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1 In tro duction

This document is structured as follows: We �rst study several formalisations of polymorphic subsumption
relations in Section 2. In Section 3 we give the most interesting properties of several type systems for
higher-rank types, including the Odersky-L•aufer type system [5], and study the connection between them
and betweenthe original Damas-Milner type system. We speci�cally focus on the bidirectional higher-rank
type system,which is the main type systemof the paper \Practical type inferencefor arbitrary-rank types".
Finally, in Section 4 we give the formalisation of a sound and complete algorithm for the bidirectional type
system. The algorithm is a straightforward extensionof \Algorithm W" [3, 1].

The languagethat we use throughout the document is given in Figures 1 and 2. Our notation is standard.
We use S, P, T for the sets of � , � , and � -types respectively. Substitutions, denoted with S; T ; U ; V are,
as usual, idempotent �nite maps from variables to monot yp es. We use dom(S) and range(S) to denote
the domain and the range of a substitution S respectively. We de�ne S(a) = a whenever a =2 dom(S).
Overloading the notation, we write a =2 b to mean that the two sets of variables are disjoin t ; moreover
for two sets of variables X1 and X2 we write X1; X2 to denote their union . Composition of substitutions,
S � V , is de�ned asusual: S � V (� ) = S(V (� )). A comprehensive account of substitutions and their algebraic
properties is beyond the scope of this document and can be found elsewhere,for example in [2].

t ; u ::= i integer literal
j x variable
j \ x. t abstraction
j \ (x:: � ). t annotated abstraction
j t u application
j let x = u in t let generalisation
j t :: � annotated term

Figure 1: Syntax of terms

2 Polymorphic subsumption relations

In this sectionwe study the relations given in Figure 3, Figure 4, Figure 5, and Figure 6. We give transitivit y,
re
exivit y and substitution lemmasfor all relations and we associate each other. We discussthe properties
and three di�eren t formalisations of the predicative fragment of Mitc hell's F-eta containment relation [4].

2.1 Odersky-L •aufer subsumption

The Odersky-L•aufer subsumption relation is given in Figure 3.
Lemma 2.1 (Substitution). If `ol � 1 � � 2 then `ol S� 1 � S� 2, and the new derivation has the same
height.

� ::= 8a. � polytypes
� ::= � j � ! �
� ::= a j � ! � j Int monotypes

Figure 2: Syntax of types
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`ol � � � 0

a 62ftv (� ) `ol � � �
skol

`
ol

� � 8a. �

`ol [a 7! � ]� 1 � � 2
spec

`
ol

8a. � 1 � � 2

`ol � 3 � � 1 `ol � 2 � � 4
fun

`
ol

(� 1 ! � 2) � (� 3 ! � 4)
mono

`
ol

� � �

Figure 3: Subsumption in the Odersky-L•aufer type system

Proof. By induction on the height of the derivation. We proceedby caseanalysis on the last rule used.

� Caseskol . In this casewe have that � 2 = 8a. � 2, given that a =2 ftv (� 1) and `ol � 1 � � 2. Consider the
substitution S� [a 7! b] whereb =2 ftv (� 1); a; vars(S). Then, by induction hypothesis: `ol S[a 7! b]� 1 �
S[a 7! b]� 2, or equivalently , `ol S� 1 � S[a 7! b]� 2. But now we can apply rule skol to get `ol S� 1 �
8b. S[a 7! b]� 2, or using � -renaming, `ol S� 1 � S(8a. � 2).

� Casespec. In this case� 1 = 8a. � , � 2 = � 2, and by the premisesof the rule there exist some� such
that `ol [a 7! � ]� � � 2. We needto show that `ol S(8a. � ) � S� 2, or `ol 8b. S[a 7! b]� � S� 2 for fresh
b =2 vars(S); ftv (� ). By rule spec it is enoughto �nd types � 0 such that `ol [b 7! � 0]S[a 7! b]� � S� 2,
and b =2 vars(S). Pick � 0 = S� . Then we have to show that: `ol [b 7! S� ]S[a 7! b]� � S� 2, or
equivalently `ol S[b 7! � ][a 7! b]� � S� 2, or equivalently `ol S[a 7! � ]� � S� 2 and this follows by
induction hypothesis.

� Casefun . Follows by the induction hypothesesand rule fun .

� Casemono . Trivial.

Lemma 2.2 (Re
exivit y). `ol � � � .

Proof. By induction on the size of � . We proceedby caseanalysis on the structure of � . The casewhen
� = � follows by rule mono . The casewhen � = � 1 ! � 2 follows by rule fun since,by induction hypothesis,
`ol � 1 � � 1 and `ol � 2 � � 2. For the casewhen � = 8a. � , we know by induction hypothesis that `ol � � �
and the result follows by an application of spec and skol .

Lemma 2.3 (T ransitivit y). If `ol � 1 � � 2 and `ol � 2 � � 3 then `ol � 1 � � 3.

Proof. We prove the lemma by induction on the sumsof heights of the two derivations. We proceedby case
analysison the last rule usedin each derivation. We have the following combinations for the last rule of the
�rst and the last rule of the secondderivation.

� Caseskol -skol . In this case� 2 = 8a. � 2 and � 3 = 8b. � 3. By the premisesof the �rst derivation we
have `ol � 1 � � 2 and a =2 ftv (� 1). By the premisesof the secondderivation we have

`
ol

8a. � 2 � � 3 (1)
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and b =2 ftv (8a. � 2). Consider a substitution [b ! c] with c =2 ftv (� 1; � 2; � 3). Then by the substitution
lemmaweget `ol 8a. � 2 � [b 7! c]� 3. and this derivation hasthe sameheight as(1). Then wecanapply
the induction hypothesisto get that `ol � 1 � [b 7! c]� 3 and by rule skol we get `ol � 1 � 8c. [b 7! c]� 3.
Using � -renaming, `ol � 1 � 8b. � 3.

� Caseskol -spec. Here � 2 = 8a. � 2 and � 3 = � 3. Then we have `ol � 1 � 8a. � 2 given that

`
ol

� 1 � � 2 (2)

a =2 ftv (� 1) (3)

Additionally , for some� ,
`

ol
[a 7! � ]� 2 � � 3 (4)

By the substitution lemma `ol [a 7! � ]� 1 � [a 7! � ]� 2 and the derivation has the sameheight as (2).
By (3) it follows that `ol � 1 � [a 7! � ]� 2 and by induction hypothesis,using (4), `ol � 1 � � 3.

� Caseskol -fun / mono . Can't happen.

� Casespec-skol . Here � 1 = 8a. � 1, � 2 = � 2 for some� 2, and � 3 = 8b. � 3. By the premisesof the �rst
derivation

`
ol

[a 7! � ]� 1 � � 2 (5)

for some� . By the premisesof the secondderivation1 we get

`
ol

� 2 � � 3 (6)

and b =2 ftv (� 2). Consider a renaming substitution [b 7! c], such that c =2 ftv (� 1; � 2; � 3). Then by the
substitution lemma and (6) we get `ol � 2 � [b 7! c]� 3 with the sameheight. By this, (5), and induction
hypothesis `ol [a 7! � ]� 1 � [b 7! c]� 3. By rule spec we get `ol 8a. � 1 � [b 7! c]� 3 and by rule skol ,
`ol 8a. � 1 � 8c. [b 7! c]� 3. With an � -renaming `ol 8a. � 1 � 8b. � 3.

� Casespec-spec. Can't happen.

� Casespec-fun . We have that � 1 = 8a. � 1, and that � 2 = � 21 ! � 22. By the premiseswe have that,
for some� , `ol [a 7! � ]� 1 � � 2. Therefore by induction hypothesis`ol [a 7! � ]� 1 � � 3 and by applying
rule spec we are done.

� Casespec-mono . Easy.

� Casefun -skol . Here � 1 = � 11 ! � 12, � 2 = � 21 ! � 22, and � 3 = 8a. � 3. Moreover

`
ol

� 2 � � 3 (7)

where a =2 ftv (� 2). Consider a renaming substitution [a 7! b], such that b =2 ftv (� 1; � 2; � 3). By the
substitution lemma `ol � 2 � [a 7! b]� 3 and this derivation has the same height as (7). Then by
induction hypothesis `ol � 1 � [a 7! b]� 3 and by rule skol we get `ol � 1 � 8b. [a 7! b]� 3, or with an
� -renaming, `ol � 1 � 8a. � 3.

� Casefun -spec. Can't happen.

� Casefun -fun . In this casewe have that � 1 = � 11 ! � 12 and � 2 = � 21 ! � 22 and � 3 = � 31 ! � 32.
Moreover `ol � 31 � � 21 and `ol � 21 � � 11 and by induction hypothesiswe get that `ol � 31 � � 11. Also
we have that `ol � 12 � � 22 and `ol � 22 � � 32. Then, by induction hypothesis `ol � 12 � � 32 and by
applying rule fun we are done.

1Notice that it is not the case that b must be empty; the reason is that our types are not in prenex form. Consider for
example the subsumption check `ol Int ! 8a. a ! a � 8c.Int ! c ! c.
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� `dsk � � � 0

� ; � 2 `
dsk

� 1 � � 3
rfun

� `
dsk

� 1 � (� 2 ! � 3)

a 62ftv (� 1; � ) � `
dsk

� 1 � �
skol

� `
dsk

� 1 � 8a. �

`
dsk

� 3 � � 1 � `
dsk

� 2 � �
lfun

� 3; � `
dsk

(� 1 ! � 2) � �

� `
dsk

[a 7! � ] � � � 1
spec

� `
dsk

8a. � � � 1

mono
`

dsk
� � �

Figure 4: Subsumption with deepskolemisation

� Casefun -mono . Easy.

� Casemono-spec. Can't happen.

� Casemono-skol / fun / mono . Trivial.

The Odersky-L•aufer subsumption is syntax-directed, and therefore has nice inversion properties. The fol-
lowing lemmascapture inversion.
Lemma 2.4 (Sk olemisation in version). If a =2 ftv (� ) and `ol � � 8a. � , then `ol � � � .

Proof. Straightforward induction.

Lemma 2.5 (Sp ecialisation in version). If `ol 8a. � 1 � � 2, then `ol [a 7! � ]� 1 � � 2 for some� .

Proof. Straightforward induction.

Lemma 2.6 (Fun in version). If `ol � 1 � � 3 ! � 4, then � 1 = � 1 ! � 2 with `ol � 3 � � 1 and `ol � 2 � � 4.

Proof. Straightforward induction.

2.2 Deep skolemisation subsumption|sequen t-st yle

In Figure 4 we give a relation that performs the \skolemisation" step deeply to the right of arrow types. It
resembles a sequent-style presentation. Here are the most important properties about this relation.
Lemma 2.7 (Substitution). If � `dsk � 1 � � 2 then S� `dsk S� 1 � S� 2, and the new derivation has the
sameheight.

Proof. By induction on the height of the derivation. We proceedby caseanalysis on the last rule used.

� Caseskol . In this casewe have that � 2 = 8a. � , given that a =2 ftv (� 1; � ) and � `dsk � 1 � � . Consider
the substitution S � [a 7! b] where b =2 ftv (� 1; � ) and b =2 a; vars(S). Then, by induction hypothesis:
S[a 7! b]� `dsk S[a 7! b]� 1 � S[a 7! b]� , or equivalently , S� `dsk S� 1 � S[a 7! b]� . But now we can
apply rule skol to get S� `dsk S� 1 � 8b. S[a 7! b]� , or, using � -renaming S� `dsk S� 1 � S(8a. � ).
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� Case spec. In this case � 1 = 8a. � , � 2 = � 2, and by the premises of the rule there exist some
� such that � `dsk [a 7! � ]� � � 2. We need to show that S� `dsk S(8a. � ) � S� 2, or with an � -
renaming, S� `dsk 8b. S[a 7! b]� � S� 2 for b =2 vars(S); ftv (� ; � ). By rule spec it is enough to �nd
types � 0 such that S� `dsk [b 7! � 0]S[a 7! b]� � S� 2. Pick � 0 = S� . Then it remains to show that
S� `dsk [b 7! S� ]S[a 7! b]� � S� 2, or S� `dsk S[b 7! � ][a 7! b]� � S� 2, or S� `dsk S[a 7! � ]� � S� 2,
but this holds by induction hypothesis.

� Caserfun . Follows by induction hypothesisand application of rule rfun .

� Caselfun . Follows by induction hypothesisand application of rule lfun .

� Casemono . Trivial.

For the rest of this sectionwe are going to give the connectionbetweenthe Odersky-L•aufer subsumption and
the deepskolemisation subsumption. Namely we show that two typesare related in the deepskolemisation
subsumption i� their prenex forms are related in Odersky-L•aufer.
De�nition 2.8 (Prenex conversion). The function pr(�) : S ! S is de�ned as follows:

pr(� ) =

8
>>>>>>>><

>>>>>>>>:

� � = �
8a. pr(� 1) ! � 2 � = � 1 ! � 2 ^ � 6= �

pr(� 2) = 8a. � 2

a =2 ftv (� 1)
8ab. � 2 � = 8a. � 1 ^ a 6= ;

pr(� 1) = 8b. � 2

b =2 a

De�nition 2.9 (Function conversion). The function fun(� ; �) : (S � S) ! S is de�ned as follows:

fun(� ; � )
�

� � = �
fun(� 1 ; � 1 ! � ) � = � 1; � 1

We naturally extend the pr(�) function for sequencesof types,by mapping the prenex function acrossevery
type in the sequence.The next lemmasgive the algebraic properties of th pr(�) and fun(� ; �) functions.
Lemma 2.10 (Prenex conversion preserv es size). size(� ) = size(pr(� )) .

Proof. By structural induction on the type � . If � = � then size(pr(� )) = size(� ) by de�nition. If � = � 1 !
� 2, not a monotype, then pr(� 1 ! � 2) = 8a. pr(� 1) ! � 2, where 8a. � 2 = pr(� 2), thus size(pr(� 2)) = j a j
+ size(� 2). By induction size(� 2) = j a j + size(� 2). By induction size(� 1) = size(pr(� 1)). Then

size(� 1 ! � 2) = size(� 1) + size(� 2) + 1
= size(pr(� 1))+ j a j + size(� 2) + 1
= size(8a. pr(� 1) ! � 2)

Lemma 2.11. fun(� 1; � ; � ) = � 1 ! fun(� ; � ).

Proof. By induction on the sizeof � . If � = � then

fun(� 1 ; � ) = fun(� ; � 1 ! � )
= � 1 ! �
= � 1 ! fun(� ; � )
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If � = � 2; � 2 then

fun(� 1; � 2; � 2 ; � ) = fun(� 1; � 2 ; � 2 ! � )
= � 1 ! fun(� 2 ; � 2 ! � ) (by induction)
= � 1 ! fun(� 2; � 2 ; � )
= � 1 ! fun(� ; � )

Lemma 2.12. pr(pr(� )) = pr(� ).

Proof. By induction on the size of � . If � = � then it is trivial. If � = � 1 ! � 2, where � 6= � , then
pr(pr(� 1 ! � 2)) = pr(8a:pr(� 1) ! � 2), where pr(� 2) = 8a. � 2 and a =2 ftv (� 1). By induction hypothesis,we
get:

pr(8a. � 2) = 8a. � 2 (1)

pr(pr(� 1)) = pr(� 1) (2)

Now we have two cases:

� a = ; . In this casepr(8a. pr(� 1) ! � 2) = pr(pr(� 1) ! � 2). By (1), pr(� 2) = � 2 and using (2) and the
de�nition pr(pr(� 1) ! � 2) = pr(� 1) ! � 2.

� a 6= ; . In order to compute pr(8a. pr(� 1) ! � 2) we have to compute pr(pr(� 1) ! � 2). But
size(pr(� 1) ! � 2) = size(pr(� 1)) + size(� 2) + 1 and using Lemma 2.10 we have that size(pr(� 1) !
� 2) = size(� 1) + size(� 2) + 1 and sincea 6= ; this is lessthan size(� ). Then by induction hypothesis
we get pr(pr(� 1) ! � 2) = pr(� 1) ! � 2. Using the de�nition pr(8a. pr(� 1) ! � 2) = 8a. pr(� 1) ! � 2.

Finally if � = 8a. � for a 6= ; we have that pr(8a. � ) = 8ab. � 1, where 8b. � 1 = pr(� ). Now, by induction, it
must be that pr(8b. � 1) = 8b. � 1. If b = ; then pr(� 1) = � 1. If b 6= ; then by de�nition of prenex conversion
if must be that pr(8b. � 1) = 8bc. � 2 wherepr(� 1) = 8c. � 2. But this meansthat c = ; and � 2 = � 1, therefore
in every casepr(� 1) = � 1. Using this and the de�nition of prenex conversion pr(pr(8a. � )) = pr(8ab. � 1) =
8ab. � 1.

Corollary 2.13. If pr(� ) = 8a. � then pr(� ) = � .

Proof. Easy corollary of Lemma 2.12.

Lemma 2.14. If pr(� ) = 8a. � and a =2 ftv (� ) then pr(fun(� ; � )) = 8a. fun(pr(� ) ; � ).

Proof. By induction on � . For � = � we have that

pr(fun(� ; � )) = pr(� )
= 8a. �
= 8a. fun(pr(� ) ; � )

For � = � 1; � 1 we have that

pr(fun(� 1; � 1 ; � )) = pr(� 1 ! fun(� 1 ; � )) (by Lemma 2.11)
= 8a. pr(� 1) ! � 2

where 8a. � 2 = pr(fun(� 1 ; � )). Henceby induction hypothesis � 2 = fun(pr(� 1) ; � ). Therefore we get

pr(fun(� 1; � 1 ; � )) = 8a. pr(� 1) ! fun(pr(� 1 ; � ))
= 8a. fun(pr(� 1); pr(� 1) ; � ) (by Lemma 2.11)
= 8a. fun(pr(� 1; � 1) ; � )
= 8a. fun(pr(� ) ; � )
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Lemma 2.15. If pr(� ) = 8a. � and a =2 ftv (� ) then pr(fun(� ; � )) = 8a. pr(fun(� ; � )) and pr(fun(� ; � )) 2 P.

Proof. By Lemma 2.14 it is enoughto show that

pr(fun(� ; � )) = fun(pr(� ) ; � )

We prove this by induction on � . For � = � we have that pr(fun(� ; � )) = pr(� ). Using Lemma 2.13,
pr(� ) = � = fun(pr(� ) ; � ). For � = � 1� 1 we have pr(fun(� 1; � 1 ; � )) = pr(� 1 ! fun(� 1 ; � )). By induction
hypothesispr(fun(� 1 ; � )) = fun(pr(� 1) ; � ) Therefore

pr(� 1 ! fun(� 1 ; � )) = pr(� 1) ! fun(pr(� 1) ; � )
= fun(pr(� 1; � 1 ; � )
= fun(pr(� ; � ))

Lemma 2.16 (Arro w). If `dsk � 3 � � 1 and � `dsk � 2 � � then � 3; � `dsk � 1 ! � 2 � � .

Proof. By induction on the sizeof � .

� Case � = � . Then the assumptions match exactly the premisesof rule lfun and we are done by
applying that rule.

� Case � = � a ! � b , � 6= � . Then we have that � `dsk � 2 � � a ! � b and by easy inversion
we see that � ; � a `dsk � 2 � � b. Now we can apply the induction hypothesis for � b to get that
� 3; � ; � a `dsk � 1 ! � 2 � � b and by applying rule rfun we get back � 3; � `dsk � 1 ! � 2 � � a ! � b .

� Case� = 8a. � , a 6= ; . Here we have that � `dsk � 2 � 8a. � and by inversion this can happen only
using the rule skol . Therefore it must be that a =2 ftv (� 2; � ) and then

� `
dsk

� 2 � � (1)

Consider a substitution [a 7! c], such that c =2 ftv (� 1; � 3), c =2 ftv (� ; � 2). By the substitution lemma
we get � `dsk � 2 � [a 7! c]� . Moreover size([a 7! c]� ) = size(� ). Then, by induction hypothesiswe get
� 3� `dsk � 1 ! � 2 � [a 7! c]� , and by skol we have � 3� `dsk � 1 ! � 2 � 8c. [a 7! c]� . We are done
with an � -renaming.

Lemma 2.17 (Prenex recursiv e calls). The number of recursive calls to pr(�) is preserved by substitution.
If pr(� ) usesn recursive calls, then so does pr(S� ).

Proof. By induction on � . If � = � , since range(S) 2 T the result is trivial. Suppose� = � 1 ! � 2. Then
calls(pr(� 1)) = calls(pr(S� 1)) by induction hypothesis. Moreover calls(pr(� 2)) = calls(pr(S� 2)) by induction
hypothesisas well and we are done. If � = 8a. � then, assumingwithout lossof generality that a =2 vars(S)
we have that calls(pr(� )) = calls(pr(S� )) by induction hypothesisand we are done.

The next theorem says that if the prenex-canonicalforms of two types are related in Odersky-L•aufer sub-
sumption, then the two typesare related in `dsk .
Theorem 2.18. If pr(� 1) = � 0

1, pr(fun(� ; � 2)) = � 0
2, and `ol � 0

1 � � 0
2 then � `dsk � 1 � � 2.

Proof. By induction on the derivation `ol � 0
1 � � 0

2. We proceedby caseanalysis on the last rule usedin the
derivation.
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� Casemono . In this casewehavethat `ol � � � . By inversionit must be that � 1 = � and fun(� ;� 2) = � ,
which implies that � 2 = � 2 and � = � , for some� ; � 2. We want to show that

� `
dsk

fun(� ; � 2) � � 2 (1)

We prove (1) by induction on � .

{ Case� = � . Then fun(� ; � 2) = � 2 and the claim follows by mono .

{ Case� = � 0; � 0. In this caseby the (inner) induction hypothesiswe get

� 0 `
dsk

fun(� 0 ; � 2) � � 2 (2)

Moreover `dsk � 0 � � 0; usingthis and (2) with rule lfun weget that � 0; � 0 `dsk � 0 ! fun(� 0;� 2) � � 2,
and we get (1) by this and Lemma 2.11.

� Case skol . Here pr(� 1) = � and pr(fun(� ; � 2)) = 8a. � . By Lemma 2.15 it must be that � =
pr(fun(� ; � 2)) where we also assumedthat pr(� 2) = 8a. � 2 and a =2 ftv (� ). Moreover `ol pr(� 1) �
8a. pr(fun(� ; � 2)), given that a =2 ftv (pr(� 1)) = ftv (� ) and

`
ol

pr(� 1) � pr(fun(� ; � 2)) (3)

By (3) and induction hypothesis it must be that � `dsk � 1 � � 2 and by applying rule skol we get
� `dsk � 1 � 8a. � 2, sincea =2 ftv (� ; � 1).

� Casefun . Here we have the following

pr(� 1) = � 0
1 ! � 0

2 (4)

pr(fun(� ; � 2)) = � 0
3 ! � 0

4 (5)

`
ol

� 0
1 ! � 0

2 � � 0
3 ! � 0

4 (6)

`
ol

� 0
3 � � 0

1 (7)

`
ol

� 0
2 � � 0

4 (8)

By (4) it must be that
� 1 = � 01 ! � 02 (9)

For (5) we have two cases:

{ � = � . In this caseit must be that � 2 = � 21 ! � 22. Moreover pr(� 21) = � 0
3, pr(� 22) = � 0

4,
pr(� 01) = � 0

1, and pr(� 02) = � 0
2. Equivalently pr(fun(� ; � 01)) = � 0

1, and by induction hypothesis

`
dsk

� 21 � � 01 (10)

Similarly pr(fun(� ; � 22)) = � 0
4, therefore by induction hypothesis

`
dsk

� 02 � � 22 (11)

With (10) and (11) we can apply Lemma 2.16 to get � 21 `dsk � 01 ! � 02 � � 22 and by rule rfun
`dsk � 01 ! � 02 � � 21 ! � 22 as required.

{ � = � a ; � 0. Then we have that

pr(fun(� a ; � 0 ; � 2)) = pr(� a ! fun(� 0 ; � 2))
= � 0

3 ! � 0
4

11



Then, by de�nition of pr(�) we have

pr(� a ) = � 0
3 (12)

pr(fun(� 0 ; � 2)) = � 0
4 (13)

By (4) and (9) we have that pr(� 01) = � 0
1, or pr(fun(� ; � 01)) = � 0

1. From this and (12) and
induction hypothesiswe get that

`
dsk

� a � � 01 (14)

From (4) and (9) we get pr(� 02) = � 0
2. From this and (13) and induction hypothesiswe have that

� 0 `dsk � 02 � � 2. From this and (14) and Lemma 2.16 we get � a � 0 `dsk � 01 ! � 02 � � 2, and
using (9) we get � `dsk � 1 � � 2 as required.

� Casespec. For this casewe have

pr(� 1) = 8a. � 1 (15)

pr(fun(� ; � 2)) = � 2 (16)

`
ol

8a. � 1 � � 2 (17)

`
ol

[a 7! � ]� 1 � � 2 (18)

We wish to show that � `dsk � 1 � � 2. We prove this claim with an inner induction on the number of
recursive calls to pr(�) from pr(� 1). Speci�cally our induction hypothesis is the following:

IH : If pr(� i
1) has fewer recursive calls than pr(� 1) then

(A) pr(fun(� i ; � i
2)) = � i

2

(B) pr(� i
1) = 8b. � i

1

(C) `ol [b 7! � i ]� i
1 � � i

2

) � i `
dsk

� i
1 � � i

2

We proceedwith a caseanalysis on the structure of � 1, and without lossof generality let us assume
that � 1 is not a monotype as we would not be in the spec case2.

{ Case� 1 = � 11 ! � 12. Then pr(� 1) = 8a. pr(� 11) ! � 12 where

pr(� 12) = 8a. � 12 (19)

and a =2 ftv (� 11). By (18) it must be that `ol [a 7! � ](pr(� 11) ! � 12) � � 2, or
`ol pr(� 11) ! [a 7! � ]� 12 � � 2. By inversion it must be that � 2 = � A

2 ! � B
2 and

`
ol

� A
2 � pr(� 11) (20)

`
ol

[a 7! � ]� 12 � � B
2 (21)

By (16) then it must be that
pr(fun(� ; � 2)) = � A

2 ! � B
2 (22)

We continue with caseanalysis on � .

2To be precise, if the case was a trivial application of spec we could just appeal to the (outer) induction hypothesis to get
the result.
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� Case� = � . Then it must be the casethat � 2 = � 21 ! � 22, such that pr(� 21) = � A
2 and

pr(� 22) = � B
2 . By (20) we have that pr(� 21) � pr(� 11) and by the (outer) induction

hypothesis
`

dsk
� 21 � � 11 (23)

Similarly by (21) we have that `ol [a 7! � ]� 12 � pr(� 22) and by an application of spec we
have `ol 8a. � 12 � pr(� 22). But the height of this derivation is still one lessthan the height of
the derivation we are examining and therefore by (outer) induction hypothesiswe have that

`
dsk

� 12 � � 22 (24)

From (23) and (24) and Lemma 2.16 we get that � 21 `dsk � 11 ! � 12 � � 22 and by applying
rfun we are done.

� Case� = � 0; � 0. In this casepr(fun(� ; � 2)) = pr(� 0 ! fun(� 0 ; � 2)) which implies that

pr(� 0) = � A
2 (25)

pr(fun(� 0 ; � 2) = � B
2 (26)

From (26), (19), and (21) and the (inner) induction hypothesis (for � 12) we get that

� 0 `
dsk

� 12 � � 2 (27)

From (25) and (20) and the outer induction hypothesiswe get

`
dsk

� 0 � � 11 (28)

From (27) and (28) and Lemma 2.16 we get � 0; � 0 `dsk � 11 ! � 12 � � 2, or equivalently
� `dsk � 11 ! � 12 � � 2.

{ Case� 1 = 8a1. � 11. Here we have that pr(� 1) = 8a1a2. � 12, such that 8a2. � 12 = pr(� 11). From
this it follows that

8a2. [a1 ! � 1]� 12 = pr([a1 ! � 1]� 11) (29)

From Lemma 2.17 we know that the number of recursive calls of pr([a1 ! � 1]� 11) is the sameas
that of pr(� 11). We also know that

`
ol

[a2 ! � 2][a1 7! � 1]� 12 � � 2 (30)

Then we can apply the inner induction hypothesis to get that � `dsk [a1 ! � 1]� 11 � � 2 and by
applying rule spec � `dsk 8a1. � 11 � � 2, as required.

Theorem 2.19. If pr(� 1) = � 0
1, pr(fun(� ; � 2)) = � 0

2, and � `dsk � 1 � � 2 then `ol � 0
1 � � 0

2.

Proof. By induction on the derivation � `dsk � 1 � � 2. We proceedby caseanalysis on the last rule used.

� Casemono . In this case� = � , � 1 = � = � 2, pr(� 1) = � , pr(fun(� ; � )) = � and the result follows by
rule mono .

� Caserfun . Here � `dsk � 1 � � 2 ! � 3 given that � ; � 2 `dsk � 1 � � 3. Then pr(fun(� ; � 2 ! � 3)) =
pr(fun(� ; � 2 ; � 3)) and by induction hypothesiswe know that `ol � 0

1 � pr(fun(� ; � 2 ; � 3)).
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� Caselfun . In this casewe have that

� 3; � `
dsk

� 1 ! � 2 � � (1)

`
dsk

� 3 � � 1 (2)

� `
dsk

� 2 � � (3)

Moreover we know that pr(� 1 ! � 2) = 8a. pr(� 1) ! � 2, with 8a. � 2 = pr(� 2) and a =2 ftv (� 1). On
the other hand pr(fun(� 3; � ; � ) = pr(� 3) ! pr(fun(� ; � )) by Lemma 2.15. So we need to show that
`ol 8a. pr(� 1) ! � 2 � pr(� 3) ! pr(fun(� ; � )). By rule spec it is enough to show that `ol pr(� 1) !
[a 7! � ]� 2 � pr(� 3) ! pr(fun(� ; � )). By rule fun it is enough to show that `ol pr(� 3) � pr(� 1) and
`ol [a 7! � ]� 2 � pr(fun(� ;� )). We havethe former by induction hypothesis. For the latter, by induction
hypothesis we also have `ol 8a. � 2 � pr(fun(� ; � )) and by inversion this is derivable by spec; hence
`ol [a 7! � ]� 2 � pr(fun(� ; � )) and we are done.

