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Abstract

An (N, M, T)-OR~disperser is a bipartite multigraph G = (V,W, E) with |[V| = N, and |W| = M,
having the following expansion property: any subset of V having at least T" vertices has a neighbor set of
size at least M/2. For any pair of constants £, A\,1 > & > A > 0, any sufficiently large N, and for any
T > 2(log N)g, M < 2(og N)A, we give an explicit elementary construction of an (N, M, T)-OR-disperser such
that the out-degree of any vertex in V' is at most polylogarithmic in N. Using this with known applications
of OR-dispersers yields several results. First, our construction implies that the complexity class Strong-RP
defined by Sipser, equals RP. Second, for any fixed n > 0, we give the first polynomial-time simulation of
RP algorithms using the output of any “n-minimally random” source. For any integral R > 0, such a source
accepts a single request for an R-bit string and generates the string according to a distribution that assigns
probability at most 2=%" to any string. It is minimally random in the sense that any weaker source is
insufficient to do a black-box polynomial-time simulation of RP algorithms.
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1 Introduction

A disperser is a type of expander which was first introduced by Sipser in [Sip88]. Cohen and
Wigderson [CW89] classified dispersers into two types: OR-dispersers and MAJORITY-dispersers.
A bipartite multigraph G = (V,W, E) with |V| = N and |W| = M is called an (N, M,T)-OR-
disperser if any subset of V having at least T" vertices has a neighbor set in W of size at least M /2;
G is called an (N, M, T)-MAJORITY-disperser if it has the (essentially stronger) property that for
any subset Y of W of size M/3, there are at most 7" vertices v € V such that a majority of v’s
neighbors are in Y. The degree of v € V is defined to be the number of edges incident on v (since
G is a multigraph, this may be bigger than the number of distinct neighbors of v). The degree of
a disperser is defined to be the maximum degree of any vertex in V. (Note the difference from the
usual definition wherein “degree” denotes the maximum degree of any vertex in VU W.) In this
paper we investigate the problem of efficiently constructing OR-dispersers with small degree. For
convenience, we will use the term “disperser” instead of “OR-disperser” unless otherwise specified.

It was proved in [San87] by a probabilistic argument that there exist (N, M, T')-dispersers for
N > T = M with degree at most logy N + 2. The problem of giving an efficient algorithmic
construction for dispersers with these or similar parameters, has remained open. (By efficient, we
mean that for each vertex v € V| its neighbor set can be generated in time polynomial in log(M +N)
and in the degree of v.) It has been shown that such an efficient construction would have a variety
of applications in the theory of computation. The requirement for such a construction in many of
the applications is that it works for constants 1 > £ > A > 0 and for sufficiently large N, with
T > 2(logN )5, M < 2(logN )A, and with the degree being at most polylogarithmic in V.

As we will see, the problem of finding an efficient disperser construction is closely related to
the problem of making randomized algorithms robust with respect to imperfections in the random
source. In fact, most of the previous disperser constructions are implicit in the work of simulating
randomized algorithms using weak sources. The best previously known constructions are due to
Zuckerman [Zuc91, Zuc96], who achieved degree polylogarithmic in N if N = T79(W) and Srini-
vasan and Zuckerman [SZ94], whose construction works for N = 2PoWled(T) byt requires degree
(log N)©Uoglog N) "1y yecent work that was inspired in part by a preliminary version of the present
paper, Ta-Shma [TaS96] improved the degree of the construction in [SZ94] to (log N )O(log(k) log )
for any fixed integer k, where log(k) denotes the logarithm to the base 2 iterated k times (i.e.,
log(l) x = logy z, log(z) x = log, logy z, etc.).

In this paper, we give an improved construction of an (N, M, T)-disperser.

Main Theorem: V& A1 > & > A > 0, INg(E,A) such that if N > No(§,\), then for any
9(log N)* <T <N and M < 2(1°gN)A, there is an efficient construction of an explicit (N, M,T)-
disperser with degree polylogarithmic in N.

Remark. Our constructions can be easily generalized as follows: for any given constant ¢ > 0 and
for all sufficiently large N, we can construct (N, M, T)-dispersers G = (V, W, E) with the above
parameters, wherein any subset of V' having at least T" vertices has a neighbor set in W of size at
least M (1 — (log N)~¢).

It is worth noting that although the constructions of [Zuc91], [SZ94] and [TaS96] do not
give polylogarithmic degree, they do give MAJORITY-dispersers. Unfortunately, we could not
strengthen our construction to give a MAJORITY-disperser. Nevertheless, the construction of a
good OR-disperser is itself an interesting combinatorial problem and, as we will see, has significant
applications to both complexity theory and randomized algorithm design.



In the remainder of this section, we describe three main applications of our new disperser. First
we show that the complexity class Strong-RP is equal to RP. In effect, what this says is that there
is an extremely efficient amplification scheme for randomized polynomial time algorithms. Next,
we use our disperser construction along with the work of [Zuc91, Zuc93] in extending the results
of [Zuc91, Zuc93, SZ94] on the hardness of approximating the clique function. Then we show how
our improved disperser family can be applied to designing randomized algorithms that achieve
maximal robustness with respect to imperfections in the random source. Next, our disperser family
also gives improvements on the expander construction and the consequent applications given in
[WZ93]; however, further improvements here have been obtained by [TaS96]. We briefly sketch
how these lead to improved solutions for a problem in data structures: implicit O(1) probe search
[FN93, Zuc91]. These consequences were each observed by previous researchers, and provided much
of the motivation for the search for good dispersers. We also refer the reader to a comprehensive
survey paper by Nisan [Nis96].

1.1 The Equivalence of RP and Strong-RP

Definition 1.1 Random polynomial time (RP) is the set of languages L C {0,1}* such that there
is a deterministic polynomial-time Turing machine My (-,-) for which

x €L — Pr[Mp(z,y) accepts| >1/2, and
x¢ L — PriMp(z,y) accepts] =0,

where the probabilities are for a y picked uniformly at random from {0,1}™ where m = p(|x|) for
some polynomial function p = p(Mr).

We call W} = {y € {0,1}"|Mp(z,y) accepts} the witness set of My, on input x, where m is the
number of random bits used by M, on inputs of length |z|.

Sipser [Sip88| defined the complexity class strong random polynomial time (Strong-RP) to be
the class of languages L for which there is an RP machine M (-,-) and a real number 0 < 1 < 1 such
that on input a string = € L of (any) length n, My, uses ¢(n) random bits for some polynomial ¢(-)
and recognizes z with error probability at most 2-2()+a(n)" (If z ¢ L, then the error probability
is zero, as in Definition 1.1.) He asked whether RP = Strong-RP and showed that the existence of
explicit constructions for sufficiently good dispersers would imply this equivalence. The construction
we give here is sufficient for Sipser’s purposes and so we obtain

Theorem 1.1 RP = Strong-RP.

Proof: The argument in this proof is essentially the same as in Sipser’s original paper [Sip88]. We
show the proof here for later reference. It is immediate that Strong-RP C RP; we now show that
RP C Strong-RP. Suppose we have an RP machine M}, that needs m random bits on an input
x € L of length n, for some m polynomial in n. We wish to simulate this by a machine that satisfies
the conditions of Strong-RP.

Let 0 < n < 1 be given. Let £ = m?" = n®®_ By the Main Theorem with £ = 7 and
A = n/2, there is an explicit (2¢,2™,2")-disperser G({0,1}*,{0,1}™, E), and moreover, for any
given z € {0,1}¢, we can compute the neighborhood of z in {0,1}" in time ¢O(1) = pOM),

Our simulator on input x first samples a random z € {0, 1}, then computes the set of neighbors
Y C {0,1}™ of z. Finally, it runs My (z,y) for each y € Y and accepts if and only if any of the runs
accept. To see that it accepts with the required probability, let B be the set of strings in {0,1}*



that do not have a neighbor in the witness set W} (which are the strings on which the simulation
fails to find a witness). Since the witness set W} has more than half of the nodes in {0,1}™, the
definition of the disperser implies that B has size at most 2”. So the probability of failure is at
most 26", O

Sipser’s introduction of Strong-RP was motivated by:

Theorem 1.2 ([Sip88]) If P # Strong-RP then there is a positive € such that for any time bound
t(n), and for any language L € TIME(t(n)), there is a machine that accepts L and, for infinitely
many inputs, requires space at most t(n)t~¢.

Sipser wanted to replace the hypothesis “P # Strong-RP” by the hypothesis “P % RP”; Theorem
1.1 says that this can indeed be done.

1.2 The Hardness of Approximating the Clique Function

We now discuss the hardness of approximating loglogw(G), where w(G) is the maximum size of
a clique in an input graph G. Let P denote quasi-polynomial time, Ugsg DTIM E(2006™)°), In
[Zuc93], it was shown that if N P # P, then approximating log w(G) to within any constant factor is
not in P; see [Zuc91, Zuc93, SZ94] for further results. We build on the techniques of [Zuc91, Zuc93]
to prove Theorem 1.3, which extends the work of [Zuc91, Zuc93, SZ94].

log z)° (1)

Let quasipoly(z) be short-hand for 2( . We start with a lemma that is implicit from

[Zuc9l, Zuc93]:

Lemma 1.1 ([Zuc91, Zuc93]) Suppose that for every integer n, there is an efficient construction
of an (N = N(n),n®V), T = T(n))-disperser with degree d = d(n). For some pair of functions
91,92 : [1,00) — R such that 91(y) < g2(y) for ally € [1,00) and for any input graph G, suppose
a number h(G) € [g1(w(Q)), g2(w(G))] can be computed in P. Then if gi(N) > go(T), we have
NP C DTIME(quasipoly(N + 2%)).

Theorem 1.3 If NP ¢ P, then approzimating loglog w(G) to within any constant factor is not
i P. In other words, if we can compute, for some fized t > 1, a number in the range

[2(logw(@)!* oflogw(G))']
in P, then NP C P.

Proof: Choose constants o > 3 > 1 such that a/8 > t?>. The main theorem implies that an
(N = 2(egn)® pQ1) 7 — ollog ”)B)—disperser with degree log®® n is efficiently constructible. Thus,
by taking g1(y) = 200g9)'/" and g2(y) = 20089 we invoke Lemma 1.1 to conclude that NP and
hence NP, by a simple padding argument, is contained in P. O

This result improves, e.g., on a theorem from the full version of [SZ94] which showed that if

NP ¢ DTIME (20log n)©(los o n)), then approximating log log w(G) to within any constant factor is
not in P.



