


Consistency,
Uniform Convergence,

and Learning :

The VC Dimension



Finite 71 :Quick Review
#

• Any consistent h has
as✓

• t-aes.ec#r@
uniform convergence :

IB-lhs-ecnys.CI



What happens when

1711 is infinite ?

What quantity should

replacel?



←tEhis :

•
-

÷÷÷:$ . .•

-¥
error
#f h

• -

• -

If E (h ) ZE, then

p⑧Éd it
<±s



• Let S=#c-④
be an ordered set

( note :n#els)

K.eydefinitr.com#1:-

{&¥÷_÷:ht_
Set of all labeling s of

s induced by 71 .



keydekn-i.in#2 :

say that
⑤ is shattered

by 9--1 if ①☒⑧{0,13£P
us

Key definition #3 :
Édgf
④ is the size of the

largest set shattered

by 71.

Denote by Vcl



Quantification
-

To show Vccotl > Id,

✓ we must find some
☒shattered S of sized.
To show VC ( 71) Ed ,

we must show that

no set of size dtl

is shattered.



R.am#@• We will see that VC (9-1)

proving consistency
⇒ PAC

• Warm - up
with ex's÷:of competing v49-17

combinatorialand

probabilistic
components



E.xikectang.ee#R-
Can shatter these 4

points :

¥÷I
etc .



Can shatter no 5 points :

__
•

( +• × .-

• + |
,

•

+

-__
I

•

•
.
VC drm = 4



÷÷÷:÷;÷÷⇐→ -

:=_

•¥i
etc .



Can shake- no 4 points :

E. g.
•
t

•- • -

• +

and
•+

• -

•
+

• t

VC dim =3

In Rd : Vc dim = dtl



E.is?::::.:F---s:

+
-

•

¥÷÷÷÷⇒



Can shatter no Zdtl pts :

worst case :

'

•
-

-

•

+

forces

1- • 4 sides

•
-

_•
•

+

VC dim -_ Zdtl



Ex : Conjunctions over {0,1}
"

-

Can shatter these n pts :

0111 - . . -
-

I 0111 . - - . + \
11011 - . .

- - J
' -

11101 - - - -
-

indices

111101 - - -
- t



Notes For any finite 9-1,

VC dim 1.dogz 19-11

since shattering
d pts

requires 2d functions.

So VC dim conjut Lions

I log 3
"

•

•

.
Vc dim = ② (n)



Recall

1T¢, (5) = set of labeling
s

of S induced by 9-(
Let's define

Hq, lm>
= max {1117+671}
S : 1st=m

"

growth function
"

Then for me ✓c (9-1) :

1Tµlm)=2m Imax)

What about m> vccotl)?



A:ma
Let d=VcttD .

Then

form>d, 1T%, 1m)
-Md.

Msd : exponential
growth

m >d : polynomial
growth

"

Sauer 's lemma
"



i

÷¥÷÷÷
Overall, ¥1m)=O(md)

( 2m e- mm)



Proof outline
-_

1. Define a function

dlm), show that

ITH 1m71 dlm)

2. Show that

④dlm) = Olmd)



DeFin
dlm) = dlm- 1) told-11m

- D
,

⑨
☐
(m) = old (07=1 .

Lemma : If VCIFL) =D,
then F-m

ltqclm) is dlm)

Let's prove by

double induction

on d & m .



Assume true for any
d 'ed one must)
m
' Em (be strict ,

¥¥#¥¥i



S :

(
O O l - - - O l

l l l - - - l I

[ O O l - - - O l

1-1%475 •

&

£(
i 1 o . . . o o

--

How many la belongs
here ?

I ITÉ, lm- 1) told 1m
-1)

(induction )



extension (s)
on Xm :

✗ i, -- ✗m- 1
:

✓

0
✗

⇐

I ✗
✗

0

→ + : -
:

0

Need to add

count of Us .



But labeling > of

✗
'
= ✗

,,X - , . . . Xm - l

with a ✓ is just a fn .

class lover ✗
')

of VC dims d- 1 .

Whig?



•

•

• #Us 2- Old
- ,
lm- 1)

( induction again )

& ltq, (5)
4- Old 1m -1)

+
d- ,
Cm-1)

= dlm)

as desired.



LEMME old G)= ¥
.

(7) .

If old 1m> =

d-,
(m) + d- , (on

-1) =

É (F) + ¥1m:')
i:O

index:J
D

÷%÷)¥ñ:)⇒⇒
Io

=÷it÷.=l⇒



OK
,
that's it for

combinatorial
analysis of 11-71 (m) .

Now for the

probabilistic
part .



• Let's fix all of these :

target c c-H, P, E , 8

• Define error regions
of 9-1 Wrt c :

9-lack { hose : heh}
→

Viewed as

sets of + ex 's

As functions

(hadG) = { 1 if hlxttclx)

0 else

= hlx>⑦ccx)



Note : VC /9-lose)=Vc(H):
-

• If h , 1×7=1 haG) ,

h
,
G)④clx) thzlxtclx)

• labelings h , (s) =/ his)

→ 1h ,⑦c) (s) -1-142+0c)(s)

: . F- s Hals) /=/Hands>I

⇒ ✓clot)= 'Ve 171K)



OH. Suppose some h c- 9-1

has {(h )> E. We want to

make sure S hits

hac c- Flac at least once .

