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Chapter 1

A Glimpse at Hilbert Spaces

1.1 The Projection Lemma, Duality

Given a Hermitian space (E, ), we showed in Section ?? that the function || ||: £ — R
defined such that ||u| = \/¢(u,u), is a norm on E. Thus, E is a normed vector space. If E
is also complete, then it is a very interesting space.

Recall that completeness has to do with the convergence of Cauchy sequences. A normed
vector space (F, || ||) is automatically a metric space under the metric d defined such that
d(u,v) = ||v—u|| (see Chapter ?? for the definition of a normed vector space and of a metric
space, or Lang [5, 6], or Dixmier [3]). Given a metric space E with metric d, a sequence
(@n)n>1 of elements a,, € E is a Cauchy sequence iff for every € > 0, there is some N > 1
such that

d(amy,a,) <€ forall m,n> N.

We say that E is complete iff every Cauchy sequence converges to a limit (which is unique,
since a metric space is Hausdorff).

Every finite dimensional vector space over R or C is complete. For example, one can
show by induction that given any basis (ej,...,e,) of E, the linear map h: C* — E defined
such that

h((z1,...,2n)) = z1€1 + -+ - + 2pey

is a homeomorphism (using the sup-norm on C™). One can also use the fact that any two
norms on a finite dimensional vector space over R or C are equivalent (see Chapter 7?7, or
Lang [6], Dixmier (3], Schwartz [9]).

However, if E has infinite dimension, it may not be complete. When a Hermitian space is
complete, a number of the properties that hold for finite dimensional Hermitian spaces also
hold for infinite dimensional spaces. For example, any closed subspace has an orthogonal
complement, and in particular, a finite dimensional subspace has an orthogonal complement.
Hermitian spaces that are also complete play an important role in analysis. Since they were
first studied by Hilbert, they are called Hilbert spaces.
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Definition 1.1. A (complex) Hermitian space (E,¢) which is a complete normed vector
space under the norm || || induced by ¢ is called a Hilbert space. A real Euclidean space
(E, @) which is complete under the norm || || induced by ¢ is called a real Hilbert space.

All the results in this section hold for complex Hilbert spaces as well as for real Hilbert
spaces. We state all results for the complex case only, since they also apply to the real case,
and since the proofs in the complex case need a little more care.

Example 1.1. The space [? of all countably infinite sequences x = (;);ey of complex
numbers such that > |z;|* < oo is a Hilbert space. It will be shown later that the map
@: 1? x I = C defined such that

@ ((4)ien, (Yi)ien) = Z TiYi

is well defined, and that {2 is a Hilbert space under ¢. In fact, we will prove a more general
result (Proposition 1.11).

Example 1.2. The set C*|a, b] of smooth functions f: [a,b] — C is a Hermitian space under
the Hermitian form

(f,g) = / f(2)g@)dz,

but it is not a Hilbert space because it is not complete. It is possible to construct its
completion L?([a, b]), which turns out to be the space of Lebesgue integrable functions on
[a, b].

Remark: Given a Hermitian space E (with Hermitian product (—, —)), it is possible to
construct a Hilbert space Ej, (with Hermitian product (—, —);) and a linear map j: £ — Ej,

such that
(u,v) = (j(w), j(v)n

for all u,v € E, and j(F) is dense in Ej,. Furthermore, E}, is unique up to isomorphism. For
details, see Bourbaki [2].

One of the most important facts about finite-dimensional Hermitian (and Euclidean)
spaces is that they have orthonormal bases. This implies that, up to isomorphism, every
finite-dimensional Hermitian space is isomorphic to C" (for some n € N) and that the inner
product is given by

<($1, oo 737”)7 (yb e 7yN)> - Z%E

Furthermore, every subspace W has an orthogonal complement W+, and the inner product
induces a natural duality between FE and E*, where E* is the space of linear forms on E.
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When FE is a Hilbert space, £ may be infinite dimensional, often of uncountable dimen-
sion. Thus, we can’t expect that E always have an orthonormal basis. However, if we modify
the notion of basis so that a “Hilbert basis” is an orthogonal family that is also dense in F,
i.e., every v € F is the limit of a sequence of finite combinations of vectors from the Hilbert
basis, then we can recover most of the “nice” properties of finite-dimensional Hermitian
spaces. For instance, if (uy)rex is a Hilbert basis, for every v € E, we can define the Fourier
coeflicients c; = (v, ug)/||ux||, and then, v is the “sum” of its Fourier series ), - cxuy. How-
ever, the cardinality of the index set K can be very large, and it is necessary to define what
it means for a family of vectors indexed by K to be summable. We will do this in Section
1.2. Tt turns out that every Hilbert space is isomorphic to a space of the form [*(K), where
I2(K) is a generalization of the space of Example 1.1 (see Theorem 1.16, usually called the
Riesz-Fischer theorem).

Our first goal is to prove that a closed subspace of a Hilbert space has an orthogonal
complement. We also show that duality holds if we redefine the dual E’ of E to be the space
of continuous linear maps on E. Our presentation closely follows Bourbaki [2]. We also
were inspired by Rudin [7], Lang [5, 6], Schwartz [9, 8], and Dixmier [3]. In fact, we highly
recommend Dixmier [3] as a clear and simple text on the basics of topology and analysis.
We first prove the so-called projection lemma.

Recall that in a metric space F, a subset X of F is closed iff for every convergent sequence
(x,) of points z,, € X, the limit x = lim,,_, o, x, also belongs to X. The closure X of X is
the set of all limits of convergent sequences (z,,) of points ,, € X. Obviously, X C X. We
say that the subset X of E is dense in E iff E = X, the closure of X, which means that
every a € E is the limit of some sequence (x,,) of points z,, € X. Convex sets will again play
a crucial role.

First, we state the following easy “parallelogram inequality”, whose proof is left as an
exercise.