1.3 Computing With Weak Random Sources

In practice, randomized algorithms get their “random” bits by using pseudo-random number gen-
erators. Empirically, this often seems to be sufficient. However, there are reports of algorithms
giving quite different results under different pseudo-random generators (see e.g., [FLW92] for such
reports on Monte-Carlo simulations, and [Hsu93, HRD94] for the deviant performance of some
RNC algorithms for graph problems). An alternative approach is to use the output of some phys-
ical source of randomness, such as a Zener diode, or the last digits of a real-time clock. For such a
source, it is plausible to assume that the string of bits output by the source are selected from some
unknown distribution which, while not necessarily uniform, is “somewhat random”. This leads to
the question: to what extent is it possible to design randomized algorithms that are robust with
respect to deviations of the random source from true randomness?

In general, one can define the following notion of an abstract source. An n-bit source is a
probability distribution on {0,1}". A source is a sequence S = S1,So,... where S,, is an n-bit
source. We allow an algorithm to make a single request for R bits from the source for some R, and
the source produces a string that is distributed according to Sg.

A natural idea to compute with imperfect random sources is to “convert” any source from
some family of faulty sources into a distribution that is (nearly) random, which can then be used
by randomized algorithms. That is, for a class of faulty sources, we would like to construct an
easily computable function (family) f such that for any faulty source in the class, if = is a string
selected according to the source then the distribution induced on f(z) is (close to) uniform. For
example, von Neumann [Neu63] presented a technique to convert independent but biased coin-flips
into independent and unbiased ones; Blum [Blu86] showed how to convert the bits output by an
unknown Markov chain into a sequence of perfectly random bits. However, for more general faulty
sources, it can be shown (see e.g. [SV86]) that to construct such a direct conversion f is impossible.

On the other hand, the following broader idea of conversion (introduced in [VV85, Vaz86])
works for simulating randomized algorithms: Suppose the randomized computation C we wish to
simulate needs m random bits. The simulation first requests R = R(m) bits from the faulty source.
Then it maps this sequence of R(m) bits to a set of t(m) strings each of m bits, called test strings,
where £(-) is some function that depends on the simulation. The construction of the set of test
strings does not depend on the computation being simulated or its input, but only on the number
m and the sequence of bits output from the semi-random source. It then performs the computation
C t(m) separate times, one for each test string s, using s as the random string in the computation.
If the algorithm being simulated is an RP algorithm then the simulation accepts if and only if any
of the runs of C' accept, while if the algorithm being simulated is a BPP algorithm, the simulation
accepts if and only if the majority of the runs of C accept. Simulating RP is of course no harder
than simulating BPP.

It is easy to see that the running time of the simulation is g(m) + t(m)TIM E(C), where g(m)
is the time needed to generate the set of test strings, t(m) is the size of the set of test strings and
TIME(C) is the time to perform the computation C. We say that the simulation is efficient if
both g(m) and ¢(m) are bounded by polynomials of m. Note that in the case that we are simulating
an RP or BPP algorithm, this is equivalent to saying that the simulation runs in polynomial time.

The high-level structure of this simulation is common to all subsequent work in this area.
We refer to such a simulation as a “black-box” simulation. Applying this framework, efficient
simulations of RP and BPP under various models of weak sources have been extensively studied.
For example, Santha and Vazirani [SV86] studied the class of weak sources called “slightly random
sources”, which was further examined in [VV85, Vaz86, Vaz87a, Vaz87b]. A more general model



“PRB-sources” is considered later by Chor and Goldreich [CG88]. In [Zuc90, Zuc91], Zuckerman
introduced the model of d-sources which generalizes all the previous models.

Let D be a probability distribution on a set X. The min-entropy of D is defined to be the
maximum real number d such that D(z) < 27% for all # € X, where D(z) is the probability that D
assigns to z. For a function 0(-) mapping the positive integers to [0, 1], a source S = S1,53,... is
said to be a d-source if each Sp is a distribution of min-entropy at least §(R) - R. The function ¢ is
called the entropy rate of the source. In other words, for any number R of random bits requested,
a d-source outputs an R-bit string such that no string has probability more than 279 of being
output. One example of an n-bit J-source is the uniform distribution on a subset of {0,1}" of size
at least 200 Any source is a O-source, and a 1-source is the pure random source. In general, the
smaller that § gets, the weaker (stochastically) the source can be.

For the case where 0 is a fixed positive constant, Zuckerman [Zuc91l, Zuc96] showed how to
simulate any BPP algorithm efficiently with §-sources. What about sources whose entropy rate
decreases with R: how weak can the source get and still be usable for efficient simulations? In
[CW89], it was observed that, for information-theoretic reasons, if S is any class of sources for which
there is an efficient black-box simulation of RP or BPP (that works correctly with high probability)
using any source S € S, then every source S must be close to a é-source with §(R) > R"~! for
some fixed n € (0, 1]. Intuitively, if a source S is good enough to be used in an efficient simulation,
then it must be sufficiently random so that to get m bits of entropy we only have to look at a
polynomial in m number of bits from the source. This establishes a lower bound on the “amount
of randomness” of the class of sources for which an efficient simulation is possible. For a given
n € (0,1], we refer to the class of d-sources with §(R) = R"~! as n-minimally random sources. The
question is: for each n > 0, is there a polynomial-time simulation of BPP, or even RP, that works
for all p-minimally random sources?

The previously best known simulation for RP with n-minimally random sources is due to [SZ94],
which takes time m©1°8™) where m is the number of random bits needed by the original RP
algorithm.

In [San87, Sip88, CW89] it was observed that the black-box simulation described above can
be defined by a sequence G,, = (Vin, W, E;,) of bipartite multigraphs, one for each m, where
Vin = {0,1}20m) and W,,, = {0,1}™. If the computation to be simulated needs m bits, then we use
R(m) bits from the faulty source to specify a vertex in V,,,, and take as our test set the neighbors of
the selected vertex. They further observed that to get an efficient simulation for RP (resp. BPP)
that works for all d-sources for a given function d(-), it suffices that the graphs G, are good enough
dispersers (resp. MAJORITY-dispersers).

The disperser construction we shall present is good enough to be used to do a polynomial-time
black-box simulation of RP algorithms with n-minimally random sources for any fixed positive #:

Theorem 1.4 For any fixed 0 < n < 1, there is a polynomial time black-box simulation of RP
using a d-source with §(R) = R"1 and with error probability 2*”Q<1), where n is the length of the
input to the RP algorithm.

Proof: Suppose an RP machine M needs m random bits on an input x of length n, for some
m polynomial in n. Let R = m3/m = pPW) and let distribution D be any d-source on {0, I}R.
Setting ¢ = 7/2 and A\ = /3 in the Main Theorem, we get a (27, 2™ oR"? )-disperser and use the
same simulation as in the proof of Theorem 1.1. Again the probability of failure is the probability

that z G/B . Since D has min-entropy R", we conclude that the probability that z € B is at most
9—R"+R" 2. g



Subsequent to our work, Ta-Shma in [TaS96], obtained a “nearly optimal” black box simulation
of BPP that runs in time m@0s™ m) for any fixed k, where log(k) m is the k-th iterated logarithm.
Recently, Andre’ev et al [ACRT97] introduced a more general type of simulation, which allows for
a polynomial-time simulation of BPP using n-minimally random sources. This result is obtained
by combining the work of [ACR96] and our disperser construction. (It should be noted that, unlike

previous BPP simulations, their work does not provide a new MAJORITY-disperser.)

1.4 Improved Expander Constructions and Implicit O(1) Probe Search

Recall that our main construction produces (N, M,T)-dispersers, where T' > 2o N)* and M <
9(log N)* £o; any given pair of constants &, A (1 > & > A\ > 0), and N is sufficiently large. Apart
from intrinsic interest, it is also useful in some applications to have M (“almost”) as high as
T. It is possible to use our main construction with a bootstrapping approach from [WZ93] to
explicitly construct, for any positive constants £ < 1 and (small) ¢; > 0 and for all sufficiently
large N (N > Nj(& 1)), (N, 2(l°gN)€,2(1°gN)€)-dispersers of degree 20°8N)' " However, subse-
quent work of [TaS96] has presented further improved constructions of such dispersers, with degree
exp(poly(loglog N)).

We now sketch an application of such dispersers to the problem of implicit O(1) probe search:
the reader is referred to [FN93, Zuc91] for all other definitions and background.

Define a (¢, m,n,t)-rainbow to be a coloring of all ¢-tuples (without repetitions) of elements in
{1,...,m} with ¢ colors, so that for any S C {1,...,m}, |S| = n, all ¢ colors appear in the ¢-tuples
over S. For m < exp(poly(n)), implicit O(1) search has a very close relationship to the explicit
construction of (n,m,n,O(1))-rainbows [FN93]. The basic issue here is to efficiently construct
(n,m,n,O(1))-rainbows for as high a value of m = m(n) (with m < exp(poly(n))) as possible.
Bounds of m = poly(n) and m = nO@(Vloglogn/logloglogn) were achieved in [FN93] and [Zuc91]
respectively. We just mention that the above-sketched families of (N, M, M)-dispersers can be
used to efficiently construct (n,m,n,O(1))-rainbows for m = 20°8™)° for any fixed ¢ > 0 and for
all sufficiently large n > f(c). The proof easily follows from the results of [FN93, Zuc91], and the
interested reader is referred to these papers.

1.5 Simulations of Randomized Parallel Computation

As explained above, our disperser construction is efficient in the sense that given vertex v € V', we
can compute all of v’s neighbors in time polynomial in log V, i.e., in time polynomial in the length
of the natural encoding of v. In fact, as we will show, we can compute v’s neighbors in NC, i.e., in
parallel using poly(log N) processors in polylog(log N) time.

This fact was used in [ACRT97] to get, for every fixed v > 0, a simulation of BPNC in poly-
logarithmic time using a poly(n) number of processors, given access to any weak random source
of min-entropy n”. (We originally consided the question of whether our construction is in NC in
response to a question from these authors.)

Another application will appear in the full version of [ACR97], and is briefly as follows. There
is a well-known line of research in complexity theory on “hardness versus randomness”: showing
that if certain tasks are computationally hard for some deterministic model of computation, then a
certain probabilistic complexity class has a reasonably efficient deterministic simulation (see, e.g.,
[IW97]). Our NC construction is one of the ingredients of Theorem 1.5, which will appear in the
full version of [ACR97]. Theorem 1.5 gives a “hardness versus randomness” tradeoff for parallel
computation.



