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Abstract

We numerically solve a model wit h endogenous information acquisition in a limit
order market .. The asset has a common value; in addition , each trader has a private
value for it . Traders randomly arrive at the market, after choosingwhether to purchase
information about the common value. They may eit her post prices or accept posted
prices. If a tr aderÕsorder has not executed, he randomly reenters the market, and
may change his previous order. The model is thus a dynamic stochastic game with
asymmetric informati on. Agents with the lowest intrin sic beneÞt from tr ade have the
highest value for information and also tend to supply liquidit y. AgentsÕincentiv es to
acquire information and subsequent equilibr ium trad ing behavior changessystematically
with the underlying volatilit y of the asset. This has two asset pricing implications.
Fir st , in equili brium, asymmetr ic information creates a Òvolati lit y multi plierÓ(prices
are more volati le than the fundamental value of the asset) that is higher, the higher the
fundamental volatil it y. This is due to a changein the composition of t rader typesin the
market at any given time. Second, changes in the di!e rence between any transaction
price and the fundamental value are negatively correlated with the fundamental returns.
Thi s correlat ion is more negative, the more volatile the asset. This is due to a change
in trad ing st rategies. We conclude that estimates of any factor model systematically
underest imate the tru e coe"c ient, and th is e!ec t is more severe the higher the exposure.
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1 In tro ducti on

Financial markets are inherently dynamic: t raders choosewhen to trade. As a result, the

set of potenti al tr aders in the market, and hencetransaction prices, can vary acrosstime.

Explicitl y modeling th is is important because, in a dynamic market, the price of the asset

at any instant is determined by the last t ransacti on. More precisely, as there are two sides

to any t ransact ion, prices depend on the valuations of the most desperate buyer and seller

at that t ime (the ÒmarginaltradersÓ),and how they split the di!e rence in their valuations.

If two assets di!e r in the distrib ution of agents who are ready to trade at any point in time,

the characteristi cs of the price process generated by each asset , including price level and

volati lit y, must di!er. We develop a model of trad ing in a Þnancial market and characterize

how agentsÕtrad ing strategiesand therefore observed transaction prices vary systematically

with the underlying cashßows. We relate volatili ty in the underlying cash ßows to an

underlying factor model and show how equilibr ium trad ing behavior can a!ec t estimation .

We analysedynamic trad ing in a limit order market . Many Þnancial markets around the

world, including the Paris, Stockholm, Shanghai, Tokyo, and Toronto stock exchanges, are

organized in thi s fashion. Aspects of a limit order book are also incorporated into markets

such as Nasdaq and the NYSE. A pure limit order market has no intermediary or market

maker. Instead, tr aders must trade directly with each other. The device that enables th is

is a limit order book, which contains pricesand quantities of unÞlled orders. A tr ader can

either post an order to the limit order book (i.e., submit a limit order) or chooseto tr ade

against a previously posted order (i.e., submit a market order).

Limit order markets have at least three important fr ictions, including two sources of

asymmetric information which could a!ect the distrib uti on of tr aders. Typically, the ben-

eÞts obtained from trade are privately known by tr aders. In addition , some traders may

also have private information about the fundamental value (or common value) of the asset.

Finally, the sequential arrival of traders is a fricti on since it creates local monopoly power

and may also result in delayed trade. A furth er consequence is that the timin g of trade is

endogenous, since an agent may prefer to wait for a better o!e r. An analytic model that

incorporates thesefrictions is prohibitiv ely di"cult at best , and intractab le at worst. As a

result, we usenumerical methods to solve for equili brium.

Our model has risk neutral agents who arrive randomly at the market for an asset that

has both common and private components to its value. Agents have di! erent information

about the expected cash ßows accruing to the owners of the asset (i .e., the common value).

Each agent chooses either to buy or sell oneshare. If his order does not execute, he revisits

the market and can revisehis order. Thus, agents facea dynamic problem: the actions they
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take at any point in time incorporate the possibilit y of futur e reentry . In addition, there

is adverse selecti on: prior to his Þrst entr y into the market , each agent chooses whether to

buy information about the fundamental value of the asset . An informed agent views the

current expected value of the cash ßows on each entry , whereas an uninformed agent forms

an esti mate of this value based on market observables.

Condition al on agentsÕinformation acquisition strategies, we determine the equilibrium

of the trad ing game. The trad ing game is a dynamic stochastic game with a multid i-

mensional state space. Since it is analytically intr actable, we numerically solve for an

equilibr ium.

We Þnd that tr aders with a low intrin sic motive for trade are willin g to pay the most

for information. These traders also submit a signiÞcant proporti on of limit orders to the

market. That is, in our model, many limit orders come from informed agents. Furth er,

asymmetric information leadsto a changein the composition of agent types in the market

at any point of t ime. On average,when the fundamental value is more volatile, there are

more agents with extreme private valuations in the market. That is, the potential marginal

traders for the next t rade have higher valuations. This creates a Òvolati lit y multi plierÓ:

assets with high fundamental volatil it y also exhibi t greater excess volati lit y (i.e. volatili ty

in excessof that implied by the fundamental value).

The informational e"c iency of the market unambiguously improves when there are a

greater number of informed agents. There are two reasonsfor th is. Fir st agents with a low

int rinsic motive for trade, who have the largest incentiv e to acquire information, tend to

be liquidi ty suppliers. Hence, market observables beyond transact ion prices, such as bid

and ask quotes, are also informative about the common value. If there are many informed

agents (so that the probabilit y of trad ing against one is high) market observables lead to

better estimates of the common value of the asset . By contr ast, if there are few informed

agents observables are less informativ e about the common value. Second, an uninformed

agent who faces a price she does not like has the ßexibil it y of either waitin g for a better

price or posting her own order. Thus, a tr ader somet imesprefers to incur the cost of waitin g

rather than tr ade at an unfavorable price. Competiti on among the informed agents, and

the abilit y of all agents to undercut previously posted orders, ensuresthat priceseventually

become closeto the common value.

More broadly, the set of agents in the market changesacrossti me, leading to t ransact ion

prices departing from the fundamental value of the asset. Prices are high (relative to

fundamental value) when there are more agents with high positi ve private values in the

market, and low (relativ e to fundamental value) when there are more agents with large
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negative private values.1 Thus, agentsÕresponse to market friction s naturally creates a

time variance in transaction prices. Thi s suggests that one explanation for time-varying

expected returns or betasmay be changesin the composit ion of the typesof agents wishing

to trade at any part icular point of time.

We alsodocument a negative correlat ion between returns to the fundamental asset value

and changesin the Òmicrostructure noise,ÓÑ deviations of the tr ansaction price from the

fundamental value. These become larger as the asset value is more volati le, potentially

leading to a systematic misestimation of any factor model. Further, this suggests that

other variables (such as transact ion cost measures) may explain returns in part because

of th is correlation. The intuit ion for th is e!ect is simple. Consider a change in an assetÕs

fundamental value: informed agents will execute against any mispriced limit orders. This

is the Òpicking o! Óor adverseselection risk inherent in posting a limit order. There is thus

a di!e rence between the t ransact ion price and the tr ue value. In equilibr ium, assets which

are more volati le induce traders to place more conservative orders. Or, higher adverse

select ion risk and higher asset volatilit y lead to smaller changesin microstr ucture noise.

Any econometric speciÞcation that ignores this a!ect systematically underestimates the

tru e factor loading.

A distin ct ive feature of our approach is that our traders are risk neutral, and the poten-

tial gains from trade are Þxed across di! erent information acquisit ion regimes. We model

the market in th is way becausewe are interested in t rade on information about each ÞrmÕs

cash ßows. Such information should not a!ect the gains to trade if agents already hold

well -diversiÞedportfoli os; that is agents are locally risk neutral. Adjustments to an agentÕs

holdings of a parti cular asset are then primaril y motivated by liquidit y needs, as opposed

to risk-sharing ones. Thus, the sizeof the potential gains to tr ade does not depend on the

degreeof adverse selection.

Asset pricing theory typically assumes compet itiv e Þnancial markets. In reality, most

Þnancial markets are imperfectly competitiv e. Blume and Easley (1990) show that generi-

cally there is no gamewit h the competit ive rat ional expectations equil ibr ium asan outcome.

Perry and Reny (2004) provide a model of a double auction that , under stringent regulari ty

conditions, convergesto the fully-revealing rational expectations equilib rium as the number

of tr adersbecomes large. The limit order market we model is a continuous ti me variant of

a double auct ion with discrete prices.

In contrast, in much of the rational expectation s literatu re, the gainsto trade are ti ed to

adverseselect ion. Hirshleifer (1971) observes that, in an exchangeeconomy with risk-averse

1Adm ati and Pßeiderer (1988) consider a model with market makers, and show that t raders beneÞt from
co-ordinat ing the ti me at which they trade.
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traders, information hasno social value: if all agents are informed, risk-sharing opportuniti es

are eliminated and the market breaks down.2 Grossman and Stigli tz (1980) note that

if costly information is immediately impounded into price, agents should not acquire it.

Clearly, the argument depends on how agents proÞt from their information, so the results

are speciÞc to a price formation mechanism.3 Thus, a model with endogenous information

acquisition should include stylized representation s of the most important tr ading fri ctions.

Previous generalequil ibr ium work with endogenous information acquisit ion considers noise

in theaggregateasset supply (e.g., Verrecchia, 1982;Admati and Pßeiderer,1987)or ÒnoiseÓ

traders with exogenousdemands (Barlevy and Veronesi, 2001)to ensure that prices are only

partiall y revealing. Our market is inherentl y dynamic, with the common value of the asset

changing over time. In a temporal sense, informed traders are local monopolists. Hence,

there can at best be parti al revelation.

The canonical strategic rational expectations model is Kyl e (1985), which has an in-

formed trader and many ÒnoiseÓor Òliquidit yÓ traders. An equilib rium condition in th is

model is that the market makerÕsprice is the expected value of the asset conditi onal on all

public information, including the direct ion and magnitu de of contemporaneousorder ßow.4

As all tr adesare consummated at the market makerÕs quoted prices, there is no distinction

between quotes and transaction prices.

Spiegel and Subrahmanyam (1992) demonstr ate that intro ducing rational uninformed

traders with risk-sharing motives into the Kyl e framework generates di!e rent comparative

statics. In particul ar, the welfare of liquidit y tr adersmonotonically decreasesin the number

of informed tr aders. Thi s is because risk-averse liquidit y t raders reduce the amount they

trade in the presence of adverse selecti on. In contrast, we Þnd that aggregate welfare

is almost invariant to changes in the degree of asymmetric information. Our agents can

postpone trade and return to the market, and thus do not have to accept the priceso!e red

at any particular time.

Endogenous information acquisiti on is examined by Mendelson and Tunca (2004) in a

model with str ategic risk-aversenoiset raders. Sincemarket pricesarepartial ly revealing, an

informed insider reduces uncertainty. However, thi s also reduces the gains to risk sharing.

The insider takes into account the e!ect of his actions on uninformed traders, and may

2Hakansson, Kunk el, and Ohlson (1982) demonst rate that information can have social value if the market
is not allocati onally e! cient. Bernardo and Judd (1997) Þnd that information acquisiti on reduces welfare
both becauseuncertainty is resolved before trade (the Hi rshleifer e" ect) and becauserent- seeking tra des by
informed agents reduce optimal ri sk-sharing.

3For example, Jackson (1991) demonstrat es that the pri ce-tak ing assumpt ion is cri t ical in order to sustain
the GrossmanÐStiglitz paradox.

