&fv (eq)

Tat1 €1 =e2
n+1¢&fv (ez)

lup-app
upindep

Llup-fun
upindep
indep-fun

Tnes e =eq e Tanes e =eq e

Taner =e;
n & fv (ez)

n¢fv (eq e2)

Llt-s

lup-app

upindep
indep-app

Tny €1 =e2 np €1v

(e1) mnz >2m;

ny +1¢fv

(e2)

Tny <> =<> ny €fv (<>) np >ny

ny; +1¢£fv (<>)

Tn3 nj

n] <n3

indep-unit

ny; € fv (n)

1
lup-varl

n] <np
n; <ny +1
ny #ny + 1

n +1¢1fv (n

1)

(tpred-s)

(upindep-unit)

(upindep-varl)

(upindep-fun)

(upindep-app)

(up2indep-unit)

(up2indep-varl)



Tnz n; =ny + 1

-var2
Tn, 01 =n7 +1 n; >ny Lup-var 3>1p
v (n1)
B3 I @D depvar
ny #n3
——— . 2 __ ne-ss
ny +1#n3 +1 ind
YR B indep-var
Tn; Ait.er =A:t.er Lupf
. Toy+1 €1 =e2 P
ny; € fv (A_:t.eq)
22 E st Al indepef
e n)+1&fv (e) Jindep-fun
>
L e B ge-ss
e ny;+1>ny+1 4
9
11 ¢t (o) u;; maep
ny +1¢&fv (A\_:t.ey) mdep-iun
T, €3 €1 =e4 €2 L Tn; €3 €1 =eq4 €3 L
——~ |up-a ————— |up-a
Tny €3 =e4 prapp o Toy €1 =e2 prapp
L2r-Vies o) € fv (e3 e1) lindep-app ¥V ies o) € fv (e3 e1) lindep-app
ny; & fv (e3) . ny; &€ fv (ey)
ny >mny 4 e ny>mn 4
up2inde up2inde
m +1&fv (eq) | PEMEP m +1¢fv (eg) | PANAP
indep-app

ny; +1¢&fv (eq e2)

er{e2/n} =e3

n & fv (e2)

n & fv (e3)

<>{e/n} =<> n¢gfv (e)

— indep-unit
n & fv (<>) p

n{e/n} =e
n¢ fv (&)
ny ¢ £v (o)
ni{e/ny} :I:u

ny #ny
ny; &€ fv (n7)

lsub-var2

indep-var

10

(up2indep-var2)

(up2indep-fun)

(up2indep-app)

(subindep-unit)

(subindep-varl)

(subindep-var2)



(A_:it.e1){es/0} =A_it.e3

Lsub-fun
° Toes =e;
o O0&fv (eq)
— gezz
(A:t.e1){es/0} =A_:t.e3 ot 0>0 oind
or{e2/0+1] —ey  LSubAun 0t1gtv (e) Hpamaep
subindep

0+1¢&fv (e3)

27 %3 indepf
0 fv (A:t.ey) acPul

(A:teer){ea/n+1} =Aitees

lsub-fun
. Toes =e;
e n+1¢fv (eq)
- ge-sz
(A-:iter){ea/n+1} =Aitees Lsubf n+1>0 oind
ei{e2/n+1+1} =e3 subTn n+1+1¢&£fv (e2) ) upzindep
subindep
n+1+1¢£fv (e3) . dep.f
n+1¢fv (A:t.e3) tdep-iutt
(eq e1){e2/n} =e7 e;3 (eq e1){e2/n} =ej e3
lsub-app lsub-app
es{ez/n} =eq n ¢ fv (e2) . er{ez/n} =e3 n ¢ fv (e2) .
subindep subindep
n¢fv (e7) n§_ffv(63),d
n & fv (e7 e3) tndep-app
n¢fv (e7)
lner =e
n ¢ fv (<>)
————— down-unit
ln<>=<>
n2 ¢ tv () lindep-var
—_— -V
ny € fv (n7) ny #ny P
m ltlgex |
o <o, lteelt
—— down-varl
la, np =my
ny € fv (ny) ny onj ltgex
——  lindep-var —— |ltge-ge
ny #ng ny > ng
——— ltgex nege
ny onq n] <np
———— [ltge-ge Itpred
n; >ny n; —1=n3
down-var2
ln1 nz =n3
fv (A_:t.ep)
REEV At | epfun
n+1¢&fv (e7) |
——  indepdown
L )
down-fun

lnAite] =Aite)
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(subindep-funl)

