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1 Intro duction

This documert is structured as follows: We rst study seweral formalisations of polymorphic subsumption
relations in Sectionld In Sectiond we give the most interesting properties of seweral type systems for
higher-rank types, including the Odersky-Laufer type system [5], and study the connection between them
and betweenthe original Damas-Milner type system. We speci cally focus on the bidirectional higher-rank
type system, which is the main type systemof the paper \Practical type inferencefor arbitrary-rank types".
Finally, in Sectionf we give the formalisation of a sound and complete algorithm for the bidirectional type
system. The algorithm is a straightforward extension of \Algorithm W" [3, [J.

The languagethat we usethroughout the documert is givenin Figures[l and2 Our notation is standard.
We useS, P, T for the setsof , , and -typesrespectively. Substitutions, denoted with S;T;U;V are,
as usual, idempotent nite maps from variables to monot yp es. We use dom(S) and rangg(S) to denote
the domain and the range of a substitution S respectively. We de ne S(a) = a whenewer a 2 dom(S).
Overloading the notation, we write @ 2 b to mean that the two sets of variables are disjoin t; moreover
for two sets of variables X; and X, we write Xj; X, to denote their union . Composition of substitutions,
S V,isdened asusual: S V( )= S(V( )). A comprehensie accourt of substitutions and their algebraic
properties is beyond the scope of this documert and can be found elsewhere for examplein [Z].

tu o= integer literal
j X variable
i \x.t abstraction
ioo\(xao ).t annotated abstraction
j tu application
j let x =uin t let generalisation
jooto annotated term

Figure 1: Syntax of terms

2 Polymorphic subsumption relations

In this sectionwe study the relations givenin Figure 3 Figured, Figure[d and Figure@ We give transitivit y,
re exivit y and substitution lemmasfor all relations and we assaiate eat other. We discussthe properties
and three di erent formalisations of the predicative fragment of Mitc hell's F-eta containment relation [4].

2.1 Odersky-L aufer subsumption

The Odersky-Laufer subsumption relation is given in Figure 3

Lemma 2.1 (Substitution). If ~© 1 > then ol g 1 S 5, and the new derivation has the same
height.

= 8a. polytypes

= i

= aj ! j Int  monotypes

Figure 2: Syntax of types
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Figure 3: Subsumptionin the Odersky-Laufer type system

Proof. By induction on the height of the derivation. We proceedby caseanalysison the last rule used.

Caseskol . In this casewe havethat , = 8a. », giventhat a 2 ftv( ;) and ~ol 1 ». Considerthe
substitution S [a 71 b] whereb 2 ftv( 1);a;vars(S). Then, by induction hypothesis:*® S[a 7! b] 1
S[a 7! b] », or equivalertly, ® S ; S[a 7! b] ». But now we can apply rule skol to get® S ;
8b. S[a 7! b] 2, or using -renaming,”® S 1 S(8a. »).

Casespec. In this case 1 = 8a. , > = », and by the premisesof the rule there exist some™ such
that ~® [@ 7] ». We needto show that *® S(8a. ) S, or® 8b.S[@7Tb] S , for fresh
b 2 vars(S); ftv(7). By rule spec it is enoughto nd types Osudthat “® [b7T 9S[@a7'b] S ,,
and b 2 vars(S). Pick ©= S . Then we have to show that: "® [b7! S ]S[a 7! b] S ,, or
equivalertly " S[B7T J@a7'b] S , or equivalertly "® S[@7—] S , and this follows by
induction hypothesis.

Casefun . Follows by the induction hypothesesand rule fun .

Casemono. Trivial.

Lemma 2.2 (Reexivit y). °

Proof. By induction on the sizeof . We proceedby caseanalysis on the structure of . The casewhen

= followsby rule mono. The casewhen = ;! , followsby rule fun since,by induction hypothesis,
<ol 1 1 and ~ol 2 ». For the casewhen = 8a. , we know by induction hypothesisthat ~ol
and the result follows by an application of spec and skol . O
Lemma 2.3 (Transitivit y). If *® ;  Land® , sthen™® ; .

Proof. We prove the lemma by induction on the sumsof heights of the two derivations. We proceedby case
analysison the last rule usedin ead derivation. We have the following combinations for the last rule of the
rst and the last rule of the secondderivation.

Caseskol -skol . In this case , = 8a. , and 3= 8b. 3. By the premisesof the rst derivation we

have *® 1 2 anda 2 ftv( ;). By the premisesof the secondderivation we have

8a. » 3 (1)




and b 2 ftv(8a. ). Considera substitution [b! c]with T2 ftv( 1; »; 3). Then by the substitution
Iemmaweget‘OI 8a. , [b7! c] 3. andthis derivation hasthe sameheight as (). Then we canapply
the induction hypothesisto getthat *® 1 [0 7' c] 3 and by rule skol weget™® ; 8c.[b7' ] .
Using -renaming,”® ; 8b. 3.

Caseskol -spec. Here ,=8a. ,and 3= 3. Then we have *® 1 8a. , giventhat

NoJ

1 2 )
azftv( 1) ®3)

Additionally , for some™,
Rl e PR (4)

By the substitution lemma"® [a7r—] ; [a7t] - and the derivation hasthe sameheight as ().
By @ it follows that *° [@7] , and by induction hypothesis,using @, ® 1  s.

Caseskol -fun /mono. Can't happen.

Casespec-skol . Here 1=8a. 1, »,= ,forsome ,,and 3= 8b. 3. By the premisesof the rst

derivation ol
TETle 2 (5)
for some™. By the premisesof the secondderivationf] we get
o, (6)

and b 2 ftv( ,). Considera renaming substitution [b 7! c], such that t 2 ftv( 1; »; 3). Then by the
substitution lemmaand (@) we get‘OI > [b7!c] 3with the sameheight. By this, (), and induction
hypothesis™® [@7t—] 1 [0 7! c] 5. By rule spec weget ® 8a. 1 [b7!c] s and by rule skol ,
gz , 8c.[D7'c]s With an -renaming™® 8a. ; 8b. s.

Casespec-spec. Can't happen.

Casespec-fun . We havethat ;= 8a. j,andthat ,= 51! 2. By the premiseswe have that,

for some™, ol @77 ] 1 2. Therefore by induction hypothesis‘OI @7 ] 1 3 and by applying
rule spec we are done.

Casespec-mono. Easy.

Casefun -skol . Here 1= 11! 12, 2= 21! 2,and 3= 8a. 3. Moreover

<ol

2 3 (7
wherea 2 ftv( ,). Consider a renaming substitution [a 7! b], such that b 2 ftv( 1; »; 3). By the
substitution lemma 2 [a 7! b] 3 and this derivation has the same height as (). Then by

induction hypothesis‘OI 1 [a7!b] 3 and by rule skol we get ol 1 8b.[a7!Db] 3, or with an
-renaming,”® | 8a. s.

Casefun -spec. Can't happen.

Casefun -fun . In this casewe havethat 1= 11! pand 2= 5! and 3= 31! 3.
Moreover *° a oz and *® 2 u and by induction hypothesiswe get thatl‘OI 31 11. Also
we have that *% 15 2 and "% o 32. Then, by induction hypothesis*® 1, 32 and by

applying rule fun we are done.

INotice that it is not the casethat b must be empty; the reason is that our types are not in prenex form. Consider for
example the subsumption check 'Int 1 8a.a! a 8cInt ! c! c.



. ~dsk L __ <dsk
;o2 1 3 a6dv( 1;7) 1
dsk rfun dsk skol
- ! - 8a
1 (2 3 1
~dsk __ <dsk __ <dsk
3 1 2 i [a7t] 1
un spec
. ~dsk __ dsk
3 (1! 2) 8a. 1
s Mono

Figure 4: Subsumption with deep skolemisation

Casefun -mono. Easy.
Casemono-spec. Can't happen.

Casemono-skol /fun / mono. Trivial.

O

The Odersky-Laufer subsumption is syntax-directed, and therefore has nice inversion properties. The fol-
lowing lemmas capture inversion.

Lemma 2.4 (Skolemisation inversion). If a2 ftv( ) and 8a. , then °

Proof. Straightforward induction. O

Lemma 2.5 (Sp ecialisation inversion). If g7, 1 2, then ol @7 ] 1 2 for some~.

Proof. Straightforward induction. O
Lemma 2.6 (Fun inversion). 1f ® ;1 31 4 then 1= 1! ,with™® 3 jand™® , ..
Proof. Straightforward induction. O

2.2 Deep skolemisation subsumption|sequen t-style

In Figure @ we give a relation that performs the \skolemisation" step deeply to the right of arrow types. It
resenbles a sequert-style presenation. Here are the most important properties about this relation.

Lemma 2.7 (Substitution).  If = %% , then S~ %5 | s ,, and the new derivation has the
sameheight.

Proof. By induction on the height of the derivation. We proceedby caseanalysison the last rule used.

Caseskol . In this casewe have tha_t > = 8a. , given_that azftv( 1;7)and— ~dsk 1 . Consider
the substitution S [a 7! b] whereb 2 ftv( 1;7) and b 2 g; vars(S). Then, by induction hypothesis:

Sa7i b "™“sS[@a7'bl 1 S[a7 b, orequialenly, S~ *S ; S[@7lb]. But now we can
apply rule skol to getS—*¥s ;, 8b.S[@a7! b, or, using -renamingS— %S ; S(8a. ).




Casespec. In this case ; = 8a. , 2 = », and by the premisesof the rule there exist some
— such that — "% [a7r] ». We needto show that S~ ** S(8a. ) S ,, or with an -
renaming, S— ~dsk gp. S[a 7! b] S , for b 2 vars(S); ftv(—; 7). By rule spec it is enoughto nd

types 0 such that S~ "** [p7T 9S[a 7! b S ,. Pick 9= S . Then it remains to show that
S~ M7TS|S@7Th] S,orS " Smh7 Jartb S, oS ®sS@ET] S,
but this holds by induction hypothesis.

Caserfun . Follows by induction hypothesisand application of rule rfun .
Caselfun . Follows by induction hypothesisand application of rule Ifun .

Casemono. Trivial.
O

For the rest of this sectionwe are going to give the connectionbetweenthe Odersky-Laufer subsumption and
the deep skolemisation subsumption. Namely we show that two typesare related in the deep skolemisation
subsumptioni their prenexforms are related in Odersky-Laufer.

De nition 2.8 (Prenex conversion). The function pr():S! S is de ned as follows:

8 —_—
§8€.pr( ! 2 = 1! 2n 8
pr( 2) = 8a. »
pr( )= 3 azftv( 1)
8ab. » =8a. 1~as6 ;
% pr( 1) = 8b. »

b2a

De nition 2.9 (Function conversion). The function fun( ; ): (S S)! S is de ned as follows:

fun(™ ) fun(1; 2! ) —

We naturally extend the pr( ) function for sequence®f types, by mapping the prenex function acrossevery
type in the sequence.The next lemmasgive the algebraic properties of th pr( ) and fun( ; ) functions.
Lemma 2.10 (Prenex conversion preserv es size). size( ) = size(pr( )).

Proof. By structural induction onthe type . If = then size(pr( )) = size( ) by de nition. If = ;!
2, not a monotype, then pr( 1! ) =8a.pr( 1)! 2, where8a. , = pr( 2), thussize(pr( 2)) =jaj
+size( 2). By induction size( ;) =jaj +size( 7). By induction size( 1) = size(pr( 1)). Then

size( 1! 2) size( 1) + size( )+ 1
size(pr( 1))+ jaj+size( 2) + 1
size(8a.pr( 1)! 2)

Lemma 2.11. fun( ¢;7; )= 1! fun(—; ).

Proof. By induction on the sizeof —. If == then

fun( 1; ) fun( ; 1! )

Inomn
=

1i fun( ; )



If == —5; 5 then

fun( 1,725 27 ) fun( 1,725 2! )

1! fun(T2; 2! ) (by induction)
1t ofun(T2; 25 )

1! fun(T; )

Lemma 2.12. pr(pr( )) = pr( ).

Proof. By induction on the sizeof . If = thenit istrivial. If = ! >, where 6 , then
pr(pr( 1! 2)) = pr(8a:pr( 1) ! 2), wherepr( ) = 8a. , anda 2 ftv( 1). By induction hypothesis,we
get:

pr(8a. ;) =8a. » (1)
pr(pr( 1)) = pr( 1) )
Now we have two cases:

a= ;. In this casepr(8a.pr( 1)! 2)=pr(pr( 1)! 2). By @, pr( 2) = 2 and using (& and the
de nition pr(pr( 1)! 2)=pr( 1)! 2.

a 6 ;. In order to compute pr(8a. pr( 1) ! 2) we have to compute pr(pr( 1) ! 2). But
size(pr( 1) ! 2) = size(pr( 1)) + size( 2) + 1 and using Lemma Z7I0 we have that size(pr( 1) !
2) = size( 1) + size( ;) + 1 and sincea 6 ; this is lessthan size( ). Then by induction hypothesis
wegetpr(pr( 1)! 2)=pr( 1)! 2. Usingthe denition pr(8a.pr( 1)! 2)=8a.pr( 1)! .

Finally if = 8a. for a6 ; wehavethat pr(8a. )= 8ab. 1, where8b. ; = pr( ). Now, by induction, it
must be that pr(8b. 1) = 8b. 1. If b=; thenpr( 1) = 1. If b6 ; then by de nition of prenex corversion
if must bethat pr(8b. 1) = 8bc. , wherepr( 1) = 8C. . But this meansthat t=; and , = 1, therefore
in every casepr( 1) = 1. Using this and the de nition of prenex conversion pr(pr(8a. )) = pr(8ab. ;) =
8ab. ;. O

Corollary 2.13. If pr( )= 8a. thenpr( )=

Proof. Easy corollary of LemmalZT2 O
Lemma 2.14. If pr( ) = 8a. anda 2 ftv(7) then pr(fun(—; )) = 8a. fun(pr(7); ).

Proof. By induction on —. For —= we have that
pr(fun( ; )) = pr( )
= 8a.
= 8a.fun(pr(); )
For == 1;71 we have that

pr( 1! fun(T1; )) (by LemmalZID
8a.pr( 1)! 2

where8a. , = pr(fun(T1; )). Henceby induction hypothesis , = fun(pr(™1); ). Therefore we get
pr(fun( 1,715 ) 8a.pr( 1) ! fun(pr(T1; ))
8a. fun(pr( 1);pr(T1); ) (by LemmalZTT)

8a. fun(pr( 1;71); )
8a. fun(pr(7); )

pr(fun( 1;715 )



Lemma 2.15. If pr( )= 8a. anda 2 ftv(7) then pr(fun(—; )) = 8a. pr(fun(—; )) and pr(fun(—; )) 2 P.

Proof. By LemmalZTI4it is enoughto show that

pr(fun(™; )) = fun(pr(7); )

We prove this by induction on —. For — = we have that pr(fun( ; )) = pr( ). Using Lemma 213
pr( )= = fun(pr(); ). For —= 173 wehavepr(fun( 1;71; )) =pr( 1! fun(T1; )). By induction
hypothesispr(fun(T1; )) = fun(pr(—1); ) Therefore

pr( 1) ! fun(pr(T1); )
fun(pr( 1,715 )

pr( 2! fun(T1; )

fun(pr(™; ))
O
Lemma 2.16 (Arro w). If "% 5 | and— % then ;=% 1
Proof. By induction on the size of
Case = . Then the assumptions match exactly the premisesof rule Ifun and we are done by
applying that rule.
Case = , ! bs 6 . Then we have that — %K 2 a ! p and by easy inversion
we seethat —; , sk 2 b. Now we can apply the induction hypothesis for 1, to get that
27 2 % 11, pandby applying rule rfun wegetbadk 3 C®K 41, L1 4.
Case = 8a. ,a6 ;. Herewe havethat — sk 8a. and by inversion this can happen only

using the rule skol . Therefore it must be that a 2 ftv( ,;™) and then

__.dsk ) (1)
Consider a substitution [a 77|, suct that T 2 ftv( 1; 3), T2 ftv(™; 2). By the substitution lemma
we get—‘dSk 2 [a7trc] . Moreoversize([a 7t ] ) = size( ). Then, by induction hypothesiswe get

1! o [a7rc], and by skol we have 3~ ~dsk 1! 2 8c.[aTrc] . We are done
with an -renaming.

O

Lemma 2.17 (Prenex recursiv e calls). The number of recursive calls to pr( ) is preserva by substitution.
If pr( ) usesn recursive calls, then so does pr(S ).

Proof. By induction on . If = | sinceranggS) 2 T the result is trivial. Suppose = 1! . Then
calls(pr( 1)) = calls(pr(S 1)) by induction hypothesis. Moreover calls(pr( 2)) = calls(pr(S 2)) by induction
hypothesisas well and we are done. If = 8a. then, assumingwithout lossof generality that & 2 vars(S)
we have that calls(pr( )) = calls(pr(S )) by induction hypothesisand we are done. O

The next theorem says that if the prenex-canonicalforms of two typesare related in Odersky-Laufer sub-
sumption, then the two typesare related in sk
_ ~dsk

Theorem 2.18. If pr( 1) = 9, pr(fun(—; 2))= 9 and™® 9  Othen 1 2.

Proof. By induction on the derivation ol 9 9. We proceedby caseanalysis on the last rule usedin the
derivation.

10



Casemono. In this casewe havethat ~° . By inversionit mustbethat ; = andfun(—; 2) = ,
which impliesthat , = , and —= —, for some™; ,. We want to show that

=% o) (1)

We prove () by induction on —.

{ Case” = . Then fun(—; ) = » and the claim follows by mono.
{ Ccase™= %0 In this caseby the (inner) induction hypothesiswe get
_p~dsk _
O un ) 2 ey
Moreover ®* © 0 ysingthis and @) with rule lfun wegetthat 2% 01 fun(=% ,)

and we get (@) by this and LemmaZT1

Caseskol . Herepr( 1) = and pr(fun(—; 2)) = 8a. . By LemmaZI3 it must be that =
pr(fun(—; 2)) where we also assumedthat pr( ,) = 8a. , anda 2 ftv(™). Moreover ol pr( 1)
8a. pr(fun(—; »2)), giventhat a 2 ftv(pr( 1)) = ftv( ) and

N _

“pr( 1) pr(fun(T; 2) (3)

By @ and induction hypothesisit must be that — dsk

—dskgm o, sincea@ 2 ftv(—; 1).

1 2 and by applying rule skol we get

Casefun . Here we have the following

pr( )= §! 3 4)
prfun(—; 2)) = 3! 2 (5)
R T (6)
R (7)
R (8)
By (@) it must be that

1= ! o2 9)

For (B we have two cases:
{ == . In this caseit must bethat , = 21! 2. Moreover pr( 21) = 3, pr( ) = &,

pr( o1) = ¢, andpr( o2) = §. Equivalertly pr(fun( ; 1)) = ¢, and by induction hypothesis

S 01 (10)

Similarly pr(fun( ; 22)) = 9, therefore by induction hypothesis

<dsk

02 22 (11)
With (I3 and [0 we can apply LemmalZTI8to get »; skl 22 and by rule rfun
~dsk o1 | 02 21 ! 22 aS TGC{UiTEd.
{ == 4;7% Then we have that

pr(fun( a; % 2))

pr( a! fun(™®; 2)
0 0
3 4

11



Then, by de nition of pr() we have

(12)
(13)

pr( a) =
pr(fun(=°; 2)) =

By @ and (@ we have that pr( o) = ¢, or pr(fun( ; o1)) = 9. From this and (I2) and
induction hypothesiswe get that

~O WO

<dsk

a o1 (14)

From @) and (&) we get pr( o2) = 2. From this and (3 and induction hypothesiswe have that

—0 ~dsk 02 ». From this and (@ and Lemma[ZT8 we get ,° dsk or ! o2 >, and
using (@ we get — dsk 1 2 asrequired.

Casespec. For this casewe have

pr( 1) = 8a. 1 (15)

pr(fun(™; 2)) = 2 (16)

wol 8a. ; 2 a7

ET (18)

We wish to show that — 1 2. We prove this claim with an inner induction on the number of

recursive calls to pr() from pr( 1). Specically our induction hypothesisis the following:

IH : If pr( }) hasfewer recursive calls than pr( 1) then
(A) pr(fun(T; b)) = b

| pr()=8b§ ) L
© b7 L)

We proceedwith a caseanalysison the structure of 3, and without lossof generality let us assume
that ; is not a monotype as we would not be in the spec cas€l.

{ Case 1= 112! 12. Thenpr( 1)=8a.pr( 11)! 12 where

pr( 12) = 8a. 12 (19)
anda Z ftv( 11). By @3 it must be that ol @7 1(pr( 12)! 12) 2, Or
~of pr( 11)! [@7T] 12 2. By inversionit must bethat ,= 42! 5 and
A pr( ) (20)
Y ETT e § (21)

By (I@ then it must be that
pr(fun(—; 2))= 51§ (22)
We cortinue with caseanalysison —.

2To be precise, if the casewas a trivial application of spec we could just appeal to the (outer) induction hypothesis to get
the result.

12



Case™ = . Then it must bethe casethat ,= ;! 2, sudthat pr( 1) = 2% and
pr( 22) = 5. By (20 we havethat pr( 21) pr( 11) and by the (outer) induction

hypothesis

Ldsk
> 11 (23)

Similarly by ([ZI) we have that ol [@77] 12 pr( 22) and by an application of spec we

have * 8a. 12 pr( 22). But the height of this derivation is still onelessthan the height of
the derivation we are examining and therefore by (outer) induction hypothesiswe have that

<dsk
2 (24)

From (Z3) and (Z4) and LemmalZT8 we get that »; sk 1n! 12 22 and by applying
rfun we are done.

Case™ = ;0. In this casepr(fun(—; 2)) = pr( o! fun(To; 2)) which implies that
pr( o) = 2 (25)
pr(fun(To; 2)= B (26)
From ([Z8), (19, and (&) and the (inner) induction hypothesis(for 1) we get that
™ n (27)
From (29 and (Z0) and the outer induction hypothesiswe get
o n (28)

From (Z2) and (8 and LemmalZIdwe get o; o ~dsk n! 1 2, Or equivalently

_ <dsk

a1 2.

{ Case ;=8a;. 11. Herewe havethat pr( 1) = 8a1a,. 12, suc that 8a,. 1, = pr( 11). From
this it follows that

8az. [ar T 1] 12=pr((ar ™ 1] 11) (29)

From LemmaZI4 we know that the number of recursive calls of pr([az T 1] 11) is the sameas
that of pr( 11). We also know that

VT 2 2 (30)

Then we can apply the inner induction hypothesisto get that — sk Er s 2 and by

applying rule spec — sk 8a;. 11 2, asrequired.
o
Theorem 2.19. If pr( 1) = 9, pr(fun(—; 2))= % and—** ; ,then® 0 O
Proof. By induction on the derivation — sk 1 2. We proceedby caseanalysison the last rule used.
Casemono. Inthiscase™= , 1= = o,pr( 1) = ,pr(fun( ; )) = and the result follows by
rule mono.
Caserfun . Here — "%k | » ! sgiventhat = , % 3. Then pr(fun(—; 2! 3)) =

pr(fun(—; 2; 3)) and by induction hypothesiswe know that ol O pr(fun(=; 2; 3)).