We need some notation to present Theorem 1.5. The term H : k(n) — n denotes any Boolean
operator H = {Hy, Hy,..H,, ...} such that for any n > 0, H, : {0,1}*(") — {0,1}". The term
F! represents the characteristic function of the output set of H,. Let L(f) denote the circuit
complexity of a finite function f and, given any positive integer dp, the term Lg,(f) denotes the
minimum size of circuits of depth dp that can compute f.

Theorem 1.5 Suppose there exists an NC operator H : k(n) — n with k(n) = (1+©(1))logn and
such that, for any constant d > 1, the characteristic functions FX of its output sets satisfy

L FIy > g2k peoy,

log? n( n

for some constant c¢g > 0. Then, NC = BPNC.

A better “hardness versus randomness” result for sequential computation is shown in [IW97];
however, it does not seem to apply to parallel computation.

The rest of this paper contains six sections. In Section 2 we present various preliminary defi-
nitions and facts. The motivation and overview of the disperser construction is given in Section 3.
We present the construction in Section 4 and its correctness proof is shown in Sections 5, 6 and 7.
In Section 8 we give a summary of the parameters that appear in the construction and the proof.

2 Preliminaries

This section contains a large number of preliminary definitions concerning bipartite graphs and
random sources. The key result of this section is Lemma 2.2, which provides a sufficient condition
for a bipartite graph to be a disperser.

2.1 Bipartite Graphs

We consider bipartite multigraphs G = (V, W, E). For simplicity, we will say “graphs” instead of
“multigraphs”. We use deg(G) to denote the degree of G, which is defined to be the maximum
degree of any vertex in V.

Suppose that V1, Vs, ..., Vj are disjoint sets and for each ¢ between 1 and k—1, G; = (V;, Viy1, E;)
is a bipartite graph. The composition of G1,Ga,...,Gi_1, denoted G1 0 Go o --- 0o G_1, is defined
to be the bipartite graph G = (V1, Vi, E) where (v1,v;) € E if and only if there exists a sequence
V2, ..., vk_1 of vertices with v; € V; for 1 < i < k and (v;,v;41) € F; for 1 <i < k. Observe:

Proposition 2.1 If G =Gy o---0Gy_1, then deg(G) < deg(G1) X --- x deg(Gr—1).

2.2 Blocks, Segmentations and Bit-string Trees

For integers i < j, the block [i, j] is defined to be the sequence of integers (i,i + 1,...,j).

We will often be dealing with sequences A = A1, Ao, ..., Ar where the A; are positive integers,
sets or bit strings. If [4,j] is a block contained in [1, k] then we use the notation Ay; ; to denote
the sum A; + A;11 + ...+ A; in the case that the A; are integers, the union A; U A;411 U ... U A;
in the case that the A; are sets and the concatenation A;A;11 ... A; in the case that the A; are bit
strings.

An (n, s)-composition is a sequence | = (I1, 12, ... ,ls) of positive integers summing to n, an (n, s)-
tower is a sequence ¢ = (qo, q1, - - -,qs—1,qs) of integers with0 = gp < ¢1 < g2 < ... < gs—1 < ¢s = 1,



and an (n, s)-segmentation is a sequence m = (B, Ba, . .., Bs) of disjoint blocks whose union is [1, n]
such that for each ¢ < j every element of B; is less than every element of B;.

There is an obvious set of one-to-one correspondences between (n, s)-compositions, (n, s)-towers
and (n, s)-segmentations as follows: the composition [ corresponds to the tower ¢ with ¢; = i1 +
la+---+1; and to the segmentation 7 such that B; = [¢;—1+ 1, ¢;] (thus |B;| = ;). For example, for
n = 6 and s = 3, the (n, s)-segmentation ({1,2,3},{4,5},{6}) corresponds to the (n, s)-composition
[ =(3,2,1) and the (n, s)-tower ¢ = (0, 3,5, 6).

Let 7 be an (n, s)-segmentation, [ the corresponding (n, s)-composition and g the corresponding
(n, s)-tower. The bit-string tree T™ associated to 7 is the rooted tree with s + 1 layers of nodes
labeled by bit-strings defined as follows:

1. the root of the tree is at depth 0 and is labeled by the empty string;
2. there are 2% nodes at depth i labeled by the bit-strings of length ¢;;

3. if a node at depth i < s is labeled by y, then it has 2%+ children at depth i 4+ 1 such that for
each bit-string z of length [;11, the node has exactly one child labeled by yz. We denote the
edge from y to yz by (z|y).

2.3 Probability Distributions, Converters and Carriers

We will be considering probability distributions D defined on a finite set X. We denote by supp(D)
the support of D, i.e., the set of elements of X to which D assigns non-zero probability. It is often
convenient to think of D as a (row) vector indexed by the set X. Thus, a family of distributions
D on X can be viewed as a collection of vectors in RX. For # € X, we use D(z) to denote the
probability that D assigns to z, and for S C X, we define D(S) =Y, 5 D(z).

We denote by Ux the uniform distribution on the set X, and use U instead of Uy y for
simplicity. If D is a distribution on X and FE is a distribution on Y, then D x E denotes the
product distribution on the set X x Y given by (D x E)(z,y) = D(x)E(y).

Definition 2.1 Let V and W be finite sets. A converter A from V to W is a matriz with rows
indexed by V and columns indexed by W, such that all entries are nonnegative and all row sums
are 1. Forv eV and w € W, A(v,w) denotes the entry in row v and column w.

The usual term for a converter is “stochastic matrix”; we choose the term converter because it
provides a mnemonic for what we want to do with it. Each row A(v,-) of a converter can be viewed
as a probability distribution over W. Given any probability distribution D on V', and a converter
A from V to W, we define the distribution DA on W as follows: select v € V' according to D, and
then select w € W according to A(v,-). Thus A “converts” any distribution on V' to a distribution
on W. If we view distributions as (row) vectors, then the transformed distribution of D through A
is exactly the vector-matrix product DA.

Any function f : V — W induces a converter A/ from V to W in a natural way: for v € V and
w e W, AM(v,w) is 1if f(v) = w and is 0 otherwise. If D is any distribution on V, then f(D) is
defined to be the distribution on W such that for w € W, f(D)(w) = X ev: fv)=w D(v). That is,
f(D) = DAS. An easy induction shows the following:

Proposition 2.2 Let V1, Vs, ..., Vi be sets and for each i between 1 and k— 1, let f; be a function
mapping V; to Viy1. Suppose f: Vi — Vi is defined as f = fr_10...0 foo f1, where o denotes the
composition of functions. Then for any distribution D on Vi, f(D) is the distribution on Vi such
that f(D) = DAT'AT2 . Afk—1,



The support of a converter A is defined to be the bipartite graph (V, W, E) such that (v,w) € E
if and only if A(v,w) # 0. If G is a bipartite graph on V and W that contains the support of A,
then G is said to be a carrier for A. Given a carrier G of the converter A, it is often convenient to
visualize A as an assignment of nonnegative weights to the edges of G, where the weight on edge
(v, w) is the probability assigned to vertex w by the distribution A(v,-). Thus the sum of weights
on edges leaving v is exactly 1.

We next recall a standard measure of distance between distributions.

Definition 2.2 1. The variational distance between two distributions D1 and Do on the same
set X is defined to be |Dy — D = maxycx [D1(Y) — Do(Y)| = 33 e x |Di(z) — Dao(z)|.

2. Dy is said to be e-near to Dy if |D1 — Do < e.

8. The distribution D on X is said to be quasi-random to within e if D is e-near to the uniform
distribution on X.

Some useful, well-known, and easily proved facts about variational distance are summarized
below.

Proposition 2.3 1. If Dy and Dy are distributions on the same set X, then ||D1 — Da|| is at
most min{ D1 (X1), D2(X2)}, where Xy (resp. Xs) is the set of elements x € X such that
Dy(z) < Dy(x) (resp. Di(z) < Da(z)).

2. If Dy, Do, D3 are distributions on the same set X, then ||[Dy — D3|| < ||Dy — D2|| + ||D2 — Ds||.
3. If Dy and Dy are distributions on V' and A is a converter from V to W, then |D1A — Do A|| <
|D1 — Ds||. In particular, for any function f:V — W, ||f(D1) — f(D2)| < ||D1 — Da2]|.

The distance between a distribution D and a family D of distributions on the same set is defined
to be the minimum of ||D — D'|| over all D’ € D. D is said to be e-near to the family D if the
distance from D to D is at most e.

We adopt the convention that the conditional probability given some impossible event is 0.

2.4 Bit Sources

An n-bit source is a distribution on {0,1}". We typically use the symbol X to denote a random
n-bit string selected according to some n-bit source D. If y is a bit string of length 7 < n, we write
D(y) as the probability that X[l,j] = y. If z is another bit string of length k& with j + k < n, we
write D(z]y) as the conditional probability that X[Lﬁk} = yz given X[l,j] =.

For ¢ < n, we define the g-bit truncation of the n-bit source D to be the ¢-bit source D@ such
that for y € {0,1}7, D\9(y) = D(y).

Lemma 2.1 If D is an n-bit source quasi-random to within € and ¢ < n, then D9 is quasi-random
to within €.

Proof: Define f : {0,1}" — {0,1}7 to be the ¢-bit truncation function, i.e., for z € {0,1}", f(x)
is equal to the first ¢ bits of 2. Then D@ = f(D) and f(U,) = U,. The lemma follows from
Proposition 2.3(3). O

Let z € {0,1}" and 1 < i < n. The information in bit i of x relative to D is defined to be

Ii(z) = IP(z) = —logy D(x|w1 ;—1). (f D(xi|zp ;1)) = 0, we take Ij(z) = oc.) Intuitively, I;(x)
represents the amount of information (relative to the distribution) that the i-th bit of x provides
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if the bits are revealed one by one. We say that position i indexes a good bit in z if I;(z) > 1. In
the case that D is the uniform distribution over n-bit strings, every string has n good bits.
As an immediate consequence of the definition we get:

Proposition 2.4 Let D be a distribution on {0,1}" and x,y € {0,1}™.
1. If zixo ... = y1y2 ... y; then i indexes a good bit of x if and only if © indexes a good bit of y.
2. If v1zo ... xi—1 = Y1y2 ... yi—1 and x; # y; then i indexes a good bit of at least one of x and y.

The total information of x relative to D is defined to be the sum of the I;(z) over 1 < i < n,
which is equal to —log, D(x). Thus, the min-entropy of D is the minimum total information of
any string relative to D. More generally, if B = [i,j] is any block of [1,n] then the information in
block B of x relative to D is given by Ip(z) = I§ (z) = —logy D(xy; j|zp,i—1)). Clearly, Ip(z) =
Ii(x) + Lita(x) + ... + Ij(z). In particular, I; ,(z) is just the total information of z as defined
above.