Proposition 1.1. If E is a Hermitian space, for any two vectors u,v € E, we have
lu+ ol + flu = vl* = 2([Ju]]* + |v]]*).
From the above, we get the following proposition:
Proposition 1.2. If E is a Hermitian space, given any d,d € R such that 0 < § < d, let
B={ueE||ul|<d} and C={ue E||u| <d+d}.
For any convex set such A that A C C' — B, we have
lv — ul| < V12d5,

for all u,v € A (see Figure 1.1).
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Figure 1.1: Inequality of Proposition 1.2

Proof. Since A is convex, 3 (u+v) € Aif u,v € A, and thus, ||3 (u+ v)|| > d. From the
parallelogram inequality written in the form

|z o + 5@ —o| =5 Gl + 1012,

since § < d, we get
1 2 1 2 2 1 2 2 2 2
H§<U—U>H = 5 (lull? + [l )—H§<u+u)H < (d+6)2 — d = 2d6 + 82 < 3d6,

from which

|lv —u|| < V12d6.
[

If X is a nonempty subset of a metric space (F,d), for any a € E, recall that we define
the distance d(a, X) of a to X as

d(a, X) = inf d(a,b).

beX
Also, the diameter 6(X) of X is defined by
§(X) =sup{d(a,b) | a,b € X}.

It is possible that §(X) = co. We leave the following standard two facts as an exercise (see
Dixmier [3]):

Proposition 1.3. Let E be a metric space.
(1) For every subset X C E, §(X) = 6(X).

(2) If E is a complete metric space, for every sequence (F),) of closed nonempty subsets of
E such that Fiq C Fy, if lim, . 6(F,) =0, then (_, F,, consists of a single point.



1.1. THE PROJECTION LEMMA, DUALITY 9

We are now ready to prove the crucial projection lemma.
Proposition 1.4. (Projection lemma) Let E be a Hilbert space.

(1) For any nonempty convezr and closed subset X C E, for any u € E, there is a unique
vector px(u) € X such that

[ = px(w)]| = inf flu— o] = d(u, X).

(2) The vector px(u) is the unique vector w € E satisfying the following property (see
Figure 1.2):
weX and Ru—w,z—w)<0 foralzeX. (%)

Figure 1.2: Inequality of Proposition 1.4

Proof. (1) Let d = inf,cx ||[u — v|| = d(u, X). We define a sequence X,, of subsets of X as
follows: for every n > 1,

1
Xn:{veX]Hu—ngd—i-—}.
n

It is immediately verified that each X, is nonempty (by definition of d), convex, and that
X1 € X,,. Also, by Proposition 1.2, we have

sup{|lw — | | v,w € X,,} < +/12d/n,

and thus, ﬂnzl X, contains at most one point. We will prove that ﬂn21 X, contains exactly
one point, namely, px(u). For this, define a sequence (w,),>1 by picking some w,, € X,, for
every n > 1. We claim that (w,),>1 is a Cauchy sequence. Given any € > 0, if we pick N

such that
12d

)
62

N >
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since (X,)n>1 is a monotonic decreasing sequence, for all m,n > N, we have

|wm — wy|| < /12d/N < e,

as desired. Since E is complete, the sequence (w,),>1 has a limit w, and since w,, € X and
X is closed, we must have w € X. Also observe that

Ju = wl]l < lJu = wnl| + [Jwn —wl],
and since w is the limit of (w,),>1 and
1
[ —wn | <d+—,
n
given any € > 0, there is some n large enough so that

< and  ||w, —wl|| <

)

SRS

N | N
N |

and thus
|u—wl| <d+e.

Since the above holds for every € > 0, we have ||lu — w|| = d. Thus, w € X,, for all n > 1,
which proves that (., X,, = {w}. Now, any z € X such that |lu — 2| = d(u,X) = d
also belongs to every X,,, and thus z = w, proving the uniqueness of w, which we denote as

px (u).
(2) Let w € X. Since X is convex, z = (1 — A)px(u) + Aw € X for every A\, 0 < X < 1.
Then, we have
lu = 2] = flu = px ()]
for all A\, 0 < X\ <1, and since

lu = 2)1* = llu = px(u) = Mw — px (u))|
= Jlu—px(@)[* + N[lw = px(u)||* = 2AR (u — px (u), w — px(u))
forall A, 0 < A <1, we get

A
I =l = 21P) + Sl = px ()l

1
R (u = px (), w = px(w) = 55 (lv = px ()
and since this holds for every A\, 0 < A <1 and
[ = 2]l = flu — px (W),

we have
R (u—px(u),w—px(u)) <O0.
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Conversely, assume that w € X satisfies the condition
Ru—w,z—w) <0
for all z € X. For all z € X, we have
lu =21 = [lu = wl® + ||z = w]* = 2R (u - w, 2 — w) > [Ju — w|]*,
which implies that |ju — w| = d(u, X) = d, and from (1), that w = px(u). O

The vector px(u) is called the projection of u onto X, and the map px: F — X is called
the projection of E onto X. In the case of a real Hilbert space, there is an intuitive geometric
interpretation of the condition

(u—px(u),z = px(u)) <0

for all z € X. If we restate the condition as
(u—px(u),px(u) —2) >0

for all z € X, this says that the absolute value of the measure of the angle between the
vectors u — px(u) and px(u) — z is at most 7/2. This makes sense, since X is convex, and
points in X must be on the side opposite to the “tangent space” to X at px(u), which is
orthogonal to u — px(u). Of course, this is only an intuitive description, since the notion of
tangent space has not been defined!

The map px: E — X is continuous, as shown below.

Proposition 1.5. Let E be a Hilbert space. For any nonempty conver and closed subset
X CFE, the map px: E — X 1s continuous.

Proof. For any two vectors u,v € E, let = px(u)—u, y = px(v)—px(u), and z = v—px(v).
Clearly,
V—u=2T+Y+ 2,

and from Proposition 1.4 (2), we also have
R(z,y) >0 and RN(z,y) >0,

from which we get

v —ull®=lz+y+z]*=|z+ 2z +y|?
= |l + 2| + ly|* + 2R (z, y) + 2R (2, y)
> [lylI* = [[px(v) — px (w)|*.

However, ||px(v) — px(u)|| < ||v — ul| obviously implies that px is continuous. O
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We can now prove the following important proposition.
Proposition 1.6. Let E be a Hilbert space.
(1) For any closed subspace V. C E, we have E =V & V*, and the map py: E — V is

linear and continuous.

