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Abstract— In this paper, we study the dynamics of a viral of spreading processes in networks defined via proximity
spreading process in random geometric graphs (RGG). In an constrains.

RGG, nodes are randomly distributed in a particular spatial . . . .
region, and edges are located between those pairs of nodesith In this paper, we study the dynamics of a viral spreading

lie within a given distance r from each other. The spreading N @n important type of proximity networks called Random
of the viral process we consider in this paper is closely retad ~ Geometric Graphs (RGG). RGG’s consist of a set of vertices

with the spectral radius of the adjacency matrix of the graph  randomly distributed in a given spatial region with edges
We deduce new explicit expressions for all the moments of the connecting pairs of nodes that are within a given distance

eigenvalue distribution of the adjacency matrix as a functbn - . . .
of the density of nodes and the radius of connection. We apply from each other (also callambnnectivity radiup This family

these expressions to find an analytical upper bound for the ©f random graphs has found multiple applications in wireles
spectral radius of the adjacency matrix in order to study the ~communication [9] and sensor networks [11]. The eigenvalue

behavior of the viral infection in an RGG. Based on our resuls,  distribution of an RGG is relevant in, for example, studying
we deduce an analytical condition that can be used to design the behavior of a viral infection in a given network (in [17]
RGG's in order to tame an initial viral infection. Numerical o4 171 e find an explicit relationship between the behavio
simulations are in accordance with our analytical predictons. . . - . - -
of a viral infection in a network and its spectral radius).
In this paper, we derive new explicit expressions for the
expected spectral moments of the random adjacency matrix
The analysis of spreading processes in large-scale complessociated to an RGG. Furthermore, based on these spectral
networks is a fundamental dynamical problem in networknoments, we derive bounds for the spectral radius of the
science. The relationship between the dynamics of epa&djacency matrix . Our results allow us to derive analytical
demic/information spreading and the structure of the undeconditions under which an RGG is well-suited to tame an
lying network is crucial in many practical cases, such amfection in the network.
the spreading of worms in a computer network, viruses in a The paper is structured as follows. In Section Il, we
human population, or rumors in a social network. Severalescribe random geometric graphs and introduce several
papers approached different facets of the virus spreadingeful results concerning their structural properties.alée
problem. A major portion of the results in this field arepresent the spreading model in [17] and review an important
primarily based on heuristic arguments and computer simesult that relates the behavior of an initial infection wit
ulations [13], [12], [4]. A rigorous analysis of epidemicthe spectral radius of the adjacency matrix. In Section I,
spreading in a finite one-dimensional linear network wage study the eigenvalue spectrum of random geometric
developed by Durrett and Liu in [6]. In [17], Wang et al.graphs. We first introduce a result from algebraic graph
derived a sufficient condition to tame an epidemic outbreatheory that allows us to compute the spectral moments of
in terms of the spectral radius of the adjacency matrix of thg given graph by counting the number of closed walks of a
underlying graph. Similar results were derived by Ganesh ekrtain length in the graph. In the next subsections, weveleri
al. in [7], establishing a connection between the behavior @xplicit expressions for the expected spectral momentsen t
a viral infection and the eigenvalues of the adjacency matrcase of one- and two-dimensional RGG’s. Our expressions
of the network. are functions of the connectivity radius and the density of
Many spreading processes take place in networks whemedes. In Section IV, we use our expressions of the spectral
edges represent physical proximity among nodes. Informaroments to study the spectral radius of RGG’s. Our results
tion spreading over a network of wireless sensors, or wor@llow us to design RGG's with the objective of taming
spreading in a network of computing devices connectegbidemic outbreaks. Numerical simulations in Section IV
through short-range comunication links are clear exangfles validate our results.
networks originated by physical proximity. Although a grea
deal of attention has been given to random graphs and scalg¢- v |rRus SPREADING IN RANDOM GEOMETRIC GRAPHS
free models of networks in the virus spreading literature,
there is a lack of rigorous results concerning the dynamics In this section, we briefly describe random geometric
graphs and introduce several useful results concernirig the
This work was supported by ONR MURI N000140810747, and AROR'’ structural properties (see [14] for a thorough treatmaf).
complex networks program. . then describe the spreading model introduced in [17] and
The authors are with the Department of Electrical and Sys- - . L.
tems Engineering, University of Pennsylvania, 3451 Walgtreet, SNOW how to study the behavior of an infection in the network
{pr eci ado, j adbabai }@eas. upenn. edu from the point of view of the adjacency eigenvalues.

