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Abstract. The calibration of cameras distributed in a wide area is a challenging
task because it is impossible to use reference objects visible to all cameras and
because wide field-of-view cameras suffer under radial distortion. The present
work proposes the first algorithm in the literature for radial distortion estimation
from multiple views without involving non-linear minimization. The correspon-
dences between views are obtained by deliberately moving an LED in thousands
of unknown positions in front of the cameras. Then both projection matrices and
radial distortion parameters are simultaneously computed using a factorization
approach. The algorithm is based on the application of two subspace approxima-
tion steps. At these steps, the estimated approximate solution for a matrix can be
projected to the manifold of the parameter space by adjusting the singular values.
Itis remarkable, that our system does not involve a single non-linear minimization
or outlier treatment and still produces accurate results which have been tested in
a multi-camera reconstruction algorithm. In addition to real imagery results, we
have analyzed the behavior of the algorithm in simulations.

1 Introduction

Immersive environments as well as surveillance systems require multiple cameras to
visually capture environments of considerable extent like big rooms or even outdoors
scenes. To be able to register everything to the same world coordinate system, be it 3D
models or human activities, we have to calibrate all cameras. This means the estimation
of projective matrices from world to image coordinates as well as the removal of lens
distortions, assumed here to be radial. In summary, we have to be able to map every
pixel at each camera to a ray in the scene defined in world coordinates. Single cam-
era calibration is regarded as a solved problem and open source packages are widely
disseminated [9]. However, multiple camera calibration poses a challenge because of
lacking overlap of the field of views among cameras. It is easy to realize that reference
objects unless they are very elongated lines [6] will not be visible in all cameras. We
have to abandon the idea of a metric reference object and switch to an arbitrary struc-
ture. If the world itself is used as an arbitrary structure, we have to identify features
and solve the correspondence problem which would make calibration vulnerable to
matching errors. Instead, like others [5, 11, 7] we avoid the correspondence problem by
moving a single light source in a dark environment of thousands of arbitrary positions.
Obviously, the only reconstruction possible is up to a projective transformation. To
fix our cameras to a projective world, we conventionally calibrate two of them and we
integrate this euclidean adjustment in the projective factorization set-up. At this point,
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we could have run a bundle adjustment [11] introducing as additional unknowns the
radial distortion. Instead, we propose a novel algorithm for estimating the radial distor-
tion over multiple views. The only requirement is a rough estimation of the distortion
parameters of two cameras in the set. This algorithm does not include any nonlinear
minimization but only two steps where the closest rank deficient matrix to a full-rank
matrix is obtained via SVD.

The main contribution of this paper is this simultaneous treatment of projection ma-
trices and radial distortion over multiple views and without any nonlinear minimization.
The algorithm differs from others in the literature [5, 4, 11] for being a one-shot method
able to recover the projection matrices and the radial distortion of multiple cameras with
minimum computational effort. Moreover it makes use of all multiple view constraints
simultaneously, instead of just pairwise fundamental matrices [5,4]. Compared with
[11] it provides an estimation for the projection matrices and radial distortion without
requiring euclidean stratification and nonlinear minimization.

2 Geometry of Multiple Views

Consider a 3D poinX and a set ofK cameras with projection matricd®; (i =
1,..., K). Foreach viewC; the 3D pointX is projected in the image poigt. Equation
1 shows the mathematical relation in homogeneous coordinates

Aixi = PiX, i1, ... K (1)

WhereX andx; are4 and3 dimension vectors respectively. The scaladenotes
the depth an®; is a3 x 4 matrix which can be split in the way shown in equatioiR2 (
is a3 x 3 matrix andt; is a3 x 1). Please note th&; does not have to be orthogonal.
Notice that botiX andP;, withi = 1, ..., K, must be defined in a common coordinate
system in the world

P; = [R; t5], i=1,...K (2)

2.1 Depth Estimation

Assume thaiX = (X, 1)! is simultaneously viewed by/ camerasC; for which the
projection matrice®; are known { = 1,...,M). We aim to estimate the depth
with respect to the first view. From equations 1 and 2 arises

X = lel(/\lxl — tl)

ReplacingX in the projection equations of the remainiff) — 1 views and multi-
plying both members by the skew symmetric magjyields

