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Relational parametricity and free theorems

m Reynolds's abstraction theorem [1983]: characterizes parametric
polymorphism in terms of uniform behaviour independently of the
types at which polymorphic functions are used.

m Wadler [1989]: how to use the abstraction theorem for equational
reasoning using only the types of the participating functions:

f¥Va.a - a h:Int — Int :Int
—
flInt](h 1) = h(f[Int] )

m Such theorems often referred to as the free theorems associated with
a particular System F type.
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Type analysis and free theorems

Type analysis often based on typecase construct:

f : Vaa—a

f = Aa.typecase a of
Int = Az:Int.x + 1
_= Az:a.z

which breaks the “free theorem” for f : Va.a — a:

Flnt] ((A-8) i) £ (18) (f[Int] 4)

Folklore knowledge:

Type analysis incompatible with relational parametricity
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Type analysis and free theorems

Type analysis often based on typecase construct:

f : Vaa—a

f = Aa.typecase a of
Int = Az:Int.x + 1
_= Az:a.z

which breaks the “free theorem” for f : Va.a — a:

Flnt] ((A-8) i) £ (18) (f[Int] 4)

Folklore knowledge:
Type analysis incompatible with relational parametricity

... but type analysis need not be implemented using type case analysis!
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Runtime type analysis

Instead, use runtime terms representing types [Crary et al. 1999,2002].
Perform case analysis on these representations:

f : Vaa—a

f = Aa.typecase a of
Int = Az:Int.z +1
_=> Az:a.z
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Runtime type analysis

Instead, use runtime terms representing types [Crary et al. 1999,2002].
Perform case analysis on these representations:

f : Vaa—a f : Va.Ra—a—a
f = Aa.typecase a of f = Aa.)r:R a.case r of
Int = Az:Int.x + 1 Rpt = Az:Int.z + 1

_= Az:a.z _= Az:a.2
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Runtime type analysis

Instead, use runtime terms representing types [Crary et al. 1999,2002].
Perform case analysis on these representations:

f : Vaa—a f : Va.Ra—a—a

f = Aa.typecase a of f = Aa.27:R a.caser of
Int = Az:Int.x + 1 Rpt = Az:Int.z + 1
_= Az:a.z _= Az:a.z

Type representations as a Generalized Algebraic Datatype (~ inductive
family of datatypes):

data R a where
Rp: = RInt
R, = Vab.Ra— Rb— R(a—b)
Rany = Va.Ra

Important: Statically, pattern match introduces type refinement!
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Free theorems and runtime type representations

Parametricity compatible with runtime type representations? Yes!

data R a where f . YaRa—a-—a
Rrp: + RInt
f = Aa.Ar:R a.caser of
R, : VabRa— RbD
Rp = Az:Int.z + 1
— R(a—0b) e
Rany = Va.Ra

Free theorem for f:Va.R;a — a — a? It is still:

FInt]Rme (A-.8) 1) 2 (\_.8) (F[Int] Rine 1)

but:

FTIt](Rany [Int]) (A-8) ) = (A_8) (F[Int] (Rany[Int]) 1)
Conclusion: free theorems can still be derived (but are different, or weaker)

5:20



This work

m Show how the abstraction theorem is modified for System F + R
m Show what theorems can be freely derived
m Sketch extension for other type-refining datatypes

m ...and formalize the abstraction theorem in Isabelle/HOL
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System F

7,0 = Int|a|oc—o|Vao
e n= 1| Az.e| e ex| Aa.e | e[o]

v n= 1| Az.e
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System F + R

7,0 = Int|a|oc—o|Vao|RT
e n= 1| Az.e| e ex| Aa.e | e[o]

| Rt | R [][T2] €1 ez | Rany[T] | Tcase e {emt; e; €any}
v =1 | AT.e | RInt | R_>[’T1][’T2] €1 e | R(my[T]

m Assume call-by-name semantics (matches closer Haskell semantics)

m Note: For simplicity cannot have partially applied R-constructors
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Static semantics