I. INTRODUCTION



A. Random Geometric Graphs We are interested in studying asymptotic properties of the

sequences(xn;r (n)) for some sequencér (n):ne N}. In

located at random positions(n = {Xi,...,%n}, where x [14], two partlpulgrly mterestmg regimes are introductte
thermodynamic limiwith nr(n)” — a € (0,), so that the

are i.i.d. random vectors uniformly distributed on tde dd ¢ q 4 th
dimensional unit torusTd. We use the torus for convenience,EXP€Cted degree of a vertex ter|1 s to a constant, and the
ogn

to avoid boundary effects. We then connect two noglgg € connectivity regimevith r (n) — y ( =~ v with a constant
Vn if and only if ||xi —x;|| < r(n), wherer (n) is the so- y, so that the expected degree of thé nodes growecam.
called connectivity radius In other words, a link exists In this paper, we focus on studying the spectral density
betweenv; andv;j if and only if v; lies inside the sphere of 11 (A;G(xn;rn)) for n — o in the connectivity regime. In
radiusr (n) centered awj. We denote this spherical region Section Ill, we derive explicit expressions for the expdcte
by S (r(n)), and the resulting random geometric graph bypectral moments o (xn;rn) for any network sizen. We
G(Xn:r (n)). In this paper, we only consider simple graphshen use this information to bound the spectral radius of the
(i.e., undirected graphs that have no self-loops and no mog@jacency matrix of5(xn;r (n)).
than one edge is allowed between each pair of vertices). We
define awalk of lengthk from vo to v as an ordered set of B. Spectral Analysis of Virus Spreading
(possibly repeated) verticéso, V1, ..., Vk) such thaw; ~ v 1, In this section, we briefly review an automaton model
fori=0,1,...k—1;if vk =vp the walk is said to belosed that describes the dynamics of a viral infection in a spe-
A closedself-avoiding walk(SAW) is a walk in which we cific network of interactions. This model was proposed and
do not allow any pair of vertices in the ordered sequencgnalyzed in [17], where a connection between the growth of
(Vo, V1, -, V-1, Vo) to coincide, with the exception of the first an initial infection in the network and the spectral radidis o
and last vertices. the adjacency matrix was established. This model involves
The degree ¢ of a nodev; is the number of edges several parameters. First, the infection rteepresents the
connected to it. In our case, the degrees are identical mndrobability of a virus at an infected nodespreading to
variable with expectation [14]: another neighboring nod¢ during a time step. Also, we
denote byd the probability of recovery of any infected node
Eld] =nvIr(n)?, (1) at each time step. For simplicity, we consigand to be
whereV(@ is the volume of ad-dimensional unit sphere, constants for all the nodes @. We also denote byp; [K| the
v — nd/z/r(d/2+1)’ andr (-) is the Gamma function. probability tha_t_ node_ is mfectt_ad at timek. The evolution
The clustering coefficienis a measure of the number of Of the probability of infection is modeled by means of the
triangles in a given graph, where a triangle is defined b{pllowing system of non-linear difference equation:
the set of edges$(i,j),(j,k),(k,i)} such thati ~ j ~ k~. _ M _An _3\n
For one- and two-dimensional RGG’s we can derive an Pk =[1 jerlﬂi(l Arill+(1=0)pld. (@)
explicit expression for the expected number of triangles, .
E[t], touching a particular nodg (details are provided in [of 1 =1,....n, where.# denotes the set of nodes connected
Section Il). to nodei. We are mtert_asted in stL_demg thg dynamics of the
In this paper, we pay special attention to the eigenvalu%’Stefm for.a low-density level of infection, "ﬁg_’pj [ <1.
distribution of G(xn;r (n)). The adjacency matrixof an " this regime, the term 2 1jc., (1B p;[K) in Eqn. (2)
undirected graphG, denoted byA(G) = [a;], is defined can be "”eaf'zed as; B pj [k.]’ and (2) can be_ appro>_<|mated
entry-wise byaij; = 1 if nodesi and j are connected, and by the following system of linear equations (in matrix form)
ajj = 0 otherwise. (Note that; = O for simple graphs.) plk+1 = (A+BAPIK, (3)
Denote the eigenvalues of max n symmetric adjacency
matrix A(G) by A1 < ... < An. Theempirical spectral density where p[K = (pi[Kl,p2[K....,pn[K)T, A(G) is the