)qfciRilelxl + )A(i(ti — RiRliltl) =0, i=2,... M. 3)

Equation 4 is derived by gathering together the previdus 1 equations
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In ideal circumstances th M — 1) x 2 matrix A, should be rank. However,
due to the measurement errors, the measurement vectors occupy in general a higher
dimensional linear manifold. MatriA. , is usually full rank and we need to estimate
the underlying null subspace in order to determine the daptiThe solution to the
stated subspace problem is the direction which is more likely to be the null space of the
true unperturbed matriA 5. The key to correctly identify the subspace is given by the
Eckart-Young-Mirsky (EYM) theorem [10]. According to the EYM theorem, vegtor
can be estimated by performing the SVD decomposition of matsiX A, = USV?)
and selecting the column &f corresponding to the smallest singular value. The derived
n minimizes functiore(n) = n*A\"A\n under the constrainf'n = 1 [10]. In order
to achieve robust and accurate results using subspace methods a proper equilibration of
the design matrices is required.

2.2 Computing the Projection Matrix P;

Assume a set aV points projected at coordinates, x2, ..., xI in the first viewC;.
The projection matri®; = [R4 t1]is known as well as the point depths A2, ... AN,
These points are also viewed by cam€ka The image points arel, xZ, ..., xN and
the corresponding projection matd# = [R; ti] is unknown (/ < i < K).

Consider théd x 3 matrix ¥; and the3 x 1 vectorg; (equation 5). Concatenating

the columns of’; we obtain & x 1 vectory;

¥; = RiR;
{ ¢ =t — RiR1 'ty ®)
The relation of equation 3 can be written in the form of equation 6 whedenotes
the Kronecker product [10]

N (& o)y + &g =0, j=1,... N (6)
Gathering together thd” points yields

N (& o x))
Al (Xi ® x7)

[‘Z’i] =0. (7)

AY (&Y @ x17) &Y
A
Vectorsy; and¢; can be estimated by applying the EYM theorem to ma#ix
Notice that we need a minimum of six points in general positiSsnX 6). Matrix ¥;
is obtained by rearranging;, and, sinceR; andt; are known, the projection matrix
P; = [R; t;] can be recovered from equation 5.
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Step 1 Consider the set of points which are projected on carigra

Step 2 Remove the points which are not viewed by any other calibrated ca@iefa =
2,... M) in order to obtain the s&;

Step 3 For each point 081 :
3.1 -Build matrix A (equation 4)
3.2 -Use the SVD decomposition &, to compute the depth;

Step4 Foreach camer€; (1 = 2,... K):
4.1 - Determine the subs&;, of S1, containing the points viewed i, andC;
4.2 -1f S; has not enough element®’ (< 6) then move to the next camera.
4.3 -Build matrix A; (equation 7)
4.4 -Use the SVD decomposition &; to estimate); andg;
4.5 -Update the projection matriR; (equation 5)
Table 1. Algorithm to estimate the projection matricPs

3 Calibration Algorithm

The present section proposes an algorithm to calibrate a large number of cameras spread
through a wide area. We aim to determine the projection mathges. . , Pk of a set

of K cameras. Our approach is inspired by the multiple-view factorization of point
features presented in [8, 14]. The method requires at least two cameras to be calibrated
in advance. We will assume, without loss of generality, that the projection matrices of
the firstM views are known{/ > 2). The goal is to determine the projection matrices

of the remainingk’ — M cameras.

The estimation of the projection matrices can be accomplished using the theory in-
troduced in the previous section. The input for the calibration procedure is the multiple
view of a set ofN,, points in the scene. However, finding pointsand establishing
correspondences between multiple images is a difficult task. If the cameras are syn-
chronized then the problem can be solved using a a laser pointer or a LED in a similar
way as proposed in [11,4,5]. The user is required to move the laser/LED throughout
the working volume. The room should be as dark as possible for an easy detection of the
virtual point. The illumination conditions provide enough contrast such that the point
projection can be accurately measured by performing a simple image threshold.