(2) For any u € E, the projection py(u) is the unique vector w € E such that

weV and (u—w,z) =0 forallzeV.

Proof. (1) First, we prove that u — py(u) € V* for all uw € E. For any v € V, since V is a
subspace, z = py(u) + v € V for all A € C, and since V' is convex and nonempty (since it
is a subspace), and closed by hypothesis, by Proposition 1.4 (2), we have

R (u = pv(u),v)) = R((u = py (u), o) = R(u = py(u),z = pv(u)) <0
for all A € C. In particular, the above holds for A = (u — py(u), v), which yields

| (u=pv(u),v)[ <0,

and thus, (u—py(u),v) = 0. As a consequence, u — py(u) € V* for all u € E. Since
u = py(u) +u — py(u) for every u € E, we have E = V + VL. On the other hand, since
(—,—) is positive definite, V N VL = {0}, and thus E =V ¢ V*.

We already proved in Proposition 1.5 that py: £ — V is continuous. Also, since
pv(Au+ pv) — (Apy (u) + ppv (v)) = pv (Au+ pv) — (Au+ pv) + Mu — py(w)) + p(v — pyv (v)),
for all u,v € FE, and since the left-hand side term belongs to V', and from what we just
showed, the right-hand side term belongs to V+, we have

pv(Au+ pw) = (Apy (u) + ppy (v)) =0,
showing that py is linear.

(2) This is basically obvious from (1). We proved in (1) that u — py(u) € V*+, which is
exactly the condition

(u—py(u),z) =0
for all z € V. Conversely, if w € V satisfies the condition

(u—w,z)y=0

for all z € V, since w € V, every vector z € V is of the form y — w, with y = 2z +w € V,
and thus, we have
<u —w,y — ’LU> =0

for all y € V, which implies the condition of Proposition 1.4 (2):

for all y € V. By Proposition 1.4, w = py(u) is the projection of u onto V. ]
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Let us illustrate the power of Proposition 1.6 on the following “least squares” problem.
Given a real m x nm-matrix A and some vector b € R™, we would like to solve the linear

system
Axr=b

in the least-squares sense, which means that we would like to find some solution = € R™ that
minimizes the Euclidean norm ||Ax — b]| of the error Az — b. It is actually not clear that the
problem has a solution, but it does! The problem can be restated as follows: Is there some
x € R" such that
Ax —b|| = inf [[Ay —b
|4z =] = inf |4y ]|

or equivalently, is there some z € Im (A) such that
|z = bl = d(b, Im (A)),

where Im (A) = {Ay € R™ | y € R"}, the image of the linear map induced by A. Since
Im (A) is a closed subspace of R™, because we are in finite dimension, Proposition 1.6 tells
us that there is a unique z € Im (A) such that

==l = inf [l 4y =L

and thus, the problem always has a solution since z € Im (A), and since there is at least some
x € R" such that Az = z (by definition of Im (A)). Note that such an z is not necessarily
unique. Furthermore, Proposition 1.6 also tells us that z € Im (A) is the solution of the
equation

(z—b,w) =0 forall welm(A),

or equivalently, that x € R™ is the solution of

(Az — b, Ay) =0 for all y € R",

which is equivalent to

(AT(Az —b),y) =0 for all y € R,

and thus, since the inner product is positive definite, to AT (Az —b) =0, i.e.,

AT Az = ATb.

Therefore, the solutions of the original least-squares problem are precisely the solutions
of the the so-called normal equations

AT Az = ATb,

discovered by Gauss and Legendre around 1800. We also proved that the normal equations
always have a solution.
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Computationally, it is best not to solve the normal equations directly, and instead, to
use methods such as the @) R-decomposition (applied to A) or the SVD-decomposition (in
the form of the pseudo-inverse). We will come back to this point later on.

As another corollary of Proposition 1.6, for any continuous nonnull linear map h: £ — C,
the null space

H=Kerh={u€E|h(u)=0}=hr"0)

is a closed hyperplane H, and thus, H+ is a subspace of dimension one such that £ = H®H*.
This suggests defining the dual space of E as the set of all continuous maps h: £ — C.

Remark: If h: E — C is a linear map which is not continuous, then it can be shown
that the hyperplane H = Ker h is dense in B! Thus, H* is reduced to the trivial subspace
{0}. This goes against our intuition of what a hyperplane in R™ (or C") is, and warns us
not to trust our “physical” intuition too much when dealing with infinite dimensions. As
a consequence, the map b: F — E* introduced in Section ?? (see just after Definition 1.2
below) is not surjective, since the linear forms of the form w +— (u,v) (for some fixed vector
v € E) are continuous (the inner product is continuous).

We now show that by redefining the dual space of a Hilbert space as the set of continuous
linear forms on E, we recover Theorem ?77.

Definition 1.2. Given a Hilbert space F, we define the dual space E' of E as the vector
space of all continuous linear forms h: E — C. Maps in E’ are also called bounded linear
operators, bounded linear functionals, or simply, operators or functionals.

As in Section ??, for all u,v € E, we define the maps ¢!,: E — C and ¢": E — C such
that

and

wy(u) = (u,v) .
In fact, ¢!, = ¢, and because the inner product (—, —) is continuous, it is obvious that ¢’
is continuous and linear, so that ¢} € E’. To simplify notation, we write ¢, instead of ¢J.

Theorem ?7? is generalized to Hilbert spaces as follows.

Proposition 1.7. (Riesz representation theorem) Let E be a Hilbert space. Then, the map
b: E — E' defined such that
h(v) =,

18 semilinear, continuous, and bijective.

Proof. The proof is basically identical to the proof of Theorem 7?7, except that a different
argument is required for the surjectivity of b: E — E’, since E' may not be finite dimensional.
For any nonnull linear operator h € E’, the hyperplane H = Kerh = h7'(0) is a closed
subspace of E, and by Proposition 1.6, H* is a subspace of dimension one such that £ =
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H @ H*. Then, picking any nonnull vector w € H+, observe that H is also the kernel of the
linear operator ¢,,, with

@w(u) = <u’w>v

and thus, since any two nonzero linear forms defining the same hyperplane must be propor-
tional, there is some nonzero scalar A € C such that h = Ayp,,. But then, h = ¢5,,, proving
that b: F — E’ is surjective. O

Proposition 1.7 is known as the Riesz representation theorem, or “Little Riesz Theorem.”
It shows that the inner product on a Hilbert space induces a natural linear isomorphism
between E and its dual £’

Remarks:

(1) Actually, the map b: E — E’ turns out to be an isometry. To show this, we need to
recall the notion of norm of a linear map, which we do not want to do right now.