Consider a set of nodes,Vy = {v1,...,vn}, respectively

(ESD)of A(G) is defined as adjacency matrix of the graph of interactions, and
N A =diag(1—9). Thus, the largest eigenvalue of the matrix
U(A;G) = 1 215(,\ —-A), (A+BA), denoted byAmax(A+ BA), governs the spreading
n& rate of the virus near a disease-free equilibrium. In paldic

a sufficient condition for a small initial infection to die bu

. ) ) is [Amax(A+BA)| < 1. We can rewrite this condition in

of the ESD ofA(G) is defined as: terms of the maximum eigenvalue of the adjacency matrix

(G)= = S A = 5
Mk(G) = = i
N .4 : Amax(A(G)) < E 4)

One can prove that (4) is a sufficient condition for local

1 . __stability around the disease-free state. Thus, we can use
Although we use (n) to emphasize the dependence of the connectivity diti 4) to desi t K ith th biecti f tami
radius onn, we shall omit the argumemt whenever it is obvious from the condiuon ( ) 0 design Networks wi € opjective or tagin

context. initial low-density infections.

whered(-) is the Dirac delta function. THeth order moment

(which is also called thé&-th order spectral momeht



[1l. SPECTRALANALYSIS OF RANDOM GEOMETRIC G(xn;r (n)). Regarging the asymptotic behavior of the ran-
GRAPHS dom spectral moments, we have the following result from
. . o 5]:

In this paper, we study the eigenvalue distribution of thé ) )
random adjacency matrix associatedGxn;r (n)) for n — Lemma 1:For n — o, we have thatm(G(xn;1 (n))) —

) : .. QK almost surely, for some positive constaat in the
o, The literature related to this problem may be cIassnﬂeﬁ:I A

ermodynamic limit.

into two groups:(i) particular results on random geometric . .
groups:(i) p g The proof of the above lemma is based on a result in

raphs, and(ii) general results on eigenvalues of rando . X .
grap di) g 9 4]. This lemma implies that the random spectral moments

matrices. In the first group, the class of random gra : NV
group grap oncentrate around their expected values; hence, thergnit

G(xn;r (n)) has been extensively studied in [14]. Regardin@ ted ral s is all d to ch e
spectral properties of RGG's, we find in [5] results concernc<PECted spectral moments 1s all we need 1o characlerize

ing the concentration of the spectral momentsnas: o, the I_ir_niting spectral density (if they satisf_y_ Carlema_n’s
although no explicit expression for these moments are d gnd|t|o_n):To the best of our knowledge, explicit expreasi
rived. In a different line, the eigenvalues of random masic or the limiting spectral momenis, of G(xn:r () have not

with i.i.d. entries have been extensively studied by randor%een previously derived. In the following subsections, we

matrix theory. In his seminal work [18], Wigner showed thaggog;sceitgfotﬁghZggijvgsdﬁi;;g?;iué%tgzse moments in
the spectral measure of a random symmetric matrix wit '

i.i.d. entries drawn from a (fixed) distribution convergesat A Spectral Moments of One-Dimensional RGG’s
semicircular distribution (under certain technical caiuahs). )
In his proof, Wigner derived explicit expressions for the ASWe mentioned above, we can computektta spectral

spectral moments of the random matrix for— oo, and moment of a graph by counting the number of closed walks

verified that these moments match those of a semicirculf l€Ngthk. In the case of an RGG(xn;r (n)), this number

distribution. In [2], Bai computed the rate of convergencés a random variable. In this subsection, we introduce alnove
towards the limiting spectral measure as the size of gEchnique to compute the expected number of closed walks
random matrix grows of length k. For clarity, we introduce our technique for the