4Taub, Bernhardt, and Seiler (2004) consider the caseof mult iple informed agents and repeated informa-
ti on shocks and Þnd that the propert ies of Kyl e (1985) hold in a more complex model.
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choose not to acquire information (even at a zero cost). In our model, tr aders are risk

neutral, and the gains to tr ade are invariant to information acquisition. Hence, at a zero

cost all tr aderswil l acquire information. When therearemultip le informed tr adersin a Kyle

model, Foster and Viswanathan (1996) show that the correlation between informed tr adersÕ

signalsis important in determin ing the speed of information revelation. If th is correlation is

low enough, the equilib rium is characterized by waitin g in later periods, so lessinformation

is revealed than in the monopolist case. As a result, themarket may becomeilliq uid towards

the end of the overall tradi ng period. Their numerical results are conÞrmed by Back, Cao,

and Wi llard (2000) in a conti nuous time model. In our model, informed traders know the

common value on each entry into the market. However, the common value changesover

time. Hence, though signalsare imperfectly correlated, agents have an incenti ve to act on

information before it becomesstale due to an exogenous changein the common value, and

the market remains active.

Our paper links the lit erature on information acquisition to that on dynamic limit or-

der markets.5 The latter includes Rosu (2004), who presents a continuous time private

value model of a limit order market with continuous prices and instantaneouspunishment

strategies. Foucault, Kadan, and Kandel (2004) characterizeequil ibr ium in a dynamic limit

order book with private values and di! erences in time preferences. Goett ler, Parlour, and

Rajan (2004) numerically solve an inÞnite horizon model of a limit order market with sym-

metr ic information and exogenous cancellation. None of thesemodels consider information

acquisition, or allow agents to di!er in what they observe upon entering (or reentering)

the market. Back and Baruch (2006) consider a continuous time model with asymmetric

information, and demonstr ate that, in the absenceof friction s, market design is irrelevant

(every equil ibr ium in a limit order market can be sustained as an equili brium on a ßoor

exchangewith competi tiv e market-makers, and vice versa), lending some justiÞction to our

modelling fri ctions in a limit order market.

Our work adds to the computati onal economics literatu re by showing that the stochas-

tic approximation algorith m of Pakes and McGuire (2001) extends naturally to models of

asymmetric information, where agents have private stat e variables. Furth er, we intro duce

the notion of ÒtremblesÓ to the algorith m to ensure accurate beliefs for acti ons o! the

equilibr ium path as required by perfect ion.

In Section 2 we outl ine the model, and provide an overview of the algorithm. SpeciÞc

details of the algorithm appear in Appendix A. As we are interested in the relati onship

between asset volati lit y and tr ading strategies, we Þrst analyze agentsÕorder submission

5Parlour (1998) characteri zes a limit order market with no common value. Foucault (1999) models a
common value, but t runcates the book to one share.
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strategies across di!e rent information acquisition structures in Section 3. We consider

aggregateinvestor surplus acrossdi!e rent information regimes in the limit order market in

Section5, and examine informational e"c iency of the market in Section5.1. In Section ??,

we provide somecomparative statics on informational and allocative e" ciency. In Section 6

we use the computed payo!s from the tr ading gameto solve for the equili brium information

structures. The asset pricing implication s of our results are developed in Sect ion 7. Section

8 concludes.

2 Mo del

We model endogenous information acquisition in a dynamic limit order market for a single

asset. We computat ionally solve for equili brium in the tr ading game and then determine

endogenous information acquisition in Section 6. In philosophy the t rading gameis similar

to that in Goettl er, Parlour, and Rajan (2004). There is a common value to the asset,

v, and each tr ader also has a private beneÞt to trade, α. On entry into the market, a

trader observes market condition s and decideswhether to submit a buy or a sell order. The

equilibr ium cannot be determined analytically in closed form, sowe solve for it numerically.

This model of the tr ading game has two important di! erences wit h Goettler, Parlour,

and Rajan (2004). First, there may be asymmetric information, so that a trader in the

market may have inferior information about the fundamental value of the asset, compared

to previous traders. Second, tr aderswho have submit ted limit orders are allowed to reenter

the market and change or cancel their order. Each trader, therefore, plays a dynamically

optimal strategy on each entry , and cancellations are endogenous.

Time is conti nuous, although events happen after discrete t ime intervals. There is a

discrete (but inÞnite) set of prices, P = { pi } !
i = "! , at which tr aders may submit orders.

The distance between any two consecutive prices is normalized to one and we refer to it

as the Òtick size.Ó Associated with each price pi " P at time t is a backlog of outstanding

orders to buy or sell the asset, "i
t . Thi s backlog represents the depth at price pi . We adopt

the convention that a positiv e quantit y denotes buy orders and a negative quant it y sell

orders. The limit order book at ti me t, Lt = { "i
t }

!
i = "! , is the vector of outstanding orders.

We consider an open limit order book, with no hidden orders.6 Given a limit order book L,

the bid price or quote is B(L) = max{ i | "i > 0} , the highest price at which there is a limit

buy order on the book, and the ask price or quote is A(L) = min{ i | "i < 0} , the lowest

price at which there is a limit sell order on the book. If the corresponding set of prices is

empty, deÞne B(L) = #$ and A(L) = $ .

6On some exchanges, limit orders may be ÒhiddenÓ(i .e., not revealed to other traders), by choice of the
order submitter.
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New tr adersarrive at the market according to a Poisson processwit h parameter λ. Each

trader has a type denoted by θ = { ρ, α} , where, ρ is a discount rate and α a private value

for the asset. The payo! a tr ader earns as a result of trad ing is discounted back to his

Þrst arrival ti me in the market at the rate ρ. The cost of delaying trade could include an

opportunity cost (e.g., if a trader is executin g a trad ing str ategy across di! erent assets and

must delay tr ades in other assets) and a cost to monitorin g the market before execution,

rather than the ti me value of money. Traders in some Þnancial markets appear to care

about di!e rencesin secondsin the time to execution; the discount rate captures th is desire

to trade early.7

The private value α represents private beneÞtsof tr ade, accruing to a tr ader as a result

of liquidit y shocks or private hedging needs. Its presence impli es potenti al gains to tr ade

among agents. Let F! denote the distr ibution of α. The private value α is independently

drawn acrosstraders.

In addition to a private value for each tr ader, the asset at any instant t has a common

value, denoted vt . The common value is the expectation of the present value of future cash

ßows on the stock, and evolvesas a random walk. Innovations in the common value occur

according to a Poisson process with parameter µ. If an innovation occurs, the common

value increases or decreases by k ticks, each with probabili ty 1
2. Changesin the common

value reßect new information about the Þrm. In Section7 we show how v can be interpreted

in a factor model.

On his Þrst entry to the market, an agent may chooseto buy information by paying a

cost c % 0. Incurr ing th is cost gives an agent access to a service that reports the current

value of v on this and each subsequent entry . The timin g of the acquisition decision captures

the idea that agents research an asset before deciding to partic ipate in the market.

Since all investors have a chance to acquire the information, it is publicly available:

for example, information reported in Þnancial statements, SEC Þlings, or analyst reports,

or prices of related assets such as options.8 Our acquisition cost can be interpreted as

an explicit cost such as subscribing to a news service, or an opportunit y cost in terms of

time required to gather and process the information. In equilibrium, tr aders in our model

consider thi s cost when they choosewhether to acquire information.

Uninformed agents view v with a time lag, # t , measured in units of time. That is, an

7The execution speeds for market orders for stocks on the NY SE and Nasdaq are routi nely ment ioned
in the tra de literature. A Google search for Òexecution speed nyse nasdaqÓbrings up pageson the NYSE
and Nasdaq (each claiming better execution over the other, albeit for di" erent order sizes), congressional
testimony, and pagesat various brokeragehouses.

8In as much as pri vately informed agents trade in such related assets, whosepri cesare publ icly observed,
our model can also be interpreted as a model of how insider information may be incorporated into the pri ce
of an asset.
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uninformed agent in the market at time t knows vt " ! t , whereas an informed agent in the

market at ti me t knows the current value vt . In additi on, all agents observe the history of

the game. Let t denote a time at which an agent has entered the market, and let ht denote

the history up to t ime t, before the agent takes an action. The history includesall acti ons

in the game until time t as well as changes in the common value unt il time t (for informed

traders) and time (t # # t ) (for uninformed traders).

For all agents, the limit order book Lt provides information about current trad ing op-

portuniti es. In addit ion, uninformed agents use their information set to update their ex-

pectation about the common value v. The history o! ers str ategic information to informed

agents as well : using the information available to an uninformed agent allows informed

agents to better predict the actions of uninformed agents, and thus earn a higher payo!

themselves.

Since tr aders choosewhether to acquire information prior to observing market condi-

tions, we can th ink of these str ategies as being chosen at time 0, before the start of the

trad ing game. Our model is therefore equivalent to a two-stage game. At the Þrst stage

all agents choosewhether to acquire information. At the second stage, with information

acquisition strategies held Þxed, the continuation Òtrading gameÓis played. We consider

symmetric equilibr ia (i .e., traders of a particular type all play the same str ategy at each

stage).

In the remainder of th is section, we discuss the t rading game in greater detail, holding

information acquisition decisions Þxed.

2.1 Conti nuat ion Tradi ng Gam e

Each tr ader is allowed to trade at most one share of the asset: however, he may choose

to buy or sell that share. A tr ader who previously entered the market, but whoseshare

has not yet executed, reenters the market at some random t ime. On any part icular entry

a trader may choose to submit no order. Traders are potentiall y acti ve until their order

executes,at which time they leave the market forever. Thus, at any point of time, there will

be a random number of agents who have not yet traded. Each unexecuted t rader reenters

the market according to a Poisson processwith parameter λr . Reentry , therefore, is not

instantaneous,and represents a friction agents must take into account when submittin g an

order. The reentry fri cti on captures the idea that agents do not conti nuously monitor the

market and also provides a way to determine a priorit y of order arrival amongseveral agents

who all wish to tr ade at the sametime. The reentry times are independent acrossagents.

At any particular instant there is at most one agent (eit her a new or returning trader) who

chooses an action.
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When he is in the market at time t, a trader takes an action a = (p, q, x), where p

denotes the price at which he submits an order, q % 0 the priorit y of his order among all

orders at price p, and

x =

!
"#

"$

1 if a buy order is submitted ,
# 1 if a sell order is submitted,

0 if no order is submitted .
(1)

If x = 0, the valuesof p and q are irrelevant to payo!. 9

If there is an existin g order at price p on the other side of the market, a submitted order

executes instantaneously and is called a marketable limit order, or a market order for short.

A buy order at a price p % A(L) automatically executes at A(L), and simil arly with a sell

order at p & B(L). For such an order, we set q = 0. Alternati vely, if there is no order on

the other side of the market at that price, the order joins the existing orders on the same

side at that price.

Limit orders are executed according to time and price priorit y: that is, orderssubmitted

earlier are furth er aheadin the queue. Buy orders at higher prices and sell orders at lower

onesare accorded prior it y. Therefore, an order executes if no other orders have prior it y,

and a tr ader arriveswho is willin g to be a counterparty.

Upon reentry, a tr ader may leave an existing order on the book or cancel it and submit a

new order. The beneÞt of retaining the existi ng order is that he maintains his time priori ty

(his place in the queue). The cost is that the asset value may have moved in a manner

that a!ects the expected payo! from the order. For example, if he submitted a buy order

and the asset value has since fallen, his order may now be priced too high. Conversely, if

the asset value has since risen, his order may be at too low a price, and there may be li ttle

chanceof it executing. Further, a trader may also Þnd that the prior it y of a previous order

has changed by the ti me he reenters the market.

Traders are risk neutral and submit orders to maximize their expected discounted pay-

o!. Utilit y is earned only if an order executes. For a particul ar tr ader θ = (ρ, α), the

instantaneousutilit y at time t is

ut =

!
"#

"$

α + vt # pi if he executes a buy order at price pi and tim e t,
pi # α # vt if he executes a sell order at price pi and time t,
0 if he does not execute an order at time t.

