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Abstract Images obtained by omnidirectional sensors suffer under
significant deformations. An exception is the sensor con-
Images produced by catadioptric sensors contain a sig- structed by Hicks [8] which however does not capture an
nificant amount of radial distortion and variation in inher-  entire hemi-sphere. If the equator of a hemi-spherical field
ent scale. Blind application of conventional shift-invariant of view is captured then necessarily the image has to be de-
operators or optical flow estimators yields erroneous re- formed. It is worth noticing that deformations appear also
sults. One could argue that given a calibration of such a in cylindrical panoramas like concentric mosaics [7].
sensor we would always be able to remove distortions and The deformation has a continuous component - that
apply any operator in a local perspective plane. In addition means it would appear also on a continuous imaging sur-
to the inefficiency of such an approach, interpolation effects face - and a discrete component which is due to the decima-
during warping have undesired results in filtering. In this tioninduced by sampling. It helps to keep these two aspects
paper, we propose to use the sphere as the underlying doseparate. This makes deformations in omnidirectional sen-
main of image processing in central catadioptric systems. sors be different than deformations in space-variant sensors
This does not mean that we will warp the catadioptric im- like log-polar retinas where the deformation is based on the
age into a spherical image. Instead, we will formulate all non-uniform sampling.
the operations on the sphere but use the samples from the With a few exceptions of appearance-based methods [9],
original catadioptric plane. As an example, we study the most approaches analyzing omnidirectional imagery apply
convolution with the Gaussian and its derivatives and as image operators “blindly”, which means they apply the
well as the computation of optical flow in image sequencessame operators they would apply on non-deformed carte-
acquired with a parabolic catadioptric sensor. sian images. A simple example is template matching or
matched filtering in which case we usually search for a
match of the translated/rotated/scaled or in general affinely
1 Introduction deformed pattern in a conventional image. Obviously, these
are not the local deformations that will appear in an omnidi-

. . - rectional image. The same applies for a filter kernel with a
Catadioptric sensors are systems consisting of a convex

mirror and lens. They can be attached to conventional Cam_particular orientation or scale. Neighborhood operators like

T .
eras (CCD or CMOS or film) producing usually an image Fhe local struc_tur_e ensarv vy .[11’ :.)’] wherg[ IS the

: . : ' . . . ~2~ image do not indicate the local orientation distribution any-
with a hemi-spherical field of view. While catadioptric

devices have lona been used in telescones. only recentl more. As far as computation of optical flow is concerned,
thev aained in g Ularity together with ci))the,r omynidirec- yassumptions about constancy in a local support are not valid
y 9 bop y 109 in the catadioptric plane.

tional vision systems based on fish-eye lenses or clusters The argument against “blind” application of classical im-
of outwards-looking cameras. For an overview of the sub- . . .
ject the reader is referred to a recent textbook [2], a review 29€ _operators is that the underlying assumptions for t_he ap-
article [14], and the site for omnidirectional vision pliation of these operators were dor_le onthe pers_pecpve Im-
age plane. One might argue, that with proper calibration we
Lhttp:/Avww.cis.upenn.edu/ kostas/omni.html can always remove the distortion and work on local virtual




projective planes. However, this is a computationally very

expensive inaccurate approach since the virtual prospective

planes contain artificially interpolated intensities.

We argue that signal processing has to take place in

the originally sampled values. We need to find another

non-deformed space where the old assumptions hold, then

write the image operations in that domain, and finally with
variable substitution perform the operation in the catadiop-
tric plane. We could choose a frontoparallel image plane

as the non-deformed plane and map it to the catadioptric

plane. Unfortunately, this mapping does not provide any
pre-image for the horizon mapped in most catadioptric im-

ages. Even if the horizon could be excluded the region next

to it is mapped to such far positions in the frontoparallel
plane, that they suffer from extreme perspective projection.