In this section, we take Wigner's approach as our found irst three expected spectral momekts 1,2,3. We then use

tion to study the spectral properties of the adjacency matrf €€ resglts to mQuce a general e,xpressmn for higherord

of G(xn;r (n)). Inspired by Wigner's results, we characterizgoMents in one-dimensional RGGSf'

a limiting spectral density using its sequence of spectral The first-order spectral mome_nt is equal _to the_ number

moments. In general, an arbitrarily specified sequence 8f cl0sed walks of lengtk = 1. SinceG(xn;r) is a simple

moments does not necessarily have an associated distrii@Pns with no self-loops, we have thai (G(xn;r)) is a

tion. The problem of deciding whether or not a probabiliyf€terministic quantity equal to 0. This result is obviously

distribution matching a specified sequence of moments9xi§f‘f"|'d fqr all simple RGG's of any sizen and of any

is called the classical moment problem [1]. One can ﬁnglmensmn.

several sufficient conditions for the existence of a distidn We now study the _expected second morfient

that matches a specified sequence of moments, such as tH82(G(Xn;T))], by counting the number of closed

sufficient condition for existence proposed by Carleman [1}Valks of length two. In simple graphs, the only possible
In our derivations, we use an interesting graph-theorleticﬁIosed walks of length two are those that start at a given

interpretation of the spectral moments that comes from tH%Odevh visit a Ee|ghbolr)|ng ndeT’J' Ed'/%' a”i‘d r?tll"m bﬁmk
following two results: to vi. Hence, the number of closed walks of length two

o . o . starting atv; is equal tod;. Thus, from (1), we have
(i) First, we have the following algebraic identity for
. .. k n K. ~ n
the adjacency matrix: & = 3{; A; thus, thek-th E[my] _1 E[d] = nv@rd,
spectral moment of can be written as: n.&

_ 1 where this result is valid for any dimensidr> 1. In the one-
m(G) = =tr A" (5) : i
n dimensional case, we ha¥&[mp] = 2nr. As a consequence
(i) Also, we have the following result from algebraic of Lemma 1, the variance of the spectral distribution tends

graph theory [3]:The trace of A is equal to the to a constanti; = 2a almost surely in the thermodynamical

number of closed walks of length k in G. regirr]ne g;ed"n r(n) _|> Q). , onal to th b
From (i) and(ii), we deduce that thieth spectral moment The third spectral moment is proportional to the number

of Gis proportional to the number of closed walks of lenigth of closed w_alks of length three in the graph. We how derive
. . . an expression for the expected number of triangular walks
in G. This result allows us to transform the algebraic problem, _ . . .

. . ..~ starting at a given nodg. Since all nodes are statistically
of computing spectral moments of the adjacency matrix into . . . .

. X . : equivalent, our result is valid for any other starting ndéer.
the combinatorial problem of counting closed walks in the. '~ .~ " . . .
graph Simplicity in our calculations, we consider thatis located

In the following subsection, we compute the eXPeCted 2For simplicity in our notation, we shall writE[my] instead of
value of the number of closed walks of length in  E[m(G(xn;r(n)).



at 0. A triangular walk starting at nodgexists if and only if Thus,]E[V\/i(k)] can be computed a® Vol [H,_; (r)], where
there exist two nodeg; anvvi such thatix; —x| = |xj| <r, Hi_1(r) is a convex polyhedron defined by a set of linear
%« —xj| <r, and|x; — x| = x| < r. Also, since the random inequalities. Finally, note that the homogeneous strectir
distribution of vertices orf* is uniform (with densityn), the system of linear inequalities definikty 1 (r) allows us
the probability of nodes; andvy being respectively located to write Vol(Hy_1 (r)) = r*=*Vol(Hy_1 (1)). Therefore,
in the differential area$x; + dx;) and [x,+dx) is equal to
n? dx;dx. Hence, one can compute the expected number of E {V\/ﬁﬂ = (nr)k’1VoI (He_1(2)). (8)
triangular walks starting at nodg as
The volume ofHy_1 (1) is a particular number, independent
Efti] = // n? dxjdx, of the RGG parameters, i.en,andr. Furthermore, we have
(X 4c) <Ha(r () found an explicit analytical expression for the volume of
where Hk (1) for anyk > 1. Although we do not provide details of
our derivation, due to space limitations, an explicit espre