� Casespec. We have pr(8a. � ) = � 0
1, pr(fun(� ; � 1)) = � 0

2 = � 0
2. Moreover � `dsk 8a. � � � 1, given that

� `
dsk

[a 7! � ]� � � 1 (4)

It must be that pr(8a. � ) = 8ab. � 1, wherea =2 b and 8b. � 1 = pr(� ). This implies that [a 7! � ]8b. � 1 =
pr([a 7! � ]� ). From this, equation (4), and induction hypothesis `ol [a 7! � ]8b. � 1 � � 0

2. Without loss
of generality assumeas well b =2 ftv (� ) and then we have `ol 8b. [a 7! � ]� 1 � � 0

2. If b = ; then we just
apply spec and we are done. If b 6= ; , then by inversion it must be the casethat this was derivable
by spec, so `ol [b 7! � b ][a 7! � ]� 1 � � 0

2 and by applying rule spec we get that `ol 8ab. � 1 � � 0
2 as

required.

� Caseskol . Here pr(� 1) = � 0
1, pr(fun(� ; 8a. � )) = � 0

2, and � `dsk � 1 � 8a. � , given that a =2 ftv (� ; � 1)
and � `dsk � 1 � � . Using Lemma 2.15 we get that pr(fun(� ; 8a. � )) = 8ab. pr(fun(� ; � 1)), where
8b. � 1 = pr(� ), b =2 ftv (� ); a. By induction hypothesis we have that `ol � 0

1 � pr(fun(� ; � )), therefore
`ol � 0

1 � 8b. pr(fun(� ; � 1)). If b = ; then we apply skol and get the result. If b 6= ; then by Lemma 2.4
we get that `ol � 0

1 � pr(fun(� ; � 1)) and by applying rule skol we get the result.

Corollary 2.20 (Prenex subsumption). `dsk � 1 � � 2 i� `ol pr(� 1) � pr(� 2).

Proof. Direct consequenceof Theorem 2.18 and Theorem 2.19.

Corollary 2.21 (Re
exivit y). `dsk � � � .

Proof. Directly follows by Corollary 2.20 and Lemma 2.2.

Corollary 2.22 (T ransitivit y). If `dsk � 1 � � 2 and `dsk � 2 � � 3 then `dsk � 1 � � 3.

Proof. Directly follows by Corollary 2.20 and Lemma 2.3.

14



` � � � � 0

b 62ftv (8a. � )
sub

`
�

8a. � � 8b. [a 7! � ]�

`
�

� 1 � � 2 `
�

� 2 � � 3
trans

`
�

� 1 � � 3

`
�

� 3 � � 1 `
�

� 2 � � 4
fun

`
�

� 1 ! � 2 � � 3 ! � 4

`
�

� 1 � � 2
all

`
�

8a. � 1 � 8a. � 2

distrib
`

�
8a:� 1 ! � 2 � (8a. � 1) ! 8a:� 2

Figure 5: Predicative version of F-eta subsumption

2.3 Connection of deep skolemisation and Mitc hell's relation

The predicative fragment of the F-eta subsumption is given in Figure 5. Let us start by proving somelemmas
about it.
Lemma 2.23 (Re
exivit y). ` � � � � .

Proof. Follows directly by rule sub.

Lemma 2.24 (Substitution). If ` � � 1 � � 2 then `ol S� 1 � S� 2, and the new derivation has the same
height.

Proof. By induction on the height of the derivation. We proceedby caseanalysis on the last rule used.

� Case sub. We have that ` � 8a. � � 8b. [a 7! � ]� , given that b =2 ftv (8a. � ). Assume without loss
of generality that a; b =2 vars(S) and then we have that S(8a. � ) = 8a. S� and S(8b. [a 7! � ]� ) =
8b. [a 7! S� ]S� and the result follows by rule sub, sinceb =2 ftv (8a. S� ).

� Casefun . Follows by the induction hypothesesand rule fun .

� Casetrans . Follows by the induction hypothesesand rule trans .

� Caseall . Wehavethat ` � 8a. � 1 � 8a. � 2, giventhat ` � � 1 � � 2. Considerthe substitution S�[a 7! c],
wherec =2 ftv (� 1; � 2), c =2 vars(S). Then, by induction hypothesis` � S[a 7! c]� 1 � S[a 7! c]� 2 and by
applying rule all we get ` � 8c. S[a 7! c]� 1 � 8c. S[a 7! c]� 2, or equivalently , ` � S(8a:� 1) � S(8a:� 2).

� Casedistrib . In this casewe have that ` � 8a:� 1 ! � 2 � (8a:� 1) ! 8a:� 2. Assumewithout loss of
generality that a =2 vars(S). Then S(8a:� 1 ! � 2) = 8a:S� 1 ! S� 2 and the result follows by distrib .

Lemma 2.25 (Useless quan ti�ers). If c =2 ftv (� ) then ` � 8c. � � � and ` � � � 8c. � .

Proof. The �rst part follows by rule subs for a = c, b = ; . The secondfollows by rule subs for a = ; ,
b = c.

Lemma 2.26. If ` � � 1 � � 2 then `dsk � 1 � � 2.
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Proof. By induction on the derivation of ` � � 1 � � 2. We proceedby caseanalysis on the last rule used.

� Casesub. We have that ` � 8a. � � 8b. [a 7! � ]� given that b =2 ftv (8a. � ). To show that `dsk 8a. � �
8b. [a 7! � ]� it is enough by Theorem 2.19, and assuming pr(� ) = 8c. � to show that `ol 8ac. � �
8bc. [a 7! � ]� , where we assumedas well that c =2 a; ftv (� ; � ). Equivalently it is enough to show that
`ol 8ac. � � [a 7! � ]� or by spec, that `ol [a 7! � ; c 7! c]� � [a 7! � ]� , and this follows directly by
re
exivit y of `ol , Lemma 2.2.

� Casetrans . Follows by induction hypothesisand Corollary 2.22.

� Casefun . In this casewe have that � 1 = � 11 ! � 12 and � 2 = � 21 ! � 22. Moreover ` � � 21 � � 11 and
` � � 12 � � 22. By induction hypothesis

`
dsk

� 21 � � 11 (1)

`
dsk

� 12 � � 22 (2)

The result then follows from (1), (2), Lemma 2.16, and an application of rfun .

� Caseall . Wehavethat ` � 8a. � 1 � 8a. � 2 giventhat ` � � 1 � � 2. By induction hypothesis`dsk � 1 � � 2.
By Theorem2.19`ol pr(� 1) � pr(� 2) and assumethat pr(� 1) = 8a1. � 1, pr(� 2) = 8a2. � 2. Equivalentlt y
`ol 8a1. � 1 � 8a2. � 2. By inversion `ol [a1 ! � ]� 1 � � 2 assumingwithout lossof generality that a2 =2
ftv (8a1. � 1). Then also`ol [a 7! a; a1 7! � ]� 1 � � 2 and by spec and skol weget `ol 8aa1. � 1 � 8aa2� 2.
Applying Theorem 2.18 we get the result.

� Casedistrib . We have that

`
�

8a. � 1 ! � 2 � (8a. � 1) ! (8a. � 2) (3)

Now assumethat pr(� 2) = 8b. � 2, where without loss of generality b =2 a; ftv (� 1). Then we have the
following:

pr(8a. � 1 ! � 2) = 8ab. pr(� 1) ! � 2 (4)

pr((8a. � 1) ! (8a. � 2)) = 8ab. pr(8a. � 1) ! � 2 (5)

Now we know by re
exivit y, Lemma 2.2, that `ol � 2 � � 2. Moreover by an application of Lemma 2.2
and rule spec for `ol we have that `ol pr(8a. � 1) � pr(� 1). Then by rule fun we get that `ol pr(� 1) !
� 2 � pr(8a. � 1) ! � 2 and by rule spec `ol 8ab. pr(� 1) ! � 2 � pr(8a. � 1) ! � 2. Then we can apply
skol and get `ol 8ab. pr(� 1) ! � 2 � 8ab. pr(8a. � 1) ! � 2. From this, (4), (5), and Theorem 2.18 we
get that `dsk 8a. � 1 ! � 2 � (8a. � 1) ! (8a. � 2).

Lemma 2.27. If a =2 ftv (� ) then ` � 8a. fun(� ; � ) � fun(� ; 8a. � ).

Proof. By induction on the size of � . For � = � we need to show that ` � 8a. � � 8a. � . This follows by
Lemma 2.23. If � = � 1; � 1, by Lemma 2.11 and rule distrib we have

`
�

8a. � 1 ! fun(� 1 ; � ) � (8a. � 1) ! 8a. fun(� 1 ; � ) (1)

However, by Lemma 2.25 we get that ` � � 1 � 8a. � 1 and by induction hypothesis ` � 8a. fun(� 1 ; � ) �
fun(� 1 ; 8a. � ). By rule fun we have then

`
�

(8a. � 1) ! 8a. fun(� 1 ; � ) � � 1 ! fun(� 1 ; 8a. � ) (2)

Finally combining (1) and (2) with rule trans we get the result.

16



Lemma 2.28 (Sk olemisation admissibilit y). If ` � � 1 � fun(� ; � ) and a =2 ftv (� ; � 1) then ` � � 1 �
fun(� ; 8a. � ).

Proof. From consecutive usesof all and the assumptionswe get ` � 8a. � 1 � 8a. fun(� ; � ). By Lemma 2.25
` � � 1 � 8a. � 1. By rule trans ` � � 1 � 8a. fun(� ; � ). By Lemma 2.27 ` � 8a. fun(� ; � ) � fun(� ; 8a. � ). We
get the result by application of rule trans .

Lemma 2.29 (Sp ecialisation admissibilit y). If ` � [a 7! � ]� 1 � � 2 then ` � 8a. � 1 � � 2.

Proof. By rule sub we have that ` � 8a. � 1 � [a 7! � ]� 1 and the result follows by rule trans .

Lemma 2.30. If � `dsk � 1 � � 2 then ` � � 1 � fun(� ; � 2).

Proof. By induction on the derivation � `dsk � 1 � � 2. We proceedby caseanalysis on the last rule used.

� Case rfun . Here � `dsk � 1 � � 2 ! � 3 given that � ; � 2 `dsk � 1 � � 3. By induction hypothesis
` � � 1 � fun(� ; � 2 ; � 3) and by de�nition ` � � 1 � fun(� ; � 2 ! � 3).

� Case lfun . We have that � 3; � `dsk � 1 ! � 2 � � given that `dsk � 3 � � 1 and � `dsk � 2 � � .
By induction hypothesis ` � � 2 � fun(� ; � ) and ` � � 2 � � 1. With an application of fun we get
` � � 1 ! � 2 � � 3 ! fun(� ; � ), or equivalently ` � � 1 ! � 2 � fun(� 3; � ; � ) as required.

� Caseskol . In this case� `dsk � 1 � 8a. � , given that � `dsk � 1 � � and a =2 ftv (� ; � 1). By induction
hypothesis ` � � 1 � fun(� ; � ) and by Lemma 2.28 ` � � 1 � fun(� ; 8a. � ).

� Casespec. We have that � `dsk 8a. � � � 1 given that � `dsk [a 7! � ]� � � 1. By induction hypothesis
` � [a 7! � ]� � fun(� ; � 1) and by Lemma 2.29 ` � 8a. � � fun(� ; � 1) as required.

� Casemono . Follows by Lemma 2.23.

Corollary 2.31. `dsk � 1 � � 2 i� ` � � 1 � � 2.

Proof. Follows by Lemma 2.30 and Lemma 2.26.

Corollary 2.32. (`ol ) � (` � ) and consequently (`ol ) � (`dsk ).

Proof. Just notice that every rule of in Odersky-L•aufer subsumption is admissible in ` � . Rule fun already
exists, admissibility of mono follows by re
exivit y, admissibility of skol and spec follows from Lemma 2.28
and Lemma 2.29 respectively.
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`dsk � � � 0

pr (� 2) = 8a. �
a 62ftv (� 1) `dsk � 1 � �

deep-sk ol
`

dsk
� 1 � � 2

`dsk [a 7! � ]� 1 � � 2
spec

`
dsk

8a. � 1 � � 2

`dsk � 3 � � 1 `dsk � 2 � � 4
fun

`
dsk

(� 1 ! � 2) � (� 3 ! � 4)
mono

`
dsk

� � �

Figure 6: Alternativ e deepskolemisation subsumption

2.4 Final de�nition of deep skolemisation subsumption

Consider the de�nition of weak prenexconversion given below.
De�nition 2.33 (W eak prenex conversion). The function pr (�) : S ! S is de�ned as follows:

pr (� ) =

8
>>>>>>>><

>>>>>>>>:

� � = �
8a. � 1 ! � 2 � = � 1 ! � 2 ^ � 6= �

pr (� 2) = 8a. � 2

a =2 ftv (� 1)
8ab. � 2 � = 8a. � 1 ^ a 6= ;

pr (� 1) = 8b. � 2

b =2 a

This is like normal prenex conversion but doesnot canonicalisethe argument types in arrow types3. Based
on this de�nition we give a relation that is exactly like the Odersky-L•aufer subsumption but in the skol
rule performs weak prenex conversionand skolemisation of the resulting outermost quanti�ers. The relation
is given in Figure 6. In this section we prove that this relation is equivalent once again with `dsk and
consequently ` � .
Lemma 2.34 (Re
exivit y). `dsk � � � .

Proof. Easy induction.

Lemma 2.35. `dsk pr (� ) � � and `dsk � � pr (� ).

Proof. By induction on � appealing to re
exivit y of `dsk , Lemma 2.34.

Lemma 2.36. pr(� ) = 8a. � 1 i� pr (� ) = 8a. � 2 and pr(� 2) = � 1.

Proof. Easily follows by the de�nitions.

De�nition 2.37 (Canonical and prenex-canonical deriv ations). Let D denote a derivation tree of
`dsk . We say that D is a canonical derivation i� rule skol is used once as the very last rule, and as the
very last rule of the left subtree of a tree ending with fun . We also usethe term prenex-canonicalderivation
to refer to a canonical derivation where the last rule used was a trivial application of rule skol and can be
therefore omitted|e quivalently the second type is a � -type in weak prenex form already.

3Notice as well that this relation is no longer syntax-directed.
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Obviously a canonical derivation can be decomposed into a prenex-canonicalderivation and a non-trivial
application of rule skol .
Lemma 2.38 (Substitution). If `dsk � 1 � � 2 then `dsk S� 1 � S� 2, and the new derivation has the same
height and the same\shape" (that is, the rules in the new derivation are applied in the sameorder).

Proof. Similar to the proof of Lemma 2.1, with an easylemma for commuting pr (�) and substitution.

From Lemma 2.38weget that substitution preservescanonical,or prenex-canonicalderivations asa corollary.
Lemma 2.39. If `dsk � 1 � � 2 then there exists a canonical derivation of this with the sameheight.

Proof. By induction on `dsk � 1 � � 2. We proceedwith caseanalysis on the last rule used.

� Caseskol . In this casewe have that `dsk � 1 � � 2, given that

pr (� 2) = 8a. � (1)

a 62ftv (� 1) (2)

`
dsk

� 1 � � (3)

By induction, there exists a canonical derivation of `dsk � 1 � � , in which skol is usedabove fun and
is the last rule in the derivation. But it is easyto con�rm that pr (� ) = � , therefore the last application
of rule skol in that derivation was a trivial application and can be omitted. Then the new derivation
is canonical.

� Casespec. Here we have that `dsk 8a. � 1 � � 2 given that

`
dsk

[a 7! � ]� 1 � � 2 (4)

Now by induction there exists a canonical derivation of (4). The last rule is skol and we have that

pr (� 2) = 8b. � �
2 (5)

b =2 ftv ([a 7! � ]� 1) (6)

`
dsk

[a 7! � ]� 1 � � �
2 (7)

where(7) doesnot have skol as the last rule used. Then by (7) and rule spec we get `dsk 8a. � 1 � � �
2.

By (6) it must also be that b =2 ftv (8a. � 1). From this and (5) we can apply rule skol to get that
`dsk 8a. � 1 � � 2.

� Casefun . In this case`dsk (� 1 ! � 2) � (� 3 ! � 4), given that

`
dsk

� 3 � � 1 (8)

`
dsk

� 2 � � 4 (9)

By induction hypothesis there exists a canonical derivation of (8) with the sameheight. Moreover by
induction there exists a canonical derivation of (9) with the sameheight. The last rule usedwas skol
and we have that

pr (� 4) = 8a. � 4 (10)

a =2 ftv (� 2) (11)

`
dsk

� 2 � � 4 (12)

Assume without loss of generality that a =2 ftv (� 1; � 3; � 2) as well. Then notice that pr (� 3 ! � 4) =
8a. � 3 ! � 4. By fun and (8) and (12) we get that `dsk � 1 ! � 2 � � 3 ! � 4 and by applying rule skol
we get the result.
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� Casemono . Just apply trivially rule skol as the last rule of the derivation.

The above lemma shows that there is an algorithmic implementation that applies deepskolemisation at the
begining and when comparing the argument typesof two functions only. The corresponding syntax-directed
presentation can be found in the main paper. In this document we usethe non syntax-directed presentation
in combination with the the canonical and prenex-canonicalderivations lemma.
Lemma 2.40. If `ol pr(� 1) � pr(� 2) then `dsk � 1 � � 2.

Proof. By induction on the lexicographic pair of the height of the derivation of `ol pr(� 1) � pr(� 2) and the
number of recursive calls of pr(� 1). We have the following casesto consider.

� Caseskol . Here pr(� 1) = � and pr(� 2) = 8a. � . Then consider pr (� 2) = 8a. � 0. It must be that
� = pr(� 0) by Lemma 2.36. Moreover `ol pr(� 1) � 8a. pr(� 0), given that a =2 ftv (pr(� 1)) = ftv (� ) and

`
ol

pr(� 1) � pr(� 0) (1)

By (1) and induction hypothesis it must be that `dsk � 1 � � 0 and by applying rule skol we get
`dsk � 1 � � 2, sincea =2 ftv (� 1).

� Casespec. For this casewe have

pr(� 1) = 8a. � 1 (2)

pr(� 2) = � 2 (3)

`
ol

[a 7! � ]� 1 � � 2 (4)

We wish to show that `dsk � 1 � � 2. We proceed with a caseanalysis on the structure of � 1, and
without lossof generality let us assumethat � 1 is not a monotype.

{ Case� 1 = � 11 ! � 12. Then pr(� 1) = 8a. pr(� 11) ! � 12 where

pr(� 12) = 8a. � 12 (5)

and a =2 ftv (� 11). By (4) it must be that `ol [a 7! � ](pr(� 11) ! � 12) � � 2, or `ol pr(� 11) !
[a 7! � ]� 12 � � 2. By easyinversion it must be that � 2 = � A

2 ! � B
2 and

`
ol

� A
2 � pr(� 11) (6)

`
ol

[a 7! � ]� 12 � � B
2 (7)

By (3) then it must be that
pr(� 2)) = � A

2 ! � B
2 (8)

Then it must be the casethat � 2 = � 21 ! � 22, such that pr(� 21) = � A
2 and pr(� 22) = � B

2 . By (6)
we have that pr(� 21) � pr(� 11 and by the induction hypothesis

`
dsk

� 21 � � 11 (9)

Similarly by (7) we have that `ol [a 7! � ]� 12 � pr(� 22) and by an application of spec we have
`ol 8a. � 12 � pr(� 22). But the height of this derivation is still one less than the height of the
derivation we are examining and therefore by induction hypothesiswe have that

`
dsk

� 12 � � 22 (10)

From (9) and (10) and fun we get that `dsk � 11 ! � 12 � � 21 ! � 22.
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{ Case� 1 = 8a1. � 11. Here we have that pr(� 1) = 8a1a2. � 12, such that 8a2. � 12 = pr(� 11). From
this it follows that

8a2. [a1 7! � 1]� 12 = pr([a1 7! � 1]� 11) (11)

From Lemma 2.17 we know that the number of recursive calls of pr([a1 ! � 1]� 11) is the sameas
of pr(� 11). We also know that

`
ol

[a2 7! � 2][a1 7! � 1]� 12 � � 2 (12)

Then, we can apply the induction hypothesis to get that `dsk [a1 7! � 1]� 11 � � 2 and by applying
rule spec `dsk 8a1. � 11 � � 2, as required.

� Casefun . In this casewe have the following

pr(� 1) = � 0
1 ! � 0

2 (13)

pr(� 2) = � 0
3 ! � 0

4 (14)

`
ol

� 0
1 ! � 0

2 � � 0
3 ! � 0

4 (15)

`
ol

� 0
3 � � 0

1 (16)

`
ol

� 0
2 � � 0

4 (17)

By (13) it must be that

� 1 = � 11 ! � 12 (18)

pr(� 11) = � 0
1 (19)

pr(� 12) = � 0
2 (20)

And similarly by (14) we get

� 2 = � 21 ! � 22 (21)

pr(� 21) = � 0
3 (22)

pr(� 22) = � 0
4 (23)

By (19), (22), (16), and induction hypothesis `dsk � 21 � � 11. Similarly by (20), (23), (17), and
induction hypothesis `dsk � 12 � � 22. We get the result by applying rule fun .

� Casemono . Trivially follows by de�nition of pr(�) and rule mono .

Lemma 2.41. If `dsk � 1 � � 2 then `ol pr(� 1) � pr(� 2).

Proof. By induction on the derivation `dsk � 1 � � 2. We proceedby caseanalysis on the last rule used.

� Casemono . Directly folows by rule mono .

� Casefun . In this casewe have that

`
dsk

� 1 ! � 2 � � 3 ! � 4 (1)

`
dsk

� 3 � � 1 (2)

`
dsk

� 2 � � 4 (3)
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Moreover we know that pr(� 1 ! � 2) = 8a. pr(� 1) ! � 2, with 8a. � 2 = pr(� 2) and a =2 ftv (� 1). On the
other hand pr(� 3 ! � 4) = 8b. pr(� 3) ! � 4 where pr(� 4) = 8b. � 4 and assumethat b =2 ftv (� 3; � 2; � 1).
We need to show that `ol 8a. pr(� 1) ! � 2 � 8b. pr(� 3) ! � 4. By rule spec it is enough to show
that `ol pr(� 1) ! [a 7! � ]� 2 � pr(� 3) ! � 4. By rule skol and fun it is enough to show that
`ol pr(� 3) � pr(� 1) and `ol [a 7! � ]� 2 � � 4. We have the former by induction hypothesis. For the
latter, by induction hypothesison (3) we alsohave `ol 8a. � 2 � 8b. � 4 and by inversionthis is derivable
by spec; hence`ol [a 7! � ]� 2 � � 4 and we are done.

� Case spec. We have `dsk 8a. � 1 � � 2 given that `dsk [a 7! � ]� 1 � � 2. By induction hypothesis
`ol pr([a 7! � ]� 1) � pr(� 2), or `ol [a 7! � ]pr(� 1) � pr(� 2), or `ol 8a. pr(� 1) � pr(� 2) by transitivit y of
`ol . Equivalently , by de�nition of pr(�), `ol pr(8a. � 1) � pr(� 2) as required.

� Caseskol . Here `dsk � 1 � � 2 given that

pr (� 2) = 8a. � (4)

a 62ftv (� 1) (5)

`
dsk

� 1 � � (6)

It must be that pr(� 2) = 8a. � 0 such that pr(� ) = � 0. Then by (6) and induction hypothesis `ol

pr(� 1) � � 0 and by an application of rule skol with (5), we get `ol pr(� 1) � 8a. � 0, or equivalently
`ol pr(� 1) � pr(� 2) as required.

Corollary 2.42. `dsk � 1 � � 2 i� ` � � 1 � � 2 i� `dsk � 1 � � 2.

Proof. Follows by Lemma 2.40, Lemma 2.41, Corollary 2.20, and Corollary 2.31.

Having Corollary 2.42 enablesus to switch betweenall the di�eren t formalisations of Mitc hell's F-eta sub-
sumption viewing all inferencerules as theorems that hold independently of the formalisation we use each
time.

3 Higher-rank typ e systems

In this section we study type systemsthat support higher-rank types. We assumethat the type systemsof
Figure 7, Figure 8, and Figure 9 rely on a re
exiv e, transitiv e relation `sub� for whic h the substitution
lemma holds . This relation will stand either for deep skolemisation subsumption `dsk or the original
Odersky-L•aufer subsumption relation `ol .

Several properties of the type systemshold independently of whether `sub� is `dsk or `ol . For the lemmas
that are sensitive on the exact de�nition of `sub� we explicitly specify what `sub� is.

In the following, we usethe syntax:

�( � ) = 8a. � where a = ftv (� ) � ftv (�)
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Rho-types � ::= � j � ! � 0

� ` t : �

int
� ` i : Int

var
� ; (x : � ) ` x : �

� ; x : � ` t : �
abs

� ` (\ x. t ) : (� ! � )

� ; x : � ` t : � 0

aabs
� ` (\( x:: � ). t ) : (� ! � 0)

� ` t : (� ! � 0)
� ` u : �

app
� ` t u : � 0

� ` u : �
� ; x : � ` t : � 0

let
� ` let x = u in t : � 0

� ` t : �
annot

� ` ( t :: � ) : �

a 62ftv (�)
� ` t : �

gen
� ` t : 8a:�

� ` t : � 0

`sub� � 0 � �
subs

� ` t : �

Figure 7: Non syntax-directed higher-rank type system

3.1 Syntax-directed higher-rank typ e system

In this section we explore the connection between Figure 7 and Figure 8. For clarit y let us refer to the
typing relation of the non syntax-directed system of Figure 7 as `nsd , and to the typing relations of the

syntax-directed version of Figure 8 as `sd and `poly
sd .

Lemma 3.1. Let `sub� be either `ol or `dsk . Then

1. if � `sd t : � then � `nsd t : � .

2. if � `poly
sd t : � then � `nsd t : � .

Proof. We prove the two claims simultaneously by induction on the height of the syntax-directed derivation.
We proceedby caseanalysis on the last rule used in the derivation. For the �rst part we have the cases
below.

� Caseint . Directly follows by rule int .

� Casevar . We have that � `sd x : � given that x : � 2 � and ` inst � � � . By rule var � `nsd x : � .

Moreover it is easyto seethat `sub� � � � . By subs then � `nsd x : � .

� Caseabs. Follows by induction hypothesisand rule abs.

� Caseaabs. Follows by induction hypothesisand rule aabs.
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Rho-types � ::= � j � ! � 0

� ` t : �

int
� ` i : Int

`
inst

� � �
var

� ; (x : � ) ` x : �

� ; x : � ` t : �
abs

� ` (\ x. t ) : (� ! � )

� ; x : � ` t : �
aabs

� ` (\ (x:: � ). t ) : (� ! � )

� ` t : (� ! � 0)
� `poly u : � 1

`sub� � 1 � � ` inst � 0 � �
app

� ` t u : �

� `poly u : �
� ; x : � ` t : �

let
� ` let x = u in t : �

� `poly t : � 0

`sub� � 0 � �
` inst � � �

annot
� ` ( t :: � ) : �

� `poly t : �

a = ftv (� ) � ftv (�)
� ` t : �

gen
� `

poly
t : 8a. �

` inst � � �

inst
`

inst
8a. � � [a 7! � ] �

Figure 8: Syntax-directed higher-rank type system

� Caseapp. We have that � `sd t u : � , given that

� `sd t : (� ! � 0) (1)

� `
poly
sd u : � 1 (2)

`
sub�

� 1 � � (3)

`
inst

� 0 � � (4)

By induction hypothesis and (1) we get � `nsd t : � ! � 0. Moreover from (3) we seethat `sub� � !

� 0 � � 1 ! � 0 becauserule fun is admissiblein both `ol and `dsk . Then by rule subs � `nsd t : � 1 ! � 0.
Finally by induction hypothesis for (2) we have � `nsd u : � 1. Applying rule app gives� `nsd t u : � 0

and since(` inst ) � (`sub� ) we can apply rule subs to get � `nsd t u : � .

� Caselet . Follows by induction hypothesisand rule let .
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� Caseannot . In this case� ` ( t :: � ) : � given that

� `
poly
sd t : � 0 (5)

`
sub�

� 0 � � (6)

`
inst

� � � (7)

By (5) and induction hypothesis � `nsd t : � 0. By rule subs � `nsd t : � and moreover from (6) we

have ` inst � � � . Applying rule subs onceagain gives� `nsd t : � as required.

For the secondpart we have that � `poly
sd t : 8a. � when a = ftv (� ) � ftv (�) and � `sd t : � . By induction

hypothesis � `nsd t : � and by rule gen � `nsd t : 8a. � .

Lemma 3.2 (Substitution).

1. If � `sd t : � then S� `sd t : S� .

2. If � `poly
sd t : � then S� `poly

sd t : S� .

Proof. Straightforward induction appealing to the substitution property for `sub� .

Lemma 3.3 (W eakening). Assume that `sub� is `dsk . If � 2 `sd t : � 2 and `dsk � 1 � � 2 then � 1 `sd t : � 1

with `dsk � 1(� 1) � � 2(� 2). Consequently if � 2 `poly
sd t : � 2 then � 1 `poly

sd t : � 1 with `dsk � 1 � � 2.

Proof. The proof is by induction on the height of the derivation. We proceedwith caseanalysis on the last
rule used in the derivation.

� Caseint . Directly follows by rule int .