(2)

The expected payo!s to di!eren t actions depend on a traderÕsinformation set. Each

time a trader is in the market, he choosesa payo! -maximizing acti on. If a state is deÞned

9For a newly submit ted order, L t , p, and x determine q. However, q evolves over t ime for an order on the
books, and may change before the trader reenters the market. It is used in determining the conti nuati on
payo" on reent ry.
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to be the history of events in the gameobserved by the trader, his decision is Markovian. At

each entr y into the market, he chooses an action that maximizeshis value given the current

state. If a trader chooses to not submit an order, we have ÷x = 0, so π = 0. Since a trader

is never forced to submit an order, and, in this model, there is no cost to reentering the

market, the value of any state is bounded below by zero, given any previous order submit ted

by the trader. Hence, the overall value of any state is no lower than zero.

Formally, we have a Bayesian game. Traders have privately known utili ties from trade

(since a traderÕsα is unknown to other traders). As Maskin and Tirole (2001) point out,

the proper solution concept here is Markov perfect Bayesian equilib rium, which requires

traders to play optimal (state-dependent) strategies at every decision node (i.e., on each

entry into the market), given their current posterior beliefs. In principle, thesebeliefscould

relate to the current value of v (for an uninformed tr ader), the likelihood that any order

current ly in the book was submitted by an informed trader (who may reenter the market

in the future), the private value α of each trader who had an order in the limit order book,

or even over the number of t raders who had entered the market and submitted no order,

and may be submittin g orders in the future.

In practi ce the numerical algorithm bypasses the issue of posterior beliefs by directly

determining the expected uti lit y of di!e rent act ions in each state, allowing for a direct com-

putation of the optimal stat e-dependent action. Numerically, we impose speciÞcrestr icti ons

on the state spaceto make it computati onally tractable.10 We solve for a stationary sym-

metr ic equilib rium given the state space. That is, each type of agent plays the same t ime-

invariant strategy. The perfection requirement ensuresthat optimal actions are assigned to

states that are o! the equili brium path of play and are hence never reached in equilib rium.

Given information acquisition st rategies, the equilibr ium of the tr ading gameappears to be

computati onally unique. In Section 6 we show that, despite thi s, there are cost rangesthat

lead to multip le equil ibr ia in the information acquisition game.

2.2 Solv ing for Equil ibrium in t he Tradi ng Gam e

Since the common value evolves as a random walk, the set of prices at which tr ade can

feasibly occur is, in principle, unbounded (although it is Þnite in any Þnit e simulation).

However, given the payo! on execution in (2) above, a trader caresonly about the relative

price at which trade occurs (i.e., the price relat ive to the common value). Consider an

informed tr ader who arrives at the market at time t when vt = 15, and there is only one

10 In parti cular, these restri cti ons may exclude some payo" -relevant variables, such as the exact ti me
at which di"erent events happened. In pri nciple, the algorithm can handle any discretizati on of ti me; in
pract ice, the size of the state spaceis limited by computati onal constraints.
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order on the limit order book, a buy order at 16. Suppose there has been no changein the

book over a substantial period of time (greater than # t ). Now consider an identi cal tr ader

who arrives at t#, with vt " = 21, and only one order on the limit order book, a buy order

at 22. Again, supposethere has been no change in the book over a substant ial period of

time. Our speciÞcationof payo!s implies that thesetwo traders must take the same action

relative to the respective common values they observe. That is, if submitti ng a sell order

two ti cks above v (at a price of 17) is optimal for the Þrst tr ader, doing so (at a price of 23)

must be optimal for the second trader.

Historical pricesand lagged valuesof v canalsobeexpressed in termsof thecurrent com-

mon value for an informed trader, so the restr ict ion in the previous paragraph to nonempty

histor ies is for expositional purposesonly. In the same manner, histor ical t ransact ion prices

and current books can be expressed relative to the last observed common value for an un-

informed tr ader. This signiÞcantly reduces the sizeof the state space, to the point that the

set of recurrent states in our simulati ons is Þnite (alth ough stil l very large).11

As discussed, we Þx information acquisition strategies and solve for the equilibrium of

thecorresponding tr ading game. Wesimulate a market sessionand update beliefs(about the

payo! of each action in each state) using the simulated outcomes until beliefs converge. Our

algorithm follows Pakes and McGuire (2001) in that it uses simulation to asynchronously

update valuesonly for states in (or near) the recurrent class of states.12 The advantage of

th is approach is two-fold. First , the updating of beliefs at a given state is computati onally

e" cient, using the realized outcome from the simulati on as a Monte Carlo esti mator of

the originating stateÕsvalue. For example, when a limit order is executed in the simulated

market, the valueof the state at which the limit order wassubmitted is updated by averaging

in the discounted payo! from thi s transaction with the previously held belief of the stateÕs

value. If a trader returns to the market before his limit order executes, the value of the

state at which the order was submitted is instead updated with the perceived value of the

traderÕsrevised (or maintained) order, discounted by the elapsed tim e. As the simulation

progresses, the states are ÒhitÓ repeatedly and their values, which are simple averages,

11 A recurrent class is a subset of states with the following propert ies: (i) regardless of the initi al state,
the system eventual ly enters the recurrent class; (i i) once entered, the probabi lity of each state outside the
recurrent class is zero; and (i ii) each state in the recurrent class is visited inÞnitely often as t approaches
inÞnity.

12 Pakesand McGuire (2001) solve for equilibri um in a dynamic oligopoly, obtaining convergencein ÞrmsÕ
value functi ons. Goettl er, Parlour, and Rajan (2004) use a similar algorithm to solve a tra ding game in
which traders take an acti on only when they initi ally enter the market. In that model all traders know
the common value on entry and limit orders are cancelled according to an exogenouscancellation functi on.
Forming posteriors about the pri vate values of tra ders current ly posting limit orders is unnecessary since
these t raders never return to revise their orders. The Þxed point is therefore directly obtained for beliefs
about executi on probabi liti es and changes in the common value conditi onal on execution.
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converge to their tru e means.

The second advantage of the stochastic algorith m is that values are only updated for

states actually visited: that is, the Þxed point is computed only for the recurrent class of

states. Since the full state space of the tr ading game is huge, thi s feature of the algorithm

is parti cularly important.

Perfection requires that agentsÕbeliefs about payo!s to actions o! the equili brium path

be correct, to rule out the possibili ty that incorrect beliefs at stat es outside the recurrent

class may lead players to mistakenly avoid such states. Consider an extreme case in which

all traders believe that limit ordersnever execute. Supposethe book is empty when the Þrst

trader enters. Given th is belief, submittin g no order is a best responsefor th is trader and

the book wil l be empty when the second trader arrives. This tr ader now faces a decision

problemidentical to the onefaced by the Þrst tr ader, and hencesubmits no order. Therefore,

no orders are ever submitted in th is market. Perfection rules out such situati ons.

Numerically, perfection requires the computat ion of payo!s to actions that are not

chosen. To obtain these payo!s , we allow for trembles: On each entry , there is a small

probabilit y ε > 0 that an agent takesa suboptimal action. To ensure that strategiesalong

the equil ibr ium path are not a!ected, we take the following steps: (i ) the probabili ty of a

tremble is small, declining to 0.5%asthe algorithm converges(ii) updates to payo!s always

use the optimal acti on in any stat e, even if the t rader is randomly selected to tremble,

and (i ii) traders never tremble to market orders (such trembles would make limit orders at

ridiculous prices more attractiv e).13

The algorithm is a natural extensionof the stochastic approximation algorithm of Pakes

and McGuire (2001) for complete information games. A tr ansparent di!e rence is that

di! erent agents have di! erent state variables, and some payo!-rele vant variables (such as

α and possibly v) are privately known to agents. A substanti ve di!e rence is the use of

trembles to ensure perfecti on.14

Details of the algorithm appear in Appendix A, along wit h the convergencecrit eria that

we use.

2.3 Im plem entat ion of t he Numerical Al gor i thm

In principle, we would like agents to conditi on their str ategies on the ent ire history of

the game. In practice, of course, this is computation ally infeasible. Hence, we impose

13 As discussed in Appendix A, payo"s to market orders are updated regardless of acti ons taken, so
trembling to market orders is unnecessary.

14 Whi le checking for convergence,Pakes and McGuire (2001) avoid pessimist ic beliefs by directly com-
puti ng the integral that deÞneseach stateÕs cont inuati on value. Thi s is not an opti on in our model because
there are too many future states an agent could be in, given a current state and action.
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some restri cti ons on the state space. We allow agents to condition their act ion on a set of

variablesrelated to thebook and market. In additi on, uninformedagents chooseacti onsthat

can vary with vt " ! t , the fundamental value they observe, and informed agents can choose

actions that vary with both vt and vt " ! t . Therefore, the set of conditioni ng variables for

an informed agent stri ctly includes all variables used by an uninformed agent .

The set of book-related variables usedby agents consists of: (i) the current bid and ask

prices, (Bt , At ); (ii) the total depths at theseprices, ("B
t , "A

t ); (iii) the cumulati ve buy and

sell depths in the book, Db
t =

% N
i =0 { "t

i > 0} and Ds
t =

% N
i =0 { "t

i < 0} ; and (iv) the price

closest to the bid (ask) at which buy (sell) depth is available, öBt ( öAt ). Denote th is 8-tuple

of book-related conditi oning variables as öLt = { Bt , At , "B
t , "A

t , Db
t , D

s
t , öBt , öAt } .

In additi on, for a limit buy order at price ÷p, agents alsocondition on { "i
t }

B t
i = ÷p, the number

of shares on the buy side of the book at pricesleast asaggressive as ÷p. Similarly, for a limit

sell order at price ÷p, agents also condition on { "i
t }

÷p
i = A t

, the number of shareson the sell side

of the book at pricesat least as aggressive as ÷p. Though thi s implies di!e rent condit ioning

variables for di!eren t acti ons, in practice, less aggressive orders have a minimal e!ec t on

state values. Hence, including the omitted variableswould not a! ect the equil ibr ium.

In addition, we allow agents to vary their actions based on the price öpt of the most

recent tr ansaction, if thi s transaction occurred in the interval [t # # t , t], and whether th is

transaction involved a market buy or sell. We investigat ed a model in which agents also

observe the cumulative market buys and sells in the interval [t # # t , t]. The added condi-

tion ing variables are virtu ally ignored by traders in updating beliefs about v, and do not

a!ect market outcomes.

2.4 Paramet erizat ion of the Trading Game

Time is conti nuous, with three types of Poisson eventsÑnew trader arrivals, returning

traders, and changes in the common value. We normalize the mean ti me between new

trader arrivals to 1, so that any time interval may also be interpreted in terms of the

expected number of new tr ader arrivals in that period.

The other parameters that deÞne our basecaseare as follows:

¥ The support of the discrete α distr ibution in ticks is {# 8, # 4, # 0.1, 0.1, 4, 8} . The

probabiliti es of # 8, 8 are each 15%, while that of # 4, 4 are 20% and the probabiliti es

of # 0.1, 0.1 are 15% each.

The traders with α " {# 0.1, 0.1} constitut e traders who may be wil ling to buy

or sell, depending on the state of the market when they arrive. We refer to these

agents as Òspeculators,Ó since they have a very low intr insic motive to trade. The
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traders with α " { 4, 8} are likely to be buyers overall, and those with α " {# 4, # 8}

are likely to be sellers. These characterizations are borne out in our simulations.