_ ) 2 .
Ha (1) = {(xj, %) € T s.t |XJ| < ®6) sion for the volume oH (1) is given by [16]:
[Xe—Xj| <1, x| <} -
Thus, E[t] can be computed as?Vol[Hz(r (n))], where Vol (Hk(l)):% z (j kl) Ex . 9

Vol(H) denotes the volume contained by the polyhedton
Notice thatH, (r) can be defined by a set of linear inequalies; . .
hence, Ha (r) (is) a convex polyhedron that depends on yvhereEd,k den_otes the Eulerian numbérsSubstituting (9)
Furthermore, the set of linear inequalities in (6) pres&sntsIn (8) we obtain the statement of our Igmma. -
homogeneous dependency with respect to the parameter In [10], Lasserre proposed an algorithm to compute the

Therefore, we can write VOH, (1)) asr2Vol (H, (1)). Finally, \{olume of a polyhedron de_fined by a §et of Iinga_r inequali-
one can easily compute the volumetdf (1) to be equal to ties. We can use this algorithm to verify the validity of (7).

3. Thus, the expected third spectral moment is given by APPIYing this algorithm to the set of inequalities in (7), we
compute the following volumes fde=1,...,10:

18 2,2
I [mg] = ﬁi;E[ti]:3”r : Hy=2, Hp =3, Hg=5.333.., Hs = 9.58333..,

In the following, we extend the above technique to com- Hs =17.600Q.., Hg = 32.70555.., H7 = 61.3587..,
pute higher-order expected spectral moments. Denote by Hs=115947..., Hg =2203238.., Hyo=420825..
VVi(k) the number of closed self-avoiding walks (SAW's) of
lengthk starting at nodey; in G(xn;r (n)). Regarding\/\/i(k>,
we derive the following result.

Theorem 2:The expected number of closed self-avoidin

These numerical values match perfectly with our analytical
expression in Theorem 2.

f nr(n) = Q(logn) (i.e., the average degree grows as
® i %gn, or faster), one can prove that the expected number of
walks  of 'e”%t_h k’.Wi I a random geometric graph, ¢|oqeq walks iNG(xn;r (n)) is dominated by\/\/i(k> [16]. In
G(Xnir), onT" is given by particular, for RGG’s in the connectivity regime, we have

® w1 10 K2rk-1 E[mJ = (1+0O(log 'n)) IE[\Ni(k>]. Hence, from (8) and
E [Wi } = (nr) m Z (j _1> SRENE (9), we have the following closed-form expression for the
= asymptotic expected spectral moments:
whereEy_1 ; are the Eulerian numbers.

Proof: Consider a particular closed SAWyy = k1 1 K2 (k— 1) .
(V1,V2,V3,...,Vk, V1), Of lengthk starting and ending at node Elmd = (nr) 2(k—1)! le j—1 Bl (10)

vi (which we locate at zero for computational convenience).

A self-avoiding walkwy exists if and only if there exists  The above equation presents, for the first time, a closed-
a set ofk—1 nodes,{vs,vs,...,w}, such that|x;| <r, form expression for the asymptotic spectral moments of the
]xjﬂ—xj‘ <r for j=2,..k—1, and|x| < r. Since the adjacency matrix of(xn;r (n)) in the connectivity regime.
distribution of vertices orll* is uniform (with densityn) In the following table we compare the analytical result in

one can compute the expectationvm‘k) as (10) with numerical realizations of the empirical spectral
moments. In our simulations, we distribute= 1000 nodes
E [V\/i(k)] :/ N1 dxo...dx, uniformly in T! and choose a connectivity radius= 0.01
(2 X) €Hi-1(r()) (which results in an average degiBfg] = 20). The second,
where third, and forth column in the following table represent

the analytical expectations of the spectral moments, the
He 1(r) =4 (vo,v3,..., %) e T L sit. [wo| <1, (7) -
k-1 25 V35 -0 Vk ev2f =6 empirical average of the spectral moments from 10 random
Xjp1—xj| <1 for j=2,.. k-1,
< 3The Eulerian numbeiE (n,k) gives the number of permutations of
|Xk| — I’}. {1,2,...,n} havingk permutation ascents [8].



realizations of the RGG, and the corresponding empirical
typical deviation, respectively.

k | Elmg Empirical Average Typical Deviatior
1 0 1.38e-16 1.3e-15
2 20 19.9326 0.0976
3| 300 297.284 4.3598
4| 5,733 5,956.30 196.94

Our numerical results present an excellent match with our
analytical predictions.

