
Algebraic Geometry

Jean Gallier∗ and Stephen S. Shatz∗∗

∗Department of Computer and Information Science
University of Pennsylvania

Philadelphia, PA 19104, USA
e-mail: jean@saul.cis.upenn.edu

∗∗Department of Mathematics
University of Pennsylvania

Philadelphia, PA 19104, USA
e-mail: sss@math.upenn.edu

June 17, 2005



2



Contents

1 Elementary Algebraic Geometry 5

1.1 History and Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Affine Geometry, Zariski Topology . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 Functions and Morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
1.4 Integral Morphisms, Products, Diagonal, Fibres . . . . . . . . . . . . . . . . 42
1.5 Further Readings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2 Dimension, Local Theory, Projective Geometry 67

2.1 Dimension Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
2.2 Local Theory, Zariski Tangent Space . . . . . . . . . . . . . . . . . . . . . . 81
2.3 Local Structure of a Variety . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
2.4 Nonsingular Varieties: Further Local Structure . . . . . . . . . . . . . . . . . 114
2.5 Projective Space, Projective Varieties and Graded Rings . . . . . . . . . . . 121
2.6 Linear Projections and Noether

Normalization Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
2.7 Rational Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
2.8 Blow-Ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
2.9 Proof of The Comparison Theorem . . . . . . . . . . . . . . . . . . . . . . . 155
2.10 Further Readings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

3 Affine Schemes and Schemes in General 159

3.1 Definition of Affine Schemes: First Properties . . . . . . . . . . . . . . . . . 160
3.2 Quasi-Coherent Sheaves on Affine Schemes . . . . . . . . . . . . . . . . . . . 168
3.3 Schemes: Products, Fibres, and Finiteness Properties . . . . . . . . . . . . . 180
3.4 Further Readings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

4 Affine Schemes: Cohomology and Characterization 197

4.1 Cohomology and the Koszul Complex . . . . . . . . . . . . . . . . . . . . . . 197
4.2 Connection With Geometry; Cartan’s

Isomorphism Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
4.3 Cohomology of Affine Schemes . . . . . . . . . . . . . . . . . . . . . . . . . . 217
4.4 Cohomological Characterization of Affine Schemes . . . . . . . . . . . . . . . 227
4.5 Further Readings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

3



4 CONTENTS

5 Bundles and Geometry 235

5.1 Locally Free Sheaves and Bundles . . . . . . . . . . . . . . . . . . . . . . . . 235
5.2 Divisors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
5.3 Divisors and Line Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
5.4 Further Readings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

6 Tangent and Normal Bundles 293

6.1 Flat Morphisms–Elementary Theory . . . . . . . . . . . . . . . . . . . . . . 293
6.2 Relative Differentials; Smooth Morphisms . . . . . . . . . . . . . . . . . . . 301
6.3 Further Readings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315

7 Projective Schemes and Morphisms 317

7.1 Projective Schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
7.2 Projective Fibre Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
7.3 Projective Morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344
7.4 Some Geometric Applications . . . . . . . . . . . . . . . . . . . . . . . . . . 354
7.5 Finiteness Theorems for Projective Morphisms . . . . . . . . . . . . . . . . . 368
7.6 Serre Duality Theorem, Applications And Complements . . . . . . . . . . . . 377
7.7 Blowing-Up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403

8 Proper Schemes and Morphisms 425

8.1 Proper Morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425
8.2 Finiteness Theorems for Proper Morphisms . . . . . . . . . . . . . . . . . . . 431

9 Chern Classes, Hirzebruch Riemann-Roch Theorem 439

9.1 Chern Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 439
9.2 Hirzebruch–Riemann–Roch Theorem . . . . . . . . . . . . . . . . . . . . . . 447

A Sheaves and Ringed Spaces 451

A.1 Presheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 451
A.2 Sheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 454
A.3 The Category S(X), Construction of Certain Sheaves . . . . . . . . . . . . . 464
A.4 Direct and Inverse Images of Sheaves . . . . . . . . . . . . . . . . . . . . . . 468
A.5 Locally Closed Subspaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471
A.6 Ringed Spaces, Sheaves of Modules . . . . . . . . . . . . . . . . . . . . . . . 476
A.7 Quasi-Coherent and Coherent Sheaves . . . . . . . . . . . . . . . . . . . . . 483
A.8 Locally Free Sheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 492

B Cohomology 497

B.1 Flasques and Injective Sheaves, Resolutions . . . . . . . . . . . . . . . . . . 497
B.2 Cohomology of Sheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 507
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