13



Caselfun . In this casewe have that

<dsk

3 L 1)
<dsk 5 L (2)
__ ~dsk ) (3)

Moreover we know that pr( 1! ) = 8a.pr( 1) ! 2, with 8a. , = pr( 2) anda 2 ftv( ;). On
the other hand pr(fun( 3;7; )= pr( 3) ! pr(fun(—; )) by LemmalZI3 Sowe needto show that
Olgapr( 1), pr( 3)! prfun(—: )). By rule spec it is enoughto show that ~° pr( 1) !
@712 opr( 3)! pr(fun(—; )). By rule fun it is enoughto show that ol pr( 3) pr( 1) and
ol [@7—] 2 pr(fun(—; )). Wehavethe former by induction hypothesis. For the latter, by induction
hypothesis we also have o g, 2 pr(fun(T; )) and by inversion this is derivable by spec; hence
@7, pr(fun(—; )) and we are done.

__~dsk
8

Casespec. We havepr(8a. )= ¢, pr(fun(—; 1)) = 9= 9. Moreover a. 1, given that

—ET (4)
It must bethat pr(8a. )= 8ab. i, wherea2band8b. ; = pr( ). This implies that [a7r—]8b. | =
pr(la7t—] ). From this, equation (@), and induction hypothesis‘OI [a7r]8b. 9. Without loss
of generality assumeas well b 2 ftv (™) and then we have O gb.[@7] 1 % If b= then wejust
apply spec and we are done. If b 6 ;, then by inversionit must be the casethat this was derivable
by spec, so ® 07! ol[@7—1: 9 and by applying rule spec we get that *® 8ab. ; 9 as
required.

Caseskol . Herepr( 1) = 9, pr(fun(—;8a. )) = 9, and— % 8a. , giventhat a 2 ftv(—; 1)
= 8ab. pr(fun(—; 1)), where

and — %% . Using Lemma [Z13 we get that pr(fun(—; 8a. ))
8b. 1= pr( ), b2 ftv(7);a. By induction hypothesiswe have that *® 9  pr(fun(—; )), therefore
o0 gp. pr(fun(—; 1)). If b= ; then weapply skol and getthe result. If b6 ; then by LemmalZ4

we get that ol ¢ pr(fun(—; 1)) and by applying rule skol we get the resuilt.

O
Corollary 2.20 (Prenex subsumption). % 1 i % pr( 1) pr( 2).
Proof. Direct consequencef Theorem 218 and TheoremZT9 O
Corollary 2.21 (Re exivit y). %
Proof. Directly follows by Corollary ZZ0 and LemmalZ2 O
Corollary 2.22 (Transitivit y). If "% ;  ,and ®* ,  ;then ™ |, .
Proof. Directly follows by Corollary 220 and LemmalZ3 O

14



b 6%tv(8a. ) L,

2 3
- — sub trans
ga.  8b.[a7] .
3 1 2 4 1 2
fun - all
T A - B 8a. 1 8a. »

distrib

8a: 1! 2 (83.. 1)! 8a: »

Figure 5: Predicative version of F-eta subsumption

2.3 Connection of deep skolemisation and Mitc hell's relation

The predicative fragment of the F-eta subsumptionis givenin Figure @ Let us start by proving somelemmas
about it.
Lemma 2.23 (Re exivit y). °

Proof. Follows directly by rule sub. O
Lemma 2.24 (Substitution). If > 1 > then ol g 1 S », and the new derivation has the same
height.

Proof. By induction on the height of the derivation. We proceedby caseanalysison the last rule used.

Casesub. We have that * 8a. 8b.[@7t] , giventhat b 2 ftv(8a. ). Assumewithout loss
of generality that a@;b 2 vars(S) and then we have that S(8a. ) = 8a.S and S(8b.[a 7T ] ) =
8h.[a7!' S ]S and the result follows by rule sub, sinceb 2 ftv(8a. S ).

Casefun . Follows by the induction hypothesesand rule fun .
Casetrans . Follows by the induction hypothesesand rule trans .

Caseall . Wehavethat © 8a. ; 8a. ,,giventhat ™ 2. Considerthe substitution S [a 7! c],
wherec Z ftv( 1; 2), ¢ Zvars(S). Then, by induction hypothesis® S[a7! c] 1 S[a7! c] 2 andby
applying rule all weget® 8c.S[a7!c] 1 8c.S[a7! c] 2, orequivalertly, ™ S(8a: 1) S(8a: »2).

Casedistrib . In this casewe havethat = 8a: ;! 2 (8a: 1) ! 8a: ,. Assumewithout loss of
generality that a 2 vars(S). Then S(8a: ;! ;)= 8a:S ;! S , and the result follows by distrib

o
Lemma 2.25 (Useless quantiers). |If t2ftv( ) then™ 8c. and "’ 8c.
Proof. The rst part follows by rule subs for @ = €, b = ;. The secondfollows by rule subs for @ = ;,
b=rtc. O
Lemma 2.26. If ° ;  ,then % | .
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Proof. By induction on the derivation of © ; 2. We proceedby caseanalysison the last rule used.

Casesub. We havethat ° 8a. 8b.[a7 ] giventhat b2 ftv(8a. ). To show that ** 8a.

BE. [a7t—] it is enoughby Theorem ZT9 and assumingpr( ) = 8c. to show that 8ac.
8bc. [a 7] , where we assumedas well that T 2 7;ftv(™; ). Equivalertly it is enoughto show that

' gac. [a77] or by spec, that ol [a7—;cT7iC] [a77] , and this follows directly by
re exivit y of *%, LemmalZ2

<ol

Casetrans . Follows by induction hypothesisand Corollary 2222

Casefun . In this casewe havethat 1= 11! ¢2and 2= 5,1 ! . Moreover™ o 11 and
T 22. By induction hypothesis

<dsk
*a o 1)

12 22 (2)

The result then follows from (@), &), LemmalZI8 and an application of rfun .

~dsk

Caseall . Wehavethat © 8a. ; 8a. ,giventhat ™ ; 2. By induction hypothesis‘dSk 1 2.
By TheoremZ19"® pr( 1) pr( 2) andassumethat pr( 1) = 8a;. 1, pr( 2) = 8a,. ». Equivalertlty
' 83,. 1 8a. ,. Byinversion™® [at—] 1 » assumingwithout lossof generality that @, 2

ftv(8a;. 1)- Then also™® @7 a;ar 7T ] 1 2 and by spec and skol Weget‘OI 8aa;. 1 8aay ».
Applying Theorem[ZT3 we get the result.

Casedistrib . We have that

8a. 1! 2 (8&. 1) ! (83.. 2) (3)

Now assumethat pr( ») = 8b. ,, where without loss of generality b 2 a;ftv( 1). Then we have the
following:

pr(8a. 1! ) =8ab.pr( 1)! (4)

pr((8a. 1)! (8a. ) = 8ab.pr(8a. 1)! (5)

Now we know by re exivit y, Lemma[Z2, that ol 2 2. Moreover by an application of LemmalZ2
and rule spec for ** we havethat *® pr(8a. 1) pr( 1). Then by rule fun we getthat ~® pr( 1) !

2 pr(8a. 1)! » and by rule spec %' gab. pr( 1)! 2 pr(8a. 1)! 2. Then we can apply
skol and get*® 8ab.pr( 1)! . 8ab.pr(8a. 1)! . From this, @), (), and TheoremZZI8 we
getthat “**8a. ;! , (8a. 1)! (8a. »).

O

Lemma 2.27. If azftv(7) then®™ 8a.fun(—; ) fun(—;8a. ).
Proof. By induction on the sizeof —. For — = we needto show that =~ 8a. 8a. . This follows by
LemmalZZ3d If —= 1;71, by LemmalZTId and rule distrib we have

8a. 1! fun(—y; ) (8a. 1)! 8a.fun(71; ) ()
However, by LemmalZZ3 we getthat = ;1  8a. ; and by induction hypothesis™ 8a.fun(™1; )
fun( 1;8a. ). By rule fun we have then

(8a. 1)! 8a.fun(™1; ) 1! fun(71;8a. ) (2)
Finally combining () and (& with rule trans we get the result. O
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Lemma 2.28 (Skolemisation admissibilit y). If © 1 fun(™; )anda 2 ftv(—; 1) then™
fun(—;8a. ).

Proof. From consecutive usesof all and the assumptionsweget™ 8a. ; 8a.fun(™; ). By LemmalZ23
1 8a. i1.Byruletrans ° 1 8a.fun(7; ). By LemmalZZi® 8a.fun(—; ) fun(T;8a. ). We
get the result by application of rule trans . O

Lemma 2.29 (Sp ecialisation admissibilit y). If © [@7] 1 2 then™ 8a. ; 2.

Proof. By rule sub we havethat © 8a. ; [a 7t ] 1 and the result follows by rule trans . O
Lemma 2.30. If =% | ,then> 1 fun(—; »).

_ <dsk

Proof. By induction on the derivation 1 2. We proceedby caseanalysison the last rule used.
Caserfun . Here — % » ! s gventhat = , "% 3. By induction hypothesis
1 fun(—; 2; 3)andbydeniton = 3 fun(™; 2! 3).
Caselfun . We have that 5;— %% ;1 given that ~%% L and — %k, .
By induction hypothesis™ , fun(T; )and” 1- With an application of fun we get
DT 3! fun(™; ), orequivalently ©~ 1! , fun( 3;7; ) asrequired.
Caseskol . In this case™ "** 1 8a. ,giventhat — dsk 1 and a 2 ftv(—; 1). By induction

hypothesis 1 fun(™; ) andby LemmalZZd" . fun(";8a. ).
Casespec. We have that — ~dsk g, 1 giventhat — sk [a7] 1- By induction hypothesis
T [aTt] fun(—; 1) and by LemmalZZ9" 8a. fun(—; 1) asrequired.

Casemono. Follows by LemmalZ2Z3

O
~dsk PN
Corollary 2.31. 1 o i 1 2.
Proof. Follows by LemmalZ30 and LemmalZZ8 O

Corollary 2.32. ("”) () and consauently (°)  (®).

Proof. Just notice that every rule of in Odersky-Laufer subsumption is admissiblein ~ . Rule fun already
exists, admissibility of mono follows by re exivit y, admissibility of skol and spec follows from LemmalZZ3
and Lemma[Z2Z9 respectively. O
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~dsk 0
r = 8a. .
~ pr( 2) Ldsk dsk @E7m 11 2
a6z ( 1) 1 o spec
Jdsk deep'SkC'l ) 8a. ; 2
1 2
~dsk 3 1 ~dsk 5 4
NS fun F%———mono
(2! 2) (3! a)

Figure 6: Alternativ e deep skolemisation subsumption

2.4 Final denition of deep skolemisation subsumption

Consider the de nition of weak prenexconversion given below.

De nition  2.33 (W eak prenex conversion). The function pr():S! S is de ned as follows:

§ 8a. ;! 2 = ;! 2N 6
pr( 2) = 8a. >
pr( ): a2 ftv 1)
% 8ab. » =83 ,7a6:
pr( 1) = 8b. »
' bza

This is like normal prenex corversion but doesnot canonicalisethe argumert typesin arrow typeﬂ Based
on this de nition we give a relation that is exactly like the Odersky-Laufer subsumption but in the skol

rule performs weak prenex conversion and skolemisation of the resulting outermost quarti ers. The relation
~dsk

is given in Figure In this section we prove that this relation is equivalent once again with and
consequetly °

Lemma 2.34 (Re exivit y). %

Proof. Easy induction. O
Lemma 2.35. "% pr( ) and "~ pr( ).

Proof. By induction on appealing to re exivit y of K ) emmaZ3a O
Lemma 2.36. pr( )=8a. i pr()=8a. andpr( 2)= 1.

Proof. Easily follows by the de nitions. O

De nition  2.37 (Canonical and prenex-canonical deriv ations). Let D denote a derivation tree of
Ik we say that D is a canonical derivation i rule skol is usead once as the very last rule, and as the
very last rule of the left subtree of a tree endingwith fun . We also use the term prenex-canonicalderivation
to refer to a canonical derivation whet the last rule used was a trivial application of rule skol and can be
therefore omitted|e quivalently the second type is a -type in weak prenexform already.

3Notice as well that this relation is no longer syntax-directed.
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Obviously a canonical derivation can be decomposedinto a prenex-canonicalderivation and a non-trivial
application of rule skol .

Lemma 2.38 (Substitution). If ~ds 1 > then S 1 S ,, and the new derivation hasthe same
height and the same\shape" (that is, the rules in the new derivation are applied in the same order).

~dsk

Proof. Similar to the proof of LemmalZd, with an easylemma for commuting pr( ) and substitution. O

From LemmalZ38we get that substitution presenescanonical,or prenex-canonicalderivations asa corollary.
Lemma 2.39. If 9 1 2 then there exists a canonical derivation of this with the same height.

Proof. By induction on ~dsk 1 2. We proceedwith caseanalysison the last rule used.

Caseskol . In this casewe have that % 1 2, given that

pr( 2) = 8a. @
ao6xdtv( 1) 2
<dsk
* 3
By induction, there exists a canonical derivation of sk , in which skol is usedabove fun and
is the last rule in the derivation. But it is easyto con rm that pr( ) = , thereforethe last application
of rule skol in that derivation was a trivial application and can be omitted. Then the new derivation
is canonical.
Casespec. Here we have that sk ggy, 1 2 given that
Ldsk
YETTl 2 @)
Now by induction there exists a canonical derivation of (). The last rule is skol and we have that
pr( 2) = 8b. , (5)
b2ftv(@7—] 1) (6)
<dsk
Y@l @

where ([ doesnot have skol asthe last rule used. Then by ([) and rule spec we get ~dsk g7, 1 2

By (@ it must also be that b 2 ftv(8a. ;). From this and (8 we can apply rule skol to get that
~dsk

8a. 1 2.
Casefun . In this case ** (2" 2) (3! 4),gventhat
<dsk
s (8)
~dsk 5 4 (9)

By induction hypothesisthere exists a canonical derivation of () with the sameheight. Moreover by
induction there exists a canonical derivation of (&) with the sameheight. The last rule usedwas skol
and we have that

pr( 4)=8a. 4 (10)

azftv( p) (11)

AP (12)

Assume without loss of generality that a 2 ftv( 1; 3; 2) aswell. Then notice that pr( 3! 4) =

8a. 3! 4. Byfun and @ and (T2 we get that “°*

we get the result.

12 3! 4 and by applying rule skol
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Casemono. Just apply trivially rule skol asthe last rule of the derivation.
O

The above lemma shows that there is an algorithmic implemenrtation that applies deepskolemisation at the
begining and when comparing the argumert typesof two functions only. The corresponding syntax-directed
preseration can be found in the main paper. In this documen we usethe non syntax-directed preseration
in combination with the the canonical and prenex-canonicalderivations lemma.

Lemma 2.40. If “® pr( 1) pr( 2) then % | 5.

Proof. By induction on the lexicographic pair of the height of the derivation of ol pr( 1) pr( 2) and the
number of recursive calls of pr( 1). We have the following casesto consider.

Caseskol . Herepr( 1) = andpr( 2) = 8a. . Then considerpr( ) = 8a. ° It must be that
= pr( 9 by LemmalZ38 Moreover "® pr( 1) 8a.pr( 9, giventhat @ 2 ftv(pr( 1)) = ftv( ) and
.ol
“pr( 1) pr( 9 (1)
By (@M and induction hypothesisit must be that ~dsk 1 0 and by applying rule skol we get
sk, since@ 2 ftv( 1)
Casespec. For this casewe have
pr( 1) = 8a. 1 2
pr( 2) = 2 (3)
CETTL o (@)
We wish to shaw that *% 1 2. We proceedwith a caseanalysis on the structure of 1, and
without lossof generality let us assumethat 1 is not a monotype.
{ Case 1= 112! 12. Thenpr( 1)=8a.pr( 11)! 12 where
pr( 12) = 8a. 12 (5)
and @ 2 ftv( 11). By @ it must be that "® [@7r(pr( 11) ' 12) 2, or "% pr( 11) !
@771 12 2. By easyinversionit must bethat ,= 2! 5 and
N
° 2 P u) (6)
CET e 2 (7)

By (@ then it must be that

pr(2)= 2! 3 8)
Then it must bethe casethat ,= 1! 2, sudthat pr( 21) = %2 andpr( 22)= 5. By @
we have that pr( 1) pr( 11 and by the induction hypothesis

21 11 (9)

Similarly by ([@ we have that ol [@77] 12 pr( 22) and by an application of spec we have

o g7 12 pr( 22). But the height of this derivation is still one lessthan the height of the
derivation we are examining and therefore by induction hypothesiswe have that

12 22 (10)
~dsk

From (@ and () and fun we get that n! 1! oo,

<dsk

<dsk
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{ Case ; = 8a;. 11. Herewe have that pr( 1) = 8a1a,. 12, suc that 8a,. 12 = pr( 11). From
this it follows that
8a. [y 77 1] 12 = pr(far 7T 1] 11) (11)

From LemmaZT4 we know that the number of recursive calls of pr([a; T~ 1] 11) is the sameas
of pr( 11). We also know that

T ElE T e 2 (12)
Then, we can apply the induction hypothesisto get that sk a7 1] i 2 and by applying
rule spec ~dsk 8a;. 11 2, asrequired.

Casefun . In this casewe have the following

()= 1! 3 (13)
pr(2)= 3! 3 (14)
N
R A B N (15)
N
NI (16)
N
A (17)
By (@3 it must be that
1= u! o (18)
pr( 1) = ¢ (19)
pr( 12) = 3 (20)
And similarly by ([I4 we get
2= a! 2 (21)
pr( 21) = 3§ (22)
pr( 22) = 4 (23)
By (09, 2, @Y, and induction hypothesis‘dSk 21 11. Similarly by (0, (&3, @3, and
induction hypothesis‘dSk 12 22. We get the result by applying rule fun .
Casemono. Trivially follows by de nition of pr() and rule mono.
o
Lemma 2.41. If "% | ,then ® pr( 1) pr( 2).
Proof. By induction on the derivation dsk 1 2. We proceedby caseanalysison the last rule used.
Casemono. Directly folows by rule mono.
Casefun . In this casewe have that
R B A 1)
<dsk 5 L (2)
RPR 3)
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Moreover we know that pr( 1! 2)=8a.pr( 1)! 2, with 8a. = pr( 2) anda 2 ftv( 1). On the
other hand pr( 3! 4) = 8b.pr( 3)! 4 wherepr( 4) = 8b. 4 and assumethat b 2 ftv( 3; 2; 1).
We needto shaw that "* 8a. pr( 1) ! 2 8b.pr( 3)! 4. By rule spec it is enoughto show
that pr( 1) ! [@a7t ] 2 pr( 3) ! 4. By rule skol and fun it is enoughto show that
ol pr( 3) pr( 1) and ol [a7—] 2 4. We have the former by induction hypothesis. For the
latter, by induction hypothesison (3) we also have  8a. > 8b. 4 and by inversionthis is derivable
by spec; hence™® @712 4 and we are done.

Case spec. We have sk g7 1 2 given that sk @7 ] 1 2. By induction hypothesis

O or@ 7] 1) pr( 2), or " [@7 Jpr( 1) pr( 2), or " 8a.pr( 1) pr( 2) by transitivit y of
ol Equivalently, by de nition of pr(), ol pr(8a. 1) pr( 2) asrequired.

dsk

Caseskol . Here" 1 2 given that
pr( 2) = 8a. (4)
a6Xtv( 1) (5)
~dsk L (6)

o

It must be that pr( 2) = 8a. °sudc that pr( ) = © Then by (8 and induction hypothesis "
pr( 1)  ®and by an application of rule skol with (&), we get** pr( 1) 8a. ©° or equivalently
“or( 1) pr( 2) asrequired.

O
Corollary 2.42. % | i ~ | L s,
Proof. Follows by LemmalZZd LemmalZZ4], Corollary and Corollary 231 0

Having Corollary [Z42 enablesus to switch betweenall the di erent formalisations of Mitc hell's F-eta sub-
sumption viewing all inferencerules as theoremsthat hold independenly of the formalisation we use eat
time.

3 Higher-rank type systems

In this section we study type systemsthat support higher-rank types. We assumethat the type systemsof
Figureld Figure@B, and Figure™rely onare exiv e, transitiv e relation “SU for whic h the substitution
lemma holds. This relation will stand either for deep skolemisation subsumption 95 or the original
Odersky-Laufer subsumption relation ol

~dsk NoJ

Seweral properties of the type systemshold independertly of whether * is or *. For the lemmas
~sub

that are sensitive on the exact de nition of **** we explicitly specify what is.

sub

In the following, we usethe syntax:

( )=8a. wherea=ftv() ftv()
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Rho-types = j 1 0
int —var
Ticnt J(xr) T oxz
X Tt xSt 0
- abs - aabs
Ax.t)y: (! ) M x: )t)y:(! 9
t: (! 9 u
- a X t° let
tu: © PP let x =uin t: ©
Tt
annot
To(t :
a 62tv () Tt O
N t ~sub 0
—— gen R
Tt:8a J St subs

Figure 7: Non syntax-directed higher-rank type system

3.1 Syntax-directed higher-rank type system

In this section we explore the connection between Figure [4 and Figure For clarity let us refer to the
typing relation of the non syntax-directed system of Figure [d as ", .4, and to the typing relations of the

syntax-directed version of Figure Bas ", and *?}” .
Lemma 3.1. Let > beeither ** or *®. Then

Lif “yt: then " 4t:
2.if P t: then  t:
Proof. We prove the two claims simultaneously by induction on the height of the syntax-directed derivation.

We proceedby caseanalysis on the last rule usedin the derivation. For the rst part we have the cases
below.

Caseint . Directly follows by rule int .

Casevar. We havethat ", x: giventhat x: 2 and ~inst

Moreover it is easyto seethat “**° . By subs then

. By rule var nsd X -
nsd X -

Caseabs. Follows by induction hypothesisand rule abs.

Caseaabs. Follows by induction hypothesisand rule aabs.
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Rho-types = j 1 0
Tt
<inst
- int —_— var
Tiint p(xt) T Xz
1 S (X0t
- abs 8 aabs
Ox.):( ! ) G ) )
N G |
~poly u:
~sub 1 ~inst
a
Ttu: PP
‘p0|y t : 0
~poly u: ~sub 0
X . vinst
- - let ————annot
let x =uin t: To(tx :
~poly t <inst
a=ftv() ftv()
St inst
N gen g [a7t]

Figure 8: Syntax-directed higher-rank type system

Caseapp. We havethat ", tu: , giventhat

wti( 9 1)
WU )
~sub L (3)
<nst ¢ (4)
By induction hypothesisand ) weget ,t: ! ©° Moreover from (@) we seethat ~sub !

0 .1 Opecauserule fun is admissiblein both *® and **. Thenby rule subs . t: 1! ©

Finally by induction hypothesisfor () we have ., u: 1. Applying rule app gives ~ ,tu: ©

inst <sub
)

and since (° ) we can apply rule subs to get "~ 4 tu:

Caselet . Follows by induction hypothesisand rule let .
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Caseannot . In this case ~ (t:: ) : giventhat

~pol

w to° (5)

~sub 0 (6)

~inst (7)

By B and induction hypothesis 4 t: © By rule subs °  t: and moreover from (@) we
have "™ . Applying rule subs onceagaingives .4 t: asrequired.