� Casevar . We have that � 2 `sd x : � 2 given that x : � 2 2 � 2 and

`
inst

� 2 � � 2 (1)

Then, x : � 1 2 � 1 such that
`

dsk
� 1 � � 2 (2)

Assume that b = ftv (� 2) � ftv (� 2). Then by the substitution lemma we get � 2 `sd x : [b 7! d]� 2

for somed =2 ftv (� 1; � 2; � 2). By (1) and the substitution lemma we get ` inst � 2 � [b 7! d]� 2 and by
transitivit y of `dsk

`
dsk

� 1 � [b 7! d]� 2 (3)

Moreover assumethat � 1 = 8a. � 1 and without loss of generality assumethat a =2 ftv (� 1). Then
` inst � 1 � � 1. By (3) we get that `dsk 8a. � 1 � [b 7! d]� 2. Consider a0 = ftv (� 1) � ftv (� 1). Then
a � a0 and consequently `dsk 8a0. � 1 � [b 7! d]� 2. Then it must be that d =2 ftv (8a0. � 1) because
otherwise d 2 ftv (� 1). Then by skol admissibility `dsk 8a0. � 1 � 8d. [b 7! d]� 2, or equivalently
`dsk � 1(� 1) � � 2(� 2).
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� Caseabs. Here we have that � 2 `sd (\ x. t ) : (� ! � 2), given that

� 2; x : � `sd t : � 2 (4)

Consider b = ftv (� 2) � ftv (� 2; � ) and a renaming substitution [b 7! d] where d =2 ftv (� 1; � 2; � ; � 2).
Then by (4) and the substitution lemma we get � 2; x : � `sd t : [b 7! d]� 2. By induction hypothesis
there exists a � 1 such that � 1; x : � `sd t : � 1 and

`
dsk

8a. � 1 � 8d. [b 7! d]� 2 (5)

where a = ftv (� 1) � ftv (� 1; � ). By rule abs we get � 1 `sd (\ x. t ) : (� ! � 1). We wish to show that

`
dsk

8a1. � ! � 1 � 8a2. � ! � 2 (6)

where a1 = ftv (� 1; � ) � ftv (�) and a2 = ftv (� 2; � ) � ftv (�). Notice that if c = ftv (� ) � ftv (�) then
a1 = ac and a2 = bc. From (5), since by sub `dsk 8d. [b 7! d]� 2 � [b 7! d]� 2, and by transitivit y we
get that

`
dsk

8a. � 1 � [b 7! d]� 2 (7)

Then, by rule fun `dsk � ! 8a. � 1 � � ! [b 7! d]� 2 and `dsk 8a. � ! � 1 � � ! [b 7! d]� 2 by
transitivit y and rule distrib . By sub and transitivit y `dsk 8ac. � ! � 1 � � ! [b 7! d]� 2. Now we
claim that c =2 ftv (8ac. � ! � 1) and d =2 ftv (8ac. � ! � 1) similarly. The former becausewe quanti�ed
over them, the latter becausethe opposite would mean that d 2 ftv (� 1). Then we can apply skol
admissibility to get that `dsk 8ac. � ! � 1 � 8dc. � ! [b 7! d]� 2 and by an � -renaming of d to b we
are done.

� Caseaabs. Similar to the casefor abs.

� Caseapp. Here we have � 2 `sd t u : � 2 given that

� 2 `sd t : (� ! � 0) (8)

� 2 `sd u : � 1 (9)

`
dsk

� 1 � � (10)

`
inst
* � 0 � � 2 (11)

Considera renaming substitution g1 = ftv (� ; � 0; � 2) � ftv (� 2) to fresh g2, such that g2 =2 ftv (� 1). Then
by the substitution lemma (8) becomes

� 2 `sd t : (� 0 ! � 0
0) (12)

where � 0 = [g1 7! g2]� and � 0
0 = [g1 7! g2]� 0. By induction hypothesison (12) we get that there exists

a � t with

� 1 `sd t : � t (13)

`
dsk

� 1(� t ) � 8g2. � 0 ! � 0
0 (14)

Becauseof the choice of g2, from equation (14) we get

`
dsk

� 1(� t ) � � 0 ! � 0
0 (15)

There are two possiblecasesfor � t . It is either a type variable a =2 ftv (� 1) or it will be an arrow type
� t

1 ! � t
2.
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{ Assumethat � t = � t
1 ! � t

2 and let a = ftv (� t ) � ftv (� 1). Then by equation (15) and Corollary 2.20
we get:

`
ol

8ab. pr(� t
1) ! � t

2 � 8c. pr(� 0) ! � 0
0 (16)

where

b =2 ftv (� t
1) (17)

c =2 ftv (� 0; � 1; � 2; � t
1; � t

2) (18)

pr(� t
2) = 8b. � t

2 (19)

pr(� 0
0) = 8c. � 0

0 (20)

By (16) and (18) it must be that

`ol 8ab. pr(� t
1) ! � t

2 � pr(� 0) ! � 0
0 (by inversion)

) `ol [a 7! � a ; b 7! � b ](pr(� t
1) ! � t

2) � pr(� 0) ! � 0
0 (by inversion)

) `ol [a 7! � a ]pr(� t
1) ! [a 7! � a ; b 7! � b ]� t

2 � pr(� 0) ! � 0
0

From the last equation, by inversion we get that

`
ol

pr(� 0) � [a 7! � a ]pr(� t
1) (21)

`
ol

[a 7! � a ; b 7! � b ]� t
2 � � 0

0 (22)

From Corollary 2.20 and (21)
`

dsk
� 0 � [a 7! � a ]� t

1 (23)

From (13) and the substitution lemma, we get

� 1 `sd t : [a 7! � a ](� t
1 ! � t

2) (24)

By the substitution lemma for (9) we have that � 2 `poly
sd u : [g1 7! g2]� 1 and by transitivit y of `dsk

we get:
`

dsk
[g1 7! g2]� 1 � [a 7! � a ]� t

1 (25)

Moreover, by induction hypothesis we have that � 1 `poly
sd u : � 0

1 such that `dsk � 0
1 � [g1 7! g2]� 1.

From this and (25) we get `dsk � 0
1 � [a 7! � a ]� t

1. Then, if [a 7! � a ]� t
2 = 8g3. � 1, wherewithout loss

of generality g3 =2 ftv (� 1) we have that ` inst [a 7! � a ]� t
2 � � 1. We have all the premisesof the rule

app and applying it givesus that � 1 ` t u : � 1. Then it is the casethat � 1(� 1) = � 1([a 7! � a ]� t
2).

By (22) we get that
`ol [a 7! � a ; b 7! � b ]� t

2 � � 0
0

) `ol 8b. [a 7! � a ]� t
2 � � 0

0

) `ol 8db. [a 7! � a ]� t
2 � � 0

0

where d = ftv (� a ; � t
2) � ftv (� 1). But now we know that c =2 ftv (8db. [a 7! � a ]� t

2), becauseit
must be that ftv (8db. [a 7! � a ]� t

2) � ftv (� 1), and by (18) c =2 ftv (� 1). Then we can apply rule
skol to get that `ol 8db. [a 7! � a ]� t

2 � 8c. � 0
0, and by Corollary 2.20 `dsk 8d. [a 7! � a ]� t

2 � � 0
0.

By the substitution lemma for (10) we have ` inst
* � 0

0 � [g1 7! g2]� 2 and by transitivit y we have

that `dsk 8d. [a 7! � a ]� t
2 � [g1 7! g2]� 2. Now it cannot be that g2 2 8d. [a 7! � a ]� t

2 because
g2 =2 ftv (� 1). Then we can apply skol admissibility to get `dsk 8d. [a 7! � a ]� t

2 � 8g2. [g1 7! g2]� 2

or by dropping uselessquanti�ers and � -renaming `dsk 8d. [a 7! � a ]� t
2 � � 2(� 2) as required.
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{ Assumethat � t = a and let a =2 ftv (� 1). Then by equation (14) and Corollary 2.20 we get:

`
ol

8a. a � 8c. pr(� 0) ! � 0
0 (26)

where

c =2 ftv (� 0; � 1; � 2) (27)

pr(� 0
0) = 8c. � 0

0 (28)

By (26) and (27) and inversion on `ol it must be that

`
ol

� 1 ! � 2 � pr(� 0) ! � 0
0 (29)

Now yet one more inversion gives

`
ol

pr(� 0) � � 1 (30)

`
ol

� 2 � � 0
0 (31)

From Corollary 2.20 and (30)
`

dsk
� 0 � � 1 (32)

From (12) and the substitution lemma, we get

� 1 `sd t : � 1 ! � 2 (33)

By the substitution lemma for (9) we have that � 2 `poly
sd u : [g1 7! g2]� 1 and by induction hypoth-

esisand (32) we have
� 1 `

poly
sd u : � 0

1 `
dsk

� 0
1 � � 1 (34)

Then ` inst � 2 � � 2. We have all the premises of the rule app and applying it gives us that
� 1 ` t u : � 2. By (31) we get that

`
ol

8d. � 2 � � 0
0 (35)

where d = ftv (� 2) � ftv (� 1). But now we know that c =2 ftv (8d. � 2), becauseit must be that
ftv (8db. [a 7! � a ]� t

2) � ftv (� 1), and by (27) c =2 ftv (� 1). Then we can apply rule skol to get that
`ol 8d. � 2 � 8c. � 0

0, and by Corollary 2.20 `dsk 8d. � 2 � � 0
0. By the substitution lemma for (10)

we have ` inst
* � 0

0 � [g1 7! g2]� 2 and by transitivit y we have that `dsk 8d. � 2 � [g1 7! g2]� 2. Now
it cannot be that g2 2 8d. � 2 becauseg2 =2 ftv (� 1). Then we can apply skol admissibility to
get `dsk 8d. � 2 � 8g2. [g1 7! g2]� 2 or by dropping uselessquanti�ers and � -renaming `dsk 8d. � 2 �
� 2(� 2) as required.

� Caselet . In this casewe have that � 2 `sd let x = u in t : � 2, given that

� 2 `
poly
sd u : � (36)

� 2; x : � `sd t : � 2 (37)

By induction hypothesis for (36) � 1 `sd u : � 0 such that `dsk � 0 � � . By induction hypothesis for (37)

we get � 1; x : � 0 `sd t : � 1 such that `dsk � 1; x : � 0(� 1) � � 2; x : � (� 2) or since � 0 is generalisedover � 1

and � is generalisedover � 2 this becomes̀ dsk � 1(� 1) � � 2(� 2) as required. Applying rule let �nishes
the case.
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� Caseannot . We have that � 2 `sd ( t :: � ) : � 2, given that

� 2 `
poly
sd t : � 0 (38)

`
sub�

� 0 � � (39)

`
inst

� � � 2 (40)

From (38) and induction hypothesis� 1 `poly
sd t : � 00such that `dsk � 00� � 0. Then by (39) and transitivit y

of `dsk we have `dsk � 00 � � . Consider a renaming substitution [b 7! d], where b = ftv (� 2) � ftv (� 2)
and d =2 ftv (� 1; � 2; � 0; � 2). Then by substitution lemma ` inst � � [b 7! d]� 2. We need to show
that `dsk � 1([b 7! d]� 2) � � 2([b 7! d]� 2). But notice that ftv ([b 7! d]� 2) � ftv (� 2) = d and d �
ftv ([b 7! d]� 2) � ftv (� 2)) becaused are fresh. The result then follows by rule sub.

Lemma 3.4. Assumethat `sub� is `dsk . If � `nsd t : � then � `sd t : � and `dsk �( � ) � � .

Proof. By induction on height of the non syntax-directed derivations. We proceedby caseanalysis on the
last rule used.

� Caseint . The result follows by rule Int and we know that `dsk Int � Int by re
exivit y.

� Casevar . Int this case� `nsd x : � , given that x : � 2 �. Then, assumingthat � = 8a. � and without

lossof generality a =2 ftv (�), we have that ` inst � � � and by rule sub we get that ` � �( � ) � 8a. � or
by Corollary 2.31 `dsk �( � ) � 8a. � . By rule var we also get � `sd x : � as required.

� Caseabs. We have that � `nsd (\ x. t ) : � ! � given that � ; x : � `nsd t : � . By induction hypothesis
there exists a � such that � ; x : � `sd t : � such that

`
dsk

� ; x : � (� ) � � (1)

Let b = ftv (� ) � ftv (� ; � ). By rule abs we get that � `sd (\ x. t ) : � ! � . We wish to show that

`dsk �( � ! � ) � � ! � . Let a = ftv (� ! � ) � ftv (�). Split thesevariables in two setsa = a1a2, such
that a1 = a � ftv (� ) and a2 = a � a1. Then it must be that a1 = b. Then we have the following (using
re
exivit y and transitivit y of `dsk):

`dsk 8a. � ! � = 8a1a2. � ! �
� 8a2. (8a1. � ) ! 8a1. � (by distrib and all )
� (8a1. � ) ! 8a1. � (by sub)
� � ! 8a1. � (by Lemma 2.25)
� � ! � (by (1) and fun )

(The use of distrib is essential for this derivation and it is a reasonwhy the claim fails when `ol is
usedinstead of `dsk .)

� Caseaabs. Similar argument as abs taking into account that type annotations are closed.

� Caseapp. In this casewe have that � `nsd t u : � 0 given that

� `nsd t : (� ! � 0) (2)

� `nsd u : � (3)
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By induction hypothesis there exists � t with

� `sd t : � t (4)

`
dsk

�( � t ) � � ! � 0 (5)

Moreover, by induction hypothesis for (3) we get

� `sd u : � u (6)

`
dsk

�( � u ) � � (7)

In general there are two possiblecasesfor � t . It can either be a type variable a =2 ftv (�) or it will be
an arrow type.

{ Assume that � t = � t
1 ! � t

2. Then by (5) `dsk 8a. � t
1 ! � t

2 � � ! � 0, where a = ftv (� t
1; � t

2) �
ftv (�). By the prenex corollary, Corollary 2.20

`
ol

8ab. pr(� t
1) ! � t

2 � 8c. pr(� ) ! � 0 (8)

where the following are true:

b =2 ftv (� t
1) (9)

c =2 ftv (� ; � ; � t
1; � t

2) (10)

pr(� t
2) = 8b. � t

2 (11)

pr(� 0) = 8c. � 0 (12)

By (8) and inversion on `ol we get

`ol 8ab. pr(� t
1) ! � t

2 � pr(� ) ! � 0 (by inversion)
) `ol [a 7! � a ; b 7! � b ](pr(� t

1) ! � t
2) � pr(� ) ! � 0 (by inversion)

) `ol [a 7! � a ]pr(� t
1) ! [a 7! � a ; b 7! � b ]� t

2 � pr(� ) ! � 0

From the last equation, by inversion we get that

`
ol

pr(� ) � [a 7! � a ]pr(� t
1) (13)

`
ol

[a 7! � a ; b 7! � b]� t
2 � � 0 (14)

From Corollary (2.20) and (13)
`

ol
� � [a 7! � a ]� t

1 (15)

Now, from (4) and the substitution lemma, we get

� `sd t : [a 7! � a ](� t
1 ! � t

2) (16)

By transitivit y of `dsk , (15) and (7) we have

`
dsk

�( � u ) � [a 7! � a ]� t
2 (17)

By (15), (6), and (17) we can apply rule app to get that � `sd t u : � r such that ` inst [a 7! � a ]� t
2 �

� r and just pick � r such that all the quanti�ers of [a 7! � a ]� t
2 are replacedby variables not in �.

Then it will be the casethat �( � r ) = �([ a 7! � a ]� t
2). Consequently to �nish the casewe needto

show that
`

dsk
8d. [a 7! � a ]� t

2 � � 0 (18)
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where d = ftv (� t
2; � a ) � ftv (�). By (14) we have

`ol [a 7! � a ; b 7! � b ]� t
2 � � 0

) `ol 8b. [a 7! � a ]� t
2 � � 0

) `ol 8db. [a 7! � a ]� t
2 � � 0

But now we know that c =2 ftv (8db. [a 7! � a ]� t
2), becauseit must be that ftv (8db. [a 7! � a ]� t

2) �
ftv (�), and by (10) c =2 ftv (�). Then we can apply rule skol to get that `ol 8db. [a 7! � a ]� t

2 �
8c. � 0, and by Corollary 2.20 `dsk 8d. [a 7! � a ]� t

2 � � 0 as required.
{ Assumethat � t = a. The argument is essentially the same. We give it more brie
y . Here it must

be that a =2 ftv (�) so that �( a) = 8a. a; otherwise (5) cannot be derivable. Then, by (5) we
have that `dsk 8a. a � � ! � 0, which, by Corollary 2.20 gives `ol 8a. a � 8c. pr(� ) ! � 0 where
pr(� 0) = 8c. � 0 and assumethat c =2 ftv (� ; �). By inversion `ol 8a. a � pr(� ) ! � 0, and there
exist � 1, � 2 with `ol [a 7! (� 1 ! � 2)]a � pr(� ) ! � 0 or by one more inversion

`
ol

pr(� ) � � 1 (19)

`
ol

� 2 � � 0 (20)

By the substitution lemma, Lemma 3.2, � `sd t : � 1 ! � 2. Moreover by Corollary 2.20 and (19)

we get that `dsk � � � 1. Therefore by (7) and transitivit y of `dsk , `dsk �( � u ) � � 1. Finally we
can apply rule app to get the result. We need to show that `dsk �( � 2) � � 0. But we have that
`ol �( � 2) � � 0 and sincewe assumedthat c =2 ftv (�), c =2 ftv (�( � 2)), therefore we can apply rule
skol to get `ol � (� 2) � 8c. � 0 and by this and Corollary 2.20 we are done.

� Caselet . We have that � `nsd let x = u in t : � 0, given that

� `nsd u : � (21)

� ; x : � `nsd t : � 0 (22)

By induction hypothesis � `sd u : � such that `dsk �( � ) � � . Again by induction hypothesis � ; x :

� `sd t : � 0 such that `dsk � ; x : � (� 0) � � 0. By Lemma 3.3 we get that � ; x : �( � ) `sd t : � 00such that

`dsk � ; x : �( � )( � 00) � � ; x : � (� 0). But � ; x : �( � )( � 00) = �( � 00) and `dsk � ; x : � (� 0) � � 0 by transitivit y
of `dsk . The result follows by application of rule let .

� Case annot . In this casewe have that � `nsd ( t :: � ) : � , given that � `nsd t : � . By induction

hypothesisthere existsa � such that � `sd t : � and `dsk �( � ) � � . Then is the casethat � `poly
sd t : � (� ).

Moreover if � = 8a. � 1 and without loss of generality a =2 ftv (�), then ` inst � � � 1 and we are done
by applying rule annot . Moreover it is easy to con�rm that `dsk �( � 1) � 8a. � 1, since we assumed
a =2 ftv (�).

The above claim fails when `sub� is `ol . For example it is derivable in the non-syntax directed system that

`nsd let f = (\ x. \ y. y) in f : Int ! 8b. b ! b

but in the syntax-directed system we can only get that

`
poly
sd let f = (\ x. \ y. y) in f : 8ab. a ! b ! b

and it is not the casethat `ol 8ab. a ! b ! b � Int ! 8b. b ! b, even though it is the casethat

`
dsk

8ab. a ! b ! b � Int ! 8b. b ! b
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Rho-types � ::= � j � ! �

� ` � t : � � ::= * j +

int
� ` � i : Int

`
inst
� � � �

var
� ; (x : � ) ` � x : �

� ; (x : � ) ` * t : �
abs1

� ` * (\ x. t ) : (� ! � )

� ; (x : � a ) `
poly
+ t : � r

abs2
� ` + (\ x. t ) : (� a ! � r )

� ; (x : � ) ` * t : �
aabs1

� ` * (\ (x:: � ). t ) : (� ! � )

`sub� � a � � x

� ; (x : � x ) `poly
+ t : � r

aabs2
� ` + (\ (x:: � x ). t ) : (� a ! � r )

� ` * t : (� ! � 0) � `
poly
+ u : � `

inst
� � 0 � �

app
� ` � t u : �

� `poly
+ t : �

` inst
� � � �

annot
� ` � ( t :: � ) : �

� `poly
* u : �

� ; x : � ` � t : �
let

� ` � let x = u in t : �

� `poly
� t : �

a = ftv (� ) � ftv (�)
� ` * t : �

gen1
� `

poly
* t : 8a. �

a 62ftv (�)
� ` + t : �

gen2
� `

poly
+ t : 8a. �

` inst
� � � �

inst1
`

inst
* 8a. � � [a 7! � ] �

`
sub�

� � �
inst2

`
inst
+ � � �

Figure 9: Bidirectional higher-rank type system

3.2 Bidirectional t yp e system (�rst version)

In this section we give properties of the type system of Figure 9. Notice that this is not the �nal version of
the type systemasit performs only shallow skolemisation in the rule gen2 . Neverthelessit is worth studying
its properties. We later extend it to the �nal version which also appears in the main paper.
Lemma 3.5. If `sub� � � � then ` inst

+ � � � .
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Proof. Directly follows by rule inst2 .

Lemma 3.6. If ` inst
* � � � then ` inst

+ � � � .

Proof. By inversion it must be that � = 8a. � 1 and � = [a 7! � ]� 1. We need to show that ` inst
+ 8a. � 1 �

[a 7! � ]� 1, or by rule inst2 `sub� 8a. � 1 � [a 7! � ]� 1. By rule sub ` � 8a. � 1 � [a 7! � ]� 1 and by Corol-
lary 2.31 `dsk 8a. � 1 � [a 7! � ]� 1. On the other hand, if `sub� is `ol the result follows by an application of
spec and re
exivit y, Lemma 2.2.

Lemma 3.7. If `ol � 1 � � 2 and ` inst
* � 2 � � 2 then 9� 1. ` inst

* � 1 � � 1 and `ol � 1 � � 2.

Proof. Assumethat � 1 = 8a. � 11 and � 2 = 8b. � 22. Without lossof generality assumethat a =2 ftv (� 2) and
b =2 ftv (� 1). Then it must be that

`
ol

8a. � 11 � 8b. � 22 (1)

By inversion on the assumption we get that

� 2 = [b 7! � b ]� 22 (2)

By (1) and inversion it must be that `ol 8a. � 11 � � 22. Then, by the substitution lemma `ol 8a. � 11 �
[b 7! � b]� 22. Then by inversion again4 `ol [a 7! � a ]� 11 � [b 7! � b ]� 22 for some� a . Taking � 1 = [a 7! � a ]� 11

�nishes the proof.

Lemma 3.8. If `ol � 1 � � 2 and ` inst
+ � 2 � � 2 then ` inst

+ � 1 � � 2.

Proof. Follows by inversion of ` inst and transitivit y of `sub� .

Lemma 3.9. Independently of whether `sub� is `ol or `dsk , if `ol � 1 � � 2 pointwise then the following are
true:

1. If � 2 ` * t : � 2 then 9� 1. � 1 ` * t : � 1 and `ol � 1 � � 2.

2. If � 2 ` + t : � 1 and `ol � 1 � � 2 then � 1 ` + t : � 2.

3. If � 2 `poly
* t : � 2 then 9� 1. � 1 `poly

* t : � 1 and `ol � 1 � � 2.

4. If � 2 `poly
+ t : � 1 and `ol � 1 � � 2 then � 1 `poly

+ t : � 2.

Proof. We prove the four claims simultaneously by induction on the height of the typing derivations. For
each claim we asssumethat all are true for derivations of smaller height.

For the �rst part we have the following cases.

� Caseint . Follows by the samerule.

� Case var . In this case � 2 ` * x : � 2 given that x : � 2 2 � 2 and ` inst
* � 2 � � 2. It must be that

x : � 1 2 � 1, such that `ol � 1 � � 2. By Lemma 3.7 there exists � 1 such that ` inst
* � 1 � � 1 with

`ol � 1 � � 2. and by applying rule var we are done.

4Notice that this inversion would fail if we were using ` dsk instead.
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� Case abs1. Here � 2 ` * (\ x. t ) : � ! � , given that � 2; x : � ` * t : � . By induction hypothesis

� 1; x : � ` + t : � 0 such that `ol � 0 � � . By rule abs1 we get � 1 ` * (\ x. t ) : � ! � 0. And by Lemma 2.2

and rule fun `ol � ! � 0 � � ! � .

� Case aabs1. In this case� 2 ` * \ (x:: � ). t : � ! � , given that � 2; x : � ` * t : � . By induction

hypothesis � 1; x : � ` * t : � 0 for some � 0 with `ol � 0 � � and by rule aabs1 we get that � 1 ` *

\ (x:: � ). t : � ! � 0 and by rule fun `ol � ! � 0 � � ! � .

� Caseapp. In this case

� 2 ` * t u : � 2 (1)

� 2 ` * t : (� ! � 0) (2)

� 2 `
poly
+ u : � (3)

`
inst
* � 0 � � 2 (4)

By induction hypothesis there exists � 0 such that � 1 ` * t : � 0 and `ol � ! � 0 � � 0. By inversion it

must be that � 0 = � 1 ! � 0
1 such that `ol � � � 1 and `ol � 0

1 � � 0. From this and (3) and induction
hypothesis it must be that � 1 `poly

+ u : � 1 and by Lemma 3.7 there exists a � 1 with `ol � 1 � � 2 such

that ` inst
* � 0

1 � � 1. By applying rule app we are done.

� Caseannot . Here � 2 ` * ( t :: � ) : � 2, given that � 2 `poly
+ t : � and ` inst

* � � � 2. By re
exivit y and

induction hypothesis � 1 `poly
+ t : � . Applying rule annot again givesthe result, since`ol � 2 � � 2.

� Case let . Finally � 2 ` * let x = u in t : � 2, given that � 2 `poly
* u : � and � 2; x : � ` * t : � 2.

By induction hypothesis � 1 `poly
* u : � 0 such that `ol � 0 � � . Then by induction hypothesis again

� 1; x : � 0 ` * t : � 1 for some� 1 with `ol � 1 � � 2. Applying let �nishes the case.

For the secondpart we have the following cases.

� Caseint . By inversion it must be also that � 2 = Int . Then the casefollows by int .

� Casevar . In this case� 2 ` + x : � 1 giventhat x : � 2 2 � 2 and ` inst
+ � 2 � � 1. It must be that x : � 1 2 � 1,

such that `ol � 1 � � 2. By Lemma 3.8 ` inst
+ � 1 � � 1 and by transitivit y of `sub� ` inst

+ � 1 � � 2. The
result follows by rule var .

� Caseabs2. Here � 2 ` + (\ x. t ) : � a ! � r , given that � 2; x : � a `poly
+ t : � r . We have that `ol � a !

� r � � 2 for some� 2. By inversion � 2 = � a
2 ! � r

2 with

`
ol

� a
2 � � a (5)

`
ol

� r � � r
2 (6)

Then by induction hypothesis � 1; x : � a
2 `poly

+ t : � r
2 . The result follows by applying rule abs2 again.

� Case aabs2. In this case � 2 ` + \ (x:: � x ). t : � a ! � r , given that � 2; x : � x `poly
+ t : � r and

`sub� � a � � x . We have that `ol � a ! � r � � 2 for some� 2. By inversion � 2 = � a
2 ! � r

2 with

`
ol

� a
2 � � a (7)

`
ol

� r � � r
2 (8)

By transitivit y of `sub� and the fact that `ol is a subset of `sub� , and (7) we get that `sub� � a
2 � � x .

By induction hypothesis � 1; x : � x `poly
+ t : � r

2 and by rule aabs2 we get the result.
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� Caseapp. In this case

� 2 ` + t u : � 1 (9)

� 2 ` * t : (� ! � 0) (10)

� 2 `
poly
+ u : � (11)

`
inst
+ � 0 � � 1 (12)

By induction hypothesis there exists � 0 such that � 1 ` * t : � 0 and `ol � 0 � � ! � 0. By inversion it

must be that � 0 = � 1 ! � 0
1 such that `ol � � � 1 and `ol � 0

1 � � 0. From this and (11) and induction
hypothesis it must be that � 1 `poly

+ u : � 1 and by transitivit y of `sub� , ` inst
* � 0

1 � � 2. By applying rule
app we are done.

� Caseannot . Here � 2 ` + ( t :: � ) : � 1, given that � 2 `poly
+ t : � and ` inst

+ � � � 1. By re
exivit y and

induction hypothesis � 1 `poly
+ t : � . By transitivit y of `sub� we have that ` inst

+ � � � 2, and by rule
annot we are done.

� Case let . Here � 2 ` + let x = u in t : � 1, given that � 2 `poly
* u : � and � 2; x : � ` + t : � 1.

By induction hypothesis � 1 `poly
* u : � 0 so that `ol � 0 � � . Then by induction hypothesis again

� 1; x : � 0 ` + t : � 2 and applying let �nishes the case.

For the third part we have by inversion that � 2 = 8b. � 2, such that b = ftv (� 2) � ftv (� 2) and

� 2 ` * t : � 2 (13)

Instead of using the induction hypothesis directly 5 consider a renaming substitution [b 7! d] such that
d =2 ftv (� 1; � 2; � 2). Then by the substitution lemma, Lemma 3.13 on (13 we get � 2 ` * t : [b 7! d]� 2

with the same height. Then we can apply the induction hypothesis to get that � 1 ` * t : � 1, such that

`ol � 1 � [b 7! d]� 2. By rule spec
`

ol
8a. � 1 � [b 7! d]� 2 (14)

where a = ftv (� 1) � ftv (� 1). Now we claim that d =2 ftv (8a. � 1). Supposeby contradiction that exists a
d 2 d such that d 2 ftv (8a. � 1) = ftv (� 1) \ ftv (� 1). Then it must be that d 2 ftv (� 1), a contradiction. By
rule skol then and (14) we get `ol 8a. � 1 � 8d. [b 7! d]� 2, or equivalently `ol 8a. � 1 � 8b. � 2 as required.

