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Abstract. In this paper, we study projection systems with a single viewpoint,
including combinations of mirrors and lenses (catadioptric) as well as just lenses
with or without radial distortion (dioptric systems). Firstly, we extend a well-
known unifying model for catadioptric systems to incorporate a class of dioptric
systems with radial distortion. Secondly, we provide a new representation for
the image planes of central systems. This representation is the lifting through a
Veronese map of the original image plane to the 5D projective space. We study
how a collineation in the original image plane can be transferred to a collineation
in the lifted space and we find that the locus of the lifted points which correspond
to projections of world lines is a plane in parabolic catadioptric systems and a
hyperplane in case of radial lens distortion.

1 Introduction

A vision system has a single viewpoint if it measures the intensity of light travelling
along rays which intersect in a single pointin 3D (the projection center). Vision systems
satisfying the single viewpoint constraint are called central projection systems. The
perspective camera is an example of a central projection system. The mapping of points
in the scene into points in the image is linear in homogeneous coordinates, and can be
described by 8 x 4 projection matrixP (pin-hole model). Perspective projection can

be modeled by intersecting a plane with a pencil of lines going through the scene points
and the projection cent€d.

There are central projection systems whose geometry can not be described using the
conventional pin-hole model. In [1] Baker et al. derive the entire class of catadioptric
systems verifying the single viewpoint constraint. Sensors with a wide field of view
and a unigue projection center can be built by combining a hyperbolic mirror with a
perspective camera, and a parabolic mirror with an orthographic camera (paracatadiop-
tric system). However the mapping between points in the 3D world and points in the
image is non-linear. In [12] it is shown that in general the central catadioptric projec-
tion of a line is a conic section. A unifying theory for central catadioptric systems has
been proposedin [6]. It is proved that central catadioptric image formation is equivalent
to a projective mapping from a sphere to a plane with a projection center on a sphere
axis perpendicular to the plane. Perspective cameras with non-linear lens distortion are
another example of central projection systems where the relation in homogeneous coor-
dinates between scene points and image points is no longer linear. True lens distortion
curves are typically very complex and higher-order models are introduced to approxi-
mate the distortion during calibration [3, 14]. However, simpler low-order models can
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Fig. 1. Unifying Image Formation Model

be used for many computer vision applications where an accuracy in the order of a pixel
is sufficient. In this paper the radial lens distortion is modeled after the division model
proposed in [5]. The division model is not an approximation to the classical model in
[3], but a different approximation to the true curve. In this paper, we present two main
novel results:

1. The unifying model of central catadioptric systems proposed [6] can be extended
to include radial distortions. It is proved, that the projection in perspective cameras with
radial distortion is equivalent to a projective mapping from a paraboloid to a plane,
orthogonal to the paraboloid’s axis, and with projection center in the vertex of the
paraboloid. It is also shown that, assuming the division model, the image of a line is
in general a conic curve.

2. For both catadioptric and radially distorted dioptric systems, we establish a new
representation through lifting of the image plane to a five-dimensional projective space.
In this lifted space, a collineation in the original plane corresponds to a collineation
of the lifted points. We know that world line project to conic sections whose repre-
sentatives in the lifted space lie on a quadric. We prove that in the cases of parabolic
catadioptric projection and radial lens distortion this quadric degenerates to a hyper-
plane.

2 A Unifying Model for Perspective Cameras, Central
Catadioptric Systems, and Lenses with Radial Distortion

In [6], a unifying model for all central catadioptric systems is proposed where conven-
tional perspective imaging appears as a particular case. This section reviews this image
formation model as well as the result that in general the catadioptric image of a line
is a conic section [12]. This framework can be easily extended to cameras with radial
distortion where the division model [5] is used to describe the lens distortion.