For the secondpart we have that ‘23"’ t:8a. whena= ftv() ftv() and "4 t: . By induction

hypothesis ", 4 t: andbyrulegen ° . t:8a. . O

Lemma 3.2 (Substitution).

LIf "yt: thenS ",t:S.

2.1f PYt: thens Pit:s.

Proof. Straightforward induction appealing to the substitution property for wsub- O
Lemma 3.3 (W eakening). Assumethat > is *® If ,  _ t: ,and ®" athen 1 4 t: 1
with "% 77( 1)  T2( 2). Consaguentlyif » PVt o then 3Pt with sk

Proof. The proof is by induction on the height of the derivation. We proceedwith caseanalysison the last
rule usedin the derivation.

Caseint . Directly follows by rule int .
Casevar . We havethat , 'y x: 2 giventhat x: 22 ; and

.inst

2 1)

Then, x : 12 1 suc that

<dsk L ) (2)

Assumethat b = ftv( 2) ftv( 2). Then by the substitution lemmawe get , "y x : [b7!d]

for somed 2 ftv( 1; 2; 2). By (@ and the substitution lemmawe get™™" , [07!d] » and by
transitivit y of ~%*

K b7, 3)

Moreover assumethat ; = 8a. 1 and without loss of generality assumethat a 2 ftv( 1). Then
inst .. By @ wegetthat “**8a. ; [D7!d] , Considera®= ftv( 1) ftv( 1). Then

a a’and consequetly “** 8a% ; [07'd] .. Then it must be that d 2 ftv(8a® ;) because
otherwise d 2 ftv( 1). Then by skol admissibility "% 8a°% ;  8d.[b7! d] », or equivalertly

D T2 2).
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Caseabs. Herewe havethat , ', (\x.t):( ! 2), giventhat
;X1 st 4)

Considerb = ftv( ) ftv( »; ) and a renaming substitution [b 7! d] whered 2 ftv( 1; 2; ; 2).
Then by @) and the substitution lemmawe get ,;x: "4t :[b7!d] . By induction hypothesis
there existsa 1 suchthat ;x: "4 t: 1 and

~dsk

8a. 1 8d.[b7!d]» (5)
wherea = ftv( 1) ftv( 1; ). By rule abs weget 1 oy (\x.t):( ! 1). Wewish to show that
~dsk 8a;. ! 1 8a. ! 2 (6)

wherea; = ftv( 1; ) ftv() anda; = ftv( 2; ) ftv(). Notice that if t = ftv( ) ftv() then
a, = ac and @, = bc. From (@), sinceby sub “** 8d.[077d] » [b7! d] », and by transitivit y we
get that

<dsk

8a. 1 [b7!'d] > (7)
Then, by rule fun "*¢ 1 8a. , | [077d],and 83 1 I [b77d] » by
transitivit y and rule distrib . By sub and transitivit y sk gaT. 1 I [b7!'d] 2. Now we
claimthat t2ftv(8ac. ! ;)andd 2ftv(8ac. ! ;) similarly. The former becausewe quarti ed
over them, the latter becausethe opposite would meanthat d 2 ftv( ;). Then we can apply skol
admissibility to get that "**8ac. | , 8dc. ! [b71d] , and by an -renaming of d to b we
are done.
Caseaabs. Similar to the casefor abs.
Caseapp. Herewe have , "4 tu: , giventhat
2’ t: (9 (8)
2 sl 1 ©)
<dsk (10)
\Tst 0 5 (11)

Considera renaming substitution g, = ftv( ; % ) ftv( ,) to freshg,, suc that g, 2 ftv( 1). Then
by the substitution lemma (8) becomes

2 sati(ol ) (12)

where o= [gr7t @] and = [or7tgz] % By induction hypothesison (IZ) we get that there exists
a with

1 ‘sd t: t (13)
“1(1) 8T, o! 9 (14)

Becauseof the choice of g,, from equation (I4) we get

<dsk

Y (S NP (15)

There are two possiblecasesfor ;. It is either a type variable a 2 ftv( ;) or it will be an arrow type

t t
1° 2
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{ Assumethat (= !! JLandleta= ftv( () ftv( 1). Then by equation (I3 and Corollary ZZ0
we get:

gab.pr( ! L sT.pr(o)! O (16)
where
b2 ftv( t) (17)
c2ftv( o; 15 25 15 ) (18)
pr( 3) = 8b. (19)
pr( ) = 8C. ¢ (20)
By (I8 and (I3 it must be that
Ogab.pr( DL pr(o)! 9 (by inversion)
)y O @ETT=D T bl(pr( DoY) pr(o)! 3 (by inversion)

) O ETrElpr( Y @ETTEbT 1y pr(o)! §

From the last equation, by inversionwe get that

(o) [ETTElRr( ) (21)
a5y S (22)
From Corollary 220 and (Z1)
e Tl (23)
From (I3 and the substitution lemma, we get
Vg ti@TTRICL D) (24)
<dsk

By the substitution lemma for (&) we havethat , **" u: [gr 7 g] 1 and by transitivit y of

we get:
<ds

“lmTTEl . [T (25)

1
Moreover, by induction hypothesiswe havethat ; "*Y u: 9 such that "** ¢ [gr7rg] 1.

From this and (Z5) we get *** 9 [@7t—=]}. Then,if @7t %] 5 = 87gs. 1, wherewithout loss
of generality g; 2 ftv( 1) we havethat vinst [a7—3] % 1. We have all the premisesof the rule
app and applying it givesusthat ;° tu: ;. Thenit isthe casethat 1( 1) = (@77 4] b).
By ([Z3 we get that
P ETTb T oy 8
) %eb[aTralh 9
) Yedb.ETralh g

whered = ftv(7,; §) ftv( 1). But now we know that T 2 ftv(8db. [@ 7t 5] %), becauseit
must be that ftv(8db. [a7t—3] %) ftv( 1), and by (@8 T 2 ftv( 1). Then we can apply rule
skol to getthat *® 8db.[a77 4], 8c. §, and by Corollary 220" &d.[a7m =] §  §.
By the substitution lemma for ([{0) we have et 9 [0 7T @] 2 and by transitivit y we have
that "% 8d.[@7t 5] 5 [0r7 %] ». Now it cannot be that g, 2 8d.[@7r 4] , because
0, 2 ftv( 1). Then we can apply skol admissibility to get ~dsk g, @72l ) 80, [ 7T ®] 2

or by dropping uselessquanti ers and -renaming ~dsk g, @72l 5 2( 2) asrequired.
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{ Assumethat ;= a andlet a 2 ftv( ;). Then by equation ([4) and Corollary ZZ0 we get:

ol

8a.a 8c.pr( o)! 9 (26)

where
C%ﬂv( 0, 1i 2) (27)
pr( g) = 8. § (28)

ol

By (8 and (Z4) and inversionon "~ it must be that

<ol
a2 pr(o)! 8 (29)
Now yet one more inversion gives
ol
pr( o) 1 (30)
<ol
R (31)
From Corollary 2220 and (30)
~dsk
0 1 (32)

From (2 and the substitution lemma, we get
1 satia!l 2 (33)

By the substitution lemmafor (&) we havethat ‘23"’ u:[or 77 @] 1 and by induction hypoth-
esisand (B3 we have

1 \ggly u: g\dsk ;?, L (34)

Then - 2 2. We have all the premisesof the rule app and applying it gives us that
1 tu: 2. By (8D we get that

ed , O (35)

Where_a = ftv( 2) ftv( 1). But now we know that T 2 ftv(8d. ,), becauseit must be that
ftv(8db. [@7t %] %) ftv( 1), andby (ZA T 2 ftv( 1). Then we canapply rule skol to get that

o g, » 8. §, and by Corollary skgd. 9. By the substitution lemma for ([I0)
we have "™ 0 [gr 7] - and by transitivit y we have that “** 8d. , [gr 7t ] ». Now

it cannot be that g, 2 8d. , becauseg, 2 ftv( ;). Then we can apply skol admissibility to

get wdsk g, 2 80,.[01 7T @] 2 or by dropping uselesqquanti ers and -renaming ~dsk g, 2

“2( 2) asrequired.
Caselet . In this casewe havethat , ;let x = u in t: ,, giventhat
<pol
2% U (36)
X1 gt (37)

By induction hypothesisfor (88) 1 ¢4 u: °sud that wdsk o . By induction hypothesisfor (Z2)
weget 1;x: %' t: 1 sud that ST ) 2;x . ( 2) orsince Yis generalisedover 1

and is generalisedover » this becomes ** “1( 1) 2( 2) asrequired. Applying rule let nishes
the case.
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Caseannot . We havethat 5 ", (t:: ) : 2, giventhat

20t O (38)
~sub 0 (39)
sinst ) (40)

From (38 and induction hypothesis 1 "?%Y t : Psuch that % 0 Then by (B9 and transitivit y

of “®* we have *%¢ 00 . Consider a renaming substitution [b 7! d], whereb = ftv( ») ftv( 2)

and d 2 ftv( 1; 2; % 2). Then by substitution lemma inst [b7!d] .. We needto show

that ~%* T([b77d] L) _2([bﬂ d] 2). But notice that ftv((b7!d] ,) ftv( ») = dandd
ftv([b7! d] 2) ftv( 2)) becaused are fresh. The result then follows by rule sub.

~sub . <dsk
! If

Lemma 3.4. Assumethat is Thsg Lo then Tt and “® 7 )

Proof. By induction on height of the non syntax-directed derivations. We proceedby caseanalysis on the
last rule used.

~dsk
|

Caseint . The result follows by rule Int and we know that nt Int by re exivit y.

Casevar . Int this case ", x: ,giventhat x: 2 . Then, assumingthat = 8a. and without

loss of generality @ 2 ftv(), we have that ~"™ and by rule sub wegetthat © () 8a. or
by Corollary 31 () 8a .Byrulevar wealsoget " 4 X: asrequired.

Caseabs. We havethat 4 (\x.t): ! giventhat ;x: " 4 t: . By induction hypothesis
there existsa sudithat ;x: " t: sud that

<dsk

x: () 1)
Let b= ftv( ) ftv( ; ). By rule abs we getthat “_; (\x.t) : ! . We wish to show that
~dsk ') I .Leta=ftv( ! ) ftv(). Split thesevariablesin two setsa = a;a,, sudc

that a; = a ftv( )anda, = a a;. Thenit must bethat a; = b. Then we have the following (using

re exivit y and transitivit y of ‘dSk):
K ea 1 = sma. !
8a,.(8a;. )! 8aj. (by distrib and all )
(8ai. )! 8a;. (by sub)
I 8a. (by LemmaZZ5)

! (by @M and fun)

(The useof distrib is essetial for this derivation and it is a reasonwhy the claim fails when s

usedinstead of ~**.)
Caseaabs. Similar argument as abs taking into accourt that type annotations are closed.
Caseapp. In this casewe havethat * , tu: °giventhat

\nsd t :( ! % (2)
‘nsd u: (3)
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By induction hypothesisthere exists ; with

“a Ut
‘dSk_( t) P
Moreover, by induction hypothesisfor (&) we get
s Ul ou
\dsk—( u)

(4)
(5)

(6)
)

In generalthere are two possiblecasesfor ;. It can either be a type variable a 2 ftv() or it will be

an arrow type.

{ Assumethat (= {! L Thenby & “*8a {! !

ftv(). By the prenex corollary, Corollary
“gab.pr( )l L sc.pr()! °

where the following are true:

b2ftv( !
t2ftv(; ; 4 b)
pr( ) =8b. 5
pr( 9= 8c. °

By (@ and inversionon ' we get

~ol gab.pr( {)! L pr()!r ©
YT plpr( Y pr( ) ©
) Y ETralpr( )! [ETT b7 o)L pr()! °

From the last equation, by inversionwe get that

Cpr()  [ETTElpr( Y
b7 L °

From Corollary (Z2Z0) and (I3

<ol

7=l !

Now, from (@) and the substitution lemma, we get
b @TTRICLY )

By transitivit y of sk, (@ and ([@ we have

KT =TT S

O wherea = ftv( §;

(by inversion)
(by inversion)

2)

(8)

(9)
(10)
(11)
(12)

(13)
(14)

(15)

(16)

(17)

By (I3, @), and (L) we canapply rule app to getthat ", t u: , suc that inst 73]}

 and just pick , such that all the quanti ers of [a 7t 5] | are replacedby variables not in .
Then it will be the casethat ( ;)= ([a7m 4] }). Consequetly to nish the casewe needto

show that G
Sed.arral s °

30

(18)



The above claim fails when

whered = ftv( 4; %) ftv(). By (@ we have

D s et % AR I SR
) YebfaTraly °
)y Yedb.[aTr=]L °

But now we know that T 2 ftv(8db. [@ 7T %] %), becauseit must be that ftv(8db. [@7t 5] %)
ftv(), and by (I0) € 2 ftv(). Then we can apply rule skol to get that ~°' g4b. @7l
8c. © and by Corollary Z20° % 8d. [a7r—=] §  °asrequired.

{ Assumethat = a. The argumert is essetially the same.We give it more briey . Here it must
be that a 2 ftv() sothat ( a) = 8a. a; otherwise (B cannot be derivable. Then, by (B we

have that ~** 8a. a I 9 which, by Corollary gives‘OI 8a.a 8c.pr( )! Owhere
pr( 9 = 8c. °and assumethat T 2 ftv( ;). By inversion ® 8a.a pr( )! © and there
exist 1, o with "® [a7l (1! )la pr()! Oor by onemore inversion

Cpr() 1 (19)
P (20)

By the substitution lemma, LemmalZd ", t: 1! 2. Moreover by Corollary ZZ0 and (9

we get that "~ 1. Therefore by (@ and transitivit y of *®*, % 7 ) 1. Finally we

can apply rule app to get the result. We needto shaow that sk ( 2) 0 But we have that
T 5  and sincewe assumedthat T 2 ftv(), T2 ftv({ 2)), therefore we can apply rule
skol to get™® ~(,) 8c. %and by this and Corollary 2220 we are done.

Caselet . Wehavethat ., let x =u in t: 9 giventhat

‘nsd u: (21)
X gt © (22)
By induction hypothesis "4, u : sud that dsk () . Again by induction hypothesis ;x :

‘gt Osudthat " TTXT (9 ° By LemmaBdwegetthat ;x:( ) g t: ®suc that

VOGN T (9 But xs ()%= and ™ TXT (9 by transitivity

of “**_ The result follows by application of rule let .

Caseannot . In this casewe have that ~ 4 (t:: ) : , giventhat ~ , t: . By induction
hypothesisthere existsa sudithat " t: and ®“7( ) . Thenisthe casethat P t:7().
Moreover if = 8a. ; and without loss of generality a 2 ftv(), then inst 1 and we are done

by applying rule annot . Moreover it is easyto conrm that dsk (1) 8a. 1, sincewe assumed
azftv().

O

s s o For exampleit is derivable in the non-syrtax directed system that

“nsg let = (\x.\y.y)in f:Int ! 8b.b! b

but in the syntax-directed systemwe can only get that

P et f=(\x.\y.y)in f:8ab.a! b! b

and it is not the casethat " 8ab.a! b! b Int ! 8b.Db! b, even though it is the casethat

Uk gab.a! b! b Int! 8b.b! b
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Rho-types = | !

o .
<inst
, int var
i:Int ;(X : ) Toxc
(x Lt (X POl g
. (x: ) absl X a) Wt abs2
S(Oxt): () LsOxet):i(al )
~sub
a |y X
(X ) Lt S(X poy ¢ .
. (2 ) aabsl (X2 ) LT aabs2
SO ) ) ) L0 ). (al )
Ct ( | O) <poly u: nst ¢
app
tu:
N g Yy
~inst X N t :
———————annot — . let
To(tn ) let x =uin t:
~pol
poly t -
a=ftv() ftv() a 62tv ()
Lt Lt
enl —sn————— gen2
POV ¢ g7, J PVt ga. J
~inst
. <sub
\|Tst ga. a7 inst1 TS A— inst2

Figure 9: Bidirectional higher-rank type system

3.2 Bidirectional type system (rst version)

In this section we give properties of the type system of Figure @ Notice that this is not the nal version of
the type systemasit performsonly shallow skolemisationin the rule gen2. Neverthelessit is worth studying
its properties. We later extend it to the nal versionwhich also appearsin the main paper.

Lemma 3.5. If S then *"*"
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Proof. Directly follows by rule inst2 . O

~inst

sinst
If e then ™'

Lemma 3.6.

Proof. By inversionit must bethat = 8a. ; and = [@7] ;. We needto show that ~"™ 8a.

[a7t] 1, or by rule inst2 s gg 1 [@7] i1 Byrulesub”™ 8a. 1 [a7r ] 1 and by Corol-
lary 231" 8a. ; [@7r] 1. On the other hand, if *** is the result follows by an application of
spec and re exivit y, LemmalZ2 O

~ol sinst sinst ~ol
Lemma 3.7. If** ; L,and™™ , ,then9 . ™ ;  jsand’® ;.

Eroof. Assumethat ;= 8a. 1; and , = 8b. ,,. Without lossof generality assumethat a 2 ftv( ») and
b 2 ftv( 1). Then it must be that

ol 8a. 11 8b. 22 (1)

By inversion on the assumption we get that
2= b7 p] 2 2

By (@M and inversion it must be that o gg. 1 22. Then, by the substitution lemma % 8a. 1
[b 7' p] 22. Then by inversion agairﬂ ol @7 3]l 11 [b7! p] 22 for some—;. Taking 1 = [@a7F 3] 11
nishes the proof. O
Lemma 3.8. If ® 1 Land™™ , ,then™™ , .
Proof. Follows by inversion of ™' and transitivit y of " . O

Lemma 3.9. Independently of whether *S** is ' or “9K if ~°

true:

1 2 pointwise then the following are

1.If ,°.t: 2then9 ;. 17, t: 1and‘°' 1 2.

2. 1fF o7, t: 1and‘°' 1 2then 7, t: 2.
3. If Z\EOIytZ > then9 ;. 1‘p*0|yt3 1and‘°' 1 2.

<pol <ol <pol
4.1 ,P%¢t: yand™® 1 ,then %V t:

Proof. We prove the four claims simultaneously by induction on the height of the typing derivations. For
ead claim we asssumethat all are true for derivations of smaller height.

For the rst part we have the following cases.

Caseint . Follows by the samerule.
Casevar. In this case , . x: , giventhat x : , 2 5 and vinst 2 2. It must be that

X: 12 1,such that "% ». By Lemma B there exists ; such that ~™' 1 with

ol 1 2. and by applying rule var we are done.

dsk

4Notice that this inversion would fail if we were using ° instead.
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Caseabsl. Here , ". (\x.t): ! , giventhat o;x : . t: . By induction hypothesis

X O, t: Osuchthat @ © . Byruleabslweget 1. (\x.t): ! © And by LemmalZ2
andrule fun *® 1 0 1
Caseaabsl. In this case , ~. \(x:: ).t: ! [ giventhat ,;x: . t: . By induction
hypothesis 1;x : . t : Ofor some °with ® © and by rule aabsl we get that ; .
\(x: ).t: ! Oandbyrulefun ® 1 0 1

Caseapp. In this case

2 «tu: Q)

2Lt (9 2

2 v (3

\ir*wst 0 5 (4)

By induction hypothesisthere exists °such that ; . t: %and® ' 0 0 By inversionit
must bethat °= ;! 9 such that *° pand " ¢ % From this and (@ and induction

hypothesisit must bethat ; ** u: ; and by LemmaBdthere existsa ; with *® ;  , sudh
that *'7* 9 ;. By applying rule app we are done.

Caseannot . Here ,, (t: ) : o giventhat , *Y t: and ™ 2. By re exivit y and
induction hypothesis 1 " t: . Applying rule annot again givesthe result, since’® ,  ».

Caselet . Finally , . let x =uin t: , giventhat » P u: and 2x: . t: o
By induction hypothesis ; POV g Oguch that " O . Then by induction hypothesis again

X 9, t: 4 for some 1 with ol 1 2. Applying let nishes the case.
For the secondpart we have the following cases.

Caseint . By inversionit must be alsothat , = Int . Then the casefollows by int .

Casevar . Inthiscase >, x: igiventhat x: »2 ,and ™ , .. It mustbethatx: 12 1,

such that *® ». By LemmaBa "™ 1 and by transitivit y of “S® st ,. The
result follows by rule var .

Caseabs2. Here , ", (\x.t): a! ., giventhat »x: a " t: ,. Wehavethat " ,!
r 2 for some ,. By inversion ;= 5! } with

.ol

2, (5)

<ol

R (6)
Then by induction hypothesis 1;x: 3§ ‘pf'y t : 5. The result follows by applying rule abs2 again.
Caseaabs2. In this case , ~, \(xi: x).t: 4! r, given that o;x @ ‘pf'y t: , and
s Wehavethat "% L1, » for some ,. By inversion , = 35! § with

.ol

3 . (7)

<ol

roo2 (8)

~sub o

By transitivit y of and the fact that ** is a subsetof ***® | and @ we get that **** & .
By induction hypothesis 1;x: , °® t: L and by rule aabs2 we get the result.
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Caseapp. In this case

2 +tui g 9)
2 .t 9 (10)
<pol
2% U (11)
\lrlst 0 . (12)
By induction hypothesis there exists °sudthat ;. t: %and " © I 9 By inversionit
must bethat °= ;! 9 such that ** pand @ 9 % From this and () and induction
hypothesisit must bethat 1 *"* u: ; and by transitivit y of ***° """ 0 By applying rule
app we are done.
Caseannot . Here , ., (t: ) : 1, giventhat » * t: and ™ 1. By re exivit y and
induction hypothesis 1 " t : . By transitivit y of "> we have that - », and by rule
annot we are done.
Caselet . Here , ", let x =uin t: 1, gventhat » " u: and 2x: ,t: 1.
By induction hypothesis ; ** u : ©sothat "® © . Then by induction hypothesis again

1;x: 9, t: ,andapplying let nishes the case.

For the third part we have by inversionthat , = 8b. », such that b= ftv( ,) ftv( ») and
2 U2 (13)

Instead of using the induction hypothesis directIyE consider a renaming substitution [b 7! d] sud that
d 2 ftv( 1; 2; 2). Then by the substitution lemma, LemmaBI3 on (I3 weget , .t :[b7!d]»
with the same height. Then we can apply the induction hypothesisto getthat ; ", t : 1, suc that

ol [077d] ,. By rule spec

gz, b7 4], (14)
wherea = ftv( 1) ftv( 1). Now we claim that d 2 ftv(8a. 1). Supposeby contradiction that exists a
d 2 d sudc that d 2 ftv(8a. 1) = ftv( 1)\ ftv( 1). Then it must bethat d 2 ftv( ), a contradiction. By
rule skol then and (@ we get " 8a. ; 8d.[D7! d] », or equivalertly “® 8a. ; 8b. , asrequired.

For the fourth part assumethat ; = 8a. ; and , = 8b. ,. Without loss of generality assumethat
b2ftv( 1; 1). Then we have that o g7, 1 8b. ,andby inversion*® 8a. 1 2. By inversion agairﬁ
we get

<ol

CETT] 2 (15)

for some~. We know that , *, 1 and @ 2 ftv( ). Then by the substitution lemma, Lemma B3
2 . t:[@7—] 1. From [@¥ and by induction hypothesis 1 ", t: ,. By rule gen2 we get the result.