For the fourth part assumethat � 1 = 8a. � 1 and � 2 = 8b. � 2. Without loss of generality assumethat
b =2 ftv (� 1; � 1). Then we have that `ol 8a. � 1 � 8b. � 2 and by inversion `ol 8a. � 1 � � 2. By inversion again6

we get
`

ol
[a 7! � ]� 1 � � 2 (15)

for some � . We know that � 2 ` + � 1 and a =2 ftv (� 2). Then by the substitution lemma, Lemma 3.13
� 2 ` + t : [a 7! � ]� 1. From (15) and by induction hypothesis � 1 ` + t : � 2. By rule gen2 we get the result.

Notice that the property holds independently of which relation the type system actually uses. However it
fails when the two typesare related in `dsk instead of `ol .
False Claim 3.10. If � ` + t : � 1 and `dsk � 1 � � 2 then � ` + t : � 2.

5 Induction hypothesis would give that � 1 ` * : � 1 such that `ol � 1 � � 2 , but in general it is not true that if `ol � 1 � � 2 and

`ol � 1 � � 2 then `ol � 1(� 1 ) � � 2 (� 2 ). As a counterexample consider � 1 = (x : (a ! a) ! Int ), � 2 = (x : (8a. a ! a) ! Int )
and � 1 = � 2 = a ! a.

6Note that this step would fail if we were in `dsk .
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Proof. Here's a counterexample. Consider � = u : Int , � 1 = 8a. a ! 8b. b ! 8c. b ! c, � 2 = Int !
8c.Int ! c, and � 3 = 8abc. a ! b ! b ! c. Then it is derivable that � ` + (\ x. x u) : (� 1 ! � 2) but it is

not derivable that � ` + (\ x. x u) : (� 3 ! � 2), although `dsk � 1 ! � 2 � � 3 ! � 2. Notice that this property

fails again independently of `sub� .

Lemma 3.11.

1. If � ` * t : � then � ` + t : � .

2. If � `poly
* t : � then � `poly

+ t : � .

Proof. We prove the two claims simultaneously by induction on the height of the derivations. We proceed
with caseanalysis on the last rule used in each derivation. For the �rst part we have the following casesto
consider.

� Caseint . Follows by the samerule.

� Casevar . In this case� ` * x : � given that x : � 2 � and ` inst
* � � � . By Lemma 3.6 ` inst

+ � � � and
by applying rule var we are done.

� Case abs1. Here � ` * (\ x. t ) : � ! � , given that � ; x : � ` * t : � . By induction hypothesis

� ; x : � ` + t : � and by rule gen2 � ; x : � `poly
+ t : � . From this and rule abs2 � ` + (\ x. t ) : � ! � .

� Caseaabs1. In this case� ` * \ (x:: � ). t : � ! � , given that � ; x : � ` * t : � . By induction hypothesis

� ; x : � ` + t : � and by rule gen2 � ; x : � `poly
+ t : � . Moreover by re
exivit y `sub� � � � and by

applying rule aabs2 we are done.

� Caseapp. In tis case� ` * t u : � , given that � ` * t : (� ! � 0), � `poly
+ u : � , and ` inst

* � 0 � � . By

Lemma 3.6 ` inst
+ � 0 � � and we get the result by applying rule app.

� Caseannot . Here � ` * ( t :: � ) : � , given that � `poly
+ t : � and ` inst

* � � � . By Lemma 3.6 ` inst
+ � � �

and we get the result by rule annot .

� Case let . Finally � ` * let x = u in t : � , given that � `poly
* u : � and � ; x : � ` * t : � . By

induction hypothesis � ; x : � ` + t : � and the result follows by rule let .

The secondpart can be derived with rule gen1 . It is � `poly
* t : 8a. � , with a = ftv (� ) � ftv (�) and � ` * t : � .

By induction hypothesis � ` + t : � and by using rule gen2 we get � `poly
+ t : 8a. � as required.

Lemma 3.12 (Instan tiation Substitution). If ` inst
� � � � then ` inst

� S� � S� .

Proof. For � = + the result follows directly by the substitution property for `sub� . For � = * by inversion
� = 8a. � 1 and � = [a 7! � ]� 1. Assumewithout lossof generality that a =2 vars(S). Then S� = 8a. S� 1 and
S� = [a 7! S� ]S� 1. The result follows by rule inst1 .

Lemma 3.13 (Substitution).

1. If � ` � t : � then S� ` � t : S� .

2. If � `poly
� t : � then S� `poly

� t : S� .
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Proof. We prove all claims simultaneously by induction on the height of the derivations. For each of the
claims we assumethat all claims hold for derivations of smaller height.

For the �rst part we have the following cases.Caseint follows by rule int . Casevar follows by Lemma 3.12.
Caseabs1 follows by induction hypothesis and rule abs1. Caseabs2 follows by induction hypothesis and
rule abs2. Caseaabs1 follows by induction hypothesis and rule aabs1. Caseaabs2 follows bythe substi-
tution property of `sub� , induction hypothesis, and rule aabs2. Caseapp follows by induction hypothesis,
Lemma 3.12, and rule app. Caseannot follows by induction hypothesis, Lemma 3.12, and rule annot .
Caselet follows by induction hypothesisand rule let .

For the secondpart we have the following cases.

� Casegen1 . We have that � `poly
* t : 8a. � , given that a = ftv (� ) � ftv (�) and � ` t : � . Assumewithout

loss of generality that a =2 vars(S). Consider a substitution [a 7! b] such that b =2 vars(S); ftv (� ; � ).
By induction hypothesisS[a 7! b]� ` * t : S[a 7! b]� , or equivalently S� ` * t : S[a 7! b]� .

Now wecanshow that b = ftv ([a 7! b]S� )� ftv (S�). Supposeinsteadthat there is a b =2 ftv ([a 7! b]S� )�
ftv (S�) which means that b 2 ftv (S�), since we know that b 2 ftv ([a 7! b]S� ). But then, since
b =2 vars(S), it must be that b 2 ftv (�), a contradiction. On the other hand, supposethat we have
a variable g 2 ftv ([a 7! b]S� ) � ftv (S�) but g =2 b. Note that it must be that g =2 a as well simply
becausea =2 ftv ([a 7! b]S� ). Then this meansthat there is somevariable d 2 � such that g 2 ftv (Sd).
Now, d must be in ftv (�), otherwise d 2 a and then g 2 a. But if d 2 ftv (�) then g 2 ftv (�), a
contradiction. Therefore it is indeed the casethat b = ftv ([a 7! b]S� ) � ftv (S�) and and we can apply
the rule gen1 to get the result.

� Casegen2 . In this case� `poly
+ t : 8a. � , given that a =2 ftv (�) and � ` + t : � . Consider a substitution

[a 7! c] such that c =2 ftv (�) ; vars(S). Then by induction hypothesis S[a 7! c]� ` + t : S[a 7! c]� ,

or equivalently , S� ` + t : S[a 7! c]� . Applying rule gen2 we get S� `poly
+ t : 8c. S[a 7! c]� , or

S� `poly
+ t : S(8a. � ).

3.2.1 Shallo w subsumption

De�nition 3.14 (Shallo w subsumption). We de�ne a subsetof the subsumptionrelation, `sh � � �, which
we call shallow subsumption as follows:

b 62ftv (8a. � )
sub

`
sh

8a. � � 8b. [a 7! � ]�

Notice that shallow subsumption is essentially ML subsumption. The rule sub is equivalent to the rule sub
of the predicative F-eta subsumption.
Lemma 3.15. If `sh � 1 � � 2 then `ol � 1 � � 2 and `dsk � 1 � � 2.

Proof. The �rst part follows by application of Lemma 2.2 (re
exivit y), rule spec, and rule skol . For the
secondpart, ` � � 1 � � 2 by rule sub, and by Corollary 2.31 we get `dsk � 1 � � 2.

Lemma 3.16. If `sh � 1 � � 2 then ftv (� 1) � ftv (� 2).

Proof. It must be that � 1 = 8a. � and � 2 = 8b. [a 7! � ]� . Then for every c 2 ftv (8a. � ) = ftv (� ) � a it must
be that c 2 ftv ([a 7! � ]� ).
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Lemma 3.17. `sh S� (� ) � S�( S� ).

Proof. Let �( � ) = 8a. � where a = ftv (� ) � ftv (�). Let g be a new set of variables, such that g =2
ftv (�) ; vars(S); ftv (� ). Then S�( � ) = 8g. S([a 7! g]� ).

Now, let S�( S� ) = 8b. S� , whereb 2 ftv (S� )� ftv (S�). Wewant to provethat `sh 8g. S([a 7! g]� ) � 8b. S� .
First we need to show that b =2 ftv (S�( � )). By contradiction, assumethat there exists a b 2 b such that
b 2 ftv (S�( � )). Therefore there exists d 2 ftv (�( � )) such that b 2 Sd. From this we get that d 2 ftv (� ) and
d 2 ftv (�). Then, since b 2 Sd, b 2 S�, which is a contradiction to the fact that b 2 ftv (S� ) � ftv (S�).
Therefore, it only remains to be shown that for sometypes � it is the casethat [g 7! � ]S([a 7! g]� ) = S� .
Pick � = Sa.

Lemma 3.18 (Shallo w Subsumption W eakening). When `sub� is either `ol or `dsk the following are
true:

1. If `sh � 1 � � 2 and ` inst
+ � 2 � � then ` inst

+ � 1 � � .

2. If `sh � 1 � � 2 and ` inst
* � 2 � � then ` inst

* � 1 � � .

Moreover in each casethe two derivations have the sameheight.

Proof. For the �rst part, by Lemma 3.15, `sub� � 1 � � 2. By inversion `sub� � 2 � � , therefore by transitivit y
`sub� � 1 � � and by rule inst2 we get the result.

For the second part, let � 1 = 8a. � 1 and � 2 = 8b. [a 7! � a ]� 1, where b =2 ftv (� 1). By inversion � =
[b 7! � b][a 7! � a ]� 1, or, since b =2 ftv (� 1), � = [a 7! S� a ]� 1, where S = [b 7! � b ]. We get the result by
applying rule inst1 .

Lemma 3.19 (W eakening). Given two contexts, � , � 0, if dom(�) = dom(� 0) and for all x 2 dom(�) it is
`sh �( x) � � 0(x) then the following are true:

1. If � 0 ` * t : � then � ` * t : � .

2. If � 0 ` + t : � then � ` + t : � .

3. If � 0 `poly
+ t : � then � `poly

+ t : � .

4. If � 0 `poly
* t : � then � `poly

* t : � 0 where `sh � 0 � � .

Moreover, for each implication, the two derivations have the sameheight.

Proof. We prove the four goalssimultaneously by induction on the height of the derivations. For each goal
the induction hypothesisassertsall others for any derivations of smaller height. We proceedby caseanalysis
on the last rule used.

For the �rst goal we have the following casesfor the last rule usedin the derivation of � 0 ` * t : � .

� Casevar . We have that � 0 ` * x : � , given that ` inst
* � � � and x : � 2 � 0. By our assumptions,there

exists a � 0 such that x : � 0 2 � and `sh � 0 � � . Then the result follows from Lemma 3.18 and by
applying rule var again.

� Case abs1. Here � 0 ` * \ x. t : � ! � given that � 0; x : � ` * t : � . By induction hypothesis
� ; x : � ` * t : � and by the rule abs1 we are done.
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� Caseaabs1. We have that � 0 ` * \ x :: � . t : � ! � given that � 0; x : � ` * t : � . By induction hypothesis
� ; x : � ` * t : � and by applying rule aabs1 we are done.

� Caseapp. Here � 0 ` * t u : � given that � 0 ` * t : � ! � 0, � 0 `poly
+ u : � and ` inst

* � 0 � � . By induction

hypothesis � ` * t : � ! � 0 and � `poly
+ u : � , and by applying rule app we are done.

� Caselet . Here � 0 ` * let x = u in t : � given that � 0 `poly
* u : � and � 0; x : � ` * t : � . By induction

hypothesis � `poly
* u : � 0 so that `sh � 0 � � . Then, by induction hypothesis � ; x : � 0 ` * t : � and by

applying the rule let we are done.

For the secondgoal we have the following casesfor the last rule used in the derivation of � 0 ` + t : � .

� Casevar . Similar to the casefor var above.

� Caseabs2. We have that � 0 ` + (\ x. t ) : � a ! � r , given that � 0; x : � a `poly
+ t : � r . By induction

hypothesis � ; x : � a `poly
+ t : � r , and by applying rule abs2 this caseis done.

� Caseaabs2. Here � 0 ` + \ x:: � x . t : � a ! � r given that `ol � a � � x and � 0; (x : � x ) `poly
+ t : � r . Then,

by induction hypothesiswe get that � ; (x : � x ) `poly
+ t : � r and by rule aabs2 we are done.

� Caseapp. Similar to the casefor app above.

� Caselet . Similar to the casefor let above.

For the third part, � 0 `poly
+ t : � can be derived using the gen2 rule. Let � = 8a. � and then we have that

� 0 `poly
+ t : 8a. � given that � 0 ` + t : � for a =2 ftv (� 0). By induction hypothesis we get that � ` + t : � .

Moreover, sincethe two contexts are related pointwise in the shallow subsumption relation, by Lemma 3.16
we have that ftv (�) � ftv (� 0) henceb =2 ftv (�), and we can apply gen2 to get the result.

Finally � 0 `poly
* t : � is derivable using the gen1 rule. Assume � = 8a. � where � 0 ` * t : � and a =

ftv (� ) � ftv (� 0). By induction hypothesis� ` * t : � and becauseftv (�) � ftv (� 0), using Lemma 3.16 it must
be that ftv (� ) � ftv (� 0) � ftv (� ) � ftv (�), which meansthat a � c where c = ftv (� ) � ftv (�). By applying
rule gen1 we get the result and it is easyto con�rm that `sh 8c. � � 8a. � .

3.2.2 Connection of syntax-directed and bidirectional t yp e system

Lemma 3.20. Let `sub� be `ol . Then

1. if � `sd t : � then � ` * � .

2. if � `poly
sd t : � then � `poly

* � .

Proof. We prove the two claims simultaneously by induction on the height of the derivations. We proceed
with caseanalysis on the last rule used.

� Caseint . Directly follows by rule int .

� Casevar . Directly follows by rule var .

� Caseabs. Follows by induction hypothesisand rule abs.
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� Caseapp. We have that � `sd t u : � given that

� `sd t : (� ! � 0) (1)

� `
poly
sd u : � 1 (2)

`
sub�

� 1 � � (3)

`
inst

� 0 � � (4)

By induction hypothesis for (1) we get � ` * t : � ! � 0 and moreover � `poly
* t : � 1, which, by

Lemma 3.11 gives� `poly
+ t : � 1. By (3) and Lemma 3.9 � `poly

+ t : � and using (4) and app we get the
result.

� Caselet . In this casewe have that � ` let x = u in t : � , given that

� `
poly
sd u : � (5)

� ; x : � `
poly
sd t : � (6)

Then by induction � `poly
* u : � and � ; x : � ` * t : � . Applying rule let �nishes the case.

� Caseannot . We have that � ` ( t :: � ) : � , when

� `
poly
sd t : � 0 (7)

`
sub�

� 0 � � (8)

`
inst

� � � (9)

By induction hypothesiswe get � `poly
* t : � 0, which by Lemma 3.11 gives� `poly

+ t : � 0. From this, (8),

and Lemma 3.9 it must be that � `poly
+ t : � . From this and (9) we can apply rule annot to get the

result.

For the secondpart, the casefor gen follows directly by rule gen in the bidirectional system.

If we replace the relation `sub� with `dsk the above theorem becomesfalse. The intuition is that type
annotations may inducesomedeepskolemisationsubsumption that will succeedin the syntax-directed system
since there we generalisemore and fail in the bidirectional where we check more! For example, consider
� = x : 8a. a ! b ! b ! c; u : Int and � `poly

sd ((x u):: (Int ! 8c.Int ! c)) : Int ! 8c:Int ! c but it

is not derivable that � `poly
* ((x u):: (Int ! 8c. Int ! c)) : Int ! 8c:Int ! c |in fact it is not typable

at all. Notice that if all annotations and typesof binders in the context were in prenex form, then it is easy
to seethat it would never make a di�erence whether `sub� was `ol or `dsk and the theorem above would be
true.

Naturally the other direction doesnot hold; the bidirectional systemis more powerful than the simplesyntax-
directed system. As an example let � id = 8a. a ! a, � = g : (� id ! � id ) ! Int and consider inferring
� ` * g (\ x. x) : Int . This will type-check, as it is checkable that � ` + \ x. x : � id ! � id . Neverthelessit is

not derivable that � `sd g x : Int as it will not be derivable that `sub� 8a. a ! a � � id ! � id .

3.3 Final version of the bidirectional system: deep skolemisation in polyt yp e
checking

The bidirectional system with `dsk is a rich one but lacks two important properties, namely Lemma 3.20
becomesfalse when `sub� is `dsk and so does Lemma 3.9 when the types and contexts are related by `dsk

instead of `ol .
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Consider the alternativ e rule for `poly
+ given below.

pr (� ) = 8a. �
a =2 ftv (�) � ` + t : �

gen2*
� `

poly
+ t : �

Here's an important property of this system.
Lemma 3.21. If � ` + t : � and pr (� ) = 8a. � 0 where a =2 ftv (�) then � ` + t : � 0 and the new derivation
has the sameheight.

Proof. By induction on the height of the derivation � ` + t : � . We proceedwith caseanalysis on the last
rule used.

� Caseint . Directly follows by rule int .

� Casevar . We have that � ` + x : � given that ` inst
+ � � � where x : � 2 �. Equivalently `dsk � � � .

Then it must be that `dsk � � � as well and there is a canonical derivation that usesskol at the end.
This meansthat `dsk � � � 0 and by applying rule var again we get the result.

� Case abs2. We have that � ` + (\ x. t ) : (� a ! � r ) given that � ; (x : � a ) `poly
+ t : � r . It is easy

to seethat � ; (x : � a ) `poly
+ t : pr (� r ) and has the same height, since pr (� r ) = pr (pr (� r )). Then

by inversion pr (� r ) = 8a. � r with a =2 ftv (� a ; �) � ; (x : � a ) ` + t : � r and by applying rule gen2*

� ; (x : � a ) `poly
+ t : � r as well. By rule abs2 we get � ` + t : � a ! � r as required.

� Caseaabs2. In this case� ` + (\ (x:: � x ). t ) : (� a ! � r ) given that `sub� � a � � x and � ; (x : � x ) `poly
+

t : � r . With the sameargument as in the casefor abs2 it must be that � ; (x : � x ) `poly
+ t : � r where

pr (� r ) = 8a. � r with a =2 ftv (� a ; �). Moreover it is easyto check that `dsk pr (� a ) � � a . Applying rule
aabs2 again gives� ; x : � x ` + t : � a ! � r and �nishes the case.

� Caseapp. Here we have that � ` + t u : � given that

� ` * t : (� ! � 0) (1)

� `
poly
+ u : � (2)

`
inst
+ � 0 � � (3)

From (3) `dsk � 0 � � . Consider the canonical derivation that ends with skol . Then, assumingthat
a =2 ftv (� 0) as well without lossof generality `dsk � 0 � � 0. Applying rule app again givesthe result.

� Caselet . In this case� ` � let x = u in t : � given that � `poly
* u : � and � ; x : � ` � t : � . Notice

that sincea =2 ftv (�) and ftv (� ) 2 ftv (�) by inversion, it must be that a =2 ftv (� ; x : � ), therefore the
caseis done by application of the induction hypothesisand rule let .

� Caseannot . We have that � ` + ( t :: � ) : � given that

� `
poly
+ t : � (4)

`
inst
+ � � � (5)

With a similar argument as in the casefor app we get that `dsk � � � 0 and applying rule annot
�nishes the case.
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Some important properties �rst that carry along from Section 3 and still hold for this variation of the
bidirectional type system.
Lemma 3.22.

1. If � ` * t : � then � ` + t : � .

2. If � `poly
* t : � then � `poly

+ t : � .

Proof. The proof of the �rst part is exactly like the proof of Lemma 3.11. For the secondpart we have
that � `poly

* t : � by rule gen1 and assumethat � = 8a. � where a =2 ftv (�). Then � ` * t : � which by
induction hypothesisgivesus that � ` + t : � . Now let pr (� ) = 8b. � 0 such that b =2 a; ftv (�). By Lemma 3.21
� ` + t : � 0. But notice that pr (� ) = 8ab. � 0. Hencewe can apply rule gen2* to get the result.

Lemma 3.23 (Substitution).

1. If � ` � t : � then S� ` � t : S� .

2. If � `poly
� t : � then S� `poly

� t : S� .

Proof. Exactly like the proof of Lemma 3.13 except for the gen2* casefor the secondsubgoal. In that case
we have that � `poly

+ t : � when pr (� ) = 8a. � and a =2 ftv (�) and � ` + t : � . Then, considera substitution
S � [a 7! c] such that c =2 vars(S); ftv (� ; � ). By induction hypothesisS� ` v t : S � [a 7! c]� . But notice that
pr (S� ) = S(pr (� )) = S(8a. � ). With a renaming S(8a. � ) = 8c. S[a 7! c]� and we can apply rule gen2*
to get the result.

Lemma 3.24 (W eakening). Given two contexts, � , � 0, if dom(�) = dom(� 0) and for all x 2 dom(�) it is
`sh �( x) � � 0(x) then the following are true:

1. If � 0 ` * t : � then � ` * t : � .

2. If � 0 ` + t : � then � ` + t : � .

3. If � 0 `poly
+ t : � then � `poly

+ t : � .

4. If � 0 `poly
* t : � then � `poly

* t : � 0 where `sh � 0 � � .

Moreover, for each implication, the two derivations have the sameheight.

Proof. The proof is the sameessentially as in Lemma 3.19except for the casefor gen2* in the third subgoal.
In this case� 0 `poly

+ t : � . Let pr (� ) = 8a. � and then we have that � 0 `poly
+ t : � given that � 0 ` + t : �

for a =2 ftv (� 0). By induction hypothesis we get that � ` + t : � . Moreover, since the two contexts are
related pointwise in the shallow subsumption relation, by Lemma 3.16 we have that ftv (�) � ftv (� 0) hence
a =2 ftv (�), and we can apply gen2* to get the result.

Now, even in this system we cannot arbitrarily strengthen contexts in the `dsk relation and check the same
� -type7. For example, consider � 1 = x : 8abc. a ! Int ! b ! b ! c and � 2 = x : 8a. a ! Int ! 8b. b !

7 This is somewhat ugly because it means that when a programmer writes her program and wants to revise the type
annotations in the rest of the program; he should change the type annotations so that the new types are only ` ol more general
and not `dsk .
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8c. b ! c. Then it is the casethat � 2 ` + x True : Int ! 8b. b ! 8c. b ! c but this is not derivable when

� 2 is replaced with � 1, although � 1 is a more general context in the `dsk way. However a very important
slight variation of the weakening lemma holds.
Lemma 3.25. Independently of whether `sub� is `ol or `dsk , if `ol � 1 � � 2 pointwise then the following are
true:

1. If � 2 ` * t : � 2 then 9� 1. � 1 ` * t : � 1 and `ol � 1 � � 2.

2. If � 2 ` + t : � 1 and `ol � 1 � � 2 then � 1 ` + t : � 2.

3. If � 2 `poly
* t : � 2 then 9� 1. � 1 `poly

* t : � 1 and `ol � 1 � � 2.

4. If � 2 `poly
+ t : � 1 and `dsk � 1 � � 2 then � 1 `poly

+ t : � 2. Notice the fourth claim that allows now for `dsk

weakening.

Proof. The proof remains exactly the sameas the proof of Lemma 3.9 except for the fourth part. Here we
have that � 2 `poly

+ t : � 1 given that

pr (� 1) = 8a. � 1 (1)

a =2 ftv (� 2) (2)

� 2 ` + t : � 1 (3)

We also have that `dsk � 1 � � 2 or equivalently `dsk � 1 � � 2. Consider the canonical derivation of this
that ends with skol . Let pr (� 2) = 8b. � 2 and without loss of generality b =2 ftv (� 1); ftv (8a. � 1). Then by
inversion it must be that `dsk � 1 � � 2. But `dsk pr (� 1) � � 1 therefore `dsk 8a. � 1 � � 2, or since skol can
only be trivially applied `dsk [a 7! � ]� 1 � � 2. By (3) and the substitution lemma ` + t : [a 7! � ]� 1 with the
sameheight. By induction hypothesis ` + t : � 2 and by applying rule gen2* we are done.

Corollary 3.26. If � `poly
+ t : � 1 and `dsk � 1 � � 2 then � `poly

+ t : � 2.

Proof. Special caseof the fourth subclaim of Lemma 3.25.

Lemma 3.27.

1. If � `sd t : � then � ` * � .

2. If � `poly
sd t : � then � `poly

* � .

Proof. Exactly like the proof of Lemma 3.20 but now appealing to Corollary 3.26 in the casesfor annot
and app.

Notice now that Lemma 3.27 is independent of whether we use`dsk or `ol .
Lemma 3.28 (W eakening). Let `sub� be `dsk. Supposethat `dsk � 1 � � 2. Then

1. if � 2 ` * t : � 2 then 9� 1. � 1 ` * t : � 1 and `dsk � 1(� 1) � � 2(� 2).

2. if � 2 ` + t : � 1 and pr (� 1) = � 1 and pr (� 2) = � 2 and `dsk � 1 � � 2 then � 1 ` + t : � 2.

3. if � 2 `poly
* t : � 2 then 9� 1. � 1 `poly

* t : � 1 and `dsk � 1 � � 2.

43



4. if � 2 `poly
+ t : � 1 and `dsk � 1 � � 2 then � 1 `poly

+ t : � 2.

Proof. We prove the four claims simultaneously by induction on the height of the derivations. For each claim
we assumethat all others hold for derivations of smaller height. We proceedby caseanalysison the last rule
used.

Part 1: We have the following cases.

� Caseint . Just pick Int as � 1 again.

� Casevar . We have that � 2 ` * x : � 2 given that x : � 2 2 � 2 and

`
inst
* � 2 � � 2 (1)

Then, x : � 1 2 � 1 such that
`

dsk
� 1 � � 2 (2)

Assume that b = ftv (� 2) � ftv (� 2). Then by the substitution lemma we get � 2 ` * x : [b 7! d]� 2

for somed =2 ftv (� 1; � 2; � 2). By (1) and the substitution lemma we get ` inst
* � 2 � [b 7! d]� 2 and by

transitivit y of `dsk

`
dsk

� 1 � [b 7! d]� 2 (3)

Moreover assumethat � 1 = 8a. � 1 and without loss of generality assumethat a =2 ftv (� 1). Then
` inst

* � 1 � � 1. By (3) we get that `dsk 8a. � 1 � [b 7! d]� 2. Consider a0 = ftv (� 1) � ftv (� 1). Then

a � a0 and consequently `dsk 8a0. � 1 � [b 7! d]� 2. Then it must be that d =2 ftv (8a0. � 1) because
otherwise d 2 ftv (� 1). Then by skol admissibility `dsk 8a0. � 1 � 8d. [b 7! d]� 2, or equivalently
`dsk � 1(� 1) � � 2(� 2).

� Caseabs. Here we have that � 2 ` * (\ x. t ) : (� ! � 2), given that

� 2; x : � ` * t : � 2 (4)

Consider b = ftv (� 2) � ftv (� 2; � ) and a renaming substitution [b 7! d] where d =2 ftv (� 1; � 2; � ; � 2).
Then by (4) and the substitution lemma we get � 2; x : � ` * t : [b 7! d]� 2. By induction hypothesis
there exists a � 1 such that � 1; x : � ` * t : � 1 and

`
dsk

8a. � 1 � 8d. [b 7! d]� 2 (5)

where a = ftv (� 1) � ftv (� 1; � ). By the rule abs we get that � 1 ` * (\ x. t ) : (� ! � 1). We wish to show
that

`
dsk

8a1. � ! � 1 � 8a2. � ! � 2 (6)

where a1 = ftv (� 1; � ) � ftv (�) and a2 = ftv (� 2; � ) � ftv (�). Notice that if c = ftv (� ) � ftv (�) then
a1 = ac and a2 = bc. From (5), since by sub `dsk 8d. [b 7! d]� 2 � [b 7! d]� 2, and by transitivit y we
get that

`
dsk

8a. � 1 � [b 7! d]� 2 (7)

Then, by rule fun `dsk � ! 8a. � 1 � � ! [b 7! d]� 2 and `dsk 8a. � ! � 1 � � ! [b 7! d]� 2 by
transitivit y and rule distrib . By sub and transitivit y `dsk 8ac. � ! � 1 � � ! [b 7! d]� 2. Now we
claim that c =2 ftv (8ac. � ! � 1) and d =2 ftv (8ac. � ! � 1) similarly. The former becausewe quanti�ed
over them, the latter becausethe opposite would mean that d 2 ftv (� 1). Then we can apply skol
admissibility to get that `dsk 8ac. � ! � 1 � 8dc. � ! [b 7! d]� 2 and by an � -renaming of d to b we
are done.
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� Caseaabs. Similar to the casefor abs.

� Caseapp. In this casewe have that � 2 ` * t u : � 2 given that

� 2 ` * t : (� ! � 0) (8)

� 2 ` + u : � (9)

`
inst
* � 0 � � 2 (10)

Considera renaming substitution g1 = ftv (� ; � 0; � 2) � ftv (� 2) to fresh g2, such that g2 =2 ftv (� 1). Then
by the substitution lemma (8) becomes

� 2 ` * t : (� 0 ! � 0
0) (11)

where � 0 = [g1 7! g2]� and � 0
0 = [g1 7! g2]� 0. By induction hypothesison (11) we get that there exists

a � t with

� 1 ` * t : � t (12)

`
dsk

� 1(� t ) � 8g2. � 0 ! � 0
0 (13)

Becauseof the choice of g2, from equation (13) we get

`
dsk

� 1(� t ) � � 0 ! � 0
0 (14)

There are two possiblecasesfor � t . It is either a type variable a =2 ftv (� 1) or it will be an arrow type
� t

1 ! � t
2.