The good bit indicator of x with respect to D, denoted ' (x), is the n-bit sequence whose i-th
bit is 1 if ¢ indexes a good bit and is 0 otherwise. As we will see, this notion is very useful in
analyzing the distribution of the information of a string in a source. The definition of x”(z) can
be extended to strings z of length m < n by defining x” () to be the first m bits of x”(y) where
y is any string of length n that has x as a prefix; it is easy to see that this is independent of the
choice of y and is hence well-defined.

For a bit sequence 3, we use w((3) to denote the weight of 3, i.e., the number of 1’s in the
sequence.

Proposition 2.5 Let D be an n-bit source, let m < n and § € {0,1}". The number of x € {0,1}™
such that xP(z) = § is at most 2¢(P),

Proof: We prove the result by induction on m; the basis m = 0 is trivial. For the induction step,
suppose m > 1 and [ is a string of length m and write 8 = 3'b where 3’ has length m — 1. Let S
be the set of strings y of length m such that x”(y) = 8 and let S’ be the set of strings ¢’ of length
m — 1 such that x(y/) = 3. By induction, S’ has size at most 2*(%). Any string y € S has the
form y = y'a where ' € S’. In the case b = 0, the second part of proposition 2.4 implies that for
each 3/ € §', there is at most one a € {0,1} such that y/a € S; so |S| < || < 20(5) = 2w(B), On
the other hand, in the case b = 1, we have trivially |S| < 2|5’| < 2-2v(#) = 2w(®), O

Remark: The original definition of good bit in [NZ96], was that ¢ indexes a good bit in x if I;(x) > 1
or if I;(x) = 1 and z; = 0. This is slightly more restrictive than ours. Under this definition, the
conclusion of the second part of proposition 2.4 can be strengthened to the assertion that ¢ indexes
a good bit of exactly one of x and y. The conclusion of proposition 2.5 also is stronger with their
definition: for each 3 € {0,1}" there is at most one x such that x?(z) = 3. We modified their
definition because we do not need this stronger conclusion, and our definition will be needed for
Lemma 6.1.

An n-bit source D is said to be §-smooth if w(x” (z)) > én for every x € supp(D), that is, every
string in the support of D has at least dn good bits. Clearly, any d-smooth source is a d-source.
Intuitively, if a source is smooth, then the information of every string in the source is well dispersed.

Let o be an n-bit sequence. A segmentation 7 of [1,7n] is said to be t-equitable with respect to
a if for each block B in m we have w(apg) > t. We observe:
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Proposition 2.6 For an n-bit source D and an n-bit string x, if ™ is a segmentation of [1,n] that
is t-equitable with respect to xP(x), then for each block B in w, Ig(x) > t.

The block-wise min-entropy of D with respect to segmentation 7 is the minimum of I, (z) over
all strings « and blocks B; of m. We say that D is a block-wise (m,b)-source if the block-wise min-
entropy of D with respect to 7 is at least b. When trying to determine whether D is a block-wise
(7, b)-source it is useful to represent D by an edge-labeling of the bit-string tree 7™ in which edge
(z]y) is labeled by D(z|y). We call this representation the w-tree representation of D. In the case
that 7 is the segmentation into n blocks of size 1, we call this the standard tree representation of
D. We note the following obvious facts:

Proposition 2.7 Let D be an n-bit source. Suppose 7 is an (n, s)-segmentation and |l = (I1,...,ls)
the corresponding (n, s)-composition. Then in the w-tree representation of D:

1. for every internal node y at depth i, the sum of D(z|y) over all z € {0,1}\i+1 is equal to 1;

2. for any leaf x € {0,1}", the probability D(x) is just the product of the edge labels on the path
to x;

3. D is a block-wise (m,b)-source if and only if every edge label is bounded above by 27°.

2.5 Carriers for Families of Distributions

In this section we present the sufficient condition for a bipartite graph to be a disperser that we
will use throughout the paper.

Let V and W be sets, D; be a family of distributions on V', and Dy be a family of distributions
on W. A bipartite graph G = (V,W, E) is a (Dy,Da,¢€)-carrier if for each D; € D; there is a
converter A, carried by G, such that D;A is e-near to some distribution in Dy. A (D, Da, €)-carrier
is said to be strong if there is a converter A carried by G such that, for every distribution Dy € Dy,
the transformed distribution DA is e-near to some distribution Dy € Ds.

In the case that the class D5 is a singleton set of distribution Dy, we may use the notation
(D1, Do, €)-carrier.

Remark: The condition that G is a strong (D;, Da, €)-carrier is stronger than the condition that
it is a (D1, Do, €)-carrier, since the latter condition does not require that there is a single converter
A carried by G that “works” for all D; € D;.

We denote by 7 (X, d) the set of distributions on X of min-entropy at least d. The next lemma
shows that to construct a good disperser, it suffices to construct an appropriate carrier.

Lemma 2.2 Let N, M, T be positive integers and let V,W be sets with |V| = N and |W|= M. If
G = (V,W,E) is a (T(V,logT),Uw,e€)-carrier, then every subset of V with cardinality T has at
least M (1 — €) neighbors in G; thus, in particular, if € = 1/2, then G is an (N, M, T)-disperser.

Proof: Assume that G is a (7 (V,log T'), Uy, €)-carrier. Let X be an arbitrary subset of V' of size T,
and let Y be the neighbor set of X. We need to show that |Y| > M (1—e¢). Let D be the distribution
that is uniform on X and 0 on V — X. Then D € 7 (V,logT), and so by the assumption on G,
there is a converter A supported by G that converts D into a distribution @ = DA that is e-near
to Uw. Thus, |Q(Y) — Uw(Y)| < e. Since A is supported by G, @ assigns positive probability
only to vertices that are in the neighborhood of X, so Q(Y) = 1. The uniform distribution assigns
probability |Y|/M to Y. Thus |Q(Y) —Uw(Y)| =1—|Y|/M < e, ie., |Y| > M(1 —e¢). O
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Next we discuss the composition of converters and carriers. A straightforward induction shows
the following fact.

Proposition 2.8 Let Vi, Vs, ..., Vi be sets and for each i between 1 and k—1, let A; be a converter
from V; to Viy1. Then the matriz product AqAs---Ap_1 is a converter from Vi to Vi. Further-
more, if G; is a bipartite graph that carries A;, then the composition Gy o Go o --- 0 Gr_1 carries
AMAy---Ap_q.

Lemma 2.3 Let Vi, ..., V; be finite sets and for each i, 1 <1 < k, let D; be a family of distributions
on V;. If for eachi, 1 <i<k—1, G; on V;,Vit1 is a (D;, Dit1,€)-carrier, then G = Gyo---0Gp_y
is a (D1, Dy, €)-carrier where € = €1 + -+ + €x_1.

Proof: The proof is by induction on k. The case where k = 2 is trivial. Assume it holds for k — 1
and we show for k.

Let G =Gjo---0Gg_9. Then G = G o G_1 and we know G’ on Vq,Vi_1 is a (D1, Dg_1,¢€)-
carrier for € = €1 + - -+ + €x_o by induction hypothesis.

Fix any distribution Dy € D;. We know there is a converter A; carried by G’ and a distribution
Dy_1 € Dk_q such that |[D1A; — Di_1|| < € by the carrier property of G’, and also there is a
converter Ag carried by Gi_1 and a distribution Dy € Dy such that ||Dy_1A2 — Dg|| < €x—1 by the
carrier property of Gx_1. Define A = AjAs. Then

[D1A — Dy [(D1A1)As — Dyp—1Ag|| + || Di—1 Az — Dy ||

<
< ||D1A1 — Di—1| + || Dr—1A2 — Dy
<

/
€ +ep-1=¢

where the second inequality follows from Proposition 2.3(3). Now Proposition 2.8 completes the
proof. O

3 DMotivating the Disperser Construction

We present our disperser construction in Section 4. While the construction is itself elementary, it is
not at all clear from the description why it is a disperser. A detailed proof of this is given following
the description of the construction, but the technical details of the proof hide the key intuitions.
In this section, we discuss the idea behind our construction. The discussion here is not rigorous,
and is intended only to aid the reader in understanding what follows.

As Lemma 2.2 stated, to obtain an explicit construction of a sufficiently good disperser, it suffices
to construct a carrier that converts distributions of small min-entropy to the ones that are nearly
uniform. For this discussion, let us assume V = {0,1}",n = log N and W = {0,1}",m = log M,
and that N, M, T are related as in the Main Theorem. Building on the ideas developed in [NZ96]
and [SZ94], our construction Gp = (V, W, E) of an (N, M, T')-disperser with degree polylogarithmic
in N is obtained by composing two bipartite graphs. Let Z = {0,1}*" where s = alogn for some
constant a. The first bipartite graph is between V and Z and gives a carrier G4 that converts any
distribution on V' of min-entropy logT" to a distribution on Z that is close to a block-wise source
with s equal-sized blocks and with block-wise min-entropy nearly logT". The second is between
Z and W and gives a carrier G¢ that converts any block-wise source on Z as above to a nearly
uniform distribution on W. Both of these constructions have degree polylogarithmic in N. Gp is
defined to be G4 o G, and so it has degree polylogarithmic in N as well and it gives a desired
carrier by Lemma 2.3.
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If X and Y are arbitrary sets, a function f from X to Y can be viewed as a bipartite graph
from X to Y with edge set {(x, f(x))|z € X}. In our construction, the edge set of the carrier G4
is described by a family of functions F4, each mapping V to Z, and consists of the union of the
graphs obtained from each function. Carrier G¢ is similarly specified by a family F¢ of functions.

The family F¢ of functions mapping Z to W that specifies carrier G¢ is obtained by adjusting
parameters in the “block-wise extractor” as presented in [SZ94], which is in turn an improvement
on a similar construction in [NZ96]. Generally speaking, a block-wise extractor is a function taking
two input strings z and y such that if z comes from a block-wise source and y from a pure random
source, then the distribution induced on the output of the function is nearly uniform. By modifying
the construction in [SZ94], we obtain a block-wise extractor C' such that on input a string z coming
from any block-wise source on Z with s equal-sized blocks and with block-wise min-entropy nearly
logT, and a purely random string y of length O(logn), the distribution induced on C(z,y) is
close to uniform. We use each such string y to index a function f, mapping Z to W defined by
fy(2) = C(#,y). The family F¢ is defined to be the set of all f,’s, and therefore the size of F¢ is
polynomial in n (polylogarithmic in N). The above fact about C' now can be restated in terms of
Fo as follows: for a string z selected according to a block-wise source on Z as above, if we uniformly
choose a function f, € F¢ at random, then the distribution of fy(z) on W is nearly uniform. This
is exactly what is needed for G¢.

