NOTICE
WARNING CONCERNING
COPYRIGHT RESTRICTIONS

The copyright law of the United States [Title 17, United States
Code] governs the making of photocopies or other reproductions
of copyrighted material

Under certain conditions specified in the law, libraries and archives
are authorized to furnish a photocopy or other reproduction.One of
these specified conditions is that the reproduction is not to be
used for any purpose other than private study, scholarship, or research.
If a user makes a request for, or later uses, a photocopy or repro-
duction for purposes in excess of "fair use," that use may be liable
for copyright infringement.

This institution reserves the right to refuse to accept a copying
order if, in its judgement, fullfillment of the order wouid involve
violation of copyright law. No further reproduction and distribution
of this copy is permitted by transmission or any other means.




STORAGE WebVoyage Request Get Article Copy from...

Subject: STORAGE WebVoyage Request Get Article Copy from Storage
From: Penn Library OPAC <voyager@LIBDB.LIB .upenn.edu>

Date: Tue, 1 Mar 2005 13:34:07 -0500 (EST) |

To: storage@pobox.upenn.edu

patron Info:
Liang Huang

STORAGE WebVoyade Request: (Get Article Copy from Storage)

Datebase: LOCAL )

pick Up At: 186 £ L‘éi%w?

Not Needed After: 2005-05-30 00:00:00

Comment:

Knuth, Donald E. 1977.
A generalization of Dijkstra's Algorithm.
Information Processing Letters, 6(1): 1-5.

Title: Information processing letters,

primary Material: periodical

Publisher: amsterdam, North-Holland pPub. Co.
Description: v, il1l. 26 cm.
Semimonthly

vol. 1 (1971)-

Location: Engineering Library
Call Number: QA76 . 147
Notes: Currently received.

Unbound Issues: 93, no. 6 (2005 Mar. 31

93, no. (2005 Mar. 16)
93, no. (2005 Feb. 28)
93, no. (2005 Feb. 149
93, no. (2005 Jan. 31)

5

4

3

2

93, no. 1 (2005 Jan. 16}
92, no. © (2004 Dec. 31)
92, no. O (2004 Dec. 16)
92, no. 4 (2004 Nov. 287
92, no. 3 (2004 Nov. 157
92, no. 2 (2004 Oct. 313
92, no. 1 (2004 Oct. 16)
91, no. © (2004 Sept. 30)
91, no. % (2004 Sept. 15)

<:<§<!<2<2<1<1<1<§<2<:<<1<1

1 of2



or by
ner.

: Yﬁg(X15

Volume 6, number 1

INFORMATION PROCESSING LETTERS

February 1977

A GENERALIZATION OF DUJKSTRA’S ALGORITHM *
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Shortest paths, AND/OR graphs, context-free grammars, simultaneous minimax equations, decision trees,

dynamic programming -

E.W. Dijkstra [3] has introduced an important al-

~ gorithm for finding shortest paths in a graph, when

the distances on each arc of the graph are nonnegative.

- The purpose of this note is to present an algorithm
- which generalizes Dijkstra’s in essentially the same
- way that tree structures generalize linear lists, or that

context-free languages generalize regular languages.

1. The problem in general

Let R, be the nonnegative real numbers extended
with the value +eo, We shall say that a function g(x;,
ey Xg) from R¥ into R, is a superior function if it is

- monotone nondecreasing in each variable and if

80y, ) = max(xy, . xg)  forall xyg, ..., xg .

When & =0 the function g is simply a constant element
- of Ry, and it is trivially considered to be a superior

function. When & = 2 several familiar functions g(x, »)
such as max (x, y) and x + y and max (1, x)- max(1, )
are all superior. Any functional composition of supe-

- rior functions is a superior function of the variables

occurring in the composition.
A superior context-free grammar is a context-free

- grammar in which all productions are of the general

form
»Xk),

* This research was supported in part by National Science
Foundation grant MCS 72-03752 A03, by the Oftice of
Naval Research contract N00014-76-C-0330, and by IBM

~ Corporation. Reproduction in whole o in part is permitted
- for any purpose of the United States Government.

where Y, Xy, ..., Xi are nonterminal symbols, gis a
terminal symbol corresponding to a superior function
(possibly a different superior function for each produc-
tion), and the parentheses and commas are also ter-
minal symbols. If £ > 0, there are k — 1 commas; if
k =0 the right-hand side of the production is simply
written “g”, a terminal symbol which corresponds to
a nonnegative real constant.