I'FVer I'Fe:Ro I'Foep: 7{Int/c}
I'Fe,:Vab.Ra — Rb— 1{(a — b)/c} 't egny : Veur

I'F rcase e of {emt; e eany} : T{o/C}
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Static semantics

I'FVer I'Fe:Ro I'Foep: 7{Int/c}
I'Fe,:Vab.Ra — Rb— 1{(a — b)/c} 't egny : Veur

I'F rcase e of {emt; e eany} : T{o/C}

Example:
f  Va.Ra—a—a
f = Aa.Dr:R a.rcase r of {
Az:Int.42;
Abc ArpreAz:(b — ¢).z;
AbAz:b.z }
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Preliminaries

m Goal: Find a relational interpretation of F+R types.
m Auxiliary definitions:
Definition (Typed value relations)

r € V(11, T2) iff 7 is a relation between closed values of types 71 and 7o

v

Definition (Type substitutions)

Maps from type variables to pairs of closed types and relations. If
d(a) = (11,72, 1), itis 7 € V(11,72) and we let §'a = 71, 6%a = 72, and

dla] =r.
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Preliminaries

m Goal: Find a relational interpretation of F+R types.
m Auxiliary definitions:

Definition (Typed value relations)

r € V(11, T2) iff 7 is a relation between closed values of types 71 and 7o

v

Definition (Type substitutions)

Maps from type variables to pairs of closed types and relations. If
d(a) = (11,72, 1), itis 7 € V(11,72) and we let §'a = 71, 6%a = 72, and

dla] =r.

Definition (Computational closure)

If r» € V(71, T2), then define 7° as
{(e1,e2) | Fer:TiAFex:TaAer v Aex ) vaA(vr, 1) €T}
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Relational interpretation of System F types

lols € V(élo,8%0)
[nt]s = {0z}
[or = o2]s = {(v1,v2) |

V(e e2) € [o1]s”, (v1 €1, v2 e2) € [02]5°}

[Va.o]s = {(v1, ) |
VT, To, T € V(Tl,Tg),

(1)1[’7’1], 1)2[’7’2]) € [[U]]é,ocH(n,Tz,r)o}

[a]s = d[a]
... plus some typing assumptions that ensure [o]s € V(610 6%0)
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Relational interpretation of System F types

lols € V(élo,8%0)
[nt]s = {0z}
[or = o2]s = {(v1,v2) |

V(e e2) € [o1]s°, (v1 e1, v €2) € [o2]s°}
[o1]s D [o2]s
{(Ul)UZ) ’
VT, To, T € V(Tl,Tg),
(vi[71], vao[72]) € [[U]]J,ocH(n,Tz,r)o}

[Va.o]s

[o]s = d[a]
... plus some typing assumptions that ensure [o]s € V(610 6%0)
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Parametricity Theorem

...or soundness theorem, or fundamental property, or the abstraction
theorem:

Theorem
Ift-e: o, then (e, e) € [o]p°.

Derive theorems “freely” by expanding out the statement of the
abstraction theorem!
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Parametricity Theorem

...or soundness theorem, or fundamental property, or the abstraction
theorem:

Theorem
Ift-e: o, then (e, e) € [o]p°.

Derive theorems “freely” by expanding out the statement of the
abstraction theorem!