In section 1V, we shall use this result to find an upper
bound in the spectral radius of the adjacency. This resuilt wi
allow us to design the parameters@txn;r (n)) in order to
tame an initial infection in the network.

B. SpeCtraI Moments of Two-Dimensional RGG's Fig. 1. This figure illustrates the technique proposed intiSedIl.B to

In this subsection, we derive explicit expressions for theount the number of triangular walks in a two-dimensional(RG
first three expected spectral momentsGfxn;r (n)) when

the nodes are uniformly distributed f?. We also derive ) ] )
an expression for the expectations of higher-order spectriis analytical result reflects the so-called clusteringef
moments. These expressions are given by an integral that (4#¢ Presence of a high number of triangles) in random
be computed numerically. The expressions for the first arfgEometric graphs. Consequently, we have the following ex-
second expected spectral moments were already providedJtfSsion for the third expected spectral moméfing] =

the previous subsection. In particular, we hawe—0 and 7 2i=1E[t] = E[ti]. o

E[mp] = rmr2. More interestingly, the third spectral moment In the following, we extenq t_he technique introduced gbove
is proportional to the number of closed walks of lengtH® compute closed seklf—av0|d|ng walks (SAW's) of arbitrary
three in the graph. In the two-dimensional case, we coutfngth. Denote bV‘Ni( ) the number of closed SAW's of
the number of triangular walks using a technique that wi€ngthk starting at node; in G(xn;r (n)). The idea behind
illustrate in Fig.1. In this figure, we plot two nodeg and our technique is illustrated in Fi2, where we represent
vj. An edge betweerv; andv; exists if an only ifv; is @& particular closed self-avoiding walk (SAW) of length 6.
located inside the circle of radiuscentered at; (we label We denote this SAW bywi = (V1,V2, ..., Vi1, Vi, V1). We

this circle by S (r) in the figure). The parameteps and ¢ define the following set of relative distances and angles
in Fig. 1 denote the distance and angle between these t§tween every pair of connected vertices= ||xi1 — Xil|
nodes, i.e.p £ ||xj —xi|| andg = £ (xj —x;). In this setting, and@ = £ (xi11—xi) fori=1,...k—2. We also define the
the conditional probability of existence of a triangle thingy ~ following parameter
bothv; andv; givenp and g is equal to the probability of a

third nodevy being in the shaded area (see Fig.1). This p=
area is the result of intersecting the circlggr) andA; (r),

eréaj
J:

and the resulting conditional probability is equaint@éy. The . L . .
intersecting regiom is a symmetric lens which area can be\ = —1) which is the resulting distance between nodes

. i Vk_1 and vy given a particular set of distances and an-

computed as a function gf andr as follows: gles {(rivm)}izl....,kfz (see Fig.2). In this setting, the
A.(p'r)_{ 2r2cos (&) —5/42—p2 forp<r, conditional probability of existence of a SAWy, =

' 0, for p>r. (V1,V2,...,Vk_1,Vk,V1) given the set of relative positions,

(11)  {(ri,@)}i_1_ o is equal to the probability ofj being

Furthermore, the probability ofj being in the differential in the shaded area\ in Fig. 2. We have an expres-
areadA= {(p,p):pe[n,n+dn)andoc(p,¢+dp)}is sion for this area in (11), wher@ is defined in (14).
given bynn d¢dn.Therefore, we can compute the expectegturthermore, we define a set of differential arehs; =
number of triangles by integrating over the set of all pdssib {(rjvq;j) 21y € [nj,nj+dnj) and g, € (¢, 9; +d¢j)}, j =
positions ofv;, i.e.,n € [0,r] and¢ € [0,2m), as follows 2 .. k—1; hence, the probability of; € dA for j =2,....k—

roop2n 1is equal ton* 2 (1“2n:) dno...dnk_1 doo...dd_1. Fi-
Efi)= [ [” oA ndndg. @2 (nf-im) ae.. ) |

n=0./¢=0 nally, we can compute the expec:tatmﬁ/hﬁk by performing
After substituting (11) in (12), we can explicitly solve thean integration over the set of all possible positions (i.e.,
resulting integral to be nj € [0,r] and ¢; € [0,2m) for j =2,....k—1), as follows

k—2
; (14)