Our private value distri but ion approximately corresponds to the Þndings of

HolliÞeldet al. (2004), who est imate the distri butions of private values for three stocks

on the Vancouver exchange. Since they consider a world with symmetric information,

their estimate of thegains to trade represents a likely upper bound (sincesome tr ading

will occur for informational reasons). Our parameterization of F! is based on their

ident iÞcation of three types of t raders with in thesedistr ibutions. They Þnd that, on

averageacrossthe threestocks, 44%of tr adershave private valueswith in 2.5%of the

common value of the stock, 26% have values that di! er from the common value by

2.5% to 5%, and 30% have values that di!e r from the common value by more than

5%. This corresponds approximately to the probabili ties of our three kinds of tr aders.

In terms of ticks, on averageacrossthe three stocks, 2.5%of the common value

translates to approximately 3.45 ticks, and 5% of the common value to approximately

6.9 ticks. Since30%of our tr adershaveprivate valueswithin ± 0.1 ticks of thecommon

value, we choose 4 ticks as the private value for our second kind of tr ader, and 8 ti cks

for our thi rd kind.

¥ Changes in v, the fundamental value of the asset, occur at times drawn from a Poisson

distr ibution, so that the inter-arri val time of innovations is exponenti al. The expected

time between changesin v is 8 units of real ti me. We consider two sets of models:

(i) Low volatilit y: whenever v changes, it increases or decreasesby one tick, each with

probabilit y 1
2.

(ii ) High volatil it y: whenever v changes, it increases or decreases by 8 ticks, each with

probabilit y 1
2.

Our low volatilit y parameterization roughly corresponds to the Þndings of Holl i-

Þeldet al. (2004). For the thr ee stocks they consider, they report the averagenumber

of tr ansacti ons during each ten-minute period and the volatil it y of the midpoint of

the bid and ask quotes. Using these transaction frequencies, we infer the volatili ty

of the midpoint of the quotes per transaction to be 0.20, 0.34, and 0.42 for the thr ee

stocks.

The midpoint of the bid and ask quotes is a rough proxy for the common value.

In our model, new tr adersarrive at the rate of one per unit time. Since we consider

stationary equilib ria, and it takes two tr aders to make a tr ansaction, t ransact ions

occur approximately every two units of time. Thus, we parameterize the volatil it y of

the asset at 0.125per new trader arrival, or 0.25 per transaction. This translates to
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an innovation occurring on averageevery 8 units of ti me.15

¥ We let # t = 16: this represents the averagenumber of new trader arrivals that occur

between the time an uninformed trader observes v and the ti me he takesan action.

Note that we use # t = 16 only for our base case. Since we have no empiri cal

basis for this selecti on, we varied # t in our simulati ons and found no signiÞcant

di! erences for much larger values.

¥ ρ, the continuousdiscount rate, is the samefor all agents and is set to 0.05. Recall that

th is is not the time value of money, but rather a preferenceparameter that reßects

the cost of not executing immediately.16

¥ Agents reenter the market at an averagerate of 4 units of ti me per reentry . Reentri es

are independent across t raders and entries.

Numerically, the algorithm can trivi ally handle reentr y rates that di!er across

types and tr ader information. In this paper, however, we are primaril y interested

in isolating the e!ec ts of di!e renti al information on market outcomes, so we keep

the reentr y rate the same acrossinformed and uninformed tr aders. Conceptual ly, we

th ink of reentry rates asdepending on the cost of monitorin g the market, with a lower

monitor ing cost imply ing a higher rate of reentry .

¥ Limit orders may be submitt ed at any feasible price that lies in a range between

2.5 ticks above and below an agentÕs expectat ion of v. For an informed trader, th is

expectation is just the current value of v. For tr aders who observe v with a lag # t ,

th is expectation is their best esti mate given the lagged common value, the current

book, and the observed market history.17

Market orders, of course, may be submitted at the current bid (market sells) or

ask (market buys) regardless of an agentÕsexpectation of v.

¥ Ini tially , we set the probabilit y that an agent trembles to a suboptimal order at 0.05.

As the algorithm converges, we reduce this probabilit y, to a Þnal value of 0.005.

15 The variance of the innovati on in an interval of ti me t is the expected number of innovations in the
interval.

16 We experimented with lower values of ! , and found the results to be qualitati vely similar. However,
traders took longer to execute on average,and the state space was considerably larger.

17 We simulated versions of the models in which limit orders could be submit ted further away from the
common value. Al though orders were occasionally submitted at such t icks, these orders rarely executed,
appearing to substi tut e for not submitti ng an order at all. There was no appreciable e"ect on market
outcomes, either in the aggregateor for any parti cular type of t rader.
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3 Tradi ng Behavio r

We are interested in how agentsÕoptimal trad ing behavior determines the relati onship

betweentheobservedtransaction priceand theconsensusvalue, vt . Wedo th is by comparing

how each trader type changes actions when faced with assets with di!e rent fundamental

volati lit y and how each trader type reacts to di! erent asymmetric information regimes. For

brevit y, we report two information setti ngs: all agents are informed and only speculators

are informed.

There are three elements to an agentÕspayo!: his private value, the discount (or pre-

mium) that he obtains over the common value of the asset, and the length of time it takes

him to execute. The overall discounted payo! to an agent with private value α who buys

a share at price p when the common value is v and executes with a t ime delay (from Þrst

entry to the market) t is e" "t (α # (p # v)).

3.1 Ti me to execut ion and terms of trade

We Þrst consider the time to execution for each type of agent. Changesin the execution

time acrossagent typesimply changes in the set of agents who are available to tr adeat any

given point of time. In Table 1, we report for each tr ader type the averaget ime from entry

to the market unt il trade is consummated.

Volatilit y Regime Information Regime Absolute value of α
0.1 4 8

Low All informed 19.64 2.09 0.59
Speculators informed 17.22 2.19 0.62

High All informed 8.87 3.19 1.07
Speculators informed 12.34 5.44 2.33

Table 1: Av erage tim e to execution

Table 1 shows that the speculators take signiÞcantly longer to execute than any other

traders: since they have a low intr insic motive for trade, they are willi ng to wait longer

for a bet ter price. When the fundamental volati lit y is low, they execute fastest when they

are the only ones informed. If they compete with another group of informed agents, it

takes them longer to execute: competit ion among informed agents makes proÞtable trades

more di"c ult to Þnd. Alt hough the extreme α agents always execute quickly, they take the

longest when only the speculators are informed.
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Conversely, when fundamental volati lit y is high, asymmetr ic information leads to an

unambiguous increase in ti me to execution for each type of tr ader. Comparing the last

two rows of Table 1, each trader type takes longer to execute when only speculators are

informed, compared to the situat ion in which all agents are informed.

In Table 2, we report (p # v) for all executed buy orders (i .e., market and limit). Two

comparisons are useful from the table. Fir st, comparing across information regimes (i.e.,

comparing the Þrst and second rows of numbers or the thi rd and fourth rows), speculators

experience an improvement in the terms of trade when only they are informed. When the

volati lit y is low, buy orders of speculators with a positiv e α execute 1.21 ticks below the

common value when only they are informed, as compared to 1.14 ticks below the common

value when all agents are informed.18 The e!e cts of adverseselect ion are exhibited by the

increased cost (in terms of amount paid in excess of the common value) paid by agents with

higher private values(α = 4 or 8) in the casein which only the speculators are informed.

Volatilit y Regime Information Regime Value of α
# 0.1 0.1 4 8

Low All informed # 1.07 # 1.14 0.10 0.48
Speculators informed # 1.30 # 1.21 0.21 0.57

High All informed # 2.38 # 3.12 # 0.21 0.45
Speculators informed # 4.78 # 4.01 0.25 0.75

Table 2: Av er age of (pric e # fundamen t al value) for buy ord ers

Second, comparing across volatili ty regimes,speculators see a substanti al improvement

in their terms of trade when the fundamental volati lit y is high. For example, comparing

the Þrst row with the th ird row, speculators with a positive α improve their terms of t rade

by almost two ticks per share when the volatil it y is high. On the other hand, when only

speculators are informed, extreme private value agents (i.e. those with α = 8) on average

execute at worseprices when the volati lit y is high.

A limit order market may broadly be seen as a dynamic bargaining mechanism. If

agents do not like the posted prices, they can make their own o!e rs. In the presenceof

adverseselection, the optimal posted orders are more conservative, since uninformed agents

are concernedabout being picked o! by informed agents. The greater conservatism leads

to greater ti me to execution.

18 The notion that limit order submit ters execute at favorable pri cesis consistent with the empiri cal work
of Biais, Bisiere and Spatt (2003), who fail to reject the hypothesis that competing limit order submitt ers
on Island (an electronic limit order book) make posit ive proÞts.
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Absolute value of α
0.1 4 8

% Lim % Mkt % Lim % Mkt % Lim % Mkt
% of t rader type 30 40 30

Low volati lit y, all informed 68.1 13.7 23.8 40.4 8.1 45.8
Low volatilit y, speculators informed 66.6 12.7 25.1 41.0 8.3 46.4

High volatilit y, all informed 42.1 48.8 35.1 31.3 22.8 19.9
High volatilit y, speculators informed 53.8 39.2 26.9 36.1 19.3 24.7

Note: Ò%LimÓ denotesthe percentage of all limit orders submitted by a trader type. Ò%
MktÓ denotes the percentage of all market orders submitted by a trader type.

Table 3: Prop or ti on of li mit and mark et or ders subm itte d by each t yp e

In Table 3, we report the proportion of limit and market orders that are submitt ed by

each trader type.19

We Þnd that speculators are the t raders with the highest value for information, and

also the agents who supply liquidit y. That is, informed traders in our market tend to

submit limit orders, a Þnding that corresponds to the experimental results of BloomÞeld,

OÕHara, and Saar (2004) and the empirical observations of Kaniel and Liu (2004) on the

TORQ database of NYSE stocks. When the fundamental volatil it y is low, asymmetric

information does not a! ect the distrib ution of orders across tr ader types. However, when

the fundamental volatilit y is high, two e!ec ts are noticed. Fir st, traders with more ext reme

private values tend to submit an increased proporti on of limit orders, since the books are

th inner on average. Second, asymmetr ic information leads speculators to increase their

supply of liquidit y. The book is slightl y th icker on average, and, at the margin, uninformed

traders substitute away from limit orders towards market orders.

4 Excess Volati li t y and Trading Pool Comp osit ion

In a fri ction less market with all agents informed, all trades should execute at the funda-

mental value, vt . Thus, the dispersion of prices around the fundamental value represents

a measure of excess volatil it y generated by the frict ions in the market. As Table 4 shows,

excess volatilit y is higher when only speculators are informed, and higher yet when the

volati lit y in the fundamental value is high. Thus, even with symmetric information, the

market represents a volatil it y mult ipli er, exacerbating the e! ectsof an uncert ain fundamen-

19 Note that agents who take longer to execute submit more orders than agents who trade more quickly,
since the former are in the market more often on average.
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tal value. This e!ect is furth er enhanced when there is asymmetric information.

Regime Std. Dev. Averagenumber of
of (p # v) traders in market

α = 0.1 α = 4 α = 8

Low volatilit y, all informed 0.8 2.65 0.66 0.24
Low volatilit y, speculators informed 1.11 2.38 0.69 0.23

High volatilit y, all informed 2.59 1.42 1.17 0.69
High volatilit y, speculators informed 4.32 1.96 1.66 0.94

Table 4: Excess volatil it y and trading pool comp osit ion

Notes : (i) ÒLowÓ and ÒhighÓvolatil it y under ÒRegimeÓrefer to volati lit y in the funda-
mental asset value. (i i) ÒAveragenumber of tr aders in marketÓis the averagenumber of
traders who have entered the market, but not t raded, at any given instant. (iii) Since the
model is symmetric, the number of traders in the market with negative α corresponds to
the number with positiv e α.