The main novelty of our construction is the construction of carrier G 4. Intuitively, to convert
an arbitrary distribution D into a block-wise source we want to “chop up” the sequence of bits
from D into a sequence of blocks so that each block has a sufficient amount of information relative
to D [Zuc90, Zuc91, SZ94]. As in [NZ96], the good bit indicator is an appropriate way to measure
the dispersal of information within any string from the source. As suggested by Proposition 2.6,
ideally what we would like is to find an (n, s)-segmentation 7 such that for any string « from D, 7
is t-equitable with respect to x”(x) for some sufficiently large .

There are a few obvious difficulties in finding such a 7. First, since we don’t know what the
source D is, we do not know how the information of any string is distributed. Second, it may
be the case that for a particular string x from a particular source D, all the information of z is
concentrated in a very few bits so that the weight of x”(z) is too small compared to the total
information of = (or to the min-entropy of D). The second problem is easily handled: it turns out
that any source D is close to a smooth source D’ whose min-entropy is close to that of D. So we
work with D’. The solution to the first problem is this: we look for a small family of segmentations
(not just one single segmentation) of the bit positions such that if a string = has enough weight in
XD,(CC), then at least one of the segmentations in the family is t-equitable with respect to XDI(CC)
for some sufficiently large ¢.

Abstractly, here is the combinatorial problem we want to solve: for fixed 1’ < 7 and sufficiently
large n, we need an explicit polynomial-sized family of segmentations II of [1,7n] into s = alogn
blocks for some fixed a, such that for any n-bit sequence « of weight at least n', there is a
segmentation in IT that is n” -equitable with respect to a. (Closely related segmentation issues
were studied in [Zuc90, Zuc91]. The main focus of [Zuc90, Zuc91] was on the case where 1’ and 7
are 1 —©O(1/logn), and the solutions arose from certain new results on paths in expander graphs.)

Each segmentation 7w € II into s blocks defines a function fr mapping V = {0,1}" to Z =
{0,1}*" as follows: fr(x) is obtained by splitting  into the s segments z!, 22, ..., z° corresponding
to the segmentation, and then padding each ' by n — |z?| 0’s, so that each block is of length n.
The family Fj4 of functions that specifies carrier G4 is the set of f, over m € II.
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4 The Disperser Construction

We are now ready to give a full description of our disperser construction. The proof of its correctness
will be presented in the following sections. Note that for reference, a summary of parameters that
appear in the construction and the proof appears at the end of the paper. All logarithms are to
the base 2, unless otherwise specified.

Fix £ and A with 1 > & > A > 0. We wish to construct an (NN, M, T)-disperser for sufficiently
large N, any T > 2(l°g N)E, and any M < 2(l°g N)* | We assume that N = 2" and M = 2™ for integers
n, m, and take V' = {0,1}" and W = {0, 1}". This assumption is without loss of generality since in
the case that N or M is not an integer power of 2, we can take n = [log N'|, and take m = [log M|
if M > 32lleM] and m = |log M| otherwise, and construct a (7 (V,log T), U, 3/4)-carrier. Our
disperser will be denoted Gp = (V, W, E).

We define Gp to be the composition of two bipartite graphs G4 and G¢, defined respectively
in Sections 4.1 and 4.2. Let a = ;7 and let s = [alogn], r = sn. Define Z = {0,1}". The first

log(9/8)
bipartite graph G4 is between V and Z. The second, denoted G, is between Z and W.

4.1 Constructing GA(V, Z, Ex)

Given an (n, s)-segmentation 7 = (B, ..., Bs) and x € {0,1}", define f(z) to be the sn-bit string
obtained as follows: fr(z) consists of the concatenation of s n-bit strings, where the i-th string
consists of the concatenation of zp, and on—IBil,

For integers n, k,d with n > k,d > 4, we will define a family II(n, k, d) of (n, k)-segmentations.
The edge set E4 of G 4 is then defined by {(z, fr(x))|7 € II(n, s, d)}, and thus deg(G 4) is [II(n, s, d)|.
It will be convenient for the reader to think of d as ©(1), and k as O(logn).

To describe II(n, k, d), we first define the balanced d-ary tree T' on [1,n] to be the labeled rooted
tree with n leaves constructed in the following way. Let H = [log;n| and let 7" be the rooted
d-ary tree of depth H. Let T be the smallest subtree of T” containing the root and the leftmost
n leaves of T’. Thus T has [log;n] + 1 layers of nodes and for each node v at depth ¢ > 0, the
subtree rooted at v has at most n/d"~! leaves. The nodes of T are labeled as follows: the leaves
are labeled left-to-right by 1,2,...,n and each internal node v is labeled by the interval formed by
the labels of the leaves in the subtree of v.

For a node v in the tree, we denote by L(v) the largest leaf label in the subtree of v. If
Uy, ug,...,ux_1 is any sequence of vertices in 7" such that L(u;) is strictly increasing and L(ug_1) <
n, we associate it with the (n, k)-segmentation whose corresponding (n, k)-tower is the sequence
(0, L(u1), L(ug), ..., L(ug—1),n). We specify below a collection I'(n, k,d) of such sequences of ver-
tices; II(n, k, d) is then defined to be the set of all (n, k)-segmentations arising from these sequences.

For each leaf w of T', let A(w) be the set of vertices v such that (1) L(v) < w and (2) the parent
of v belongs to the unique path joining w to the root. That is, A(w) is the set of vertices v of T
such that v is a left sibling of some vertex on the path joining w to the root. We notice that the
vertices in A(w) all have distinct L(-) values and they are all less than n. Order the vertices in
A(w) according to their L(-) values in increasing order. We take I'(n, k, d) to be the union over all
leaves w of the set of (k — 1)-element subsequences of the ordered A(w). Notice that the size of
any A(w) is at most (d — 1)H and the number of subsequences of A(w) is at most 2H(4=1) < pd-1
(since d > 4). So the size of T'(n, k,d) (and hence the size of II(n, k,d)) is at most n?.
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4.2 Constructing G¢o(Z, W, E¢)

For some ¢ that is O(log n), we will define a function C' from Z x {0,1}4 = {0,1}" x {0,1}4 to W =
{0,1}™. We then define the edge set Ec of G¢ as {(z,w)| Jy € {0,1}9 such that C(z,y) = w}, and
thus deg(G¢) will be 27 which is polynomial in n. The function C is a straightforward modification
of the block-wise extractor of [SZ94]. To describe the construction, we need the following Improved
Leftover Hash Lemma, which is presented as Corollary 3.4 in the full version of [SZ94]:

Lemma 4.1 Let t < n be nonnegative integers, D be an n-bit source of min-entropy t, k > 0,
and € > 2. There is an explicit construction of an efficiently computable family F of functions
mapping {0,1}" to {0,1}72k  such that the distribution of (f, f(x)) is quasi-random within € (on
the set F x {0,1}72F ), where f is chosen uniformly at random from F, and x is sampled from D.
Moreover, a random element from F' can be specified using 4(t — k) + O(logn) random bits.

Here “efficiently computable” means computable in time polynomial in n and in loge™!. (Further-
more, as shown in the full version of [SZ94], we can in fact take “efficient computability” to be NC
computation: given any x € {0,1}" and 4(t — k) + O(log n) bits that index an arbitrary member f
of F, we can compute (f, f(z)) on an EREW PRAM, using n®™) processors and in log®™)
This will be useful for the parallelization of our disperser construction, as is shown at the end of
this section.

A calculation shows that log |F| < 4(t — k) + 6logn in the above lemma. Furthermore, F', as
constructed above, will be of the form {0, 1}* for some £ < 4(t — k) +6log n. Thus, for convenience,
we may take F' = {0,1}¥ for any desired ¢ > ¢, without losing the above pseudorandom property
of F.

n time.

The following reformulation is more convenient for our purposes.
Corollary 4.1 There is an explicit function
pay {0’ 1}n « {0’ 1}4t+(6 logn] _, {0’1}4[%t]+(610gn]

such that for any m-bit source D of min-entropy t (t > 11), the induced distribution 7(D x
Ust+7610gn]) on {0, 1}4[%'5]er lognl s quasi-random to within 218, Furthermore, T is computable
in time polynomial in n.

Proof: We first set & = ¢/8 and ¢ = 2'7% in Lemma 4.1. As mentioned above, we may now
take |F| = {0,1}¥, for any desired ¢ > 4(t — k) + 6logn; we choose ¢ = 4t + [6logn]. We
view each y € {0,1}*+61e7] a5 indexing a function h, € F, and define 7(x,y) to be the first
472t] + [6log n] bits of the concatenation of y and hy(z). Since the length of this concatenation is
4t+ [6logn] 4 3t/4] which is at least 4[3¢] + [6logn] for ¢ > 11, we can see that 7 is well-defined.
g

Let s be as above. Let t; = 32 and t,_; = [%tﬂ for 0 < k < s. Set py = 4ty + [6logn| for
0 < k <s. Now, using the function 7, we define a family of functions

Cr - ({0,13)F x {0,137 — ({0,1}")*~1 x {0, 1}P+—1
for 1 < k < s as follows: for 21,...,2; € {0,1}",yp € {0, 1}Pk,

Cr(21 ... 2k—12kYk) = 21+ .. Zk—1Yk—1, Where yp_1 = 7(2k, Yr)-
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Let C* = Cio0Cy0...0Cs and let ¢ = ps (thus ¢ = O(logn)). Finally, for each z € Z and
y €{0,1}9, C(z,y) is defined to be the first m bits of C*(z,y), where in C* we view z as a series of
s blocks of n bits each. To see that function C is well-defined, we notice that the length of C*(z,y)
is pg = 4tp + [6logn]. This is bigger than m since by definition t;_; = [%tk] for 0 < k < s and
thus tg > (%)sts > Mty > m.

Thus far we have seen the constructions of G4 and G¢ and hence that of our final disperser
Gp = G4 o G, and the efficiency of Gp is easily seen. Starting from Section 5, we will prove the
following lemma, which clearly implies the Main Theorem:

Main Lemma: V&, A\, 1 > & > A >0, Ing(&, \) such that if n > no(§,N), then for any T,m such
that logT > n& and m < n*, Gp(V,W, E) is a (2",2™,T)-disperser.