(2) Many books on quantum mechanics use the so-called Dirac notation to denote objects
in the Hilbert space E and operators in its dual space E’. In the Dirac notation, an
element of F is denoted as |z), and an element of E’ is denoted as (t|. The scalar
product is denoted as (t| - |z). This uses the isomorphism between E and E’, except
that the inner product is assumed to be semi-linear on the left, rather than on the
right.

Proposition 1.7 allows us to define the adjoint of a linear map, as in the Hermitian case
(see Proposition ?7). The proof is unchanged.

Proposition 1.8. Given a Hilbert space E, for every linear map f: E — E, there is a
unique linear map f*: E — E, such that

("), v) = (u, f(v))

for all w,v € E. The map f* is called the adjoint of f.

It is easy to show that if f is continuous, then f* is also continuous. As in the Hermitian
case, given two Hilbert spaces F and F, for any linear map f: E — F', such that

for all u € F and all v € F'. The linear map f* is also called the adjoint of f.
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1.2 Total Orthogonal Families (Hilbert Bases),
Fourier Coefficients

We conclude our quick tour of Hilbert spaces by showing that the notion of orthogonal basis
can be generalized to Hilbert spaces. However, the useful notion is not the usual notion of
a basis, but a notion which is an abstraction of the concept of Fourier series. Every element
of a Hilbert space is the “sum” of its Fourier series.

Definition 1.3. Given a Hilbert space F, a family (uy)ge of nonnull vectors is an orthogonal
family iff the w;, are pairwise orthogonal, i.e., (u;,u;) = 0 for all ¢ # j (i,j € K), and an
orthonormal family iff (u;,u;) =6, ;, for all 4, j € K. A total orthogonal family (or system)
or Hilbert basis is an orthogonal family that is dense in E. This means that for every v € F,
for every € > 0, there is some finite subset I C K and some family (\;);e; of complex
numbers, such that

el

< €.

Given an orthogonal family (uy)ker, for every v € E, for every k € K, the scalar ¢, =
(v, ug) /||uzl|? is called the k-th Fourier coefficient of v over (ug)recx -

Remark: The terminology Hilbert basis is misleading, because a Hilbert basis (ug)rex is
not necessarily a basis in the algebraic sense. Indeed, in general, (uy)rex does not span FE.
Intuitively, it takes linear combinations of the u;’s with infinitely many nonnull coefficients
to span E. Technically, this is achieved in terms of limits. In order to avoid the confusion
between bases in the algebraic sense and Hilbert bases, some authors refer to algebraic bases
as Hamel bases and to total orthogonal families (or Hilbert bases) as Schauder bases.

Given an orthogonal family (uy)ger, for any finite subset I of K, we often call sums of
the form ) .., \iu; partial sums of Fourier series, and if these partial sums converge to a
limit denoted as ), cxur, we call Y, . crup a Fourier series.

However, we have to make sense of such sums! Indeed, when K is unordered or uncount-
able, the notion of limit or sum has not been defined. This can be done as follows (for more
details, see Dixmier [3]):

Definition 1.4. Given a normed vector space E (say, a Hilbert space), for any nonempty
index set K, we say that a family (ug)rex of vectors in E is summable with sum v € E iff
for every € > 0, there is some finite subset I of K, such that,

B0

jedJ

<€

for every finite subset J with I C J C K. We say that the family (uy)rex is summable
iff there is some v € E such that (ug)rex is summable with sum v. A family (ug)rex is a
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Cauchy family iff for every e > 0, there is a finite subset I of K, such that,

HZUJ

jed

<€

for every finite subset J of K with INJ =0,

If (ug)rex is summable with sum v, we usually denote v as ), _, uy. The following
technical proposition will be needed:

Proposition 1.9. Let E be a complete normed vector space (say, a Hilbert space).
(1) For any nonempty index set K, a family (ux)rex s summable iff it is a Cauchy family.

(2) Given a family (ry)rex of nonnegative reals v, > 0, if there is some real number B > 0
such that Y, ., r; < B for every finite subset I of K, then (ry)rex is summable and
Y ker Tk =1, where v is least upper bound of the set of finite sums Y, ;i (I C K).

Proof. (1) If (ux)rer is summable, for every finite subset I of K let

uI:E u; and u:g Uy,

el keK
For every € > 0, there is some finite subset I of K such that
llu —url| <e€/2

for all finite subsets L such that I C L C K. For every finite subset J of K such that
INJ=0,since I CIUJC K and I U J is finite, we have

llu —urog|| <€/2 and ||u—u| <e€/2,

and since
Nwroy — ur|) < [Juros — ul| + Jlu — ug|

and ury; — uy = uy since I NJ = (), we get
Jusll = luros — url] <,

which is the condition for (uy)gex to be a Cauchy family.

Conversely, assume that (ug)rex is a Cauchy family. We define inductively a decreasing
sequence (X,,) of subsets of F, each of diameter at most 1/n, as follows: For n = 1, since
(ug)ker is a Cauchy family, there is some finite subset J; of K such that

Jusll <1/2
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for every finite subset J of K with J; NJ = (. We pick some finite subset J; with the above
property, and we let I, = .J; and

X1 = {U[ | Il Q I g K, I ﬁmte}
For n > 1, there is some finite subset J,,.; of K such that
Jusll <1/(2n+2)

for every finite subset J of K with J,.; N J = (. We pick some finite subset .J,,.; with the
above property, and we let I,,,1 = [,, U J,,41 and

Xny1 =A{us | Inys €1 C K, I finite}.

