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Abstract

Robotic navigation algorithms increasingly make use of
the panoramic field of view provided by omnidirectional
images to assist with localization tasks. Since the images
taken by a particular class of omnidirectional sensors can
be mapped to the sphere, the problem of attitude estima-
tion arising from 3D rotations of the camera can be treated
as a problem of estimating rotations between spherical im-
ages. Recently it has been shown that direct signal pro-
cessing techniques are effective tools in handling rotations
of the sphere, but are limited when the signal is altered by
larger rotations of omnidirectional cameras. We present an
effective solution to the attitude estimation problem under
large rotations. Our approach utilizes a Shift Theorem for
the Spherical Fourier Transform to produce a solution in
the spectral domain.

1 Introduction

The longstanding problem of estimating the motion of a
camera between a pair of images has been approached from
numerous angles. For sufficiently small motions (differen-
tial motion), the computation of optical flow has been used
to extract motion parameters, whereas for larger motions it
has been the tracking of features or points in the images.
These algorithms were first developed for conventional per-
spective images and later exported and refined to new image
modalities, such as panoramic images.
Unlike conventional imaging, the panoramic view of an

omnidirectional sensor ensures that scene structures will re-
main within the camera’s field-of-view through a consid-
erable amount of motion. This scene-persistence property
which has made panoramic sensors appealing for mobile
navigation tasks has also led to the development of local-
ization algorithms based on the global structure of a scene.
Appearance-based localization [4] is effective given a large
database of reference views with PCA. Rotations around
only the optical axis of the panoramic system have also been
studied [8]. These techniques are both applied directly to
panoramic images.

It is well known that images obtained from a single-
viewpoint catadioptric system can be mapped to the sphere.
Such a mapping, as described in [3], allows for the use of
spherical signal analysis in the study of omnidirectional im-
ages obtained with a parabolic mirror [6]. It has been shown
that 3D rotations can be estimated from the Fourier descrip-
tors of the spherical images. These solutions are direct es-
timations of the rotation parameters using a Shift Theorem
relating the spectra of rotated images [1, 5].
In general, rotations of a camera will capture new scene

portions while relinquishing others. The magnitude of these
signal inconsistencies depend on the camera’s field-of-view
(e.g. a camera that images the entire sphere does not ex-
hibit such effects). Since omnidirectional images represent
a hemispherical field of view, the effect of these inconsisten-
cies is negligible when compared with a traditional narrow-
fov camera. Only for significantly large rotations does this
become an issue for the global estimation algorithms.
In this paper we present a novel method for rotation es-

timation from spherical images. We devise a two-step algo-
rithm which first treats the problem as a global correlation
based matching estimation. The second step of refining the
estimate is based on a two-dimensional search. We compare
this second step with the direct minimization described in
[5]. Our incremental approach proves resilient to the sig-
nal inconsistencies inherent in large rotations of omnidirec-
tional sensors.

2 The Spherical Fourier Transform

We begin our exploration of spherical harmonic anal-
ysis with some introductory definitions. We associate a
point on the unit sphere with the unit vector ω(θ, φ) =
(cosφ sin θ, sinφ sin θ, cos θ)T , where θ and φ represent
the angles of colatitude and longitude, respectively. The
rotation of a function defined on S 2 is given by an element
R(α, β, γ) of the rotation group SO(3), where α, β, and γ
are the ZYZ Euler angles.
As the angular portion of the solution to Laplace’s equa-

tion in spherical coordinates, the spherical harmonic func-
tions Y l

m form a complete orthonormal basis over the unit



sphere:

Y l
m(θ, φ) = (−1)m

√
(2l + 1)(l − m)!

4π(l + m)!
P l

m(cos θ)eimφ

where P l
m(cos (θ)) are associated Legendre polynomials.

Thus, for any function f(ω) ∈ L2(S2), we have a Spherical
Fourier Transform (SFT) given as

f(ω) =
∑

l∈N
∑

|m|≤l f̂ l
mY l

m(ω) (1)

f̂ l
m =

∫
ω∈S2 f(ω)Y l

m(ω)dω (2)

As images, our spherical functions exist on a uniformly
sampled angular grid, and so we must use the following the-
orem from [2] to compute the integral in (2):

Theorem 2.1 (Driscoll and Healy) Let f(ω) be a band-
limited function, such that f l

m = 0, ∀l ≥ B, where B is
the function bandwidth. Then for each | m |≤ l < B,

f̂ l
m =

√
2π

2B

2B−1∑

j=0

2B−1∑

k=0

a(B)
j f(θj , φk)Y l

m(θj , φk)

where the function samples f(θj , φk) are chosen from the
equiangular grid: θj = jπ/2B, φk = kπ/B, and the
weights a(B)

j are the solutions to the system:

2B−1∑

j=0

a(B)
j

√
2l + 1

2
P l

0(cos(θj)) = δl,0, ∀l < 2B

Two important properties of the spherical harmonic func-
tions Y l

m are:

Y l
m(R−1η) =

∑

|k|≤l

Y l
k(η)U l

km(R) (3)

Y l
m(β, α) =

√
2l + 1

4π
U l

m0(Rα,β,γ) (4)

The (2l+1)×(2l+1)matricesU l are the irreducible unitary
matrix representations of the transformation group SO(3),
whose elements are given by

U l
mk(R) = e−imαP l

mk(cosβ)e−ikγ , (5)

where P l
mk are the generalized Legendre polynomials.