(subindep-fun2)

(subindep-app)

(indepdown-unit)

(indepdown-varl)

(indepdown-var2)

(indepdown-fun)



4.3 Shifting

lnes e =eqe;

n & fv (e3 e1)
n ¢ fv (e3)
lnes =eq

n & fv (e3 e1)

Tngfv (e
lney =ez

lindep-app
indepdown

lindep-app
indepdown

down-app

TYH e] =ey Tnz e) =e3 Tnz e] =e4 ny <n
Top+1 €4 =e3
o Tn >=<
¢ Tn, >=<
e Tn, >=<
e npy; <nj
————  up-unit
Ty 11 <& =<
e Tnym=m
Tn3 n] =1m
o “m<m tupvarl
e Tp;ny =my
Tny 07 =19 L 1
° n] <n3 up-var
e n3 <np
Tnz ny =ny
—————— |up-varl
n] <np iLt b-v
— lts
n; <ny +1
up-varl

Toy+1 11 =1
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(indepdown-app)

(upup-unit)

(upup-varl)



e Tpymny =ny +1

Tns n; =ny +1

R o lup-var2
e Tpymny =ny +1

Tny 01 =n7 +1
. . lup-var2
e n3 <np
Tnz n] =1ng

o <1, lulp—varl
n +1<ny;+1 t-s
up-varl

Tay+1 01 +1=n7 +1

Ta, ng+1=n;+1+1

Tnz ng +]:n1 +141

ny +1>n) Lup-var2
Ta, n1 =n7 +1
Tap m1 =17 +1
S lup-var2
ny <nj

T, np +1=n7 +1+1

o m +1>n, lup-var2
Tny m1 =n7 +1
R o lup-var2
Taz 01 =n7 +1
- lup-var2
— ="  ge-ss
ny+1>n3+1 9
up-var
Toz+1m1 +1=n7 +1+41 P
Tn; Aite] =A_ite; "
. Toy+1 €1 =€2 Lup-fun
Tnz A_it.ex =A_:t.e3 I "
up-fun
. Tn,+1 €2 =e3 P
Tn, At =A_itey "
. Ta,+1 €1 =eq Lup-fun
ny <nj 1
e ny+1<ny+1 t-s
upup
Toy+1+1 €4 =e3
up-fun

Tn] +1 Att.eq =Ait.e3
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(upup-var2)

(upup-var3)

(upup-fun)



Tn; €5 €1 =eg €2

Tn, €5 €1 =e6 €2

lup-app lup-app
. Tn, €5 =e6 Ty €1 =e2
Tn, €6 @2 =e7 e3 Tn, €6 @2 =e7 €3
—————————— lup-app ———————— |up-app
. Tnz eg =ey [ Tnz €y =e3
Tn, €5 €1 =eg e4 Tn, €5 €1 =eg €4
——————— lup-app ——————— lup-app
b Tn, €5 =eg L4 Tn, €1 =e4
e 1ny; <nj e ny <n
———— upup upup
Ta,+1 €8 =e7 Ta;+1 €4 =e3 up-app
Tny+1 €3 €4 =e7 e3
Tner =e
lnes =eq
To <> =<>
W. down-unit
n <> =
T, 11 =1
W lup—varl
——  down-varl
lny, m1 =m
Tn, n1 =n7 +1
“ZI”T lup—varQ
—_—— ges ——— pred-s
ny +1>ny n+1—1=mn p
oo +1=n down-var2
ny N =1
Tan Ait.e1 =A:it.e)
— lup-fun
Tot1 €1 =€
——  updown
lnt1e2 =¢eq 4 ;
ln Aliter =Aite own-tun
Tnes e =eq 2 Tnez el =eq e
m lup-app Tae] —ey lup-app
=== updown /- = updown
lnes =e3 lner =e
down-app

lnes er =e3 e

4.4 Totality

Taer =e2

er{e2/n} =e3

Nml=t TN =

rz n; <np

rz [n1] =17

14

(upup-app)