Remark: As mentioned in Section 1.5, our construction can be parallelized. We briefly sketch how
this is done. It suffices to show that with poly(n) processors and poly(logn) time it is possible to
compute: (a) given any x € V, all its neighbors in G4(V, Z, E4), and (b) given any z € Z, all its
neighbors in Go(Z, W, E¢). These two results clearly imply an efficient parallel (NC) construction
of our final OR-disperser.

It is apparent from Section 4.1 that task (a) above is straightforward. As for (b), we use the fact
that the function family F' is constructible in NC (see the remark following Lemma 4.1), to first
observe that the function 7 of Corollary 4.1 is computable in NC (i.e., using poly(n) processors and
poly(logn) time). Since s = O(logn), this implies that the quantity C* defined in Section 4.2 can
be computed in NC; in turn, this shows an NC construction of all the neighbors in Go(Z, W, E¢)
of any given z € Z.

5 Proof of the Main Lemma

Let 1 > £ > X > 0 be arbitrary but fixed, and ng(£, \) be a sufficiently large constant. (ng will be
specified as the proof proceeds.) Let n > ng, and T and m be any integers such that log T > n¢
and m < n?.

As defined in Section 4, let a = m,s = Jalogn] and r = sn. We take V = {0,1}", W =
{0,1}" and Z = {0,1}". We want to show that Gp(V,W,E) = Ga(V,Z,E4) o Go(Z,W, Ec) as
constructed in Section 4 is a (2", 2™, T')-disperser.

For the proof, we define the parameters 7; for 0 < i < 3 by n; = (1 —i/3) + A(i/3). Note that
€=mn9>mn >mn >n3 =\ Define §; = §;(n) = n"~L.

Let 7* denote the (sn, s)-segmentation of [1, sn] into s equal-sized blocks each of length n. We
denote by B(Z, 7*,b) the set of all block-wise (7*,b)-sources on Z. In the next two sections, we will
prove the following two lemmas:

Lemma 5.1 G4 = (V,Z,E4) is a (T(V,5n),B(Z,7*,dan), e = 1/4)-carrier.
Lemma 5.2 G¢o = (Z,W, E¢) is a strong (B(Z,7*,02n),Uw, e = 1/4)-carrier.

Remark: Both lemmas can easily be strengthened to e = n™¢ for any constant ¢, provided that ng
is chosen large enough depending on c.

These two lemmas together with Lemma 2.3 imply that Gp is a (7 (V,1logT), Uy, 1/2)-carrier.
The Main Lemma follows from Lemma 2.2. In what follows, we shall first examine the properties
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of G4 and prove Lemma 5.1 in Section 6. Then in Section 7 we show the proof of Lemma 5.2 for
Ge.

6 Converting Weak Sources to Block-wise Sources

Our goal is to show that G4 = (V, Z, Ey4) is a (T (V,0on), B(Z,7*,dan), €)-carrier. To do this, we
fix an arbitrary dp-source D on {0,1}", and show that there is a converter A carried by G4, such
that DA is e-near to a block-wise (7*, dam)-source on {0, 1}". It is important to emphasize the order
of quantifiers here: we do not need one converter that works for all dg-sources, but can choose a
different converter for each dg-source D.

Recall that for each vertex x € V, its incident edges in G 4 correspond to the (n, s)-segmentations
in II(n, s,d). The converter we construct for D will be of a particularly simple form. For each x € V'
we will choose a segmentation 7, € II(n,s,d). We then consider the edge set

9 ={(&, fr, (x))[x € {0,1}"} C Ea.

Observe that g is a function mapping V to Z, it thus induces a converter A9 from V to Z. We take
as our converter the matrix AY.

We will now choose the segmentations m,, and then show that for the resulting converter A9,
DAY is e-near to a block-wise (7%, dan)-source.

6.1 Smoothing the Distribution

Let D be the fixed dp-source. It turns out that the analysis in the later sections will be simplified if
we know that D is a smooth source. The next lemma, basically from [NZ96], says that any source
is close to a smooth source with almost the same min-entropy.

Lemma 6.1 There is a constant cog € (0,1) such that if D is a §-source on {0,1}" with 1/n <
§ < 1/2, then there is an n-bit source D' that is 2~ -near to D and is ¥(8)-smooth, where the
function 1 : (0,1) — (0,1) is defined as 1(5) = cod/log 6 L.

Proof: Let k denote the probability with respect to D that x has fewer than ¥ (§)n + 1 good bits.
We first give an upper bound on k.

By Proposition 2.5, for any string 5 € {0,1}", the number of strings =z € {0,1}" such that
xP(x) =  is at most 2°(%). Therefore, the number of strings = € {0,1}" with exactly ¢ good bits
is at most (7)2’. Thus for any p € (0, %], the total number of n-bit strings = with w(x?(z)) < pn
is at most

Lon) . 2en 2e
S ()2 < pn()2 < o2y < pn( Xy,
i=0 pn P

To get an upper bound on k we let p = 1(d) + % < 1. Since every string from D has probability at
most 279", we have k < Q*J”pn(Q—pe)p". Elementary estimates show that if p = cod/log 6~! where
co is sufficiently small, then x < 2007,

Next we define the distribution D’. Consider the standard tree representation of D. We obtain
D’ by modifying the probability labels of this tree. We call a leaf in the tree bad if the n-bit string
labeling the leaf has fewer than 1(d)n + 1 good bits; we call an internal node in the tree bad if all
the leaves residing in the subtree of the node are bad. We call a vertex good otherwise. Denote by
B the set of all bad vertices v such that the parent of v is good. (By definition, along any path
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from the root to a bad leaf, there is a unique vertex on the path belonging to B.) For each v € B
we change all the edge labels in the subtree of v to % The resulting distribution is D’.

It is clear that the variational distance between D and D’ is at most k since we only modify
the probabilities of strings that have fewer than 1 (d)n + 1 good bits. It remains to show that D’ is
¥ (9)-smooth. For this it suffices to show that for each vertex v in B, all the leaves in the subtree
of v become good after modification.

Let us fix an arbitrary v in B and let w be the parent of v. Denote by ¢; the number of good
bits in the prefix corresponding to the path from the root to w and denote by ¢y the length of the
path from v down to a leaf in the subtree of v. After modification, since the first ¢; good bits are
not modified and all the ¢, bits after v become good, the total number of good bits on any path
from the root to a leaf passing v becomes at least t; + t5. Since w is a good node, we know that
there is a path passing through w that ends at a leaf having at least ¢ (d)n + 1 good bits. It is clear
then t; +t2 > ¥(d)n. O

By this lemma, there is a 1(dp)-smooth source D’ that is ¢/2-near to D for sufficiently large
n. In what follows we will show that for an appropriate g, D’'AY is €/2-near to a block-wise
(7*, 6an)-source. By Proposition 2.3 (2) and (3), DAY will then be seen to be e-near to a block-wise
(7*, dan)-source.

Remark: The above lemma holds for our modified definition of good bit but not for the original
definition of good bit of [NZ96], and was our motivation for modifying the definition.

6.2 Extracting Blocks Using Segmentations

In this section we specify the converter AY by choosing for each x € {0,1}" a segmentation , from
II(n, s,d), the family of (n, s)-segmentations constructed in Section 4.1. This family II(n, s, d) was
chosen to satisfy two properties. The first, which was noted earlier, is that its size is at most n¢.

The second is as follows (recall the definition of t-equitable from Section 2.4):

Lemma 6.2 Let n,d,s,t be positive integers with n > d,s,t and let H = [log,n], i.e., H is the
least integer such that d¥ > n. Let p € (0,1). If a is an n-bit sequence with w(a) > ﬁ,
then there is a segmentation m € II(n, s,d) that is t-equitable with respect to c.

Remark. The values of the parameters above that will be most relevant to our applications are:
d=0(1), s =0(logn), and t = n®W,

Proof of Lemma 6.2: We define an algorithm Segment which takes as input an n-bit string «
and d, s,t, ¢ as in the lemma, and computes an (n, k)-tower Q = (Qo = 0,Q1,...,Qk—1,Qr = n)
with k& < s whose corresponding (n, k)-segmentation is contained in II(n, k, d). The lemma follows
immediately from:

Claim: If the hypotheses of the lemma are satisfied, then the segmentation 7 corresponding to the
output @ of Segment is an (n, s)-segmentation that is t-equitable with respect to a.

The algorithm Segment is given formally below. For notational simplicity, we denote w(ay; ;1)
by w([i,j]) and call it the weight in the block [i, j].

The algorithm first constructs the balanced d-ary tree T on [1,n] and then traverses a subset
of the nodes of T in a top-down and left-to-right fashion. The integers ()1, Q2, ... are generated
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sequentially during the traversal; the parameter ¢ represents the length of the sequence generated
so far, i.e., Q1,...,Q4 have been selected. We initialize ¢ = 0 and ()9 = 0.

At any point of time, the algorithm looks at a particular node vy, in T' at depth h, where h is an
integer parameter initialized to be 0. Recall that L(v) denotes the largest leaf label in the subtree of
v. The interval [Qq + 1, L(vy)] is called the active range from which all further Q; will be selected.
The algorithm examines left-to-right the children of vy, denoted Ci(vy),C2(vh),- -, Caru,)(Vn),
where d(v) represents the number of children of node v. (By definition, d(v) < d for all v of T'.)
Each iteration of the loop in the algorithm corresponds to the examination of such a node.

If the i-th child of v, is being examined, the algorithm takes L(C;(vy)) as a possible candidate
for Q4+1. One of three actions is taken depending on the weight in the block [Q,+ 1, L(C;(vp))]. If
the weight in the block is “too small”, i.e., less than ¢, then L(C;(vy)) is rejected. If the weight in
the block is at least ¢, but not “too large”, i.e., less than gw([Q4 + 1, L(vp)]), then Q441 is chosen
to be L(Cj(vp)). Finally if the weight in the block is too large, i.e., at least w([Qq + 1, L(v)]),
then the active range is reduced by setting v,41 = Ci(vp,). Consequently the algorithm moves one
level down in the tree and h is increased by 1. The loop repeats until either i > d(vp) or ¢ > s or
h > hpaz (Where R = [logg ] +1).

Algorithm Segment

Input: « € {0,1}", integers d, s,t, and ¢ € (0,1)
1. Construct the balanced d-ary tree T on [1,n];

2. hmaz < [logg 1+ 1.