This section shows that conventional perspective cameras, central catadioptric sys-
tems, and cameras with radial distortion underly one projection model. Fig. 1 is a
scheme of the proposed unifying model for image formation. A point in the sKene
is transformed into a point by a conventional projection matriR. Vectorx can be
interpreted both as a 2D point expressed in homogeneous coordinates, and as a projec-
tive ray defined by pointX andO (the projection center). Functigntransformsx in
the intermediate point’. Pointx’ is related with the final image poirt’ by function
0. Both i andd are transformations defined in the two dimensional oriented projective
space. They can be linear or non-linear depending on the type of system, but they are
always injective functions with an inverse. Tab. 1 summarizes the results derived along
this section.
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6—1(XH) — (m”z”,y”z”, 2112 _+_ E(xIIQ + yll2))t, h—l(xl) — K*lxl;
Table 1. The mapping functiong andd and corresponding inverses

2.1 Perspective Camera and Central Catadioptric Systems

The image formation in central catadioptric systems can be split in three steps as shown
in Fig. 1: world points are mapped into an oriented projective plane by a conventional
3 x 4 projection matrixP; the oriented projective plane is transformed by a non-linear
function i (equation 1); the last step is a collineation in the plihe(equation 2). In

this case, the functiod is a linear transformation depending on the camera intrinsics
K., the relative rotation between the camera and the mRrgrand the shape of the
reflective surface. Parametgrandqy only depend on the shape of the mirror.

x' = h(x) = (z,y, 2 + E/a2 + 92 + 22)! 1)

[w—f 0 0]
x”:KRcL : gawth@o )
‘ . J

The non-linear characteristics of the mapping are isolatgdvifhich has a curi-
ous geometric interpretation. Singé is a homogeneous vector representing a point
in an oriented projective planax’ represents the same point whenexer 0 [10].

Assuming\ = 1/4/22 + y? + 22 we obtain from equation 1 that

:L,I — T
/I2+y2+z2
r_ y
Y Va2 ty?tz?
! z
2 == =
¢ Va2 ty?tz?

Considerx andx’ as projective rays defined in two different coordinates systems
with origin in O (the effective viewpoint) and’. To each projective rax going
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Fig. 2. Sphere model for central catadioptric image formation

throughO corresponds one, and only one, projective xaygoing throughO’. The
correspondence is such that the pencil of projective xaiygersects the pencil of rays
x’ in a unit sphere centered @. The equation of the sphere in the coordinate system
with origin in O’ is

m’2+y’2+(z'—f)2 =1

We have just derived the well known sphere model shown in Fig. 2 [6]. The homo-
geneous vectax can be interpreted as a projective ray joining a 3D point in the scene
with the effective projection cent€. The projective ray intersects the unit sphere in a
single pointX,,,. Consider a poin®’ with coordinates X, Y, Z) = (0,0, —¢)! where
¢ € [0,1]. To eachx corresponds an oriented projective r&yjoining O’ with the
intersection poinX,,, in the sphere surface. The non-linear mapgirgprresponds to
projecting the scene in the unit sphere and then re-projecting the points on the sphere
into a plane from a novel projection cen€@f. Points in the image plan€’ are obtained
after a collineatiorH,. of the 2D projective pointg’ (equation 2).

Consider a line in space lying in a plafig, with normaln = (n,,n,, n.)", which
contains the effective viewpoir® (Fig. 2). The line in the scene is projected into a
great circle on the sphere surface. The great circle is obtained by intersectindblane
with the unit sphere. The projective ray§ joining O’ with points in the great circle,
form a central cone. The central cone, with vertexdify projects into the coni€2’ in
the canonical image plane. As shown in equation 3, the conic se@ids a function
of n and¢ [6]. The catadioptric image of the line is in the conic secf@fhdetermined
by the projective transformation 62’ (2" = H, '£2’H. ') [6, 12].

n2(1—¢&%) —n2e®  ngny(1—£€2) ngn.
2 = namy (1 — €7) ni(l — &%) —nZe® nyn, 3)
NeN, nyN. n;)
The re-projection centdd’ depends only on mirror shape [2]. For a parabolic mirror
¢ = 1 andO'’ lies in the sphere surface. The re-projection is a stereographic projection.
For a hyperbolic mirrog € (0,1) and pointO’ is inside the sphere in the negative Z-
axis. The conventional perspective camera is a degenerate case of central catadioptric
projection wher€ = 0 andQO’ is coincident withO.
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Image

Fig. 3. Paraboloid model for image formation in perspective cameras with lens with radial distor-
tion (division model)