Table 1 outlines the proposed calibration procedure. Notice that by waving the
laser/LED in a free way there is no guarantee that the virtual point is simultaneously
viewed by all cameras. We start by determining the set of p&nte/hich are simul-
taneously viewed by the reference camé€lta and by at least one camef€; with
1 < i < M. Since the points are viewed by a minimum of two calibrated cameras
then the corresponding depth§, with respect taCy, can be determined following the
procedure outlined in section 2.1. For each cangrawith 1 < 7 < K, we select the
points ofS; which lie on the corresponding field of view. The image poidtsx] and

corresponding depth>§l (j =1,...,N)are used to obtain matriX; (equation 7). The
projection matrixP; is determined in the way explained in section 2.2.



Wide Area Multiple Camera Calibration 5

3.1 Initialization Stage

In order to compute the point depth$ the algorithm requires a minimum of two cal-
ibrated camerasi{ > 2). The projection matriceP; andP5 can be determined just
from N point correspondences between the viewsy I&> 8 then the computation of
the fundamental matrif, such thatx}Fx} = 0, is trivial. Let's consider matrices
P} = [I0] andP, = [éF e], wheree andé are the epipole and the corresponding
skew symmetric matrix, anHis the identity matrix. It can be shown that, given a gen-
eral4 x 4 collineationH, any pairP; = P{H andP, = P,H is a valid solution for
the projection matrices [8].

MatricesP andP? can be used to initialize the algorithm and calibrate the set of
K cameras up to & x 4 projective transformatioll. In order to obtain the Euclidean
projection matrice®; we have to find the projective transformatiBihsuch thatP; =
PiHfori =1,..., K. This process is called Euclidean stratification [12] and requires
the assumption of certain geometrical constraints (orthogonality between image lines
and columns, knowledge about the camera intrinsic parameters, etc). Depending on the
assumptions and amount of information the stratification process can be more or less
stable and accurate. In a similar way as proposed in [11], we can use the euclidean
stratification in order to obtain automatic multi-camera self calibration .

Using a moving plane to calibrate a large scale multi-camera environment is prob-
lematic due to the fact that the calibration rig must be visible in all cameras. Neverthe-
less, methods like the ones in [9, 1] are perfectly suitable to calibrate a small number
of cameras for which the FOV overlaps. The Bouguet Calibration Toolbox [9] is used
in order to calibrate a minimum of two cameras and initialize the algorithm. Since the
initial projection matrice®+, . .., Py are euclidean, the calibration of the camera set
obtained from the point correspondences is also euclidean. This practical procedure
avoids the stratification process leading in general to more accurate results.

3.2 Algorithm Iterations

If data points are noiseless, the initial projection matrices are quite accurate, and each
camera views at least points of S, then a single run of the algorithm is enough
to accurately determine the projection matrices. In general nor the image points are
noiseless, neither the initial projection matrices are perfect. The procedure outlined on
Table 1 must run more than one time in order to obtain an accurate calibration of the
camera set. The iterative process can stop after a pre-defined number of iterations, when
all cameras are calibrated or when the re-projection error is below a certain threshold.

According to equation 7 the projection matrices seem to be estimated using pairs of
views only. However this is not the case when the procedure is run iteratively. The set
of M calibrated cameras is updated at the end of each iteration and the new projection
matrices are used to recompute the depth of the data points. Thus, in the subsequent
iteration, matriced; are updated using the newly recovered each of which was
estimated using all available views. The algorithm makes use of all constraints simul-
taneously, being robust to noise, and to errors in the initial projection matrices. Our
multiple view approach not only calibrates the cameras that are unknown, but also up-
dates the initial projection matrices in order to enforce the correspondences.

Since the method relies on point correspondence between multiple views, the field
of view (FOV) of the cameras must overlap. However it is not necessary for all cameras
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Fig. 1. Mapping model including radial distortion

to have a common FOV, as long as every camera is connected to every other camera
through a common FOV. For a certain reference can@@rathe algorithm is run in

order to calibrate the views for which the number of point correspondences is enough
(IV > 6). If views still remain uncalibrated, then the algorithm is run again assuming a
newly calibrated camera as the reference view. The procedure can be repeated over and
over till M = K and the entire set is calibrated.