3. ¢ 0;Q0 < 0;h «— 0;v9 < root(T);i « 1;

4. Loop

5. i w((@q+ 1, L(Cilun))]) <1

6. then {i—i+1;}

7 else if ¢ <w([Qq+1,L(C;(vh))]) < pw([Qq + 1, L(vp)])
8 then {Qg+1 — L(Ci(vp));q—q+1;i—i+1;}
0. else if w((Q+1,L(Ci(u))]) > pw(Qq + 1, L(wy)))
10. then {vn11 <« Ci(vp);h —h+1;i 1;}
11. Until (i > d(vy)) or (¢ > s) or (h > hmaz);
12. k=g;

Output: Q = (07 Qh Q27 .. 7Qk‘—17 ’I’l)

The algorithm always terminates since at each iteration at least one of the ¢, g, h increases and
therefore the loop condition will eventually be violated. It is easy to see from the description of the
algorithm that at termination, the sequence of vertices vy, v1, ..., v, form a path from the root and
that all the @; have been chosen as L(u) for some u that is a left sibling of some node v; on the path.
Comparing this fact with the construction of II(n, k, d), we can see that the (n, k)-segmentation 7
corresponding to the output (n, k)-tower @ is contained in II(n, k, d).

We show that at the end of the algorithm, two conditions hold: w([Qi—1 + 1,Q;]) > t for
1 <1<k, and k = s. These two conditions would imply that 7 is an (n, s)-segmentation and
is t-equitable with respect to «, which is sufficient for the proof of the claim and the lemma. By
generating Qs (rather than stopping at Qs—1), we do not have to treat the last block of 7 separately;
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since the last block of 7, [Qr—1+41,n] contains [Qr_1+1, Qy], the first condition for i = k guarantees
that the last block has enough weight.

The first condition is obvious by Steps 7 and 8 in the algorithm. To prove k = s, we first claim
that the following invariants hold at the end of each iteration:

w([Qq + L, L(Cima(vn))]) < 8, (1)
w(Qq + 1. L(wn)]) = ¢"(1 —@)tw(a), (2)
w((Qq +1,L(wp)]) < t+mn/d" 3)

(When i = 1, we define L(Cy(v)) to be the largest leaf label that is smaller than the labels of the
leaves in the subtree rooted at v.) We emphasize that in the above invariants, we refer to the values
of the parameters 7,q and h at the end of the iteration.

We show the claim by induction on the number of iterations. These invariants hold initially
before entering the loop. During an iteration, if Step 6 is executed then there is clearly no effect
on the invariants (2) and (3). Invariant (1) also holds because of the precondition in Step 5. If
Step 8 is executed then w([Qq+ 1, L(C;—1(vp))]) is 0 at the end and so invariant (1) holds trivially.
After this step ¢ increases by 1, w([Qq + 1, L(vy)]) decreases and h is unchanged. Thus invariant
(3) holds by induction. The precondition in Step 7 guarantees that w([Qq + 1, L(vp)]) is at least
1 — ¢ times what it was and so invariant (2) also holds. Let us now consider the case that Step 10
is executed. Then the left hand side of invariant (1) is w([Q4 + 1, L(Co(vp))]), which is exactly the
w([Qq + 1, L(C;—1(vs))]) at the end of the previous iteration, and is thus less than ¢ by induction.
Since w([Qq + 1, L(vy)]) is at least ¢ times what it was and h increases by 1, invariant (2) is also
maintained. After this step, w([Qq + 1, L(vp,)]) is at most the sum of w([Qq + 1, L(Cy(vp))]) (which
is less than t by invariant (1)) and the size of the interval labeling v, (which is at most n/d"~1).
So invariant (3) holds as well.

Now suppose on the contrary that the algorithm terminates with £ < s. Then at termination
we must have either i > d(vy,) or h > hypaq-

If ¢ > d(vp,), then either Step 6 or Step 8 is executed at the last iteration with ¢ = d(v;,). We
note that L(Cy,(v)) = L(v) for any v. If Step 6 is executed, then by the precondition of this step,
w[Qq + 1, L(vp)] < t. But this together with invariant (2) violates the Lemma’s hypothesis that
w(a) > 2t/(eH (1 — ¢)*). The precondition of Step 8 can never be satisfied in this case since we
assumed ¢ < 1.

If b > hpnas, then invariants (2) and (3) together imply that ¢"(1 — ¢)%w(a) < 2t, which again
violates the hypothesis about w(«). The proof of Lemma 6.2 is complete. O

Corollary 6.1 Let &, A\, s and n;,6; fori = 0,1 be as defined at the beginning of Section 5. There
exists an integer d = d(&, \) such that for all sufficiently large n, if D' is a 1(dp)-smooth n-bit source,
then for each string x € supp(D’) there is a segmentation 7 € II(n,s,d) that is d1n-equitable with
respect to X' (x).

Proof: Fix any = € supp(D’) and let a = x?'(z). Since D’ is ¥(dy)-smooth, w(a) > 1(dy)n. Let
t = 01n. We will show that constants d and ¢ can be chosen to satisfy ¥(5g)n > 2t/(0™ (1 — ¢)*)
for sufficiently large n so that the hypotheses in Lemma 6.2 hold. This will be sufficient for the
proof of the corollary.

Since s < 1+ alogn and H < 14 logn/logd, it suffices to have

conm™~1 opm—1lp
>
(1 —mo)log nn = pltlogn/logd(] _ (p)ltalogn’
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which is equivalent to

(no —m1)logn > 14 logcg® +1log(1 —ng) +log o™t +log(1 — )"
+loglogn + (log o~ /logd + alog(1l — ¢) 1) logn.

Choosing ¢ sufficiently close to 0 (depending only on a, 1y, 7; which in turn depend only on &
and A) and then choosing d sufficiently large (depending on ¢) makes the coefficient of logn on
the right less than (79 — 71). Then the inequality holds for all sufficiently large n. For example, we
can set ¢ = 1 — 2(m=m)/3a anq d = 23log ™" /(m=m) g6 that the coefficient of log n on the right is

2(no —m)/3. O

We now define 7, for 2 € supp(D’) to be the segmentation given by the corollary. For x ¢
supp(D’), define 7, to be an arbitrary segmentation of II(n,s,d). Then, g : V — Z defined by
g(x) = fx,(z) specifies the converter AY9. To complete the proof of Lemma 5.1, it now suffices to
show

Lemma 6.3 D'AY is €/2-near to a block-wise (1%, dan)-source on {0,1}".

6.3 The Correctness Proof of the Conversion

We need to show that the distribution D'AY is within €¢/2 of a block-wise (7*, dan)-source. We
start with some facts about convex combinations of distributions. Recall that we often view a
distribution D on a finite set X as a (row) vector indexed by the set X. We say that a family of
distributions D on X is conwvex if the associated set of vectors is convex. Two lemmas will be useful:

Lemma 6.4 Let D be a convex family of distributions on X and suppose that Di,Do, ..., Dy
are distributions on X such that D; is €;-near to the family D. Suppose that A1, Aa, ..., A\ are
nonnegative reals summing to 1, and let D = Zle AiD;. Then D is e-near to the family D, where

€= €.
Proof: Let i be any integer between 1 and k. By assumption, D; is ¢;-near to D and therefore

there exists a D} € D such that ||D; — D} < ¢. Let D' = >°F | \;D.. Since D is convex, D' € D.
Furthermore,

k k
ID —D'|| <> NlDi — Dif| <> Niei,
i=1 i=1
which concludes the proof. O

Lemma 6.5 Let n,s be integers with n > s. Then for any (n,s)-segmentation © and real number
b > 0, the class of block-wise (m,b)-sources on {0,1}" is convex.

Proof: Let m = (By, B, ..., Bs). Suppose Dy, Dy are arbitrary block-wise (7, b)-sources on {0, 1}"
and A1, Ao are arbitrary nonnegative reals summing to 1. Let D = 2?21 AND;. We want to show
that for any x € {0,1}" and 1 <k <s, D(zp,|zp,,_,) < 270, Now,

D(ka‘xB[l,k—l]) = D(xB[l,k])/D(xB[l,k—l])

2 2

= (Z NiD; (%B[Lk] ))/(Z AiDj (CUB[kal] ))
i=1 =1

< miaX{Di(xB[l,k])/Di(xB[l,k—l])}

< 27
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where the last inequality follows from the assumption that the D; are block-wise (7, b)-sources. O
To show that the distribution D'A9 is within €/2 of a block-wise (7*, don)-source, we will define
a collection of distributions (E¥ : w € II(n, s,d)), and express D'AY as a convex combination of such
distributions. We will then use Lemma 6.4 to upper bound the distance of D’AY from a block-wise
(7*, dan)-source, in terms of the distances of each E} from such a source.
To define the distributions E, we first define for each 7 € Il(n, s, d) the segmentation class of
7 to be S; = {x € supp(D’)|r, = 7}. The next proposition follows easily from Corollary 6.1:

Proposition 6.1 Suppose m = (By,...,Bs) € Il(n,s,d). Then Sy is not empty implies that |B;| >
o1n for all 1 < i <s. Moreover, for any x € S; and 1 < k < s, we have D,($Bk|3€B[1,k,1]) < 9~hin
i.e., Ig;(:c) > oin.

Let £, = D'(Sy). By definition, the map g acts on all 2z € S as follows: segment the bits of =
according to 7, and pad enough 0’s to each segment so that its length is n. That is, g(z) = fz(z)
for z € S;. Note that while the map ¢ is not necessarily one-to-one on {0, 1}", it is one-to-one
when restricted to any S;. Since {S; : m € II(n,s,d)} clearly forms a partition of supp(D’), we
have > k. = 1.

If kr > 0, we define E to be the probability distribution over {0,1}" conditioned on Sy, i.e.,

for each = € {0,1}",
{ D@ if g Sx

%

E. =
(z) 0 otherwise.

For k. = 0, we take E to be an arbitrary distribution. It is easy to see that D' =%k Er.
We define E to be the probability distribution on {0,1}" such that for y € {0,1}":

«/ ) Ex(z) if 3z € Sy such that g(z) =y
Exly) = { 0 otherwise.

From the fact that g is one-to-one on S, through fr, it is easy to check that E? is well-defined and
that B* = E,A9 = B Af~,
We can now express D'AY as a convex combination of the EZ:

DN =) ke BN =) ko Ej
™ ™

We want to use this to upper bound the distance of D’AY from a block-wise (7*,d2n) source. Let
¢r denote the distance from E; to the family of block-wise (7, d2n)-sources on {0,1}". Thus for
each 7 € II(n, s,d) there is a block-wise (, dan)-source F; on {0, 1}" that is e -near to E,. Let F
be the distribution on {0, 1}" defined as follows: for y € {0,1}",

F;;(y) :{ Fﬂ(x) if fﬁ(ﬂf) =Y

0 otherwise.

