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Parametric Pseudo-Manifolds

Gluing Data

LetK = {(u,w) € I x I | Quy # D}.

For every (u, w) € K, we must define the transition map @y, : Quuw — Quy, which is
a Ck-diffeomorphic function that takes (), onto (), where k is a positive integer

or k = oo.

Here, we will assume that ¢, is a composition of five distinct maps: two rota-
tions, a double reflection, and two more general planar transformations. The latter
transformations are the main obstacles for obtaining maps satisfying condition (3) of
Definition 7.1.

The picture in the next slide illustrates the roles of each of the five maps.
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Parametric Pseudo-Manifolds

Gluing Data

0, "uw(p)

(gwlohogyoruw)(p) w
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Parametric Pseudo-Manifolds

Gluing Data

Let [u, w]| be an edge of K. Then,
Fuw : B* — E?

is the rotation around the origin that identifies the edge [f,(u) = v/, fu(w)] of K,
with the edge [, uj], where u” and u{, have coordinates (0,0) and (1, 0), respectively.
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Parametric Pseudo-Manifolds

Gluing Data

If fu(w) = u}, forsomei € {0,...,n, — 1}, then the rotation angle, 0., of 7 is
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Parametric Pseudo-Manifolds

Gluing Data

Note that
fu(u) = (0,0)
o) = (o (005 (0 )
fu(w) = (Cos(i'% s1n<i-121_7uf>>
fuly) = (cos ((i+1)-2) sin ((i+1)22))
fu(w)
. ‘M
fuy) o,
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Parametric Pseudo-Manifolds

Gluing Data

So, 1y takes the quadrilateral Q. = [fu(u), fu(x), fu(w), fu(y)] onto the quadrilat-
eral

= 00 o (22 (22)) 00 o () 2]
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Parametric Pseudo-Manifolds

Gluing Data

The next map, ¢, : E> — [E?, is ideally a CF-diffeomorphism of the plane. This
map must take the interior of the quadrilateral, 7, (Qy ), onto the so-called canonical
quadrilateral,
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Parametric Pseudo-Manifolds

Gluing Data

O
The reason for requiring that Q be the codomain of g, is somewhat arbitrary and
unclear at this moment. But, it has to do with the cocycle condition. We will get back
to this point in a few minutes. For the time being, let us assume that such a map g
exists.

(0,0) 7.0)
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Parametric Pseudo-Manifolds

Gluing Data

Finally, we have the map h : E?> — [E? given by h(x,y) = (1 — x, —y). The map h

performs a reflection with respect to the x axis and another with respect to the line

x = 0.5.

(0,0)

(0,0)

(1,0)

Note that / is a rotation of 180° around the point (0.5,0). So, we have that h = h~1.

COMPUTATIONAL MANIFOLDS AND APPLICATIONS (CMA) - 2011, IMPA, RIOo DE JANEIRO, RJ, BRAZIL 10



Parametric Pseudo-Manifolds

Gluing Data

0, "uw(p)

(gwlohogyoruw)(p) w
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Parametric Pseudo-Manifolds

Gluing Data

By definition, 7, and h are C*-diffeomorphisms of the plane. So, if the map g, is

a Ck-diffeomorphism of the plane satisfying ¢, (14w (Q,4)) =Q, we could tentatively
define
Quwu - OQuw — Quu

such that

(x) = idq,,, ifu=w ,
Porl T (radogalohoguorw)(x) ifutw

for every x € (.

As we shall prove, the map ¢y, satisfies conditions 3(a) and 3(b) of Definition 7.1.
But, without knowing the map g, we cannot say anything about condition 3(c) yet.
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Parametric Pseudo-Manifolds

Gluing Data

Checking...

(3) If we let
K=A{(@j) e IxI|Q;# 0},
then
@ji: Qij — (i

is a C* bijection for every (i,j) € K called a transition (or gluing) map.

By assumption, the g, maps are C*-diffeomorphisms of the plane, for some integer k

or k = oo. Since rotations and reflections are C*-diffeomorphisms of the plane, the
composition of these maps yield a C*-diffeomorphic transition map. So, condition 3
holds.
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Parametric Pseudo-Manifolds

Gluing Data

Checking...

(a) ¢;; =idq,, foralli € I,

Qi Pii — iin

By definition, ¢, (x) = x, for every x € (), whenever u = w. So, condition 3(a)
holds.
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Parametric Pseudo-Manifolds

Gluing Data

Checking...