(updown-unit)

(updown-varl)

(updown-var2)

(updown-fun)

(updown-app)



e I,t7 [0] =1,
o T2 Tyt =Tyt

t
Tog1 Mot =T2,t1

lgup-s

° T,tlz N=n

e 0O<n+1

- map-z

I,t7 [0] =t (upli-z)

_ 122 1 hta =T2,t3
M,t3 [0 +1]1 =1t Lmap-s 2t - lgup-s ™+ 1<m+1 Llt-s
N [l =t Ty 1 =T nem It
I [m] =t v
map-s
,t3 [ng +1]1 =1t (uplt-s)

N ml=t Th=0C n>n

o +1]1 =t

ge-zz

Nty [01 =t1 Tg2 Nty =Nty,t2 0>0

— " map-z
Lty [0] =t map-s

Nt1,t2 [04+1] =1t (upge-z2)

T2 T=Nts n+1>0

Pot=t o
Nty m+1+1] =t (upge-sz)

t2 —
M,t3 [0 +11 =t Tn2+] Ih,t3 =T12,t3

ny+1>n; +1

map-s igup_s e-SS
M [n] =t Lmap T2 =0 ny >np le
upge
[ +1] =t
map-s
D,t3 [np +1+1] =t (upge-ss)

4.5 Preservation under up-shifting

MEer:t To' =0 Toel =e
HEey:t

NEo:o TN =L Tha<o=<

— ty-unit
<< yount (psup-unit)

15



Itgex

nj énp
I Fny:ty Tn, n1 =1
—— lty-var i . _
M ] =t Ity Tfé Nn=n n; <np Lup-varl
uplt
rz [n1] =1t
———— ty-var
I Eny ity
m 1tgex
M Fny ot Tnz n; =nj +1
— [ty-var ————— |up-var2
N ] =t Lty 2N =0 n; >ny Lup
upge
D [ +1]1 =t
——F X ty-var
HEnp +1:t
M EAtier it ot
1 1-€1 1 2 Lty—fun
° M,t1 eyt
t3 —
! P h =0 gup-s
o T3t =Tzt
Tn Aity.e1 =A_ity.e2
Jup-fun
o Tot1 €1 =e2 psup
,t1 Fey:to vt
-Iun
HDEAti.ez it >t Y
NMhkeser:ts 1t MEese:ts 1t
LI _a _ -a,
o [1he3:t;—t3 y-app ° Mke:ty y-app
t2 — t2 —
e TN =0 e TN =0
Tnesz el =eq e Tnes el =eq e
-~ . _ lup-app -~ . _ . lup-app
° Tnes =ey . Tner =e2
—_— pPSsup psup
HDhEey:iti—ts eyt
ty-app

Hhheqer:its

4.6 Preservation under substitution

Mber:t M ml=ty Nhke:ty NM{n}="

Theo =e2 er{ez/n} =e3 [ne3 =eq

HhEes:t
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(psup-varl)

(psup-var2)

(psup-fun)

(psup-app)



e ME:<>
e [7 [n]l=t
e IHhhEtej:t
e NM{n}=n
e Tnel =e
o <>{ey/n} =<>

e o=

" tvounit
NE<o:<o youm (pssub-unit)
e [[Fn:t
MkEn:t It
o Ty [ml—¢ ¥
NMEn:t 1t
e -t ¥
o IN{n}=0

e Tnel =e2
e nfey)/n}=ey
o lnex=eg
Mber:t (pssub-varl)
r [nz] =t3
Nep:ty
MNny} =T
Ty, €1 =e2
ni{ez/n2} =m
n e n =n
miea/ma} =m | e
ny #mn

In, m1 =my

Tkny ot (pssub-var2)

17



MEAtie; it —t)

ty-fi
o M,t1 Feyp:ty Lty-fun
M h+1] =t3
map-s
e NM,t1 m+1+4+1]1 =t3
o Ihheg:ts
-  gupz
. Tf)] I =T,t
- upx
e Toes=ey psup
° Nyt Fey:ts
N{n+1} =0