Since I, C I,,11, it is obvious that X,,;; C X,, for all n > 1. We need to prove that each X,
has diameter at most 1/n. Since J,, was chosen such that

Jusll < 1/(2n)
for every finite subset J of K with J, NJ = (), and since J,, C I,,, it is also true that
Jusll < 1/(2n)

for every finite subset J of K with I, N'J = ) (since I, N J = () and J, C I, implies that
J, N J =0). Then, for every two finite subsets J, L such that I,, C J, L C K, we have

[wsr, [l <1/(2n) and [lupp,[| < 1/(2n),

and since

luy —urll < lluy — g, || + lur, —ur|l = lJus—r, || + [Jur—1,];

we get
lwg —ur| <1/n,

which proves that 0(X,) < 1/n. Now, if we consider the sequence of closed sets (X,), we
still have X,,11 C X,,, and by Proposition 1.3, 6(X,) = §(X,) < 1/n, which means that

lim, . 6(X,) = 0, and by Proposition 1.3, ()—, X, consists of a single element u. We
claim that u is the sum of the family (ug)rex-

For every e > 0, there is some n > 1 such that n > 2/e, and since u € X, for all m > 1,
there is some finite subset Jy of K such that I,, C Jy and

[l =gl < €/2,

where [, is the finite subset of K involved in the definition of X,,. However, since §(X,) <
1/n, for every finite subset J of K such that I,, C J, we have

[y —upll < 1/n <e€/2,
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and since
[l = usl| < Hlu = wpll + lus —usll,
we get
lu—uy|| <e
for every finite subset J of K with I,, C J, which proves that u is the sum of the family
(k) kex
(2) Since every finite sum ), r; is bounded by the uniform bound B, the set of these

finite sums has a least upper bound r < B. For every € > 0, since r is the least upper bound
of the finite sums ) ., r; (where [ finite, I C K), there is some finite / C K such that

T—ETi

el

<,

and since r, > 0 for all £ € K, we have
IUED I
iel jeJ
whenever I C J, which shows that

T’—ET]‘

jeJ

< T—Zﬁ

el

< €

for every finite subset J such that I C J C K, proving that (ry)gex is summable with sum
Yok Tk =T ]

Remark: The notion of summability implies that the sum of a family (ug)rex is independent
of any order on K. In this sense, it is a kind of “commutative summability”. More precisely,
it is easy to show that for every bijection ¢: K — K (intuitively, a reordering of K), the
family (ug)rer is summable iff the family (u)ic,(k) is summable, and if so, they have the
same sum.

The following proposition gives some of the main properties of Fourier coefficients. Among
other things, at most countably many of the Fourier coefficient may be nonnull, and the
partial sums of a Fourier series converge. Given an orthogonal family (uy)ker, we let Uy =
Cug, and py, : £ — Uy, is the projection of £ onto Uy.

Proposition 1.10. Let E be a Hilbert space, (ug)rex an orthogonal family in E, and V' the
closure of the subspace generated by (uy)rer. The following properties hold:

(1) For every v € E, for every finite subset I C K, we have
Dol <l
iel

where the ¢, are the Fourier coefficients of v.
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(2) For every vector v € E, if (cx)rex are the Fourier coefficients of v, the following
conditions are equivalent:

(2a) veV
(2b) The family (cyug)rer is summable and v =, - Crly,.

(2c) The family (|cg|*)rex is summable and ||v||* = 3, o |cl?;

(3) The family (|ci|?)rex is summable, and we have the Bessel inequality:

D lenl® < ol

keK

As a consequence, at most countably many of the ¢, may be nonzero. The family
(ckur)rex forms a Cauchy family, and thus, the Fourier series ), Ciuy converges
in E to some vector uw =), cpug. Furthermore, u = py(v).

Proof. (1) Let

ur = E (&X07]

for any finite subset I of K. We claim that v —u; is orthogonal to wu; for every ¢ € I. Indeed,

(v —ur,u;) = <U - chuj,u,->

Jel

= (v,u) = Y e (uj, )
jel
= (v,u;) — c@-HuiHQ

= <U7ui> - <U>ui> = 07

since (u;,u;) = 0 for all i # j and ¢; = (v, u;) /|lui]|?>. As a consequence, we have

o[> = ||v — Z Ciu; + Zciui

icl icl

2
=||lv— g Cil; —i—H E CiU;
i€l i€l
2
— 2
= ||lv— E cuil| + g s,

el el

2

2

since the u; are pairwise orthogonal, that is,

v — Zciui ’2 + Z ’C¢|2~

i€l i€l

lol* =
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Thus,

D lal < oI,

i€l
as claimed.
(2) We prove the chain of implications (a) = (b) = (¢) = (a).

(a) = (b): If v € V, since V is the closure of the subspace spanned by (uy)rek, for every
e > 0, there is some finite subset I of K and some family (\;);e; of complex numbers, such

that
v — Z )\zu,
i€l

Now, for every finite subset J of K such that I C J, we have

HU — Zkzuz ’ = HU — ZCjUj + ZCjUj — Z)\Zul

il jeJ jed il
2
= Hv — chuj + H chuj — Z it
jeJ jeJ il

since I C J and the u; (with j € J) are orthogonal to v — )

which shows that
Hv—chuj U—Z)\iui
jeJ il

je
and thus, that the family (cpug)rer is summable with sum v, so that

v = E CrUg .-

keK

< €.

2

2

Y

jes Cju; by the argument in (1),

< <€,

(b) = (c): If v =),k cxus, then for every € > 0, there some finite subset I of K, such

that
v — ZC]‘U]' < \/E,

jeJ

for every finite subset J of K such that I C J, and since we proved in (1) that
2
ol = o= 3 e[+ lesl?
jed jed

we get
ol =D " lei <,
jeJ

which proves that (|c|?)rex is summable with sum [Jv]|?.
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(¢) = (a): Finally, if (Jcx|*)rex is summable with sum ||v||?, for every € > 0, there is
some finite subset I of K such that

ol =D lesl? < €
JjeJ

for every finite subset J of K such that I C J, and again, using the fact that

2
ol = flo = > cjug|| + D el
jeJ jeJ
we get
v — chuj < €,
jeJ

which proves that (cyug)rex is summable with sum ), . crup = v, and v € V.