What about type representations?
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Interpretation for representation types

[R o]s = NRo]s
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Interpretation for representation types

[R o]s = Rols
R (rVm)) ¢ Y(R 7, R )
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Interpretation for representation types

[R o]s
R (TEV(T1,T2))

R [o]s
V(R T1,R Tz)

m

R (rVC1D) = { (Ru, Be)| [[ =i At = 75 = Inf] } U
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Interpretation for representation types

[R o]s = Rols
R (rVm)) ¢ Y(R 7, R )
R (rEV)) = { (Bmty Rt)| [r = tdie ATi = T2 = Int|} U

{ (Bo[ra)lm] e €5, Ro[millry] €2 ef) |
3r, € V(12,72), 3 € V(11,TE),
|r:7‘a D ATL=T) —)Tbl/\TQZ‘Taz—)sz|/\
(ea,e2) € (R ra)’ A ey, e5) € (R me)” P U
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Interpretation for representation types

[Ro]s = Rlols
R (rEV™)y € V(R T, RT)
R (rV7)) = {(Ru, Riw)| [r = 1 ATy = 75 = Int] } U

{ (Bo[ra)lm] e €5, Ro[millry] €2 ef) |
3r, € V(12,72), 3 € V(11,TE),
|r:7‘a D ATL=T) —)Tbl/\TQZ‘Taz—)sz|/\
(ea,e2) € (R ra)’ A ey, e5) € (R me)” P U

{ (Bens[11], Ramy[72]) }
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Interpretation for representation types

[Ro]s = Rlols
R (rEV™)y € V(R T, RT)
R (rV7)) = {(Ru, Riw)| [r = 1 ATy = 75 = Int] } U

{ (Bo[ra)lm] e €5, Ro[millry] €2 ef) |
3r, € V(12,72), 3 € V(11,TE),
|r:7‘a D ATL=T) —)Tbl/\TQZ‘Taz—)sz|/\
(ea,e2) € (R ra)’ A ey, e5) € (R me)” P U

{ (Bens[11], Ramy[72]) }

Well-defined: look at size(71) + size(7z)
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Interpretation for representation types

[Ro]s = Rlols
R (rEV™)y € V(R T, RT)
R (rV7)) = {(Ru, Riw)| [r = 1 ATy = 75 = Int] } U

{ (Bo[ra)lm] e €5, Ro[millry] €2 ef) |
3r, € V(12,72), 3 € V(11,TE),
|r:7‘a D ATL=T) —)Tbl/\TQZ‘Taz—)sz|/\
(ea,e2) € (R ra)’ A ey, e5) € (R me)” P U

{ (Bens[11], Ramy[72]) }

Well-defined: look at size(71) + size(7z)

Interpretation of type-refining datatypes is relation-refining

12:20



A free theorem

Consider a closed expression f of type Va.a — a. The theorem derived
from the Fundamental Property is:

V1, T2, 7 € V(11, T2),
V(z,y) € r°, (f[nl]z, fr]y) € 7°
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A free theorem

Consider a closed expression f of type Va.a — a. The theorem derived
from the Fundamental Property is:

V1, T2, 7 € V(11, T2),
V(z,y) € r°, (f[nl]z, fr]y) € 7°

Taking r the graph of any function h:7y — 75 we get:

flmlz 0w and f[m] (h z) | w’ such that h w | w’
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A free theorem

Consider a closed expression f of type Va.a — a. The theorem derived
from the Fundamental Property is:

VT]_,TQ, rC V(TliTQ):
V(z,y) € r°, (f[nlz, fl]y) € r°
Taking r the graph of any function h:7y — 75 we get:

flmlz 0w and f[m] (h z) | w’ such that h w | w’

Assuming congruence and evaluation-respecting equivalence = we get:

h (fln] z) = fm] (h 2)
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Free theorems with representation types

Consider a closed expression f of type Va.R a — a — a.

V‘T]_ To T € V(’T]_,‘Tg),
(Ver e, (€1, &2) € 7° = (f[11] (Ran[71]) €1, f[72] (Runy[T2]) €2) € T°)A
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Free theorems with representation types

Consider a closed expression f of type Va.R a — a — a.

V‘T]_ To T € V(’T]_,’Tg),
(Ver e, (€1, &2) € 7° = (f[11] (Ran[71]) €1, f[72] (Runy[T2]) €2) € T°)A

(vel €2, T = idlnt AN T2 = Int A (81, 82) cr°—
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Free theorems with representation types

Consider a closed expression f of type Va.R a — a — a.