2.2 Radial Lens Distortion

In perspective cameras with lens distortion the mapping between points in the scene
and points in the world can no longer be described in a linear way. In this paper the
radial distortion is modeled using the so called division model [5]. To each point in
the sceneX corresponds a projective ray = PX which is transformed into a 2D
projective pointx’ = Kx (conventional pin-hole model). Poiat’, in the final image
plane, is related with point’ by a non-linear transformation that models the radial
distortion. This transformation, originally introduced in [5], is provided in equation 4,
where the radial distortion is parameterizedégoyf ¢ = 0 then pointsx’ andx” are

the same, and the camera is modeled by the conventional pin-hole model. Equation 4
corresponds to the inverse of functidrisee Fig. 1 and Tab. 1), which isolates the non-
linear characteristics of the mapping. Functiois a linear transformation depending

on the camera intrinsic parametd&s Notice that the model of equation 4 requires
that points[z’] andx" are referenced in a coordinate system with origin in the image
distortion center. If the distortion center is not known in advance, we can place it at the
image center without significantly affecting the correction [14].

XI — 5—1(}(/1) — (xllzll,yllzll,ZIIQ 4 é-(xIIQ + yll2))t (4)

Transformatiord has a geometric interpretation similar to the sphere model derived
for central catadioptric image formation. As stati€dand\x’ represent the same point
wheneven is a positive scalar. Assuming= 1/+/z'"? + y''? in equation 4 yields

"
! Tr z
T = I”2+ 2

' yIIZ:%

y = 221 y"2 (5)
' _ Z!!2

Z=&= FREEeE

Reasoning as in the previous sectiah,andx” can be interpreted as projective
rays going through two distinct origi@’ andO". From equation 5 follows that the
two pencils of rays intersect in paraboloid with vertex@{. The equation of this
paraboloid in the coordinate system attached to the o€jiis
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1,12_'_y12_(zl_£):0

An intuitive 'concrete’ model for the non-linear transformatiér(see Tab. 1) is
shown in Fig. 3 where the derived parabolic surface is depicted (remind tka
[5]). Consider the projective ray’, going through the camera effective viewpoft,
and intersecting the paraboloid at poXf,. The image poink” is associated with
the projective ray joiningk,,, with the vertex of the parabol@’. The paraboloid of
Fig. 3 is a quadric surface ip3® which is tangent to the plane at infinity on point
(XY, Z' Wt = (0,0,1,0)% Thus, if the angle between the projective sdyand
the Z' axis is small, the associated polt, is close to the plane at infinity and and
x'" are almost coincident. This just shows the well known fact that radial distortion is
much more noticeable in the image periphery than in the image center.

Assume a line in the space that, according to the conventional pin-hole model, is
projected into a lina' = (n;,n;,n;)t in the projective plane. Poinss, lying on line
n', are transformed into image point4 by the non-linear functiod. Sincen'’x’ = 0
andx’ = 9~'(x"), thenn'’d~'(x") = 0. After some algebraic manipulation the
previous equality can be written in the fosdi’ £2”/x” = 0 with £’ given by equation
6. The non-linear mappingtransforms linen’ into a conic sectiof2” (see Fig. 3).

é&nl, 0 U
z 2

" = énl, % (6)
2 2 T

3 Embedding g? into g3 Using Veronese Maps

Perspective projection can be formulated as a transformatid®’dhto R*. Points

X = (X,Y, Z)! are mapped into points = (z,y)! by a non-linear functiorf (X) =
(X/Z,Y/Z)t. A standard technique used in algebra to render a nonlinear problem into

a linear one is to find an embedding that lifts the problem into a higher dimensional
space. For conventional cameras, the additional homogeneous coordinate linearizes the
mapping function and simplifies most of the mathematic relations. In the previous sec-
tion we established a unifying model that includes central catadioptric sensors and lens
with radial distortion. Unfortunately the use of an additional homogeneous coordinate
does no longer suffice to cope with the non-linearities in the image formation.