4 Calibration Including Radial Distortion

The calibration algorithm proposed in the previous section assumes a pin-hole model
for the cameras. Many applications using multiple cameras require wide area visualiza-
tion. In order to cover the working volume in an efficient way it is usually convenient
for the cameras to have a large FOV. However, lenses with short focal length suffer
from significant non-linear distortion which cannot be neglected. This section presents
the paper’s main contribution. We show how the calibration algorithm, summarized on
Table 1, can be modified in order to include radial distortion. The final algorithm is still

a one-shot method, relying on the solution of generalized eigensystems to estimate the
projective matrice®; and the radial distortion parametérs

4.1 Model for Radial Distortion

The scheme of Fig. 1 shows the assumed mapping model. Roint(u,, u,, u,)" is

the image of a generic 3D poiX. The projection matriX? transforms poinX into

the 2D pointx = (z,y, 2)! (equation 1). If the camera lens is distortion free thea x

and the calibration algorithm of Tab. 1 applies without modification. However, in the
presence of distortiorx andu are related by a non-linear mapping functifgnwhich
must be taken into account.

We model the radial distortion using the so called division model [3]. Consider
pointsx andu expressed in a 2D coordinate system with origin at the distortion center.
The relation between the two points is given by equation 8, where the radial distortion
is parameterized by. This model is used by Fitzgibbon in order to simultaneously
determine the fundamental matrix and the radial distortion between two views [3]. He
shows that equation 8 approximates the radial distortion curve as well as the traditional
first order model. Notice that the model requires the distortion center to be known.
In the absence of any other information, we can place it at the image center without
significantly affect the correction [13]

u2 +u

o [ o ]
x = £ (u,6) =ut¢ ®)
’ S
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4.2 Including Radial Distortion in the Multiple View Equations

Consider the set o cameras where the projection matrid®s and the distortion
parameterg; are known for the firsi\/ views (M > 2). Given a calibrated view, the
radial distortion of a generic point; can be corrected and the corresponding prijnt
determined. However if the distortion parameter is not known, then the distortion can
not be removed and the multiple view constraints derived in section 2 do not apply.
Assume a set alV points simultaneously viewed by camergsandC; (i > M).
The points in the set are visible in more than one calibrated view and the correspond-
ing depth\] is known (section 2.1). Since parametgris unknown, then the radial
distortion in the image pointﬁg cannot be removed. However, equation 8 implies that

x] = u"} + &vi with j = 1,... N. Replacing in equation 6 yields

(M (8] @ x))vs + i) + & (0 @x))es +91¢1) = 0, =L...N (9)
Gathering theV points together we obtain

Ay @x3) G A(v @x)) ¥
A @xt) af |y, N oxt) 3| 1y,
: . &G _ . 'l =0. 10
e -
M () ® x)Y) aff A (WY @ x)) oY
A B,

Equation 10 generalizes the result of equation 7 for cameras with radial distortion.
If & = 0thenu] = x],Vi and the second term of the equation vanishes. Another
important observation is that matrB; is always rank deficient. Columns 3, 6, 9 and
12 are constant and null due to the particular structure of vecfequation 8).

The result of equation 10 is stated in a more compact way inALand B are
3N x 12 matricesp = (¢, ¢')t is a12 x 1 vector and is a scalar

Aa+EBa=0 (11

Sincerank(B) = 8, the corresponding null spatéB) has dimensiod. Any pair
(&, ) with £ = oo anda € R(B) is a solution of equation 11. However these solutions
are degenerate since they do not correspond to the camera calibration.

In order to apply square solvers we can multiply both members of the equation
11 by At. The equation becomestAa + EA*Ba = 0 and the solutior{¢, «) can
be determined by solving a generalized eigenvalue problem (GEP). This approach is
suggested in [3] where the author claims that, sifide full rank, the premultiplication
by At does not change the solution. Mate is a12 x 3N matrix and, even ifA is
full rank, the corresponding right null spak€A*) has dimensio8 N — 12. This means
that any pairn¢, o), such that Aa + £éBa) € R(A'), is a solution of the enunciated
GEP. The solutions of the GEP do not necessarily verify equation 11. Nevertheless, if
(¢, @) is a solution of equation 11, then it can be determined by solving the GEP. The
problem is that, in general and due to the noise effect, equation 11 has no solutions
beside the degenerate ones. The camera calibration can be determined by solving the
GEP if, and only if, the data is noiseless. The next section presents a method to estimate
(&, «) in order to calibrate the camera in the presence of noise
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4.3 Finding a Solution for Camera Calibration