From (3) we obtain a Shift Theorem relating coefficients
of rotated functions [5]:

h(ω) = f(R−1ω) ⇔ ĥl
m =

∑

|k|≤l

f̂ l
kU l

mk(R) (6)

3 Rotation Estimation

In this section we will develop the full estimation algo-
rithm. We begin with a summary of the method presented in
[5]. Readers are referred to the full text for complete details.

3.1 Direct Nonlinear Estimation (DNE)

From our selection of ZYZ Euler angles to parameterize
SO(3) we have R(α, β, γ) = R2(β + π, π

2 , γ + π
2 )R1(α+

π
2 , π

2 , 0), and from the unitarity of the representationsU l we
have U l(R2R1) = U l(R2)U l(R1). If we expand (6) using
this identity, we obtain

ĥl
m = e−im(α+ π

2 )
∑

|p|≤l e
−ip(γ+π

2 )f̂ l
p ·

·
∑

|k|≤l P
l
pk(0)P l

km(0)e−ik(β+π) (7)

From (7) we can see that ĥl
0 is independent of the first Eu-

ler angle α. For each pair (f̂ l
0, ĥ

l
0) we have one equation

in two unknowns, β and γ. A non-linear system in these
unknowns can be minimized efficiently using any of a num-
ber of quasi-Newton methods. Once we have estimates for
β and γ, we proceed to estimate α. Again, we refer to (7)
to see that if β and γ are known (or without loss of gen-
erality, zero), we have the following relationship between
coefficients:

ĥl
m = e−imαf̂ l

m (8)

With only one unknown, our estimate for α is obtained by
minimizing the following for any l ≥ 1:

∑

1≤p≤l

∑

1≤m≤p

((e−imα)f̂p
m − ĥp

m)2 = 0

3.2 North Pole Motion (NPM)

The Shift Theorem (6) shows us that the U l matrix rep-
resentations of the rotation group SO(3) are the spectral
analogue to 3D rotations. As vectors in R3 are rotated by
orthogonalmatrices, the (2l+1)-length complex vectors f̂ l,
comprised of all coefficients of degree l, are transformed by
the unitary matrices U l. This allows us to rewrite (6) as
a linear transformation of the spectrum by a semi-infinite
block diagonal matrix:





ĥ1

ĥ2

...
ĥl




=





U1 Ø
U2

. . .
Ø U l









f̂1

f̂2

...
f̂ l




. (9)

If we substitute (4) into the central column and row of every
matrix U i of the system (9), we obtain for every degree l:

√
2l + 1

4π
f̂ l
0 =

l∑

m=−l

Y l
m(β, α)ĥl

m (10)

√
2l + 1

4π
ĥl

0 =
l∑

k=−l

Y l
k(β, γ)(−1)kf̂ l

k (11)



The previous relations give a harmonic description of the
North Pole transformations for both the original and rotated
images. Let ω = R · η and ω ′ = RT · η be the unit vectors
into which the North Pole η is transformed by the rotationR
and its inverseRT . Then, due to the North Pole’s invariance
under rotations about the Z-axis, we have ω = (β, α) and
ω′ = (−β,−γ). Expanding h(ω) and f(ω ′) in spherical
harmonics (1), we obtain directly the relations (10,11).
According to (10,11), for every degree l ≥ 0, we can es-

timate the Euler angles as a solution of the following mini-
mization problem:

(β, α)l = min
θ,φ






∣∣∣∣∣ISFT {H l} −
√

2l + 1
4π

f̂ l
0

∣∣∣∣∣

2



 (12)

(β, γ)l = min
θ,φ






∣∣∣∣∣ISFT {F l} −
√

2l + 1
4π

ĥl
0

∣∣∣∣∣

2



 (13)

whereH l and F l are the (l + 1)2-length vectors:

H l =
ˆ

Ø ... Ø ĥl
−l ... ĥl

0 ... ĥl
l

˜T

F l =
h

Ø ... Ø (−1)−lf̂ l
−l ... f̂ l

0 ... (−1)lf̂ l
l

iT

In general, estimating a 3D rotation requires minimizing a
cost function of 3 variables (Euler angles). With (12) and
(13), we have reduced the number to two (Fig.1).
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Figure 1. Two spherical images related by the 3D rotation
R(α = π/2, β = π/4, γ = 3π/2). On the bottom the two
maps (β, α) and (β, γ) used for the estimation, obtained
according to (12) and (13).