O

Notice that the property holds independertly of which relation the type system actually uses. However it
fails when the two typesare related in ~** instead of *°' .
False Claim 3.10. If ~,t: ;and™® | Lthen ", t: ».

5 Induction hypothesis would givethat 1 *,: 1 such that ol 1 2, but in general it is not true that if ol 1 2 and

<ol <ol

1 2 then “1( 1) " 2( 2). As acounterexample consider 1= (x:(a! a)! Int), 2= (x:(8a.a! a)! Int)
and 1= >2=a! a.

6Note that this step would fail if we were in ~ask
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Proof. Here's a counterexample. Consider = u:Int, ;=8a.a! 8b.b! 8c.b! ¢, .= Int !
8c.nt ! c,and 3= 8alc.a! b! b! c. Thenit isderivablethat ", (\x.xu):( 1! ) butitis

not derivablethat ~, (\x.xu):( 3! »), although <dsk L
~sub

fails again independertly of . O

2 3! 2. Notice that this property

Lemma 3.11.

1.If “,t: then t:

N
2.1F P t: then PVt
Proof. We prove the two claims simultaneously by induction on the height of the derivations. We proceed

with caseanalysison the last rule usedin ead derivation. For the rst part we have the following casesto
consider.

Caseint . Follows by the samerule.

Casevar . In this case . x: giventhat x: 2 and "™ . By Lemma@d "™ and

by applying rule var we are done.

Caseabsl. Here . (\x.t): ! , giventhat ;x : . t: . By induction hypothesis
;X1 ~,t: andbyrulegen2 ;x: ‘pf'y t: . Fromthis andrule abs2 ', (\x.t): !

Caseaabsl. Inthiscase ", \(x: ).t: ! ,giventhat ;x: ", t: . By induction hypothesis
'x: ",t: andbyrulegen2 ;x: P t: . Moreover by re exivit y “**° and by

applying rule aabs2 we are done.

Caseapp. Intiscase ., tu: ,giventhat “,t:( ! 9 PYy: and’™ ©° By
LemmaB®"" °© and we get the result by applying rule app.

Caseannot . Here . (t: ): ,giventhat " t: and "™ . By LemmaBE "™
and we get the result by rule annot .
Caselet . Finally “. let x =uin t: , given that Yoy and gx o .t By

induction hypothesis ;x: *,t: and the result follows by rule let .

The secondpart canbe derivedwith rule genl. It is P t:8a. ,with a=ftv() ftv() and ", t:
By induction hypothesis , t : and by using rule gen2 weget P t:8a. asrequired.

Lemma 3.12 (Instan tiation Substitution).  If =™ then ™' s s .

Proof. For =+ the result follows directly by the substitution property for S por =% by inversion

=8a. ;and = [a7i ] 1. Assumewithout lossof generality that a 2 vars(S). ThenS = 8a.S ; and
S =[a7!'S ]S 1. The result follows by rule inst1 . O

Lemma 3.13 (Substitution).

1.f ~ t: thenS °~ t:S.

2.1f PY ¢ thens PV it:s .
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Proof. We prove all claims simultaneously by induction on the height of the derivations. For ead of the
claims we assumethat all claims hold for derivations of smaller height.

For the rst part we havethe following cases.Caseint follows by rule int . Casevar follows by Lemmal3T2
Caseabsl follows by induction hypothesisand rule absl. Caseabs?2 follows by induction hypothesisand
rule abs2. Caseaabsl follows by induction hypothesisand rule aabsl. Caseaabs2 follows bythe substi-
tution property of ~sub , induction hypothesis, and rule aabs2. Caseapp follows by induction hypothesis,
Lemmal3I3 and rule app. Caseannot follows by induction hypothesis, Lemma B3 and rule annot .
Caselet follows by induction hypothesisand rule let .

For the secondpart we have the following cases.

Casegenl. We havethat POVt g ,giventhat a= ftv( ) ftv() and ~ t: . Assumewithout

loss of generality that @ 2 vars(S). Consider a substitution [a 7! b] suc that b 2 vars(S);ftv( ; ).
By induction hypothesisS[a 7! b] . t:S[a7! b] ,orequivalently S ", t:S[a7!b].

Now we canshow that b = ftv([a 7! b]S ) ftv(S). Supposeinsteadthat thereisab 2 ftv([a 7! b]S )

ftv(S) which meansthat b 2 ftv(S), since we know that b 2 ftv([a 7! b]S ). But then, since
b 2 vars(S), it must be that b 2 ftv(), a contradiction. On the other hand, supposethat we have
avariable g 2 ftv(fa 7! b]S ) ftv(S) but g 2 b. Note that it must be that g 2 @ as well simply
becausea z ftv([a 7! b]S ). Then this meansthat there is somevariable d 2 sud that g 2 ftv(Sd).
Now, d must be in ftv(), otherwised 2 a andthen g 2 a. But if d 2 ftv() then g 2 ftv(), a

cortradiction. Thereforeit is indeedthe casethat b = ftv([a 7! b]S ) ftv(S) and and we can apply
the rule genl to get the result.

Casegen2. In this case "Y' t :8a. , giventhat a2ftv() and . t: . Considera substitution
[a 7] sudch that T 2 ftv() ;vars(S). Then by induction hypothesisS[a7tc] ", t: S[artc],

or equivalently, S, t : S[@7IT] . Applying rule gen2 we get S P t : 8c. S[@7rT] , or
s PV t:g5(8a. ).

3.2.1 Shallow subsumption

sh

De nition  3.14 (Shallo w subsumption). We de ne a subsetof the subsumptionrelation, * , which

we call shallow subsumption as follows:

b 62tv(8a. )

— sub
8a. 8b.[a 7]

~sh

Notice that shallow subsumption is essetially ML subsumption. The rule sub is equivalent to the rule sub
of the predicative F-eta subsumption.

Lemma 3.15. o d ~ask

<sh N
If " ;5 then 1 2an

2.

Proof. The rst part follows by application of Lemma[ZZ (re exivit y), rule spec, and rule skol . For the
secondpart, - 3 2 by rule sub, and by Corollary 231 we get wdsk 2. O

Lemma 3.16. If " | ,thenftv( 1) ftv( ).

Proof. It must bethat ;= 8a. and , = 8b.[a7 ] . Thenforeveryc?2 ftv(8a. )= ftv( ) @it must
bethat c 2 ftv([a 7] ). O
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Lemma 3.17. ""S7() S(S).

Proof. Let ( ) = 8a. wherea = ftv() ftv(). Let g be a new set of variables, such that g 2
ftv() ;vars(S);ftv( ). ThenS( )= 8g.S([@7rg] ).

Now,letS(S )= 8b.S ,whereb2 ftv(S ) ftv(S). Wewant to provethat s 8g. S([a7tg] ) 8b.S .
First we needto show that b 2 ftv(S( )). By cortradiction, assumethat there exists a b 2 b suc that
b2 ftv(S( )). Thereforethere existsd 2 ftv(( )) suc that b 2 Sd. From this we get that d 2 ftv( ) and
d 2 ftv(). Then, sinceb 2 Sd, b2 S, which is a contradiction to the fact that b 2 ftv(S ) ftv(S).
Therefore, it only remainsto be shown that for sometypes— it is the casethat [g7F |S([a7tg] )= S

Pick —= Sa. O
Lemma 3.18 (Shallo w Subsumption W eakening). When "5 is either *® or “® the following are
true:

.1 1 Land™ ,  then ™

2.1 | L,and ™ , then ~"t

Moreover in each casethe two derivations have the same height.
Proof. For the rst part, by Lemmal315 ~sub 1 2. By inversion ~** 2 , therefore by transitivit y
wsub and by rule inst2 we get the result.

For the secondpart, let 1 = 8a. ; and , = 8b.[@a7 4] 1, whereb 2 _Z ftv( 1). By inversion =
[b7!" p][@7=a] 1, or, sinceb 2 ftv( 1), = [a7'S 4] 1, whereS = [b7! p]. We get the result by
applying rule instl . O

Lemma 3.19 (W eakening). Given two contexts, , O if dom() = dom( 9 and for all x 2 dom() it is
wsh (x) %x) then the following are true:

1.If ©,t: then ", t:
2.1f 9, t: then

+

t:

+
~pol . ~pol .
3.0F 0Pt then PV t:
4.1 OP% ¢: then P t: Owhere " ©
Moreover, for each implication, the two derivations have the sameheight.

Proof. We prove the four goalssimultaneously by induction on the height of the derivations. For ead goal
the induction hypothesisassertsall others for any derivations of smaller height. We proceedby caseanalysis
on the last rule used.

For the rst goal we have the following casesfor the last rule usedin the derivation of °°, t :

|nst

Casevar . We havethat ©°°, x : , giventhat ° andx : 2 9 By our assumptions,there

~sh

existsa g sucdhthat x: g2 and’ 0 . Then the result follows from Lemma B8 and by

applying rule var again.

Caseabsl. Here °°, \x.t : ! giventhat %x : ., t : . By induction hypothesis
;X1 . t: andby the rule absl we are done.
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Caseaabsl. Wehavethat ° ., \x: .t: ! giventhat %x: . t: . By induction hypothesis

;X1 . t: andby applying rule aabsl we are done.
Caseapp. Here °, tu: giventhat © ,t: | 0 0P . gng Mt 0 By induction
hypothesis . t: ! C%and P u: , and by applying rule app we are done.

Caselet . Here . let x =u in t: gventhat ° " u: and ®%x: . t: . By induction

hypothesis P u: Osothat "> © . Then, by induction hypothesis ;x : ° . t: and by
applying the rule let we are done.

For the secondgoal we have the following casesfor the last rule usedin the derivation of °°, t:

Casevar . Similar to the casefor var above.

Caseabs2. We havethat °°, (\x.t): a! ., giventhat %x: . " t: .. By induction
hypothesis ;x: . " t: ., and by applying rule abs2 this caseis done.
Caseaabs2. Here ©  \x: 4.t: a! . gventhat ® . yand %(x: ) " t: .. Then,

by induction hypothesiswe getthat ;(x: ) " t: , and by rule aabs2 we are done.
Caseapp. Similar to the casefor app above.

Caselet . Similar to the casefor let above.

For the third part, O‘p°'y t : canbe derived using the gen2 rule. Let = 8a. and then we have that

0PV ¢ - 83 giventhat °°, t: fora 2 fiv( 9. By induction hypothesiswe get that ., t :
Moreover sincethe two cortexts are related pointwise in the shallow subsumption relation, by LemmaBIE
we have that ftv() ftv( 9 henceb 2 ftv(), and we can apply gen2 to get the result.

Finally ©°"Y t : s derivable using the genl rule. Assume = 8a. where ° . t: anda =
ftv( ) ftv( 9. By induction hypothesis . t: and becauseftv() ftv( 9, using LemmaEI8it must
bethat ftv( ) ftv( 9 ftv( ) ftv(), which meansthat @ T wherec = ftv( ) ftv(). By applying

rule genl we get the result and it is easyto con rm that " ge. 8a. . O

3.2.2 Connection of syntax-directed and bidirectional type system
Lemma 3.20. Let > be*”. Then

1Lif “t: then .

2.if P t: then PV

Proof. We prove the two claims simultaneously by induction on the height of the derivations. We proceed
with caseanalysison the last rule used.

Caseint . Directly follows by rule int .
Casevar . Directly follows by rule var .

Caseabs. Follows by induction hypothesisand rule abs.
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Caseapp. We havethat ", tu: giventhat

wt:i (!9 1)
WUt )
<sub L (3)
<inst o (4)
By induction hypothesisfor @) weget . t: ! ©and moreover P t : ., which, by
LemmaBTlgives " t: ;. By @ and LemmaBd " t: and using @ and app we get the
result.
Caselet . In this casewe havethat "~ let x = u in t: , giventhat
<pol
@ u: (5)
X ‘Eg'y t: (6)
Then by induction P u: and ;x: . t: . Applying rule let nishes the case.
Caseannot . We havethat ~ (t:: ) : , when
<pol
w ti° @)
<sub 0 (8)
~inst (9)
By induction hypothesiswe get PO ¢+ 0 which by Lemma[3I1 gives ‘pf'y t : % From this, (8,
and Lemma[Zdit must be that ‘pf'y t : . From this and (@ we can apply rule annot to get the
result.
For the secondpart, the casefor gen follows directly by rule gen in the bidirectional system. O
If we replace the relation S with ~% the above theorem becomesfalse. The intuition is that type

annotations may induce somedeepskolemisation subsumptionthat will succeedn the syntax-directed system
since there we generalisemore and fail in the bidirectional where we chedk more! For example, consider
=x:8a.a! b! b! cu:int and P ((xu): (Int ! 8cnt ! c)):Int ! 8cint ! ¢ but it

is not derivable that  *?*Y (xu):(Int I 8c.Int ! ¢)):Int ! 8cint ! clin factit is not typable
at all. Notice that if all annotations and typesof binders in the context werein prenexform, then it is easy
to seethat it would never make a di erence whether “**® was % or *®* and the theorem above would be

true.

Naturally the other direction doesnot hold; the bidirectional systemis more powerful than the simple syntax-
directed system. As an examplelet iy = 8a.a! a, =9g:(ig ! ia) ! Int and considerinferring
" g (\x.x) :Int . This will type-ched, asit is chekablethat ~,\x.x: g ! 4. Neverthelessit is

not derivablethat ", gx :Int asit will not be derivable that Sbgaal a id! .

3.3 Final version of the bidirectional system: deep skolemisation in polytype

checking
The bidirectional system with ~95 s a rich one but lacks two important properties, namely Lemma 320
becomesfalse when **** is “®* and so does Lemma B when the types and contexts are related by ~%*

instead of *°' .
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Consider the alternativ e rule for “*°” given below.

pr( )= 8a.
a2 ftv() St .
< poly R gen2
AR

Here's an important property of this system.
Lemma 3.21. If “,t: andpr()=8a owheeaz2ftv() then ~,t: ( andthe new derivation
has the same height.

Proof. By induction on the height of the derivation ~, t: . We proceedwith caseanalysison the last
rule used.

Caseint . Directly follows by rule int .

~inst dsk

Casevar. We havethat ~, x: giventhat "7 wherex : 2 . Equivalertly °
Then it must be that ~%* aswell and there is a canonical derivation that usesskol at the end.
This meansthat ~®* o and by applying rule var again we get the result.

Caseabs2. We havethat ', (\x.t): (a! ) giventhat ;(x: 3) ‘pf'y t: . It iseasy

to seethat ;(x : a) ‘pf'y t : pr( ;) and has the sameheight, sincepr( ;) = pr(pr( r)). Then
by inversionpr( ;) = 8a.  with a2 ftv( 4;5) ;(x: a) , t:  and by applying rule gen2*

p(X 1 a) ‘pf'y t: r aswell. By rule abs2 weget ", t: 4! | asrequired.

Caseaabs2. In this case ~, (\(x:: x).t):( a! r)giventhat > L. ,and ;(x: x) "
t: .. With the sameargumert asin the casefor abs2 it must be that ;(x : x) " t: , where
pr( ;)= 8a. ( with azftv( 5;). Moreoverit is easyto chek that dsk pr( a) a- Applying rule
aabs2 againgives ;x: x ,t: a!  and nishes the case.

Caseapp. Herewe havethat ", tu: giventhat

Lt:i( !9 (1)

P )

\lrlst 0 (3)

From @ wdsk o . Consider the canonical derivation that endswith skol . Then, assumingthat
~dsk ¢

a 2 ftv( 9 aswell without lossof generality o- Applying rule app again givesthe result.

Caselet . Inthiscase ~ let x =uin t: giventhat " u: and :x: ° t: . Notice
that sincea 2z ftv() andftv( ) 2 ftv() by inversion,it must be that a 2 ftv( ;x : ), therefore the
caseis done by application of the induction hypothesisand rule let .

Caseannot . We havethat ~, (t:: ) : giventhat

R (@)
\lrlst (5)
With a similar argumert as in the casefor app we get that sk o and applying rule annot

nishes the case.
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O

Some important properties rst that carry along from Sectiond and still hold for this variation of the
bidirectional type system.
Lemma 3.22.

1.If “.t: then ", t:

2.1F P t: then PVt

Proof. The proof of the rst part is exactly like the proof of Lemma[3I1 For the secondpart we have

that P t: by rule genl and assumethat = 8a. wherea 2 ftv(). Then . t: which by
induction hypothesisgivesusthat *, t: . Nowletpr( ) = 8b. o sud that b2 a;ftv(). By Lemmal3Zl
*, t: o. But notice that pr( ) = 8ab. ,. Hencewe can apply rule gen2* to get the result. O

Lemma 3.23 (Substitution).

1.f ~ t: thenS °~ t:S.

2. 1f PY¢: thens PVit:s |

Proof. Exactly like the proof of Lemmal3I3 exceptfor the gen2* casefor the secondsubgoal. In that case
we have that ‘pf'y t: whenpr( )=8a. anda2ftv() and ", t: . Then, considera substitution
S [a7rc]sud that T2 vars(S);ftv( ; ). By induction hypothesisS ", t:S [a7ic] . But notice that
pr(S ) = S(pr( )) = S(8a. ). With arenaming S(8a. ) = 8c. S[a 7 ¢c] and we can apply rule gen2*
to get the result. O

Lemma 3.24 (W eakening). Given two contexts, , O if dom() = dom( 9 and for all x 2 dom() it is
wsh (x) %x) then the following are true:
1.1f °,t: then ", t:
2.1f 9, t: then °,t:
<pol <pol
3.1f 0Pt then PV t:
4.1 Pt then P t: Owhee " ©

Moreover, for each implication, the two derivations have the sameheight.

Proof. The proof is the sameessetially asin LemmalBT9exceptfor the casefor gen2* in the third subgoal.
In this case P t: . Let pr( ) = 8a. andthen we havethat °* t: giventhat ©°°, t :

for a 2 ftv( 9. By induction hypothesiswe getthat ., t : . Moreover, since the two corntexts are
related pointwise in the shallow subsumption relation, by Lemma 318 we have that ftv() ftv( 9 hence
azftv(), andwe canapply gen2* to get the result. O

Now, even in this systemwe cannot arbitrarily strengthen cortexts in the ~45 relation and chedk the same

-typeﬂ For example,consider ; = x :8akc.a! Int ! b! b! cand ,=x:8a.a! Int | 8b.b!

7 This is somewhat ugly becauseit means that when a programmer writes her program and wants to revise the type
annotations in the rest of the program; he should change the type annotations so that the new typesare only % more general
~dsk
and not .
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8c.b! c. Thenit isthe casethat , ., x True:Int ! 8b.b! 8c.b! c but this is not derivable when

2 is replacedwith 1, although 1 is a more general context in the ~dsk
slight variation of the weakening lemma holds.
Lemma 3.25. Independently of whether **® is *® or *®* i *® |, pointwise then the following are

true:

way. However a very important

1.If ,°.t: 2then9 ;. 17, t: 1and‘°' 1 2.
2. 1fF o7, t: 1and‘°' 1 2then 7, t: 2.
3. If 2 \p*oly t: » then 9 1. 1 \p*oly t: 1 and ol 1 2.

4.01F P t: pand ® ; ,then P t: ,. Notice the fourth claim that allows now for *®*

weakening.

Proof. The proof remains exactly the sameas the proof of Lemmal3d except for the fourth part. Here we
havethat » " t: ; given that

pr( 1)=8a. 1 1)

azfv( ,) 2)

2 h + t: 1 (3)

We also have that %K 1 2 or equivalertly ~dsk 1 ». Consider the canonical derivation of this

that endswith skol . Let pr( 2) = 8b. , and without loss of generality b 2 ftv( 1);ftv(8a. 1). Then by
inversionit must be that *%* 2. But “® pr( 1) . therefore*®* 8a. ;  ,, or sinceskol can

only be trivially applied dsk a7 1 2. By (@ and the substitution lemma ™ , t : [a 7] 1 with the
sameheight. By induction hypothesis™ , t : , and by applying rule gen2* we are done. O

Corollary 3.26. If P t: ;and ™ ; ,then PV ¢:

Proof. Special caseof the fourth subclaim of LemmaZ23 O

Lemma 3.27.

LIt "t then 7.,
2.1f P t: then PV
Proof. Exactly like the proof of Lemma[32Z0 but now appealing to Corollary in the casesfor annot
and app. O
dsk <ol

Notice now that Lemmal3Z1is independert of whether weuse™ " or .
Lemma 3.28 (W eakening). Let S"* pe % Supmsethat "** ;  ,. Then

1if 5 . t: »then9 1. 1 . t: rand ® (1) 2( ).

2.0f o ,t: gandpr( 1)= 1andpr( 2)= zand‘dSk 1 2then 7, t: 2.

. <pol <pol <dsk
3.0if P t: ,then9 ;. P t: ;and™ ™ 1 L.
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4. if - \pfly t: 1 and ~dsk 1 > then 1 \pfly t:

Proof. We prove the four claims simultaneously by induction on the height of the derivations. For ead claim
we assumethat all others hold for derivations of smaller height. We proceedby caseanalysison the last rule
used.

Part 1: We have the following cases.

Caseint . Just pick Int as ; again.

Casevar . We havethat , . x: , giventhat x: ,2 , and

N ir:st 5 5 (1)

Then, x : 12 1 sud that

~dsk L 5 (2)

Assumethat b = ftv( ,) ftv( 2). Then by the substitution lemmawe get , “. x : [b7!'d] 2

for somed 2 ftv( 1; 2; 2). By (@) and the substitution lemma we get inst 2 [b7!d] 2 and by

transitivit y of ~%*
~dsk

1 [b7rd] 2 3)
Moreover assumethat ; = 8a. ; and without loss of generality assumethat a Z ftv( 1). Then
inst .. By @ wegetthat " 8a. ; [b7'd], Considera®= ftv( 1) ftv( 1). Then
sk 830 . [D77d] 2. Then it must be that d 2 ftv(8a° ;) because
sk gm0 . 8d.[D7!d] 2, or equivalently

a a’ and consequetly
otherwise d 2 ftv( 1). Then by skol admissibility
~dsk — —

(1) 2(2).

Caseabs. Herewe havethat o, . (\x.t):( ! ), giventhat
2 X ! S 4)

Considerb = ftv( ) ftv( »; ) and a renaming substitution [b 7! d] whered 2 ftv( 1; 2; ; 2).
Then by @) and the substitution lemmawe get ,;x: . t:[b7! d] ». By induction hypothesis
there existsa 1 suchthat 1;x: . t: 1 and

<dsk

g8a. ;1 8d.[b7'd]» (5)
wherea = ftv( 1) ftv( 1; ). By therule abs wegetthat ;. (\x.t):( ! 1). Wewish to show
that sk

A, !, 8@ !, (6)

wherea; = ftv( 1; ) ftv() anda, = ftv( 2; ) ftv(). Notice that if T = ftv( ) ftv() then
a, = ac and @, = bc. From (@), sinceby sub ~dsk g, [b7td] o [b7!d] 2, and by transitivit y we

get that

kga . b7 d] 2 )
Then, by rule fun "% 1 8a. , | [077d],and 83 1 I [b77d] » by
transitivit y and rule distrib . By sub and transitivit y sk gae. ! 1 I [b7!'d] 2. Now we
claimthat t2ftv(8ac. ! )andd 2ftv(8ac. ! 1) similarly. The former becausewe quanti ed
over them, the latter becausethe opposite would meanthat d 2 ftv( ;). Then we can apply skol
admissibility to getthat “** 8ac. | ; 8dc. ! [071d] »and by an -renaming of d to b we

are done.
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Caseaabs. Similar to the casefor abs.