{ Assumethat � t = � t
1 ! � t

2 and let a = ftv (� t ) � ftv (� 1). Then by equation (14) and Corollary 2.20
we get:

`
ol

8ab. pr(� t
1) ! � t

2 � 8c. pr(� 0) ! � 0
0 (15)

where

b =2 ftv (� t
1) (16)

c =2 ftv (� 0; � 1; � 2; � t
1; � t

2) (17)

pr(� t
2) = 8b. � t

2 (18)

pr(� 0
0) = 8c. � 0

0 (19)

By (15) and (17) it must be that

`ol 8ab. pr(� t
1) ! � t

2 � pr(� 0) ! � 0
0 (by inversion)

) `ol [a 7! � a ; b 7! � b ](pr(� t
1) ! � t

2) � pr(� 0) ! � 0
0 (by inversion)

) `ol [a 7! � a ]pr(� t
1) ! [a 7! � a ; b 7! � b ]� t

2 � pr(� 0) ! � 0
0

From the last equation, by inversion we get that

`
ol

pr(� 0) � [a 7! � a ]pr(� t
1) (20)

`
ol

[a 7! � a ; b 7! � b ]� t
2 � � 0

0 (21)

From Corollary (2.20) and (20)
`

dsk
� 0 � [a 7! � a ]� t

1 (22)

From (12) and the substitution lemma, we get

� 1 ` * t : [a 7! � a ](� t
1 ! � t

2) (23)
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By the substitution lemma for (9) we have that � 2 ` + u : � 0 and by induction hypothesisand (22)
we have

� 1 ` + u : [a 7! � a ]� t
1 (24)

Then, if [a 7! � a ]� t
2 = 8g3. � 1, where without loss of generality g3 =2 ftv (� 1) we have that ` inst

*

[a 7! � a ]� t
2 � � 1. We have all the premisesof the rule app and applying it givesus that � 1 ` t u :

� 1. Then it is the casethat � 1(� 1) = � 1([a 7! � a ]� t
2). By (21) we get that

`ol [a 7! � a ; b 7! � b ]� t
2 � � 0

0

) `ol 8b. [a 7! � a ]� t
2 � � 0

0

) `ol 8db. [a 7! � a ]� t
2 � � 0

0

where d = ftv (� a ; � t
2) � ftv (� 1). But now we know that c =2 ftv (8db. [a 7! � a ]� t

2), becauseit
must be that ftv (8db. [a ! � a ]� t

2) � ftv (� 1), and by (17) c =2 ftv (� 1). Then we can apply rule
skol to get that `ol 8db. [a 7! � a ]� t

2 � 8c. � 0
0, and by Corollary 2.20 `dsk 8d. [a 7! � a ]� t

2 � � 0
0.

By the substitution lemma for (10) we have ` inst
* � 0

0 � [g1 ! g2]� 2 and by transitivit y we have

that `dsk 8d. [a 7! � a ]� t
2 � [g1 7! g2]� 2. Now it cannot be that g2 2 8d. [a 7! � a ]� t

2 because
g2 =2 ftv (� 1). Then we can apply skol admissibility to get `dsk 8d. [a 7! � a ]� t

2 � 8g2. [g1 7! g2]� 2

or by dropping uselessquanti�ers and � -renaming `dsk 8d. [a 7! � a ]� t
2 � � 2(� 2) as required.

{ Assumethat � t = a and let a =2 ftv (� 1). Then by equation (14) and Corollary 2.20 we get:

`
ol

8a. a � 8c. pr(� 0) ! � 0
0 (25)

where

c =2 ftv (� 0; � 1; � 2) (26)

pr(� 0
0) = 8c. � 0

0 (27)

By (25) and (26) and inversion on `ol it must be that

`
ol

� 1 ! � 2 � pr(� 0) ! � 0
0 (28)

Now yet one more inversion gives

`
ol

pr(� 0) � � 1 (29)

`
ol

� 2 � � 0
0 (30)

From Corollary (2.20) and (29)
`

dsk
� 0 � � 1 (31)

From (12) and the substitution lemma, we get

� 1 ` * t : � 1 ! � 2 (32)

By the substitution lemma for (9) we have that � 2 ` + u : � 0 and by induction hypothesisand (31)
we have

� 1 ` + u : � 1 (33)

Then ` inst
* � 2 � � 2. We have all the premises of the rule app and applying it gives us that

� 1 ` t u : � 2. By (30) we get that
`

ol
8d. � 2 � � 0

0 (34)
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where d = ftv (� 2) � ftv (� 1). But now we know that c =2 ftv (8d. � 2), becauseit must be that
ftv (8db. [a 7! � a ]� t

2) � ftv (� 1), and by (26) c =2 ftv (� 1). Then we can apply rule skol to get that
`ol 8d. � 2 � 8c. � 0

0, and by Corollary 2.20 `dsk 8d. � 2 � � 0
0. By the substitution lemma for (10)

we have ` inst
* � 0

0 � [g1 7! g2]� 2 and by transitivit y we have that `dsk 8d. � 2 � [g1 7! g2]� 2. Now
it cannot be that g2 2 8d. � 2 becauseg2 =2 ftv (� 1). Then we can apply skol admissibility to
get `dsk 8d. � 2 � 8g2. [g1 7! g2]� 2 or by dropping uselessquanti�ers and � -renaming `dsk 8d. � 2 �
� 2(� 2) as required.

� Caselet . In this casewe have that � 2 ` * let x = u in t : � 2, given that

� 2 `
poly
* u : � (35)

� 2; x : � ` * t : � 2 (36)

By induction hypothesis for (35) � 1 ` * u : � 0 such that `dsk � 0 � � . By induction hypothesis for (36)

we get � 1; x : � 0 ` * t : � 1 such that `dsk � 1; x : � 0(� 1) � � 2; x : � (� 2) or since � 0 is generalisedover � 1

and � is generalisedover � 2 this becomes̀ dsk � 1(� 1) � � 2(� 2) as required. Applying rule let �nishes
the case.

� Caseannot . We have that � 2 ` * ( t :: � ) : � 2, given that

� 2 ` + t : � (37)

`
inst
* � � � 2 (38)

By induction hypothesis for (37) � 1 ` + t : � . Assume now that � = 8a. � 1. and without loss of

generality, a =2 ftv (� 1; � 2). Then ` inst
* � � � 1. Moreover � 1� 1 = � , since type annotations are closed.

Additionally � 2 = [a 7! � ]� 1 for some � . By applying rule annot we get that � 1 ` * ( t :: � ) : � 1.

We �nally have to show that `dsk � 1� 1 � � 2([a 7! � ]� 1). Since type annotations are closed this is
equivalent to showing that `dsk � � � 2[a 7! � ]� 1, or by skol admissibility it is enough to show that
`dsk � � [a 7! � ]� 1, which follows by (38).

Part 2: For this part we have the casesbelow.

� Caseint . In this caseit must be that � 2 = Int as well and we are done by rule int .

� Casevar . We have that � 2 ` + x : � 1, given that x : � 2 2 � 2 and ` inst
+ � 2 � � 1. It must be then that

x : � 1 2 � 1 and by transitivit y of `dsk , ` inst
+ � 1 � � 1 and by one more useof transitivit y ` inst

+ � 1 � � 2.
Applying rule var �nishes the case.

� Caseabs2. In this case� 2 ` + (\ x. t ) : (� a ! � r ) given that � 2; (x : � a ) `poly
+ t : � r . By assumptions

`dsk � a ! � r � � 2 or equivalently ,
`

dsk
� a ! � r � � 2 (39)

By (39), and since � 2 is already in weak prenex form by assumptionsthe only rule applicable is fun .
Therefore by inversion it must be that � 2 = � 21 ! � 22, such that `dsk � 21 � � a and `dsk � r � � 22.
Also it must be that pr (� r ) = � r and pr (� 22) = � 22. Then, by induction hypothesis we get that
� 1; (x : � 21) `poly

+ t : � 22 and by applying rule abs2 we get the result.

� Caseaabs2. Here � 2 ` + (\ (x:: � x ). t ) : (� a ! � r ) where

`
sub�

� a � � x (40)

� 2; (x : � x ) `
poly
+ t : � r (41)
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By assumptions`dsk � a ! � r � � 2 or equivalently

`
dsk

� a ! � r � � 2 (42)

By inversionon a canonicalderivation of (42), it must be that � 2 = � 21 ! � 22, such that `dsk � 21 � � a

and `dsk � r � � 22. Also it must be that pr (� r ) = � r and pr (� 22) = � 22. By (40) and transitivit y of
`dsk we get `dsk � 21 � � x . Moreover, by induction hypothesis for (41) � 1; (x : � x ) `poly

+ t : � 22 and the
result follows by aabs2.

� Caseapp. In this casewe have that � 2 ` + t u : � 1 given that

� 2 ` * t : (� ! � 0) (43)

� 2 ` + u : � (44)

`
inst
+ � 0 � � 1 (45)

Considera renaming substitution g1 = ftv (� ; � 0; � 1) � ftv (� 2) to fresh g2, such that g2 =2 ftv (� 1). Then
by the substitution lemma (43) becomes

� 2 ` * t : (� 0 ! � 0
0) (46)

where � 0 = [g1 7! g2]� and � 0
0 = [g1 7! g2]� 0. By induction hypothesison (46) we get that there exists

a � t with

� 1 ` * t : � t (47)

`
dsk

� 1(� t ) � g2. � 0 ! � 0
0 (48)

Becauseof the choice of g2, from equation (48) we get

`
dsk

� 1(� t ) � � 0 ! � 0
0 (49)

Moreover if � 0
1 = [g1 7! g2]� 1, by (49) and (45) it must be that

`
dsk

� 1(� t ) � � 0 ! � 0
1 (50)

There are two possiblecasesfor � t . It is either a type variable a =2 ftv (� 1) or it will be an arrow type
� t

1 ! � t
2.

{ Assumethat � t = � t
1 ! � t

2 and let a = ftv (� t ) � ftv (� 1). Then by equation (49) and Corollary 2.20
we get:

`
ol

8ab. pr(� t
1) ! � t

2 � pr(� 0) ! � 1
1 (51)

where

b =2 ftv (� t
1) (52)

pr(� t
2) = 8b. � t

2 (53)

pr(� 0
1) = � 1

1 (54)

Notice that we usedthe fact that � 0
1 is in weak prenex form in equation (54). By (51) it must

be that

`ol 8ab. pr(� t
1) ! � t

2 � pr(� 0) ! � 1
1 (by inversion)

) `ol [a 7! � a ; b 7! � b ](pr(� t
1) ! � t

2) � pr(� 0) ! � 1
1 (by inversion)

) `ol [a 7! � a ]pr(� t
1) ! [a 7! � a ; b 7! � b ]� t

2 � pr(� 0) ! � 1
1
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From the last equation, by inversion we get that

`
ol

pr(� 0) � [a 7! � a ]pr(� t
1) (55)

`
ol

[a 7! � a ; b 7! � b ]� t
2 � � 1

1 (56)

From Corollary (2.20) and (55)
`

dsk
� 0 � [a 7! � a ]� t

1 (57)

From (47) and the substitution lemma, we get

� 1 ` * t : [a 7! � a ](� t
1 ! � t

2) (58)

By the substitution lemma for (44) we have that � 2 ` + u : � 0 and by induction hypothesis
and (57) we have

� 1 ` + u : [a 7! � a ]� t
1 (59)

From (56) we have that `ol 8b. [a 7! � a ]� t
2 � � 1

1 or by Corollary 2.20

`
dsk

[a 7! � a ]� t
2 � � 0

1 (60)

Consider the substitution V = [g2 7! g1]; then the last equation and (58), (59), and (60) become:

V � 1 ` * t : V [a 7! � a ](� t
1 ! � t

2) (61)

V � 1 ` + u : V [a 7! � a ]� t
1 (62)

`
dsk

V [a 7! � a ]� t
2 � V � 0

1 (63)

But V � 1 = � 1 and V � 0
1 = � 1, therefore by transitivit y and (63) `dsk V [a 7! � a ]� t

2 � � 2. Then we
can apply rule app to get � 1 ` + t u : � 2.

{ Assumethat � t = a and let a =2 ftv (� 1). Then by equation (14) and Corollary 2.20 we get:

`
ol

8a. a � pr(� 0) ! � 0
1 (64)

sincepr(� 0
1) = � 1

1. By (64) and inversion on `ol it must be that

`
ol

� 1 ! � 2 � pr(� 0) ! � 1
1 (65)

Now yet one more inversion gives

`
ol

pr(� 0) � � 1 (66)

`
ol

� 2 � � 1
1 (67)

From Corollary (2.20) and (66)
`

dsk
� 0 � � 1 (68)

From (12) and the substitution lemma, we get

� 1 ` * t : � 1 ! � 2 (69)

By the substitution lemma for (9) we have that � 2 ` + u : � 0 and by induction hypothesisand (68)
we have

� 1 ` + u : � 1 (70)

From (67) and Corollary 2.20 we have that

`
dsk

� 2 � � 0
1 (71)
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Consider the substitution V = [g2 7! g1]; then the last equation and (69), (70), and (71) become:

V � 1 ` * t : V � 1 ! V � 2 (72)

V � 1 ` + u : V � 1 (73)

`
dsk

V � 2 � V � 0
1 (74)

But V � 1 = � 1 and V � 0
1 = � 1, therefore by transitivit y and (74) `dsk V � 2 � � 2. Then we can

apply rule app to get � 1 ` + t u : � 2.

� Caseannot . Here � 2 ` + ( t :: � ) : � 1 given that

� 2 `
poly
+ t : � (75)

`
inst
+ � � � 1 (76)

By induction hypothesis for (75) � 1 `poly
+ t : � and by transitivit y of `dsk we obtain ` inst

+ � � � 2. The
caseis done by applying rule annot onceagain.

� Caselet . In this casewe have � 2 ` + let x = u in t : � 1 when

� 2 `
poly
* u : � (77)

� 2; x : � ` + t : � 1 (78)

By induction hypothesis for (77) � 1 `poly
* u : � 0 such that `dsk � 0 � � . Then, by induction hypothesis

for (78) � 1; x : � 0 ` + t : � 2 and we are done with an application of rule let .

Part 3: For this part, by rule gen1 we have that � 2 = 8b. � 2 such that b = ftv (� 2) � ftv (� 2) and � 2 ` * t : � 2.

By induction hypothesisfor some� 1 � 1 ` * t : � 1 and `dsk � 2 � 8a. � 1, wherea = ftv (� 1) � ftv (� 1). Applying

the rule gen1 �nishes the casesincewe get � 1 `poly
* t : 8a. � 1.

Part 4: By rule gen2* we have that � 2 `poly
+ t : � 1 given that pr (� 1) = 8a. � 1 and a =2 ftv (� 2) and

� 2 ` + t : � 1 (79)

We also have that `dsk � 1 � � 2, or `dsk � 1 � � 2. We know that `dsk pr (� 1) � � 2 and by transitivit y of `dsk

`
dsk

8a. � 1 � � 2 (80)

The canonical derivation of (80) must have the rule skol applied last. Assumethen that pr (� 2) = 8b. � 2

and without lossof generality
b =2 ftv (� 1; � 1) (81)

Then it must be that `dsk 8a. � 1 � � 2 and by inversion `dsk [a 7! � ]� 1 � � 2, for some � . Moreover
pr ([a 7! � ]� 1) = [a 7! � ]� 1 and pr (� 2) = � 2. From (79) and the substitution lemma we get

� 2 ` + t : [a 7! � ]� 1 (82)

From (82) and induction hypothesiswe get � 1 ` + t : � 2 and becauseof (81) we can apply rule gen2* to get
the result.
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pr (� ) = 8a:� 7! t

pr (� 1) = 8b:� 2 7! t a =2 b
prpol y

pr (8a:� 1) = 8ab:� 2 7! � x: (8ab:� 2):� a:t (x [a])

pr (� 2) = 8a:� 2 7! t a 62ftv (� 1)
prfun

pr (� 1 ! � 2) = 8a:� 1 ! � 2 7! � x: (8a:� 1 ! � 2):� y: � 1:t (� a:x [a] y)

prmono
pr (� ) = � 7! � x: � :x

`dsk � � � 07! t

pr (� 2) = 8a. � 7! t1

a 62ftv (� 1) `dsk � 1 � � 7! t2
deep-sk ol

`
dsk

� 1 � � 2 7! � x: � 1:t1 (� a:t2 x)

`dsk [a 7! � ]� 1 � � 2 7! t
spec

`
dsk

8a. � 1 � � 2 7! � x: (8a:� ):t (x [� ])

`dsk � 3 � � 1 7! t1 `dsk � 2 � � 4 7! t2
fun

`
dsk

(� 1 ! � 2) � (� 3 ! � 4) 7! � x: � 1 ! � 2:� y: � 3:t2 (x (t1 y))

mono
`

dsk
� � � 7! � x: � :x

Figure 10: Creating coercion terms

� ` F t : �

x : � 2 �
var

� ` F x : �
int

� ` F i : Int

� ; x : � 1 ` F t : � 2
abs

� ` F � x: � 1. t : � 1 ! � 2

� ` F t : � 1 ! � 2 � ` F u : � 1
app

� ` F t u : � 2

� ` F t : � a =2 ftv (�)
t abs

� ` F � a. t : 8a. �

� ` F t : 8a. �
t app

� ` F t [� 1] : [a 7! � 1]�

Figure 11: System-F with open types
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� ` � t1 : � 7! t2

int
� ` � i : Int 7! i

`
inst
� � � � 7! f

var
� ; (x : � ) ` � x : � 7! f x

� ; (x : � ) ` * t : � 7! t1
abs1

� ` * (\ x. t ) : (� ! � ) 7! � x: � . t1

� ; (x : � a ) `
poly
+ t : � r 7! t1

abs2
� ` + (\ x. t ) : (� a ! � r ) 7! � x: � a . t1

� ; (x : � ) ` * t : � 7! t1
aabs1

� ` * (\ (x:: � ). t ) : (� ! � ) 7! � x: � . t1

`dsk � a � � x 7! f
� ; (x : � x ) `poly

+ t : � r 7! t1
aabs2

� ` + (\ (x:: � x ). t ) : (� a ! � r ) 7! � x: � a . [x 7! (f x)]t1

� ` * t : (� ! � 0) 7! t1 � `
poly
+ u : � 7! u1 `

inst
� � 0 � � 7! f

app
� ` � t u : � 7! f (t1 u1)

� `poly
+ t : � 7! t1

` inst
� � � � 7! f

annot
� ` � ( t :: � ) : � 7! f t1

� `poly
* u : � 7! u1

� ; x : � ` � t : � 7! t1
let

� ` � let x = u in t : � 7! (� x: � . t1) u1

� `poly
� t : � 7! t1

a = ftv (� ) � ftv (�)
� ` * t : � 7! t1

gen1
� `

poly
* t : 8a. � 7! � a. t1

pr (� ) = 8a. � 7! f
a =2 ftv (�) � ` + t : � 7! t1

gen2
� `

poly
+ t : � 7! f (� a. t1)

` inst
� � � � 7! t

inst1
`

inst
* 8a. � � [a 7! � ] � 7! � x: (8a. � ):x[� ]

`
dsk

� � � 7! t
inst2

`
inst
+ � � � 7! t

Figure 12: Bidirectional higher-rank type system with retyping functions
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3.3.1 T yp e-safet y of the bidirectional system

The semantics of the languageis de�ned via a translation to System-F terms (where open typesare allowed
and treated asarbitrary constants). Subsumption createscoercion terms that are applied appropriately. We
give an more suitable presentation of weak prenex conversion and the subsumption relation in Figure 10.
System-F semantics are given in Figure 11. The actual translation is given in Figure 12.
Lemma 3.29 (W eak prenex ret yping). If pr (� ) = 8a. � 7! t then ` F t : (8a. � ) ! � .

Proof. Easy induction.

Lemma 3.30 (Subsumption ret yping). If `dsk � 1 � � 2 7! t then ` F t : � 1 ! � 2.

Proof. Easy induction.

Lemma 3.31 (T ranslation semantics).

1. If � ` � t1 : � 7! t2 then � ` F t2 : � .

2. If � `poly
� t1 : � 7! t2 then � ` F t2 : � .

Proof. Easy induction.

Corollary 3.32 (T yp e soundness). The bidirectional systemhas the type soundnessproperty.

Proof. By Lemma 3.31 the translation yields a well-typed System-F term.

3.4 Conserv ativit y over Damas-Milner

We show that the type systems we intro duced are all conservative extensions of the Damas-Milner type
system, given in Figure 13 and Figure 14. Damas-Milner typesare of the form 8a. � .
De�nition 3.33 (DM (� ; t ) predicate). Let the predicate DM (� ; t ) where t is a term and � a context be
true i�:

� All types bound in � are DM types.

� t contains no type annotations.

Lemma 3.34. If DM (� ; t ) and � `DM t : � then � `nsd t : � .

Proof. The proof is by induction on the height of the derivation � `DM t : � which is completely straight-
forward and we ommit.

However it is not true that if DM (� ; t ) and � `nsd t : � then � `DM t : � , since by rule subs we can

downgrade the type arbitrarily . What is true is that 9� 0. � `DM t : � 0 such that `dsk � 0 � � .
Lemma 3.35. If DM (� ; t ) and � `sd t : � then � ` * t : � .

Proof. Consequenceof Lemma 3.27.

Lemma 3.36.

1. If `ol 8a. � 1 � � 2 then [a 7! � ]� 1 = � 2 for some� .
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Rho-types � ::= �

� ` t : �

int
� ` i : Int

var
� ; (x : � ) ` x : �

� ; (x : � ) ` t : �
abs

� ` (\ x. t ) : (� ! � )

� ` t : � ! �
� ` u : �

app
� ` t u : �

� ` u : �
� ; x : � ` t : �

let
� ` let x = u in t : �

� ` t : �
annot

� ` (t :: � ) : �

a 62ftv (�)
� ` t : �

gen
� ` t : 8a. �

� ` t : 8a. �
inst

� ` t : [a 7! � ] �

Figure 13: The non-syntax-directed Damas-Milner type system

2. If `dsk 8a. � 1 � � 2 then [a 7! � ]� 1 = � 2 for some� .

Proof. The �rst part follows by inversion on `ol . For the second,just observe that the prenex forms of the
typesare the types themselves,and by using Corollary 2.20 the result follows by the �rst part.

Lemma 3.37. If DM (� ; t ) and � ` * t : � then � = � .

Proof. By induction on the derivation of � ` * t : � . None of the casesare interesting.

Lemma 3.38. If DM (� ; t ) and � `sd t : � then � = � .

Proof. By induction on the derivation of � ` * t : � . None of the casesare interesting.

Lemma 3.39.

1. If DM (� ; t ) and � ` * t : � then � `DM
sd t : � .

2. If DM (� ; t ) and � ` + t : � then � `DM
sd t : � .

Proof. We prove the two claims simultaneously by induction on the height of the derivations. We proceed
with caseanalysis on the last rule used.

� Caseint . Directly follows by int .

� Casevar . We have that � ` � x : � , given that ` inst
� � � � , where x : � 2 �. In the * direction we

can just apply var . In the + direction we have by assumptionsthat � = 8a. � 0 and it is the casethat
`sub� 8a. � 0 � � . By Lemma 3.36, � = [a 7! � 2]� 0 and therefore ` inst 8a. � 0 � � . We can then apply
rule var to get the result.
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Rho-types � ::= �

� ` t : �

int
� ` i : Int

`
inst

� � �
var

� ; (x : � ) ` x : �

� ; (x : � ) ` t : �
abs

� ` (\ x. t ) : (� ! � )

� ` t : � ! �
� ` u : �

app
� ` t u : �

� `poly u : �
� ; x : � ` t : �

let
� ` let x = u in t : �

� `poly t : � 0

`sub� � 0 � �
` inst � � �

annot
� ` (t :: � ) : �

� `poly t : �

a = ftv (� ) � ftv (�)
� ` t : �

gen
� `

poly
t : 8a. �

` inst � � �

inst
`

inst
8a. � � [a 7! � ] �

`sub� � � � 0

a 62ftv (� )
`sub� � � �

skol
`

sub�
� � 8a. �

`sub� [a 7! � ] � 1 � � 2
spec

`
sub�

8a. � 1 � � 2

mono
`

sub�
� � �

Figure 14: The syntax-directed Damas-Milner type system

� Case abs1. Here we have that � ` * \ x. t : � 1 ! � 2 given that � ; x : � 1 ` * t : � 2. By induction

� ; x : � 1 `DM
sd t : � 2 and applying rule abs �nishes the case.

� Caseabs2. � ` + \ x. t : � 1 ! � 2 given that � ; x : � 1 `poly
+ t : � 2, or by inversion � ; x : � 1 ` + t : � 2. By

induction � ; x : � 1 `DM
sd t : � 2 and applying rule abs �nishes the case.

� Caseapp. We have that � ` � t u : � given that � ` * t : � ! � 0, � `poly
+ u : � and ` inst

� � 0 � � . By

Lemma 3.37 it must be that � = � 1 ! � 2. Then by induction � `DM
sd t : � 1 ! � 2 and � `DM

sd u : � 1

and by app � `DM
sd t u : � 2. But we know that ` inst

� � 2 � � , hence`sub� � 2 � � and it can only be that
� 2 = � .
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� `DM t : � 1 � `
DM

poly
sd t : � 2

� `nsd t : � 3 � `poly
sd t : � 4

� `poly
* t : � 5 � `poly

+ t : � 6

`dsk

=

=
=

`sh

=

=

=

=

Figure 15: The world

� Caselet . In this case� ` � let x = u in t : � given that

� `
poly
* u : � (1)

� ; x : � ` � t : � (2)

It must be the casethat � = 8a. � such that � ` * u : � and a = ftv (� ) � ftv (�). By Lemma 3.37 we

get that � = � 1 and by induction � `DM
sd u : � 1. By gen then � `

DM
poly

sd u : � and � is an DM type. By
induction hypothesis for (2) and application of let we get the result.

The rest of the casescannot happen.

Lemma 3.40. Assume that `sub� is `dsk in what follows. If DM (� ; t ) and � `nsd t : � then there exists a

� 0 such that � `DM t : � 0 and `dsk � 0 � � .

Proof. If � `nsd t : � , by Lemma 3.4 we get � `sd t : � such that `dsk �( � ) � � . By Lemma 3.38 we get that

� = � . Then by Lemma 3.35 we get that � ` * t : � and by Lemma 3.39 we get � `DM
sd t : � . By Hindley and

Milner's result � `DM t : � and by rule gen � `DM t : �( � ).

Lemma 3.41. If DM (� ; t ) and � `DM
sd t : � then � `sd t : � and if � `

DM
poly

sd t : � then � `poly
sd t : � .

Proof. Straightforward induction.

In conclusion, the world looks like Figure 15. In this �gure we assumethat `dsk is used and that the
bidirectional system uses the gen2* rule. Solid lines correspond to unrestricted relations between type
systems,shadowed lines correspond to relations where the terms are unannotated and the contexts contain
only Damas-Milner types.
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4 A formalised typ e inference algorithm

In this section, we give a precisebut abstract speci�cation of a type inferencealgorithm. The �nal version
of the bidirectional system was a syntax-directed system. A syntax-directed system is an important step
towards a type inferencealgorithm becausethe stepsof the algorithm could be driven by the syntax of the
term, rather than having to search for a valid derivation.

However, a syntax-directed type system doesnot fully specify an inferencealgorithm. At certain points in
the syntax-directed system,guessingis still required|for example, in the rule inst , the rules do not specify
what types� should be usedto instantiate the bound variables of a polytype. Becauseof this guess,typing
is non-deterministic. By making di�eren t choicesfor � we can show that a given term has many di�eren t
types.

The point of a type inference algorithm is to choose, out of all of these possible types, the one that is
the \b est" or most-general. Below, we formally specify a type inference algorithm for the bidirectional
Odersky/L•aufer system,basedon the Damas-Milner \Algorithm W". We begin by discussingtype variables
(Section 4.1) and uni�cation (Section 4.2). Then we give the formalisation of Algorithm W in Section 4.3
and �nally extend it to higher-rank types in Section 4.4.

4.1 T yp e variables and substitutions

In the discussionso far we have encountered two distinct kinds of type variables: ordinary type variables
and meta type variables. Consider the syntax of Damas-Milner types:

� ::= 8a:�
� ::= Int j � 1 ! � 2 j a

The type variable \ a" is part of the concretesyntax of types: a ! Int and 8a:a ! a are both legal types.
On the other hand, \ � " and \ � " are meta-variables, part of the languagethat we use to discusstypes,but
not part of the languageof syntax of types themselves. For example, � ! � is not itself a legal type. The
typing judgements for a type system (Figure 13, for example) usesboth kinds of variables. It uses\ a" to
mean \a type variable", and \ � " to mean \some type obeying the syntax of � -types".

In a type inference algorithm, however, meta type variables are represented explicitly . The Algorithm W
approach works as follows:

� When we must \guess" a monotype, such as in rule inst , we make up a fresh meta type variable, � .

� We carry around an idempotent substitution that maps meta type variables to monotypes (possibly
involving other meta type variables).

� As the algorithm progresses,we generateequality constraints, which we solve by uni�cation, extending
the current substitution to re
ect this solution.

For example,considerthe application reverse [1,2] , where reverse :: 8a:[a] ! [a]. We can infer the type
of the application as follows. First, we instantiate the type of reverse with a fresh meta type variable, say
� , yielding the type [� ] ! [� ]. Now, infer the type of [1,2] , yielding [Int ]. Now, sincereverse is applied
to that list, we know that the equation [� ] = [Int ] must hold. We can solve this equation by the standard
uni�cation algorithm, yielding the substitution [� 7! Int ].