A natural choice of a non-deformed domain for a hemi-
spherical field of view is the hemi-sphere. Such a choice

is also mathematically grounded in case of catadioptric sys-

tems with a unique effective viewpoint [12] and described
in section 2. Given a map from catadioptric image coor-
dinates(u, v) to spherical coordinatg®, ¢) we can trans-
form the catadioptric image plane (Fig. 1, left) back to the
sphere (Fig. 1, right) if we know the principal point of the

I(u,v) R(u,v)
Inverse Stereographic Projection
IS(ea ¢) — Gs(ea ¢) > RS(G, (Z))

Figure 2. The originalimage I onthe catadiop-
tric plane is mapped through inverse stereo-
graphic projection to Ig on the sphere and
subsequently convolved on the sphere with

a kernel Gy yielding a response Rg which is
stereographically projectedto R on the plane.
The stereographic mappings do never take
place as warpings, instead the convolution is
performed on the sphere sampling mapped
from a uniform sampling on the catadioptric
plane. In optical flow computation, we actu-
ally use Rg instead of R.

catadioptric plane and the sphere radius corresponding to

the coupled scaling factor of the orthographic lens and the
focal length of the mirror.

Figure 1. On the left a parabolic catadioptric
image; on the right its 1:1 mapping to a hemi-
sphere.

We choose the sphere as the domain where we will be
making assumptions about the parameters of our filter and

as the domain where operators will be shift-invariant. Con-
volution with a kernelG (0, ¢) will be defined on the spher-
ical imagels (0, ¢) giving a respons®s (6, ¢) (see Fig. 2).
We will introduce the Gaussian function on the sphere and
compute the derivatives on the sphere by convolving with its
spatiotemporal derivatives. We will keep the derivatives on
the sphere for the computation of the optical flow, however,
sampled on the catadioptric plane.

We will proceed with the computation of optical flow

known Brightness Change Constraint Equation (BCCE)
La+ 1,0+ 1L;=0

where(I,, I,) andI; are respectively the gradient and the
temporal derivative of the intensity functiaifu, v). The
BCCE equation reveals one main indeterminacy in comput-
ing optical flow: it is impossible to estimate the flow com-
ponent perpendicular to the gradient of the image. To over-
come this aperture problem we have to make an assump-
tion, for example, that locally the flow variation is negli-
gible. The aperture problem is overcome as soon as more
than one orientations are included in the support window
- observe for example the circular aperture on the left of
Fig. 3.

A N |
Figure 3. The images of a checker board part
on a conventional image plane (left) and as
obtained by a catadioptric system (right) . Al-

though it is not obvious the circular aperture
of the right image contains a curvilinear edge.

on the sphere. The computation of optical flow presumes a

preservation principle, namely that either the gray-value or

the response to a gray-value function is preserved. If we as-
sume gray-value preservation we can easily derive the well-

Let us turn our attention to the image obtained by a
parabolic catadioptric system - see an excerpt in Fig. 3



(right). Although itis only slightly observable in this Figure (u,v) in the catadioptric plane reads
we know from the geometric properties that the line is now

a circular arc. A solution based on sampling the BCCE in P 2fx
a neighborhood [10] will lead to a system of full rank. The —z+ 22 +y?+ 22
polar deformation from the mirror appears to be eliminat- 2fy
; o Vo= .
ing the aperture problem. Of course this is not true. What /=Ny

really happens in a catadioptric image sequence is that an
assumption about a local constancy of the flow in the new The radius of the sphere in Fig. 4 is equal to the latus rectum
coordinate system for the same 3D-motion and geometryof the parabola and thus equal 2. The stereographic

does not hold. projection from the sphere to the catadioptric plane reads
To proceed with this central idea of analyzing a signal 0

mapped to another domain, we have been inspired by the u = cot=cosa¢

exponential chirp transform introduced in [4]. However, in 2

that paper the mapping is from cartesian to the logarithmic v = cot g sin ¢.