Consider equation 12 where the order of the columnA efndB is rearranged such
that the four null columns oB appear at the end. The operation is performed by right
multiplying both matrices by &2 x 12 permutation matrid,

[A’A"] [s,l,] +6[B'0] {2‘,’,] =0 (12)
I I

Equation 13 is derived from 12 by suppressing the null columns. The degenerate
solutions are discarded and the camera can be calibrated by findi2@ the vectors
verifying the equation

bd
[B'A"A"] | o | =0. (13)
——— | "
C N——
B
The solutions € R?°, corresponding to the camera calibration, presents a specific
structure. If3 = (B4, B2, . - ., B20)! then vectorg3,, ... 3s)t and (B, . .., B1s)t must
be linearly dependent. Vectors verifying this property lie in a non-linear subspace that
we will denote by M, a manifold inR?°, defined by equation 14, with3 degrees
of freedom (DOF). Notice that the number of DOF bt is equal to the number of
unknowns in the calibration problerh2 for the projection matrix (including scale)
and1 for the distortion parametet

B1Bk+o — Bofry1 =0, k=1,...7 (14)

In ideal circumstances matri¥, provided in equation 13, is rank deficient and its
null space intersects the manifald in a point3 € %2°, which encodes the camera
calibration. However, due to noise in the data, maiis in general full rank. In order
to calibrate the camera, we must determine the vector, which minimizes the sum of the
square distances and verifies the constraints of equation 14

e(8) = p*C'Cp (15)

The constraints can be introduced in the objective function using Lagrange mul-
tipliers and the minimization could then be performed by gradient descendant meth-
ods. Strictly speaking the solution to problem requires the use of iterative minimization
techniques. However an approximate solution can be found by solving two subspace
problems. The proposed one-shot method determines the minima of fua¢topia-
tion 15), and then finds the vector in the manifdld which is closest to the computed
minima.

The vector3 = (31, B, - - -, B20)t which minimizes the sum of the square distances
e is determined by applying the EYM theorem to matixIn general the achieved so-
lution does not lie on\. In order to enforce the constraints of equation 14 we compute
the vector(éa/, o', ")t which is closest, in the least square sensg. tbhus, we aim
to find the solutior(¢, o/, &) which minimizes the following function
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Y& o, ") = (o' — PB1..8)' (€ — B1..8) + (& — Bo..16)" (& — Po..16) . (16)

+(a — B17..20)" (" = B1r..20)

Consider the8 x 2 matrix [$1..8 f9...16], the corresponding SVD decomposition
[B1..8 Bo..16] = USV*™. and the2 x 2 matrix So, obtained by zeroing the smallest
diagonal element o8. It is straightforward that the solution fer’ is the last4 x 1
sub-vector of3. Moreover, accordingly to the EYM theorem, the solutionf@nda’
must be such thdta’ o'] = USyV*. The result is summarized on equation 17

(672

4.4 Modifications to the Algorithm of Table 1

Some modifications have to be made to the calibration algorithm outlined in Tab. 1 to
include the radial distortion. An addition&tep Ois required at the start in order to
correct the radial distortion in the cameras for which the calibration has already been
estimated. Thus, for all views;, withi = 1,... M, pointsx; are computed from the
image pointay; using the result of equation 8. Moreover&tep 4.4matricesA; and

B; are generated accordingly to equation 10 and the parafiedsiwell as vectora’
andc«’, are determined following the procedure outlined in section 4.3S@p 4.5
vectorsy; and¢ are computed bys’, ¢;')t = I, (", a"")t wherel, is the12 x 12
permutation matrix of equation 12.

5 Performance Characterization

In this section we generate synthefi¢) x 480 images in order to characterize and
evaluate the performance of the calibration algorithm. Consider four cameras, with a
FOV close tot5°, positioned as depicted in Fig. 2(a). Each camera has different intrinsic
parameters and radial distortion. The volume in front of the camera rig is uniformly
sampled by5000 virtual points. At each run a subsetdf, points, withiN,, < 5000, is
randomly selected accordingly to a uniform probability distribution. Notice that nothing
guarantees that the chos&p points are simultaneously viewed by all cameras. The 3D
points in the FOV of camer&; (: = 1, ...4) are projected in the corresponding image
plane and the radial distortion is artificially introduced. Two-dimensional gaussian noise
with zero mean and standard deviatiois added to each image point.