Caseapp. In this casewe havethat , . t u: ; giventhat

2 .t (!9 8
PRUTE 9)
\Tst 0 ) (10)

Considera renaming substitution g, = ftv( ; % ) ftv( ,) to freshg,, suc that g, 2 ftv( 1). Then
by the substitution lemma () becomes

2w ti(o! ) (11)

where o= [gr 7t ] and 3= [0r 7t &] % By induction hypothesison (1) we get that there exists
a t with

Lt (12)
“1(1) 8T, o! 9 (13)

Becauseof the choice of g,, from equation (I3 we get

<dsk

Y (S NP (14)

There are two possiblecasesfor ;. It is either a type variable a 2 ftv( ;) or it will be an arrow type
t t
1 2

{ Assumethat (= !! JLandleta= ftv( () ftv( 1). Then by equation ([IZ) and Corollary ZZ0

we get:
“gab.pr( )1 L st.pr(o)! ¢ (15)

where
b2ftv(!) (16)
c2ftv( o 15 25 1 b) (17)
pr( &) = 8b. } (18)
pr( g) = 8. § (19)

By (9 and (I7) it must be that

egab.pr( ! L pr(o)! ¢ (by inversion)
) Y ETb 7 Gl DY) pr(o)! 3 (by inversion)
) Y@ETralpr( Y)! @TT DT 6l pr(o)! 8

From the last equation, by inversion we get that

©pr( o) [ETTRIPHC L) (20)
YT b 7 b 9 (21)

From Corollary (Z2Z0) and ([Z0)
K Tl (22)

From (2 and the substitution lemma, we get

I - ey (G A9 (23)
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By the substitution lemmafor (@) we havethat , ", u: ( and by induction hypothesisand (Z2)
we have
1 Lut[ETtal (24)

~inst

Then, if @7t 3] 5 = 873. 1, where without loss of generality g; 2 ftv( ;) we have that ™

@73} 1. We have all the premisesof the rule app and applying it givesusthat ;" tu:
1. Then it is the casethat 1( 1) = 1([a 7t a] %). By ) we get that

O Erb 7 oy 9
) YebETralh  §
)y “sdb.[a7alb O

whered = ftv(a; %) ftv( 1). But now we know that © 2 ftv(8db. [a 7t 5] %), becauseit

must be that ftv(8db.[at 31 %) ftv( 1), and by (@ T 2 ftv( ;). Then we can apply rule

skol to getthat "® 8db.[a7r 5] L 8c. §, and by Corollary 220 "** 8d. [a 7] & 9.

By the substitution lemma for ([[0) we have inst 9 [ort ] 2 and by transitivit y we have
that “** 8d.[@7r 3] 5 [0 77 &l 2. Now it cannot be that g, 2 8d.[@7t 4] , because
g, 2 ftv( 1). Then we can apply skol admissibility to get ~dsk g, [@7m=3] Y 80, [ 7T %] 2

or by dropping uselessquanti ers and -renaming ~dsk g, @715 2 2) asrequired.

Assumethat { = a andlet a 2 ftv( 1). Then by equation () and Corollary 220 we get:
““'ga.a sc.pr(o)! O (25)
where
T2ftv( o) 1, 2) (26)
pr( 9) = 8C. g (27)

By 29 and (Z8 and inversionon %' it must be that

o o)t 8 (28)
Now yet one more inversion gives
(o) 4 (29)
.ol ) 8 (30)
From Corollary (Z2Z0 and 29
~dsk
0 1 (31)

2 (32)

By the substitution lemmafor (&) we havethat , ", u: o and by induction hypothesisand (1)
we have

1,U (33)

Then ™0 2 2. We have all the premisesof the rule app and applying it gives us that
1 tu: 2. By (B0 we get that

ed. , O (34)
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Part

whered = ftv( 2) ftv( 1). But now we know that T 2 ftv(8d. »), becauseit must be that
ftv(8db. [@7t %] %) ftv( 1), andby (Z8) T 2 ftv( 1). Then we canapply rule skol to get that

o g, 2 8c. 3, and by Corollary Uk gd. , 0. By the substitution lemma for (I0)
we have "™ 9 [gr 7] - and by transitivit y we have that “** 8d. , [gr 7T ] 2. Now
it cannot be that g, 2 8d. , becauseg, 2 ftv( 1). Then we can apply skol admissibility to

get ~dsk g, 2 80,.[01 7T %] 2 or by dropping uselesgquanti ers and -renaming ~dsk g, 2

“,( ») asrequired.

Caselet . In this casewe havethat , . let x = u in t: ;, giventhat

2 TR (35)
23X Lt (36)

By induction hypothesisfor @8 1 . u: %suchthat “** © . By induction hypothesisfor (38

N ~dsk ———— 5 _— . . .
weget 1;x: 9, t: 1sudthat “® T x: A ) 2;X . ( 2) orsince Cis generalisedover 1

and is generalisedover  this becomes ** “1( 1) 2( 2) asrequired. Applying rule let nishes
the case.

Caseannot . We havethat ;. (t:: ) : 2, giventhat

2 ’ + (37)

\ITSI ) (38)

By induction hypothesisfor (83 , ", t: . Assumenow that = 8a. ;. and without loss of
generality, @ 2 ftv( 1; 2). Then "™ 1. Moreover ;1 ; = , sincetype annotations are closed.
Additionally , = [@a7t ] 1 for some™. By applying rule annot we getthat ;1 ~. (t: ) : 1.
We nally have to show that dsk 11 (@7 1). Sincetype annotations are closed this is

equivalert to showing that dsk “,[@7] 1, or by skol admissibility it is enoughto shaw that

"4 [@7r] 1, which follows by (@9
2: For this part we have the casesbelow.

Caseint . In this caseit must bethat , = Int aswell and we are done by rule int .

Casevar . We havethat , , x: 1, giventhat x: ,2 5 and ‘"ft 2 1. It must be then that

~dsk ~inst ~inst

X: 12 1 and by transitivit y of v e 1 and by one more use of transitivity ~,” 1 2.
Applying rule var nishes the case.
Caseabs2. In this case >, (\x.t):( a! )giventhat »;(x: a) " t: ,. By assumptions
sk » or equivalertly,

<dsk A ! ) 5 (39)
By (B9, and since  is already in weak prenex form by assumptionsthe only rule applicable is fun .
Therefore by inversionit must bethat , = 2! 2, such that “%% 5, . and 9K 2.

Also it must be that pr( ;) =  and pr( 22) = 22. Then, by induction hypothesis we get that
(X 21) P t: 4, and by applying rule abs2 we get the resuilt.

Caseaabs2. Here , ", (\(x:: x).t):( a! ) where

<sub

A x (40)
(x5, (41)
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By assumptions‘dSk P 2 Oor equivalently

sk a ! r 2 (42)

By inversionon a canonicalderivation of (@), it mustbethat 2= » ! 2, sudithat " ** , 5
and"® . 5. Alsoit mustbethat pr( ;)=  andpr( 22) = 2. By (@) and transitivit y of

K e get ", . Moreover, by induction hypothesisfor @) 1;(x : x) " t: , and the
result follows by aabs2.

Caseapp. In this casewe havethat , , tu: ; giventhat

2.t 9 (43)
2 LU (44)
\irlst 0 1 (45)

Considera renaming substitution g; = ftv( ; % 1) ftv( ») to freshg,, such that g, 2 ftv( ;). Then
by the substitution lemma ([@3) becomes

2 v t:i( ol 0) (46)

where o= [gr7t @] and = [or7tgz] % By induction hypothesison (@8 we get that there exists
a with

1\*t: t (47)
() T 0! 9 (48)

Becauseof the choice of g,, from equation (Z8) we get

<dsk

<dsk _1( t) o | 8 (49)
Moreover if 9 = [T 7T %] 1, by @9 and @3 it must be that
T IR B (50)
There are two possiblecasesfor ;. It is either a type variable a 2 ftv( ;) or it will be an arrow type
it s
{ Assumethat (= !! JLandleta= ftv( () ftv( 1). Then by equation @9 and Corollary ZZ0
we get:
<ol i t t 1
8ab.pr( 1)! > pr(o)! 1 (51)
where
b2ftv( }) (52)
pr( 3) = 8b. (53)
pr( D= 1 (54)
Notice that we usedthe fact that ¢ isin weak prenex form in equation (B4). By (&I) it must
be that
Ogab.pr( ! L pr( o)! 1 (by inversion)
) Y ETT b7 (D! Y pr(o)! i (by inversion)

) Y ETrElpr( D) @ETTmbT b pr(o)! 1
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From the last equation, by inversionwe get that

U pr( o) [ETTRIPHC L) (55)
b7 oL 1 (56)

From Corollary (Z2Z0 and (&9
R v ey (57)

From @@ and the substitution lemma, we get
Ve ti@ETral( it %) (58)

By the substitution lemma for (@4) we have that , *, u : o and by induction hypothesis
and (B4 we have
1eut@ETLl g (59)

From (BB we havethat *® 8b. [@7r—] 5 ! or by Corollary
Ty g (60)
Considerthe substitution V = [gz 7t 01]; then the last equation and (B8), (B9), and (&0) become:
VAPRIS SAVA L w s ey (R WA (61)
Vo, uiVETTLl (62)
VETTEl L VS (63)

ButV ;= jandV 9= i, thereforeby transitivit y and (&3 wdsky a7l b 2. Then we
canapply rule apptoget 1 ,tu: ».

Assumethat = a andlet a 2 ftv( 1). Then by equation () and Corollary [ZZ0 we get:

<ol

8a.a pr( o)! ¢ (64)

sincepr( 9) = 1. By (B2 and inversionon *® it must be that

ol

1! o2 pr(o)! 1 (65)
Now yet one more inversion gives
ol
pr( o) 1 (66)
<ol ) % (67)
From Corollary (Z2Z0 and (&9
<dsk
0 1 (68)

2 (69)

By the substitution lemmafor (@) we havethat , *, u: o and by induction hypothesisand (&9
we have

1,U (70)
From (&0 and Corollary Z20 we have that
.dsk
T (71)
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Considerthe substitution V = [gz 7t 01]; then the last equation and (€9), [ZO), and (1) become:

V]_\*t:V 1V o, (72)
V 1\+U:V1 (73)
RRVAPSRRVAR: (74)

But V. ;= ;andV 9= 4, therefore by transitivit y and (74 rdsk-y 2 ». Then we can

apply ruleapptoget 1 ,tu: o

Caseannot . Here , ", (t:: ) : 1 giventhat

<pol
PR (75)
. (76)
By induction hypothesisfor @3 1 " t: and by transitivit y of *®* we obtain "' ». The

caseis done by applying rule annot onceagain.

Caselet . In this casewehave , ,let x =u in t: 1 when

LR (77)
P15 S S (78)
By induction hypothesisfor () i POV Osuch that "9 0 . Then, by induction hypothesis

for @@ 1;x: %, t: ,andwe aredonewith an application of rule let .

Part 3: For this part, by rule genl wehavethat , = 8b. , sudithat b= ftv( 2) ftv( 2)and » . t: .
By induction hypothesisforsome 1 1 . t: 3 and "% 2 8a. 1,wherea= ftv( 1) ftv( 1). Applying

the rule genl nishes the casesinceweget 1 *°Y t:8a. ;.

Part 4: By rule gen2* we havethat , " t: ; giventhat pr( ;)= 8a. ; anda2ftv( ,) and

2 Lt (79)
We alsohavethat "% |, 0% |, Weknowthat "™ pr( 1)  and by transitivit y of *%*
UKem ., (80)

The canonical derivation of (80) must have the rule skol applied last. Assumethen that pr( ) = 8b. »
and without loss of generality 3
bZftv( 1; 1) (81)

~dsk ~dsk

Then it must be that 8a. 1 2 and by inversion a7 1 », for some —. Moreover
pr(@7r—] 1)=[a7 ] i1andpr( 2) = ». From ({9 and the substitution lemma we get

L ti[aT] . (82)

From (B2) and induction hypothesisweget ; ", t: 2 and becauseof (8l) we can apply rule gen2* to get
the result. O
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pr( 1)286127!t azb
— — r
pr(8a: 1) = 8ab: , 7! x:(8ab: ,): &t (x [a]) P

pol y

pr( 2)=8a , 7't a6Ztv( 1)

prfun
pr( 1! 2)=8a 1! 7 x:(8& 1! L) y: 1it( axjaly)

prmono
pr( )= 7! x: x

~dsk 071 t

pr( »)=8a. 7!t
a GZtV( 1) ~dsk 1 R
O L7 xs it (&t x)

deep-skol

Nl - w o e IR I .
8a. ; 270 x:(8a: )it (x[7])

pec

~dsk

~dsk dsk

3 17t ’ 2 47!t

f
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<dsk
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Figure 10: Creating coercion terms
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Figure 11: System-F with open types
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Figure 12: Bidirectional higher-rank type systemwith retyping functions
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3.3.1 Type-safety of the bidirectional system

The semartics of the languageis de ned via a translation to System-Fterms (where open typesare allowed
and treated asarbitrary constarts). Subsumption createscoercionterms that are applied appropriately. We
give an more suitable presenation of weak prenex corversion and the subsumption relation in Figure [[d
System-F sematrtics are given in Figure [[1 The actual translation is givenin Figure 2

Lemma 3.29 (W eak prenex retyping). If pr( )=8a. 7!tthen Ft:(8a. )!

Proof. Easy induction. O

~dsk
If

Lemma 3.30 (Subsumption retyping). 1 >7ltthen Ft: 11 5.

Proof. Easy induction. O

Lemma 3.31 (Translation semantics).

1.If ° ty: 7'tathen “F ity

2.01F PVt 7ty then CF ity

Proof. Easy induction. O

Corollary 3.32 (T yp e soundness). The bidirectional systemhas the type soundnessproperty.

Proof. By Lemmal331 the translation yields a well-typed System-F term. O

3.4 Conserv ativit y over Damas-Milner

We show that the type systemswe introduced are all consenative extensions of the Damas-Milner type
system, given in Figure [[3 and Figure [[4 Damas-Milner typesare of the form 8a.

Denition  3.33 (DM ( ;t) predicate). Let the predicate DM ( ;t) whert is aterm and a context be
true i:

All typesbound in  are DM types.

t contains no type annotations.

~DM

Lemma 3.34. If DM ( ;t) and t: then " 4t:

Proof. The proof is by induction on the height of the derivation PM ot which is completely straight-
forward and we ommit. O
However it is not true that if DM ( ;t) and 4 t: then PM 't . since by rule subs we can
downgrade the type arbitrarily . What is true is that 9 © " t: Osuch that “** ©

Lemma 3.35. If DM ( ;t)and ", t: then ", t:

Proof. Consequenceof Lemmal3Z1 O

Lemma 3.36.

1.1f°%8a , ,then[@7r—] 1= , for some™.
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t: gen — inst
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Figure 13: The non-syntax-directed Damas-Milner type system

> then [a_71_] 1=

Proof. The rst part follows by inversionon ° For the second,just obsene that the prenex forms of the
typesare the typesthemselwes,and by using Corollary 220 the result follows by the rst part.

Lemma 3.37. f DM ( ;t)and . t: then =

Proof. By induction on the derivation of . t:

Lemma 3.38. If DM ( ;t) and then =

b

Proof. By induction on the derivation of . t:

Lemma 3.39.

~DM

then " t:

1L.IfDM( ;t)and ", t:

~DM

then "o t:

2. fDM( ;t)and ", t:

Proof. We prove the two claims simultaneously by induction on the height of the derivations. We proceed

with caseanalysison the last rule used.

Caseint . Directly follows by int .
Casevar. We havethat =~ x:

~sub

8a. o . By Lemmal3338
rule var to get the result.

, given that
canjust apply var . In the + direction we have by assumptionsthat
= [a7t 3] o and therefore "™ 8a. ,

> for some™.
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Rho-types
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i:Int i(x) T Xz
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(N ! abs S S app
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| ‘p0|y t : 0
POV oy ~sub 0
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Figure 14: The syntax-directed Damas-Milner type system

Caseabsl. Here we havethat . \x.t: 1! , giventhat ;x: 1°
(X1 SC;V' t . , and applying rule abs nishes the case.

. t 1 2. By induction

Caseabs2. ~,\x.t: ;! ,giventhat ;x: 1 ‘pf'y t: o, or by inversion ;x: 1°

induction ;x: 1 ‘EdM t . » and applying rule abs nishes the case.

+ bt 2. By

Caseapp. We havethat ~ tu: giventhat ~.t: ! O P y. gpg ™ o gy
LemmalZ34it must bethat = ;! . Then by induction SDJV' t: ¢! - and ‘SDdM u: 1
andby app 2V tu: ,. But weknowthat "™ , | hence ™ and it can only be that
2 =
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Figure 15: The world

~

Caselet . In this case let x =uin t: giventhat

POy @

D G 2)

It must be the casethat = 8a. sudhthat . u: anda= ftv() ftv(). By LemmalB3dwe
DM

getthat = ; andby inducton "2V u: ;. Bygenthen ;" u: and isanDM type.By

induction hypothesisfor () and application of let we get the result.

The rest of the casescannot happen. O

Lemma 3.40. Assumethat ***° is *®* in what follows. If DM ( ;t) and “hsg U0 then there exists a
Osuchthat " t: Oand "** ©

Proof. If 4 t: ,by LemmaBadweget " t: sud that ~dsk () . By LemmalZ338 we get that
= . Then by LemmalE33wegetthat . t: andby LemmalB39we get Z;V' t: . By Hindley and

Milner's result "™ t: and by rule gen PM ¢ (). O

< . D™ poly ~poly
« bt oandif ", t: then " t:

Lemma 3.41. If DM ( ;t) and ‘EdM t: then

Proof. Straightforward induction. O

In conclusion, the world looks like Figure M3 In this gure we assumethat “45 s used and that the

bidirectional system usesthe gen2* rule. Solid lines correspond to unrestricted relations between type
systems,shadowed lines correspond to relations where the terms are unannotated and the contexts corntain
only Damas-Milner types.
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4 A formalised typ e inference algorithm

In this section, we give a precisebut abstract speci cation of a type inferencealgorithm. The nal version
of the bidirectional system was a syntax-directed system. A syntax-directed systemis an important step
towards a type inferencealgorithm becausethe stepsof the algorithm could be driven by the syntax of the
term, rather than having to seard for a valid derivation.

However, a syntax-directed type system doesnot fully specify an inferencealgorithm. At certain points in
the syntax-directed system, guessingis still required|for example,in the rule inst , the rules do not specify
what types™ should be usedto instantiate the bound variables of a polytype. Becauseof this guess,typing
is non-deterministic. By making di erent choicesfor — we can show that a given term has many di erent

types.

The point of a type inference algorithm is to choose, out of all of these possible types, the one that is
the \b est” or most-general. Below, we formally specify a type inference algorithm for the bidirectional
Odersky/L«aufer system, basedon the Damas-Milner \Algorithm W". We begin by discussingtype variables
(SectionE) and uni cation (SectionE2). Then we give the formalisation of Algorithm W in SectionZ3
and nally extend it to higher-rank typesin Section4

4.1 Type variables and substitutions

In the discussionso far we have encourtered two distinct kinds of type variables: ordinary type variables
and meta type variables. Consider the syntax of Damas-Milner types:

8a.
Int j 1! 2 ja

The type variable \a" is part of the concretesyntax of types:a! Int and 8a:a! a areboth legal types.
On the other hand,\ " and\ " are meta-variables part of the languagethat we useto discusstypes, but
not part of the languageof syntax of typesthemseles. For example, ! is not itself a legal type. The
typing judgemerts for a type system (Figure [[3 for example) usesboth kinds of variables. It uses\a" to
mean\a type variable", and\ " to mean\some type obeying the syntax of -types".

In a type inference algorithm, however, meta type variables are represeried explicitly. The Algorithm W
approach works as follows:

When we must \guess" a monotype, such asin rule inst , we make up a fresh meta type variable,

We carry around an idempotent substitution that maps meta type variables to monotypes (possibly
involving other meta type variables).

As the algorithm progresseswe generateequality constraints, which we solve by uni cation, extending
the current substitution to re ect this solution.

For example, considerthe application reverse [1,2] , wherereverse ::8a:[a]! [a]. We caninfer the type
of the application asfollows. First, we instantiate the type of reverse with a fresh meta type variable, say

, yielding the type[ ]! [ ]. Now, infer the type of [1,2] , yielding [Int ]. Now, sincereverse is applied
to that list, we know that the equation[ ] = [Int ] must hold. We can solve this equation by the standard
uni cation algorithm, yielding the substitution [ 7! Int ].

To summarise,the basic infrastructure required by this approad is as follows:

We distinguish between ordinary type variables (written a;b;c), and meta type variables (written

s
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We need a source of fresh meta and ordinary type variables. The reasonthat we also require fresh
ordinary type variablesis that whenewer we are going\inside" a polytype we needto treat the bound
variables in the body of the type as completely fresh; therefore we needto replace them with fresh
type variables. This point will becomemore clear in Section=3

We thread an ever-growing, idempotent substitution through the algorithm. This substitution is a
nite map, that maps meta type variables (only!) to monotypes.

We needa uni cation algorithm that takesthe current substitution, and an equation between mono-
types, and extends the substitution to make the two typesequal. Indeed, we usethe term \uni er"
and \substitution" interchangeably

The fact that meta type variables range only over monotypesis becauseour systemis predicative: in rule
inst for examplewe only \guess" a -type,not a -type. The syntax ftv() still denotesall free variablesin
the argumerntjmeta and ordinary. Sometimeswe use fmv( ) to denote the free meta type variables of the
argumert and fov( ) to denotethe set of ordinary type variables of the argumert.

4.2 Unication

In Figure [I8 we give a uni cation procedure. It is written using inferencerules, but it can be read very
directly as an algorithm. We presert it here primarily to introduce the notation; the algorithm itself is
completely standard.

We give rst-order unication in Figure [[8 The inferencerules can be seenas a procedurethat, givenan
initial unier Sy and two types ; and ; returns a new substitution S;|whic h extends Sland uni es the
two types.

4.3 Algorithmic version of Damas-Milner typ e inference

Before doing type inferencefor higher-rank types, we begin by treating the original Damas-Milner system.
Figures[I8and[4show the type inferencealgorithm for Damas-Milner type inference. Theserules are closely
basedon Figure [IZ ead rule in that gure hasa corresponding rule in the algorithmic version.

The main judgemernt of the algorithm hasthe form
(So;A0); "t ) (Si5A)

meaning that \giv en context , an initial substitution Sp, a symbol supply Ag and term t, the algorithm
producesthe type , substitution S; and a set of remaining symbols A;. This judgemert relies on auxillary
judgemerts for generalisation, instantiation and subsumption that correspond to the other judgemerts of
Figure 14

The symbol supply A is an unordered collection of distinct type variables, and modelsthe supply of \fresh"
type variables that is required by Algorithm W. Each judgemert that needsfresh type variables takes a
symbol supply Ag asinput, and producesa depleted supply A; asoutput. The notation AX is the disjoint
union of a nite setX and a supply A.