Since fr clearly defines a one-to-one function on {0,1}", we can see that F* = F,.Afr. Following
the definition of f, we can also see that for any n-bit string z and 1 < ¢ < s, the information in
the i-th block (w.r.t. m) of x relative to F is exactly the same as the information in the i-th block
(w.r.t. ) of fr(x) € {0,1}" relative to F. Therefore, since F is a block-wise (, Jan)-source on
{0,1}", F¥ is a block-wise (7, dan)-source on {0,1}".

Observe:
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1E; — Fyll = | BxAT" — Fe A | < || Br — Frl = er.

Now by Lemma 6.4 and Lemma 6.5,

Lemma 6.6 D'AY is v-near to a block-wise (7*,dan)-source on {0,1}", where 7 is defined to be
ZﬂEH(n,s,d) Kr€r.

So it suffices to upper bound ~ in this lemma by /2. We will prove:
Lemma 6.7 For any 7 € I(n, s,d) with iz >0, e, < 5202700/

Combined with Lemma 6.6, we obtain v < [[I(n,s,d)|s2(%2=9)", Thus to show vy < ¢/2 it
suffices to show: (0] —d2)n > 14log e~ +log s +log [II(n, s, d)|. The left hand side is n*!) and the
right hand side is bounded by a constant times log n, so the desired bound on  holds for sufficiently
large n.

Thus it remains to prove Lemma 6.7.

Proof of Lemma 6.7:

Fix any 7w € II(n, s,d) with x, > 0. We need to upper bound the distance of E; from the family
of block-wise (7, dam)-sources on {0,1}". We first prove a general upper bound on the distance of
an arbitrary n-bit source F' from the family of block-wise (7, b)-sources on {0, 1}".

The reader will find it useful to recall the definition of the 7-tree representation of a distribution
F on {0,1}". Recall that F' is a block-wise (7, b)-source if and only if every edge label in this tree
is at most 27°. With this in mind, we make the following definitions:

Definition 6.1 Suppose F' is an n-bit source. Let m = [By,...,Bs] be an (n, s)-segmentation and
k be an integer satisfying 1 < k < s. x € {0,1}" is said to be (m,b)-bad at block k relative to
distribution F if F(ach|:cB[Lk71]) > 270 i.e., the label of the k-th edge on the path from the root to
x in T™ is greater than 27°. x € {0,1}" is (m,b)-bad relative to F if there is a k such that x is
(m,b)-bad at block k. We denote by Br(m,b; k) the probability that an n-bit string randomly chosen
according to F' is (mw,b)-bad at block k and by Br(m,b) the probability that an n-bit string randomly
chosen according to F is (m,b)-bad.

So F' is a block-wise (7,b)-source on {0,1}" if and only if none of the strings is (m,b)-bad.
Generally, we have the following bound on the distance of F' from a block-wise (7, b)-source:

Lemma 6.8 Let F' be an n-bit source, let b be a positive real number and let m = [By, ..., Bs] be
an (n, s)-segmentation in which each block has at least b elements. Then F is Br(m,b)-near to a
block-wise (m,b)-source.

Proof: We will construct a block-wise (7, b)-source F’ with the property that if F'(z) < F(z) for
an arbitrary x € {0,1}", then z is (7, b)-bad relative to F. By Proposition 2.3(1), this implies that
F'is Bp(m,b)-near to F.

Consider the m-tree representation for F. We modify the probability labels of this tree to
obtain the distribution F’. The tree for F’ must satisfy that the conditional probability assigned
to each edge is at most 27°. Consider an internal node z at depth & < s. The edges from z
correspond to binary strings of length |Bg 1| > b. Thus z has at least 2° edges coming from it.
Therefore it is possible to choose F'(y|z) for y € {0, 1}1Br+1l so that F'(y|z) = 270 if F(y|z) > 27°,
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F(ylz) < F'(y|z) <270 if F(y|z) < 27°, and the sum of F’(y|z) over strings y of length | By, is 1.
Doing this for all internal nodes z yields the desired F’. It is easy to see that if = is not (7, b)-bad
relative to F' then the conditional probability labels on the path to x are at least as big for F” as
for F, and so F'(x) > F(x). O

By Proposition 6.1, for any 7 € II(n, s, d) with x, > 0, each block in 7 has at least d;n elements.
Then the above lemma tells us that Sg, (7, 02n) > €. Since g, (m,b) < > 7_, B, (7, b k), we will
complete the proof of Lemma 6.7 by showing:

2b—51n
B, (m,b; k) <

(4)

By definition, B, (m,b;k) is equal to the sum of E;(z) over all the z € supp(E;) that are
(m,b)-bad at block k relative to E;. We know that for any = € {0,1}", z is (m,b)-bad at block k
relative to B if Eﬂ(ka]xB[l,k_l]) > 27 Moreover, for z € S, we have:

Ry

Eﬁ(xB[l,k])
Er(25p 4 y)
D/(xB[Lk]) D/(xB[l,k—l])
KB (CUB[1,1€71] ) D/(xB[l,kq] )
D'(xp
KrEr(zp

Er(zp, |xB[1,k—1]) =

1)
= D/(ka|xB[1,k—l]) _— )
1,k—1]
_ 2—51nD,($B[1’k71])

Kr Br(wp,, )

where the inequality follows from Proposition 6.1. Putting these together, we have that a necessary
condition for z € Sy to be (m,b)-bad at block k relative to E is:

2b—51n

Er(B) ) < D'(zpy, ) (5)

Kr

Let X be the set of all z € S; = supp(Er) that satisfy (5). The sum of E,(x) over z € X is
then an upper bound on SBg, (7, b;k). Define ¢ = |Bj; ;_1j|, and note that condition (5) depends
only on the first ¢ bits of . Recall that E7(rq) denotes the ¢-bit truncation of E; and D' is the
¢-bit truncation of D’. Let Y be the set of all y € {0,1}¢ such that Y (y) < 2b=0n D) (y) / k.
By the definition of ¢-bit truncation, we know that for any y € {0,1}9, EY (y) = Ex(y) and

D9 (y) = D'(y). Tt is then clear that the sum of EY (y) over y € Y is equal to the sum of E(z)
over x € X. So finally we have:

B, (mdik) < S E9D(y)

yey
gb—d1n y/(q) (y)

K

IN

yey
b—o

= 2 1nz:l)/(q)(y)
K yey
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2b761n

— Y
Hﬂ'

which establishes inequality (4), and completes the proof of Lemma 6.7. O

7 Converting Block-wise Sources to a Uniform Source

In this section we show Lemma 5.2 for Go. The proof we present is a variant of the correctness
proof of the extractor (Function C') in [NZ96].

In Section 4.2 we defined the parameters ts = 32 and ¢ = ps = 4t;+[6logn| (thus ¢ = O(logn)).
Define A to be the matrix on Z x W such that for z € Z,w € W,

A(z,w) = {y € {0, 1}7] C(z,y) = wi]/27.

It is clear that A is a converter and that G¢ is the support of A. To prove Lemma 5.2, now it
suffices to show that A transforms every distribution in B(Z, 7*, d2n) to a distribution that is e-near
to Uy . Fix any D € B(Z,7*,09m); we want to show that ||DA — Uw| <e.

First we notice that, in fact,

Azyw) = > A%((zy), w)Uq(y),
y€e{0,1}4

where AC is the converter from Z x {0,1}9 to W induced by the function C. Therefore DA =
(D x U,)A®. As we know, C is defined to be the m-bit truncation of C*. Now Lemma 2.1
implies that to prove ||(D x U,)A® — Uw/| < ¢, it suffices to show |[(D x U, )AY" — Uy, || < e
Furthermore, since C* = Cy o Cy 0 ... 0 (s, Proposition 2.2 says that this is equivalent to showing
(D x U)ACs ... AC2AC — U, || < e

Let k be any integer between 1 and s. For each y € {0, 1}(]“*1)", let Dy, denote the distribution
on {0,1}" such that for z € {0,1}", Dy, (2) = D(z|y). Recall that for any integer j < sn, D)
denotes the j-bit truncation of D. By definition,

DW= (y) Dy, (2) = D*M (yz) = D(y2).
As we know D = D™ we want to show
[(DE™ x U, JA% ... A2ACY — U, || < e (6)
We will prove that for each integer k between 1 and s,

[(DE x U, )AC — D=0 7, | < 91=0/S, ()

-

Assume this is true. Then by applying Proposition 2.3(2) and (3), a straightforward induction
shows that the left hand side of (6) is at most > 5_, 2 %/® < 2.217%/8 < ¢ where the last
inequality follows from ts > 32 and € = 1/4. This will complete the proof of the lemma.

So it remains to prove (7). Since D is a block-wise (7, dan)-source on Z, by definition, for any
1 <k <sandanyy € {0, 1}('“*1)", Dy, is an n-bit source with min-entropy don. This is at least ¢
since tg < (%)StS + f;&(%)i < don for n large enough and tg > t; for 1 < i < s. Now Corollary 4.1
says that the distribution 7(Dy, x Up, ) on {0, 1}Pk-1 is quasi-random to within 21=t%/8  Finally,
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I(D™ x Uy JA% — DD g, |

Z D((k=1)n) ()T (Dypy % Up, ) (1) — Uy, _, (u)]
yE{O,l}(kfl)n7u€{071}pk,1

Z D(y)”T(Dk|y X Upk) - Upk—1 ”

1
2

ye{0,1}(h=1n
S 21—tk/8 Z D(y) — 21—tk/8.
yG{O,l}(kfl)"
This completes the proof. O

Remark: In the case that e = n=%() we can take t, = 810g% + 16 so that ¢ is still O(logn) and
2. 2176/8 <e.

8 Summary of Parameters

Here we give a summary of the parameters that appeared in the construction and the proof:

1>€6>A>0;

no(&, A) is sufficiently large and n > ny;

logT > né and m < n’\;

for 0 <i<3,m =¢&(1—1i/3)+ \(i/3) and §; = &;(n) = n"~1;

a= m,s = [alogn]| and r = sn;
o =1—2Mm=m)/Ba) anq ¢ = 2Blose™")/(mo—m),
e=1/4;

ts =8loge ' 416 =32 and t}_; = (%tﬂ for 0 < k <s;
pr = 4t + [6logn] for 0 < k < s;
g =ps = O(logn).

Concluding Remark

As mentioned in the introduction, the elegant new result of [ACRT97] shows a polynomial-time
simulation of BPP using n-minimally random sources: the work of [ACR96] and our construction
of OR-dispersers, are key ingredients of their work.
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