(3) Since >, lei|* < [Jv]|* for every finite subset I of K, by Proposition 1.9, the family
(|ck)?)kex is summable. The Bessel inequality

> el < o)l?
keK

is an obvious consequence of the inequality . ; |¢;|* < ||v||* (for every finite I C K). Now,
for every natural number n > 1, if K,, is the subset of K consisting of all ¢; such that
|ck| > 1/n, the number of elements in K, is at most

Y Inekl? <n® el < n?flo))?,
keK, keK
which is finite, and thus, at most a countable number of the ¢; may be nonzero.
Since (|cx|?)rer is summable with sum ¢, for every € > 0, there is some finite subset I of
K such that
Dl <€
jeJ
for every finite subset J of K such that I N .J = (). Since

2 2
H > el =Ygl

jeJ jeJ

we get
< €.

Hont

This proves that (crug)rex is a Cauchy family, which, by Proposition 1.9, implies that
(ckur)kex is summable, since E is complete. Thus, the Fourier series ), _ . cxuy, is summable,
with its sum denoted v € V.
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Since ), x Ckux is summable with sum u, for every € > 0, there is some finite subset I
of K such that
HU — Z CjUj

jed
for every finite subset J of K such that I; C .J. By the triangle inequality, for every finite
subset I of K,

Hu — UH < Hu — Zciui + H Zciui — UH
el el

By (2), every w € V is the sum of its Fourier series ), ;- Ayuz, and for every € > 0, there
is some finite subset I of K such that

HUJ— E )\jU]‘
jeJ

<e€

<e€

for every finite subset J of K such that I, C .J. By the triangle inequality, for every finite
subset I of K,
HU — Z )\ﬂLZ
el

Letting I = I; U I5, since we showed in (2) that

v — E Ciu;

el

< o = wl + ||w = 3 A
el

<

v — E /\zuz
iel

for every finite subset I of K, we get

lu—v] < U—Zciui +HZciui—vH
iel el
< u—Zciui —i—HZ)\iui—vH
iel icl
< U—Zciui —|—||v—w||+Hw—Z)\iui :
i€l i€l

and thus
lu—v|| < |lv—w]| + 2e.

Since this holds for every e > 0, we have
[l —vf| < flv —w]]

for all w € V, ie. ||[v —u| = d(v, V), with u € V, which proves that u = py(v). ]



24 CHAPTER 1. A GLIMPSE AT HILBERT SPACES

1.3 The Hilbert Space [*(K) and the Riesz-Fischer The-
orem

Proposition 1.10 suggests looking at the space of sequences (zy)rex (Where z; € C) such that
(|2x|*)rer is summable. Indeed, such spaces are Hilbert spaces, and it turns out that every
Hilbert space is isomorphic to one of those. Such spaces are the infinite-dimensional version
of the spaces C™ under the usual Euclidean norm.

Definition 1.5. Given any nonempty index set K, the space [*(K) is the set of all sequences
(21 )ker, where z; € C, such that (|z;]*)rex is summable, i.e., >, |2]* < oo.

Remarks:
(1) When K is a finite set of cardinality n, [*(K) is isomorphic to C™.

(2) When K = N, the space [*(N) corresponds to the space [* of Example 2 in Section
??. In that example, we claimed that [? was a Hermitian space, and in fact, a Hilbert
space. We now prove this fact for any index set K.

Proposition 1.11. Given any nonempty index set K, the space I>(K) is a Hilbert space
under the Hermitian product

<(xk)keK, (yk)keK) = Z TrYk-

The subspace consisting of sequences (zx)rex Ssuch that z, = 0, except perhaps for finitely
many k, is a dense subspace of I*(K).

Proof. First, we need to prove that [*(K) is a vector space. Assume that (xj)rex and
(yr)rere are in [2(K). This means that (|zx|*)rerx and (Jyx|*)rex are summable, which, in
view of Proposition 1.9, is equivalent to the existence of some positive bounds A and B
such that ., |z;]* < A and Y, |ys|* < B, for every finite subset I of K. To prove that
(|2 + yr|*)ker is summable, it is sufficient to prove that there is some C' > 0 such that
Y oier |Ti + yi|? < C for every finite subset I of K. However, the parallelogram inequality
implies that

Dolmtyl? <Y 2wl + [wl?) <2(A + B),

iel icl

for every finite subset I of K, and we conclude by Proposition 1.9. Similarly, for every A € C,

Do <y APzl < IAPA,

el el

and (\p7y)rex is summable. Therefore, [?(K) is a vector space.
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By the Cauchy-Schwarz inequality,
_ 1/2 1/2
Dolewil <Y lwillyd < Q) O wl) <D (awl® + lwil?)/2 < (A+ B)/2,
iel iel il iel il
for every finite subset I of K. Here, we used the fact that
40D < (C + D)?,
which is equivalent to
(C — D)*>0.

By Proposition 1.9, (|zxJk|)kex is summable. The customary language is that (z4¥k)kex
is absolutely summable. However, it is a standard fact that this implies that (z47x)kex is
summable (For every € > 0, there is some finite subset I of K such that

D lagl <
jeJ
for every finite subset J of K such that I NJ = (), and thus
2wl <D kel <«
jeJ ieJ
proving that (zxUx)rex is a Cauchy family, and thus summable). We still have to prove that
I2(K) is complete.