To summarise,the basic infrastructure required by this approach is as follows:

� We distinguish between ordinary type variables (written a; b; c), and meta type variables (written
�; � ; 
 ).
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� We need a source of fresh meta and ordinary type variables. The reason that we also require fresh
ordinary type variables is that whenever we are going \inside" a polytype we needto treat the bound
variables in the body of the type as completely fresh; therefore we need to replace them with fresh
type variables. This point will becomemore clear in Section 4.3.

� We thread an ever-growing, idempotent substitution through the algorithm. This substitution is a
�nite map, that maps meta type variables (only!) to monotypes.

� We needa uni�cation algorithm that takes the current substitution, and an equation betweenmono-
types, and extends the substitution to make the two types equal. Indeed, we use the term \uni�er"
and \substitution" interchangeably.

The fact that meta type variables range only over monotypes is becauseour system is predicative: in rule
inst for examplewe only \guess" a � -type, not a � -type. The syntax ftv (�) still denotesall free variables in
the argument|meta and ordinary. Sometimeswe use fmv(�) to denote the free meta type variables of the
argument and fov(�) to denote the set of ordinary type variables of the argument.

4.2 Uni�cation

In Figure 18 we give a uni�cation procedure. It is written using inference rules, but it can be read very
directly as an algorithm. We present it here primarily to intro duce the notation; the algorithm itself is
completely standard.

We give �rst-order uni�cation in Figure 18. The inferencerules can be seenas a procedure that, given an
initial uni�er S0 and two types� 1 and � 2 returns a new substitution S1|whic h extendsS0|and uni�es the
two types.

4.3 Algorithmic version of Damas-Milner t yp e inference

Before doing type inferencefor higher-rank types, we begin by treating the original Damas-Milner system.
Figures 16 and 17 show the type inferencealgorithm for Damas-Milner type inference. Theserules are closely
basedon Figure 14: each rule in that �gure has a corresponding rule in the algorithmic version.

The main judgement of the algorithm has the form

(S0; A 0) ; � ` t : � ) (S1; A 1)

meaning that \giv en context �, an initial substitution S0, a symbol supply A 0 and term t , the algorithm
producesthe type � , substitution S1 and a set of remaining symbols A 1. This judgement relies on auxillary
judgements for generalisation, instantiation and subsumption that correspond to the other judgements of
Figure 14.

The symbol supply A is an unordered collection of distinct type variables, and models the supply of \fresh"
type variables that is required by Algorithm W. Each judgement that needsfresh type variables takes a
symbol supply A 0 as input, and producesa depleted supply A 1 as output. The notation AX is the disjoint
union of a �nite set X and a supply A .

In a similar way, most judgements take as input a substitution S0 and return an extended substitution
S1. Unlike some presentations, we do not require that the returned type is a �xed point of the returned
substitution.

The growing substitution and diminishing symbol supply are \threaded" through each judgement. For
example, in rule app of Figure 16, the incoming (S0; A 0) are used to infer the type of the function t ; that
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(S0; A 0) ; � ` t : � ) (S1; A 1)
(� output )

int
(S0; A 0) ; � ` i : Int ) (S0; A 0)

x : � 2 � (S0; A 0) `
inst

� � � ) (S1; A 1)
var

(S0; A 0) ; � ` x : � ) (S1; A 1)

(S0; A 0) ; � ; x : � ` t : � ) (S1; A 1)
abs

(S0; A 0� ) ; � ` \ x. t : � ! � ) (S1; A 1)

(S0; A 0) ; � ` t : � 1 ) (S1; A 1)
(S1; A 1) ; � ` u : � 2 ) (S2; A 2)

S2 ` � 1 = � 2 ! � ) S3
app

(S0; A 0� ) ; � ` t u : � ) (S3; A 2)

(S0; A 0) ; � `poly u : � ) (S1; A 1)
(S1; A 1) ; � ; x : � ` t : � ) (S2; A 2)

let
(S0; A 0) ; � ` let x = u in t : � ) (S2; A 2)

(S0; A 0) ; � `poly t : � 0 ) (S1; A 1)
(S1; A 1) `sh � 0 � � ) (S2; A 2)
(S2; A 2) ` inst � � � ) (S3; A 3)

annot
(S0; A 0) ; � ` (t :: � ) : � ) (S3; A 3)

Figure 16: Type inferencealgorithm for Damas-Milner system

returns (S1; A 1) which are used in inferring the type of the argument u; and the result (S2; A 2) is returned
from the application.

Figure 17 gives the judgements for instantiation, generalisation, and subsumption (compare to Figure 14).
The generalisationinferencejudgement

(S0; A 0) ; � `
poly

t : � ) (S1; A 1)

returns an inferred polytype � . Note that in the generalisation rule gen we gather all the free meta type
variables of the returned type that are not in the context | hencethe � notation there. When gathering
thesefree meta type variables, we must be careful to appply the latest substitution S1, which re
ects all the
constraints we have encountered so far. Any meta type variables � that are mentioned only in S1(� ) can
be generalised,by replacing them with ordinary type variables b, and then quantifying over b. We do not
extend S1 with this latter substitution; instead, we simply substitute in S1(� ).

It is worth discussingthe rule skol a little more.

(S0; A 0) `sh � � [a 7! b]� ) (S1; A 1)
b =2 ftv (S1� ) b =2 ftv (S1(8a. � ))

skol
(S0; A 0b) `

sub�
� � 8a. � ) (S1; A 1)
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(S0; A 0) ; � `poly t : � ) (S1; A 1)
(� output)

(S0; A 0) ; � ` t : � ) (S1; A 1)
� = ftv (S1� ) � ftv (S1�)

gen
(S0; A 0b) ; � `

poly
t : 8b. [� 7! b]S1� ) (S1; A 1)

(S0; A 0) ` inst � � � ) (S1; A 1)
(� output )

inst
(S0; A 0� ) `

inst
8a. � � [a 7! � ]� ) (S0; A 0)

(S0; A 0) `sh � 1 � � 2 ) (S1; A 1)
(� 1; � 2 inputs)

(S0; A 0) `sh � � [a 7! b]� ) (S1; A 1)
b =2 ftv (S1� ) b =2 ftv (S1(8a. � ))

skol
(S0; A 0b) `

sh
� � 8a. � ) (S1; A 1)

(S0; A 0) `
sh

[a 7! � ]� 1 � � 2 ) (S1; A 1)
spec

(S0; A 0� ) `
sh

8a. � 1 � � 2 ) (S1; A 1)

S0 ` � 1 = � 2 ) S1
mono

(S0; A 0) `
sh

� 1 � � 2 ) (S1; A 0)

Figure 17: Generalisation, instantiation and subsumption for Damas-Milner

For this rule we needto check if � is more polymorphic than 8a. � . The �rst thing that we needto con�rm
is that � is more polymorphic than [a 7! b]� , that is, the body of 8a. � where we have replaced the bound
variables with completely fresh type variables|hence the requirement for the symbol supply to also contain
fresh ordinary type variables. Intuitiv ely this step assumesany unknown instantiation of 8a. � and tries
to ensure that � is more polymorphic that this instatiation. The algorithm will yield back a uni�er S1,
that may possibly contain b in its range|consider for example the returned uni�er that takessomeof the
meta variables for an instantiation of � to monotypescontaining b. However none of the free meta typ e
variables of S1� and S1(8a. � ) should be among b, becausethen thesevariables would escape their scope:
We do not want to allow unbound ordinary type variables in our returned types.

Theserules form an algorithm becausethere is no guessingto be done. Not only is the derivation constrained
by the syntax of the term, but all guessinghas beeneliminated. For example, the guessingof the argument
type in the rule abs is replaced with the generation of a fresh meta variable. Likewise, the guessingof �
in the rules inst and spec usesa list of fresh meta variables instead. When types must be compared for
equality (in the rules app and mono) the algorithm instead usesuni�cation to determine if there is some
substition for the metavariables that makesthesetypesequal.
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S0 ` � 1 = � 2 ) S1
(� 1; � 2 inputs)

� = � or � = a
urefl

S0 ` � = � ) S0

� 2 dom(S0)
S0 ` S0� = � ) S1

bvar1
S0 ` � = � ) S1

� 2 dom(S0)
S0 ` S0� = � ) S1

bvar2
S0 ` � = � ) S1

� =2 dom(S0)
� =2 ftv (S0� )

uvar1
S0 ` � = � ) [� 7! S0� ] � S0

� =2 dom(S0)
� =2 ftv (S0� )

uvar2
S0 ` � = � ) [� 7! S0� ] � S0

S0 ` � 1 = � 0
1 ) S1 S1 ` � 2 = � 0

2 ) S2
ufun

S0 ` � 1 ! � 2 = � 0
1 ! � 0

2 ) S2

Figure 18: Uni�cation

(S0; A 0) ` ! � = � ! � 0 ) (S1; A 1)
(� input ; � ! � 0 output)

S0 ` 
 = � ! � ) S1
ufun-mono

(S0; A �� ) ` ! 
 = � ! � ) (S1; A )

ufun-arr ow
(S0; A 0) ` � ! � 0 = � ! � 0 ) (S0; A 0)

Figure 19: Arrow Uni�cation

4.4 Algorithmic version of the bidirectional system

We now extend algorithm W to the bidirectional type system. The revisedalgorithm appearsin Figures 21-
24.

The �rst important di�erence betweenthe previous algorithm and this one is the de�nition of subsumption.
The new de�nition follows closely canonical derivations of `dsk . The new subsumption relation is given in
Figure 22.

In addition to the uni�cation procedurewe gave in previous section we also require a procedurethat uni�es
a type with an arrow type. The arrow uni�cation judgement of the form

(S0; A 0) ` ! � = � 1 ! � 1 ) (S1; A 1)

takesan initial uni�er S0, an initial supply A 0 and a type � . It producesa bigger uni�er S1 and an arrow
type that matches � once S1 has been applied to these types. The rules are straightforward and given in
Figure 19.
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A 0 ` pr � 7! � 0 ) A 1
(� 0 output )

� = � or � = a
prmono

A 0 ` pr � 7! � ) A 0

A 0 ` pr � 2 7! 8a. � 2 ) A 1
prfun

A 0 ` pr � 1 ! � 2 7! 8a. � 1 ! � 2 ) A 1

A 0 ` pr [a 7! b]� 7! 8c. � 0 ) A 1
prpol y

A 0b ` pr 8a. � 7! 8bc. � 0 ) A 1

Figure 20: Weak prenex conversion

(S0; A 0) ` inst
� � � � ) (S1; A 1)

(� output when � = * , input when � = +)

ainst1
(S0; A 0� ) `

inst
* 8a. � � [a 7! � ]� ) (S0; A 0)

(S0; A 0) `
dsk

� � � ) (S1; A 1)
ainst2

(S0; A 0) `
inst
+ � � � ) (S1; A 1)

Figure 21: Algorithmic instantiation

Weak-prenexconversion is given by the following judgement:

A 0 ` pr � 7! � 0 ) A 1

The rules are given in Figure 20; notice that it consumessymbols from the supply in order to \freshen" the
quanti�ed variables of the types.

The instantiation relation has an algorithmic version, shown in Figure 21. The instantiation judgements are
given by (S0; A 0) ` inst

� � � � ) (S1; A 1). Again, they take an initial uni�er S0 and a supply A 0 and either
check or infer that � is more polymorphic than � and return the rest of the supply A 1, extending perhaps
the uni�er to S1.

The inferenceand checking judgements are given by (S0; A 0) ; � ` � t : � ) (S1; A 1). In the caseof inference,
just like in the Damas-Milner algorithm, we take a uni�er S0 and a supply A 0 and, in return back a type
� . In checking mode we check if we can assignthe � type to the term t . In any casewe return an extended
uni�er, S1, as well as the rest of the supply, A 1. Notice the use of arrow uni�cation in the abstraction
checking judgements alg-abs1 and alg-abs2 as well as the application judgement alg-app .

Finally we have the polytype inference and checking judgements (S0; A 0) ; � `poly
� t : � ) (S1; A 1). The

inference caseis very alike the generalisation inference caseof the Damas-Milner algorithm. The corre-
sponding checking judgement should be read as: \c heck that � is at most as polymorphic as the term t ".
Notice the similarit y of this rule compared to the skol rule of the subsumption judgement. We also have
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(S0; A 0) `dsk � 1 � � 2 ) (S1; A 1)
(� 1; � 2 inputs)

A 0 ` pr � 2 7! 8a. � ) A 1

(S0; A 1) `dsk � � 1 � � ) (S1; A 2)
a =2 ftv (S1� 1) a =2 ftv (S1� 2)

askol
(S0; A 0) `

dsk
� 1 � � 2 ) (S1; A 2)

(S0; A 0) `dsk� � 1 � � 2 ) (S1; A 1)

(S0; A 0) `
dsk �

[a 7! � ]� 1 � � 2 ) (S1; A 1)
aspec

(S0; A 0� ) `
dsk �

8a. � 1 � � 2 ) (S1; A 1)

(S0; A 0) ` ! � = � 1 ! � 2 ) (S1; A 1)
(S1; A 1) `dsk � 3 � � 1 ) (S2; A 2)
(S2; A 2) `dsk � � 2 � � 4 ) (S3; A 3)

afun1
(S0; A 0) `

dsk �
� � � 3 ! � 4 ) (S3; A 3)

(S0; A 0) ` ! � = � 3 ! � 4 ) (S1; A 1)
(S1; A 1) `dsk � 3 � � 1 ) (S2; A 2)
(S2; A 2) `dsk � � 2 � � 4 ) (S3; A 3)

afun2
(S0; A 0) `

dsk �
� 1 ! � 2 � � ) (S3; A 3)

S0 ` � 1 = � 2 ) S1
amono

(S0; A 0) `
dsk �

� 1 � � 2 ) (S1; A 0)

Figure 22: Algorithmic subsumption

to peform weak-prenexconversion and make sure that the returned uni�er does not unify someof the free
meta variables of the context or the polytype with thesefresh variables.

4.5 Prop erties of the typ e inference algorithm

The soundnesstheorem states that if the algorithm determines that a term t has a type � , then there is a
derivation using the rules in Figure 9 assigningthe sametype to t .
Theorem 4.1 (Soundness).

1. SupposeA 0 =2 ftv (�) and ([]; A 0) ; � ` * t : � ) (S; A 1). Then for any substitution V with dom(V ) =
fmv(S� ; S� ) we haveVS� ` * t : VS� .

2. SupposeA 0 =2 ftv (� ; � ) and ([]; A 0) ; � ` + t : � ) (S; A 1). Then for any substitution V with dom(V ) =
fmv(S� ; S� ) we haveVS� ` + t : VS� .

The role of the substitution V is auxiliary and at �rst readingonecancompletely ignore it. The reasonis that
the algorithm may return someun-uni�ed meta typevariables. For example([]; � ); ` \ x. x : � ! � ) ([]; fg ).
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(S0; A 0) ; � ` � t : � ) (S1; A 1)
(� output when � = * , input when � = +)

x : � 2 � (S0; A 0) `
inst
� � � � ) (S1; A 1)

alg-v ar
(S0; A 0) ; � ` � x : � ) (S1; A 1)

(S0; A 0) ; � ; x : � ` * t : � ) (S1; A 1)
alg-abs1

(S0; A 0� ) ; � ` * \ x. t : � ! � ) (S1; A 1)

(S0; A 0) ` ! � = � a ! � r ) (S1; A 1)
(S1; A 1) ; � ; x : � a `poly

+ t : � r ) (S2; A 2)
alg-abs2

(S0; A 0) ; � ` + \ x. t : � ) (S2; A 2)

(S0; A 0) ; � ; x : � ` * t : � ) (S1; A 1)
alg-aabs1

(S0; A 0) ; � ` * \ x:: � . t : � ! � ) (S1; A 1)

(S0; A 0) ` ! � = � a ! � r ) (S1; A 1)
(S1; A 1) `dsk � a � � x ) (S2; A 2)

(S2; A 2) ; � ; x : � x `poly
+ t : � r ) (S3; A 3)

alg-aabs2
(S0; A 0) ; � ` + \ x:: � x . t : � ) (S3; A 3)

(S0; A 0) ; � ` * t : � 1 ) (S1; A 1)
(S1; A 1) ` ! � 1 = � ! � 0 ) (S2; A 2)

(S2; A 2) ; � `poly
+ u : � ) (S3; A 3)

(S3; A 3) ` inst
� � 0 � � ) (S4; A 4)

alg-app
(S0; A 0) ; � ` � t u : � ) (S4; A 4)

(S0; A 0) ; � `poly
* u : � ) (S1; A 1)

(S1; A 1) ; � ; x : � ` � t : � ) (S2; A 2)
alg-let

(S0; A 0) ; � ` � let x = u in t : � ) (S2; A 2)

Figure 23: Inference/Checking Algorithm

Of coursemeta type variables do not appear syntactically in the bidirectional system. The substitution V
simply eliminates such meta variables from the returned types.

Completenesson the other hand says that if the bidirectional system assignsthe type � to the term t , then
the algorithm can infer a type � 0 that can produce � through somesubstitution.

Again, when we state this theorem, we must constrain the the symbol generator to be \fresh" from the
variables in the judgement.
Theorem 4.2 (Completeness). The algorithm is complete with respect to the syntax-directed system.

1. Suppose that A 0 =2 ftv (� ; � ). If � ` * t : � then ([]; A 0) ; � ` * t : � 0 ) (S; A 1) and there exists R such
that RS� 0 = � .

2. Supposethat A 0 =2 ftv (� ; � ). If � ` + t : � then ([]; A 0) ; � ` + t : � ) (S; A 1) and S� = � , S� = � .

64



(S0; A 0) ; � `poly
� t : � ) (S1; A 1)

(� output when � = * , input when � = +)

(S0; A 0) ; � ` * t : � ) (S1; A 1)
� = ftv (S1� ) � ftv (S1�)

alg-gen1
(S0; A 0b) ; � `

poly
* t : 8b. [� 7! b]S1� ) (S1; A 1)

A 0 ` pr � 7! 8a. � ) A 1

(S0; A 1) ; � ` + t : � ) (S1; A 2)
a =2 ftv (S1�) a =2 ftv (S1� )

alg-gen2
(S0; A 0) ; � `

poly
+ t : � ) (S1; A 2)

Figure 24: Algorithmic generalisation

Combining completenessand soundnessgivesus a principal typesproperty for the bidirectional system(see
also Section 4.7). It tells us that out of all the types that bidirectional system assignsto a term, there is a
best one(the principal one), such that all others are substitution instancesof that one. That type is precisely
the one picked out by the algorithm.

4.6 Pro ofs about the algorithm

De�nition 4.3 (Excluded- X substitution equiv alence). Given a set of variables X , we de�ne the
excluded-X equivalencerelation on substitutions as:

S1 = S2nX , 8a =2 X , S1(a) = S2(a)

Intuitiv ely, two substitutions are excluded-X equivalent if they agreeeverywhere except perhaps for some
variables in X . Recall that we write X1 =2 X2, where X1, X2 are setsof variables, meaning that the two sets
are disjoint. A uni�er is a substitution whosedomain contains only meta typ e variables . In what follows
symbols S; T ; U ; V denote uni�ers unlessstated explicitly otherwise. When we write [a 7! b] � S, since a
can't be in the domain of a uni�er S we mean the (renaming) substitutions of a for b in the range of S. On
the other hand [� 7! b] � S denotesthe substitution composition of [� 7! b] and S.

Let us start by proving somesanity checks and useful facts about uni�cation. The �rst property that we
needis that when we start with a well-de�ned substitution, we end up with a well-de�ned substitution: For
our purposesthe notion of a mathematically well-de�ned substitution will coincide with idempotency:

S is well-de�ned i� 8� . S� = S(S� )

Lemma 4.4 (Idemp otency of uni�ers). If S0 is idempotent and S0 ` � 1 = � 2 ) S1 then S1 is idempotent.

Proof. The proof is by induction on the de�nition of the uni�cation procedure. The casefor urefl is trivial.
The casesfor bvar1 , bvar2 , ufun follow easily by applying the induction hypotheses.Let us consider the
caseuvar1 (the caseuvar2 is similar). Here we have that S0 ` � = � ) S1, given that

� =2 dom(S0) (1)

� =2 ftv (S0� ) (2)

S1 = [� 7! S0� ] � S0 (3)
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We show by induction on � that S1S1� = S1� . All the casesare easy or follow by induction hypothesis
except for the casewhere � = � . If � = � we have S1� = S0� , which meansthat:

S1S1� = S1S0�
= [� 7! S0� ]S0S0�
= [� 7! S0� ]S0� (becauseS0 is idempotent)
= S0� (by (2))
= S1�

Similarly, if � 6= � we have that

S1S1b = [� 7! S0� ]S0[a 7! S0� ]S0�
= [� 7! S0� ]S0S0�
= [� 7! S0� ]S0�
= S1�

It is a seriesof easy inductions to show that all uni�ers mentioned throughout the paper are idempotent.
Theseproofs rely on the last lemma. We omit theseproofs and assumethat we only deal with well-de�ned
uni�ers in the rest of the document.

Now a quick check about the variables of the uni�ers. What this says is that our returned uni�er is larger
than the input uni�er and that it doesn't contain symbols made out of thin air.
Lemma 4.5. If S0 ` � 1 = � 2 ) S1 then:

1. vars(S1) � vars(S0) [ ftv (� 1; � 2)

2. dom(S0) � dom(S1)

3. range(S1) � range(S0) [ ftv (� 1; � 2)

Proof. Easy induction.

The next lemma establishesthe soundnessof uni�cation.
Lemma 4.6 (Uni�cation soundnesss). If S0 ` � 1 = � 2 ) S1 then S1� 1 = S1� 2 and there exists a
substitution R such that S1 = R � S. Moreover vars(R) � ftv (S0� 1; S0� 2).

Proof. The proof is by induction on the derivation of uni�cation. We examineall cases.

� Caseurefl . Trivially take R to be the empty substitution.

� Case ufun . Here we have that S0 ` � 1 ! � 2 = � 0
1 ! � 0

2 ) S2 given that S0 ` � 1 = � 0
1 ) S1

and S1 ` � 0
1 = � 0

2 ) S2. By induction hypothesis S1� 1 = S1� 0
1 and S1 = R1 � S0 for some R1 and

vars(R1) � ftv (S0� 1; S0� 0
1). Also by induction hypothesis S2� 2 = S2� 0

2 and S2 = R2 � S1 for someR2.
Then we have that

vars(R2) � ftv (S1� 2; S1� 0
2)

) vars(R2) � R1(ftv (S0� 2; S0� 0
2))

) vars(R2) � ftv (S0� 1; S0� 0
1) [ ftv (S0� 2; S0� 0

2)

Then we have R2S1� 1 = R2S1� 0
1, henceS2� 1 = S2� 0

1 and taking R = R2 � R1 �nishes the casesince
vars(R) � vars(R1; R2) as well.
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� Casebvar1 (the casefor bvar2 is similar). Here we have S0 ` � = � ) S1 given that S0 ` S0� = � )
S1 when � 2 dom(S0). By induction hypothesis S1S0� = S1� and S1 = R � S0 for someR. Moreover
vars(R) � ftv (S0S0�; S0� ) and becauseof idempotency vars(R) � ftv (S0�; S0� ). Then RS0S0� = S1�
and becauseS0 is idempotent RS0� = S1� or S1� = S1� . Therefore taking the sameR �nishes the
case.

� Caseuvar1 (the casefor uvar2 is similar). Here S0 ` � = � ) [� 7! S0� ] � S0 given that

� =2 dom(S0) (1)

� =2 ftv (S0� ) (2)

Then [� 7! S0� ]S0� = S0� becauseof (1) and S0� = [� 7! S0� ]S0� becauseof (2). Finally pick
R = [� 7! S0� ]. Then vars(R) = ftv (�; S0� ) = ftv (S0�; S0� ).

Lemma 4.7. If S0 ` � 1 = � 2 ) S1 then fov(S1� 1; S1� 2) � fov(S0� 1; S0� 2).

Proof. By uni�cation soundness,Lemma 4.6, we have that fov(S1� 1; S1� 2) = fov(S1 � 1) = fov(RS0� 1) and we
know that fov(RS0� 1) � fov(R) [ fov(S0� 1) � fov(S0 � 1; S0� 2).

Next we establish completenessof uni�cation, that is, we will show that if two types are uni�ed by some
substitution, then our algorithm returns always a most generaluni�er.
Lemma 4.8 (Uni�cation completeness). If SS0� 1 = SS0� 2 then uni�c ation of S0, � 1 and � 2 succeeds,
that is, S0 ` � 1 = � 2 ) S1 such that S � S0 = R � S1 for some R. Moreover vars(S1) � vars(S0); ftv (� 1; � 2)
and vars(R) � vars(S; S1; S0).

Proof. Consider the following lexicographic pair to be a metric for a given uni�er S0, types � 1 and � 2.

� = hjrange(S0) [ ftv (� 1; � 2) j; size(� 1) + size(� 2)i

We show uni�cation completenessby induction on the value of � (We can use the same metric to show
termination of uni�cation as well). Observe �rst of all that the two types cannot be tow distinct type
variables. We proceedby caseanalysis on the possibleforms of � 1 and � 2.

� Both of them are arrow types, that is � 1 = � 11 ! � 12 and � 2 = � 21 ! � 22. In this casewe have that
SS0� 11 = SS0� 21 and SS0� 12 = SS0� 22. By induction S0 ` � 11 = � 21 ) S1 such that for someR1 wehave
S�S0 = R1 �S1. Now alsoby induction hypothesis(by Lemma 4.5 range(S1) � range(S0) [ ftv (� 11; � 21))
S1 ` � 12 = � 22 ) S2 such that R1 � S1 = R � S2 for someR hencegiving us S � S0 = R � S2 hencegiving
us the result by ufun .

� Assume that they both are ordinary variables: Then they have to be the same since the only rule
applicable would be urefl and the casefollows trivially .

� One of them is a meta variable and assume� 1 = � (the casewhere � 2 is a variable is symmetric).
Assumealso that � 2 = � . Then, if � 2 is exactly the samevariable then urefl is applicable and the
result follows easily.

If � 2 = � 6= � we have the following cases:

{ � 2 dom(S0). In this caseif we can show that SS0(S0� ) = SS0� then we will be done, as we will
be able to apply the induction hypothesis (j range(S0) [ ftv (�; � ) j
 j range(S0) [ ftv (S0�; � ) j= j
range(S0) [ ftv (� ) j, since� =2 range(S0) becauseS0 is idempotent) to get that S0 ` S0� = � ) S1

with S � S0 = R � S1 and by rule bvar1 the casewill be �nished. But observe that the above
follows directly from the idempotency of S0.
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{ � =2 dom(S0). Here we have the following casesfor S0� :

� S0� = � . Then since� =2 dom(S0) we have that � = � for some� 2 dom(S0). But this means
that we can apply rule bvar2 with urefl in its premiseto get the result, taking R = S.

� � 2 ftv (S0� ). This casecan't happen as it would require SS0� = SS0� or S� = S(S0� ) but
the sizesof the types in the left and right hand side can never be the same.

� � =2 ftv (S0� ). In this casewe can apply the rule uvar1 to get the result. Now we need to
�nd R such that S � S0 = R � [� 7! S0� ] � S0. SinceSS0� = SS0� it must be that � 2 dom(S)
and S� = S(S0� ), which meanswe can write S as S = S0� [� 7! S0� ] sincealso � =2 ftv (S0� ).
Now just pick R = S0 and we are done.

From the soundnessand completenessof the uni�cation procedure we can derive two easycorrollaries for
the arrow uni�cation procedure.
Lemma 4.9 (Arro w uni�cation soundness and completeness).

1. If for some A 0 such that A 0 =2 ftv (� ); vars(S0) it is (A 0; S0) ` � = � ! � 0 ) (S1; A 1) then S1� =
S1� ! S1� 0 and 9R such that S1 = R � S0. Moreover ftv (� ! � 0) � vars(S0); ftv (� ); (A 0 � A 1) and
vars(S1) � vars(S0); ftv (� ); (A 0 � A 1) and vars(R) � ftv (S0� ); (A 0 � A 1).

2. If SS0� = � 0 ! � 0
0 then for any symbol supply A 0 such that A 0 =2 vars(S; S0) and A 0 =2 ftv (�; � 0; � 0

0),
(A 0; S0) ` ! � = � ! � 0 ) (S1; A 1) such that 9R with S � S0 = R � S1nA 0 �A 1 and RS1� = � 0 and
RS1� 0 = � 0

0. Moreover vars(R) =2 A 1 and vars(S1) =2 A 1.

Proof. The soundnesspart is by induction on the arrow uni�cation de�nition and appealing to uni�cation
soundness,while the completenesspart is by caseanalysison the type structure and appealing to uni�cation
completeness.

Here's a lemma about the free ordinary variables during arrow uni�cation.
Lemma 4.10. If A 0 =2 ftv (� ); vars(S0) and (A 0; S0) ` ! � = � 1 ! � 2 ) (S1; A 1) then fov(S1�; S1� 1; S1� 2) �
fov(S0� ).

Proof. Like the proof of Lemma 4.7.

4.6.1 Completeness

In this sectionwe show that the typesthat the type systemattributes to terms can be considered\instances"
of typesthat the algorithm discovers. We needa seriesof auxilliary lemmas�rst.
Lemma 4.11. If A 0 ` pr � 7! 8a. � ) A 1 then a � A 0 � A 1, ftv (� ) = ftv (8a. � ).

Proof. Easy induction on the de�nition of ` pr .

Lemma 4.12.

1. If A 0 =2 vars(S0) [ ftv (� 1; � 2) and (S0; A 0) `dsk � 1 � � 2 ) (S1; A 1) then there exists R such that
S1 = R � S0, vars(S1) � vars(S0) [ ftv (� 1; � 2) [ (A 0 � A 1), and vars(R) � ftv (S0� 1; S0� 2) [ (A 0 � A 1).