For example, the following productions define a
superior context-free grammar on the nonterminal
symbols 4 B C and the terminal symbols (),abcdef:

A->a,

A~>bB,0),

B-c(4),
B—=d4,C, 4),

C—>e,
C—f(B,A4).

Herea, b, c,d, e, fare supposed to correspond to
superior functions, and we may for example define

a=4, d(x,v,z)=x+max (y,z),

b(x,y)=max(x,y), e=9,

cx)=x+1, fx, )=ty +max (x, ) .
For every nonterminal symbol ¥ of a superior con-
text-free grammar over the terminal alphabet T we let

L(Y)= {ala€T*and Y >* o}

be the set of terminal strings derivable from Y. Every
string & in L(Y) is a composition of superior functions,
s0 it corresponds to a uniquely-defined nonnegative

real number which we shall call val(a). Thus, in the
above example we have

L(A) = {a, b(c(a), ), b(c(a), flc(a), a)),
bc(b(c(a), e)), e), ...}
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and the corresponding numerical values are
{4,9,7,10, ...} .

The problem we shall solve is to compute the smal-
lest values corresponding to these languages, namely

m(Y)=min {val (a)la € L(Y)},

for each nonterminal symbol Y.

2. Applications of the general problem

(A) Consider n + 1 cities {cg, ¢y, ..., ¢, } connected
by a network of roads. For each road from ¢; to ¢, in-
troduce the production

Ci~gi(C)) 5
and the corresponding superior function
gije) =d;j+x ,

where d; 2> 0 is the length of the road. Then add one
more production

Co >0,

where 0 corresponds to the constant function zero.

In this superior context-free grammar, the elements of
“L(C;) correspond to the paths from ¢; to ¢g, and the
corresponding values will be the lengths of those paths.
For example, if there is a path from c¢3 to ¢4 to ¢, to

g, one of the elements of L(C3) willbe g34(g42(g20(0))),
and its corresponding value isd 34 +dgy +d2e + 0.
Therefore m(C;) is the length of the shortest path

from ¢; tocg, for all i.

The algorithm we shall develop for the general
problem reduces to Dijkstra’s algorithm in this speical
case.

(B) Given a context-free grammar, replace each
production Y -0 in which the nonterminal symbols
of string 0 are Xy, ..., Xy from left to right (including
repetitions) by

Y>go(Xy, ., Xi) s

where

g()(xls '-5xk)=xl +...+xk

+ (the number of terminal symbols in 0) .

INFORMATION PROCESSING LETTERS

February 1977

Then m(Y) is the length of the shortest string deriv-
able from Y in the given grammar. Alternatively if we
let

go(X1, X)) =max (xq, ., X)L,

then m(Y) is the minimum height of a parse tree for a
string derivable from Y in the given grammar.
Finally, if we let

go(X 15 s Xp) =max (Xy, oy Xg)

we have m(Y) = 0 or % according as L(Y) is nonempty.
or empty. The algorithm we shall develop for the gen-
eral problem reduces to the classical emptiness-testing
algorithms of Bar-Hillel, Perles, and Shamir [2] or
Greibach [5] in this special case.

(C) Consider the AND/OR graphs which arise in
artificial intelligence applications as in Nilsson [9],
section 4—5. In this case we use one nonterminal sym-
bol for each “problem” to be solved. If some problem-
reduction operator shows that problem Y could be
solved if we could solve all of problems X, ..., X,
then we introduce the production

Y"’g(Xl,...,Xk),

where g(xy, ..., X)) = X1 +... + Xy + (cost of solving
Y given solutions to X, ..., Xx). Then m(Y) is the
minimum cost of a solution to Y, provided that the
cost of solving common subproblems is replicated (all .
problem solutions are considered independent). Our
algorithm will therefore find a smallest AND/OR
graph in this sense; but it is of limited utility for A.L
applications because it deals with the set of all “easy”
subproblems, and this set is usually too large.

A special case of the algorithm to be described
here has been published by Martelli and Montanari.
They deal only with AND/OR graphs whose functions.
g(xy, ..., xi) have the form x; + ...+ xg + ¢ with¢>0
furthermore they restrict their discussion to acyclic '
AND/OR graphs. The algorithm below works also in
the presence of cycles, and in this sense it is more ge
eral than the usual “dynamic programming” approac

(D) given 21 + 1 probabilities py, ..., Pn>d0» s dn
which sum to 1, construct the context free grammar
with nonterminal symbols C; ; for 0 < <j< n,where
the productions are ;
Ci,i -0

Cij~> &if(Ci k-1, Cr)