polar plane. Here, the mapping is from the sphere to the

catadioptric plane. While signal processing in the cartesiangy assuming the catadioptric plane to be the plane contain-
plane is textbook material, signal processing on the spherqng the equator in Fig. 4, the catadioptric image is mapped

is an Ongoing research problem, which we Study in Sectiononto the lower hemisphere in the same figure_
3 after justifying the introduction of the sphere in section

2. We define the Gaussian on the sphere and we describ
how we perform convolution on the sphere. In section 4 we
introduce a new technique for the computation of the optical
flow in catadioptric planes. We conclude with experimental ~ Given a catadioptric imag&(u, v) we define its stereo-
verification in real omnidirectional video in section 5. graphic mapping onto the sphere as

3 Filtering in catadioptric planes

Is(0,9) def I(cot 0 cos ¢, cot 0 sin ¢).
. . 2 2
2 The projection model
Given a kernel (impulse response of a filtéfy (0, ¢) de-
fined on the sphere, we cdlls (8, ¢) the result of the con-
Catadioptric systems with a unique effective viewpoint tinuous convolution
have been proven to be convex reflective surfaces of revolu-
tion with a parabolic or hyperbolic profile. Geyer and Dani- Rs(0,¢) = (Is * Gs)(0, ¢)
ilidis [6] showed that such projections are equivalent with
a projection on the sphere followed by a projection from a
point on the sphere axis to the plane. Here, we will elabo-

rate the parabolic case, on which we will also present Ourresponseﬁs on the spherg.
new signal processing approach. In Fig. 4, left, we show To realize the convolution on the sphere we have to pro-

a parabolic mirror and an image plane through the mirror POS€ @ sampling scheme for the sphere. Since one of the
focus. The effective viewpoint is the mirror focus and the main premises in this paper |s_t0 avoid any re_sam_pllng op-
second center of projection is at infinity yielding a parallel eration, we will keep _the Sa”_‘p"”g of the catadmptnc_plane.
projection onto the image plane. The position of the im- & @ssume that a discrete image on the catadioptric plane
age plane is thus irrelevant, it only has to be perpendicularhas been obtained by uniform sampling (at least in the cases

to the mirror axis. In [6] it is proven that exactly the same using a conventional CCD camera):

image can be obtained by first projecting on a sphere and 00 oo

then stereographically projecting from the north-pole to the  [[m,n] = Z Z I(u,v)d(u — méu, v — ndv).
equator plane - Fig. 4, right. m=—00 n=—00

If the equation of the paraboloidal mirror is

on the sphere. We calt(u, v) the response on the catadiop-
tric plane which is the inverse stereographic mapping of the

The discrete response reads then

m2+y2

z=—f+ ;

R[m,n] = Z Z 0(u — mou,v — név)

m=—0o0 Nn=—00

then the projection of a poinit, y, 2) in the scene to a point //(“I’ V) K (u, 0,0, 0")du’ dv'.
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Figure 4. On the left, a sketch of a parabolic catadioptric camera with the two centers of projection it
and F; [6]. In the middle, the projection of a point P on the parabolic profile with subsequent parallel
projectionto @ in the catadioptric plane. On the right, the projection of a point P on the sphere with
subsequent stereographic projection to ()’ on the catadioptric plane, for a proof of Q = Q' see [6]

z

whereK (u, v, u’,v") is the kernel on the sphere expressed the Gaussian. The reader should be aware that to perform
in coordinates of the catadioptric plane. We will see that the convolution we rotate the Gaussian with offset at the
it can not be written as a shift and that it will have a vary- south-pole to the specified, ¢). Because it is a rotation,
ing form dependent on the corresponding position on the the operation is shift-invariant and thus a convolution on the
sphere. Hence, filtering on the catadioptric plane is not sphere. This is different than first shifting on the cartesian
a shift-invariant operation and thus a computationally ex- plane and then projecting on the sphere which would yield a
pensive operation. It is also worth to note that the inverse shift-variant operation on the sphere. In [5], it is shown how
stereographic projection of the uniform samples in the planeto define the Gauss function as the solution of the diffusion
yields a non-uniform distribution on the sphere becoming PDE on the sphere.