2. If A 0 =2 vars(S0) [ ftv (� 1; � 2) and (S0; A 0) `dsk � � 1 � � 2 ) (S1; A 1) then there exists R such that
S1 = R � S0, vars(S1) � vars(S0) [ ftv (� 1; � 2) [ (A 0 � A 1), and vars(R) � ftv (S0� 1; S0� 2) [ (A 0 � A 1).
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Proof. The two claims can be proved simultaneously by induction on the height of the derivations, appealing
to the uni�cation properties in the monotype case.

The next lemma assertsthat no ordinary type variables from the symbol supply escape in the \useful" range
of the uni�ers.
Lemma 4.13.

1. If A 0 =2 vars(S0) [ ftv (� 1; � 2), (S0; A 0) `dsk � 1 � � 2 ) (S1; A 1), and fov(S0 � 1; S0� 2) � X , then
fov(S1� 1; S1� 2) � X .

2. If A 0 =2 vars(S0) [ ftv (� 1; � 2), (S0; A 0) `dsk � � 1 � � 2 ) (S1; A 1), and fov(S0� 1; S0� 2) � X , then
fov(S1� 1; S1� 2) � X .

Proof. We prove the two claims simultaneously by induction on height of the derivations.

For the �rst part we only have the caseof askol . We have (S0; A 0) `dsk � 1 � � 2 ) (S1; A 2), given that

A 0 ` pr � 2 7! 8a. � ) A 1 (1)

(S0; A 1) `
dsk �

� 1 � � ) (S1; A 2) (2)

a =2 ftv (S1� 1; S1� 2) (3)

Assumethat fov(S0� 1; S0� 2) � X . We know that fov(S0(� 2)) = fov(8a. � ), therefore fov(S0� ; S0� ) � X a.
By induction hypothesis fov(S1� ; S1� ) � X a. But now, becausea =2 ftv (S1� 1) and a =2 ftv (S1(8a. � )) we
have that fov(S1 � ; S1(8a. � )) � X .

For the secondpart we have the following casesfor the last rule used in the derivation.

� Caseaspec. Here we have that A 0� =2 vars(S0) [ ftv ((8a. � 1); � 2) and (S0; A 0� ) `dsk � 8a. � 1 � � 2 )
(S1; A 1), given that (S0; A 0) `dsk � [a ! � ]� 1 � � 2 ) (S1; A 1). Assumethat fov(S0(8a. � 1); S0� 2) � X .
Then trivially fov(S0([a 7! � ]� 1; S0� 2) � X , since � =2 dom(S0). Then we can apply the induction
hypothesis to get that fov(S1([a 7! � ]� 1); S1� 2) � X and therefore fov(S1(8a. � 1); S1� 2) � X .

� Case afun1 (similarly for afun2 ). We have that A 0 =2 vars(S0) [ ftv (�; � 3; � 4) and (S0; A 0) `dsk �

� � � 3 ! � 4 ) (S3; A 3), given that (S0; A 0) ` ! � = � 1 ! � 2 ) (S1; A 1), (S1; A 1) `dsk � 3 � � 1 )
(S2; A 2), (S1; A 1) `dsk � � 2 � � 4 ) (S3; A 3). Assumethat fov(S0�; S0� 3; S0� 4) � X .

Claim 1: fov(S1�; S1� 1; S1� 2) � X . This follows directly by Lemma 4.10.

Claim 2: fov(S1� 3) � X . Clearly all the ordinary variablesof � 3 are in X , thereforeweneedto consider
the meta variables. Assume
 2 ftv (� 3) and assumealsothat 
 =2 ftv (� 1; � 2; � ), becausein the last case
we are doneby the �rst claim. Now we needto considerwhat happensin the ordinary variablesof S1
 .
If 
 =2 dom(S1) we are trivially okay. If not, then observe that dom(S1) � vars(S0) [ ftv (� ) [ (A 0 � A 1)
by Lemma 4.12. Then we have two problematic cases.

{ 
 2 dom(S0). Then there exists a � = S0
 . If that type contains only ordinary variables,
then we are okay since S1
 = S0
 in that caseand by assumptions these ordinary variables
are in X . Suppose however that there exists a � 2 � such that � 2 dom(S1)|if it is not
in the domain of S1 we are again trivially okay, since S1 extends S0. Then it must be that
� 2 ftv (S0� 1; S0� 2) [ (A 0 � A 1). But it cannot be in A 0 � A 1 becauseall variables of S0 are
disjoint from A 0. Then if it is in ftv (S0� 1; S0� 2) we alsohave that fov(S1� ) � fov(S1S0� 1; S1S0� 2)
and then fov(S1� ) � fov(S1 � 1; S1� 2) � X by previous claim. therefore S1
 � X .
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{ 
 =2 dom(S0) which means that 
 2 vars(R1) where R1 � S0 = S1. But then it must be that

 2 ftv (S0� ) [ (A 0 � A 1). It cannot be the casethat 
 2 A 0 � A 1, so 
 2 ftv (S0� ) which means
that fov(S1
 ) 2 fov(S1S0� ) and by idempotency fov(S1
 ) 2 fov(S1 � � X becauseof the �rst
claim.

Then, by induction hypothesiswe get that fov(S2 � 1) � fov(S2� 3) � X .

Claim 3: fov(S2� 2; S2� 4) � X . Again, we don't care about the free ordinary variables of � 2 and � 4,
they are going to be in X by assumptions. Consider then a 
 2 ftv (� 2; � 4), such that 
 2 dom(S2)|if
it is not in the domain we are again trivially okay. Then we want to examine what happens to S2
 .
It must be that 
 2 vars(S1) [ ftv (� 1; � 3) [ (A 1 � A 2). If 
 2 ftv (� 1; � 3) we are okay. If not, since 

cannot be in A 1 � A 2, we are left with two cases:

{ Here 
 2 dom(S1). That means that there exists a � = S1
 . If � contains only ordinary
variables or meta variables not in the domain of S2 we are okay. Consider now the casewhere
there exists a � 2 � such that � 2 dom(S2). Then, � is in the extension of S1), therefore
� 2 ftv (S1� 1; S1� 3) [ (A 1 � A 2). But it can't be in A 1 � A 2 as it is also in S1 and the variables
of S1 are disjoint from A 1. Then it must be in ftv (S1� 1; S1� 3) therefore fov(S2� ) � X , since
fov(S2� ) � fov(S2S1� 1; S2S1� 3) and fov(S2S1� 1; S2S1� 3) = fov(S2� 1; S2� 3) � X .

{ Here 
 =2 dom(S1). This means that 
 2 vars(R2) where R2 � S1 = S2. Then we know that
vars(R2) � ftv (S1� 3; S1� 1) [ (A 1 � A 2), but 
 =2 A 1, therefore 
 2 ftv (S1� 3; S1� 1). Then
fov(S2
 ) 2 fov(S2S1� 3; S2S1� 1), or fov(S2
 ) 2 fov(S2 � 3; S2� 1) � X .

Now we can apply the induction hypothesis again to get that fov(S3� 2; S3� 4) � X . At this point let
us consideragain what we have establishedso far and what we want to prove. We want to prove the
following:

fov(S3 � ) � X

fov(S3� 3) � X

fov(S3� 4) � X

But it is easily derivable from Lemma 4.9 and Lemma 4.12 that S3� = S3� 1 ! S3� 2. But we already
have that fov(S3� 2; S3� 4) � X . Therefore we only needto establish that fov(S3� 1; S3� 3) � X .

Claim 4: fov(S3� 1; S3� 3) � X . Again, we don't care about the free ordinary variables of � 1 and � 3;
these are in X by assumptions. Consider 
 2 ftv (� 3; � 1) and in fact let 
 =2 ftv (� 2; � 4)|otherwise
we are ok. Also suppose that 
 2 dom(S3) otherwise we are trivially okay. Then, it must be that

 2 vars(S2) [ ftv (� 2; � 4) [ (A 2 � A 3). There are two non-trivial cases.

{ 
 2 dom(S2). Then let � = S2
 . If � doesnot contain meta variables, or contains meta variables
not in the domain of S3 we are okay. Consider the bad casewhere there exists a � 2 � such
that � 2 dom(S3). Then � 2 ftv (S2� 2; S2� 4) [ (A 2 � A 3). It can't be in A 2 � A 3 becauseit is
also in S2 and S2 doesnot contain variables from A 2. So it must be in ftv (S2� 2; S2� 4), therefore
fov(S3� ) � X , sincefov(S3 � ) � ftv (S3S2� 2; S3S2� 4). Then also S3
 � X .

{ 
 =2 dom(S2). Then it must be the casethat 
 2 R3, where R3 � S2 = S3. Then also vars(R3) �
ftv (S2� 2; S2� 4) [ (A 2 � A 3), but we know that 
 =2 A 2. Then fov(S3
 ) � fov(S3S2� 2; S3S2� 4), or
fov(S3
 ) � fov(S3� 2; S3� 4) � X .

� Caseamono . Follows directly by Lemma 4.7.

Now two lemmasabout the variables during inferenceand checking.
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Lemma 4.14.

1: A 0 =2 ftv (�) [ vars(S0) ) 9R such that S1 = R � S0

(S0; A 0) ; � ` * t : � ) (S1; A 1) vars(S1) � ftv (�) [ vars(S0) [ (A 0 � A 1)
ftv (� ) � ftv (�) [ vars(S0) [ (A 0 � A 1)
vars(R) � ftv (S0�) [ (A 0 � A 1)

2: A 0 =2 ftv (�) [ vars(S0) [ ftv (� ) ) 9R such that S1 = R � S0

(S0; A 0) ; � ` + t : � ) (S1; A 1) vars(S1) � ftv (�) [ ftv (� ) [ vars(S0) [ (A 0 � A 1)
vars(R) � ftv (S0�) [ ftv (S0� ) [ (A 0 � A 1)

3: A 0 =2 ftv (�) [ vars(S0) ) 9R such that S1 = R � S0

(S0; A 0) ; � `poly
* t : � ) (S1; A 1) vars(S1) � ftv (�) [ vars(S0) [ (A 0 � A 1)

ftv (� ) � ftv (�) [ vars(S0) [ (A 0 � A 1)
vars(R) � ftv (S0�) [ (A 0 � A 1)

4: A 0 =2 ftv (�) [ vars(S0) [ ftv (� ) ) 9R such that S1 = R � S0

(S0; A 0) ; � `poly
+ t : � ) (S1; A 1) vars(S1) � ftv (�) [ ftv (� ) [ vars(S0) [ (A 0 � A 1)

vars(R) � ftv (S0�) [ ftv (S0� ) [ (A 0 � A 1)

Proof. Straightforward induction on the derivations.

Lemma 4.15.

1: A 0 =2 ftv (�) [ vars(S0) ) fov(S1�) [ fov(S1� ) � X
(S0; A 0) ; � ` * t : � ) (S1; A 1)
fov(S0 �) � X

2: A 0 =2 ftv (�) [ vars(S0) [ ftv (� ) ) fov(S1�) [ fov(S1� ) � X
(S0; A 0) ; � ` + t : � ) (S1; A 1)
fov(S0 �) [ fov(S0� ) � X

3: A 0 =2 ftv (�) [ vars(S0) ) fov(S1�) [ fov(S1� ) � X
(S0; A 0) ; � `poly

* t : � ) (S1; A 1)
fov(S0 �) � X

4: A 0 =2 ftv (�) [ vars(S0) [ ftv (� ) ) fov(S1�) [ fov(S1� ) � X
(S0; A 0) ; � `poly

+ t : � ) (S1; A 1)
fov(S0 �) [ fov(S0� ) � X

Proof. We prove the four goals simultaneously by induction on the algorithmic relations. We are going to
usethe results of Lemma 4.14 as well as Lemma 4.13 extensively.

For the �rst part we consider the following cases.

� Casealg-v ar . We have that A 0 =2 ftv (�) [ vars(S0) and (S0; A 0) ; � ` * x : � ) (S1; A 1), given that

x : � 2 � and (S0; A 0) ` inst
* � � � ) (S1; A 1). Assumethat fov(S0�) � X . Then by an inversion we

seethat S1 = S0 and fov(S1� ) � fov(S1� ), becauseA 0 � A 1 is going to be a set of meta variables not
in the variables of S0.

� Casealg-abs1 . Here let A 0� =2 ftv (�) [ vars(S0) and (S0; A 0� ) ; � ` * \ x. t : � ! � ) (S1; A 1), given
that (S0; A 0) ; � ; x : � ` * t : � ) (S1; A 1). Assumefov(S0�) � X . Then also fov(S0(� ; x : � )) � X ,
since � =2 vars(S0). Then, by induction hypothesis fov(S1� ; S1� ) � X and fov(S1� ) � X . But that is
exactly what is required for this case.

� Casealg-aabs1 . Assumethat A 0 =2 ftv (�) [ vars(S0) and (S0; A 0) ; � ` * \ x :: � . t : � ! � ) (S1; A 1),
given that (S0; A 0) ; � ; x : � ` * t : � ) (S1; A 1). Assumefov(S0�) � X . Then also fov(S0(� ; x : � )) �
X , sinceannotations are closed. Then, by induction hypothesis fov(S1 � ; S1� ) � X and fov(S1 � ) � X
and we are done.
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� Casealg-app . Here we have that A 0 =2 vars(S0) [ ftv (�) and (S0; A 0) ; � ` * t u : � ) (S4; A 4), given
that

(S0; A 0) ; � ` * t : � 1 ) (S1; A 1) (1)

(S1; A 1) ` ! � 1 = � ! � 0 ) (S2; A 2) (2)

(S2; A 2) ; � `poly
+ u : � ) (S3; A 3) (3)

(S3; A 3) ` inst
* � 0 � � ) (S4; A 4) (4)

Let us assumethat fov(S0 �) � X . Then by induction we get that fov(S1� 1) � X and fov(S1�) � X .
Now, by the arrow uni�cation variables lemma we get that fov(S2� ; S2� 0; S2� 1) � X . At this point we
needto show that fov(S2 �) � X to be able to apply the induction hypothesis further.

Claim 1: fov(S2�) � X . First, all the free ordinary variables of � are by assumptionsin X . Then we
are interested to seewhat happens to the meta variables of � and in particular those that are in the
domain of S2. Consider 
 2 dom(S2) such that 
 2 ftv (�). Then by previous lemmas we know that

 2 vars(S1) [ ftv (� 1; � ; � 0) [ (A 1 � A 2). If 
 2 ftv (� 1; � ; � 0) then we are okay. Also 
 =2 A 1 � A 2 since
it is a free variable of �. Then we have two cases.

{ Suppose that 
 2 dom(S1), that is, there exists a type � = S1
 . If � does not contain meta
variables we are okay, since S2
 = x1
 = � in this case. However suppse that there exists a
variable � 2 � . If that � is not in the domain of S2 then we are okay. If however � 2 dom(S2) then
it is in the extension of S1, therefore we get that � 2 ftv (S1� 1) [ (A 1 � A 2). But it cannot be in
in A 1 � A 2 sincewe know that vars(S1) =2 A 1 by previous lemma. Then fov(S2� ) 2 fov(S2S1� 1)
or fov(S2� ) 2 fov(S2 � 1) � X . Then also fov(S2 
 ) � X sinceS2 is an extensionof S1.

{ Supposethat 
 =2 dom(S1), then 
 2 vars(R2) where S2 = R2 � S1, therefore 
 2 ftv (S1� 1) [ (A 1 �
A 2). But it cannot be in A 1 � A 2 therefore fov(S2
 ) � fov(S2S1� 1) = fov(S2� 1) � X .

Now that we proved this claim, it is easyto con�rm that the conditions are appropriate to apply the
induction hypothesisto get that fov(S3�) � X and fov(S3� ) � X . Now with a simple inversionwe get
that S3 = S4 and fov(S3� ) = fov(S3� 0). Then to �nish the casewe needto show that fov(S3� 0) � X .

Claim 2: fov(S3� 0) � X . The claim usesa similar proof technique as the previous claim.

� Casealg-let . Suppose A 0 =2 ftv (�) [ ftv (S0) and we have that (S0; A 0) ; � ` * let x = u in t :

� ) (S2; A 2), given that S0; A 0) ; � `poly
* u : � ) (S1; A 1) and S1; A 1) ; � ; x : � `poly

* t : � ) (S2; A 2).
Assumethat fov(S0�) � X . Then by induction we get that fov(S1�) � X and fov(S1� ) � X . Then
it is easy to con�rm using previous lemmas that A 1 =2 ftv (�) [ vars(S1) and we can apply again the
induction hypothesis to get that fov(S2 � ; S2� ) � X and fov(S2� ) � X as required for this case.

The secondpart follows the structure of the �rst part using the technique shown in the claims above to
establish the appropriate conditions at each step.

For the third part, we have that A 0b =2 ftv (�) [ vars(S0) and (S0; A 0b) ; � `poly
* t : 8b. [� 7! b]S1� ) (S1; A 1),

given that (S0; A 0) ; � ` * t : � ) (S1; A 1) and � are the meta variables of ftv (S1� ) � ftv (S1�). Assumethat
fov(S0�) � X . Then we can apply the induction hypothesis to get that fov(S1�) � X and fov(S1� ) � X .
But then it must also be fov(8b. [� 7! b]S1� ) � X and this caseis done.

For the fourth part, we have that A 0b =2 ftv (�) [ vars(S0) [ ftv (� ) and (S0; A 0) ; � `poly
+ t : � ) (S1; A 2), given

that A 0 ` pr � 7! 8a. � ) A 1, (S0; A 1) ;� ` + t : � ) (S1; A 2), and a =2 ftv (S1� ; S1� ). Assumethat fov(S0�) [
fov(S0(� )) � X or equivalently fov(S0 �) [ fov(S0(8a. � )) � X . Therefore fov(S0�) [ fov(S0� ) � X a. Then,
by induction hypothesisfov(S1 �) [ fov(S1� ) � X a. But now, sincea =2 ftv (S1�) and a =2 ftv (S1(� )), it must
be that fov(S1�) [ fov(S1� ) � X .
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Lemma 4.16 (W eak Prenex Con version Completeness). If pr (S� ) = 8a. � a then A 0 ` pr � 7!
8b. � b ) A 1, such that S(8b. � b) = 8a. � a .

Proof. Easy induction on � . Moreover by Lemma 4.11 it is also the casethat b � A 0 � A 1.

Now a completenessresult for the algorithmic subsumption relation.
Lemma 4.17 (Algorithmic Subsumption Completeness). Suppose we are given uni�ers S, S0, a
context � and two polytypes � 1 and � 2. Then

1. If `dsk SS0� 1 � SS0� 2 is canonical then 8A 0 =2 vars(S; S0) [ ftv (� 1; � 2) we have that (A ; S0) `dsk � 1 �
� 2 ) (S1; A 1) and 9R such that S � S0 = R � S1nA 0 �A 1 , and vars(R) =2 A 1, vars(S) =2 A 1.

2. If `dsk SS0� 1 � SS0� 2 is prenex-canonical then 8A 0 =2 vars(S; S0)[ ftv (� 1; � 2) wehavethat (A ; S0) `dsk �

� 1 � � 2 ) (S1; A 1) and 9R such that S � S0 = R � S1nA 0 �A 1 , and vars(R) =2 A 1, vars(S) =2 A 1.

As a corollary, if `dsk SS0� 1 � SS0� 2 8A 0 =2 vars(S; S0) [ ftv (� 1; � 2) we have that (A ; S0) `dsk � 1 � � 2 )
(S1; A 1) and 9R such that S � S0 = R � S1nA 0 �A 1 , and vars(R) =2 A 1, vars(S) =2 A 1.

Proof. We prove the two goals simultaneously by induction on the height of the derivations. We proceed
with the last rule used.

Part 1: For this part the only rule that could have been used is rule skol . For this casewe have that
`dsk SS0� 1 � SS0� 2, given that

pr (SS0� 2) = 8a. � a (1)

a 62ftv (SS0� 1) (2)

`
dsk

SS0� 1 � � a (3)

Consider an appropriate symbol supply A 0, such that A 0 =2 vars(S; S0) [ ftv (� 1; � 2). By Lemma 4.16 we
have that A 0 ` pr � 7! 8b. � b ) A 1 such that SS0(8b. � b) = 8a. � a . By Lemma 4.11 b 2 A 0. This means
that SS0� b = [a 7! b]� a . From this, the substitution lemma and (2), and (3) we get that `dsk SS0� 1 � SS0� b.
Moreover this last derivation is prenex-canonical,as (3). Therefore by induction (S0; A 1) `dsk � � 1 � � b )
(S1; A 2). and 9R such that S � S0 = R � S1nA 1 �A 2 , since S0 = S1. Equivalently S � S0 = R � S1nA 0 �A 2 .
Moreover vars(R) =2 A 2 and vars(S1) =2 A 2. Finally to be able to apply the rule askol we needto show that
b =2 ftv (S1� 1; S1� 2. Assumeby contradiction that for someb 2 b it is the casethat b 2 ftv (S1� 1; S1� 2). This
meansthat there exists a 
 2 ftv (� 1; � 2) and b 2 S1
 becauseb =2 ftv (� 1; � 2). Moreover by the freshness
conditions 
 =2 A 0 and therefore Then SS0
 = RS1
 . But then it must be b 2 vars(S; S0), a contradiction.

Part 2: For this part we notice that a prenex-canonicalderivation ends with a trivial skol application
which can be ommited; therefore we have to examineall other rules.

� Casemono . In this casesinceSS0� 1 and SS0� 2 are monotypes, it must be that � 1 = � 1 and � 2 = � 2

for some monotypes � 1 and � 2. Pick an arbitrary A 0 that satis�es the freshnessconditions, that is
A 0 =2 ftv (� 1), A 0 =2 ftv (� 2), A 0 =2 vars(S) [ vars(S0). By Lemma 4.8 we have that S0 ` � 1 = � 2 ) S1

and S � S0 = R � S1 for some R. Moreover vars(R) � vars(S) [ vars(S0) [ vars(S1) which means
vars(R) =2 A 0. Finally vars(S1) � vars(S0) [ ftv (� 1; � 2), again disjoint from A 0. Then by applying the
rule amono we are done.
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� Casefun . In this casewe have that SS0� 1 = � 0
11 ! � 0

12 and SS0� 2 = � 0
21 ! � 0

22. Now, it must be
the casethat � 1 = � 1 and � 2 = � 2 for some� 1 and � 2 becausethe substitution S � S0 returns back
arrow typesand not quanti�ed types. Also, it cannot be the casethat both � 1 and � 2 are monotypes,
becausethen we would be in the mono case.We split in casesdepending on which of the two typesis
a � arrow type.

Assumethat � 1 = � 11 ! � 12, and pick a supply A 0 such that A 0 =2 vars(S; S0) [ ftv (� 1; � 2). Then it
must be that `dsk SS0� 11 ! SS0� 12 � SS0� 2. Since SS0� 2 = � 0

21 ! � 0
22 by uni�cation completeness

Lemma 4.9 (it is easy to con�rm that the freshnessconditions for A 0 are su�cien t) we have that
(S0; A 0) ` ! � 2 = � 21 ! � 22 ) (S1; A 1) such that 9Ru with S � S0 = Ru � S1nA 0 �A 1 and Ru S1� 21 = � 0

21
and Ru S1� 22 = � 0

22. Moreover vars(Ru ) =2 A 1 and vars(S1) =2 A 1. Then by the premisesof the rule
`dsk � 0

21 � � 11 or `dsk Ru S1� 21 � SS0� 11 or `dsk Ru S1� 21 � Ru S1� 11 since ftv (� 11) =2 (A 0 � A 1).
Then we can apply the induction hypothesis for the supply A 1 to get that (S1; A 1) `dsk � � 21 � � 11 )
(S2; A 2) and 9R1 with Ru � S1 = R1 � S2nA 1 �A 2 which implies that S � S0 = R1 � S2nA 0 �A 2 . Moreover
vars(R1) =2 A 2 and vars(S2) =2 A 2. Now we also know by the premisesof the rule that `dsk � 0

12 � � 0
22

or `dsk R1S2� 12 � R1S2� 22. Then it is easy to con�rm that the freshnessconditions hold for A 2

to apply the induction hypothesis and get that (A 2; S2) `dsk � 12 � � 22 ) (A 3; S3) and 9R with
R1 � S2 = R � S3nA 2 �A 3 which gives us that S � S0 = R2 � S3nA 0 �A 3 . Moreover vars(R) =2 A 3 and
vars(S3) =2 A 3. Then by applying rule afun1 and picking the sameR we are done.

The casewhere � 2 = � 21 ! � 22 is similar.

� Case spec. Here it must be that � 1 is a polytype and assumethat � 1 = 8a. � 1 and � 2 = � 2.
Assumealso without loss of generality that a =2 vars(S; S0). Then we have that `dsk 8a. SS0� 1 � � 2

given that `dsk [a 7! � ]SS0� 1 � SS0� 2, a =2 � . Then consider an arbitrary supply A 0� such that
A 0� =2 vars(S; S0) [ ftv (� 1; � 2) and rewrite the last derivation as: `dsk [� 7! � ]SS0[a 7! � ]� 1 � SS0� 2,
Now becauseof the freshnessconditions this is equivalent to `dsk [� 7! � ]SS0� 1 � [� 7! � ]SS0� 2.

Now we need to be able to apply the induction hypothesis for A 0 but we cannot do this directly
because� might contain variables in A 0. Instead we do the following: Separatethe free variables of �
in two sets. Let X1 = ftv (� ) \ (ftv (SS0� 2; SS0� 1)) and X2 = ftv (� ) � X1. We know by our assumptions
that A 0 =2 X1, so the problematic set is X2. But simply consider a renaming substitution Q from
X2 to a set X of variables disjoint from A 0. By the substitution lemma, Lemma 2.38, we get that
`dsk [� 7! Q� ]SS0� 1 � [� 7! Q� ]SS0� 2. And now we can apply the induction hypothesis to get that
(S0; A 0) `dsk [a 7! � ]� 1 � � 2 ) (S1; A 1) and 9R such that [� 7! Q� ] � S � S0 = R � S1nA 0 �A 1 which
meansthat S � S0 = R � S1nA 0 � �A 1

. We also get that vars(S1) =2 A 1, vars(R) =2 A 1. Then the rule
aspec is applicable and taking the sameR �nishes the case.

Next an auxiliary corollary for algorithmic instantiation.
Corollary 4.18 (Algorithmic Instan tiation Completeness).

1: ` inst
+ SS0� 1 � SS0� 2 ) 8A 0 =2 vars(S; S0) [ ftv (� 1; � 2)

(A ; S0) ` inst
+ � 1 � � 2 ) (S1; A 1)

9Rs.t. S � S0 = R � S1nA 0 �A 1

and vars(R) =2 A 1; vars(S) =2 A 1

2: ` inst
* SS0� 1 � � 2 ) 8A 0 =2 vars(S; S0) [ ftv (� 1; � 2)

(A ; S0) ` inst
* � 1 � � 0

2 ) (S1; A 1)
9Rs.t. S � S0 = R � S1nA 0 �A 1

and RS1� 0
2 = � 2

and vars(R) =2 A 1; vars(S) =2 A 1; ftv (� 0
2) =2 A 1
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Proof. The �rst part easily follows from Lemma 4.17. For the secondpart it must be that � 1 is a polytype
� 1 = 8a. � 1 and assumewithout lossof generality that a =2 vars(S; S0). Then, using the rule inst we have
that ` inst

* 8a:SS0� 1 � � 2 given that ` inst �
* [a 7! � ]SS0� 1 � � 2 and this with an extra inversion using rule

inst1 gives us that [a 7! � ]SS0� 1 = � 2 for that � . Now the algorithm, using rule ainst will give us that
for an appropriate A 0� we have that (S0; A 0� ) ` inst

* 8a. � 1 � � 0
2 ) (S1; A 1) when (S;A 0) ` inst �

* [a 7! � ]� 1 �
� 0

2 ) (S1; A 1). Now using the rule i instrho we seethat � 0
2 = [a 7! � ]� 1, S1 = S0. Take R = [� 7! � ] � S.

Then we have that S � S0 = R � S1n� asrequired. Moreover the variable freshnessconditions are alsosatis�ed.
Finally we needto show that RS1� 0

2 = � 2. We have that

RS1� 0
2 = [� 7! � ]SS0[a 7! � ]� 1

= [� 7! � ][a 7! � ]SS0� 1

= [a 7! � ]SS0� 1

= � 2

Now the main completenessresult.
Lemma 4.19 (Algorithmic Completeness).

1: SS0� ` * t : � ) 8A 0 =2 vars(S; S0) [ ftv (�) [ ftv (� )
(S0; A 0) ; � ` * t : � 0 ) (S1; A 1)
9R s.t. S � S0 = R � S1 nA 0 �A 1 and RS1� 0 = �
ftv (� 0) =2 A 1; vars(R) =2 A 1; vars(S1) =2 A 1

2: SS0� ` + t : SS0� ) 8A 0 =2 vars(S; S0) [ ftv (� ) [ ftv (�) :
(S0; A 0) ; � ` + t : � ) (S1; A 1)
9R s.t. S � S0 = R � SnA 0 �A 1

vars(R) =2 A 1; vars(S1) =2 A 1

3: SS0� `poly
* t : � ) 8A 0 =2 vars(S; S0) [ ftv (�) [ ftv (� )

(S0; A 0) ; � `poly
* t : � 0 ) (S1; A 1)

9R s.t. S � S0 = R � S1 nA 0 �A 1 and `dsk RS1� 0 � sh �
ftv (� 0) =2 A 1; vars(R) =2 A 1; vars(S1) =2 A 1

4: SS0� `poly
+ t : SS0� ) 8A 0 =2 vars(S; S0) [ ftv (� ) [ ftv (�)

(S0; A 0) ; � `poly
+ t : � ) (S1; A 1)

9R s.t. S � S0 = R � SnA 0 �A 1

vars(R) =2 A 1; vars(S1) =2 A 1

Proof. We prove simultaneously all goals, by induction on the height of the derivations. For each casethe
induction hypothesisassertsthat all goalshold for derivations of smaller heights. We proceedby caseanalysis
on the last rules used.

