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Summary

Today (Tuesday): Differential Operators on Surfaces

- Differential operators in the parametric domain
- Cotangent formula

- Belkin’s approach

- SPH-based scheme

Thursday: Manifold Harmonics and Applications

- Some theoretical background
- Mesh Filtering

- Rustamov Embedding

- Fiedler tree

- Other applications
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Scalar Functions on Surfaces
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Since f is defined only on M it does not make sense to write:

X1yeeesXitRyoo,Xn)— F(X1, 0oy Xiyen sy Xn)

May not be on M




Scalar Functions on Surfaces

;{\fo P (up,vp) /

foep:UCR*—>R




Differential Operators on Surfaces

What is the gradient of fo @(up,vp) ?
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Differential Operators on Surfaces

What is the gradient of fo @(up,vp) ?

811 =< 81,81 > 822 =< 82,82 >
812 — 821 —< 841,82 >

N

8 = d6<_ 11 812 -> Metric tensor
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Differential Operators on Surfaces

What is the gradient of fo @(up,vy) ?
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What is the gradient of fo @(up,vy) ?
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Differential Operators on Surfaces

What is the gradient of fo @(up,vy) ?

From the properties of the metric tensor and some
algebraic manipulation we get:

Vf= (gllfu‘|’glsz822fv+gzlfu)

The Laplacian:

sz — \}g (;u (\/g(gllfu +812fv)) -+ aiv (\/g(gZIfu+822fV)))



Differential Operators on Surfaces

Jos Stam made use of those operators defined on the

parametric domain to simulate flows on surfaces.
[Flows on Surfaces of Arbitrary Topology, ACM TOG 2003]
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Differential Operators on Surfaces

Differential operators can also defined using
intrinsic properties of the surface.

sz:Owheref:M—HR{

q)(ui,uj) =k—|—u,-ej—ujei

1—u;
/de 2At/ / dujdu,-
u;=0Ju;=
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Differential Operators on Surfaces

Using Finite Element Formulation

Vif=0=Lf=0

lij:/ <V¢i,V¢j>dS
tUt/



Differential Operators on Surfaces

In the canonical domain

U. <Lej,ej>
| ] <V, Vi >=—"""7
e Vo=

1 l—u,-
2At/ / < V¢i,V¢j > dujdu,- —
ui=0 uij

<ej,ej > |eillllejl|cos(Bi;)  cot(Bi))

44 2leillllejllsin(B;) 2



Differential Operators on Surfaces

Considering the two triangles sharing the edge ij

cot(ij) +cot(f;;)
2

I

test (i)

lijz




Differential Operators on Surfaces

Considering the two triangles sharing the edge ij

Allows to discretize the Laplace
equation directly on the surface.



Boundary Conditions

Least Square-based
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Differential Operators on Surfaces

The cotangent formula has been used in many
geometry processing applications.



Differential Operators on Surfaces

The cotangent formula has been used in many
geometry processing applications.

\
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Mesh Editing and Deformation

\\°

[O. Sorkine, Eurographics 2005]



Differential Operators on Surfaces

Base Mesh Construction

[Daniels et al., SMI 2011]



Differential Operators on Surfaces

Base Mesh Construction




tial Operators on Surfaces

ifferen

D

Base Mesh Construction




Differential Operators on Surfaces
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Differential Operators on Surfaces

The cotangent-based discretization of the
Laplace operator is not consistent.

Recently, Hildebrandt and Polthier (SPG’2011) proposed
a weighting scheme to ensure consistency for cotangent
based discretization.

L =®L

®;; 1s the value 1n v; of a kernel
function (r-local) defined 1n v;.



Differential Operators on Surfaces

A consistent discretization schemes have been
proposed by Belkin:

[Belkin et al., SCG’08]



Differential Operators on Surfaces

A consistent discretization schemes have been
proposed by Belkin:

[Belkin et al., SCG’08]

U f() = oz 3 o S~ e () - f(w)

peEV (t)




Differential Operators on Surfaces

Belkin has also extended the operator for point set surfaces.
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Belkin has also extended the operator for point set surfaces.

Lof() = e 3 ed 3 e (1) — (@ (a)))

k/2
(47Tt) /% O'EKé qEV(a)

A Delaunay triangulation is built on the tangent plane
of each point of the mesh.



Differential Operators on Surfaces

Belkin has also extended the operator for point set surfaces.

JEKa qEV(a)

Projection from
the tangent plane
back to the surface

A Delaunay triangulation is built on the tangent plane
of each point of the mesh.



Differential Operators on Surfaces

Petronetto et al. have employed Smooth Particle
Hydrodynamics (SPH) as discretization mechanism.
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Differential Operators on Surfaces

Petronetto et al. have employed Smooth Particle
Hydrodynamics (SPH) as discretization mechanism.

(Apmfi) == ) 2fi Xij VW, ([1%:]) V5
JEN; HXUH

Normal extension

Wi is a kernel function satisfying

/QWh(llx—x’H)dx’zl



Differential Operators on Surfaces

Petronetto et al. have employed Smooth Particle
Hydrodynamics (SPH) as discretization mechanism.

(Apf) == X 2y 0 3 - VW (%] V)

JEN; HXUH A

Wi is a kernel function satisfying

Cfumsoxad =1




Differential Operators on Surfaces

/QW;, (Ix=x||) dx’ = 1

|

Av=>b

where ajj — Wh(HX,‘jH), bi — 1, and V; = V,



Differential Operators on Surfaces

In order to enforce a uniform distribution of
area elements a regularization term is incorporated
and the following minimization problem is solved:

: 2 2
min  FP(v) := [|Av —b||"+p||v|



Differential Operators on Surfaces

In order to enforce a uniform distribution of
area elements a regularization term is incorporated
and the following minimization problem is solved:

: 2 2
min  FP(v) := [|Av —b||" +p]|v|
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Figure 1: Histogram of area elements with (left) and without
(right) the regularization term.



Consistency analysis
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Convergence Analysis

—Apmu=f
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Convergence Analysis

—Apmu = f
f(x,3,2) =2(z—1)+6y* — (1 —2x—x)e"
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There are at least other two approaches we have
not discussed:

- Discrete exterior calculus (Desbrun)

- 3D constrained to surface approach (Kazhdan)

Those two methods have been discusses during
the advanced seminars.



This Thursday:

Manifold Harmonics !!!