As noted from the table, when the fundamental value is volatil e, and there is asymmetric

information (i .e., only speculatorsare informed), there is a shift in thedistri but ion of tr aders

in the market at any instant (or the Òtrading poolÓ),from low private values (i.e., closer to

zero) to more extreme ones. Since, for any given trade, at least one of the two sidesmust

constitut e a trader who entered the market previously, thi s represents a shift in the marginal

trader acrossregimes. When there is a greater number of extreme value traders, we expect

to seeprices that depart from the common value. Thus, excess volatilit y increases.

A further impl ication of the shift in the composition of the tr ader pool across regimes

is that any attempt at aggregation across traders will lead to results that vary by market

or asset . Suppose all else is equal, and consider two assets with di!e rent fundamental

volati lities. On averageacross time, these assets will exhibit di!e rent marginal traders, and

hence di!e rent Òrepresentativ e agents.Ó This is surpr ising in our context, given that all

agents are risk-neutral (so wealth e!ects are absent). Our results here complement those

of Schlee (2001), who shows that , in an economy with some risk-averse agents, if there is

a representativ e agent, then all agents are worse o! when greater information is acquired.

Thus, in such an economy, there is no incentiv e to acquire information. In our model, by

comparison, agents have an incentiv e to acquire information, and aggregation fails.
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5 A ggregate Al locati ve and Info rmati onal E! ciency

5.1 Inf ormat ional E!ci ency

As prices in markets can inßuence decisions regarding the allocation of real resources, the

prices and outcomes in a particul ar market provide an important externalit y to agents

outside the market as well. In this sect ion, we consider the informational e"cie ncy of the

limit order market.

In our limit order market, information about the common value can be conveyed by

several variables other than the transaction price, including bid and ask quotes and order

depth in the book at variousprices. Consider an uninformed agent in themarket. Thi sagent

observes market condition s (in particular , the book and the price and direction of the most

recent transaction) and forms an estimate about the common value. One measure of the

informational e" ciency of the market is the averageabsolute error in his estimate of v. In

Table 5, we report the meanabsolute di!ere nce between an uninformed agentÕs expectation

about the fundamental value and the tru e value.20 As the table shows, the greater the

number of informed agents in the market, the better the estimates of the current common

value. However, even when all agents are informed, market observables are only partially

revealing.

Regime Mean absolute error in uninformed
agentsÕbelief about v

Low volati lit y, all informed 0.31
Low volatilit y, speculators informed 0.49

High volatilit y, speculators informed 2.59

Table 5: Er ror s in beli efs across di !er ent regime s

Notice from Table 5 that the market has a certain resilience. If the proportion of

informed tr adersis low, an uninformed agent forms lesspreciseestimates about the common

value. However, in th is case,adverse selection is less of an issue, since the probabilit y of

trad ing with an informed agent is low. Conversely, if there are a large number of informed

agents, market observables are more revealing, mitigati ng the adverse selection problem.

20 In the model in which all agents are informed, we usethe beliefs of agents who deviate at the information
acquisit ion stage to determine an uninformed agentÕs expectati on about the fundamental value.
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When the fundamental value has high volatilit y, uninformed agentsÕbeliefsare less precise,

and the mean absolute error in esti mating the common value increases to 2.59 ticks.

Recall that our tr aders observe both a snapshot of market history and a subset of the

current book on each arrival to the market. The history consistsof the price and sign of the

previous transaction.21 To determine which conditioni ng variables are most important to

uninformed traders in updating their beliefs about the common value, we regressan unin-

formed agentÕsexpectation of the common value on thesevariables. Nothi ng in the model

suggests that th is funct ional relat ionship should be linear: our goal with these regressions

is merely to illustrat e broad rules of thumb that explain how market observables inßuence

beliefs about the common value. We Þnd that linear regressionsperform surpr isingly well

in th is context.

We generateddata for the regressions in the following way: for each set of parameters,

after the algorithm has converged to an equilib rium, we hold values Þxed and run a new

simulation. Each ti me an uninformed agent enters the market in the new simulation we

determine his esti mate of the current common value, given market observables and given

the common value at the lag # t . We restrict attention to books that are nonempty on

both sidesof the market. In the low volatilit y case with only speculators informed, these

represent 84.4% of all books encountered in the simulation.

Details of the regressions are omitted for brevity. The constant is insigniÞcant ly zero

(as expected), and the bid, ask, and last tr ansacti on pricescontr ibute almost equally to the

estimate of v. All else equal, every increase of a ti ck in any one of these prices increases

the expectation of v by approximately 0.25 ticks.22 Depths at and away from the quotes

are stat isti cally signiÞcant , but have close to zero correlation with the dependent variable.

An extra limit order at the bid (ask) price increases (decreases) the esti mate of v by 0.13

ticks, and an extra limit order away from the bid (ask) increases (decreases) the estimate

of v by 0.04 ticks. The R2 of the regression is 0.81.

Similar regressionswere run the other information str uctures with all agents informed

and agents with |α| " { 0.1, 4} informed. The results were qualitativ ely similar, though the

coe"cie nts vary somewhat with information structure.

5.2 A ll ocat iv e E!ci ency

We now consider aggregatewelfare generatedby the limit order market, which we measure

by the mean surplus per t rader. The surplus of a particul ar t rader is deÞned as his instan-

21 In our simulati ons, at least one transacti on occurs in each [t ! # t , t ] interval.
22 Note, however, that in the simulati on the transacti on pri ce, bid, and ask are all correlated, so all else is

rarely equal.
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taneous utilit y at execution, given by equation (2), discounted back to his Þrst arrival at

the market.

Eventual allocations in th is market areapproximately invariant to the information stru c-

ture. Agents with α = 4 or 8 buy a share, and those with α = # 4 or # 8 sell a share. Among

speculators, roughly 2
3 of agents with α = 0.1 buy a share, with the remainder (roughly 1

3)

sell ing a share. Thesefractions are reversed for the α = # 0.1 agents. Any e!ects of adverse

select ion on mean surplus, therefore, do not occur via a di!erence in allocations.23 Furth er,

asTable 1 indicates, execution times do not vary systematically acrossinformation regimes:

when speculators take longer to execute, agents with |α| " { 4, 8} trade more quickly. What

is the overall e!ec t of adverse selection on mean surplus?

Recall that there are three key frict ions present in our model. Fir st, traders arrive

over time and waitin g is costly. Second, prices are discrete. Final ly, tr aders have private

information about type and the common value. As a Þrst-best benchmark, we consider a

frictionl essworld wit h all agents present in the market at the sametime. Then, a price p$ =

v represents a competitiv e equilibrium, and the resulting allocation is Pareto-optimal.24 If

each agent trades instantaneously at v, he obtains a gross payo! |α|. Thus, given the

probabilit y distr ibution of types, the aggregatefrictionl esssurplus is 4.03.

Regime Gross surplus Net Surplus

Low volati lit y, all informed 3.73 3.73# c
Low volatilit y, speculators informed 3.72 3.72# 0.3c

High volatilit y, all informed 3.61 3.61# c
High volatilit y, speculators informed 3.42 3.42# 0.3c

Table 6: Mean surplus per trader, in ti cks

The mean surplus per tr ader in each regimeis shown in Table 6. For ease of comparison,

we report both the gross and net (after deducting information acquisition costs) surplus

numbers from the four regimesunder consideration.

As expected, in all cases the gross surplus in the market is less than the frictionl ess

benchmark 4.03. When the asset has low volatil it y, the gross surplus is relatively invariant

to asymmetr ic information. Even when only speculators are informed, the market recovers

23 Our results on allocations complement those of Blouin (2003), who considers a large decentral ized
economy in which a good with two di" erent qualiti es is t raded via bilateral bargaining. In his model, all
units of the good are tra ded in equilibrium, so that adverseselection doesnot a" ect the eventual allocations,
but does a" ect pri ces and the ti me taken to trade. This contrasts with the equilibri um when tradi ng is
central ized (so that all t rades must occur at the same pri ce and same point of ti me).

24 Al l pri ces between ! 0.1 and 0.1 represent Walrasian equilibri a given our parameters; allocati ons are
invariant acrossthese equilibri a.
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92.1%of the surplus generatedin the fri cti onless case. This is very closeto the calculations

of HolliÞeld et al. (2004), who estimate that, for the stocks they study, the consummated

gains from trade are approximately 90% of the maximum gains from trade.

As mentioned earlier, their methodology may over-estimate the gains from trade, since

they do not consider asymmetric information. In a model with asymmetric information

(or equivalentl y, one in which the gains to trade are small relative to the degreeof adverse

select ion), the limit order book performs worse.

When the asset has high volati lit y, adverse selecti on is an important trad ing fri cti on.

The increase in fundamental volati lit y, even when all agents acquire information, leadsto a

reducti on in aggregategrosssurplus of approximately 3% (fr om 3.73 with low volatili ty to

3.61 with high volatilit y). Asymmetric information leads to a further fall in gross surplus

of 0.19 ticks per tr ader, or approximately 5.25%.

6 Endo genous Inf ormat ion Acqui siti on

To understand how agents trad ing behavior changes with asset volatilit y, we characterize

agentsÕwil lingness to pay for information. To do so, we Þx agentsÕinformation acquisition

strategies and solve for equilibr ium in the tr ading game. We consider regimes in which all

agents wit h a given α take the sameaction in the information acquisition game: all acquire

information, or choosenot to (i.e., for each θ, σI (θ) = 0 or 1). As weshow below, theamount

agents are willin g to pay for information declines in |α|. Hence, we report results from four

information acquisiti on regimes: all agents are informed, only agents with |α| " { 0.1, 4} are

informed, only agents wit h |α| = 0.1 are informed, and no agents are informed. That is,

we ignore information structures in which the speculators are uninformed, but some other

type is informed.

For each of the four information str uctures we consider, once the algorithm has con-

verged, we simulate a furth er 100mill ion trader decisions and obtain the expected consumer

surplus (i.e., the equili brium payo! or expected utili ty) for each trader type. We use the

equilibr ium values and str ategiesof the corresponding tr ading gameto determine the payo!

to an agent who deviates in information acquisition. We allow a small massof each type

(2%) to deviate in information acquisition and then trade optimally . All other agents in the

simulation play the equilibr ium of the original t rading game. The equilibr ium strategies and

payo!s for the deviators (and only the deviators) are determined afresh by the algorithm.

We ensure that at most onedeviator is present in the market at any given time, to preserve

the spiri t of unilateral deviation.

Consider the low volati lit y case. The gross payo! (i .e., ignoring the cost of acquir ing
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information) of each type in each of the four information str uctures is reported in Table 7.

All payo!s arequoted in ticks. Weexhibit the mean payo!s both to agents playing according

to equilibr ium and to deviators. The value of information to each agent is represented by

the di!erence in payo!s between being informed and remaining uninformed. This value

immediately tr anslates to a maximum cost agents wit h a given α are will ing to pay for

information.

Information Stru cture Value of |α|
0.1 4 8

None Informed Equil ibr ium 0.403 3.515 7.333
Deviation 1.178 3.652 7.353

Value of Information 0.776 0.138 0.020
Speculators Informed Equil ibr ium 0.628 3.413 7.204

Deviation 0.413 3.499 7.228

Value of Information 0.215 0.086 0.024
α " { .1, 4} Informed Equil ibr ium 0.495 3.508 7.234

Deviation 0.287 3.414 7.279

Value of Information 0.207 0.094 0.044
All Informed Equil ibr ium 0.447 3.510 7.311

Deviation 0.244 3.430 7.251

Value of Information 0.203 0.080 0.060

Notes
(i) Reported meansand standard deviations are averages and sample standard deviations
from market simulati ons over 100 mill ion arrivals (new and returning traders).
(ii ) Reported numbers exclude agents who trembled to suboptimal actions.
(ii i) Standard errors on meansare less than .0005 for equil ibr ium strategies and less than
.0020for deviator str ategies (for which only 2% of traders deviate).
(iv ) Payo!s in itali cs indicate informed agents.