Consider a sequence ((A})kek), >, of sequences (A\})ier € I*(K), and assume that it is a
Cauchy sequence. This means that for every € > 0, there is some N > 1 such that

D= AP <

keK

for all m,n > N. For every fixed k € K, this implies that
ARt — AL < €

for all m,n > N, which shows that (A}),>1 is a Cauchy sequence in C. Since C is complete,
the sequence (A7),>; has a limit A\, € C. We claim that (A\;)rex € I2(K) and that this is
the limit of ((/\Z)keK)

n>1"

Given any € > 0, the fact that ((A})kex),>, is a Cauchy sequence implies that there is
some N > 1 such that for every finite subset I of K, we have

DO NP <e/d

iel
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for all m,n > N. Let p = |I|. Then,
A=A < Ve
NG

for every i € I. Since A; is the limit of (A\}),>1, we can find some n large enough so that

A7 Aiy<—VFi

for every ¢ € I. Since
AT = Al < AT = AL I = Al

we get

VP

SN =N <,

i€l

and thus,

for all m > N. Since the above holds for every finite subset I of K, by Proposition 1.9, we

get
ST =N <e

keK

for all m > N. This proves that (A7 — \¢)rex € [*(K) for all m > N, and since [*(K) is a
vector space and (A7 )rer € [2(K) for all m > 1, we get (A\p)rer € I2(K). However,

SNl <e

keK

for all m > N, means that the sequence (AJ")gex converges to (A\p)rex € I2(K). The fact
that the subspace consisting of sequences (zx e such that z;, = 0 except perhaps for finitely
many k is a dense suspace of [?(K) is left as an easy exercise. ]

Remark: The subspace consisting of all sequences (z ke such that z; = 0, except perhaps
for finitely many k, provides an example of a subspace which is not closed in [*(K). Indeed,

this space is strictly contained in [*(K), since there are countable sequences of nonnull
elements in [?(K) (why?).

We just need two more propositions before being able to prove that every Hilbert space
is isomorphic to some I?(K).

Proposition 1.12. Let E be a Hilbert space, and (uy)rer an orthogonal family in E. The
following properties hold:
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(1) For every family (Mi)rerx € 1*(K), the family (A\yup)rex s summable. Furthermore,
V= ZkeK Apuy 18 the only vector such that ¢, = N\ for all k € K, where the ¢ are the
Fourier coefficients of v.

(2) For any two families (A\r)rerx € P(K) and (ke € P(K), if v = Y 1o e and
W=,k HrUi, we have the following equation, also called Parseval identity:

<Uv w> = Z Akl

Proof. (1) The fact that (A)rex € [*(K) means that (|Ai]?)zex is summable. The proof
given in Proposition 1.10 (3) applies to the family (|\x|*)sex (instead of (|cx|*)rex ), and yields
the fact that (Agug)rex is summable. Letting v = >°, - Aruy, recall that ¢, = (v, ug) /|Juk .
Pick some k € K. Since (—, —) is continuous, for every € > 0, there is some 7 > 0 such that

| (v, u) — (w, ux) | < el

whenever
[0 —wl[| <n.
However, since for every n > 0, there is some finite subset I of K such that

Hv — Z Aju;

jedJ

<7

for every finite subset J of K such that I C J, we can pick J = I U {k}, and letting
W =3 s Ajuj, we get

< effug]|*.

(v, u) — <Z Ay, uk>

jedJ

However,
(v, ur) = cxllugl®  and <Z Ajuj,uk> R
jed
and thus, the above proves that |c;, — A\x| < € for every € > 0, and thus, that ¢, = .

(2) Since (—, —) is continuous, for every ¢ > 0, there are some 7; > 0 and 7, > 0, such
that

| (z,y) [ <€

whenever ||z|| < n; and |ly|| < n2. Since v = >, Mpup and w = Y, . ppug, there is some
finite subset I; of K such that
HU — Z )\ju]‘
jeJ

<mMm
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for every finite subset J of K such that I; C J, and there is some finite subset I, of K such

that
Hw - Z it
jeJ

for every finite subset J of K such that Iy C J. Letting I = I, U I3, we get

<v = Nww — Z,uu>

el i€l

<12

< €.

Furthermore,

(v, w) = <U - Z)\iui + Z)\iuiuw - Zﬂiui + Z,L%Uz>

icl iel iel icl
= <U — E iU, W — E ,uiui> + E Aiflis
icl icl icl

since the u; are orthogonal to v — Ziel Aiu; and w — Ziel wiu; for all ¢ € I. This proves that
for every € > 0, there is some finite subset I of K such that

(v,w) — Z il

el

< €.

We already know from Proposition 1.11 that (Aifig)kex is summable, and since € > 0 is
arbitrary, we get
<Ua w> = Z )\km
O

The next proposition states properties characterizing Hilbert bases (total orthogonal
families).

Proposition 1.13. Let E be a Hilbert space, and let (ug)rex be an orthogonal family in E.
The following properties are equivalent:

(1) The family (ug)kex is a total orthogonal family.

(2) For every vector v € E, if (cx)rex are the Fourier coefficients of v, then the family
(ckur)wex s summable and v =), Crug.

(8) For every vector v € E, we have the Parseval identity:

loll* = lewl®

keK
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(4) For every vector u € E, if (u,ux) =0 for all k € K, then u = 0.

Proof. The equivalence of (1), (2), and (3), is an immediate consequence of Proposition 1.10
and Proposition 1.12.

(4) If (uk)rer is a total orthogonal family and (u,u;) = 0 for all k € K, since u =
> wer Crt where ¢, = (u, ug) /||ug||®, we have ¢, = 0 for all k € K, and u = 0.

Conversely, assume that the closure V' of (u)rex is different from E. Then, by Propo-
sition 1.6, we have £ = V @ V+, where V* is the orthogonal complement of V, and V= is
nontrivial since V # E. As a consequence, there is some nonnull vector u € V+. But then,
u is orthogonal to every vector in V', and in particular,

(u,ug) =0
for all & € K, which, by assumption, implies that u = 0, contradicting the fact that u #
0. O
Remarks:

(1) If E is a Hilbert space and (uy)rex is a total orthogonal family in £, there is a simpler
argument to prove that u = 0 if (u,u;) = 0 for all k£ € K, based on the continuity
of (—,—). The argument is to prove that the assumption implies that (v,u) = 0 for
all v € E. Since (—, —) is positive definite, this implies that © = 0. By continuity of
(—,—), for every € > 0, there is some i > 0 such that for every finite subset I of K,
for every family (\;);es, for every v € E,

(v,u) — <Z it u>

i€l

< €

whenever

Hv — Z il

i€l

<.

Since (ug)kex is dense in E| for every v € E, there is some finite subset I of K and
some family (A;);e; such that

<1,

Hv — Z il

el

and since by assumption, <Zi€[ A, u> =0, we get

(v, u)| < e.

Since this holds for every € > 0, we must have (v,u) =0
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(2) If V is any nonempty subset of E, the kind of argument used in the previous remark
can be used to prove that V= is closed (even if V is not), and that V++ is the closure
of V.