In this paper, we propose the embedding of the projective plane into a higher di-
mensional space in order to study the geometry of general single viewpoint images in
a unified framework. This idea has already been explored by other authors to solve
other computer vision problems. Higher-dimensional projection matrices are proposed
in [15] for the representation of various applications where the world is no longer rigid.
In [7], “lifted coordinates” are used to obtain a fundamental matrix between paracata-
dioptric views. Sturm generalizes this framework and proves the existencg af@
fundamental matrix between a perspective or affine view, and a catadioptric view [11].
Sturm also shows that, by embedding the projective plageirit is possible to obtain
a fundamental relation between paracatadioptric views without constraining the camera
aspect ratio and skew.
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The present section discusses the embedding of the projectivegstang,® using
Veronese mapping [8,9]. This polynomial embedding preserves homogeneity and is
suitable to represent quadratic relations between image points [4, 13]. Moreover there is
a natural duality between lifted poirtsand conics which is advantageous when dealing
with catadioptric projection of lines. It is also shown that projective transformations in
2 can be transposed {o? in a straightforward manner.

2 > t 5
X € p* — X = (20, %1, T2, T3,T4,T5)" €

3.1 Lifting Point Coordinates

The following operatod” transforms a pair 03 x 1 vectorsx, x into a6 x 1 vector
(equation 7):

Ty +yr _ xx+2z2r yz+=zy

I(x, %) = (o, YT gy, 22 22

,2Z)’ (7)

Consider thak, x are the homogeneous coordinates of a pair of points in the pro-
jective planep?, and thatx = I'(x,X) is a point in the five dimensional projective
spacep®. FunctionI” maps pairs of points ig? into points lying on a prima$ called
the cubic symmetroid [8 is a non-linear subset g® defined as follows:

2 2 2 _
ToT2Ts + 2710374 — ToTy — T2T3 — T3] = 0, Vzes (8)

The second order Veronese mapping used to embed the projective plane® iigo
defined as
X—>i:F(X7X) :(x27xy7y271’.z7yz7z2)t' (9)

Notice that the mapping can be directly obtained by assumirg x in equation 7.
To each point, lying in the projective plane, corresponds a péirin p® such that
x = I'(x,x). In this case it can be proved that pomterifies the triplet of second
order equations provided below.

r] —woxe =0 A o3 —xox5 =0 A 2§ — Tox5 = 0, Vzev. (20)

Equation 10 defines a quadratic surfagén > known as Veronese surface [8, 9].

3.2 Lifting Lines and Conics

As discussed in the previous section, a line in the scene is in general projected in a
conic when the image is acquired by a central catadioptric system or a camera with
radial distortion. A conic inp? is represented by 3 x 3 symmetric matrix(2 or as a

6 x 1 homogeneous vectar:

[abd-l
2= bce| — w=(a,2b,¢,2d,2e,f)". (11
) |

de f

Accordingly to the unifying theory of section 2, a line in the world might be pro-
jected to a degenerate conic like a line whenever the image is acquired by a conventional



8 Barreto and Daniilidis

camera{ = 0) or, whenever the line in the scene is coplanar with the optical axis. Thus,
in order to establish a framework to study generalized single viewpoint projection, we
must find a suitable way to lift the coordinates of a linéying in the projective plane.
Since a line is a degenerated conic of rank 1, we can use the mapping of equation 11
with the argumenf2 = nn’. In an equivalent way, but using the operalgyrit follows

that a linen in is mapped ta such that

n—n= ]~)F(n,n) = (n2, 2nzny,n§, 2n,nz, 2nyn s, n2)t (12)

whereD is a6 x 6 diagonal matrix with diagonal elemen{ts$, 2,1, 2,2, 1}.

Pointx lies in a conic section? if, and only if, the corresponding lifted point
verifies@'X = 0. Moreover, point andx are harmonic conjugates with respect to
2 (x!2x = 0) if, and only if, @' I'(x,X) = 0 is verified. In the same way as points
and lines are dual entities 2, there is a duality between points and conicgoih
Since the general single viewpoint image of a line is a conic, this duality will prove to
be a nice and useful property. As a final remark notice that, vwhillés the space of all
conics (each point corresponds to a conic), the set of all lines in the plane is mapped
into a non-linear subsaf,, that is the projective transformation of the Veronese surface

V by D (equation 12).