Table 7: Av erage gr oss payo!s ( in t icks) in low volatil it y case

As seen from the table, the value of information decreases in the absolute value of α.

Information is most valuable to the speculators (i.e., agents with |α| = 0.1), who have

lit tle intrin sic beneÞt to tr ade. These agents are will ing to take either side of the market,

depending on the available payo!. Conversely, agents wit h α = 8 are unlikely to switch

from buyers to sellers, so information is less valuable to these agents.25

25 Radner and Stiglitz (1984) demonstrate that informati on is valuable to a single Bayesian decision-maker
only if it induces a change in acti on.
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The value of information to an agent, of course, equals her willi ngnessto pay for infor-

mation. Thus, speculators have the highest willi ngness to pay for information. Verrecchia

(1982) shows a similar result in a general equilib rium rational expectati ons frameworkÑthe

least risk-averse agents (i.e., those with the lowest int rinsic motive to trade) acquire costly

information.

Observ ati on 1 In any inform ati on regime, agentsÕwil lingness to pay for information is

decreasing in |α|.

Since information is most valuable to speculators, in any equili brium in which some

agents are informed, the speculators (or a subset of them) must be informed. That is,

there wil l not exist any equili bria in which, for example, only the agents with |α| = 8 are

informed.

We also consider how agentsÕwillin gness to pay for information, changesasasset volatil -

it y changes. SpeciÞcally, if the underlyin g asset is more volatil e, all agents are will ing to

pay more for information.

7 CrossÐsecti onal Asset Pr icing Impl icat ions

In our model, all our prices are relative to vt , the fundamental value of the asset. If all

agents were informed then they would all agreeon this as the value. Our transaction price

can be decomposed as

pt = vt + ut ,

wherept is the price at ti me t and ut is the deviation from the fundamental value. Typically,

in econometr ic studies, uit is assumed to be whit e noise.26

Furth er, uit is uncorrelated with vt , the level of the fundamental value. However, changes

in ut are correlated with changesin the fundamental value at both short and long horizons.

Let # (xt ) = xt # xt " 1. Table ?? exhibits the correlations between #( ut ) and #( vt ) at high

and low frequencies. The correlations are negative and they are larger absolute numbers

when the asset has high volatili ty. Furth er, they have a higher absolute value if there is

asymmetric information: i.e., if the speculators are informed. As we have observed, in any

regime the speculators are willi ng to pay the highest cost to becomeinformed, therefore for

any cost of acquiring information, they are most likely to be informed.

To see the cross-sect ional impl ications of these correlations, consider a world in which

the CAPM is tru e. To emphasizedi!e rencesacrosssecurities, we adopt a subscript i to
26 Habrouck (2002) provides a comprehensive discussion of these decompositi ons.
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ident ify each asset. Therefore, if the CAPM is tru e, in the absence of friction s, the return

process for asset i is

r$
i,t = rf + βi rm,t + εi,t . (3)

Here, we usethe obvious notation, in which rf is the risk free rate and εi is a Þrm speciÞc

idiosyncratic shock.

This relationship could be uncovered from transaction data. Such an est imate would be

basedon theobservedpriceprocess, or ri,t = pi, t " pi, t # 1
pi, t # 1

. Theestimated beta, öβ is determined

as

öβ =
cov(ri , rm )

σ2
m

.

As the CAPM is true,

rm,t =
r$

i,t

β
#

rf + εi,t

β
. (4)

Using the properties of covariance, öβ is

öβ =
1
β

cov(ri,t , r$
i,t # εi,t )

σ2
m

. (5)

This implies that if the observed price processwas the tru e one, so that r$
i,t = ri,t , then

equation 5 simpliÞesto

öβ =
1
β

cov(r$
i,t , r

$
i,t # εi,t )

σ2
m

(6)

=
var(r$

i,t ) # σ2
#

βσ2
m

(7)

=
β2σ2

m

βσ2
m

(8)

= β, (9)

where E(rm # Erm )εi,t = 0.

However, the observed price process is not the Òtrue one.Ó In the context of our model,

the Òtrue,Óprice of the asset is vit . Therefore,

r$
i,t =

vi,t # vi,t " 1

vi,t " 1
. (10)

High fundamental volatil it y correspond to stocks with either high CAPM βÕs,or with high

idiosyncratic shocks.
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Substitu ting in for r$
i,t and ri,t into equation 5 yields

öβ =
1

βσ2
m

cov

&
vi,t # vi,t " 1

vi,t " 1
,
pi,t # pi,t " 1

pi,t " 1

'

=
1

βσ2
m

cov

&
#( vit )
vi,t " 1

,
#( vi,t ) + #( ui,t )

pi,t " 1

'

Notice, that th is impl ies that anythin g else that appears to be correlated with mi-

crost ructur e noise, such as bid/ask spreads should also be informativ e about returns as

these variables wil l pick up the misestimation in the asset pricing model. We explore the

impl ications of th is in a companion paper. To get a senseof the economic magnitude of

the missetimation, in Table ??, we demonstrate the amount by which β is overestimated in

simple crossÐsectional regressions.

To understand the intu ition behind these e!ec ts consider two assets, one with a high

volati lit y and onewith a low volatili ty. There are two e! ects that work in thesamedirection.

Fir st, the adverse selection risk (including both the likelihood and size of the jump) is

larger when asset volati lit y is higher. All classesof agents changetheir behaviour. SpeciÞ-

cally, speculatorswith li ttle intr insic valuefor tradesupply less liquidit y and prefer to submit

market orders (against mispriced limit orders) or leave the market and return. Therefore,

conservative investors (those with a high absolute value to tr ade) submit a higher propor-

tion of limit orders. This meansthat when transactions do occur, they are most likely after

a limit order hasbeen Òpicked o!.Ó Thi s will generate a time seriesin which changes in the

common value are correlated with changes in the microstr ucture noise. The misestimation

of β is therefore systematically related to the underlying risk.

Second, holding Þxed the set of agents who have acquired information, the more volatil e

an asset the more valuable (the greater the wil lingness to pay for) information. Furth er,

holding Þxed the set of agents who have acquired information, information is always more

valuable to the speculators. This e!ec t exacerbates the adverse selecti on risk, as informed

agents are more likely to pick o! ex post mispriced limit orders and therefore not to supply

liquidit y but to demand it.

Our results are robust to di!e rent time horizons,and to di!e rent estimates of the Òtrue,Ó

priceprocess. For example, sometimes themidpoint of the bid ask spreadis taken asa proxy

for the tr ue price process. In Table ?? we demonstrate that th is measure, too intro duces

bias in the estimation of systematic risk.
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8 Concl usion

We model how agents changetheir t rading behavior in the fact of greater adverse selection.

This can come about eit her becauseasset volatil it y is higher ore becauseof asymmetric

information. Agents with low intrin sic beneÞtsfrom tr ade have the highest value for infor-

mation and are most likely to be informed.

The informational e"cie ncy of market observables is directly related to the number of

informed agents in the marketÑan uninformed agent forms more precise estimates of the

common value when there are a greater number of informed agents. Transparency of the

book somewhat miti gates adverse selection, since market observablesare more informative

when an uninformed trader faces greater adverseselection. Since liquidit y suppliers in our

market (i.e., agents with low private values) have the highest value for information, bid and

ask quotes are as informative as transaction prices.

Conversely, when the asset volatilit y is high, sequential tr ade and asymmetr ic informa-

tion are both important market fr icti ons. Each of these leads to an increasein the excess

volati lit y of prices over the fundamental value. The composition of potential traders at

any given point of time changes, with more extreme value tr aders in the market. Intri gu-

ingly, with high fundamental volatil it y, the book is a little deeper on averagewhen there is

asymmetric information, since informed traders submit the bulk of the limit orders in the

market.

The change in the marginal trader across regimes also suggests a problem with aggre-

gating up to a representativ e agent. If two assets have di!e rent fundamental volati lities,

they will have di!e rent pools of potential tr adersin the market at any time. Hence, the ag-

gregateÒrepresentati ve agentÓ inferred from these two markets wil l be di!e rent . Alth ough

we have risk-neutral traders (and therefore no wealth e!ec ts in the utili ty function), the

representativ e agent remains an elusive concept.

Finally, we have shown that because agentsÕtrad ing st rategies change in the presence

of adverse selection, changes in microstructure noise are negatively correlated with fun-

damental volatilit y. Therefore, any econometri c speciÞcation that assumes such noise is

uncorrelated with fundamental volati lit y underestimates factor exposure. Thi s leavesopen

the possibilit y that other variables that are correlated with microstr ucture noise (such as

many transaction costs or liquidi ty measures), should be priced.
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A A pp endi x

A. 1 Mo del D escript ion: Tradi ng Gam e

In thi s section, we describe the tr ading gamemore formally. Recall that the tradi ng game

assumesthat tradersÕinformation acquisition decisions are Þxed. Let I " { 0, 1} denote the

action an agent takes with respect to information acquisition, where I = 1 if the agent

chooses to becomeinformed. Let σI (θ) " [0, 1] denote the information acquisit ion strategy

of an agent of type θ: thi s is the probabilit y that type θ acquires information.

Let G denote the distri but ion over a tr aderÕsreentr y time, with g being the associated

density. Wi th a slight abuse of notation, let "p denote the outstanding limit orders at price

p before the agent submits an order. Then, for a new order, priorit y öq(p, x) is:

öq(p, x) =

(
0 if (i) x = 0, or (ii ) x = 1, p % A(L), or (ii i) x = # 1, p & B(L)

|"p + x| otherwise.
(11)

Let s(θ, I) be the state observed on a particul ar entry to the market at ti me t by a

trader with type θ who has taken the information acquisition action I. Here, s(á) includes:

(i) the history of play in the game, and the history of changesin v up to time t # # t (if

I = 0; i..e, the agent is uninformed) or time t (if I = 1; i.e., the agent is informed). If

the tr ader had previously entered the market and taken an action, s(á) includes the statu s

of the previous acti on, a = (p, q, x), where p is the price at which the previous order was

submitt ed, q its current prior it y at price p, and x, which is deÞned in equation (1) of the

text to take on the value +1 for a buy order, # 1 for a sell order, and 0 if no action was

taken.

(ii ) a variable z " { 0, 1} that denotes the number of shares the agent hasavailable to tr ade.

Each trader enters wit h z = 1. Once he has traded, z is set to zero. As we comment after

the Bellman equation (14) below, th is variable is used to conveniently set an agentÕsfuture

payo! to zero once he has traded.

Consider the problem faced by a trader in the market at time t. Supposeth is trader

is reentering the market (the problem faced by a new trader is identical to the problem

faced by a reentering tr ader who did not submit an order on his previous entry), and, on

his previous entry (at some t#< t), he had submitted an order at price p that is still active.

This order may have improved in priorit y at price p between ti mest# and t. The trader has

the option of leaving the order unchangedand taki ng no furth er action.