3.3 Normalized Cross Correlation (NCC)

The first assumption made by the two previous algo-
rithms is that the spherical images being analyzed are in
fact identical up to a rotation. In practical implementations

however, there are a number of reasons this assumption may
be violated. For example, a catadioptric imaging system
consisting of a telecentric lens and a parabolic mirror pro-
duces a hemispherical image. A general rotation of the mir-
ror about its focal point induces a signal change in addition
to a spherical rotation. See Figure 2 for an example of a
spherical image from a catadioptric system. For very large
rotations, this signal change degrades the relationship (6) to
the point where the parameter estimations described in sec-
tions (3.1) and (3.2) will prove ineffective. In such cases,
a correlation-based matching analysis will provide a more
robust estimation.
If we define the normalized cross-correlation of two

spherical images f(ω) and h(ω) as

K(R) =
∫

ω∈S2
F (ω)ΛRH(ω)dω, R ∈ SO(3), (14)

then the R for whichK(R) takes its maximum value is the
rotation that relates f(ω) with h(ω). Here F (ω) and H(ω)
are normalized images (F (ω) = f(ω)−f ). If we substitute
(1) and (6) into (14), we have:

K(R) =
∫

ω∈S2

∑

l

∑

m

∑

p

f l
mh̄l

pŪ
l
pm(R) (15)

Remembering that any rotation can be sundered into suc-
cessive rotations, we can write

K(R) =
∑

l

∑

mpk

f̂ l
mĥl

pP
l
pk(0)P l

km(0)e−i(pγ′+kβ′+mα′)

(16)
where γ ′ = γ + π

2 , β′ = β + π, α′ = α + π
2 . The 3D FFT

ofK(R) is then given by [7]:

K̂abc =
∑

l

f̂ l
aĥl

bP
l
bc(0)P l

ca(0).

Thus, K̂ is a matrix with size (2L+1)3, whose elements can
be computed directly from the SFT coefficients of f and h.
The 3D-IFFT of K̂ restores our correlation functionK(R).
The resolution of K(R) depends on the number of coef-
ficients calculated: K is accurate up to (360/(2L + 1))◦.
Since the resulting exhaustive search for the maximum
value in our rotation space is 3 dimensional, we use a coarse
correlation grid which provides us with an initial estimate
for the direct minimization techniques described earlier.
Our final estimation algorithm consists of two steps.

First, a coarse correlation grid is computed yielding an ini-
tial estimate of the rotation. This provides us with an esti-
mate of the regions in both images which constitute a sig-
nal change. This unmatched signal content is then removed
from each image by setting the greyscale value of the un-
matched pixels to 0. In the second stage, one of the twomin-
imization techniques described in sections (3.1) and (3.2) is
applied to obtain a final estimate.



Figure 2. Four catadioptric images (I0, I1, I2, I3), mapped on the (θ, φ)-plane, obtained by artificial progressive rotation.

4 Experiments

We label the full algorithms of section (3.3) as
NCC+DNE or NCC+NPM, depending on which estima-
tion is used in the second stage. We compare four different
techniques (DNE, NPM, NCC+DNE, and NCC+NPM).
Figure 2 shows the first set of spherical test images, and
Table 1 shows the results of each algorithm as the rotation
around the Y-axis (which contributes the signal change) in-
creases. We also compare using real rotated images the two
full algorithms in the presence of small camera translations.
The complete rigid motion occurs in the plane perpendic-
ular to the optical axis, which allows for an accurate mea-
surement of the ground truth for the rotational component.
Results are shown in the last row of Table 1.

α β γ

DNE 29.27◦ 3.67◦ 42.8◦
I1 NPM 40.32◦ 5.12◦ 32.26◦

(45◦, 12◦, 45◦) NCC+DNE 49.0◦ 10.2◦ 43.41◦
NCC+NPM 47.82◦ 9.52◦ 46.78◦

DNE − ∞ ∞
I2 NPM 43.88◦ 13.24◦ 57.38◦

(45◦, 36◦, 45◦) NCC+DNE 41.19◦ 30.5◦ 50.77◦
NCC+NPM 46.28◦ 33.17◦ 43.20◦

DNE − ∞ ∞
I3 NPM 38.28◦ 24.46◦ 48.36◦

(45◦, 60◦, 45◦) NCC+DNE 43.52◦ 51.76◦ 47.34◦
NCC+NPM 44.23◦ 55.91◦ 47.82◦

R+T NCC+DNE −0.31◦ −1.5◦ −3.6◦
R : (−5◦, 0◦, 0◦) NCC+NPM −2.45◦ 1.98◦ −1.86◦

Table 1. Estimation results. DNE: non linear minimiza-
tion, NPM: North Pole motion, NCC: Correlation maxi-
mization (used in the full algorithm). A value of∞ means
the nonlinear minimization did not converge.

5 Conclusion
This work addressed the problem of estimating 3D

spherical rotations by analyzing the transformations in-
duced in the spectral domain. We proposed a two step
method: first a coarse correlation matching was computed
to locate regions of signal change, and then a final estima-
tion was performed by techniques which analyze the spec-
tral transformation associated with a rotation. Estimation
performances on artificial as well as real rotations were pre-
sented, and the results clearly indicate that the full algorithm
is necessary to accurately estimate large rotations. Although
our approach is shown to be robust to the existence of small
translations, it remains to extend the algorithm to include
general 3D rigid motions.
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