For the �rst part we have the following cases.

� Casevar . The result follows easily from Corollary 4.18.

� Caseabs1. In this casewe have that SS0� ` * \ x. t : � ! � , given that SS0� ; x : � ` * t : � . Considera
symbol supply A 0� that satis�es the freshnessconditions. This is the sameaswriting [� 7! � ]SS0� ; x :
� ` * t : � , becauseof the freshnessconditions. Then we can apply the induction hypothesis with A 0

to get that (S0; A 0) ; � ` * t : � 0 ) (S1; A 1) and 9R such that [� 7! � ]S � S0 = R � S1nA 0 �A 1 , RS1� 0 = �
and ftv (� 0) =2 A 1, ftv (S1) =2 A 1, ftv (R) =2 A 1. Then we can apply the rule alg-abs1 to get that
(S0; A 0� ) ; � ` \ x. t : � ! � 0 ) (S1; A 1). But then RS1(� ! � 0) = RS1� ! RS1� 0 = � ! � asrequired
and S � S0 = R � S1nA 0 � �A 1 .
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� Case aabs1. Here we have that SS0� ` * \ x :: � . t : � ! � given that SS0� ; x : � ` * t : � . And
consider any supply A 0 with the appopriate freshnessconditions. Becausethe type annotations are
closedwe can apply the induction hypothesis to get that (S0; A 0) ; � ; x : � ` * t : � 0 ) (S1; A 1) and
there existsan R such that S�S0 = R�S1nA 0 �A 1 , RS1� 0 = � , vars(R) =2 A 1, vars(S) =2 A 1, ftv (� 0) =2 A 1.
Finally we can apply rule alg-aabs1 to get that (S0; A 0) ; � ` * \ x :: � . t : � ! � 0 ) (S1; A 1) and
RS1(� ! � 0) = � ! RS1� 0 = � ! � as required, sinceannotations are closed.

� Caseapp. In this casewe have SS0� ` * t u : � , given that SS0� ` * t : � ! � 0, SS0� `poly
+ u : �

and ` inst
* � 0 � � . Consider any symbol supply A 0 that satis�es the freshnessconditions, that is,

A 0 =2 vars(S; S0), A 0 =2 ftv (� ), A 0 =2 ftv (�). Then let us consider the set of variables X = ftv (� !
� 0) � (vars(S; S0) [ ftv (� ) [ ftv (�)) and let Q be a renaming substitution taking X to set of variables
disjoint from A 0. Then by the substitution lemma we can create derivations: SS0� ` * t : Q� ! Q� 0,

SS0� `poly
+ u : Q� and ` inst Q� 0 � � , and these derivations have the same height as the original

derivations. Now wecanapply the induction hypothesisto get that (S0; A 0);� ` * t : � 1 ) (S1; A 1) such
that 9R1 with S � S0 = R1 � S1nA 0 �A 1 , vars(R1) =2 A 1, vars(S1) =2 A 1, ftv (� 1) =2 A 1. R1S1� 1 = Q� !
Q� 0. Now it is easy to verify that A 1 satis�es the conditions of the arrow uni�cation completeness
lemma, Lemma 4.9, to get that (S1; A 1) ` ! � 1 = � 0 ! � 0

0 ) (S2; A 2) such that 9R2 with R1 � S1 =
R2 � S2nA 1 �A 2 , R2S2� 0 = Q� and R2S2� 0

0 = Q� 0. Finally also vars(R2) =2 A 2 and vars(S2) =2 A 2

and similarly for the free variables of � 0 ! � 0
0. Then also S � S0 = R2 � S2nA 0 �A 2 . Taking into

account the freshnessconditions as well, we can rewrite the premise of the rule SS0� `poly
+ u : Q� as

R2S2� `poly
+ u : R2S2� 0. But now note that A 2 is appropriate to apply the induction hypothesisto get

that (S2; A 2)� `poly
+ u : � 0 ) (S3; A 3), and 9R such that R2 �S2 = R�S3nA 2 �A 3 , soS�S0 = R�S3nA 0 �A 3 .

However we have that ` inst R3S3� 0
0 � � and A 3 is appropriate to apply Lemma 4.18 to get that

S3; A 3)� ` inst � 0
0 � � 0 ) (S3; A 4) and exists R such that R3 � S3 = R � S4nA 3 �A 4 and RS4� 0 = � .

Moreover vars(R) =2 A 4 and vars(S4) =2 A 4 and ftv (� 0) =2 A 4. Therefore by applying the rule alg-app
we are done, picking the sameR.

� Case let . In this case we have that SS0� ` * let x = u in t : � given that SS0� `poly
* u : �

and SS0� ; x : � ` * t : � . Consider an appropriate A 0, such that A 0 =2 vars(S; S0), A 0 =2 ftv (�),
A 0 =2 ftv (� ). Now we don't know that A 0 =2 ftv (� ), however let us consider the set of variables
X = ftv (� ) � (ftv (� ) [ vars(S; S0) [ vars(�)). Then considera renamingsubstitution Q that takethis set
of variables to a disjoint from A 0 set. Then by the substitution lemma we have that SS0� `poly

* u : Q�
and hasthe sameheight. Similarly, applying the sameQ to the other subderivation weget that SS0� ; x :
Q� ` * t : � and has the sameheight. Now we are certain that the freshnessconditions are met for the

subderivations we can apply the induction hypothesisto get that (S0; A 0) ;� `poly u : � 0 ) (S1; A 1) and
9R1 such that S�S0 = R1 �S1nA 0 �A 1 . Moreover `dsk R1S1� 0 � sh Q� and vars(R1) =2 A 1, vars(S1) =2 A 1,
ftv (� 0) =2 A 1. Then, by Lemma 3.19 we have that SS0� ; x : R1S1� 0 ` * t : � and this derivation has
the sameheight as the derivation SS0� ; x : Q� ` * t : � . Now, becauseftv (�) =2 A 0 � A 1 it must be
that S � S0� = R1 � S1�. Then the derivation can be rewritten as R1S1� ; x : R1S1� 0 ` * t : � . Then A 1

is appropriate to apply the induction hypothesis and get that (S1; A 1) ; � ; x : � 0 ` * t : � 0 ) (S2; A 2)
and 9R such that R1 � S1 = R � S2nA 1 �A 2 , and RS2� 0 = � . Moreover vars(R) =2 A 3, vars(S2) =2 A 3,
ftv (� 0) =2 A 3. Therefore S � S0 = R � S2nA 0 �A 2 , and by the rule alg-let we get the result.

For the secondpart we have the following cases.

� Casevar . The result follows again from Corollary 4.18.

� Caseabs2. Here we have SS0� ` + \ x. t : SS0� 0, but since we are in the abs2 caseit must be that
SS0� 0) = � a ! � r for sometypes � a and � r . Then consider a supply A 0 that satis�es the freshness
conditions. Therefore we have A 0 =2 vars(S; S0) and A 0 =2 ftv (� 0) [ ftv (�). Then it is easyto con�rm
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that the tape is appropriate for applying Lemma 4.9 to get that (S0; A 0) ` ! � 0 = � 0 ! � 0
0 ) (S1; A 1)

and 9Ru such that S�S0 = Ru �S1nA 0 �A 1 and Ru S1� 0 = � a and Ru S1� 0
0 = � r . Moreovervars(Ru ) =2 A 1,

vars(S1) =2 A 1, ftv (� 0) =2 A 1, ftv (� 0
0) =2 A 1. Then, becausealso ftv (�) =2 A 1 the derivation can be

rewritten asRu S1� ` + \ x. t : � a ! � r and the immediate subderivation wasRu S1� ; x : � a `poly
+ t : � r .

This can again be rewritten as Ru S1� ; x : Ru S1� 0 `poly
+ t : Ru S1� 0

0. Now, we know that A 1 is

appropriate to apply the induction hypothesisto get that (S1; A 1) ; � ; x : � 0 `poly
+ t : � 0

0 ) (S2; A 2) and
there exists an R, such that Ru � S1 = R � S2nA 1 �A 2 which implies S � S0 = R � S2nA 0 �A 2 . Moreover
vars(R) =2 A 2, vars(S2) =2 A 2. Then we can apply the rule alg-abs2 to get the result and taking the
sameR �nishes the case.

� Case aabs2. In this casewe have that SS0� ` + \ x :: � x . t : SS0� 0, where SS0� 0 = � 0
a ! � 0

r and

`dsk � 0
a � � x and SS0� ; x : � x `poly

+ t : � 0
r . Consider a supply A 0 that satis�es the freshnessconditions,

that is, A 0 =2 vars(S; S0), A 0 =2 ftv (�) [ ftv (� 0). Then we can verify that A 0 is appropriate for applying
Lemma 4.9 to get that (S0; A 0) ` ! � 0 = � a ! � r ) (S1; A 1) and 9Ru such that S�S0 = Ru �S1nA 0 �A 1 ,
Ru S1� a = � 0

a , Ru S1� r = � 0
r , vars(Ru ) =2 A 1, vars(S1) =2 A 1, ftv (� a ) =2 A 1, ftv (� r ) =2 A 1. Then, we can

rewrite `dsk � 0
a � � x as`dsk Ru S1� a � Ru S1� x because� x is closed. Then it is again not hard to verify

that the tape A 1 is appropriate to apply Lemma 4.17 to get that (S1; A 1) `dsk � a � � x ) (S2; A 2)
and 9R1 such that Ru � S1 = R1 � S2nA 1 �A 2 which implies S � S0 = R1 � S1nA 0 �A 2 , vars(R1) =2 A 2 and
vars(S1) =2 A 2. Then, from the premisesof the rule we get that R1S2� ; x : � x ` + t : R1S2� r . Now
it is easy to verify that A 2 in an appropriate supply to apply the induction hypothesis to get that
A 2; S2)� ; x : � x ` + t : � r ) (S3; A 3) and 9R with R1S2 = R � S3nA 2 �A 3 which implies S � S0 = Q =
nA 0 �A 3 ; moreover vars(R) =2 A 3 and vars(S3) =2 A 3. Then we have all the premisesof rule alg-aabs2
and by applying it we get the result; picking the sameR �nishes the case.

� Caseapp. In this casewe have SS0� ` * t u : SS0� , given that SS0� ` * t : � ! � 0, SS0� `poly
+ u : �

and SS0� ` inst
+ � 0 � SS0� . Consider any symbol supply A 0 that satis�es the freshnessconditions, that

is, A 0 =2 vars(S; S0), A 0 =2 ftv (� ), A 0 =2 ftv (�). Then let us consider the set of variables X = ftv (� !
� 0) � (vars(S; S0) [ ftv (� ) [ ftv (�) and let Q be a renaming substitution taking X to set of variables
disjoint from A 0. Then by the substitution lemma we can create derivations: SS0� ` * t : Q� ! Q� 0,

SS0� `poly
+ u : Q� and SS0� ` inst

+ Q� 0 � SS0� and thesederivations have the sameheight asthe original
derivations. Now wecanapply the induction hypothesisto get that (S0; A 0);� ` * t : � 1 ) (S1; A 1) such
that 9R1 with S � S0 = R1 � S1nA 0 �A 1 , vars(R1) =2 A 1, vars(S1) =2 A 1, ftv (� 1) =2 A 1. R1S1� 1 = Q� !
Q� 0. Now it is easyto verify that A 1 satis�es the conditions of the uni�cation completenesslemma,
Lemma4.9to get that (S1; A 1) ` ! � 1 = � 0 ! � 0

0 ) (S2; A 2) such that 9R2 with R1�S1 = R2�S2nA 1 �A 2 ,
R2S2� 0 = Q� and R2S2� 0

0 = Q� 0. Finally also vars(R2) =2 A 2 and vars(S2) =2 A 2 and similarly for the
free variables of � 0 ! � 0. Then also S � S0 = R2 � S2nA 0 �A 2 . Then, taking into account the freshness
conditions as well, we can rewrite the premiseof the rule SS0� `poly

+ u : Q� as R2S2� `poly
+ u : R2S2� 0.

But note that A 2 is now appropriate to apply the induction hypothesis to get that (S2; A 2)� `poly
+ u :

� 0 ) (S3; A 3), and 9R3 such that R2 � S2 = R3 � S3nA 2 �A 3 , so S � S0 = R3 � S3nA 0 �A 3 . Then we have
that ` inst

+ Q� 0 � SS0� and we can rewrite this as `dsk R3S3� 0
0 � R3S3� and now A 3 is appropriate to

apply Lemma 4.18to get that S3; A 3) ` inst
+ � 0

0 � � ) (S4; A 4) such that 9R with R3 �S3 = R �S4nA 3 �A 4

which also gives us S � S0 = R � S4nA 0 �A 4 and vars(R) =2 A 4, vars(S4) =2 A 4. Then by applying the
rule alg-app and taking the sameR we are done.

� Case let . In this casewe have that SS0� ` + let x = u in t : SS0� given that SS0� `poly
* u : �

and SS0� ; x : � ` + t : SS0� . Consider an appropriate A 0, such that A 0 =2 vars(S; S0), A 0 =2 ftv (�),
A 0 =2 ftv (� ). Now we don't know that A 0 =2 ftv (� ), however let us consider the set of variables
X = ftv (� ) � (ftv (� ) [ vars(S; S0) [ vars(�)). Then considera renamingsubstitution Q that takethis set
of variables to a disjoint from A 0 set. Then by the substitution lemma we have that SS0� `poly

* u : Q�
and has the same height. Similarly, applying the same Q to the other subderivation we get that
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SS0� ; x : Q� ` + t : SS0� and hasthe sameheight. Now we are certain that the freshnessconditions are

met for the subderivations we can apply the induction hypothesisto get that (S0; A 0) ; � `poly
* u : � 0 )

(S1; A 1) and 9R1 such that S � S0 = R1 � S1nA 0 �A 1 . Moreover `dsk R1S1� 0 � sh Q� and vars(R1) =2 A 1,
vars(S1) =2 A 1, ftv (� 0) =2 A 1. Then, by Lemma 3.19 we have that SS0� ; x : R1S1� 0 ` + t : SS0�
and this derivation has the same height as the derivation SS0� ; x : Q� ` + t : SS0� . Now, because
ftv (�) =2 A 0 � A 1 it must be that SS0� = R1S1� and similarly SS0� = R1S1� . Then the derivation
can be rewritten as R1S1� ; x : R1S1� 0 ` + t : R1S1� . Then A 1 is appropriate to apply the induction
hypothesisand get that (S1; A 1) ; � ; x : � 0 ` + t : � ) (S2; A 2) and 9R such that R1 � S1 = R � S2nA 1 �A 2 .
Moreover vars(R) =2 A 3, vars(S2) =2 A 3. Therefore S � S0 = R � S2nA 0 �A 2 , and by the rule alg-let we
get the result, taking the sameR.

Let us consider the third part now. The rule usedhere was gen1 . We have that SS0� `poly
* t : 8b. [a 7! b]�

given that � `poly
* t : � , a = ftv (� ) � ftv (�) and b =2 ftv (� ) � a. The inferred polytype can be rewritten as

� = SS0�( � ). Pick an appropriate symbol supply A 0b =2 vars(S), A 0b =2 vars(S0), A 0b =2 ftv (� ) � (a [ � ),
and A 0b =2 ftv (�). Then by induction hypothesis A 0; S0) ; � ` * t : � 0 ) (S1; A 1) and 9R such that
S � S0 = R � S1nA 0 �A 1 . Moreover RS1� 0 = � and ftv (� 0) =2 A 1, vars(S1) =2 A 1 and vars(R) =2 A 1.

Now, by Lemma 4.15 we know that fov(S1� 0) � fov(S1�) � fov(S0�). But what that says is that if
b 2 fov(S1� 0) b 2 fov(S0�) and hencealso b 2 fov(S1�). So there cannot be any ordinary variables in
the returned typ e that are not in the context , this is why our notation uses� instead of somegeneral
set symbol X or � [ a in the alg-gen1 rule. This meansthat we can apply the rule alg-gen1 to get that
A 0; S0) ; � `poly

* t : � 0 ) (S1; A 1) where � 0 = S1�( S1� 0). We also pick the sameR. Finally we needto show
that RS1� 0 � sh � . We have by Lemma 3.17 that

RS1� 0 = RS1S1�( S1� 0)

� sh RS1S1�( RS1S1� 0)

= RS1�( RS1� 0)

= SS0�( RS1� 0) = SS0�( � ) = �

For the fourth part the rule usedwas gen2 . It must be that SS0� `poly
+ t : SS0� , given that

pr (SS0� ) = 8a. � a (1)

a =2 ftv (SS0�) (2)

SS0� ` + t : � a (3)

Consider a supply A 0 =2 vars(S); vars(S0); ftv (� ; � ), By (1) and Lemma 4.16 we get

A 0 ` pr � 7! 8b. � b ) A 1 (4)

such that SS0(8b. � b) = 8a. � a . Moreover, by Lemma 4.11weknow that b 2 A 0; henceb =2 vars(S; S0). Then
SS0� b = [a 7! b]� a . By the substitution lemma for (3) and taking into account (2) we get SS0� ` + t : SS0� b.
We can apply the induction hypothesisfor the supply A 1 sincethe last derivation has the sameheight as (3)
to get that

(S0; A 1) ; � ` + t : � b ) (S1; A 2) (5)

Morever there existsR such that S�S0 = R�S1nA 1 �A 2 , or equivalently S�S0 = R�S1nA 0 �A 2 and vars(R) =2 A 2

and vars(S1) =2 A 2 as required. To apply rule alg-gen2 for (4) and (5) we only need to show that
b =2 ftv (S1� ; S1� ). Assumeby contradiction that for someb 2 b it is the casethat b 2 ftv (S1� ; S1� ). Then,
since b =2 ftv (� ; � ) as b 2 A 0 it must be that there exists a 
 2 ftv (� ; � ) such that b 2 S1
 . Moreover

 =2 A 0. Then SS0
 = RS1
 and therefore b 2 vars(S; S0), a contradiction to the freshnessconditions of the
supply.
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4.6.2 Soundness

For this section only we are going to assumethat meta variables can also occur in the typesof the syntax-
directed system; they are going to be treated as equivalent to ordinary variables.
Lemma 4.20 (W eak Prenex Con version Soundness). If A 0 =2 ftv (� ) and A 0 ` pr � 7! 8a. � ) A 1

then pr (� ) = 8a. � .

Proof. Easy induction on the structure or � .

Lemma 4.21 (Algorithmic Subsumption Soundness).

1. If A 0 =2 ftv (� 1),A 0 =2 ftv (� 2), A 0 =2 vars(S0), (S0; A 0) `dsk � 1 � � 2 ) (S1; A 1) then `dsk S1� 1 � S1� 2.

2. If A 0 =2 ftv (� 1),A 0 =2 ftv (� 2), A 0 =2 vars(S0), (S0; A 0) `dsk � � 1 � � 2 ) (S1; A 1) then `dsk S1� 1 � S1� 2.

Proof. We prove the two claims simultaneously by induction the height of the derivations.

Part 1: We have the caseof askol to consider. We are given a supply A 0b such that A 0b =2 vars(S0),
A 0b =2 ftv (� 1; � 2. We have that (S0; A 0b) `dsk � 1 � � 2 ) (S1; A 2), given that

A 0 ` pr � 2 7! 8a. � ) A 1 (1)

(S0; A 1) `
dsk �

� 1 � � ) (S1; A 2) (2)

a =2 ftv (S1� 1; S1� 2) (3)

By (1) and Lemma (4.20) we get pr (� 2) = 8a. � and moreover we know by Lemma 4.11 that a 2 A 0. Then,
by induction hypothesis for (2) we get `dsk � S1� 1 � S1� . it must be that pr (S1� 2) = S1(8a. � , and because
of (3) pr (S1� 2) = 8a. S1� . Moreover by (3) again we can apply rule skol to get that `dsk S1� 1 � S1� 2, as
required.

Part 2: We have the following casesto consider.

� Caseaspec. In this casewe have that for someappropriate A 0� that satis�es the freshnessconditions
A 0; S0) `dsk � 8a. � 1 � � 2 ) (S1; A 1) given that A 0; S0) `dsk � [a 7! � ]� 1 � � 2 ) (S1; A 1). By induction
hypothesis we have that `dsk S1[a 7! � ]� 1 � S1� 2. Assumeagain that a are not in the free variables
of the inputs of the judgement. Then this becomes`dsk [a 7! S1� ]S1� 1 � S1� 2 and we can apply the
rule spec to get the result, again noticing that we can commute S1 and the quanti�er.

� Caseafun1 . Here we have that (S0; A 0) `dsk � � � � 3 ! � 4 ) (S3; A 3) given that (S0; A 0) ` ! � =
� 1 ! � 2 ) (S1; A 1), (S1; A 1) `dsk � 3 � � 1 ) (S2; A 2), (S2; A 2) `dsk � � 2 � � 4 ) (S3; A 3). Now
by the arrow uni�cation soundness,Lemma 4.9 we have that S1� = S1� 1 ! S1� 2 and moreover 9R1

such that S1 = R1 � S0 and vars(S1) =2 A 1. Then we can apply the induction hypothesis to get that
`dsk S2� 3 � S2� 1 and moreover we know that 9R2 such that S2 = R2 � S1 and vars(S2) =2 A 2. Finally,
again by induction we get that `dsk S3� 2 � S3� 4 and we know that 9R3 such that S3 = R3 � S2

and vars(S3) =2 A 3. Then we wish to show also that `dsk S3� � S3� 3 ! S3� 4. Now we have
that S3� = R3R2S1� = R3R2S1� 1 ! R3R2S1� 2. Then by the subsumption substitution lemma,
Lemma 2.38, we get that `dsk R3S2� 3 � R3S2� 1 or `dsk S3� 3 � R3R2S1� 1 and we can apply the rule
fun to get the result.

� Caseafun2 . Similar to the casefor afun1 .
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� Casemono . In this casewe have that (S0; A 0) `dsk � � 1 � � 2 ) (S1; A 0) given that S0 ` � 1 = � 2 ) S1.
By the uni�cation completenesslemma, Lemma 4.8 we get that S1� 1 = S1� 2 and thereforeS1� 1 = S1� 2;
henceby rule mono `dsk S1� 1 � S1� 2.

Lemma 4.22 (Algorithmic Soundness).

1: A 0 =2 ftv (�) [ vars(S0) ) S1� ` * t : S1�
(S0; A 0) ; � ` * t : � ) (S1; A 1)

2: A 0 =2 ftv (�) [ vars(S0) [ ftv (� ) ) S1� ` + t : S1�
(S0; A 0) ; � ` + t : � ) (S1; A 1)

3: A 0 =2 ftv (�) [ vars(S0) ) S1� `poly
* t : S1�

(S0; A 0) ; � `poly
* t : � ) (S1; A 1)

4: A 0 =2 ftv (�) [ vars(S0) [ ftv (� ) ) S1� `poly
+ t : S1�

(S0; A 0) ; � `poly
+ t : � ) (S1; A 1)

Proof. By induction on the algorithmic relations. We proceedby caseanalysis on the last rule used.

For the �rst part we have to consider the following cases.

� Casealg-v ar . Here we have that (S0; A 0) ; � ` * x : � ) (S1; A 1), given that x : � 2 �, (S0; A 0) ` inst
*

� � � ) (S1; A 1), and by a simple inversion we can verify that S1 = S0 and, if � = 8a:� 0, it must
be that � = [a 7! � ]� 0 where � = A 0 � A 1. Then ` inst

* � � � by rules inst and inst1 , and by the

substitution lemma ` inst
* S1� � S1� . Then we can apply the rule var to get that S1� ` * x : S1� .

� Casealg-abs1 . Here (S0; A 0� ) ; �; ` * \ x. t : � ! � ) (S1; A 1), given that (S0; A 0) ; � ; x : � ` * t : � )
(S1; A 1). By induction hypothesis we get that S1� ; x : S1b ` * t : S1� and 9R such that S1 = R � S0,
vars(S1) � ftv (�) [ vars(S0) [ (A 0 � A 1) and ftv (� ) � ftv (�) [ vars(S0) [ (A 0 � A 1). Then by applying
the rule abs we get that S1� ` * \ x. t : S1� ! S1� as required.

� Casealg-aabs1 . Similar to the alg-abs1 case.

� Casealg-app . Here we have that (S0; A 0) ; � ` * t u : � ) (S4; A 4), given that (S0; A 0) ; � ` * t :

� 1 ) (S1; A 1), (S1; A 1) ` ! � 1 = � ! � 0 ) (S2; A 2), (S2; A 2) ; � `poly
+ u : � ) (S3; A 3), (S3; A 3) ` inst

*
� 0 � � ) (S4; A 4). By induction hypothesis we get that S1� ` * t : S1� 1 and moreover 9R1 such that
S1 = R1 � S1 and vars(S1) � ftv (�) [ vars(S0) [ (A 0 � A 1), ftv (� 1) � ftv (�) [ vars(S0) [ (A 0 � A 1).
Then we have the conditions to apply the arrow uni�cation soundnessto get that S2� 1 = S2� ! S2� 0

and 9R2 such that S2 = R2 � S1 and vars(S2) � ftv (� 1) [ vars(S1) [ (A 1 � A 2). Then the conditions
are appropriate to apply the induction hypothesis to get that S3� `poly

+ u : S3� and 9R3 such that
S3 = R3 �S2 and vars(S3) � ftv (�) [ vars(S2) [ (A 2 � A 3) [ ftv (� ). Finally note that S4 = S3, A 3 = A 4�
and asssumethat � 0 = 8a. � 0. Then � = [a 7! � ]� 0 becausethe instantiation inferencerelation is the
identit y. Therefore also ` inst

* S4� 0 � S4� . Now by applying the substitution lemma we have that
R3R2S1� ` * t : R3R2S1� 1 or S4� ` * t : R3(S2� 0 ! S2� 0) or S4� ` * t : R4� 0 ! R4� 0. Then we also

have that S4� `poly
+ u : R4� 0 and we can apply the rule app to get the result.

� Casealg-let . The caseusesa similar argument as the alg-app case.

The secondpart is similar to the proof of the �rst part appealing to the algorithmic subsumption soundness
lemma.
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For the third part we have that (S0; A 0b) ; � `poly
* t : 8b. [� 7! b]S1� ) (S1; A 1) given that � = ftv (S1� ) �

ftv (S1�) and (S0; A 0);� ` * t : � ) (S1; A 1). By induction hypothesisweget that S1� ` * t : S1� and weknow
that for someR S1 = R�S1, ftv (� ) � vars(S0)[ ftv (�) [ (A 0 � A 1) and vars(S1) � vars(S0)[ ftv (�) [ (A 0 � A 1).
Then, we are certain that b =2 ftv (S1� ) � (� ) and we can apply the rule gen1 to get the result.

For the last part we have a supply A 0 such that A 0 =2 ftv (� ; � ) [ vars(S0). And (S0; A 0) ; � `poly
+ t : � )

(S1; A 2), given that

A 0 ` pr � 7! 8a. � ) A 1 (1)

(S0; A 1) ; � ` + t : � ) (S1; A 2) (2)

a =2 ftv (S1� ; S1� ) (3)

By Lemma 4.20 we get that pr (� ) = 8a. � . We can apply the induction hypothesis for (2) to get that
S1� ` + S1� . Additionally pr (S1� ) = S1(8a. � ), but a 2 A 0, but we know that anotinftv (S1� therefore we
can commute the quanti�er and the substitution to get that pr (S1� ) = 8a. S1� . Finally to be able to apply
rule gen2* it must be that a =2 ftv (S1�) which we have by (3).

As a corollary, returning to the original syntax-directed system where we did not allow meta type variables
in the returned types, we can apply a ground substitution V that will map all the meta-variables of the
typesand the context to any monotype to get the result.

4.7 Principal T yp es

Here is the familiar principal typesproperty for inferencemode.
Theorem 4.23 (Principal T yp es).

1. If ` * t : � there exists a � 0 such that for all � with ` * t : � it is the case that ` * t : � 0 and there exists
a subtitution R such that � = R� 0.

2. If `poly
* t : � there exists a � 0 such that for all � with `poly

* t : � it is the case that `poly
* t : � 0 and

`sh � 0 � � .

Proof. The �rst part follows by the completenessand soundnesstheorems. The secondpart is derived by
the �rst part by inversion of `poly

* and the de�nition of `sh .

For checking mode a corresponding property is not true. Consider for examplethe two checking judgements
below:

` + \ g. (g 3; g True) : (8a. a ! Int ) ! (Int ; Int )

` + \ g. (g 3; g True) : (8a. a ! a) ! (Int ; Bool)

Supposethat there was a most general � such that

` + \ g. (g 3; g True) : �

and `dsk � � (8a. a ! Int ) ! (Int ; Int ), and `dsk � � (8a. a ! a) ! (Int ; Bool). Then it must be that
� = � 1 ! � 2 such that

`
dsk

8a. a ! Int � � 1

`
dsk

8a. a ! a � � 1

`
dsk

� 2 � (Int ; Int )

`
dsk

� 2 � (Int ; Bool)
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Assuming that pr (� 1) = 8a. � 1 by inversion it must be that

`
dsk

8a. a ! Int � � 1

`
dsk

8a. a ! a � � 1

By inversion it must be that

`
dsk

� 1 ! Int � � 1

`
dsk

� 2 ! � 2 � � 1

Now it is easy to con�rm that � 1 must be Int ! Int , therefore also � 1 = Int ! Int . Consequently we
would have to check that

` + \ g. (g 3; g True) : (Int ! Int ) ! � 2

But the above would fail as g is usedpolymorphically.
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