Let A (s) denote the feasible acti on set of a tr ader in state s. Recall that s depends on

type θ and information acquisition strategy I, and includes information on the status of

the tr aderÕsprevious action, a = (p, q, x). If the tr ader has arrived at the market for the

Þrst time, we set x = 0. For computati onal tractabi lit y, we restri ct limit order submission
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to a Þnite set of prices within k ticks of an agentÕs expectation of the common value. We

choosek to be su"c iently large that it does not a! ect the equilib rium. Denote the agentÕs

expectation of common value as öv(s) = E(v | s), where s denotes the state observed by the

agent. The feasible acti on set is then deÞned as

A(s) = { (p, q, x) | (i) x " {# 1, 0, 1} , (ii ) q = öq(p, x),

(ii i) q '= 0 =( p " [öv(s) # k, öv(s) + k] ) P } . (12)

In the t rading game, the information acquisition strategy for each tr ader typeθ is Þxedas

σI (θ), so wedeÞnethe typeof a trader as(θ, I). Let σI = { σI (θ)} $%" denote the information

acquisition strategy across all types. Let $ I (σI ) = { (θ, I) " $ * { 0, 1} | Prob((θ, I) |

σI (θ)) > 0} be the set of feasible types in the tr ading game. In what follows, we suppress

the dependence of this set on σI .

Let S($,I ) denote the set of feasible states a trader with type θ and information I may

encounter. A mixed strategy for such a tr ader in the trad ing game is then a map σ($,I ) :

S($,I ) +
)

s%S( ! , I )
#( A (s)), where#( A(s)) is the set of probabili ty distr ibutions over A(s).

Let S =
*

($,I )%" I S$,I be the entire set of states for the game,and let σ = { σ($,I ) } ($,I )%" I

denote a strategy in the trad ing game.

Considera t rader in the market at time t. Suppose he enters in a state s, and the stat us

of his previous action is given by a. When the tr ader submit s an order, he must consider

the distr ibution over execution times for that order, as well as the distr ibution of his own

reentry ti me into the market. Upon reentry , if his order is unexecuted, he has the option

to cancel it and submit a new order. The trader, therefore, solves a dynamic program to

determine the optimal order.

Considerthe value to trader typeθ, wit h information acquisition str ategy σI (θ), of being

in the state s, given that his previous order is a. On entr y into the market, the tr ader has

a Þnite action set, A (s). Each act ion ÷a in th is set gives rise to an expected payo! that

consists of two components: Þrst, a payo! condition al on the order executing before the

trader reenters the market, and second, the value associated with reentering the market

(with out having executed in the interim) in some new state s.

The likelihood of a limit order executin g clearly depends on the strat egies of other

players in the game. Since we consider only symmetric equilib ria, consider a trader in the

market, and let σ = { σ($,I ) } $%" I denote the strategy adopted by every other player. For

convenience, normalize the traderÕsentr y time to 0. Let φ(τ, v; s, ÷a, σ) be the probabilit y

that an action ÷a = ( ÷p, ÷q, ÷x) taken in stat e s at time 0 leads to execution at time τ > 0 when

the common value is v, given that all other agents are playing σ, and let f (v | s, t) denote

the density function over v at time τ , given state s. For an informed trader, f (á) is purely
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exogenous(recall that the fundamental ; for an uninformed one, it incorporates the tr aderÕs

beliefs over v0.

Suppose the tr ader reenters the market at some time w > 0. His expected payo! due to

execution prior to reentr y is

π(s, ÷a,w, σ) =
+ w

0

+ !

"!

,
e" "t ÷x (β + vt # ÷p) φ(á)

-
f (v | s, t) dv dt. (13)

This equation is derived as follows. Supposethe agentÕs order executes at a time t "

[0, w]. The payo! to the order depends on the common value at time t, which we denote

vt . As noted, the instantaneouspayo! of this order at ti me t is ÷x(β + vt # ÷p). Th is payo!

must then be discounted back to ti me 0, at the rate ρ. The innermost integral of the Þrst

term is over the di!e rent common values that can obtain at ti me t. We expect φ(á) to be

higher when v hasmoved in an adversedirection (for example, v hasdecreased after a limit

buy was submit ted)Ñthis is another manifestation of adverse select ion in thi s model. For

a market order, we have φ(0, á) = 1, since the order executes immediately. The outermost

integral is over the possibletimes at which execution could occur.

Recall that the reentry time is random and exogenous,with probabilit y distr ibution G(á).

Let ν(s# | s, ÷a,w, σ) denotethe probabilit y that the t rader observes state s#on reentry , given

action ÷a, previous state s, elapsed time w sinceentr y into the market, and strategy of other

players σ. Finally, let J(s) denote the value to an agent of being in state s. The Bellman

equation for the agentÕsproblem is

J(s, σ) = max
÷a%A(s)

+ !

0

.
π(s, ÷a,w, σ) + e" "w

+

s"%S!

J(s#, σ) ν(s# | s, ÷a,w, σ)ds#
/

dG(w). (14)

The Þrst term on the right-hand side (deÞned in (13) above) indicates the payo! from

execution before reentry at the random time w. The second term captures the continuation

payo! to the trader on reentry to the market at time w. I f his order executes before he

reenters, we have z# = 0 (i.e., he cannot trade any more shares). DeÞne J(s#, σ) = 0 for all

s# such that z# = 0, to ensurethat the continuation payo! is set to zero if an order executes

before the trader reenters the market.

The agent reenters the market at the random time w in some state s# di! erent from s.

If his previous order is stil l unexecuted, he can choose instead to submit a new order at

a price ÷p '= p, and possibly in a direction ÷x '= x. A new order impli es cancellation of the

previous order. Alt ernatively, he can choose to leave his previous order on the books by

setti ng ÷p = p and ÷x = x. Of course, market condition s may have changed since he Þrst

submitt ed the order, either due to exogenous reasons(e.g., a change in the common value)

or due to actions taken by other agents. The lat ter could enhance the prior it y of th is agentÕs

order at the price p, or it could reduce the overall prior it y if other agents submitted limit
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orders at prices more aggressive than p. Hence, the action a taken at ti me 0 evolves to a# by

the time the trader reenters at time w. The outermost integral is over the random reentry

time.

Since the action set is Þnite on any entr y, the maximum over all feasible actions exists

and is well-deÞned. The value of a state and previous act ion pair is just the maximal

expected payo! over all feasible act ions the tr ader can take.

Fix ing the strategies of all other agents, a given pure strategy y$
($,I ) for a t rader wit h

type (θ, I) " $ I is a best responseif (and only if ), for every s " S($,I ) ,

y$
($,I ) (s) " arg max

÷a%A(s)

+ !

w=0

.
π(s, ÷a,w, σ) + e" "w

+

s"%S!

J(s#, σ) ν(s# | s, ÷a,w, σ)ds#
/

dG(w).(15)

Note that someof these statesmay not be attain ed in equilib rium. Nevertheless, we require

the trader to act optimally in thesestates as well. Al so, the tr aderÕsoptimal action in any

state must take into account the possibili ty of futur e reentry (and that the trader will play

optimally in the new state).

Finally, a strategy for each player is deÞned as y = { y$,I } $%" I . A str ategy y$ =

{ y$
($,I ) } $%" I represents a stationary Markov-perfect equilibr ium of the trad ing game if, for

each pair (θ, I) " $ I , y$
($,I ) is a best responsein every feasible state s " S($,I ) , given that

all other agents are using the st rategy y$.

A. 2 Detai ls of t he Numerical Al gor i thm

We Þx information acquisition st rategies σI (θ), and solve for the equilib rium of the cor-

responding tradi ng game.27 We use an asynchronous value functi on iteration procedure,

similar to Pakes and McGuir e (2001), to Þnd a J(s, σ) that satisÞes the Bellman equation

in (14).

For the numerical implementation of the model, we rest rict the stat e spaceas follows.

Let mt (I) denotethe market condition s observed by an agent at time t (recall that informed

agents, with I = 1, observe the current common value; uninformed agents, with I = 0,

observe it with a lag). We use

mt (0) = { öLt , v(t " ! t ) , öpt , bt } ,

mt (1) = mt (0) , { vt } .

where öLt is a set of variables that depend Lt , on the book at time t, öpt is the price of the

most recent transaction, and bt is a variable indicating whether the most recent transaction

27 The overvi ew of the algorithm appears in secti on 2.2.
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was a buy (bt = 1) or sell (bt = # 1).28

Ideally, we would like agents to condition on the entire book; in practice, this becomes

computati onally intractable. Instead, the variables in öLt consist of: (i ) the current bid and

ask prices, (Bt , At ); (ii) the total depths at these prices, ("B
t , "A

t ); and (iii) the cumulat ive

buy and sell depths in the book, Db
t =

% N
i =0 { "t

i > 0} and Ds
t =

% N
i =0 { "t

i < 0} .29

Given the market observables used, in the numerical algorithm, the state at ti me t for

an agent of type θ who makes the information acquisition decision I is deÞned by s =

{ θ, mt (I), a, z} , where a = (p, q, x) denotes the status of his previous order, and z " { 0, 1}

denotes how many shareshe can tr ade (z is set to zero once he has traded).

In the algorithm, at each t ime t, each action ÷a in each state s encountered by the

simulation has an associated payo! Ut (÷a | s). This payo! is a real number, and is the

expected discounted payo! from taking action ÷a in state s. Hence, it may be interpreted as

the current belief of an agent about the payo! from th is action.30

At any point of time, current beliefs Ut (á) imply an optimal str ategy proÞle yt , which

assigns the payo! -maximizing acti on in each stat e. Let ÷a$(s) " argmax÷a%A(s) Ut (÷a | s)

denote the optimal action in state s. Then, given beliefs Ut (á), the value of stat e s is

determined as J(s, yt ) = Ut (÷a$(s) | s).

Each action and state pair, (÷a, s) has an init ial belief U0(÷a | s). These ini tial beliefs

are set as follows. Consider a limit buy order at price p when the last observed common

value is v. The initi al belief for such an order is the payo! β + v # p discounted by the

expected time until the arrival of a new trader for whom being a counterparty yields a non-

negative payo! . This init ial value is optimistic since (i) limit orders tend to execute when

the common value moves in an adversedirection, and (i i) counterparti es usually hold-out for

a stri ctl y positiv e payo!. The initi al belief for market orders also assumes the common value

is unchanged from its last observed value, but of course involvesno discounti ng. Given that

we allow traders to t remble, any U0(á) can eventual ly lead to an equili brium. The choice of

initial beliefs is driven more by computati onal considerations (in particul ar, converging to

28 We invest igated a model in which agents also observe the cumulati ve market buys and sells in the interval
[t ! # t , t ]. The added condit ioning variables are vi rtua lly ignored by traders in updati ng beliefs about v,
and do not a" ect market outcomes. In our model, only recent history is relevant to t raders, for two reasons.
Fi rst , tra ders leave the market forever after execution. Therefore, any knowledge about traders who have
already executed does not a" ect agentsÕbeliefs about fut ure play in the game. Second, for uninformed
agents, events pri or to t ! # t o" er no informati on about changes in v since it was last observed (at ti me
t ! # t ). Nevertheless, any parti cular snapshot of history is potenti ally restri cti ve. Computati onal reasons
require us to imposesuch a restri cti on; without it, the state spaceis too large.

29 Of these variables, the current bid and ask pri cesare the most important in inßuencing agentsÕactions.
In some simulations, we restri ct the book-related variables further to just the current quotes.

30 Our U(á) corresponds to the Q functi on in the Q-learning literat ure begun by Watk ins (1989). Q-
learning and other neuro-dynamic programming techniques related to our simulati on algorithm are described
in Bertsekas and Tsitsiklis (1996).
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equilibr ium more quickly) than by a theoretical need.

Addition al details of the algorithm are as follows.

1. Thr ee typesof exogenousevents drive the simulationÑc hangesin the common value,

thearrival of new traders, and the reentry of old traderswho havenot yet executed. At

each point in t ime, let tv denote the addit ional t ime until v changes, tn the additi onal

time unti l a new tr ader arrives, and tr a vector of additional times until each old

trader returns to the market to possibly revise his order. Let tr = min{ tr } denote the

earliest reentry time acrossall old t raders.