° r1,t]{n+]+1}:r2,t1

e Tht1es =ey

dis-s

(Aitrer){er/n+ 1} =Ait)eq

lsub-fun
. Toer =e3
— upx
e Toes=e
e O<n+1 ft-2
upup
. Tat1+1 €2 =e3
(A_:tq .eq ){67/11 + ]} =A_ity.eq
lsub-fun
] e1{e3/n+1+1}:e4
Aitr.eqg =Aity e
Lot 1.€4 1-€5 Idown-fun
. lat1+1 4 =es5 b
rz,t] Fes:ty pssu
ty-fun
D EAties it >t (pssub-fun)
Mteger:ts 1t MMhteger:t3 1t
MkEeg:t;i—t3 Yy-8PP ° Mke:ty y-app
I [n] =t e [ [n]l =t
HEey:ts e Ihhtepy:ty
MN{n} =0 e NM{n}=0
Tnez =e3 o They=e3
(e e1){e3/n} =e7 e4 (e e1){e3/n} =e1 e4
lsub-app lsub-app
ecl{es/n} =e; o er{es/n} =eq4
lnej eqg =e7 es lnej eq =e7es
——  |down-app ——  |down-app
lne; =e7 b L4 lneqg =es b
HEeys:it;—t3 pssu I Ees:t psst

b Heyes:ts

ty-a
yapp (pssub-app)
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5 Theorems

5.1 Preservation

N e :t ey — e
Ne;:t

e] e3 — ey e

Nkeje3:ty 1t
-a
B y-app o — e,

e :t1 ot

3
ps lev-appl | e] e3 1ty

lty-app

Nex:ty—t2 NFe3:ty ¢
-aj]
NFeye3:ty y-app (ps-appl)
e3 e] — e3 e)
T vales lev-app2
Mkes ety e3 e —
ty- 3 el e3 e2 )
NFe3er:ty 1t NEep:ty Ity-app e — ey ps lev-app2
Ne3:t; =t y-8PP NEey:tg ¢
-Q
IN-e3er:ty y-app (ps-app2)
(A:t1.e1) e2 — e5 5
val e Lev-app
N (A:ty .e1') ey ity &
FEAiti.e1 1t =1t ity-?pp
° ti ke t2 -
——— map-z
e [ty [0] =1t
N (Ait1.e1) en i t2 ¢
° NkEes:tg Lty-app
e — d' _
o Nt {0} =r 7
(A_:t1.e1) e2 — es
lev-app3
. Toex =e3
(A:t1.e1) ex — es I 3
ev-app
° e1{e3/0} =e4
(A_:tq .e1) e) — es
lev-app3
. loes =es b
————————— PSS
lNtes:t) psstt (ps-app3)

5.2 Value or evaluation

evval e

val e
evval e

e — ep
evval e

5.3 Progress

19

(evval-v)

(evval-e)



evval e
R

“val-unit

val <>
evval-v

evval <>

CEALitieit) ot
cEALitieity ot StiFe:ity

Lty-fun

——— val-fun
val A_:tg.e
————— evval-v
evval A_:tj.e

‘Feyesz:ity

ty-a
'F63:t1 lypp

ey e3:ty It
R S _a,
‘Fep:it; ot y-app
evval eq
e — ey
e] e3 —r ey e3

levval-e
ev-appl

evval-e
evval e1 e3

‘Fezer:it; -Fejer:t
—= "% |ty-app 3 CT 22 oo
‘ezt ot cHer ity lty-app
evval e3 Levval-v evval e] Pe .
val e3 e] — ey levval-e
ev-app2

e3 ey — e3 e)

evval-e
evval e3 e;

F(Alityex) e it
E(Alitr.en) eq i t3 “EAZitrez it o3

ty-a;
E(Alitr.en) eq i t3 “EAitrer ity —t3 Lty-app evval A_:t).e2

Lty-app

ty-a; pPg —— = levval-v
“E ALty it —ot3 Lty-app evval A_:ty.er val A_:ty.eo L

- (?\,th .ez) e] i t3
‘Fer:ty

evval e;

. val e

Lty-app
pg
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