3.3 Lifting Linear Transformations

Consider a linear transformatidd in the plane mapping points into x such that
% = Hx. Pointsx andx are lifted into points andx using the result of equation 9. It
can be proved that, # = Hx then there is & x 6 matrix H such thak = HX. This
matrix is provided in equation 13 whexq, vo andvg are the columns of thg x 3
matrix H.

F(V17V1)

Vl F(V17V2)
H=|v!| —H= |7 | D (13)

v3t F(VQZV:;)

F(V37V3)t

The set of linear transformationsg? is mapped into a subset of linear transforma-
tions in ©°. Any transformatiorH, projective or non-projective, has a transformation
H associated with it. Notice however that there are linear transformatigstsivithout
any correspondence in the projective plane. Equation 14 shows how linear transforma-
tions of points and lines/conics in the plane are transposed to the five dimensional space.

X = Hx — %=HX
~ (14)
Q-H'QH ' - &=H"1o

Equation 13 defines an operatérsuch thatA(H) = H. It can be proved that

AH) = H
A(H — HB
AE )) — DH'D! (13)
A(I3x3) = Igxe
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4 The Subset of Line Images

This section applies the established framework in order to study the properties of line
projection in central catadioptric systems and cameras with radial distortion. If it is true
that a line is mapped into a conic in the image, it is not true that any conic can be the
projection of a line. It is shown that a conic secti@nis the projection of a line if,

and only if, it lies in a certain subset @f° defined by the sensor type and calibration.
This subset is a linear subspace for paracatadioptric cameras and cameras with radial
distortion, and a quadratic surface for hyperbolic systems.

4.1 Central Catadioptric Projection of Lines

Assume that a certain line in the world is projected into a conic sed@8nin the
catadioptric image plane. The line lies in plafE depicted in Fig. 2, which contains
the projection cente® and is orthogonal ta = (n,,n,,n.)". According to section
2, the catadioptric projection of the line§3”” = H. '£2’H. . H, is the calibration
matrix andf2’ is a conic, provided in equation 3, which depends on the nonmal

The framework derived in section 3 can be used in order to transposé the
model for line projection. Conia?v’ is mapped inw’ = A (equation 16) and the
catadioptric image of the line i = ﬁcﬁcﬁ. Notice that the linear transforma-
tion A., derived from equation 3, does not have an equivalent transformation in the
projective plane (equation 13). The catadioptric projection of a line, despite of being
non-linear ing?, is described by a linear relation g®. Hence forth, if nothing is
said, the collineatiod.. is neglected and it is assumed thdt= H;'w” lies in the
catadioptric image plane.

o 1-€ 0 0 00-€77[ n?
2/ 0 1-¢ 0 000 ||2mn,
d | 0 0 1-€200-& n
2d' | — 0 0 0 10 O anyn; (16)
2¢! 0 0 0 010 2nyn,
f! O 0 0 001 n?
— ~ Y
w! A, n

As stated in section 3.2, a line in the projective plane is lifted into a poit
which lies in the quadratic surfacéq4. Thus, a generic conie’ is the catadioptric
projection of a line if, and only ifANC_l.J € Vg4. V4 is the projective transfor-
mation of the Veronese surfadé by D. From equation 10 it follows that, if conic
W' = (a',2b',c,2d',2¢', f')t is the projection of a line then it must satisfy

d?(1 =€) = f'(a' + f'€?) =0
e?(1=¢) = f'(c'+ f1€2) =0 Vg 17)
b2 = (a+ fE)(c' + f'€%) =0
Equation 17 defines a quadratic surfgde the space of all conics. The constraints

of equation 17 have been recently introduced in [16] and used as invariants for calibra-
tion purposes.
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The Particular Case of Paracatadioptric CamerasEquation 18 is derived from equa-
tion 17 by assuming = 1. For the particular case of paracatadioptric cameras the
subser, defined inp?, becomes a linear subspageThe conic loci corresponding to
paracatadioptric projections of lines lie in a hyperplani@ the space of all conics.

d+f=0ANd+f=0A0D?*=0,V (18)