Our goal is to calibrate the camera rig using the point correspondences between
views. It is assumed that the projection matrices and the radial distortion of cameras
C; (the reference view) an@- are known in advance. The calibration of the camera
set is computed afteX iterations of the algorithm. The errors in estimating the projec-
tion center and the radial distortion parameter are determined. The algorithm perfor-
mance is characterized by computing the RMS error for the camera center, as well as
the mean percentual relative error for the distortion, d@8rruns for each experiment.
Henceforth we assum¥,, = 1000 andBL = 800 unless otherwise stated (Fig. 2(a)).

Fig. 2(b) shows the error in estimating different magnitudes of radial distortion.
These results where obtained by running simulations where cameras with different
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Estimaling the Camera Distortion
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Fig. 2. Performance evaluation using synthetic images

amounts of distortion were mixed. The radial distortion is quantified by the deviation

in pixels at the corner of the image. As expected, the estimation performance decreases
with increasing noise. The increase on the mean relative error is much more pronounced
in cameras with low distortion. If the radial distortion is not significant then the algo-
rithm is not able to properly distinguish between distortion and noise. Nevertheless the
estimation performance for moderate to high distortion is quite satisfactory. £a2.5

the error in estimating radial distortion abo@pixels is less than0%.

The next experiment studies the algorithm behavior when can@fa<,, Cs
and C,4 present low, moderate, and high level of radial distortion. The curves on the
left (Fig. 2 (c)) show the RMS errors for the projection center when the cameras are
calibrated without taking into account the radial distortion (Tab 1). The graphic on
the right (Fig. 2 (d)) illustrates the errors when the camera set is calibrated using the
algorithm with the modifications proposed in section 4.4. In the presence of little or no
distortion the calibration results are slightly worst for the modified version. This has
already been observed in the results of Fig. 2(b). When the radial distortion is not very
pronounced the estimator tends to confound noise and distortion. For moderate and
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Spatial Distribution of the Cameras
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Fig. 3. Experimental results in calibrating a seti@f cameras for tele-immersion application

high levels of distortion the modified version clearly outperforms the initial calibration
method. Moreover the performance degradation due to increasing noise seems to be
independent of the distortion magnitude. This suggests that the proposed calibration
algorithm accurately estimates and compensates radial distortion.

6 Experimental Results

Fig. 3(a) is an image of our experimental setup used for tele-immersion. There are
52 cameras, grouped ih3 clusters of4 cameras each, spread all over the room. Fig.
3(b), generated from the final calibration results, shows the location of the different
cameras. An LED is waved through the room, in order to gen&fie virtual points.
The corresponding image points are determined by simple thresholding. Cameyas
27 and31 are initially calibrated using the Bouguet Calibration Toolbox [9].

The 3D points visible in at least two calibrated views are reconstructed [2]. From
this set we seledt00 test points, uniformly spread in the working volume. The remain-
ing points (training set) are used in order to determine the projection matrices and the
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radial distortion parameters of tti2 cameras. Fig. 3(d) compares the radial distor-
tion, estimated using our method, with the distortion measured with Bouguet fdr the
initial cameras. The results present the same order of magnitude which is reasonable
taking into account that the cameras are all similar. After calibrating, the training set
is reconstructed and reprojected in the image plane. Fig. 3(c) shows, for each view, the
corresponding RMS error. The error in reprojecting the test points, reconstructed using
the Bouguet calibration, is also exhibited. Despite the fact that these test points are not
ground truth, it is reasonable to claim that the obtained calibration is Euclidean. The
third curve refers to the reprojection of the test points when the camera set is calibrated
without taking into account the radial distortion. As can be observed the RMS error
is significantly higher for the cameras laterally positioned in the room. The test points
lying in the FOV of these cameras are projected at the image sides in the views initially
calibrated with Bouguet. Due to the effect of distortion these points are not correctly re-
constructed. This explains the observed RMS error and shows the importance of taking
into account the radial distortion.
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