In a similar way, most judgemerts take as input a substitution Sy and return an extended substitution
S;. Unlike some presenations, we do not require that the returned type is a xed point of the returned
substitution.

The growing substitution and diminishing symbol supply are \threaded" through ead judgemert. For
example, in rule app of Figure [I8, the incoming (Sp;Ap) are usedto infer the type of the function t; that
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(So;A0); t: ) (SpAY)

( output)

int
(So;Ao); ~i:Int ) (So;Ao)

<inst

X: 2 (So; Ao) ) (S1;A41)
var
(So;A0); " x: ) (S1;A1)

(So;A0); ;x: ~t: ) (S1;AL) .
(So;Ao ); “\x.t: ! ) (S A1)
(So;A0); ~t: 1) (S1iA1)
(S1;A1); T u: 2) (S2A2)

S 1= 2! ) S
(SosA0 ) “tu: ) (SsiAz)

bs

app

(So;A0); P u: ) (SiAY)
(S1;A1); x: Tt ) (S A2)

(So;Ao); “let x =uin t: ) (S3A2)

let

(So;A0); PVt 9) (Si;Ay)
(SAD) ™" 0 ) (SA2)
(S A2) "™ ) (Ss;As)
(So;A0); ~ (t ): ) (SsiA3)

annot

Figure 16: Type inferencealgorithm for Damas-Milner system

returns (S;; A1) which are usedin inferring the type of the argument u; and the result (S;; A») is returned
from the application.

Figure [[7 givesthe judgemerts for instantiation, generalisation,and subsumption (compare to Figure [134).
The generalisationinference judgemert

(SoiAo); PV t: ) (SiAw)

returns an inferred polytype . Note that in the generalisationrule gen we gather all the free meta type
variables of the returned type that are not in the context | hencethe — notation there. When gathering
thesefree meta type variables, we must be careful to appply the latest substitution S;, which re ects all the
constraints we have encourtered so far. Any meta type variables — that are mentioned only in S;( ) can
be generalised,by replacing them with ordinary type variables b, and then quantifying over b. We do not
extend S; with this latter substitution; instead, we simply substitute in S;( ).

It is worth discussingthe rule skol a little more.

(SoiA0) "™ [@T7IB] ) (Si;A1)
b2ftv(S, ) b2ftv(Si(8a. ))

(So; Agb) ™" ga. ) (SiA1)
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(S Ag); ™Yt: ) (SyAY)

( output)

(So;A0); ~t: ) (S1:A1)
T=ftv(S ) ftv(Sy)

(SoiAcd): " t:8b.[ 71 BlS ) (SuAl)

(So; Ag) ~™ ) (Si;AY)

( output)
(So;Ao )™ 8a. @71 1) (So;A0) inst
~sh
(So;Ag) ™" 1 2) (SuAY)
( 1; 2 inputs)

(So;A0) ™" [@T7TH] ) (Si;A1)
b2ftv(S; ) b2ftv(Si(8a. ))

(So;Aob) "™ 8a. ) (SiA4)

(So;A0) @7l 11 2) (S1;A1)
(SiAo ) ™" 8a 1 2) (SiAL)
S 1= 2) S

~sh

m
(So; Ao) 1 2) (S1;A0)

ono

Figure 17: Generalisation, instantiation and subsumption for Damas-Milner

For this rule we needto ched if is more polymorphic than 8a. . The rst thing that we needto conrm
is that  is more polymorphic than [a 7! b] , that is, the body of 8a. where we have replacedthe bound
variableswith completely fresh type variables|hence the requiremert for the symbol supply to also contain
fresh ordinary type variables. Intuitiv ely this step assumesany unknown instantiation of 8a. and tries
to ensurethat is more polymorphic that this instatiation. The algorithm will yield back a unier S,
that may possibly contain b in its range|consider for examplethe returned uni er that takessomeof the
meta variables for an instantiation of to monotypes cortaining b. However none of the free meta type
variables of S; and S;(8a. ) should be amongb, becausethen these variables would escage their scope:
We do not want to allow unbound ordinary type variablesin our returned types.

Theserules form an algorithm becausethere is no guessingto be done. Not only is the derivation constrained
by the syntax of the term, but all guessinghas beeneliminated. For example, the guessingof the argumernt
type in the rule abs is replaced with the generation of a fresh meta variable. Likewise,the guessingof —
in the rules inst and spec usesa list of fresh meta variables instead. When types must be compared for
equality (in the rules app and mono) the algorithm instead usesuni cation to determine if there is some
substition for the metavariablesthat makesthesetypesequal.
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= or =a
——urefl
S =) S
2 dom(Sp) 2 dom(So)
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Figure 18: Uni cation

(So;Ag) "t = 19 (SA)Y)

( input; ! Coutput)
S = ! ) S
, ufun-mono
(S;A ) = 1 ) (SiA)
ufun-arr ow
(So;A0)~ 1 %= 1 %) (SuiA0)

Figure 19: Arrow Uni cation

4.4 Algorithmic version of the bidirectional system

We now extend algorithm W to the bidirectional type system. The revised algorithm appearsin FiguresZl

The rst important di erence betweenthe previous algorithm and this oneis the de nition of subsumption.

. . . . <dsk . . . . .
The new de nition follows closely canonical derivations of ““*“. The new subsumption relation is given in
Figure

In addition to the uni cation procedurewe gave in previous section we also require a procedurethat uni es
atype with an arrow type. The arrow uni cation judgemert of the form

(So;A0) ' = 1! 1) (SiiAY)

takesan initial unier Sy, an initial supply Ap and a type . It producesa bigger unier S; and an arrow
type that matches once S; has beenapplied to thesetypes. The rules are straightforward and given in
Figure I3
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prfun
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Figure 20: Weak prenex cornversion

(So; Ag) ~™ ) (Si;AY)

( output when =* input when =+)

——nst ainstl
(SosA0 ) "« 8a a7t 1) (So;Ao)

(So; Ao) ) (SuA1)
—rst ainst2
(So;Ao) " ) (S1;A41)

Figure 21: Algorithmic instantiation

Weak-prenexcornversionis given by the following judgemert:
Ag Pm 71 9 Ay

The rules are givenin Figure Z0 notice that it consumessymbols from the supply in order to \freshen" the
qguanti ed variables of the types.

The instantiation relation hasan algorithmic version, showvn in Figure ZI The instantiation judgemerts are
given by (So;Ao) vinst ) (S1;A1). Again, they take an initial unier Sy and a supply Ao and either
ched or infer that is more polymorphic than and return the rest of the supply A, extending perhaps
the unier to S;.

The inferenceand cheding judgemerts are givenby (Sp;Ao); = t: ) (Si;A1). In the caseof inference,
just like in the Damas-Milner algorithm, we take a unier Sy and a supply A and, in return bad a type

. In cheking mode we ched if we can assignthe type to the term t. In any casewe return an extended
unier, S, as well as the rest of the supply, A;. Notice the use of arrow uni cation in the abstraction
cheding judgemerts alg-absl and alg-abs2 aswell asthe application judgemert alg-app .

Finally we have the polytype inference and cheding judgemerts (Sp; Ao) ; pol g ) (S1;A1). The
inference caseis very alike the generalisation inference case of the Damas-Milner algorithm. The corre-
sponding cheding judgemert should be read as: \ched that is at most as polymorphic asthe term t".
Notice the similarity of this rule comparedto the skol rule of the subsumption judgemert. We also have
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~dsk

(So; Ao) 1 2) (SuAl)
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azftv(sS: 1) azftv(S o)

N askol
(So; Ao) 1 2) (S1;A2)

~dsk
(So;A0) "™ 1 2) (SpAy)
(SoiA0) ™ @TT 11 2) (SuAu)

=, <dsk aspec

(So;A0 ) 8a. 1  2) (S1;Ay)
(So;A0) ' = 1! 2) (S1;A1)

~dsk

(S1;A1) 3 1) (S2A2)
(S2:A2) "% 5 1) (S3iAq)

funl
(So;Ag) " * 3! 1) (SsiA3) i
(So;A0) "t = 3! 4) (S1Al)
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(SQ:A%ZSK 2 4) (SsiA3) afun?
(So;A0) L ) (S3iA3)
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(So; Ao) 1 2) (S1;A0)

Figure 22: Algorithmic subsumption

to peform weak-prenexcorversion and make sure that the returned uni er doesnot unify someof the free
meta variables of the context or the polytype with thesefresh variables.

4.5 Prop erties of the type inference algorithm

The soundnesstheorem states that if the algorithm determinesthat a term t hasa type , then there is a
derivation using the rules in Figure @ assigningthe sametypeto t.
Theorem 4.1 (Soundness).

1. SupmseAp 2ftv() and ([;A0); "« t: ) (S;A1). Then for any substitution V with dom(V ) =
fmv(S ;S ) wehaveVS ", t:VS .

2. SupmseAp 2ftv( ; )and([l;Ao0); ~.t: ) (S;A1). Then for any substitution V with dom(V) =
fmv(S ;S ) wehaveVS ", t:VS .

The role of the substitution V is auxiliary and at rst readingonecancompletelyignoreit. The reasonis that
the algorithm may return someun-uni ed metatypevariables. For example([]; ); ~ \x.x: ! ) (;f9).
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(So;A0); ~ t: ) (SuAY)
( output when =* | input when =+)
2 (AT ) SiAd
(S0;A0); X: ) (S1;A1)
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Figure 23: Inference/Cheding Algorithm

Of coursemeta type variables do not appear syntactically in the bidirectional system. The substitution V
simply eliminates such meta variables from the returned types.

Completenesson the other hand says that if the bidirectional systemassignsthe type

to the term t, then

the algorithm can infer atype °that canproduce through somesubstitution.
Again, when we state this theorem, we must constrain the the symbol generator to be \fresh" from the

variablesin the judgemert.
Theorem 4.2 (Completeness).

1. Supmsethat Ag 2 ftv( ;
that RS ©=

2. Supmsethat Ay 2 ftv( ;

The algorithm is complete with respect to the syntax-directed system.

). If .t then([;Ao); "« t: %) (S;A;) and there existsR such

). If L, t: then([;Ao); “.t: ) (S:A;) andS
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(S Ag); ™Yt: ) (SyAY)

( output when =* | input when =+)

(SosA0): "« t: ) (S1;A1)
T=ftv(St ) ftv(Sy)
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(SoiA): "V t: ) (SuAy Y

Figure 24: Algorithmic generalisation

Combining completenessand soundnesggivesus a principal typesproperty for the bidirectional system (see
also Sectiond). It tells us that out of all the typesthat bidirectional systemassignsto a term, there is a
bestone (the principal one), sud that all others are substitution instancesof that one. That typeis precisely
the one picked out by the algorithm.

4.6 Pro ofs about the algorithm

Denition 4.3 (Excluded- X substitution equiv alence). Given a set of variables X, we de ne the
excludedX equivalencerelation on substitutions as:

S 1=Snx ., 8azX,S(a) = S(a)

Intuitiv ely, two substitutions are excludedX equivalent if they agree everywhere except perhaps for some
variablesin X. Recall that we write X1 2 X5, where X, X, are setsof variables, meaningthat the two sets
are disjoint. A uni er is a substitution whosedomain contains only meta typ e variables . In what follows
symbols S;T;U;V denote uni ers unlessstated explicitly otherwise. When we write [a 7! b] S, sincea
can't bein the domain of a unier S we meanthe (renaming) substitutions of a for b in the rangeof S. On
the other hand [ 7! b] S denotesthe substitution composition of [ 7! b] and S.

Let us start by proving some sanity cheds and useful facts about uni cation. The rst property that we
needis that when we start with a well-de ned substitution, we end up with a well-de ned substitution: For
our purposesthe notion of a mathematically well-de ned substitution will coincide with idempotency:

Siswel-denedi 8 .S =S(S)

Lemma 4.4 (Idemp otency of uniers). |If §isidemmtentandS;~ 1= ) S thenS, isidempotent.

Proof. The proofis by induction on the de nition of the uni cation procedure. The casefor urefl is trivial.
The casesfor bvarl , bvar2 , ufun follow easily by applying the induction hypotheses.Let us considerthe

caseuvarl (the caseuvar2 is similar). Herewe havethat S~ = ) S, giventhat
2 dom(Sp) ()
2 ftv (S ) 2)
SS=[ "S] S 3

65



We show by induction on that $;S; = S; . All the casesare easyor follow by induction hypothesis

exceptfor the casewhere = .If = wehaveS, = S , which meansthat:
S8 = S%
= [ S 1S5S
= [ "S 1S (becauseS, is idempotent)
= S (by @)
= 5

Similarly, if 6  we have that

SSbh = [ 7S IS[a7 S 1S
[ 7' S 1SS0
[ 7' S IS

St

O

It is a seriesof easyinductions to show that all uni ers mentioned throughout the paper are idempotent.
These proofs rely on the last lemma. We omit these proofs and assumethat we only deal with well-de ned
uni ers in the rest of the documert.

Now a quick ched about the variables of the uni ers. What this says is that our returned unier is larger
than the input uni er and that it doesn't contain symbols made out of thin air.
Lemma 45. If S 1= 2) S then:

1. vars(S;)  vars(So) [ ftv( 1; 2)

2. dom(Sy) dom(S;)
3. rangeg(S;)  range(Sp) [ ftv( 1; 2)

Proof. Easy induction. O

The next lemma establishesthe soundnessof uni cation.
Lemma 4.6 (Unication soundnesss). If S ° 1= 2 ) S thenS 1 = S 2 and there exists a
substitution R suchthat S; = R S. Moreover vars(R) ftv(Sy 1; S0 2).

Proof. The proof is by induction on the derivation of uni cation. We examineall cases.

Caseurefl . Trivially take R to be the empty substitution.

Caseufun . Here we havethat S~ ;! .= 91 2) Sygiventhat S~ 1= ?) S
andS; ° 2= 2) S,. By induction hypothesisS; 1 = S; Pand S; = Ry S for someR; and
vars(Ry) ftv(So 1,0 {7) Also by induction hypothesisS; , = $; gand S, = R, S; for someRs.

Then we have that
vars(Rz)  ftv(S1 2;S1 3)

) vars(Ry)  Ri(ftv(So 2;S0 D)
) vars(Ry)  ftv(So 1;S0 I ftv(So 2:S0 D)

Then we have R»S; 1 = RS f, henceS, 1 = S fand taking R = R, R; nishes the casesince
vars(R) vars(R1;Rz) aswell.
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Casebvarl (the casefor bvar2 is similar). HerewehaveSy,~ = ) Sygiventhat S § = )
S; when 2 dom(Sp). By induction hypothesis$1Sy, = S; and S, = R S for someR. Moreover
vars(R) ftv(SoSo; So ) and becauseof idempotency vars(R) ftv(Sy; S ). Then RS S, =S
and becauseSy is idempotent RS, = S; orS; = S; . Therefore taking the sameR nishes the

case.

Caseuvarl (the casefor uvar2 is similar). HereSy~ = ) [ 7! S ] S giventhat
2 dom(So) 1)
2 ftv(So ) (2

Then[ 7! S ]S = S becauseof M) and Sy = [ 7! S ]S becauseof ([@). Finally pick
R=[] 7S ]. Thenvars(R) = ftv(; So ) = ftv(So; So ).

O
Lemma 4.7. If S 1= 2) S thenfov(Sy 1;S1 2) fov(Sp 1;S0 2).

Proof. By uni cation soundnesslemmal8 we havethat fov(S; 1;S; 2) = fov(S; 1) = fov(RSy 1) and we
know that fov(RSy 1) fov(R) [ fov(So 1) fov(So 1;S0 2)- O

Next we establish completenessof uni cation, that is, we will show that if two typesare unied by some
substitution, then our algorithm returns always a most generaluni er.

Lemma 4.8 (Unication completeness). If S§ 1 = S§ » then unic ation of Sy, ; and , suceeds,
thatis, o~ 1= 2) Sy suchthatS Sy = R S for someR. Moreover vars(S;)  vars(Sp);ftv( 1; 2)
and vars(R) vars(S;S:; S).

Proof. Consider the following lexicographic pair to be a metric for a givenuni er S, types 1 and ».

= hjrange(So) [ ftv( 1; 2)j;size( 1) + size( )i

We show uni cation completenessby induction on the value of (We can use the same metric to show
termination of uni cation as well). Obserne rst of all that the two types cannot be tow distinct type
variables. We proceedby caseanalysison the possibleforms of ; and ».

Both of them are arrow types,that is 1 = 11! 12and 2= 2! 2. In this casewe have that
SS 11 = S§ 21 andSH 12 = S 2. By induction Sg° 11 = 21 ) S sudh that for someR; we have
S S = R; S;. Now alsoby induction hypothesis(by LemmaBE3range(S;) range(So)[ ftv( 11; 21))
ST 12= 22) S sudhthat Ry S; = R S, for someR hencegiving usS Sp = R S, hencegiving
us the result by ufun .

Assume that they both are ordinary variables: Then they have to be the same since the only rule
applicable would be urefl and the casefollows trivially .

One of them is a meta variable and assume ; =  (the casewhere , is a variable is symmetric).
Assumealsothat , = . Then, if , is exactly the samevariable then urefl is applicable and the
result follows easily.

If ,= 6 we havethe following cases:

{ 2 dom(Sy). In this caseif we can show that SS(S ) = S then we will be done, as we will
be able to apply the induction hypothesis (jrange(Sp) [ ftv(; )j jrange(So) [ ftv(So; ) j=j
range(So) [ ftv( )j, since 2 rangeg(Spy) becauseS is idempotent) to getthat S So = ) S
with S S = R S and by rule bvarl the casewill be nished. But obsene that the above
follows directly from the idempotency of S.
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{ 2dom(S). Here we have the following casesfor Sy :

S = . Thensince 2dom(Sy) wehavethat = for some 2 dom(Sp). But this means
that we can apply rule bvar2 with urefl in its premiseto get the result, taking R = S.

2 ftv(Sp ). This casecan't happen asit would require S§ =SS or S = S(S ) but
the sizesof the typesin the left and right hand side can never be the same.

2 ftv(So ). In this casewe can apply the rule uvarl to get the result. Now we needto
nd Rsuththat S Sg=R [ 7' S ] So. SinceSS =SS it must bethat 2 dom(S)
andS = S(Sp ), which meanswe canwrite SasS= S° [ 7! S ]sincealso 2 ftv(Sy ).
Now just pick R = S°and we are done.

O

From the soundnessand completenessof the uni cation procedure we can derive two easy corrollaries for
the arrow uni cation procedure.
Lemma 4.9 (Arro w unication soundness and completeness).

1. If for someAp suchthat Ay 2 ftv( );vars(So) it is (Ao;S) > = ! 9) (Sy;A;) then'S, =
S ! S %and 9R suchthat S; = R Sg. Moreover ftv( ! 9 vars(Sp);ftv( ); (A A1) and
vars(S;) vars(Sp);ftv( ); (Ao  Ajp) andvars(R) ftv(Sy ); (Ao A1)

2.1 S§ = o! Jthen for any symhol supply Ay suchthat Ag 2 vars(S;So) and Ag 2 ftv(; o; §),
(Ag;So) = | 9) (S;;A;) suchthat 9R with S Sy = R Sina,a , and RS; = ( and
RS; %= 3. Moreover vars(R) 2 A; and vars(S;) 2 Aj.

Proof. The soundnesspart is by induction on the arrow uni cation de nition and appealing to uni cation
soundnesswhile the completenessart is by caseanalysison the type structure and appealing to uni cation
completeness. O

Here's a lemma about the free ordinary variables during arrow uni cation.

Lemma 4.10. If Ag 2 ftv( );vars(Sp) and (Ag; So) = 1! 2) (S1;A1) thenfov(Si; S1 1:S1 2)
fov(Sy ).
Proof. Like the proof of Lemmal4 O

4.6.1 Completeness

In this sectionwe shaw that the typesthat the type systemattributes to terms can be considered\instances"
of typesthat the algorithm discovers. We needa seriesof auxilliary lemmas rst.
Lemma 4.11. If Ag"P" 7!8a. ) Aithena Ay AL, ftv( ) = ftv(8a. ).

Proof. Easyinduction on the de nition of ~ P". O
Lemma 4.12.

1 0f Ag 2 vars(So) [ ftv( 1; 2) and (So;Ao) sk 2 ) (S1;A1) then there exists R such that

S1= R S, vars(Sy) vars(So)[ ftv( 1; 2)[ (Ao A1), andvars(R) ftv(So 1,0 2)[ (Ao Ax).

2. If Ag 2 vars(S) [ ftv( 1; 2) and (So;Ap) ~dsk 1 2 ) (S1;A1) then there exists R such that

S1= R S, vars(Sy) vars(So)[ ftv( 1; 2)[ (Ao Ai), andvars(R) ftv(So 1,0 2)[ (Ao Ax).
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Proof. The two claims can be proved simultaneously by induction on the height of the derivations, appealing
to the uni cation properties in the monotype case. O

The next lemma assertsthat no ordinary type variablesfrom the symbol supply escage in the \useful" range
of the uni ers.
Lemma 4.13.

1If Ag 2 vars(So) [ ftv( 15 2), (So;A0) ™ 1 2) (SiA1), and fov(Sp 1;S0 2) X, then
fov(St ;S 2)  X.

2. 1f Ag 2 vars(So) [ ftv( 1; 2), (So;Ao)
fov(St ;S 2)  X.

sk 2) (Si;A1), and fov(So 1:S0 2) X, then

Proof. We prove the two claims simultaneously by induction on height of the derivations.
~dsk

For the rst part we only have the caseof askol . We have (Sp; Ag) 1 2) (S1;A»), giventhat
Ag P L7183 ) Ay 1)
(SiA) "™ 1) (SuA) )
azfv(S 1S 2) (3)

Assumethat fov(Sy 1;S 2) X. We know that fov(Sy( 2)) = fov(8a. ), therefore fov(Sy ;S ) Xa.
By induction hypothesisfov(S; ;S; ) Xa. But now, becausea 2 ftv(S; 1) and a 2 ftv(S,(8a. )) we
have that fov(S; ;$1(8a. ) X.

For the secondpart we have the following casesfor the last rule usedin the derivation.

Caseaspec. Here we havethat Aq 2 vars(So) [ ftiv((83. 1); 2) and (So;Ao ) "** 8a 1 »)

(S1; A1), giventhat (Sp; Ag) sk [@! 11 2) (S1;A1). Assumethat fov(Sp(8a. 1);S 2) X.

Then trivially fov(So([a7! ] 1;S 2) X, since 2 dom(Sp). Then we can apply the induction

hypothesisto get that fov(Si([a 7! ] 1);S1 2) X andthereforefov(S:(8a. 1);S: 2)  X.

Caseafunl (similarly for afun2 ). We have that Ag 2 vars(So) [ ftv(; 3; 4) and (So;Ao) <dsk
21 4) (SsiAs), giventhat (SoiAg) "' = 1! 2) (SiA1), (SuAL) S 5 1)
(S2;A2), (SiiAL) "™ 2 4) (SsiAsz). Assumethat fov(So; So 350 4)  X.