denser towards the equator. The computation of the spatial derivativeséimnd ¢ is
also obtained from the inverse stereographic projection and
3.1 Definition of a Gaussian on the sphere rotation of a Gaussian first derivative with respect.tdre-

call that the all derivatives are smoothed in the orthogonal
Definition of filter kernels on the sphere is not trivial. directions including the temporal derivatives which are Oth
Imagine defining a Gaussian function wify ¢) as an ar-  order Gaussians on the sphere.
gument. In addition to the singularity at the north-pole, the
function would not be periodic, which is a natural prop- 3.2 Convolution on the sphere
erty of functions defined on the sphere. In this paper, we
use as a filtering example the computation of spatial deriva- T perform convolution on the sphere, we define a func-
tives on the sphere. We will not delve into the discussion of {jo at either the north-pole or the south-pole and we rotate
the derivative definition on the sphere, which involves the {he pole to the new position. The reader might have already
spherical harmonics of the sphere, at this point. Let us as-realized (1) that this cannot be written with a shift in the
sume that a “good” derivative estimator on the sphere is thegndy angles.
response to the first Gaussian derivative on the sphere. We embed the sphere i and write an element € S2
We introduce the Gaussian function on the sphere as fol-5,,:
lows [1]: We start with the definition of a Gaussian on a
plane tangent at the south-pole of the sphere. We map it by n = (cos(¢) sin(f), sin(¢)sin(d), cos(d)).
inverse stereographic projection from the north-pole to the
south hemisphere. The line at infinity is thus mapped to the We will write a functionls (6, ¢) asis(n).
north-pole at which we define the value of the inverse map-  Rotations inR? will be parameterized by Euler angles
ping to be zero. The Gaussian with offset at the south-polesuch that any € SO(3) will be written as
reads then
g(')/aﬁaa) = RZ(V)Ry(ﬁ)RZ(a)a (2)

Gs(0,9) . ,
whereR, and R, denote rotation about the y-, and z-axis,
It is just a coincidence that we use stereographic projec-respectively. A rotation of a function to a new position can
tion in our catadioptric model as well as in the definition of be formulated as the action of the operaidy) which is

e 7Tt s, (1)

2mo?



defined by If we examine the Hessian of the intensity function on
Ag)f(n) == f(g~ ). (3) the catadioptric plane, we realize that it might be full rank

i i even if the corresponding Hessian on the sphere or a Hes-
In our case, we constrain the rotations to the subgroupsian in a perspective image are rank deficient

g(7, B, @) = R, (v)Ry(8). The convolution will be defined

a5 Let us now examine the optical flow equation on the

sphere. If we define the signal on the spherd a9, ¢),
(Is * Rs)(B,7) = / is(mrs(g~'n)dn  (4) then the optical flow equation on the sphere is assumed to
nes? be:

whereg = R.(v)R,(6) anddn = sin 6d0d¢. 1 0Ig 0lg

g8 o+ I, =0 5
- . sin98¢p¢+ 89p9+t 5)
4  Optical Flow Computation
wherep = (sin € cos ¢, sin 6 sin ¢, cos §) is a sphere point
The central assumption in optical flow computation is @nd(Pe; Dy, 0) is the flow vector in the tangential coordinate
that the projection of a scene point will generate the samezy?,te”_" Given the projection model from before, we can
grey-value in each image of the motion sequence. If we 9€"N€:
assume this grey-value preservation, we can easily derive
. . : Is(6 = I(u(f 0
the well known Brightness Change Constraint Equation s(0,9) (u(d, ¢),v(6, 9))
(BCCE) % 0l 0u n oI Jv
, : _ 90— dudl v oo