K—
E[ti1—<"—37ﬂ> n(n?)’~578(n?)°. (13)  E[wY|=n? /m poc, AP ]'im‘ dn dg.
P)eCk—2 =



Fig. 3. A logarithmic plot of Vo{H (1)) for k= 1,2,...,9 unveils that
Vol(Hk (1)) — Blc‘i for large-order moments (a line in logarithmic scale).

design problem is reduced to studying the range of values of
r for which the RGG is well-suited to tame an initial viral
infection.
o2 This 1 " A - 4 intiSedlLB A sufficient condition for local stability around the
PO 2 s foure lustites the techniue proposed ISSLE  disease-free state was given in (4). Thus, we have to find
dimensional RGG. the range of values of for which the associated spectral
radius Amax is smaller than the ratid/3. In the following
subsection, we show how to derive an analytical upper
where n =(n2,....M-1), ¢ = (¢2,-...¢1), and G2 = pound for the spectral radius based on the expected spectral
{(n.¢) : n€[0.r]"? and ¢ < [0,2m)*?}. Although a moments.
closed-form for the above expression can only be computed
for k=1,2,3, we can always find a good approximation viaA. Analytical Upper Bound for the Spectral Radius
numerical integration. For exar‘gple, the integrationker 4 In order to upper-bound the spectral radius, we use
gives US]E[V\/i(4)]’“14-2511(m2) : Wigner's high-order moment method [18]. This method
In the following table, we compare our analytical resultgrovides a probabilistic upper bound based on the asynaptoti
with numerical realizations of the empirical spectral mohehavior of thek-th expected spectral moments for ladge
ments of a two-dimensional RGG. In our simulations, Wéye present the details for a one-dimensional RGG, although
distribute n = 1000 nodes Uniformly OI‘iTZ and choose a the same technique can be app“ed to RGG’s in h|gher
connectivity radiug = /50/mm~ 0.1784 (which results in  dimensions. For a one-dimensional RGG in the connectivity
an average degrek[d] = 50). The second, third, and forth regime, we derived an explicit expression for the expected
columns in the following table represent the analyticalezxp spectral moments in (10). In Fig, we provide a logarithmic
tation of the spectral moments, the empirical average frdm Jpiot of Vol(Hy (1)) for k= 1,2,...,9. From this figure, it is
random realizations, and the corresponding empiricat®pi clear that Vo{H 1 (1)) — Bick~* for large-order moments

deviation, respectively. (which is a line in logarithmic scale), where, from a numeri-
k | E[my] Empirical Average Typical Deviatiof cal fitting, we find tha{3; = 0.35 andc; = 1.9192. Therefore,
1 0 -9.2e-16 1.1e-15 from (10) we have
2 50 50.0820 0.3908 K
E = B (cinr
3| 1,464.1 1,475.8 37.3777 (M = Br(c1nr)”,
4 | 59.452 60,127 2,955.3 for largek.

Our numerical results present an excellent match with our For even—order. expected spectral moments (e 2s for
analytical predictions. s€N), the following holds

In the following section, we use the results introduced 1h P P
in this section to study the spreading of an infection in a B [mps| = ﬁiZlE[Ai ] > ﬁ]E[Amax]'
network. -

Define f (n) = n'~%logn; thus, for anye,5 > 0 (andc; =
1.9192), we can apply Markov's inequality as follows
In this section, we use the expressions for the expected

IV. SPECTRALANALYSIS OF VIRUS SPREADING

| desi d i k EAfd
spectral moments to design random geometric networks to]P’(A 25 > (cynr+erf (n))Zs) < ma
tame an initial viral infection in the network. In our design max= (cinr+erf (n))s
problem, we consider that the size of the netwaorland - n E[mps]

the parameters in (2), i.e8 and d, are given. Hence, our —  (cinr+erf (n))2s’



condition for local stability around the disease-freeestate
have the following condition to tame an initial viral infemt
for a d-dimensional RGG:

o
)\max(G(Xn;r)) < cdnrd < —,

B
which implies the following design condition for the con-
nectivity radius:
5 \d
r<|—-— , 16
0 ! ! ! ! < Bcdn> (16)

20 40 60 80 100
wherecy is a positive constant that depends on the dimension
Fig. 4. Comparison between the empirical spectral radiusroRGG  of T9. For example, in the one-dimensional case, we have
o B o) ot s negreat” o o= 19192, hence, (16) becomes< &/ (1.91926n). We
now validate this result with several numerical simulasion
of a viral infection in a one-dimensional RGG.