Claim 1: fov(Sy; S1 1;S1 2)  X. This follows directly by LemmaZT0

Claim 2: fov(S; 3) X. Clearly all the ordinary variablesof 3 arein X, thereforewe needto consider
the meta variables. Assume 2 ftv( 3) and assumealsothat 2 ftv( 1; »2; ), becausen the last case
we are doneby the rst claim. Now we needto considerwhat happensin the ordinary variablesof S; .
If 2dom(S;) wearetrivially okay. If not, then obsenethat dom(S;) vars(So)[ ftv( )[ (Ao A1)
by LemmaETI2 Then we have two problematic cases.

{ 2 dom(Sy). Then there existsa = Sy . If that type contains only ordinary variables,
then we are okay sinceS; = S in that caseand by assumptions these ordinary variables
are in X. Suppose however that there existsa 2  such that 2 dom(Sp)|if it is not
in the domain of S; we are again trivially okay, since S; extends So. Then it must be that

2 ftv(S 1;% 2)[ (Ao Aj). But it cannot bein Ag A becauseall variables of Sy are
disjoint from Ag. Thenif it isin ftv(Sp 1;So 2) wealsohavethat fov(S; ) fov(S1So 1;S91S 2)
and then fov(S; ) fov(S: 1;S: 2) X by previous claim. therefore $; X.
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{ 2 dom(S) which meansthat 2 vars(R;) where Ry S = S;. But then it must be that
2 ftv(So )[ (Ao Ajy). It cannot be the casethat 2 Ag A, so 2 ftv(Sy ) which means
that fov(S; ) 2 fov(S$1So ) and by idempotency fov(S; ) 2 fov(S; X becauseof the rst
claim.

Then, by induction hypothesiswe get that fov(S,; 1) fov(S; 3) X.

Claim 3: fov(S; 2;S; 4) X. Again, we don't care about the free ordinary variablesof , and 4,
they are goingto bein X by assumptions. Considerthen a 2 ftv( 2; 4), suchthat 2 dom(S,)|if
it is not in the domain we are again trivially okay. Then we want to examine what happensto S, .
It must bethat 2 vars(Sy)[ ftv( 1; 3)[ (Ar  Ap). If 2 ftv( 1; 3) we are okay. If not, since
cannotbein A; A,, we are left with two cases:

{ Here 2 dom(S;). That meansthat there existsa = S . If contains only ordinary
variables or meta variables not in the domain of S, we are okay. Consider now the casewhere
there existsa 2 such that 2 dom(S;). Then, is in the extension of S;), therefore

2ftv(Sy 1;S1 3)[ (A1 A). Butit can't bein A; A, asit isalsoin S; and the variables
of S; are disjoint from Ai. Then it must be in ftv(S; 1;S; 3) therefore fov(S; ) X, since
fov(S; ) fov($:S: 1:$S: 3) and fov($:S; 1;$S; 3) = fov(S; 1;S 3)  X.

{ Here 2 dom(S;). This meansthat 2 vars(R;) where R, S; = S;. Then we know that
vars(R2) ftv(Sy 3,51 1) [ (A1 Ay), but 2 Aj, therefore 2 ftv(S; 3;S: 1). Then
fov(S; ) 2 fov(SS1 3; S 1), or fov(S, ) 2 fov(S, 3, 1) X.

Now we can apply the induction hypothesisagain to get that fov(Ss 2;Ss 4) X. At this point let
us consideragain what we have establishedso far and what we want to prove. We want to prove the
following:

fov(Ssz ) X
fov(S; 3) X
fov(Ss 4) X

But it is easily derivable from LemmaEd and LemmaETdthat S; = S3 1! S . But we already
have that fov(S; 2;Ss 4) X. Therefore we only needto establishthat fov(S; 1;S3 3)  X.

Claim 4: fov(S3 1;S3 3) X. Again, we don't care about the free ordinary variablesof ; and 3;

theseare in X by assumptions. Consider 2 ftv( 3; 1) and in fact let 2 ftv( 2; 4)|otherwise

we are ok. Also supposethat 2 dom(S;) otherwise we are trivially okay. Then, it must be that
2vars(S) [ ftv( 2; 4)[ (A2 Aj). There are two non-trivial cases.

{ 2dom(S;). Thenlet =S, . If doesnot contain meta variables, or contains meta variables
not in the domain of S; we are okay. Consider the bad casewhere there existsa 2  such
that 2 dom(S3). Then 2 ftv(S; 2;S 4) [ (A2 Aj). It can't bein A, Az becauseit is
alsoin S, and S, doesnot cortain variables from A,. Soit must bein ftv(S; 2;S; 4), therefore
fov(Ss ) X, sincefov(Ss ) ftv(S3S: 2;S5S, 4). Then also Sg X.

{ 2Zdom(S;). Then it must be the casethat 2 R3, whereR3 S, = S;. Then also vars(R3)
ftv(S 2;S 4)[ (A2  As), but weknow that 2 A,. Then fov(S; )  fov(S3S; 2; S, 4), or

fov(Ss ) fov(Ss 2:S5 4) X

Caseamono . Follows directly by Lemmal4

Now two lemmasabout the variables during inferenceand cheding.
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Lemma 4.14.

1. Ag2ftv() [ vars(Sy) ) 9R suchthat $; =R &

(So;A0); «ti ) (SiiA1) vars(S)  ftv() [ vars(So) [ (Ao Aa)
fv() fv() [ vars(So) [ (Ao A1)
vars(R)  ftv(So) [ (Ao Ai)

2. Ap2ftv() [ vars(So)[ ftv() ) 9R suchthatS;=R S

(SoiA0): "Lt ) (SiAl) vars(Sy)  fv() [ fv( ) [ vars(So) [ (Ao Ai)
vars(R)  ftv(So) [ ftv(So ) [ (Ao A1)
3 Ap 2ftv() [ vars(Sp) ) 9R suchthat 5 =R S
(SoiAo): PV t: ) (SuAy) vars(Sy)  ftv() [ vars(So) [ (Ao A1)

fv() ftv() [ vars(So)[ (Ao Aa)
vars(R)  ftv(So) [ (Ao A1)
4 Apg 2ftv() [ vars(So)[ ftv( ) ) 9R suchthat S =R S
(So; Ao) ; ‘pf'y t: ) (S1;A1) vars(Sy) ftv() [ ftv( ) [ vars(So) [ (Ao A1)
vars(R)  ftv(So) [ ftv(So )[ (Ao Aa)

Proof. Straightforward induction on the derivations. O
Lemma 4.15.
1. Ao 2ftv() [ vars(Sp) ) fov(Sy) [ fov(Sy ) X
(So;A0); . t: ) (Si;A1)
fov(So) X
2. Apz2ftv() [ vars(So)[ ftv() ) fov(Sy) [ fov(St ) X
(So;A0); Lt ) (S13A1)
fov(S) [ fov(S ) X
3 Ag2ftv() [ vars(So) ) fov(Sy) [ fov(Sy ) X
(SoiAa); PV t: ) (SiAY)
fov(Sg) X

4 Ap 2ftv() [ vars(So) [ ftv( ) )  fov(Sy) [ fov(Sy ) X
(SoiA0): P t: ) (SiA1)
fov(S) [ fov(So ) X

Proof. We prove the four goals simultaneously by induction on the algorithmic relations. We are going to
usethe results of Lemmal 14 as well as LemmaT3 extensiwely.

For the rst part we considerthe following cases.

Casealg-v ar . We havethat Ap 2 ftv() [ vars(Sp) and (So;Ao); ~« X: ) (Si;A1), giventhat

x: 2 and (So;Ao) inst ) (S1;A1). Assumethat fov(Sp) X. Then by an inversion we
seethat S; = Sy and fov(S; )  fov(S; ), becauseA, A; is goingto be a set of meta variables not
in the variables of Sp.

Casealg-absl . Herelet Ag 2ftv() [ vars(S) and (Sp;A0 ); ~+ \x.t: I ) (S1;A1), given
that (So;Ap); ;x: "« t: ) (S1;A1). Assumefov(Sy) X. Then alsofov(Sp( ;x: ) X,
since 2 vars(Sp). Then, by induction hypothesisfov(S; ;S;1 ) X andfov(S; ) X. But that is
exactly what is required for this case.

Casealg-aabsl . Assumethat Ag 2 ftv() [ vars(Sp) and (So;Ap); ~« \x .t 1) (S1;AL),
giventhat (So;Ag); ;x: "« t: ) (S1;A1). Assumefov(Sy) X. Then alsofov(Se( ;x: ))
X, sinceannotations are closed. Then, by induction hypothesisfov(S; ;S1 ) X andfov(S; ) X
and we are done.
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Casealg-app . Herewe have that Ag 2 vars(So) [ ftv() and (So;Ag); . tu: ) (Ss;A4), given

that
(So;iA0); .t 1) (SuA1) 1)
(SA) Y 1= 10 (SA) (2
(SeiA2); P ur ) (SeiAs) (3)
(SsiAg) ™™ 0 ) (Si;A4) (@)

Let us assumethat fov(Sp ) X. Then by induction we get that fov(S; 1) X and fov(S; ) X.
Now, by the arrow uni cation variableslemma we get that fov(S, ;S, %S, 1) X. At this point we
needto show that fov(S,) X to be able to apply the induction hypothesisfurther.

Claim 1: fov(S;)  X. First, all the free ordinary variablesof are by assumptionsin X. Then we
are interested to seewhat happensto the meta variablesof and in particular thosethat arein the
domain of S,. Consider 2 dom(S;) such that 2 ftv(). Then by previous lemmaswe know that

2vars(S))[ ftv( 1 5 O (A1 Ap). If 2ftv( 1; ; 9 thenweareokay. Also 2A; A, since
it is a free variable of . Then we have two cases.

{ Supposethat 2 dom(S;), that is, there existsatype = S; . If doesnot contain meta
variables we are okay, sinceS, = x; = in this case. However suppsethat there exists a
variable 2 . If that isnot in the domain of S, then we are okay. If however 2 dom(S;) then
it is in the extensionof S;, therefore we getthat 2 ftv(S; 1) [ (A1 Ajp). But it cannot be in
in A1 A, sincewe know that vars(S;) 2 A; by previous lemma. Then fov(S; ) 2 fov($:S: 1)
or fov(S; ) 2 fov(S; 1) X. Then alsofov(S, ) X sinceS; is an extensionof S;.

{ Supposethat 2 dom(S;), then 2 vars(R;) whereS; = R, Sy, therefore 2 ftv(S; 1)[ (Az
Ay). But it cannotbein A; A, thereforefov(S, ) fov($:S: 1) = fov(S; 1) X.

Now that we proved this claim, it is easyto conrm that the conditions are appropriate to apply the
induction hypothesisto getthat fov(Sz3) X andfov(Sz ) X. Now with a simple inversionwe get
that S3 = S, and fov(Sz ) = fov(Sz 9. Then to nish the casewe needto show that fov(Sz 9  X.

Claim 2: fov(S; 9 X. The claim usesa similar proof technique asthe previous claim.

Casealg-let . SupposeAg 2 ftv() [ ftv(Sp) and we have that (Sp;Ag); . let x =uin t:

) (S2;Az), giventhat Sp;Ag): P u: ) (Si A and SiAL); x: PVt ) (ShiAR).
Assumethat fov(Sy ) X. Then by induction we get that fov(S; ) X and fov(S; ) X. Then
it is easyto conrm using previous lemmasthat A; 2 ftv() [ vars(S;) and we can apply again the
induction hypothesisto get that fov(S, ;S, ) X andfov(S; ) X asrequired for this case.

The secondpart follows the structure of the rst part using the technique shown in the claims above to
establish the appropriate conditions at ead step.

For the third part, we havethat Aob 2 ftv() [ vars(So) and (So;Aob); °°Y t:8b.[ 71 bIS: ) (Si;A1),
giventhat (So;Ag); “«t: ) (S1;A1) and — are the meta variablesof ftv(S; ) ftv(Sy). Assumethat
fov(So) X. Then we can apply the induction hypothesisto get that fov(S; ) X and fov(S; ) X.
But then it must alsobe fov(8b.[ 7! b]S; ) X and this caseis done.

For the fourth part, we havethat Agb 2 ftv () [ vars(Sp)[ ftv( ) and (So;Ao); ‘pf'y t: ) (S1;A2), given
that Ag P 7!18a. ) A1, (So;A1); Lt ) (S1;Az),andaz2ftv(S: ;S ). Assumethat fov(Sy) [
fov(So( ) X or equivalently fov(Sy) [ fov(So(8a. )) X. Thereforefov(Sy) [ fov(Sp ) Xa. Then,
by induction hypothesisfov(S; ) [ fov(S; ) Xa. But now, sincea 2 ftv(S; ) anda 2 ftv(Si( )), it must
be that fov(Sy) [ fov(Sy )  X. O
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Lemma 4.16 (Weak Prenex Conversion Completeness). If pr(S ) = 8a. , then Ag ™ 7!
8b. ) Aj, suchthat S(8b. ) = 8a. ;.

Proof. Easyinduction on . Moreover by LemmaB-T1it is alsothe casethat b Ao Aj. O

Now a completenessresult for the algorithmic subsumption relation.
Lemma 4.17 (Algorithmic ~ Subsumption Completeness). Suppse we are given uniers S, Sy, a
context and two polytypes 1 and ;. Then

1. If "** S§ 1 S , is canonical then 8Ao 2 vars(S; So) [ ftv( 1; 2) we havethat (A; So) “**
2) (S1;A1) and9R suchthat S So= R Sina,a ,, and vars(R) 2 A1, vars(S) 2 A;.

2. 1f "% S5 1 SS ,is prenex-@nonical then 8Ao 2 vars(S; So)[ ftv( 1; 2) wehavethat (A Sp) ~**
1 2) (S1;A1) and9R suchthat S So= R Sina,a ,, andvars(R) 2 A4, vars(S) 2 A;.

As a corollary, if "% SS 1SS » 8Ag Zvars(SiSo) [ fiv( 1; 2) wehavethat (A;So) 1 )

(S1;A1) and 9R suchthat S So= R Sina,a ,, and vars(R) 2 A, vars(S) 2 A;.

Proof. We prove the two goals simultaneously by induction on the height of the derivations. We proceed
with the last rule used.

Part 1: For this part the only rule that could have beenusedis rule skol . For this casewe have that
4K Sg 1SS ,, giventhat

pr(SS 2) = 8a. a (1)
a6Xtv(SS 1) 2)
ss . 3)

Consider an appropriate symbol supply Ag, sud that Ag 2 vars(S; S) [ ftv( 1; 2). By LemmalTI8 we
have that Ap P 7! 8b. ,) A; such that S§(8b. ) = 8a. 5. By LemmaETlb 2 Ay. This means
that S§ p = [a 7! b] 5. From this, the substitution lemmaand (@), and (3 we get that ~dsk S 1 SS b
Moreover this last derivation is prenex-canonical,as (). Therefore by induction (Sy; A1) sk 1 b)
(S1;A2). and9R suchthat S Sp = R Sina, a ,, sinceSy = S;. Equivalently S So = R Sinaga -
Moreover vars(R) 2 A, and vars(S;) 2 A,. Finally to be ableto apply the rule askol we needto show that
b2ftv(S; 1;S 2. Assumeby contradiction that for someb 2 b it is the casethat b 2 ftv(S; 1;S; »). This
meansthat there existsa 2 ftv( 1; 2) andb 2 S; becauseb 2 ftv( 1; 2). Moreover by the freshness
conditions 2 Ay and therefore Then S§ = RS; . But then it must be b 2 vars(S; ), a cortradiction.

Part 2: For this part we notice that a prenex-canonicalderivation ends with a trivial skol application
which can be ommited; therefore we have to examineall other rules.

Casemono. In this casesinceSS ; and S§ , are monotypes,it must bethat 1= ;and ,=
for somemonotypes 1 and ,. Pick an arbitrary A that satis es the freshnessconditions, that is
Ao 2ftv( 1), Ag Zftv( 2), Ap Zvars(S) [ vars(Sy). By LemmaBwe havethat S~ 1= 2) S
and S S = R S for someR. Moreover vars(R)  vars(S) [ vars(Sp) [ vars(S;) which means
vars(R) 2 Ap. Finally vars(S;) vars(So) [ ftv( 1; 2), againdisjoint from Ag. Then by applying the
rule amono we are done.
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Casefun . In this casewe havethat S§ ;1= ¢! %L andSS .= 9! 9. Now, it must be
the casethat ;= ,and >, = , for some ; and > becausethe substitution S Sy returns back
arrow typesand not quanti ed types. Also, it cannot be the casethat both ;1 and , are monotypes,
becausethen we would be in the mono case.We split in casesdepending on which of the two typesis
a arrow type.

Assumethat 1= 11! 12, and pick a supply A such that Ag 2 vars(S; Sp) [ ftv( 1; 2). Then it
must be that "% S§ ;! S 1» S ,. SinceSS , = 9.' 9, by unication completeness
Lemmad (it is easyto conrm that the freshnessconditions for Ay are su cien t) we have that
(So;Ao) ! 2= 91! 22) (Sj_,A]_) such that 9R, with S So= Ry S]_nAOA 1 and RyS: 21 = (2)1
and RyS; 22 = 2,. Moreover vars(R,) 2 A; and vars(S;) 2 A;. Then by the premisesof the rule

aseg nor RS 1 S 11 or MRS ;1 RyS; 11 sinceftv( 11) 2 (Ap  Ag).
Then we can apply the induction hypothesisfor the supply A; to getthat (S;;A1) sk 21 1)
(S2;A2) and 9R; with Ry S1 = R1 Spna, a , which impliesthat S Sp = R1 Sha,a ,. Moreover

vars(R;) 2 A, and vars(S;) 2 A,. Now we also know by the premisesof the rule that dsk 9, %

or 9K RiS 12 R1S; 22. Then it is easyto conrm that the freshnessconditions hold for A,

to apply the induction hypothesis and get that (A;; ) dsk 12 22 ) (A3;S3) and 9R with
Ri S = R Sgna,a , which givesusthat S Sp = Ry Sgha,a ,- Moreover vars(R) 2 Az and

vars(S3) 2 Az. Then by applying rule afunl and picking the sameR we are done.
The casewhere , = 51! 5 is similar.

Casespec. Here it must be that i is a polytype and assumethat ; = 8a. ; and , = .
Assume also without loss of generality that a 2 vars(S; Sp). Then we have that ~dsk g7 SY 1 2
given that dsk [@7ISS 1 SS 2, @ 2 —. Then consider an arbitrary supply Ay sud that
Ao 2vars(S;S) [ ftv( 1; 2) and rewrite the last derivation as: dsk [ 7V 1SS[a7! 11 S 2,

Now becauseof the freshnessconditions this is equivalent to sk [ 7V 1SS 1 [ 7' 1SS 2.

Now we needto be able to apply the induction hypothesis for Ay but we cannot do this directly
because™ might contain variablesin Ag. Instead we do the following: Separatethe free variables of ~
in two sets. Let X1 = ftv(7)\ (ftv(SS 2;SS 1)) and X, = ftv(7)  Xi. We know by our assumptions
that Ag 2 X1, sothe problematic setis X,. But simply consider a renaming substitution Q from
Xz to a set X of variables disjoint from Ag. By the substitution lemma, Lemma 238 we get that

~dsk [ "Q 1SS 1 [ 7" Q ]SS 2. And now we can apply the induction hypothesisto get that
(So;A0) "™ @71 11  2) (SuA)and9Rsuthat [ 77Q 1 S So= R Sima,a , which
meansthat S S = R SlnAofA .- We also get that vars(S;) 2 A, vars(R) 2 A;. Then the rule
aspec is applicable and taking the sameR nishes the case.

Next an auxiliary corollary for algorithmic instantiation.
Corollary 4.18 (Algorithmic  Instan tiation Completeness).

L TS S%2 ) BAo2vars(S;S)[ fv( 1 2)
(AiS0) T 1 2) (SuAl)
9RsL. S So= R SiNaga .
and vars(R) Z Aq;vars(S) 2 A;
2 sy 2 ) BAc2vars(SiSo)[ fv( 1 2)
(AiS0) ™" 1 %) (SuAl)
9RsL. S Sg= R SiNaga .
and RS; 82 2
and vars(R) 2 Aj;vars(S) 2 Ag;ftv( 9) 2A;
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Proof. The rst part easily follows from LemmaEId For the secondpart it must be that ; is a polytype
1 = 8a. i and assumewithout lossof generality that a 2 vars(S; Sp). Then, using the rule inst we have

that """ 8a:SS 1 » giventhat "™ [@7]SS 1 » and this with an extra inversion using rule
instl givesusthat [a 77 ]SS 1 =  for that . Now the algorithm, using rule ainst will give us that
for an appropriate A, we havethat (So;Ag ) %> 8a. 1 9) (S;;A1) when(SAg) ™™ [a7! |1
9) (S1;A1). Now using the rule iinstrho weseethat 9=[a7' ],S=S. TakkR=[ 7' ] S.
Then we havethat S S = R S;n— asrequired. Moreover the variable freshnessconditions are also satis ed.
Finally we needto show that RS, 8: ». We have that

[ 70 ]SS[a7 ]
AR EXAREER
[@771SS 1

- 2

RS; 2

Now the main completenesgesult.
Lemma 4.19 (Algorithmic ~ Completeness).

1. S “.t: ) 8Ag 2vars(S;So) [ ftv() [ ftv()
(SoiA0); "« t: %) (S1iA1)
9Rst. S =R S nm,a ,andRS; %=
ftv( 9 2 Aq;vars(R) 2 Ag;vars(Sy) 2A;
2 S§ ,t:S% )  8Ag 2vars(S;S) [ ftv( ) [ ftv() :
(So;A0); Lt ) (SuAL)
9Rst. S S =R Snag,a ,
vars(R) 2 Ap;vars(Sy) 2A;
3 S§ PVt ) 8Ag 2vars(S;So) [ ftv() [ ftv( )
(SoiA0);: PV t: 0) (SpAy)
9RSL S S9=R Syma,a,and "® RS 0
ftv( 9 2 Aq;vars(R) 2 Ag;vars(Sy) 2 A,
4 S PYit:Ss ) 8Ag 2vars(S;So)[ ftv( ) [ ftv()
(So;A0); Pt ) (SiiA)
9Rst. S S =R Snaga ,
vars(R) 2 Ap;vars(Sy) 2A;

Proof. We prove simultaneously all goals, by induction on the height of the derivations. For eat casethe
induction hypothesisassertsthat all goalshold for derivations of smaller heights. We proceedby caseanalysis
on the last rules used.

For the rst part we have the following cases.

Casevar . The result follows easily from Corollary EET8

Caseabsl. In this casewe havethat S§ . \x.t: ! ,giventhat S§ ;x: . t: . Considera

symbol supply Ao that satis es the freshnessconditions. This is the sameaswriting [ 7! ]SS ;x:

"t , becauseof the freshnessconditions. Then we can apply the induction hypothesiswith Ag
to getthat (So;Ao); . t: %) (S;;A1)and9R sudhthat [ 71 ]S So= R Simaya ,, RS °=
and ftv( 9 2 Ay, ftv(S;) 2 Ay, ftv(R) 2 A;. Then we can apply the rule alg-absl to get that
(So;A0 ); ~\x.t: I %) (S;;A;1). ButthenRSy((!' 9=RS; ! RS; °= | asrequired
andS S =R Sina, a ;-
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Caseaabsl. Here we have that S§ . \x: .t ! giventhat S ;x: . t: . And
consider any supply Ay with the appopriate freshnessconditions. Becausethe type annotations are
closedwe can apply the induction hypothesisto get that (Sp;Ao); ;x: . t: %) (S1;A;) and
there existsan R sudhthat S Sy = R Sina,a ,, RS %= ,vars(R) 2 A, vars(S) 2Aq, ftv( 9 2 A;.

