
Untypd X-Caku# - functions

terms N
,
Mie x / ( Xx . M) / (MN)

require M =o M
' ( rename bound variables)

the Variables :

fu ( x) = { x}
fu ( Xx .

M) = ACM) I { x}
fr ( M N ) = fu (M) µ fu (N)

Capoiding Substitution : M [ Nlx]

• replaces free occurrences of X in M by N

• renames bound variables in M to avoid

capturing the free variables of N

e - 8 '

( xx . y x) [Xz .x/y] =
.

(Tw . (Az . x) w)



prediction - what it means for a

- X - term to compute

.• ⇒N " M p - reduces in one step to N
"

-

(xx . M) N -sp MCNIX] (B)

B - re
#

M→pM'_ N→sN'_ (congruence)
MN→ MTN MN→ MN

'

_M→sM G)
Ax.M-fsxx.tl '

• M -Sss N ( also written M -7p* N)
- reflexive

,
transitive closure of →p

• M =p N

- reflexive
,
symmetric , transitive closure of -7ns

.

( smallest equivalence relation containing →p)

•
M is in (B) riormalform if there is no

M
'

such that M→ M
'

.



example :

↳ x. g) ((Lizzi)
-73 (xx.y)KzD
→s Laidlaw)
→s y

E N
-

lXx.y7lCXz.zzIxw.wD@x.y)N -7ns

→s y y[NHI=o y

Q : Does →B always terminate ?

w = (Xx . xx)

r = ww -7ps -7ps -7g . . .

⑦g. x) r -7g X M

w terminates Iff

↳ 1B FN
,

normal (N)
(xy.HN sat . M N

÷



M

⇐ →
B o B

"
.

.

.

.ES
.

.

:

" "

% Is
by

"

true non
determinism

"

.

e
, ⑦ ez → e

, x⑦y → x

[ to ez → ez x ⑦ y → J

M -77ps N Tp
th,TB

MEN

"
weak normalization "

M

µ
.lk Issam "
q
T

Hp



examples of =p

2x.Xy.xIpXx.Xy.y@x.y) M =p y ( for any M)

[Q : If M→pN can N be
"

bigger
"

than M ?

Q : If M ;N both determinate

Mason
'
-7

:
. . ET

N ⇒ N' → . .
.

M Fs N ?

r -son

② x. xxx) (Xxxxx) →
,
Kulu → Wvu -7
-

V



Extensionally ( in general)

Two functions f and
g

are extensionally equal

if for all v
,

v) = ( gv)

e. g . f : IR → IR g : IR → IR

Fox EIR
,
fcx) = gcx)

"

they have the same graph
"

f- (x) = 112+2×+1 gcx) = (XTDZ

X - calculus two terms M and N are extensionally-
-

equal if
,

for all A
, LMA) =p ( NA)

-

@

What about : y us
.

IX. yx ?

@x.yx) A →s y A

( But note that y Fs Xx .yX

how to prove it ?) ←

(Xw .

M) N ⇒ M

when w #fr (M)



Lemma
#

HA . MA =p M
'
A) iff Mx =p

N' X

for some x ¢ ACM) u fwm
'

) ( i.e. x is fresh)
proof
a-⇒ assume ( FA .

MA ⇒ n'A) let x be fresh

then Mx ⇒ N'
× by instants- ting A :-X

• ⇐ suppose Mx =p MIX (for x fresh)
Let A be given .

then MA =p (2x .MX/A=stxx.M1x)A

⇒ MA

D



Eta reduction
-

IX. Mx →
q

M (x #ACM)) (n)

• -32,2 (or -542)

• -7322 both B and n rules

•

72 } induced equivalences•

=pq
\ equivalent to extensionally principle .

M Fsp N iff HA ,
MA =p NA

Eta expansion : M -7g. Xx .MX/XctfvCM))



Confluence ( or
,
the Church Rosser property)-

-

theorem : ( Church Rosser)
If M

,
N
,
and P are A - terms and

M -77ps N and M -73 P then FZ
,

M -

St . N -77g Z

§ ↳p p -77ps Z

N p
-

-

-

zig
!

M M

p NK →
Pp

'

'

'

¥z¥
' '

'

'

⇒ z'
n
-

(xxxxx) (by .@ how .wD

← →
NNN ?

.

.
.

x.xxxxx - w)
S t

i×
. .
:*



Reduction vs
.

Evaluation
- -

x. M) N →as MENK]
•

M -7ns M
' N → N

'

-
-

MN -7ns N'N MN -7,14N
'

Man
'

- ( don't do this !)XX.M-zsax.tt

① Can you make a deterministic version ?

② How does that choice affect the theory?

→
n
→

bn →bn

fxx.yj@rlxx.x)
Tx t
v a (xxx)
y !



Normal order / Call by name evaluation
- -

call - by name

=

(xx .

M) N → MENK] (B)
ibn
-

/ m,I77 x →bnx

bn

M →
bn M

'

→
bn
'

"
by - name normal

"

weak head normal

x

[ =bn
Xx MJ Mil . . .

Ma
-

I →

Normal order evaluation - " leftmost outermost"
-

• Coincides with =p for Herons that

have a normal

[ lazy evaluation / call - by - need]



Normal order evaluation

CBNV

whnf = →bn

(xx . M) N → bn MENK] As ⇒ 47$
.

M -7mm
' →bn E →s
-

MN -Shh 'N →ne →is

Normal order
-

Xx . M ) N →n MENK]
M-

N→nN
'

X * M →n
Xx

. M
'
-

X N → x N
'

hnf

M →bn M
'

M → hnf M
'

- -

MN → n M
'

N MN -2M
'
N

Lemmy M /→bn Pt M : A ⇒ whnf ( M) induction on M

n
M = x ✓

.
M = Xx : B. M

' ✓

• M = M
, Mz M

, ⇒n
sow whnflth ,)

- M
.
:B-7C { Me

-_ ax :B
.
Mi

'

X

M
,
=
M



Applicative / Call - by - value / Eager
=
-

-

(Pbr) ( xx .
M) V -31461×3 (V

"

by value normal
"

)

Miami
-

¥'s
MN →su MIN VN → ✓ µ

'
( V "

buy

b.v. Vis x

normal xx .
M =bv

(* V . . . . Va) ⇐ x. y) th #buy
a

• ⇐ Mx) Ibu M