For larges, we have Consider an RGG witln = 1000 nodes and a connectivity
2 radius ofr = 0.005 (which implies an average degree of

P(Amax>cinr+erf (n)) < np (L) 10). The resulting spectral radius in this RGG Agax =
cunr+erf (n) 17.2629. In our numerical simulations, we choose the initial

approximately 1% of the nodes in the network are initially

» < ern-%logn )25 probability of infection to bep; [0] ~ 0.01Unif[0,1]; hence,
= 1
) infected. In our first experiment, we choose a rate of inéercti

"~ cnr4erf (n

en~Slogn 2 B =0.020, and a recovery rate= 0.018. Since the sufficient
< nBf1l- 20 condition for viral control in (16) is not satisfied, we camno
guarantee an initial infection to be tamed. In Fsgnve show
<

nBlexp(—isn‘slogn> ' an image of the e_volutipn of the probability of inf_ection for
C1 this case. This figure is a color map for the simultaneos
evolution of pj[n] for i = 1,...,1000. Each horizontal line
represents the value ¢ [n] for a particulari. In this color

€
P (Amax > C1nr + er f (n)) < nﬁlexp<—ﬁi Iogn) —0(1), map, blue. represe_nts a zero value, green and yellow tones
c represent intermediate values, and red represents vadases ¢

Assuming thats grows asf,n’, for 5,5 > 0, we have

for all sufficiently largee. Thus, to one. On the other hand, if we increase the recovery rate to
0 = 0.35 keeping the rest of parameters fixed, we have that
AiLQOP (/\max< Clnr+£rnl*5logn) =1 (15) &/B =1750> Amax and we satisfy condition (4). Hence,

the probability of infection of every node is guaranteed to
In other words Amax is upper-bounded bgnr+ern*~°logn  converge towards zero. In Fig, we observe the color map
with probability 1 forn — co. In practice, for a large (but for the evolution of the probability of infection in this as
finite) n, we can use 8192nr as an upper bound ofmax.  where we clearly observe how [n] — 0 for all i. Hence,

In Fig. 4, we plot the empirical spectral radius of an RGGhjs |atter RGG is well-suited to tame initial viral infeatis.
with n= 1000 andr (n) = d/2n, with expected degreeb=

[10:1:100 (circles in the figure). We also plot the values of V. CONCLUSIONS
our analytical upper bound,4192nr, in solid line.

The technique introduced in this subsection is also valid In this paper, we have studied the spreading of a viral
for RGG'’s in higher-dimensions. In general, one can provéfection in a random geometric graph from a spectral point
that for ad-dimensional RGG, the expected spectral momer@if view. We have focused our attention on studying the
grows asE[my] — By (cdnrd)k. Applying Wigner's high- eigenvalue distribution of the adjacency matrix. We have
order moment method to this sequence, one can derivedgrived, for the first time, explicit expressions for thecipa
probabilistic upper bound similar to (15). In particulay ain  Moments of the adjacency matrix as a function of the density
RGG in the connectivity regime, we have thatax < cgnrd of nodes and the connectivity radius. We have then applied
for largen with high probability. In the following subsection, Our results to the problem of viral spreading in a network
we use our results to design the connectivity radius of afith a low-density infection. Using our expressions, weeav

RGG in order to tame an initial viral infection. derived upper bounds for the spectral radius of the adjgcenc
) ) matrix. Finally, we have applied this upper bound to design
B. Spectral Radius Design random geometric graphs that are well-suited to tame an

Once the spectral radius is upper-bounded, our desigmtial low-density infection. Our numerical results matour
problem becomes trivial. Since (4) represents a sufficieptredictions with high accuracy.
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