;V’ega
Stating it in a different way, the conig is a line image if, and only if, it belongs to
the null space of matritN,

1000017
001001 |w =0 (19)
010000

| —
Np

If a pointx belongs to a coni€2 then&'x = 0 andX lies in the prime orthogonal
to vectorw [8]. However, not all points in this prime are lifted coordinates of points in
©2. Pointsx, lying on £2, are mapped into a subsetg? defined by the intersection of
the prime with the Veronese surfase

Consider the set of all conic sectiofi®¥ where the lines are projected. If there is a
pointx common to all elements of the set, then the corresponding gaointst lie in the
intersection ofV' with the hyperplane orthogonal to. PointsI’ andJ’ are computed
by intersecting the range of matert with the Veronese surface defined in equation
10. These points are the lifted coordinates of the circular points in the projective plane.

(1,4,0)"
(1, _ia O)t

T — - t '
{I’_(l,z, 1,0,0,0) _>{I (20)

J'=(1,-i,-1,0,0,0)" J

In a similar way, if there is a pair of points, X that are harmonic conjugate with
respect to all conics2’ then, the corresponding vectdl(x, x), must be in the inter-
section ofS with the range ofN,*. The intersection can be determined from equations
8 and 19, defining the cubic symmetroid and maiNy. The result is presented in
equation 21 wherg is a free scalar.

P’ = (1+VI+ A% )\0)
Q' = (1-v1+A2,0)

R’ = (i, Ai, V1 + \2)t
T = (1, A, ivVI + A%)t

According to equation 20, the paracatadioptric projection of a line must go through
the circular points. This is not surprising, since the stereographic projection of a circle
is always a circle (see 2). However, not all circles can be the projection of a line. While
pointsP’, Q' are harmonic conjugate with respect to a all circles, the same does not
happen with the paiR’, T'. Thus, a coni€?’ is the paracatadioptric image of a line if,
and only if, it goes through the circular points and satisRé52'T' = 0.

P'Q = (-\,i,,0,0,0)* —>{
(21)
R/'T = (1,),A2,0,0,1 + A2)t - {
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4.2 Line Projection in Cameras with Radial Distortion

From section 2.2 we know that a line in the world is mapped into adirgccording to

the conventional pin-hole model. The non-linear distortion transfatfriato a conic
sectionf2”’ (equation 6). The model for line projection becomes linear when the pro-
jective plane is embedded . Thus, a similar derivation for the catadioptric situation
yields

a 0000 0 ¢ n!?

20" 0000 0 0] |2n,n

| _[0000 O ¢ ny (22)
2d" | 100005 0 0| |2n.n.

2¢! 000 0 050 |2n!n.

f" 0000 01 n'2
— = ~ —

w!’ Ag n’

Notice that matrixA4 has a structure similar téA, when the catadioptric system
is parabolic £ = 1 in equation 16). Moreover it can be proved that a conic sectin
is the distorted projection of a line if, and only if, it lies in a hyperplagndefined as
follows

A" —Ef" =0 A —Ef" =0 A B =0,V (23)

wles
Following a reasoning similar to the previous section, it can be shown{#fat
goes through the circular points of the plane and sati@{€«2”’E" = 0 with B” =

(i, \i, i/ + AD)E)* andE" = (1, X, —/(1 + AD)E)".

5 Conclusion

In this paper we studied unifying models for central projection systems and representa-
tions of projections of world points and lines. We first proved that the two step projec-
tion model through the sphere, equivalent to perspective cameras and all central cata-
dioptric systems, can be extended to cover the division model of radial lens distortion.
Having accomodated all central catadioptric as well as radial lens distortion models un-
der one formulation, we established a representation of the resulting image planes in
the five-dimensional projective space through the Veronese mapping. In this space, a
collineation of the original plane corresponds to a collineation of the lifted space. Pro-
jections of lines in the world correspond to points in the lifted space lying in the general
case on a quadric surface. However, in the cases of paracatadioptric and radial lens dis-
tortions, liftings of the projections of world lines lie on hyperplanes. In ongoing work,
we study the epipolar geometry of central camera systems when points are expressed in
this lifted space.
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