V‘T]_ To T € V(’T]_,’Tg),
(Ver e, (€1, &2) € 7° = (f[11] (Ran[71]) €1, f[72] (Runy[T2]) €2) € T°)A

(vel €2, T = idlnt AN T2 = Int A (61, 82) cr°—
(f["'l] Ry, el,f[TZ] R 62) € ’ro)/\

...plus a case for R_,. ..

Assuming that 7 is the graph of h:1y — 75 we get:

h (f[11] (Rany[11]) 2) = fl72] (Ran[72]) (R 2)
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You get what you pay for ...

m Some free theorems become uninteresting (tautologies). Example:

V1 72 7 € V(11,T2) €1 e,
r=1dmt ANTi2 = Int A(e, &) € 7° =
(flm1] R €1, f[m2] Ri €2) € 7°

Which derives the following triviality:

Veiest,er Jthe 1=
37, (f[I'n't] Ry el) U IA (f[-[nt] Ry 62) J7

m But free theorems for System F types are exactly the same!
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A different GADT

Reflexive equality:
'r 're:EBqoy0o: I'FVar T'F epep:7{0o2/a}

'k Refi[r]: BEqTT 't rcase e of {erea}: 7{01/a}
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A different GADT

Reflexive equality:
'r 're:EBqoy0o: I'FVar T'F epep:7{0o2/a}

'k Refi[r]: BEqTT 't rcase e of {erea}: 7{01/a}
Relational interpretation: relation-refining!

[Eq 11 2] 5 = {(Refl[o1], Refi[o2]) |
61 (m) = 61(7) = 01 A §2%(11) = 0%(72) = 02 A [11]5 = [72]5}
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A different GADT

Reflexive equality:

'r 're:EBqoy0o: I'FVar T'F epep:7{0o2/a}
'k Refi[r]: BEqTT 't rcase e of {erea}: 7{01/a}

Relational interpretation: relation-refining!

[Eq 11 2] 5 = {(Refl[o1], Refi[o2]) |
61 (m) = 61(7) = 01 A §2%(11) = 0%(72) = 02 A [11]5 = [72]5}

Lemma (Free theorem for Vab.Eq a b — a — b)
If f¥Yab.Eq a b— a — b then foranytz:71 andb-h: 73 — To:

h (f[ni] (Refi[n]) z) = (flm] (Refi[r2])) (h z)

To treat arbitrary GADTs one must treat arbitrary recursive polymorphic
types, as in [Harper & Crary 2007] or using a step-indexed “model” [Appel
& McAllester, Ahmed]
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Contextual equivalence and logical relation

Definition (Contextual equivalence =)

Interchangeability in all program contexts.

m Logical relation sound with respect to (=)
m Completeness: No proof even for pure, terminating System F!

m Recover completeness: Force quantification over T T-closed relations
and additionally close up-to-T T the interpretation of R-types?

17:20



Shortcomings

m F+R not a realistic language—absence of recursion:

m Add fiz operator: Requires modification to quantify over T T-closed
relations (see work by Pitts), or syntactically admissible and closed over
program equivalence (see Harper & Crary). No problem—but requires
heavy mathematical infrastructure.

m What about non-monomorphic type refinements?

Ry: R (Va.a —» R a)
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Where to next?

m More free theorems. Particulary interesting for higher-order types:
VagyRa—- RB—>va—7p

How “powerful” does one make the interpretation of type variables
at: x = %7
m Add recursion and arbitrary recursive datatypes

m Add representations of (impredicative) polymorphic types [Trifonov et
al., 2000]
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Thank you for your attention!

... Questions and discussion . ..

www.cis.upenn.edu/"dimitriv/parametricity/

(Isabelle/HOL code available at the above URL)
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