(b) ¢ij = ;" forall (i,j) € K, and

Pij

N e

—1
Pii
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Parametric Pseudo-Manifolds

Gluing Data

Checking...
If u = w then condition 3(b) is trivially true.

So, let us assume that u # w. Then, for every point p € (), we have (by definition)
that

(u © 8 010 guoruw) ™) (p)

= (ruw©&u ol o (gu") ™ o (ru) ) (p)

= ("uw © 8u ' © 110 8w 0 Taou) (p)

= Puw(p) -

Pun(p) =

This implies that condition 3(b) holds when u # w too.
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Parametric Pseudo-Manifolds

Gluing Data

What about condition 3(c)?

(c) Foralli,j,k,if
le’ M ij 75 D,
then
@ii(QiN Q) =N Q. and  @gi(x) = @0 @ji(x),
for all x € Qij N Q.

We cannot really verify condition 3(c) without knowing the map g,. However, it is
possible to understand what this condition requires from the map without knowing

Su-

The picture in the next slide should help us clarify the above claim.
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Parametric Pseudo-Manifolds

Gluing Data

(0,1)

fo (1) o fu(z)
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Parametric Pseudo-Manifolds

Gluing Data

Note that the intersection of the stars of u, v, and w consists of exactly one triangle
and its edges and vertices. This means at most 3 p-domains overlap at the same
point.

So, the cocycle condition must hold for points that belong to the triangles (3,4, N ()0,
oy N Oy, and Oy N Oy, which are pairwise identified by the transition functions.
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Parametric Pseudo-Manifolds

Gluing Data

Quu N Oy = [fw(w)/fw(v)/fw(u)]
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Parametric Pseudo-Manifolds

Gluing Data

For the cocycle condition...

(c) Foralli,j,k,if
jS M ij 75 D,
then

@ii(QiN Q) =N Q. and  @gi(x) = @i 0 @ji(x),

for all x € Qz] N Q.

letusseti =u, w =j,and v = k.
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Parametric Pseudo-Manifolds

Gluing Data

So, we must show that

(c) for all u, v, and w such that [u, v, w] is a triangle of I, if
OQwu N Quyp ?é D
then

(Puw(Qwu M Qwv) =y Ny and @vu(P) = (?vw o ?wu)(f)) p

for every p € (yp N Q-

Assume that the statement "if Oy, N Qyy # @ then @y (Qwu N Quwo) = Qo N Q"

holds, and consider the condition "¢y, (p) = (@ow © @uu)(p), for every p € Qyp N
Quw'.
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Parametric Pseudo-Manifolds

Gluing Data

An illustration:

Pou(p) = (Pow © Pwu) (p)
IEZ ]EZ

fulz) folw) folu)

fu(ZU) ou ‘
<D ¢ 5/
& NI fo(x) foy)
‘ o A o
fu(v) ‘

0, fuy)

Pow
Prou fu(x)

folo) s /<o,1>’
Pwu(p)

fw(u) Q. fw(z)
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Parametric Pseudo-Manifolds

Gluing Data

What is the "anatomy" of this composition?

E2 !
fu(z) \
fu(w) /\

; ) f”w)\(o 1)>
fu(U) 4‘
0, fu(y)
P fulx) _|

) e 'fw(w)
fuw(v) (0,1>’
(Taw © &' © 10 gy 0 Tuw) (p)

fw(u) Q. fw(z)
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Parametric Pseudo-Manifolds

Gluing Data
So, the composition r;ui ° 9w loho Qu © Ty applied to ()4 can be visualized as fol-

lows:
out!

fu(w)

gu O Tyw

-1 -1
Twu © 8w

out!
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Parametric Pseudo-Manifolds

Gluing Data

What is the "anatomy" of this composition?

(8w © Two © iy © ot © 110 G 0 1) ()

IE2 I E2
fu(z)
fo(w) fo(u)
ful®) \ /\ A
AN A Yy ' fols)
: (0,1) (0,1)
fu(v) ‘
Q, fu(y) 1E2 ; Q,
Prou fw(x) _
\ ) (Tow © & 1 01 0 gu 0 Ty 0 Ty 0 85t 0 B0 gy 0 Ty ) (p)
fo(0 A o (w) >
* (0,1)
(701 © &' © 1 0 gu 0 Tuw) (p)
fo () fuw(z)
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Parametric Pseudo-Manifolds

Gluing Data

What is the "anatomy" of this composition?

IEZ

fo () fuw(z)
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Parametric Pseudo-Manifolds

Gluing Data

So, we must show that

(T 085 ' 010 guoryy)(p) = (ryw 08y ©h0&w O Tuwy O ey © &ot 010 gy 0 ruw)(p) -

This means that if you have a candidate for the ¢ map, you must verify if the above
expression holds for it. Obviously, this expression may be too complicated to be
useful.