Bod + By + 1 =0 9ls Ol ou Ol dv
where(E,, E,) andE; are respectively the gradient and the 8¢ Oudd + v 8¢
temporal derivative of the intensity functidii(z,y). The . ) i
optical flow vector is denoted b, 7). To overcome this ~ We add the extra assumption that the optical flow field be
aperture problem we have to make an assumption, for examlocally constant. To find the flow vector at any pojton
ple, that locally the flow variation is negligible. This allows the sphere, we minimize the function

us to use the flow constraints from a neighborhood of pix- 1 ol ols ols

els to estimate the flow at a single location. We can then Z W(p)('—ea_(p)p% + W(p)p'og + a—(p))2
estimate the flow using a weighted least squares estimatiorye N (po) sinf 0¢ t
technique. To find the flow vector at any poiat, y), we (6)
minimize the function whereWW (p) is a normalized neighborhood weighting func-
tion and N (py) is a neighborhood region surroundipg.
Z W (Ax)(Ey(x + Ax)t + Note that, during implementatiop,is a stereographically
(z+Az)eN(z) projected point from an already discretized catadioptric
E,(z + Az)y + Ey(z + Az))? plane. This minimization problem can again be solved us-

ing SVD. Observe that the final result of this minimization

where W (Az) is a normalized neighborhood weighting is the optical flow on the sphere. Depending on the task at
function andN (z) is a neighborhood region surrounding hand, we can use it directly for egomotion computation or
. This minimization problem can be solved using singular Stereographically map it on the catadioptric plane.
value decomposition. This method for estimating the opti- ~ We will test two methods based on this technique in the
cal flow was first described by Lucas and Kanade [10] fO”OWing section. One method will calculate image deriva-

Theoretically, the orientation variation can be studied tives using a shift-invariant gaussian defined on the sphere
with a differentiation of the BCCE above [11, 13] yielding, (Sec. 3) and the other will use the same gaussian kernel
including the BCCE itself, three equations scaled with a shift-variant.

E,u+ Eyv+ E;
Erou+ Egyv + By =
Exyu+ Eyyv+Ey, = 0 In this section, we compare the results of our new ap-
proach described in last section with a conventional ap-
Assuming that the gradient does not vanish, the indetermi-proach [10] based on the same principle but applied on the
nacy of this system clearly depends on the rank of the Hes-catadioptric image as if it were a conventional cartesian im-
sian of intensity functiod (z, y) which depends on whether age. We denote our approach®y (for shift-invariant) and
there is more than one local orientation in the intensity func- the conventional byL K (Lucas and Kanade [10]). Recall
tion. that the new approach assumes that the computation of the

0 5 Experiments



spatiotemporal derivatives on the sphere is shift-invariant,
which means the filter support on the sphere is independent
of the sphere position. However, this results to an effec-
tive support on the catadioptric plane increasing towards
the periphery. As we will observe in the real sequences, in
many occasions the periphery contains high-frequency im-
age variation because of the projection of distant objects. To
aleviate blurring this region, we introduced a modification
of the new approach, denoted BY,,, where we assume that
the support is constant on the fronto-parallel plane instead
of the sphere. Let us define, as the shift-invariant scale
factor on the fronto-parallel plane. We look foweaon the
sphere, denoted hy,, corresponding to the shift-invariant
o.. If 2 is a point on the fronto-parallel line, artdis the
corresponding point on the unit circle, then we can define
the relationship (in one dimension) to be:

Figure 5. Images taken using a parabolic mir-
ror attachment. On the left is an image from
the first sequence (significant depth varia-
tion). On the right is am image from the sec-
ond sequence (small room, less depth varia-
tion).

large scene depth, high-frequency content is located. In par-
ticular, S1, detects far more flow in the outer region than
Solving foro,: the middle region compared with the other two methods.
This is expected becausés being scaled and so the deriva-
. — tive filter becomes more sensitive @icreases. Also note
(1+ 22+ 20y,) that at the density of 75%51,, picks up much noise, espe-
cially in the untextured, small scene depth region.

tan(0 + 05) =z + 0,.