Finally we can apply rule alg-aabsl to getthat (Sp;Ag); . \x:u .t: ! 9) (S;;A;) and
RS, (! 9= | RS %= | asrequired, sinceannotations are closed.

Caseapp. In this casewe have S§ . t u: , giventhat S§ . t: ! 0 Sg PV y:
and "7 0 Consider any symbol supply A, that satis es the freshnessconditions, that is,

Ao 2 vars(S; Sy), Ap 2 ftv( ), Ag Z ftv(). Then let us consider the set of variables X = ftv( !
9 (vars(S;So) [ ftv( ) [ ftv()) andlet Q be a renaming substitution taking X to set of variables
disjoint from Ao. Then by the substitution lemma we can create derivations: S§ . t:Q ! Q ©

S P u:Q and ™' Q ° , and these derivations have the same height as the original

derivations. Now we canapply the induction hypothesisto getthat (Sp; Ao); “« t: 1) (S1;A1) sud

that 9R; with S Sy = Ry Sina,a ,, vars(R1) 2 Aq, vars(Sy) 2 A, ftv( 1) 2A1. R1S; 1= Q !

Q % Now it is easyto verify that A satis es the conditions of the arrow uni cation completeness
lemma, Lemmald, to getthat (S;;A1) "' 1= o! ) (S2;A2) sudh that 9R, with R; S; =

Rz SMa,a ,, R2S 0= Q and R;S; 3= Q % Finally alsovars(Ry) 2 A, and vars(S;) 2 A,

and similarly for the free variables of ¢ ! 9. Then alsoS S = R, Sna,a ,. Taking into

accourt the freshnessconditions as well, we can rewrite the premise of the rule S& ‘pf'y u:Q as

R,S, P u:R,S, o. But now note that A, is appropriate to apply the induction hypothesisto get
that (Sz;A2) P u: ©) (S3;As), and9R suchthat R, S; = R Sz, A 4, S0S So= R SgMaga 5.
However we have that *"™ R3S; § and As is appropriate to apply Lemma ET8 to get that
S5 Ag) ™0 0) (S3;A4) and exists R such that Rz S3 = R Syma,a , and RS, 0=
Moreover vars(R) 2 A, and vars(S;) 2 A4 and ftv( 9 2 A4. Therefore by applying the rule alg-app
we are done, picking the sameR.

Caselet . In this casewe have that S . let x =uin t : giventhat S " u :
and S§ ;x @ . t: . Consider an appropriate Ag, sud that Ag 2 vars(S; Sp), Ao 2 ftv(),
Ao Z ftv( ). Now we don't know that Ay 2 ftv( ), however let us consider the set of variables
X =ftv( ) (ftv( )] vars(S; So)[ vars()). Then considerarenamingsubstitution Q that takethis set
of variablesto a disjoint from A, set. Then by the substitution lemma we have that SS Py Q
and hasthe sameheight. Similarly, applying the sameQ to the other subderivation wegetthat S§ ;x :
Q . t: andhasthe sameheight. Now we are certain that the freshnessconditions are met for the
subderivations we can apply the induction hypothesisto getthat (So;A¢): " u: °) (Si;A;) and
9R; sudhthat S Sp = Ry Sihaga ;- Moreover % RiS; © ¢ Q andvars(Ry) 2 Ay, vars(S;) 2 A4,
ftv( 9 2 A1. Then, by LemmalETd9 we have that S§ ;x : R1S; ° . t : and this derivation has
the sameheight asthe derivation S§ ;x : Q . t: . Now, becauseftv() 2 Ay Aj it must be
that S S = Ry S;. Then the derivation can be rewritten asR1S; (x :R1S; 9 . t: . Then A;
is appropriate to apply the induction hypothesisand get that (Si;A1); ;x: 9 . t: %) (S;A))
and 9R such that Ry S; = R Sna, a ,, and RS, 9= . Moreover vars(R) 2 As, vars(S;) 2 As,
ftv( 9 2 A3. ThereforeS So= R S;na,a ,, and by the rule alg-let  we get the result.

For the secondpart we have the following cases.

Casevar . The result follows again from Corollary EET8

Caseabs2. Herewe have S§ ', \x.t : S§ © but sincewe are in the abs2 caseit must be that
S 9= ,! r for sometypes , and . Then considera supply Ag that satis es the freshness
conditions. Therefore we have Ay 2 vars(S;S) and Ag 2 ftv( 9 [ ftv(). Then it is easyto con rm
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that the tape is appropriate for applying LemmaBdto get that (So;A¢) *' %= o! §) (S1;A1)
and9R, sudhthat S Sy = Ry Sina,a , andRyS; 0= aandRyS; 3= . Moreovervars(Ry) 2 Ay,
vars(S;) 2 Ay, ftv( o) 2 Ag, ftv( J) 2 A;. Then, becausealso ftv() 2 A; the derivation can be
rewritten asR,S; ", \x.t: ! [ andthe immediate subderivation wasR,S; ;x: 4 ‘pf'y t:

This can again be rewritten as RyS; ;X @ RyS: o ‘pf'y t i RSt 8. Now, we know that Aq is

appropriate to apply the induction hypothesisto getthat (S;;A1); ;X o ‘pf'y t: 9) (S2Az) and
there exists an R, such that Ry S = R Sna, a , which implies S Sy = R S;na,a ,. Moreover
vars(R) Z A,, vars(S;) 2 A,. Then we can apply the rule alg-abs2 to get the result and taking the
sameR nishes the case.

Caseaabs2. In this casewe have that S§ ', \x:: x.t : S§ o, whereS§ o= 2! 0 and

k0 andSS (x: x P t: O Considera supply Ao that satis es the freshnessconditions,
that is, Ag 2 vars(S; ), Ao 2 ftv() [ ftv( o). Then we canverify that Ay is appropriate for applying
Lemmaldto getthat (So;A0) ' 0= a! ) (S1;A1)and9R, sudhthat S So= Ry SiMaya ,»
RuSt a= 2, RuS r = 2, vars(Ry) 2Ag, vars(S;) 2 A, ftv( ) 2Ag, ftv( ) 2A;. Then, wecan

rewrite “9 0 X as 9k RuS: a RuS: x because  isclosed. Then it is againnot hard to verify

that the tape A is appropriate to apply LemmalETId to get that (S;;A1) sk x ) (S2;A2)

and 9R; such that Ry S = R; Spna, a , whichimpliesS Sp= R1 Sinaga 2 vars(Rl) 2 A, and
vars(S;) 2 A,. Then, from the premisesof the rule we get that R1S, ;x @ :R1S . Now
it is easyto verify that A, in an appropriate supply to apply the |nduct|0n hypothe5|s to get that
A2;S) X x Lt ) (Ss;Az) and 9R with R1S; = R Sgna, a , which implies S S = Q =
Na, A 5; Moreover vars(R) 2 As and vars(Sz) 2 As. Then we have all the premisesof rule alg-aabs2

and by applying it we get the result; picking the sameR nishes the case.

Caseapp. In this casewe have S . t u:SS , giventhat S . t: ! 0S5 PV y:

and S ‘”ft 0 S . Considerany symbol supply A, that satis es the freshnessconditions, that

is, Ag 2 vars(S; S), Ao 2 ftv( ), Ap 2 ftv(). Then let us considerthe set of variables X = ftv( !
9 (vars(S;So) [ ftv( )[ ftv() and let Q be a renaming substitution taking X to set of variables

disjoint from Ag. Then by the substitution lemma we can create derivations: S§ . t:Q ! Q ©

S P u:Q andSS ™ Q °© S andthesederivations have the sameheight asthe original
derivations. Now we canapply the induction hypothesisto getthat (So;Ag); .« t: 1) (Si;A1) sudh
that 9R; with S S = R; S]_nAOA 1 vars(Rl) 2 A4, vars(Sl) 2 A, ftV( 1) 2A:1. RS 1 = Q !
Q % Now it is easyto verify that A satis es the conditions of the uni cation completenessdemma,
Lemmaldto getthat (S;;A1) ' 1= o! §) (S2;A»)sudithat 9R; with R1 S; = Ry Sona, A .
RS 0= Q andR,S; 3= Q © Finally alsovars(R;) 2 A, and vars(S;) 2 A, and similarly for the
freevariablesof ! . ThenalsoS Sy = R, Sna,a ,. Then, taking into accourt the freshness
conditions as well, we can rewrite the premiseof the rule S " u:Q asR.S " u:R.S o.
But note that A, is now appropriate to apply the induction hypothesisto get that (S;A») ‘pf'y u:
0) (Ss;A3), and9R3 suchthat R, S, = Rz Sgha,a 5, SOS S = Rz Sgna, a .- Then we have
that "™ Q °© S and we canrewrite this as ®* R3S; § R3Sz and now Aj is appropriate to

apply LemmalZEL'_ato getthat Sg;Az) "™ 9 ) (Ss;As) suchthat 9R with Rz S3= R Syna,a
which alsogivesus S S = R S4nA0A , and vars(R) 2 A4, vars(Ss) 2 A4. Then by applying the
rule alg-app and taking the sameR we are done.

Caselet . In this casewe havethat S, let x =u in t : S§ giventhat S °¥ u :
and S§ ;x: ", t:SS . Consideran appropriate Ao, sud that Ag 2 vars(S; ), Ao 2 ftv (),
Ao 2 ftv( ). Now we don't know that Ay 2 ftv( ), however let us consider the set of variables
X =ftv( ) (ftv( )] vars(S;S)[ vars()). Then considerarenamingsubstitution Q that takethis set
of variablesto a disjoint from A set. Then by the substitution lemmawe havethat S " u: Q
and has the same height. Similarly, applying the same Q to the other subderivation we get that
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S ;x:Q 7, t:SS andhasthe sameheight. Now we are certain that the freshnessconditions are
met for the subderivations we can apply the induction hypothesisto get that (Sp;Ao); oYy 9)
(S1;A1) and 9R; suchthat S Sp= R; Sinaga ;- Moreover “9 RiS; © ¢ Q andvars(R;) 2Aq,
vars(S;) 2 Ay, ftv( 9 2 A;. Then, by LemmaBI9 we have that S§ ;x : RiS; 7, t : S§
and this derivation has the same height as the derivation S§ ;x : Q ', t : S§ . Now, because
ftv() 2Ap A it mustbethat S§ = R1S; andsimilarly S§ = R1S; . Then the derivation
can be rewritten asR1S; ;x : R1S; 7, t : R1S; . Then A; is appropriate to apply the induction
hypothesisand getthat (S;;A7); ;x: % ,t: ) (S Az)and9R sudhthat Ry S; = R Sna,a -
Moreover vars(R) 2 A, vars(S;) 2 Az. ThereforeS Sp= R Syna, a ,, and by the rule alg-let  we
get the result, taking the sameR.

Let us considerthe third part now. The rule usedherewasgenl. We have that S POVt - g, [a 7! Db]

giventhat P t: ,a=ftv() ftv() andb2ftv() a. The inferred polytype can be rewritten as

= SS ( ). Pick an appropriate symbol supply Agb 2 vars(S), Agb 2 vars(Sp), Agb 2 ftv( ) (@[ ),
and Agb 2 ftv(). Then by induction hypothesis Ag;Sp); .« t : %) (S;;A;) and 9R sud that
S SS=R Sima,a ,. MoreoverRS; %= andftv( 9 2 A,, vars(S;) 2 A; and vars(R) 2 A;.

Now, by Lemma T3 we know that fov(S; 9 fov(S1) fov(Sy). But what that says is that if
b2 fov(S; 9 b2 fov(Sy) and hencealsob 2 fov(S; ). Sothere cannot be any ordinary variables in
the returned type that are not in the context , this is why our notation uses— instead of somegeneral
setsymbol X or —[ ain the alg-genl rule. This meansthat we can apply the rule alg-genl to get that

AoiSo); P t: 0y (Sy;A;) where °= S (S, 9. We alsopick the sameR. Finally we needto show
that RS; ° ¢ . We have by Lemma3T1 that
RS © = RSS (S 9
sh RSS; (RS;S: 9
= RS (RS9
= S (RS )=55( )=

For the fourth part the rule usedwasgen2. It must be that S P t:SS , giventhat

pr(SS )= 8a. a 1)
azfv(Sy) (2)
SS) ’ + t: a (3)

Consider a supply A 2 vars(S);vars(Sp);ftv( ; ), By (@) and Lemmal18 we get
Ao P 718D ) Ay (4)

sudthat S§(8b. ) = 8a. ,. Moreover, by LemmaTIweknow that b 2 Ao; henceb 2 vars(S; Sp). Then
SS b= [a 7! b] 4. By the substitution lemmafor (3) and taking into accourt (&) wegetSS ", t:SS p.
We can apply the induction hypothesisfor the supply A sincethe last derivation hasthe sameheight as (3
to get that

(So;A1): Lt bp) (S1:A2) (5)

Moreverthere existsR suchthat S Sp = R Sina, a ,, orequivalently S So = R Sina,a , andvars(R) 2 A,
and vars(S;) 2 A, asrequired. To apply rule alg-gen2 for (@ and (@ we only needto show that
b2ftv(S; ;S1 ). Assumeby cortradiction that for someb 2 b it is the casethat b 2 ftv(S; ;S; ). Then,
sinceb 2 ftv( ; ) asb 2 Ag it must be that there existsa 2 ftv( ; ) such that b2 S; . Moreover

2 Ap. Then S§ = RS; and thereforeb 2 vars(S; ), a contradiction to the freshnessconditions of the
supply. O
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4.6.2 Soundness

For this section only we are going to assumethat meta variables can also occur in the typesof the syntax-
directed system;they are going to be treated as equivalent to ordinary variables.

Lemma 4.20 (W eak Prenex Conversion Soundness). If Ag 2 ftv( ) and Ay "P" 7! 8a. ) A:
thenpr( ) = 8a.

Proof. Easy induction on the structure or . O

Lemma 4.21 (Algorithmic  Subsumption Soundness).

1 If Ag 2ftv( 1),A0 2 ftv( 2), Ao 2vars(So), (So;A0) ®* 1 ) (SiAy) then ™ s | s ».

2. 1F Ag 2ftv( 1)Ap 2ftv( 2), Ao 2 vars(So), (SoiAo) ™ 1 2) (SuAl) then ™ s, 5
Proof. We prove the two claims simultaneously by induction the height of the derivations.

Part 1: We have the caseof askol to consider. We are given a supply Aob sudc that Agb 2 vars(Sp),
Aob 2 ftv( 1; ». Wehavethat (So;Aob) "® 1 ) (Si;A»), giventhat

A P ,718a ) A (1)
(SoiA) ™ 1) (SuA2) 2)
azftv(S: 1;81 2) @)

By (M and Lemma (20 we getpr( ) = 8a. and moreover we know by LemmaEETlthat a2 Ag. Then,
by induction hypothesisfor (&) we get‘dSk Sy 1 S . it must bethat pr(S; 2) = $S1(8a. , and because

of @ pr(S: 2) = 8a.S; . Moreover by (3) again we can apply rule skol to get that sk S ;1 S 2, as
required.

Part 2: We have the following casesto consider.

Caseaspec. In this casewe have that for someappropriate A, that satis es the freshnessconditions
AoiSo) "™ 8a. 1 ,) (Si;A1) giventhat Ag;So) ™ [@7T 11 2) (Si;A1). By induction
hypothesis we have that ~dsk S[a7! 1 S1 2. Assumeagainthat @ are not in the free variables
of the inputs of the judgemert. Then this becomes ** [@7'S; 1S1 1 S 2 and we can apply the
rule spec to get the result, again noticing that we can commute S; and the quarti er.
Caseafunl . Here we have that (So;Ag) 3! 4) (Sz;Az) giventhat (Sp;Ap) ©!' =
1l 2) (SAL), (SiA) T 1) (SuA2), (SuAy) " * 4) (Ss;Az). Now
by the arrow uni cation soundnesslemmalE9we havethat S = S 1! S 2 and moreover 9R;
such that S; = R; S and vars(S;) 2 A;. Then we can apply the induction hypothesisto get that
~dsk S, 3 S 1 and moreover we know that 9R, such that S, = R, S; and vars(Sz) 2 A,. Finally,
again by induction we get that ~dsk S 2 S: 4 and we know that 9R3 such that S3 = R3 S
and vars(S3) 2 Az. Then we wish to show also that ~dsk S S 3! S3 4. Now we have
that S3 = R3R2S; = R3R2S; 1! R3R2S; 2. Then by the subsumption substitution lemma,

LemmalZ38 we get that “** R3S, 3 R3S, 1 0r " * S35 R3R»S; 1 and we can apply the rule
fun to get the result.

~dsk

Caseafun2 . Similar to the casefor afunl .
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Casemono. In this casewe have that (Sg;Ag) sk 1 2) (S1;AQ) giventhat S§5° 1= 2) S

By the uni cation completenesdemma, Lemmadwe getthat S; ; = S; , and thereforeS; 1 = S »;
henceby rule mono"®*s, ; S ».

Lemma 4.22 (Algorithmic  Soundness).

1. Agzftv() [ vars(Sp) ) S Lt S
(So;A0); “.t: ) (S;AY)

2. Ap2Zftv() [ vars(So)[ ftv() ) S ,t: S
(SoiA0); Lt ) (S1AL)

3 Ao 2ftv() [ vars(So) ) S PMi:s
(So;A0); "Mt ) (SAY

4 Ao2fv() [vars(S)[ fiv() ) S PYi:s

(So;A0); "Mt ) (SiA

Proof. By induction on the algorithmic relations. We proceedby caseanalysison the last rule used.

For the rst part we have to considerthe following cases.

Casealg-v ar . Herewe havethat (So;Ao); . X: ) (Si;A1), giventhat x: 2 , (So;Ag) "™
) (S1;A1), and by a simple inversion we can verify that S; = S and, if = 8a: % it must
~inst

bethat = [a7' ] °where = Ay A;. Then % by rules inst and instl , and by the
substitution lemma"""™ S; S, . Then we can apply the rule var to getthat S, . x:S; .

Casealg-absl . Here(So;Ap );; ~. \x.t: 1 ) (S;;Ay), giventhat (Sp;Ag); ;x: . t: )
(S1;A1). By induction hypothesiswe getthat S; ;x: $b . t:S and9R suchthat S = R S,
vars(S;) ftv() [ vars(S)[ (Ao Ai) andftv( ) ftv() [ vars(So)[ (Ao A1). Then by applying
the rule abs wegetthat §; . \x.t:S ! S asrequired.

Casealg-aabsl . Similar to the alg-absl case.

Casealg-app . Here we have that (So;A0); . tu: ) (Ss;A4), giventhat (Sp;Ag); ~« t:
1) (SUAL (SuAD L 1= L %) (S5A2) (SeA2) s TV Ut ) (SeiAg) (SeiAs)
0 ) (S4;A4). By induction hypothesiswe getthat S; ~. t : S ; and moreover 9R; sud that

S1=R1 S andvars(Sy) ftv() [ vars(So) [ (Ao Aa), ftv( 1)  ftv() [ vars(So) [ (Ao A1)

Then we have the conditions to apply the arrow uni cation soundnessto getthat S, 1= S, ! S

and 9R, such that S, = R, S and vars(S;)  ftv( 1) [ vars(S1)[ (A1 A2). Then the conditions

are appropriate to apply the induction hypothesisto get that S ‘pf'y u:S3 and 9R3 sud that

S = Rz S, andvars(S;)  ftv() [ vars(S)[ (A2 Az)[ ftv( ). Finally notethat S; = Sz, Az = Ag
and asssumethat %= 8a. o. Then =[a7! ] o becausethe instantiation inferencerelation is the
identity. Therefore also ™™ S, © S, . Now by applying the substitution lemma we have that

R3R2S1 "« t iR3R:S 1 0rSy .t R3(S 01 S, O)OI’ Sy . tiRy 01 R4 0 Then we also
havethat S& " u: R4 °and we can apply the rule app to get the result.

0

Casealg-let . The caseusesa similar argument asthe alg-app case.

The secondpart is similar to the proof of the rst part appealingto the algorithmic subsumption soundness
lemma.
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For the third part we have that (So;Aob); °™ t:8b.[~ 7! BJS; ) (Si;A1) giventhat — = ftv(S; )
ftv(S1) and(So;A0); “«t: ) (S1;A1). Byinduction hypothesiswegetthat S; ~. t:S; andweknow
that forsomeR S; = R Sy, ftv( )  vars(So)[ ftv() [ (Ao Ai) andvars(S;) vars(So)[ ftv() [ (Ao Ay).
Then, we are certain that b 2 ftv(S; ) (7) and we can apply the rule genl to get the result.

For the last part we have a supply Ay sud that Ag 2 ftv( ; ) [ vars(So). And (So;Ao); \pfly t: )
(S1;A2), giventhat

A P T718a. ) A (1)
(SoiA1); "Lt ) (S1A2) (@)
azftv(S ;S ) 3)

By Lemma 20 we get that pr( ) = 8a. . We can apply the induction hypothesis for (2) to get that
S; . St . Additionally pr(S: ) = Si(8a. ), but a2 Ag, but we know that anotinftv (S; therefore we
can commute the quanti er and the substitution to getthat pr(S; ) = 8a.S; . Finally to be able to apply
rule gen2* it must bethat a 2 ftv(S; ) which we have by (3). O

As a corollary, returning to the original syntax-directed systemwhere we did not allow meta type variables
in the returned types, we can apply a ground substitution V that will map all the meta-variables of the
typesand the context to any monotype to get the result.

4.7 Principal Types

Here is the familiar principal typesproperty for inferencemode.
Theorem 4.23 (Principal Typ es).

1. If *, t: thereexistsa %suchthat for all with *, t: it is the casethat *, t: ©and there exists
a subtitution R suchthat = R ©

2. 1F P t . there existsa ©suchthat for all  with **®Y t : it is the casethat " t : ©and
sh ¢

Proof. The rst part follows by the completenessand soundnesstheorems. The secondpart is derived by
the rst part by inversionof “** and the de nition of “*". O

For cheding mode a corresponding property is not true. Consider for examplethe two chedking judgemerts
below:

.\0.(g3;gTrue) : (Ba.a! Int)! (Int;Int)
“.\0.(g3;gTrue) : (Ba.a! a)! (Int;Bool)
Supposethat there wasa most general such that
"+ \g. (93,9 True) :
~dsk

and "% (8a.a! Int)! (Int;Int), and
1! > sud that

(8a.a! a)! (Int;Bool). Then it must be that

4k gaal Int 1
Wk gaal a g
2 (Int;Int)

2 (Int ;Bool)

<dsk

<dsk
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Assumingthat pr( ;) = 8a. 1 by inversionit must be that

<dsk
8a.a! Int 1

<dsk
8a.a! a 1

By inversionit must be that

1! Int 1
<dsk |
2 - 2 1
Now it is easyto conrm that ; must beInt ! Int, thereforealso ; = Int ! Int. Consequetly we

would have to ched that
T.\g.(g3;gTrue) :(Int ! Int)!

But the above would fail asg is used polymorphically.
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