Whenever an event occurs, we redraw the time unti l its next occurrence ac-

cordingly (recall that the time interval between events for a Poisson process has an

exponential dist ribution). We also subtr act the elapsed t ime from the other Òtime

untilÓ variables.

At time 0, we start with an empty book, new draws for tv and tn , and no

existing traders (i.e., tr is an empty vector) .

In theory, the initial common value can be chosen arbitr arily. However, since v

follows a random walk, the price grid would need to be inÞnite. To avoid thi s problem,

the algorithm records all prices relative to the current v, and appropriately shifts all

orders on the book whenever v changes.31 The number of ticks around v for which

orders are tracked is chosen su"c ientl y high that orders never Òfallo! Óthe grid. That

is, orders get revised by returning tr aders before becoming too unaggressive for the

grid, or get picked-o! before becoming too aggressive for the grid. We use an odd

number of t icks, with vt itself lyin g on a ti ck at all times.

2. At t ime t = min{ tv , tn , tr } , an exogenous event occurs. Suppose tv < tn and tv < tr .

Then, the common value changes at time tv; with probabilit y 1
2 it increases by one

tick, and with probabilit y 1
2 it decreasesby a tick. As speciÞed in 1. above, we adjust

the times for the three events as follows. We set tn = tn # tv and tr = tr # tv, and

then draw a new ti me tv for the next changein v.

Suppose, instead, tn < tv and tv < tr . A new tr ader arrivesto the market. His

type is denotedas θ = { ρ, β} . The discount factor ρ is the same for all traders, and β

is drawn independently from the distri but ion F%. The times for the thr ee events are

adjusted as speciÞed in 1.

31 Importantl y, uninformed t raders observe the pri ces of orders on the book relative to vt # ! t , else they
could directl y infer vt as the mid-ti ck in the book. That is, the algori thm t racks the book relative to vt but
presents it to traders relative to their last observed v.
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A given tr ading game is used to obtain payo!s to either equili brium strate-

gies or to deviator strategies in the information acquisition game. When obtaining

equilibr ium payo!s , we set I = σI (θ) for the new trader. When obtain ing payo! s to

deviating, we classify a tr ader as a deviator with probabilit y 0.01, as long as no other

deviators are currentl y in the market (to preserve the notion of unilateral deviation) .

If the new tr ader is a regular tr ader, we set I = σI (θ). If he is a deviator, we set I = 1

when σI (θ) = 0 and I = 0 when σI (θ) = 1 (i.e., a deviator acquires information only

when regular tr aders of his type do not). Importantl y, beliefs and trad ing str ategies

of non-deviators are held Þxed throughout the algorithm when obtaini ng payo!s to

deviating in the information acquisition game.

Sincethe t rader is new, we set z to 1 and his previous action x to 0. The trader

observes the state s = { θ, m(I), a, z} and takes an act ion ÷a. If he submits a market

order, he executes and leaves the market for ever. If he takes any other action, we

draw his random return t ime and include it in the vector tr . We also draw a new

random time tn before the arrival of the next new trader.

Finally, suppose tr < tv and tr < tn . An old trader returns to the market.

He observes the current state s = { θ, m(I), a, z} which includes the current statu s a

of his previous action. He then takessome action (which could include retaining his

previous order). If he submits a market order, he executes and leaves the market for

ever. If he takesany other action, we draw his new return time in tr , and adjust the

times tn and tv as speciÞed.

3. Supposea trader of type θ is in the market at ti me t. The tr ader observesthe current

state s = { θ, m(I), a, z} and choosesa payo!- maximal action ÷a$(s) " argmax÷a%A(s) Ut (÷a |

s). If the t rader is informed, he knows vt , which determines A(s). If he is uninformed,

his belief about vt is used to determine A(s). Denote th is belief as E(vt | mt (0)).

Beliefs about the current common value are updated in the following manner.32

Let αt (mt (0)) = E(v | mt (0)) # vt " ! t denote the extent by which an uninformed agent

at time t revises his belief about vt , given a lagged value vt " ! t . Since we consider

stationary equilib ria, we drop the time subscript on market condit ions. Start with an

initial belief α0 = 0 for each market m(0). Let r(m(0)) be an integer denoting the

number of t imesmarket conditi ons m(0) are encountered in the simulation. We drop

the argument of r for notational convenience. Each time a trader observes market

32 Note that thesebeliefs do not depend on an agentÕs type. Hence, thi s updati ng can be (and is) performed
even when the t rader in the market is informed about the current value of v.
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conditions m(0), we increment r by 1, and set

αr (m(0)) =
r # 1

r
αr " 1(m(0)) +

1
r

(vt # vt " ! t ). (16)

Recall that öv(m) = E(v | m) denotes a traderÕsesti mate of the common value.

For an uninformed trader who enters in market m(0), th is estimate is öv(m(0)) =

vt " ! t + αr " 1(m(0)).

Using thi s estimate öv, the acti on set for each trader is deÞned as in equation

(12) of the text. Now, suppose the optimal acti on ÷a$ does not represent a market

order; that is, it is either a limit order or no order. Suppose further that , at some

futur e point of ti me, t#, the t rader reenters the market . He Þnds that his action has

evolved to ÷a#, and the new market is m#. Denote s# = { θ, m#(I), ÷a#, z} .

The act ion ÷a$ thus generatesa realized conti nuation valueJ(s#, yt " ) on thi s visit,

which is ÒaveragedinÓto the belief Ut (÷a$ | s) in the following manner. We deÞne

Ut " (÷a$ | s) =
n

n + 1
Ut (÷a$ | s) +

1
n + 1

e" " (t "" t )J(s#, yt " ). (17)

Here, n(÷a$, s) is a posit ive integer that is incremented by one each time action ÷a$ is

chosen in state s (for notati onal brevit y, the dependenceof n on ÷a$ and s is suppressed

in equation (17)). We start with an initi al positive integer n0 for each action and stat e

pair (÷a, s). Th is integer a! ects the speedat which the algorithm converges, with larger

valuesimplying slower convergence. Periodically, during the simulation, we reset n to

n0 for someacti on and state pairs to obtain quicker convergence.

Similarly, supposea trader submits a limit order (denoted by acti on ÷a$) at time

t, and th is order executesagainst a market order submitted by another trader at ti me

t#. The actual payo! to that limit order in the simulation is ÷x(β + vt " # ÷p$), where β

denotes the private value of the trader. In th is case, we update

Ut " (÷a$ | s) =
n

n + 1
Ut (÷a$ | s) +

1
n + 1

e" " (t "" t ) ÷x(β + vt " # ÷p$), (18)

4. Whenever a trader takes an action, his belief about the payo! to a market order is

updated in simil ar fashion. For example, let ÷ab denote the action that involves sub-

mittin g a market buy order, given market m and previous acti on a. In the simulat ion,

we (as modelers) know the payo! to a market order in every state, whether a trader

is informed about the current value of v or not. Hence, thesepayo!s can be averaged

in for market orders even when such orders are suboptimal for the trader. For this

updating, we useequation (18), with t# = t and vt " = vt .
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In determining the payo! to agents who deviate at the information acquisition

stage, we update beliefs for deviators along the same lines as in items 2 and 3. This

allows us to determine the payo! to a deviator who plays optimally in the stagegame,

while holding str ategies of other agents Þxed at the equilibr ium of the tr ading game

that has no deviators.

5. In the simulation, most tr aders take the optimal acti on given current beliefs. If all

traders did th is, there is the possibilit y that the algorithm would be ÒstuckÓat a non-

equilibr ium stateÑev ery tr ader of a given type would take the same acti on in that

state, so thesetraders would never learn the payo!s to other acti ons in that state. If

there is an error in beliefs, all traders of that type may play suboptimally .

To ensure that beliefs are updated for all acti ons in every state, we intro duce

trembles. SpeciÞcally, with probabilit y ε a trader trembles over all suboptim al limit

orders available to him. He chooses among suboptimal limit orders with equal prob-

abilit y. The algorithm wil l then natural ly update the beliefs about payo!s to this

action.33

Convergence Crit eria

We run the model for a few billi on events unti l we check for convergence. Along the way, we

evaluate the change in value functions every 100 mil lion new trader arrivals, by computin g

|Uk2
t2

(÷a | s) # Uk1
t1

(÷a | s)| for each pair (÷a, s) that occurs along the path of play in the

simulation. Here, k1 is the number of times the action ÷a has been chosen in state s at the

start of the current 100 mil lion new trader arrivals, and k2 % k1 the number of times it has

been chosenat the end of the current 100 milli on new trader arrivals. Further, t1 and t2

represent the actual time at the star t and end of the 100 million arrivals.

Essenti ally, if this weighted absolute di! erence (weighted by k2 # k1) is small, that

suggests the value functions have converged. When th is weighted di! erenceis below 0.01,

we apply other convergencetests. At th is point, we hold the beliefsU (á) Þxed and simulate

themodel for a tot al 100milli on morenewtr aderarrivals (new and returning). Let U$(÷a | s)

be the Þxed beliefs. These imply an optimal strategy proÞle y$. For each (÷a, s), deÞne

J(s, y$) = max÷a%A(s) U$(÷a | s).

We compare the empirical payo!s from di!e rent actions in the simulati on to the Þxed

beliefs. This comparison is done at two levels. The Þrst is a Òone-step aheadÓcheck based

on the traderÕs next entry ti me or execution t ime, whichever is sooner. Suppose a trader

33 When a player t rembles at t " > t, the payo" of the opti mal action at t " is used to update Uk
t (á) to

Uk +1
t ! (á). Thus, traders do not anti cipate behaving suboptimally in the future.
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takesan action ÷a at time t, and reenters at t# > t with a new state s#. His one-step ahead

empirical payo! is taken to be ÷J1(s, y$) = e" " (t "" t )J$(s#, y$). If the trader takes an action

÷a at t and executes at t# > t before he can reenter, his one-step ahead empirical payo! is
÷J1(s, y$) = e" " (t "" t ) ÷x(β + vt " # ÷p).

Second,eventually every t rader in th is model executes, and leaves the market . At the

time he executes, he obtains a realized payo! . Supposethe trader enters at t, and eventual ly

executes at t#. Let ÷a denote his most recent act ion before execution. His realized payo! is

then ÷J(s, y$) = e" " (t "" t ) ÷x(β + vt " # ÷p).

We use three convergence cri teria for each of the two comparisons above. The most

stringent of these is a χ2 test similar to that in Goet tler, Parlour and Rajan (2004).34

SupposeJ$(á) indeed represents equili brium values. Since the computed values Jk(á) are

averages, the central limit theorem implies that the empirical distr ibution of payo! s for

each action in each state is approximately normal with mean J$ and a variance that is

empirically determined from the simulat ion. Let η(s) =
÷J (s,y! )" J ! (s,y! )

&s
, where σs denotes

the empirical standard deviation of payo! in state s (a similar variable is constr ucted for

the one-step aheadpayo!s). The variables η(s) then have the standard normal distr ibution.

Let S be a set including all states encountered at least 100times during the convergence

check (thi s ensures that the central limit approximation is accurate). The test statistic

γ =
%

s%S η2(s) sums the squares of the standard normal variables, and is distrib uted as a

χ2 with degrees of freedom equal to the number of states used in the summation, |S|. The

algorithm has converged if the test stati stic is less than the 1% critical value.

The other two tests are simil ar to those proposed by Pakesand McGuire (2001). First,

we consider the correlati on between beliefs J$(á) and realized outcomes ÷J or ÷J1. This

correlation exceeds0.999. Second, we consider the mean absolute error in beliefs, weighted

by the number of times the stat e and action are observed. This mean absolute error is less

than 0.01.

34 The theoreti cal properti es of thi s test were deri ved by den Haan and Marcet (1994).
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