We will now prove that every Hilbert space has some Hilbert basis. This requires using
a fundamental theorem from set theory known as Zorn’s Lemma, which we quickly review.

Given any set X with a partial ordering <, recall that a nonempty subset C' of X is a
chain if it is totally ordered (i.e., for all x,y € C, either x < y or y < ). A nonempty subset
Y of X is bounded iff there is some b € X such that y < b for all y € Y. Some m € X is
mazimal iff for every x € X, m < x implies that x = m. We can now state Zorn’s Lemma.
For more details, see Rudin [7], Lang [4], or Artin [1].

Proposition 1.14. Given any nonempty partially ordered set X, if every (nonempty) chain
m X 1s bounded, then X has some mazximal element.

We can now prove the existence of Hilbert bases. We define a partial order on families
(ug)ker as follows: For any two families (ug)rer, and (vg)ger,, we say that

(ur)rer: < (Vk)rek,
ifft K1 C K5 and u, = v, for all k£ € K. This is clearly a partial order.

Proposition 1.15. Let E be a Hilbert space. Given any orthogonal family (ug)ker in E,
there is a total orthogonal family (w;)ier, containing (uy) ke -

Proof. Consider the set & of all orthogonal families greater than or equal to the family
B = (ug)rex. We claim that every chain in § is bounded. Indeed, if C' = (C});cy, is a chain
in S, where C; = (ug)kek,, the union family

(uk)kGUleLKn where uy, = uy; whenever k € K,

is clearly an upper bound for C, and it is immediately verified that it is an orthogonal family.
By Zorn’s Lemma 1.14, there is a maximal family (u;);c;, containing (ug)ker. If (w)ier is
not dense in F, then its closure V is strictly contained in E, and by Proposition 1.6, the
orthogonal complement V+ of V is nontrivial since V' # E. As a consequence, there is some
nonnull vector u € V4. But then, u is orthogonal to every vector in (u;)cz, and we can form
an orthogonal family strictly greater than (u;);c;, by adding u to this family, contradicting
the maximality of (u;);er,. Therefore, (u;);cr is dense in E, and thus, it is a Hilbert basis. [

Remark: It is possible to prove that all Hilbert bases for a Hilbert space E have index sets
K of the same cardinality. For a proof, see Bourbaki [2].

At last, we can prove that every Hilbert space is isomorphic to some Hilbert space I*(K)
for some suitable K.
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Theorem 1.16. (Riesz-Fischer) For every Hilbert space E, there is some nonempty set K
such that E is isomorphic to the Hilbert space I*(K). More specifically, for any Hilbert basis
(up)vex of E, the maps f: I*(K) — E and g: E — 1*(K) defined such that

F(Oker) =D M and  g(u) = ((w,ue)/well®) e = (ck)rex

are bijective linear isometries such that go f =id and f o g = id.

Proof. By Proposition 1.12 (1), the map f is well defined, and it it clearly linear. By
Proposition 1.10 (3), the map g is well defined, and it is also clearly linear. By Proposition
1.10 (2b), we have

flo(w) =u="> cyuy,
and by Proposition 1.12 (1), we have

9(f (Me)rex)) = (A )ker,

and thus go f =id and fog = id. By Proposition 1.12 (2), the linear map g is an isometry.
Therefore, f is a linear bijection and an isometry between [?(K) and FE, with inverse g. [

Remark: The surjectivity of the map g: F — [*(K) is known as the Riesz-Fischer theorem.

Having done all this hard work, we sketch how these results apply to Fourier series.
Again, we refer the readers to Rudin [7] or Lang [5, 6] for a comprehensive exposition.

Let C(T') denote the set of all periodic continuous functions f: [,
2. There is a Hilbert space L?(T") containing C(T') and such that C(
whose inner product is given by

7] — C with period
) is dense in L*(T),

(f.g) = / " )@,

The Hilbert space L*(T) is the space of Lebesque square-integrable periodic functions (of
period 27).

It turns out that the family (e’**)ez is a total orthogonal family in L?(T"), because it is
already dense in C(7) (for instance, see Rudin [7]). Then, the Riesz-Fischer theorem says
that for every family (c)rez of complex numbers such that

Z |cx|* < o0,

kEZ

there is a unique function f € L*(T) such that f is equal to its Fourier series

f(l') _ cheikaz’
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where the Fourier coefficients ¢; of f are given by the formula

1 [" .
Ch = 5o B f(t)e *at.
The Parseval theorem says that
+o0 . 1 T _
kzoo Crdy = Gy - f)g(t)dt

for all f,g € L*(T), where ¢, and dj, are the Fourier coefficients of f and g.

Thus, there is an isomorphism between the two Hilbert spaces L*(T") and [?(Z), which is
the deep reason why the Fourier coefficients “work”. Theorem 1.16 implies that the Fourier
series Y, cre™® of a function f € L*(T) converges to f in the L?-sense, i.e., in the mean-
square sense. This does not necessarily imply that the Fourier series converges to f pointwise!
This is a subtle issue, and for more on this subject, the reader is referred to Lang [5, 6] or
Schwartz [10, 11].

We can also consider the set C([—1, 1]) of continuous functions f: [-1,1] — C. There is a
Hilbert space L*([—1, 1]) containing C([—1, 1]) and such that C([—1, 1]) is dense in L*([~1, 1]),
whose inner product is given by

(f,9) = /_1 f(m)mda:

The Hilbert space L*([—1, 1]) is the space of Lebesque square-integrable functions over [—1, 1].
The Legendre polynomials P, (z) defined in Example 5 of Section 7?7 (Chapter ??) form a
Hilbert basis of L*([—1, 1]). Recall that if we let f, be the function

fo(z) = (* = )",
P,(z) is defined as follows:

P@)=1, and Py(z) = —— f(a),

C onpl U

where fén) is the nth derivative of f,,. The reason for the leading coefficient is to get
P,(1) = 1. It can be shown with much efforts that

(2(n = k))! 2
Pu@)= > (1) 2n(n — k)kl(n — 2k)! " .

0<k<n/2
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