Nevertheless, it can help us derive a simple sufficient condition for testing candidate
maps.
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Parametric Pseudo-Manifolds

Gluing Data

We want to show that

—1 1

(T 085 ' 0h0guoryy)(p) = (ryw 08y ©h0 w0 Tuwn O ey © &t 010 gy 0 1yw)(p) -

First, note that r,,, o 75, is equal to a rotation of %—7; around (0,0).

So, fow(u) fo(z)

1 1 -1

— -1 — -1 _ -1 -1
Tow © 8o Ohogworwvorwuogw Ohoguoruw_rvwogv Ohogworrzllogw ohoguoruw.
w
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Parametric Pseudo-Manifolds

Gluing Data

Now, consider the composition (g, 0 72z © g5 )(q), where g is a point in gz, (Qyew N
Qo). )

This picture suggests that (¢, 0 722 0 g5, )(q) = I (g9) might be a reasonable choice.
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Parametric Pseudo-Manifolds

Gluing Data

So,

1’&3ogv_lohogworrz/T ogz_ulohoguoruwzrv_u%ogv_lohorg ohoguotyy.
w

The same assumption we made before leads us to one more property:

(guoruw)(p) = (rn 0 gy O Tyy)(p), for every p € Q.

(0,1) _> §>01> _>
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Parametric Pseudo-Manifolds

Gluing Data

So,

1’&3ogv_lohogworrz/T ogz_ulohoguoruwzrv_u%ogv_lohorg ohoguotyy.
w

The same assumption we made before leads us to one more property:

(guotuw)(p) = (rz o gy oryy)(p), for every p € Q.

3
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Parametric Pseudo-Manifolds

Gluing Data

So,

r;a%ogv_lohogwor%n ogz_ulohoguoruwzrv_u%ogv_lohorg ohoguotyy.
w

The same assumption we made before leads us to one more property:

B

(&u o Tuw)(p) = (Tg 0 gu O Typ)(p), for every p € Q. l
r
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Parametric Pseudo-Manifolds

Gluing Data

So,
1o loh,,o ~1on o —rloglon h 0@, 0
Tow © 8o wo ©&w OV 2m O &y O Muw O gu © Tuw = Tyy O &y ONwo OTZ O My O 17 O &u © Ty -

nw

For the exact same reason, g, oty (p) = r_zoguo rou(p), for every p € Q. So,

(row 085 ) (p) = (ro 085 ' orz)(p)-

So,

Fow © 8o ONogwoTan 085! 0hOguOTuw =10y 08y

orrohorrohornzo OV .
x 3 3 5 O8u

But,

h:r% ohor% ohor

B
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Parametric Pseudo-Manifolds

Gluing Data

So,

1 —1

1 1 1 1
Fow © 8v ohogworﬁ_nogw Ohoguoruw:rvu © &y
w

orrohornohorno or
1 u z S8u °Tuv

—1 —1
=T, 0% ©ohoguory

= Qoy -

The above equality holds for every point p in (), N y, and hence the cocycle
condition,

Pou(p) = (Pow © Pwu)(P)

is satistied (under the many assumptions we made along the way; which are they?)
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Parametric Pseudo-Manifolds

Gluing Data
We made the following assumptions:
(1) The g, map are is a C¥-diffeomorphism of the plane, for every u € I.
(2) The g, map takes éuw onto é, for every (u,w) € K.

(q), where g € g,(Q)y,).

B

(3) The g, map satisfies (g, 072x 0g;,1)(q) =7

(4) If f,(w) precedes f,(v) in a counterclockwise enumeration of the vertices of
Ku, then (gu © ruw)(p) = (rz ©&u o ruo)(p), for every point p in the gluing

domain ;.
(5) For all u, v, w such that [u, v, w] is a triangle of IC, if Oy, N Ny # @ then

(Puw(Qwu M Qwv) = o N Qe -
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Parametric Pseudo-Manifolds
Gluing Data

It turns out that (5) can be derived from (1)-(4). We will leave that as an exercise.

So, the point of this lecture is: if we want to know if a candidate for the ¢ map will sat-
isfy condition 3 of Definition 7.1, we can test the map against conditions (1) through

(4)-
Conditions (3) and (4) are sufficient. Are they also necessary?
We are now fully equipped to discuss the "candidate” functions in the next lecture.

More specifically, we will go over projective and conformal transformations.
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