tan(os) = I

As the corresponding point on the fronto-parallel moves fur-
ther away from the origing, decreases. To successfully

implement this technique, you must put a limit on the min- T | LK | ST | 51,
imum value allowable for, (here equal 3) determined by 10% | 1° | 1° | 1°
the minimum region of neighborhood support you would 50% | 23° | 19° | 17°
like. The temporal support of the derivatives is 7 frames 75% | 28° | 24° | 39°

(o = 1). The spatial support for the derivatives i is
o = 2 (17x17). The same was the support for the Gaussian Table 1. Azimuth errors for the estimated Fo-
used inST before its inverse stereographic projectiontothe  cus of Expansion for the first image set. Tis
sphere. the flow density.

Each method was tested on two greyscale image se-
guences. All images were taken using a digital camera
(Nikon 995), with a parabolic mirror attachment (Remote ~ As we can see from Table KI and S1, both outper-
Reality OneShot360). The motion between captures wasform LK up to the 50% threshold. However, at the 75%
generated by moving the camera one-half inch along athreshold,S1, is the least accurate. This is due to the sensi-
slider apparatus, ensuring purely translational motion. Eachtivity of the method which is more easily affected by noise
sequence consists of eight images having a resolution ofat lower thresholds. The reaseéi,, outperforms the other
700x700 pixels. In the first image sequence, most of the two methods at higher thresholds can be explained by notic-
texture can be found in regions of large scene depth. Theing that the images contain high-frequency information at
second sequence was taken from inside a small room, rethe outer region.
sulting in images containing only small scene depth (see Examining Figure 7 we notice that all methods detect
Figure 5). flow a little more evenly throughout the image. This is

To evaluate the three approaches, we use two measureghe case because the second image sequence contains only
The firstis the location of the focus of expansiqor trans- small scene-depth information. There does not exist the
lation direction) on the sphere obtained from the epipolar high-frequency content at the periphery as there was in the
constraintt” (p x p) = 0. The second measure is the dis- first image set. Sincé€1, is sigma-scaled, and since the
tribution of the flow for a given flow density, which means scene has little high frequency content, it picks up much
above a threshold that yields the same percentage in all threenore noise throughout the image than the other two meth-
approaches. ods.

Examining Figure 6 we can see that all three methods As we can see from Table 3,/ andS1, have relatively
pick up stronger flow at the periphery because that is wheresimilar accuracies at the three different thresholds, while
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Figure 6. These are the results of each method applied to first image set. The first row displays the

lowest singular values of the linear systems thresholded at the strongest 10%. The densities are

50% and 75% for the second and third row, respectively. The standard deviation used for LK and ST
are the same. The starting standard deviation used in Sl is o =3;

T | LK | SI | SI, defined on the sphere and how the image derivatives neces-
10% | 1° | 1° | 2° sary for flow computation are estimated. We have reformu-
50% | 10° | 8° | 15° lated the BCCE on the sphere and solved for the optical flow
75% | 15° | 14° | 22° on the sphere by assuming that it is locally constant. Results
on real sequences showed that the new approach improves
Table 2. Azimuth errors for the estimated Fo- on the computation of heading direction as well as in the
cus of Expansion for the second image set. T quallty of the flow field for the same field density. In our
is the flow density. future work, we study filter design and optical flow through

the frequency domain of the sphere consisting of the spher-
S1, is less effective at all three thresholds. This is due to the ical harmonic coefficients. We also search for a fast com-
small scene-depth in the images. Compared with the resultgutation of space-variant filtering in the catadioptric plane.
from Table 1, we see that less high frequency information The proposed methods can be generalized to mutiple other
generates better results accross the board. image modalities whose deformations are well understood.

6 Conclusion
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Figure 7. These are the results of each method applied to the second image set. The first row displays
the lowest singular values of the linear systems thresholded at the strongest 10%. The densities are

50% and 75% for the second and third row, respectively. The standard deviation used for

are the same. The starting standard deviation used in
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