And we want this to happen
for every h sit . Elh)> E.

Call such S an E-net
and define

E. 1 ifs notan E-net
Als)= ( 0 else

60¥: bound Prints
) -- if



trobem: Hard to tell if
Als> =L by looking at

5
.

Sol :
"

two-sample trick
"

BLsm.SI?s--1iff#-rc-Hiscs.t.PCr] > E

and :

① rn 5=0 (⇒Als>=D

② Irn S
' / I EE

Otherwise BCS,5)=0 .



Claim : Pr[B) 2 Pr[A) • Yz

Bls,8)=/⇒ Als> = 1 , so

just need to lower bound

Prs
,,
.[B Isis ')=1lA]

can fix missedns.t
. P[r]> E

Z Prg , [ Inns 't > Emts]

2 1/2 (e.g. Chebyshev)



so Pr[A) ± ?!f!I?-and
Dapsi

.

• draw 2m pts F- Sus
'

At most d
12m) label.-gs!

• split T-os.si randomly
(random permutation)

same as i. i. d. S, S
'

by
exchangability



1315,517=1 only if HER c-Flac

sit
.
r is hit lzcmlz

times in T but are e

hits fall in S
'

=

Prob. of above happening
jusfwrt
random
permutation

← ¥,



¥⇒=÷÷÷÷÷
.

= 7m¥.

t.TT?i-:--::.-:::-.::.---i:::-:-.--m-m-E'--.Im-?-z---.
:÷,

-I 2
- l

£ 2-
Em12



Wrapping
Prs,s , [131557--1] I

d(2m) . 2-
Em 12

#¥ngs p¥wrt
of T permutation
£ Co (2m)d 2-

em 12

(Sauer)

= ec ,
[dlogm - Em]

Pr[A) 2-2×7, set 18¢
Solve . . .



theorem Let D= ✓cloth .

Then for

m ? C log}+ dzlogE)
with prob . ? I

- 8

any
consistent he71

has slh) I E.



More generally,
if tq→ ¥2

,

have uniform
convergence :

With prob . > 1-8,4-4+71 :

/ Éslh) - slh) / I E.
(slightly different Bls,

Si)

4 prob . analysis)



'

• Let ×,, . .. xD be shattered

•
F- v-c-To.TT#Punirormhj(xi7--ViV=lh-iL-d

• Now choose target c=hj

for J random

• For { Elly , need A- (d)

examples - are just

predicting coin flips !



Better lower
bound ?

E.g. d- (%)

for any
E ?



howerB.vn#-2
• Same set- up as

#1
,

but now we'll

ugive away
" clx,)

E total , %- , each
P: 1-÷ ;÷✗d

• still choose c =

random hi

• Now only see coin flip

every r Ye samples ⇒
_h(%) .



A Prescriptive

Application of Vc :

Structural Risk

Minimization



• Suppose we have not a

single 9-1 but a

nested hierarchy :

9-1
,
C 712C Hz - - - C Hd c- - -

• E. g. neural
networks of

increasing depth/
width

• For simplicity assume

VCIFId)=D

• Let 5- {<✗ i.yi>] be of

size on



Vc theory says
that that in Hd,

Roch)-ENLIVEN
→

(ignoring log factors,

fixing 8, spreading
8 over the 9-1

's)



"

- : optimal Éslh) in Hd
- : true {Ch) If



"

- : optimal Éslh) in Hd
- : true {Ch) If

- : Esch>+ ltdm



So choose :
=

d*=angmm{ Éslh:)+1T¥ }d

is
h*d= angmin { Esth)}

he Hd

Then our true error

a- min { same}
d



Distribution - Dependent

Improvents to

VC Theo]



• Replace lTµlm) by
Ep[11T£, ls>☐ VC Entropy

• Related : Rademacher
complexity

• Replace 19-1111-ET by

E. 19-4.111- Ei)~
Ei

connections to

stat mean



Data - Dependent

Improvements to

VC Theory



•M a✗ -margin

general I 2 aH on
(e.g. linear,

S ✓Ms,

boosting)

•

"

PA C - Bayes
"

• small-norm

generalization



Generalizations

to other

learning settings
=



• Models h in class 91

• Observations 2-up i. i. d.

• Loss function 11h ,⇒ c- IR

also i. c:D

E.IR#sin:z--4X,y7,ydhlx)tRllh,sx,y7)--lhlx)-y5
(squared error)

or 11h
,hey>)= 1h (x) - yl
(absolute err.)

or llhhx.gg) =

(hlx) -y)
-
+ ✗ /hlx> I



Distribution learning
-

• Models are distributions

P c- 71
•Observations 2- = ✗up

*

• loss 1113×7=109p¥
log-loss⇒MLE

PreHymmodel
type, observations of
loss function . . .



Now let f-{2-1,2-2 . . .7d}

and look at

{ {llhit,), . . . > llhitd)> : hit}
-

c-Kd

= generalization of

↳ (s) , now possibly
Infinite !

Say 9-1 shatters S if

ltgyls) is
"

space filling
'!
. .



E. g. Iq, Is) intersects
all 2d or ith ants of /

Rd:

•

•:¥i÷_•
"fractal dimension

"

"combinatorial dimension
"



Morals: Uniform
convergence

is

the norm,
not

the exception .






